


DISCLAIMER 

This report was prepared as an account of work sponsored by an 
agency of the United States Government. Neither the United States 
Government nor any agency Thereof, nor any of their employees, 
makes any warranty, express or implied, or assumes any legal 
liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process 
disclosed, or represents that its use would not infringe privately 
owned rights. Reference herein to any specific commercial product, 
process, or service by trade name, trademark, manufacturer, or 
otherwise does not necessarily constitute or imply its endorsement, 
recommendation, or favoring by the United States Government or any 
agency thereof. The views and opinions of authors expressed herein 
do not necessarily state or reflect those of the United States 
Government or any agency thereof. 



DISCLAIMER 

Portions of this document may be illegible in 
electronic image products. Images are produced 
from the best available original document. 



r 

Printed in the United States of America. Available from 
National Technical Information Service 

U.S. Department of Commerce 
5285 Port Royal Road, Springfield, Virginia 22161 

NTlS price codes-Printed Copy: A05 Microfiche A01 

I 

This report was prepared as an account of work sponsored by an agency of the 
UnitedStatesGovernment. Neither theunited StatesGovernment norany agency 
thereof, nor any of their employees, makes any warranty, express or implied, or 
assumes any legal liability or responsibility for the accuracy, completeness, or 
usefulness of any information, apparatus, product, or process disclosed, or 
represents that its use would not infringe privately owned rights. Reference herein 
to any specific commercial product, process, or service by trade name, trademark, 
manufacturer, or otherwise, does not necessarily constitute or imply its 
endorsement, recommendation, or favoring by the United States Government or 
any agency thereof. The views and opinions of authors expressed herein do not 
necessarily state or reflect those of theunited StatesGovernment or any agency 
thereof. 



ORNL/TM-'7485 
ENDF-297 
D i s t .  Category: UC-79d, LMFBR-- 

Phys ics ,  Base 
Technology 

Cont rac t  No. W-7405-eng-26 

Engineering Phys ics  Div is ion  
and Physics  Div is ion  

Date Published: November 1980 

User ' s  Guide f o r  SAMMY: A Computer Model f o r  
M u l t i l e v e l  R-Matrix F i t s  t o  Neutron Data Using 

Bayest Equat ions 

Nancy M. Larson 
Computer Sc iences  Divis ion 

F ranc i s  G. Perey 
Engineering Phys i c s  Div is ion  

Sponsor: J. A .  Harvey 
Phys ics  Div is  ion  

OAK R I D G E  NATIONAL LABORATORY 
Oak Ridge,  Tennessee 37830 

opera ted  by 
U N I O N  CARBIDE CORPORATION 

f o r  t h e  
DEPARTMENT OF ENERGY 

DISCLAIMER 

m i r m o k  warpreeared arsn acmvnt of w k  tmnared by en aQew of the United Stater Government. 

!Irilhar tho UniW l t r l r  cnuwnmnt mr any iwm !hereof. wr env 91 [heir employe, makersnv 
warranty, expreu or implied. or auu- any legal liability or remnsibilily for the armrscy. 

mmpleteneu. or urefulner. of any information. opparatur. vrodu~l. or pro- dix+ored. or 

rmresenir that its "re vaulb not inlrinef privately owned riehrr Relerence herein to any w i l i c  

mmmercial pmdum. process. or service bv !mde mme. trademrk. manufaclurer. or otherwire. doer 

001 net-city mnslitute or imply its endorremen!. remmmndalion. or favorinp by the Unit& 

Starer mvernment or any agency thereof. The v i w  and opinions 01 author$ exor- herein do mt 

ner-ily slalsor r e l lm  t hoso l  the Uniled Staler Gmrnmen! or any menw thereof. 

- . - - - -- - - - - - - -- 

IISTRIBUTIO# OF THIS DOCilWsENT IS UNhMITED 



T H I S  PAGE 

W A S  INTENTIONALLY 

LEFT BLANK 



iii 

ACKNOWLEDGMENTS 

The a u t h o r s  wish  t o  thank  G.  F. Auchampaugh f o r  p r o v i d i n g  u s  w i t h  h i s  

l e a s t - s q u a r e s  m u l t i l e v e l  R-matrix code MULTI, from which we borrowed e x t e n -  

s i v e l y  i n  p r e p a r i n g  SAMMY. We acknowledge t h e  a s s i s t a n c e  o f  P.  W. Gaffney 

r e g a r d i n g  numer ica l  a s p e c t s  o f  s o l v i n g  Bayesl  e q u a t i o n s .  Thanks g o  a l s o  t o  

F. H. Froehner  and G.  d e s a u s s u r e  f o r  c a r e f u l l y  r e v i e w i n g  t h i s  paper  i n  

m a n u s c r i p t  form. F i n a l l y ,  we wish t o  thank  S h e r r y  T i l l e y ,  B e t t y  Waddell ,  

and J a n  ~ u n d y  f o r  t y p i n g  t h e  m a n u s c r i p t .  

