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During the in tegrat ion of the E ins te in - -Maxwel l  equations,  in tegra t ion constants  appear  
and  their  in te rpre ta t ion  is often very difficult. There is therefore, a requ i rement  for a ealeulus 
of delta funet ions which will automat ieai ly  relate in tegrat ion constants  to sourees. In  this 
p a p e r a  ealculus of this  k ind is developed and  applied to the spherieaily symmetr ie  problem. 
In this  way we get a method of dist inct ion between pure mathemat iea l  and physieal singu- 
larities. 

I. Calculus o f  delta funct ions  

In this papcr  a ealculus of delta functions suitable for certain physical 
problems is presentcd. The work here extends the use of delta functions to be 
found in a papcr  by  ROSEr~ and SHAMm [1] a n d a  book by  INFELD and 
P L E B A N S K Y  [ 2 ] .  

A general delta tensor of the rank k in space-time is defined by 

~nl"''nk(xJ'~J) = ~rq'''nk(~J'xJ) = { 0 forf~ xjXJ # ~J, (1) 

(k is an integer between 1 and 4). The strength of the singulari ty is of such a 
kind tha t  

i .t' �91 '"~(x~, �91 df,,~...~~(xJ) = 1 
v ._~ (2) 

is valid if the singulari ty is s i tuated in the (4 -- k)-dimensional subspace over 
whieh the integral is taken,  dfnl. ,k is the surface-element pseudo-tensor of 
rank k. A consequence of (1) and (2) is the equation 

i vS F(xY) �91 "n*(xJ, ~J) dfnl., n,(xY) : F (�91 
4--k 

(3) 

(The factor i in the last two equations is a consequence of definition of dfnl...n~) 
Two cases ate par t icular ly  interesting: namely ir the delta tensor is of the rank 
0 ( k =  0) we get 

J" F(x 0 5(M, �91 d<')f(xO = F(�91 (4) 
V4 
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and ir the delta tensor is of the rank 1 (k ---- 1), we get 

i S I~(xJ) ~k(xJ" ~j) dfk(xJ) = F (~J). (5) 
vs 

In the first  case the delta tensor is called Dirac's delta function.  In the second 
case ir is called a surfaee delta function. Our fur ther  investigations refer to 
Dirac's delta function. 

Firs t  we s tudy  the 1-dimensional case. Heaviside's step funct ion is 
defined by  

1 
- - ~ -  for x < 0  

o ( x )  = 0 for x = 0 (6) 
1 

~ -  for x > 0  

so t ha t  the relations 

/ _ ~ f o ~ x < 0  

a) o ( ~ ) '  = ~(~), b) O(x) + O ( -  x) = 0 ,  c) O(~) O ( - -  ~) = 0 for ~ = 0 (7) 

d) O( . )*  = - o ( . )  o ( -  x) - 4 for ~ > 0 

hold. Dirae's delta funetion satisfies the differential equation 

x~'(x) + ~(x) = 0. (8) 

The 3-dimensional delta funct ion is given bv 

~(~) = �91 6(y) £ (r = V x2 + y2 + ~) . (9) 

This quan t i t y  allows the definition of the 3-dimensional radial delta funct ion 

�91 = 4 :ir 2 �91 (10) 
for which the equations 

a) � 9 1  for r = O  , b ) .17£  (11) 
/ o  for r > 0  0 

are valid. The relation 
�91 -~ 2 O(r)" (12) 

exists be tween  the delta funct ion and the radial step function 

{ ~  for r = 0 ,  (13) 

O(r) ---- for r > 0 .  
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By differentiation one verifies the important equation 

[ 2 xtr ) -- �91 (14) 

where zŸ is the Laplace operator in spherical polar co0rdinates. In distribution 
theory literature, this is replaced by the notation 

The 2-dimensional radial delta funetion is defined by 

8(a) = 2 na O(x) 5(y) (~ = V ~ ) .  (15) 

For this the relations 

a) � 9 1  f~ a : 0 f o r  a > 0  ' b) b lTb(a )da= l  (16) 

are valid. By calculation one verifies that  

~ - - -~- )  ( ~:r } = - - 5 ( x ) � 9 1  (17) 
{ 52 ~2 O(a) ln(~ 

II. Investigation of Reissner--Weyl-- Sehwarzschild field 

The square of the line element is used in the forro 

(ds) 2 = ev(r)(dr)2 + r 2 [sin 20(dcf) 2 + (dO) 2] -- e~(r)(dx4)2, 

(x 1 = r ,  x 2 = q~, x 3 = O )  . 

We write the field equations in the form 

fT~- 1 ~JTml R J :  [ , 2 ~i m} ,  (Einstein equation) a) 

b) 

c) 

(18) 

taking into account that we have to treat a static problem. (Greek indices run 
from 1 to 3, latin indices from 1 to 4.) E ~' = g~'~ E~ is the 3-dimensional electric 
field strength, and Q is the 3-dimensional charge density. 

Acta Physica Academiae Scientiarum Hurtgaricae 24, 1968 

(EX V-~)I~ = ~ V - ~ ,  (19) 

(E3 V-g,,) ,1 = (E~ V ~ ) , 3  = 0,  (E.. V-g . ) ,~  = (El V--~.),2,  (Maxwell 
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T h e  E i n s t e i n  e q u a t i o n s  c a n  b e  w r i t t e n  in  t h e  f o l l o w i n g  w a y :  

a)  - 4 -  - -  ne~ T i  - -  T~¡ 
2 4 r 4 2 ' 

b) - -  r + 1 - -  e ~ = x r  2 e  ~ T 2 -  - - T  m , 
2 2 

r -}- 1 - -  e ~ ---- Ÿ  2 e~ T ] - -  Tm m 
2 

v " v ' 2  v ' v ' t t "  ( 1 )  
d) + + --xe~' T~-- T,~. 

