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R™2%"el exists such thalN{, Nia = I, thenN{, P = D3}
implies Doz Nis Py = I; hence,Dax Nis € M(R) is a left-
inverse of P,». It can be shown similarly tha,, = DZ,' N,
has anR-stable right-inverse if and only ilVo; € R™e2X"t
has a right-inverseV4, € R"i1*"=2_ Construct();; € R"*"
with ¢;; chosen as above; sincewmnkPi,(s) = n;2 and
rankP21(s) = noe for all s € U, P2 and P»1 have no

U-zeros. Therefore).:, is chosen so that the nondiagonal [5]

entries¢;; # 0 are constants, and;; € R are such that
(v; — q;j\;)(0c) # 0. To guarantee thalVc» has no real
blocking ¢{-zeros, let
2 i1 Qi Q2

Q2=—-A+M |:Q21 O
Q. € R 9, e RO, €
R(moz=m*(n02=7) can be arbitrary if bothn,, > 1 and
niz > 1 if niz = 1, let Q2 € R'*("2=1 pe nonzero
real; if nos = 1, let Qu1 € R™="V*! pe nonzero
real. Let Q; := N/ 01N/, € M(R). Since Nco has
no real blockingl{-zeros, Q1 € M(R) exists such that
Dy + IVN7214N72’1Q1N1T2N12NC*2 = Ds + Qﬂvcz is R-
unimodular, i.e., (14) holds. Sinc®¢- is biproper, Cs is
proper. There isQ; € M(R) such thatDss + Q) New
is R-unimodular if and only ifQ; € M(R) exists such
that Doy + (s 4+ a) *Q1Neo is R-unimodular; choosing
Q1= (s+a)"'Q, € M(R,) implies C; is proper.
Let Cs be any R-stable R-stabilizing controller for Pss.
Without loss of generality, let the RCR2 = N2»Dj,)' satisfy
D22 + CSZVQQ = I, hence,JngDgg = (I - JTVZZCS)JVQQ.
Then Uy, = Cs + T(I — ZVQQCS'), Vo =1 — TJ\'TQQ, Z:N72 =
Cs + DyuT, Vo = I — NouT, T € M(R) satisfy (10). By
assumption,”,; = D7,' N, implies Nu; has a right-inverse
4&72[1 € ./M(R) AlSO, £P12 = E]\’T12D;21 = Py = J\’TQQD;;
implies LN12 = Nao. Let C1, C» be given by (11) and
(12), Q1 = NLL € R*"'*me1, Q, = —T. Then (13)
becomesDs; + CsNa2z = I. Since Piy, P12 € M(R,),
(N1 — N12Q2Nay) € M(R,) implies D, is biproper, i.e.,
Ci1 € M(Rp). SinceCy = Cs € M(R), (C1, Cy) is a
reliable decentralized controller pair.
Let Cs be as in 4); letD2; + Cs N2 = I. By assumption,
Py = Ny D3 implies N1, has a left-inverseVi, € M(R).
AlSO, leé = D;;NTQlé = Py = lN)_lZ\N/vQQ Implles
NotR = Nay = Nuy. Let Cy, C, be given by (11) and (12),
Q. = RN/, € R"i1*"e1 (), = —T. The conclusion follows
as in 4).
ChooseCys as in 4). By assumptionL P = P, implies
ivam = [VQQ, and Pmé = P22 lmplles NYQ]PL =
JVQQ Noo. Let QQ —T, Ql fi(jli, le
S L rmk " (CsNax)™ 2Cy; k is any integer such
that & > ||CsN22| and r, are the binomial coeffi-
cients. By (13) ng =+ CS'IVQQC21NQQ I — CF;ZVQQ =+
S kT (Cs Nag)™ (I — k~'CsNao)* is R-
unimodular. ThenC;, € M(R.) since @i, Q1 € M(R,).
Since(; = Cs is proper,(Cy, C2) is a reliable decentralize
controller pair. O

}M*l € RrizXnoz

4)

5)

6)
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Useful Nonlinearities and Global Stabilization of
Bifurcations in a Model of Jet Engine Surge and Stall