T h i s  r e s e a r c h  was s u p p o r t e d  by t h e  D i v i s i o n  o f  Nuclear  S c i e n c e s ,  

U .  S.  Department o f  Energy,  C o n t r a c t  No. W-7405-eng'-26, w i t h  Union Carb ide  

C o r p o r a t i o n .  



THIS PAGE 

W A S  INTENTIONALLY 

LEFT BLANK 



ABSTRACT 

I n  t h i s  r e p o r t  we d e s c r i b e  a  method f o r  d e t e r m i n i n g  t h e  p a r a m e t e r s  

o f  a  model from e x p e r i m e n t a l  d a t a  based upon t h e  u t i l i z a t i o n  o f  Bayesl  

theorem. T h i s  method h a s  s e v e r a l  a d v a n t a g e s  o v e r  t h e  l e a s t - s q u a r e s  

method a s  i t  i s  commonly used ;  one i m p o r t a n t  advan tage  i s  t h a t  t h e  

assumpt ions  under which t h e  pa ramete r  v a l u e s  have been de te rmined  a r e  

more c l e a r l y  e v i d e n t  t h a n  i n  many r e s u l t s  based upon l e a s t  s q u a r e s .  

Bayesl  method h a s  been used t o  d e v e l o p  a  computer code which can  be  

u t i l i z e d  t o  a n a l y z e  n e u t r o n  c r o s s - s e c t i o n  d a t a  by means o f  t h e  R-matrix 

t h e o r y .  The r e q u i r e d  fo rmulae  from t h e  R-matrix t h e o r y  a r e  p r e s e n t e d ,  

and t h e  computer implementa t ion  o f  b o t h  Bayest  e q u a t i o n s  and R-matrix 

t h e o r y  is  d e s c r i b e d .  R e s u l t s  o f  o u r  a n a l y s i s  o f  ~i~~ t r a n s m i s s i o n  d a t a  

from ORELA and o f  s e v e r a l  a r t i f i c i a l  d a t a  s e t s ,  and a  compar ison o f  o u r  

r e s u l t s  w i t h  t h o s e  o f  a n  e a r l i e r  m u l t i l e v e l  R-matrix c o d e ,  a r e  a l s o  

p r e s e n t e d .  F i n a l l y ,  d e t a i l s  a b o u t  t h e  computer code and complete  

i n p u t / o u t p u t  i n f o r m a t i o n  a r e  g i v e n .  
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I. INTRODUCTION 

The n o n l i n e a r  l e a s t - s q u a r e s  method i s  f r e q u e n t l y  used f o r  o b t a i n i n g  

e s t i m a t e s  o f  p a r a m e t e r s  o f  a model by f i t t i n g  e x p e r i m e n t a l  d a t a .  T h i s  

p rocedure  r e q u i r e s  a n  i n i t i a l  e s t i m a t e  o f  t h e  p a r a m e t e r s  o f  t h e  model 

2 
which a r e  modi f i ed  i n  a n  i t e r a t i v e  f a s h i o n  t o  minimize t h e  v a l u e  o f  X . 
The method a l s o  p r o v i d e s  a n  e s t i m a t e  of t h e  errdrs i n  t h e  p a r a m e t e r s ,  

~ l t h o u g h .  t h e  method o f .  l e a s t - s q u a r e s  i s  wide l )  used and h a s  a w e l l -  

unders tood  t h e o r e t i c a l  f o u n d a t i o n ,  i n  p r a c t i c e  it is  n o t  t o t a l l y  f r e e  
. . 