2 4 r 4 --2 

(20) 

F r o m  t h e  s e c o n d  a n d  t h i r d  i t  f o l l o w s  t h a t  

T22 = T~, (21( 

w h i l e  t h e  f i r s t  a n d  t h e  f o u r t h  y i e l d  

U s i n g  t h e  a b b r e v i a t i o n  

v ' + # "  - -  ----- xe" (T I -- Ti). (22) 

7 ---- e -  ~ (23) 

w e  g e t  f r o m  (20) a f t e r  s o m e  c a l c u l a t i o n  

[ ~'~ 2;1 ' 7  ~'~" 1, Tm m __ 7 v" + - ~ -  -+- - -  -+- - -  (1 - -  y)  2y" (24)  
x 2 r 

T~= 1 [  7" 1 ] - - - +  -0 -~,) (25)  

T ~ - - - - - ~ - [ ~ ( 1 - - 7 ) - - r ' 7 1 r  ' (26)  

T ~ - -  27z v " - ~ - - 2  -+- . . . . .  r r + -  . (27)  

T h e  e n e r g y  t e n s o r  is n o w  s p l i t  i n t o  a n  e l e c t r o m a g n e t i c  p a r t  E i a n d  a r e m a i n d e r  

p a r t  O{: 
T{ = E{ + 6){, (28) 

w h e r e  

(EO = 
EsE; -- -2 g~,'Ez E" 

- }  Ez E ~" 
( o 9  = 

~ 0 0 0  

0 ~ 0 0  
0 0 ~ 0  
0 0 0 #c  2 

(29)  
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An electr ical  po in t  s i ngu la r i t y  wi th  the  cha rge  e m u s t  be descr ibed  b y  

because  the  e q u a t i o n  

m u s t  

e 
o ( r )  - - -  ~ ( r )  

4 ~ r  2 e ~/2 

j'ed('>f--f~V--id<'=)x=ef ~(r)dr=. 
O 

be va l id .  
The  i n t e g r a t i o n  o f  the  Maxwel l  e q u a t i o n s  yields 

(30) 

(31) 

so t h a t  

e {~ (r) e ~/2 
E2 = E3 ~ 0, E s = (32) 

2 ~zr 2 

1 e 2 (r)= 
E~ = E4 4 = ~ E 1 E 1 - -  

2 8 zt 2 r 4 

1 e20(r)  2 (331 
E~ = E~ - -  E 1 E 1 - -  

2 8Jt2r  ~ 
follows. 

F o r  i n t e g r a t i o n  o f  (25) we choose  for  a po in t  s ingu la r i t y  wi th  the  mass  M 

the  rest  mass  d e n s i t y  

M~ (r) (34) q  - -  

4 ytr 2 

Us ing  (33) we f ind  

(?r)" : 1 - - - x M c 2  �91 (r) xe20 (r)2 (35) 
4 zt 8 nz r 2 

and  f u r t h e r  b y  i n t eg ra t i on  

T 

xe20(r)  2 ~e2 ~ 
y = 1 >~Mc20(r) + + O(r) 5" ( r ) d r .  (36) 

2 :~r 8 :~2 r 2 8 ~e r J  
0 

Outs ide  the  s ingu la r i t y  this  is t he  well k n o w n  resul t  

x M c  2 ~e 2 
7 = 1 - -  + -  (37) 

4 ~zr 32 ~z 2 r 2 

Up to  this  p o i n t  the  s tress  d i s t r i bu t i on  in the  s ingu la r i t y  is n o t  f ixed .  F u r t h e r  

a s s u m p t i o n s  a b o u t  v(r) would  be necessa ry .  The  f o r m u l a  v + / ~  = 0, wh ich  
holds  outs ide  the  s ingu la r i ty ,  leads to  n o n - p h y s i c a l  s tress inside the  s ingu la r i ty .  
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F IPHMEHEHHE t%(I:)YHI<LIHIYl B TEOPHH OBIIIEI~ OTHOCHTEJIbHOCTH 
~J-lH OFIPE~E.FIEHHS::I FIOCTOS::IHHblX HHTEFPHPOBAHI4I;:I 

E. ItIMYH, E P 

P e 3 t o M e  

IIpH ~HTerprlpoBamlr~ ypaBHem~fi ~~Ÿ no~IBna}OTC~ nOCTO~HHble 
IIHTeFpHpoBariHYl, HHTeplqpeTaHH~I I(OTOpblx qaCTO rlpe~cTaB~~eTCyl oqeHb Tpy~Ho~Ÿ OTCIO~Ia 
BO3HHKaeT HoTpe6HOCTb IIpHMeHeHHH B BblqHCJIeHH~X �91 KOTOpble aBTOMaTHqeCKH 
yKa3bIBaIOT Ha rlpoHcxo~~eH;4e 3THX IIOCTOHHHblX. B ~alIHO~ pa60Te pa3BHBaeTc~a MeT021 TaKoFo 
xapaKTepa, aaeTc~ ero rlprIMeHeHHe B cnyqae npo£ 06J~aaaromeh cqbepnqecKofi CHMMeT- 
pHe~. TaKHM rlyTeM HaMH ~aeTc~ MeTO2 ~Jq~l pa3:itlqrisa Me>~s qHCTO MaTeMaTHqeCKOIŸ H q)H3II- 
qecKo.H eHHPyJI~pHOCT~IMH. 
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