Miroslav Krstic, Dan Fontaine, Petar V. Kokotdyi
and James D. Paduano

Abstract—Compressor stall and surge are complex nonlinear insta-
bilities that reduce the performance and can cause failure of aircraft
engines. We design a feedback controller that globally stabilizes a broad
range of possible equilibria in a nonlinear compressor model. With a
novel backstepping design we retain the system’s useful nonlinearities
which would be cancelled in a feedback linearizing design. The design
control law is simple and, moreover, it is optimal with respect to a
meaningful nonquadratic cost functional. As in a previous bifurcation-
theoretic design, we change the character of the bifurcation at the stall
inception point from subcritical to supercritical. However, since we do not
approach bifurcation control using a normal form but using Lyapunov
tools, our controller achieves not only local but also global stability. The
controller requires minimal modeling information (bounds on the slope
of the stall characteristic and the B-parameter) and simpler sensing
(rotating stall is stabilized without measuring its amplitude).

Index Terms—Axial flow compressors, backstepping, bifurcation con-
trol, jet engines, rotating stall, surge.

I. INTRODUCTION

In control engineering the importance of qualitative low-order
nonlinear models is twofold. First, they can capture the dominant
dynamic phenomena; second, they are testbeds which help refine
new nonlinear design methods. One such model, the Moore-Greitzer
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(MG3) [16] compressor model, is used in this paper to present further 4
improvements of a newly proposed backstepping design [12].

MG3 describes the compression systestating stall and surge 6
instabilities which are among the main challenges in the design and
operation of jet engines (for a general introduction to the problem, see 4
[10]). Rotating stall manifests itself as a region of severely reduced
flow that rotates at a fraction of the rotor speed and causes a drop in 2
performance; surge is a pumping oscillation that can cause flameout
and engine damage. MG3 is a Galerkin approximation of a higher o
order partial differential equation (PDE) model and is given by

k...

27

<i>:—\1/+i/ U (D + Asinf)df 1)
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¥ = 6_2(q> — &) (2 .
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where ¥.(®) is the compressor characteristic, to be defined later, ¢

(®, T, A) are the scaled annulus-averaged flow, plenum pressure riﬁﬁ{ 1. Linear feedbackiu..(¢) = 2¢ eliminates the destabilizing
and rotating stall amplitude, respectivedyr is the flow through the third-quadrant part of the fuﬁctiomc((m 8
throttle, 3 = 2B H /W whereB is Greitzer’s stability parameter and

H and W are defined in [16]¢ is a parameter proportional to thefeedback controller with a simpler sensing
length of inlet duct¢ is time scaled by rotor frequency, add- () '

is the throttle characteristic

which requires minimal

modeling knowledge—only a bound on Greitzepsparameter [9]

and the maximal slope of the stall characteristic are needed.

W= i(l 4 ®y)? @) Simplicity and the absence of modeling requirements are among
2 the advantages of bifurcation-theoretic designs [14], [7], [1], [2].

owever, these designs guarantee dolgal stability because they

e based on local normal forms. By exploiting the structure of the

system, the insight into the role of nonlinearities, and by using back-

&Jﬁpping to build a Lyapunov function, we desigglabal bifurcation

Cé)ntroller for the Moore—Greitzer model. A single paramdiers

where~ is the throttle opening which is used as a control variablg!
Further details about this model and a thorough analysis of
complex nonlinear dynamics are given by McCaughan [15].

The emergence of MG3 triggered interest in model-based nonlin

feedback control of jet engines. Liaw and Abed [14] developed

nonlinear controller that changes the character of the bifurcationea{ppl.oyed which, when. .va.rled, takes the system th.r.ou.gh. all of its
the stall inception point, from hard subcritical to soft supercriticaf,’OSSIbIe open-loop equilibria, and each of these equilibria is globally

thus avoiding an abrupt transition into rotating stall. This design W%ymptotlcally stabilized.
experimentally validated by Badmues al. [3]. Evekeret al. [7] ob-
served that, although it reduces rotating stall, this design is ineffective
against surge. They combined the rotating stall controller of [14] with Restricting (1)—(3) to the invariant manifold = 0 (the integral
a surge controller of Badmuet al. [4], and considerably extended thein (3) is zero whend = 0), we obtain the “surge model”