from problems. A s  t h e  m e t h o d ' i s  u s u a l l y  implemented and u s e d ,  t h r e e  

d i f f i c u l t i e s  o f t e n  a r i s e :  i )  t h e  e x t e n t  t o  which t h e  f i n a l  p a r a m e t e r s  

are dependent  upon t h e  s t a r t i n g  v a l u e s  is n o t  known and is  hard  t o  

a s s e s s ;  i i )  when a l l  pa ramete r s  o f  t h e  model are a l lowed  t o  be  a d j u s t e d ,  

some o f  them f r e q u e n t l y  end up w i t h  v a l u e s  which are p e r c e i v e d  t o  be 

u n p h y s i c a l ;  and i i i )  t h e  e s t i m a t e  o f  t h e  e r r o r s  which t h e  method pro- 

v i d e s  are o f t e n  p e r c e i v e d  t o  be  unreasonab ly  s m a l l .  How s e r i o u s  a r e  

t h e s e  problems o f  c o u r s e  v a r i e s  from c a s e  t o  c a s e .  The u s e f u l n e s s  o f  

t h e  r e s u l t s  o b t a i n e d  depends  t o  some d e g r e e  upon how s e r i o u s  t h e s e  prob- 

lems a r e  i n  any g i v e n  s i t u a t i o n  and what was done s p e c i f i c a l l y  t o  

a l l e v i a t e  them. Consequen t ly ,  t h i s  p rocedure  which was expec ted  t o  

y i e l d  o b j e c t i v e  and wel l -unders tood answers ,  p r o v i d e s  r e s u l t s  which must 

be  e v a l u a t e d  w i t h  g r e a t  c a r e .  T h i s  is  p a r t i c u l a r l y  t r u e  when we a r e  

i n t e r e s t e d  i n  combining t h e  i n f o r m a t i o n  o b t a i n e d  from d i f f e r e n t  e x p e r i -  

ments  and t h e  problems o f  f i t t i n g  t h e  d a t a  were n o t  hand led  i n  a con- 

s i s t e n t  f a s h i o n  i n  t h e  d i f f e r e n t  exper iments .  



I n  S e c t i o n  I1 o f  t h i s  r e p o r t  we d e s c r i b e  a  method f o r  determining 

t h e  parameters  o f  a  model from experimental  d a t a  based upon t h e  u t i l i z a -  

t i o n  o f  Bayes' theorem. Th i s  method has  s e v e r a l  advantages over  t h e  

l e a s t - s q u a r e s  method a s  i t  is  commonly used; one important  advantage is 

t h a t  t h e  assumptions under which t h e  parameter va lues  have been de t e r -  

mined a r e  more c l e a r l y  ev iden t  t han  i n  many r e s u l t s  based upon l e a s t  

squa re s .  The method has  been used t o  develop a  computer code (SAMMY) 

which can  be u t i l i z e d  t o  ana lyze  neut ron  c ros s - sec t ion  d a t a  by means o f  

t h e  R-matrix theory.  The r equ i r ed  formulae from t h e  R-matrix t heo ry  a r e  

p re sen t ed  i n  S e c t i o n  I V .  S e c t i o n s  I11 and V d e s c r i b e  t h e  computer 

implementat ion o f  Bayes' equa t ions  and R-matrix t heo ry ,  r e s p e c t i v e l y .  

R e s u l t s  o f  our  a n a l y s i s  o f  ~i~~ t r ansmis s ion  d a t a  from ORELA and o f  

s e v e r a l  a r t i f i c i a l  d a t a  sets, and a  comparison o f  our  r e s u l t s  wi th  t hose  

o f  a n  e a r l i e r  m u l t i l e v e l  R-matrix code,  a r e  g iven  i n  S e c t i o n  V I .  A 

b r i e f  summary appea r s  i n  S e c t i o n  V I I .  

Five  appendices  complete t h i s  r e p o r t :  Miscel laneous a l g e b r a i c  

d e t a i l s ,  t o o  involved t o  be presented i n  t h e  t e x t ,  a r e  g iven  i n  Appendix 

A. A d e s c r i p t i o n  o f  t h e  computer code,  i nc lud ing  a  d e t a i l e d  d i s cus s ion  

of i ts  space-saving f e a t u r e s ,  is  given  i n  Appendix B. Appendix C 

e x p l a i n s  i npu t  t o  and ou tpu t  from SAMMY, and inpu t  and ou tpu t  f o r  a  s i m -  

p l e  example a r e  g iven  i n  Appendix D. F i n a l l y ,  t h e  code i t s e l f  i s  l i s t e d  

i n  Appendix E. 



11. BAYES1 THEOREM 

I n  t h i s  s e c t i o n  we d e r i v e  t h e  formulae used i n  t h e  code SAMMY t o  

o b t a i n  t h e  va lues  of t h e  parameters  and t h e i r  u n c e r t a i n t i e s  u s ing  Bayesl 

theorem. We emphasize t h e  c o n d i t i o n s  under which t h e  formulae a r e  

a p p l i c a b l e  and t h e  r e l a t i o n s h i p  o f  ou r  r e s u l t s  t o  t h e  customary l e a s t -  

s q u a r e s  method. We adopt i n  t h i s  s e c t i o n  t h e  u sua l  mode o f  d e s c r i p t i o n  

based on t h e  t heo ry  o f  s t a k i s t i c s  s i n c e  t h e  r e a d e r  is f a m i l i a r  w i th  i t ,  

Der iva t i on  o f  ou r  r e s u l t s  from a  d i f f e r e n t  p o i n t  o f  view w i l l  be 

presen ted  elsewhere (PE79, PE80a1, 

Bayesl theorem i s  u s u a l l y  w r i t t e n :  

~ ( A I B )  a P ( A )  ~ ( B I A )  

where : 

A r e p r e s e n t s  t h e  parameters  o f  t h e  model and B  t h e  da t a .  

p ( ~ I ~ )  is  t h e  p r o b a b i l i t y  f o r  t h e  va lue  o f  t h e  parameters  condi- 

t i o n a l  upon t h e  d a t a  B,  and is  what we seek. It is convent iona l  t o  c a l l  

p ( ~  I B) t h e  p o s t e r i o r  p r o b a b i l i t y ,  When A r e p r e s e n t s  s e v e r a l  parameters ,  

p ( ~ I ~ )  is a  j o i n t  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  ( j o i n t  p d f ) ,  The expec- 

t a t i o n  v a l u e s  o f  p(AIB) a r e  t aken  a s  t h e  e s t i m a t e s  f o r  t h e  parameters  

and i ts covar iance  ma t r i x  g i v e s  u s  a  measure o f  how wel l  t h e  parameters  

a r e  determined and o f  t h e  parameters1 i n t e rdependenc i e s ,  

p ( ~ I ~ )  is t h e  p r o b a b i l i t y  f o r  observ ing  t h e  d a t a  B  g iven  t h e  param- 

e t e r s  A. It i s  a f u n c t i o n  o f  t h e  parameters  A o f  t h e  model and is  known 

a s  the likelihood function of t h e  data  R, 

p(A) is  t h e  j o i n t  pdf f o r  t h e  v a l u e  o f  t h e  parameters  A-of  t h e  

model, p r i o r  t o  c o n s i d e r a t i o n  o f  t h e  d a t a  B. It is  known a s  t h e  p r i o r  

j o i n t  pdf, The e x p e c t a t i o n  v a l u e s  o f  p(A) a r e  t h e  p r i o r  estimates f o r  



t h e  v a l u e s  of  t h e  parameters  and i ts  covar iance  ma t r ix  g i v e s  a measure 

o f  how we l l  t h e  parameters  a r e  known before  c o n s i d e r a t i o n  o f  t h e  da ta .  

The c o n s t a n t  o f  p r o p o r t i o n a l i t y  i n  Eq. (11.1) can be determined 

from t h e  no rma l i za t i on  condi t ion .  

The use o f  Eq. (11.1) a s  an e s t i m a t o r  is cons idered  c o n t r o v e r s i a l  

i n  many tex tbooks  u n l e s s  p(A) i s  an  e s t ima ted  j o i n t  pdf based upon some 

d a t a  o r  cons idered  as an  hypothesis .  I n  o r d e r  t o  avoid t h i s  problem, we 

w i l l  cons ide r  t h a t  t h e  p r i o r  p(A) is based upon some d a t a  which we w i l l  

deno te  by X ,  and r e w r i t e  Eq. (11 .1)  a s :  

P ( A  I B X )  a P ( A  1x1 P(B I A X )  . (11.2) 