Il. SURGE CONTROL: USEFUL NONLINEARITIES

operating regime. Alternative approaches to control of rotating stall d=_v+ U (D) (5)
and surge have been developed by Padeiab [17], Behnkeret al. . 1
[6], Baillieul et al.[5], and in papers referenced therein. Table | gives U= Bj(@ +1- ”)’N) (6)

a catalog of MG3 controllers including the backstepping controller, h iinally i d db . d sh b d
designed in this paper. In addition to extending the operating regi ich was originally introduced by Greitzer and shown to be a goo

and employing for feedback variables that are easier to measure, %?Iit;tive descrift_ion of sur?e dy;]amics [9]% lﬁ}simgas the controld
backstepping controller retains the simplicity of the controllers [14 ariable, our task is to regulate the state of the system (5) and (6)

[7]. o the equilibrium(®, ) = (<I>0.\If.c((1>0)). In error coordinates
Useful Nonlinearities and Global Stabilization of Bifurcated Equi-é = &—C0, ¢ = T~V (®o), and withyo(¢) = T (2) =T (Po)

libria: Dynamics of systems designed to operate in Iarge-sign%fsrem (5) and (bt) Is rewritten as

regimes are almost always dominated by nonlinearities which may o= -0+ (o) @)

act as harmful or useful Feedback linearization designs cancel 1,

nonlinearities (and their derivatives), and, as a result, not only may ,{72(@ too+1- 7'\/@' ®)

waste control effort but may also introduce feedback of destabilizing g, backstepping design which avoids cancellation of useful

character with consequences on robustness in the case of inexa¢liinearities is in two steps.

cancellations. A drastic example is the scalar systemz — 2 +u Step 1: We seek thevirtual control law ¢ = 4. (¢) to globally

discussed by Freeman and Kokom{8] where a feedback linearizing asymptotically stabilize the system

design would introduce a destabilizing teeri. Every meaningful . , o

optimal design would safeguard against such destabilizing terms but ¢ = ~Yaes(9) + Ye(9)- ©)

would, unfortunately, require a solution of a Hamilton-Jacobi PDENe avoid the choice 0ffaes () = 1.(¢) 4+ ¢ because it requires
In the design for the Moore—Greitzer model, we retain the nothe knowledge of the compressor characterigti¢o) = ¥ (®) —

linearities that are useful for stability. The avoidance of cancellation. (®,). Instead, we examine in Fig. 1 a typical characteristic

results in a simpler, less nonlinear controller, that uses lower control 3 1.

effort for large signals. It also allows us to desigrpartial-state Yo(@)=Teot+1+ 52— 50 (10)

WP =
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introduced by Moore and Greitzer [16] whele;, is the “shut-off The controlu is now selected to achieve

pressure rise.” We translat.(®) to &, ] 1 ~
0 1 3\? Vi=—co |5+ +p(0) |[er + p(0)]0” — e21)® (22)
bu(@) = 0@ - w@0) = 36— (04 3) 6
8 2 2 . .
which yields
and consider its maximum ab, = 1, that is¢ = 0 as the , -
desired equilibrium. To stabilize this equilibrium for (9), we need u=—(co+c2)), c2 >0 (23)

Paes(0) such that{—vaes(0) + 1.(0)]o < 0, that is, the function
—aes(6) + ¥.(6) should lie only in the second and the fourt
quadrants. The feedbacki.s(¢) = ¢ guarantees global stability

hand establishes global asymptotic stability of the equilibrium
((I)”II) = ((I>07\I;C'((I)U))-
For the throttle opening, the control law (22) is

of 6 = —1(¢ + 2)%¢. For global asymptoticstability, we pick
Vaes(¢) = (c1 + §)¢. c1 > 0. To stabilize another equilibrium, we T+ 3%k(T = o) 7
need a different amount of linear gain to Move .« (¢)+¢.(¢) out = ST k>co>a (24)

of the first and the third quadrants. However, it is clear by inspection ~
of Fig. 1 that the gain equal to the maximum positive slop@pf®) wheres is an upper bound of (which we consider unknown), and
[which is the same ag.(¢)] is sufficient for any equilibrium on the
characteristic. This maximurpositive slope of (10) isa = 3/2.
Hence, if we select

D=1+ ®0+ 3 (ca+ co)co®o — T (Po)]. (25)