I n  t h i s  form Bayesl theorem i s  always accep tab l e  and has  t h e  mean- 

i n g  t h a t  p(A I B X )  is  t h e  j o i n t  pdf based upon both d a t a  X and d a t a  B. It 

is  o f t e n  s a i d  t h a t  Eq. (11.2) i s  an "adjustment equa t ionv  where t h e  

e s t i m a t e s  o f  t h e  va lues  o f  t h e  parameters ,  from p ( ~  Ix) ,  a r e  a d j u s t e d  on 

t h e  b a s i s  o f  t h e  d a t a  B t o  provide a new set of  e s t ima te s .  It  should be 

noted a t  t h i s  s t a g e  t h a t  t h e  form o f  Eq. (11.2) i s  v a l i d  on ly  i f  t h e  

d a t a  B and X a r e  independent.  The e x t e n t  t o  which t h e  va lue  o f  t h e  

parameters  and t h e i r  u n c e r t a i n t i e s  a r e  changed a s  a r e s u l t  o f  us ing  Eq. 

(11.2) i s  a f u n c t i o n  o f  how a c c u r a t e  a r e  t h e  d a t a  B and how s e n s i t i v e  

t h e y  a r e  t o  t h e  parameters.  We postpone u n t i l  l a t e r  a d i s c u s s i o n  o f  t h e  

d a t a  X, 

Le t  A = {Pk} f o r  k = 1 t o  K be t h e  set of' a l l  parameters  o f  t h e  

m u l t i l e v e l  R-matrix theory.  We use i n s t e a d  o f  A t h e  l e t t e r  P without  an 

index t o  r e p r e s e n t  t h e  K-dimensional column v e c t o r  whose components a r e  

t h e  P I s ,  i .e. ,  
k 



We assume t h a t  t h e  j o i n t  pdf ~ ( A I x )  is  a j o i n t  normal pdf . .hav ing  a s  

a n  e x p e c t a t i o n  v a l u e  t h e  v e c t o r  7 and a c o v a r i a n c e  m a t r i x  M. Under t h i s  

a s sumpt ion  we have: 

- t 
~ ( ~ 1 x 1  a e x p [  -1/2 (P-PI M-'(P-P)I , (11.4) 

where .P  is  t h e  I1true1I v a l u e  o f  t h e  p a r a m e t e r s  and t h e  s u p e r s c r i p t  t 

d e n o t e s  t h e  t r a n s p o s e ,  

The e x p e r i m e n t a l  d a t a  which we had s y m b o l i z e d . b y  B ,and  w h i c h . i s  t o  

be  d e s c r i b e d ' b y  t h e  R-matrix t h e o r y  w i l l  now be r e p r e s e n t e d  by a d a t a  

v e c t o r  D whose components D~ a r e  t h e  L d a t a  p o i n t s .  We a l s o  assume t h a t  

i 
t h e  e x p e r i m e n t a l  c o n d i t i o n s  a r e  such  t h a t ~ t h e  d a t a  D ,  i . e .  t h e  D ' s ,  

have a j o i n t  normal d i s t r i b u t i o n  abo.ut t h e i r  ".true1I v a l u e  T and t h e  

c o v a r i a n c e  m a t r i x  w i l l  b e . d e n o t e d  by V. We t h e r e f o r e  have t h e  l . ike-  

l i h o o d  f u n c t i o n ,  

t 
~ ( B ~ A x )  a exp[ - 1/2 (D-T) V-'(D-TI.] . :(11.5) 

I f ,  a s  we have j u s t  s t a t e d ,  T s t a n d s  f o r  t h e  t r u e  v a l u e , o f  t h e  

d a t a ,  t h e n  t h e  c o v a r i a n c e  m a t r i x  V r e p r e s e n t s  t h e  e x p e r i m e n t a l  " e r r o r s "  

o f  t h e  d a t a .  The d i a g o n a l  e l e m e n t s  o f  V a r e  t h e  v a r i a n c e s  o f  t h e  d a t a  

i j  
p o i n t s ;  and t h e  o f f - d i a g o n a l  e l e m e n t s ,  i . e .  the ,  c o v a r i a n c e s  V , 

i j 
r e p r e s e n t  t h e  e r r o r s  whlch j o i n t l y . a f f ' e c t  t h e  d a t a  p o i n t s  D and D . It 

is  c o n v e n t i o n a l  t o  s t a t e  t h a t  t h e  o f f - d i a g o n a l  e l e m e n t s  r e p r e s e n t  t h e  

c o r r e l a t e d  e r r o r s  i n  t h e  d a t a .  Although d a t a  are u s u a l l y  reduced i n  

such  a f a s h i o n  t h a t  impor tan t  c o r r e l a t i o n s  between d a t a  p o i n t s  a r e  