By design we have achieved that the control law (24) depends
Yaes(P) = (c1 4+ a)p = cod, c1 >0 (12) on the compressor characteristic:(®) and the Greitzer parameter
A only through the “set-point” parametdér = T'(®,) which is an
invertible function of®,.
Ye(p) — ao ‘ Theorem 2.1: For each value of’, the system (5) and (6) with
—F >0, Y. . o ) I
) = ' the control law (24) has a unique equilibrium, and this equilibrium
(13) is globally asymptotically stable.
The nonlinearity—p(¢)¢ is useful because it provides damping to For comparison, we also derive a feedback linearizing controller

the resulting system (9) becomes

6=—c10—p(d)o,  p(o) 2 -

the ¢-equation. Denoting) = ¢ — 4. (¢) we rewrite (13) as for (5) and (6)
6=—c16— p(6)o — 0. (14) 1 ) 3 3
. . ) ) ’y:—{@—I—l—i—ﬂ |:k1(q>o—‘1’)+<5—5<1> —|—L_))
Step 2: At this step we benefit from preserving a useful nonlin- VI L
earity at the first step. Differentiating = v' — co¢, we get o <\I, Ve —1-3a4l g )} } 26)
=1 - B 2 2~~/1J"
U= 50+ Do+ 1= W) e+ eo+p(0)0).  (15)

The simplification achieved with backstepping is striking. While the
Denotingu = 2 (o + 1 — /), the system (14) and (15) is backstepping controller (24) is linear, the linearizing control (26)

rewritten as grows agb® and requires much higher control effort for large signals.
. . Furthermore, while the linearizing controller is based on the exact
o=—c160—p(g)o -1 (16) knowledge of¥«(®) and 3, backstepping needs ontyand 3.
bt ~ 1 The avoidance of cancellation endows the backstepping controller
=u+ cop °0C — o+ cop(d)o. 17 . L
y=utovt <ﬁ0p1 + ;32)’ +F0L(’,>_, (A7) with another significant property not possessed by the feedback

linearizing controller—inverse optimality [8]. Using the results in
e[18], we can prove that the control law (24) with> lco, I > 2,
gninimizes the cost functional

Whetherp(¢)¢ is useful or not is what we now determine with th

help of a Lyapunov function. Fov = L(coct + 2)é? + 142, the

nonlinearity p(¢$)¢ in (17) does not appear to be useful and woul

have to be cancelled. As a refinement of backstepping we consider 7 _ /'°° {2100 {L et p(é)} (1 + p()]6°
0

a more flexible Lyapunov function co3?

F_ 1 1 , 1- +1(les + (1= 2)eo) (¢ — cod)?
V= 5 <COC’1 + 3—2)¢2 +U(o) + 5@”)2 (18) 1 '
. ‘1 + VI = (B + 1)]2}dt. 27)

5 C 4
in which U(¢) is a positive definite function to be chosen. The (2 + o)

derivative of 1 for (16) and (17) is Instead of a quadratic fornfi™ «* Qz +ru?, this cost functional has
. 1 1L dU(9) ) N a higher order nonlinear form in. For the problem at hand, this is
V=- <C’°C1 + ,3_2>[C’1 to(0)o” + o [=e16 = 0(0)d] a more meaningful cost because the rapidly growing nonlinearities
. . [ dU(9) ‘ in ¢ are beneficial. One of the main benefits of inverse optimality is
+¥(u+ cot)) + {— , T P(é)(ﬁ}- (19)  an infinite gain margin reflected in the property that 2 can be

arbitrarily large [18].
We now pickl (¢) to eliminate the indefinite term in the last brackets

U(é) = eo /p(a))cédqﬁ. (20 Ill. STALL/SURGE STABILIZATION WITHOUT STALL MEASUREMENT
With ¥ (®) in (10) andR = A?/4, the model (1)—(3) becomes

This function is positive definite, and moreoves?2(®) =

e s d=—T+T(P)—33R 28
cop(p)e® > 0, for all ¢. Thus, (19) becomes ) 1 o(®) (28)
- 1 . B ¥ = @—2@—%) (29)

V=-ec — Ta+ ﬂ(¢):| [er + P((b)]QQ +¢(u+cov). (21) . ’ 5
cof R=0R(1-3-R), R(0)>0. (30)
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and in view of—r = —R + 1 — &} < 1 — &3, we get

> ( z )-System Ve <o[—17 = 28o¢r + (1 - 83)0°]. (41)

The derivative ofl; along the trajectories of (35) and (36) is

. , L3 o) 2 1 ? s
Vi< —vYaes(@)p+ 51— P65 )0 = 5o+ 5P ) ¢
r-system 2 4

A

J 2

2= 5Poro + %(1 - <I>6)G");' (42)

~

— 3R¢* — 3Dgr —

[}

Fig. 2. Feedback connection created by a partial-state feedback controller.
By completing squares;2r? — 8®oré < 802 0%, we get

Denoting¥ 5(®) = Yoo + 1 — 3® + 5@7, the equilibria are . 3 1. , 5 ‘
Vi €< —thaes(@)p+ |21 = =5 ) + 835 + = (1 — ®3) |4
(B, R, T), = ((]:)0-/0,\]?0((]:)0)), Y®, (31) 1S —Yaes(9) |:2 < 4 0) 0 :_)( 0):|
ST (@01 - 95, Us (o)), |Po| < 1 1 3.\, , 1,
-3 ’/ + .—@0 d’) - 3}’?(’5‘ — . (43)
The no-stall equilibria fot®,| < 1 cannot be stabilized by throttle 2 2 2

feedback. We will stabilize the no-stall equilibria fgbo| > 1 and

the stall equilibria fo®,| < 1. In the error coordinates =  — &, For &, € [-1,1], the bracketed term achieves the maximum at the

G =T — Us(Dy), r = R — 1+ 3, the model (28)~(30) is ends of the interval, so that
; 3 1 1/, 3.\ . o 3.5\ .0
o=—vty <1 B rbﬁ)@ ~3 (@ + 5%) ¢ = 3R¢ — 3®or Vi < —taes(9)6 + <§ + ‘g)(,»’
32 2, , 1.
.1 (32 - l<<,b+ §¢’o> ¢* —3R¢° — Lz (44)
V= g0+ @+l V) (33) 2 2 2

o= J(,, 4+1-— @g)(_,,. — 2Bp¢ — ¢2), r(0)+1-— q»é > 0. Hence, we can select
(34)

(45)

0| ot

, 3 -
k /’( es 7‘ = A D= ¢ 0 bl
Our goal is to design a feedback laye, ¢) that does not depend Vaer(®) <Cl + 2>¢ 0o o

on . To this end, we observe that the model (32)—(34) is a feedback

system as in Fig. 2. The coupling between theand r-equations Denotingi; = ¢ — Pqes(0), the derivative oft; for (32) and (34)
can be destabilizing. Our two-step Lyapunov design~0b.v') becomes

employs lengthy calculations, but it reduces the conservativeness of

. . . . . - 2
input—output design that would be applicable to this problem usi _ _-9Y o 1 3 2 o 15 -
the “nonlinear small gain” theorem of Jiareg al. [11]. Pi<—(a )0 T3 \0t ) @ m3leT ot —ou.
Step 1: To find a partial-state feedbagk = 1'q.s (&) to stabilize (46)
the equilibrium(¢, ) = 0 of the system (32) and (34) rewritten as
. ’ 3 1., The resulting form of thes-equation is
Q= _L"/'dcs(ﬁ)) +-{1- *(b() 0]
2 - 9
1 3\’ = (e +202)o - o4 280 0 3Rs — 380r — 4
—5<¢+‘§(1>0) é — 3Ré — 3or @s) YT T \TET )T \eT ) emene or
. , , (47)
F=o(r+1—-®5)(—r—280 —¢") (36)

we use the Lyapunov function Step 2: Differentiating v/, we get

5 h 1,
V= %(é’-’ + 31:,(1»)) (37) ¢= /3—2(@ + @0+ 1 —VVT)
p ‘

whereV,.(r) is a positive definite radially unbounded function on the 4,
interval [-1 + @5, +oc) and given by

- 3. 1 3_\? ,
v+ <L11+§<I>(z))¢ + B <(D + 5@0) ¢+ 3Rp 4+ 3P¢r

_ 32 (48)
Vo) =r — (1—32)log T 1= T8 (38)
S Now consider the Lyapunov function
V..(r) is quadratic around = 0 and linear for large. It “blows up”
atr = ®; — 1, that is, at the invariant manifol&® = 0, except for Va(o,io,r) = “ 2<C1 + §<I>()) + 1” )VL(@J,)
®, = 1 whereV;.(R) = R. An important property o (r) is S 2 8 co/3? o
dV,.(r) r "/ 3 o . 1
pT G (39) + / <G)+ 5@0) odo +3Ro™ | + F¥ (49)

so that
In addition to the(¢, ¢)-part and the-part, the Lyapunov function

7= o(—r = 28061 — ¢°r) (40) Vaz(¢,,r) also has the cross-ter¢? which accounts for the
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beneficial coupling between the two subsystems. The derivative S$tibstituting (52) and (53) into (51), we finally get

V;, for (32)—(34) is
Vs < —co <Cl + 8‘1)0 + —

1
co3?

-5 ) 22 a2 L2
Pl—tg ®° —|— (/)—|—§<I>U ¢° 4+ 3Ro +§'r + o

1 3 2
. = ) —-P

3.5\ 1/, 3. Y -
- <cl + §<I>§>¢>2 - §<¢+ 5@0) ¢* — 3R¢?

= 3%oré — 60

+ co

+ %co(r@zR(—R +1-®%) 44

3 1
(<I>o+1— W) +L0U+Co<(’1+ S0+ - 32);6
Co

+ 2 <(,> + §<1>0) 6 + 3coRd + 3eoDor (50)

2

where we have substitutéld from (46). After some manipulations

which eliminateco (¢1 + 2®5 + UO‘T)(/) + 2 (6+ 2@0)°0+3coRo
from the last bracket, we obtain

. 3 1 5\
Va < —co <L1 + 8(I>o + . 32)<C1 - (g)@z

Co

3 1\
_7<CI+SI)U+(’0;32>7
3 1 o 2

slfo-o(irst) -3
—3R<¢+§q>o) ®°

3 1 3_\?
—<(1+8¢’o+ N )<(D+ <I>0) 0

3

_ 5%7« <¢> + %@0) 6 —9R*¢* — ORPyro

~11 ~
+L/)|:8—2((I)0+1—7@)+(‘0U7+3L10@01':|. (51)

It is not hard to show with three completions of squares that

2 3. 3.\
— 3R <Q + — @0) o — <cl + §<I>é> <(D + 5@@) (,")2
- %@07( (I) )

3 <I> R¢? +pi 9) hr? + §(1—¢3)2¢>2.

8 2 (52)

We also note that

—9R*¢* — ORPyro < %@ﬁrz and 3®ory < ° + %@5#.

(53)

3. 1 5 3 a2l

Co 3 2 1 81 4 2
L AP - __9_ o )y
2 <€1 teb oY 0, ”)7

1 a 1 2 2
-7 82 \Re
20007 4 32 0) ¢

3
— 6co <C1 + (I’o + —

+4 LW (Do 4+ 1 — W) + 2cod}- (54)

The bracketed term in front af® is positive provided:; > 7.817.
The term in front ofr? is positive provided that; > 9.273. The
term in front of R¢* is positive if ¢ > 2 + L. The control law
is selected as

_ by + 1+ 52(02 + 200)1;‘

co > 0.

(59)

This control law guarantees global asymptotic stability provided

c1 > max{9.273, <+ %}
., 3 2 1 .7'5 3 272 | 2
V2§—00|:<C1+§(I)0+m><01—t§>—§(1—(1’0) :|(Q
Co 3 2 1 81 4 2
-5 la+ge -9-— P
2 <ﬁ + ot co3? 9 32¢; O)T
—6col el + @—1— 1 —g—iéz Ro? — cp0)?
AT T 2eepr 4 32 )7 ?
(56)
The control law (55) can be expressed also as
T4+ 3%k(F — co®
y= LHIHE Z o®) (57)

Ve

wherek > 2co, co > max{10.773, 5 + 1.53} (to our knowledgey
on real compressors is seldom larger than four) and

T =14 &+ 3k[coPo — Ts(Po)]. (58)

Theorem 3.1: Consider the system (28)—(30) evolving in the set
G ={(®,7,R) € R* | R > 0} with the control law (57). For each
value of I', the system has

« either a unique asymptotically stable equilibrium on the ax-

isymmetric compressor characteristic, with a region of attraction
equal to the entire sef;

e or two equilibria:

—one equilibrium on the axisymmetric characteristic which
is unstable but attracts all solutions starting &y =
{(®,%,R) € R* | R = 0};

—one equilibrium on the stall characteristic which is asymptot-
ically stable with a region of attraction equal ¢\ 9G =
{(»,%,R) € R® | R > 0}.

IV. BIFURCATION DIAGRAMS
Open-loop bifurcation diagrams generated by varying the throttle
opening~ are given in Fig. 3 for a low-speed few-stage compressor
studied in [7], for which¥co = 0.72, ¢ = 4, and 3 = 0.71.
The equilibria with low-stall amplitude are unstable and we observe
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Fig. 3. Bifurcations in the uncontrolled MG3 with as the bifurcation parameter.

Fig. 4. Bifurcations in MG3 model controlled by thmcksteppingcontroller (57). The “set-point” parametér is the bifurcation parameter.

TABLE |
CATALOG OF CONTROLLERS FOR THEMOORE-GREITZER MODEL. SYMBOLS: k, k1, k2, ¢1, ¢co ARE CONSTANT
GAINS AND 7o AND I' ARE BIFURCATION PARAMETERS

Liaw and Abed [14] || v(4) = o + kA2 2D scnsing | local
. ) 2D sensing large
Eveker et al. [7] YA, ®) = 9 + k1 A2 — ky® + operating
“differentiation” region
. T'+q¥ —c® .
Backstepping V)= ——— 1D sensin, lobal
pping (P, ) 7T g g
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“hysteresis,” caused by the subcritical bifurcation. The bifurcation7]
diagrams for the backstepping controller (57) are shown in Fig. 4 for
co = 6 and3?k = 0.5. This controller “softens” the bifurcation from 8]
subcritical to supercritical and eliminates the hysteresis. In additior{,
it stabilizes all stall equilibria and prevents surge for all value¥.of [9]
While all three designs in Table | soften the bifurcation, the
global design achieved with backstepping is due to a methodologi&é@]
difference. The bifurcation designs in [14] and [7] are based
local stability properties established by the center manifold theorem
because the maximum of the compressor characteristic is a bifurcation
point that is not linearly controllable. Hence stabilization is inherentlii2]
nonlinear and results in asymptotic but not exponential stabilit¥13]
Our Lyapunov-based design incorporates the good features of a
bifurcation-based design. F@# = 1, the termV/,.(r) in the Lyapunov
function (49), become¥’.(R) = R, so that the Lyapunov function

sl a3 N2l 2 942
V2—2|:<(/1+8+6062><Q +JR>+8(‘D

s 1. ‘ 1, ,
+¢° + Eél +3R¢2} +5(0 - co$)”

[14]

[15]
59
(59) 6]
is (locally) quadratic ing and ¢ but only linear in R. Since the
derivative of V2 is quadratic in all three variable$, < —a1¢”> —  [17]
as R*—az(¢Y—co0)? [see (56)], this clearly indicates that the achieved
type of stability is asymptotic but not exponential. However, to satisfe{l
the requirements not only for local but also for global stability, ou
analysis is considerably more complicated.

V. CONCLUSION

Experimental validation of the controller presented here is planned
but is beyond the scope of this paper. Measuremeit mfpresents a
challenge but it is not expected to be insurmountable considering that
a controller that employs thderivative of & has been successfully
implemented [7].
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A Deterministic Analysis of Stochastic
Approximation with Randomized Directions

I-Jeng Wang and Edwin K. P. Chong

. . . Abstract—We study the convergence of two stochastic approxima-
The authors would like to thank C. Nett for introducing them t@on algorithms with randomized directions: the simultaneous pertur-

the problem of control of compressor stall and surge. They woulektion stochastic approximation algorithm and the random direction
also like thank M. Myers and K. Eveker (Pratt & Whittney) and<iefer-Wolfowitz algorithm. We establish deterministic necessary and

. . . : fficient conditions on the random directions and noise sequences for
D. Gyslln_g (Umt?d TEChn_mOg'es Research Center) for Contlnuog th algorithms, and these conditions demonstrate the effect of the “ran-
valuable interaction on this problem.

dom” directions on the “sample-path” behavior of the studied algorithms.
We discuss ideas for further research in analysis and design of these
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