i n t r o d u c e d ,  e x i s t i n g  d a t a  a n a l y s i s  c o d e s  u s u a l l y  have no p r o v i s i o n s  f o r  

a nondiagonal  c o v a r i a n c e  m a t r i x  V (PE80b). T h i s  is a major  d , e f i c i e n c y ,  

which o u r  code remedies .  (Note  t h a t  t h e  i n c l u s i o n  o f  o f f - d i a g o n a l  d a t a  

c o v a r i a n c e s  i s  n o t  r e s t r i c t e d  t o  Bayesl  method b u t  c o u l d  be  done w i t h  



least-squares  as wel l , )  The importance of i nc lud ing  c o r r e l a t i o n s  is 

i l l u s t r a t e d  by t h e  examples i n  S e c t i o n  V I  of  t h e  r e p o r t ,  

We now need t o  r e l a t e  t h e  "true1I va lue  o f  t h e  d a t a  T t o  t h e  parame- 

t e r s  P. I d e a l l y  T can be  c a l c u l a t e d  e x a c t l y  from t h e  model, i n  our  c a s e  

t h e  R-matrix theory .  I n  p r a c t i c e  i t  is n o t  always s o  s i n c e  t h e  observed 

q u a n t i t y  o f t e n  cannot  be reduced t o  t h e  form o f  c r o s s  s e c t i o n s  because 

o f  v a r i o u s  l lexperimentall!  problems such a s  Doppler broadening, m u l t i p l e  

s c a t t e r i n g ,  experimental  r e s o l u t i o n ,  etc. What -Is of~Len'done 1s to  ca l -  

c u l a t e  t h e ' . c r o s s  s e c t i o n s  on t h e  b a s i s , o f  t h e  t heo ry  and then  " fo ld  I n t o  

them" v a r i o u s  e f f e c t s  t o  produce a n  e s t i m a t e  o f  t h e  " t r u e w  va lues  o f  t h e  

d a t a  D. I n  t h i s  p rocess  va r ious  approximations a r e  used. I n  t h e  l i k e -  

l i hood  f u n c t i o n ,  Eq. (11.51, V must t h e r e f o r e  be modified t o  i nc lude  an 

e s t i m a t e  o f  t h e  u n c e r t a i n t i e s  i n  t h e  t h e o r e t i c a l l y  c a l c u l a t e d  va lues  T, 

These u n c e r t a i n t i e s  a r e  very  o f t e n  c o r r e l a t e d  over  t h e  range o f  t h e  d a t a  

being analyzed and c o n t r i b u t e  t o  t h e  f a c t  t h a t  t h e  covar iance  mat r ix  V 

is  nondiagonal,  I n  most d a t a ' a n a l y s i s  codes used todajr ,  Chis problem is 

t o t a l l y  ignored and cannot  be handled adequate ly  s i n c e  V is  r e s t r i c t e d  

t o  be d iagonal .  I n  what  fo l lows  we w i l l .  cons ide r  V t o  i nc lude  a l l  o f  

t h e  u n c e r t a i n t i e s :  t hose  f r o n t h e  d a t a  D and t h o s e  from t h e  t h e o r e t i c a l  

e s t i m a t e s  T based upon t h e  R-matrix theory.  

I n  t h e  l i k e l i h o o d  f u n c t i o n ,  Eq. (fP1,5.), we need t o  c a l c u l a t e  T a s  a 

f u n c t i o n  o r  P, t h e  t r u e  Value of  t h e  parameters.  . T h i s  is  done formal ly  

by cons ide r ing  T a f u n c t i o n  o f  P and performing a Taylor  expansion about  

- 
P ,  t h e  e x p e c t a t i o n  va lue  o f  ~ ( A ( X ) ,  and keeping on ly  t h e  l i n e a r  terms: 

where is equal  t o  T 6)- 



Since  T i s  a vec to r  o f  dimension L (equa l  t o  t h e  number o f ' d a t a  

p o i n t s ) ,  and P is  a v e c t o r  o f  dimension K (equa l  t o  t h e  number o f  parim- 

e t e r s ) ,  t h e  s e n s i t i v i t y  mat r ix  G is o f  dimension L x K ,  The elements  o f  

G a r e  t h e  p a r t i a l  d e r i v a t i v e s  o f  Tn wi th  r e s p e c t  t o  t h e  parameters  Pk 

- 
eva lua ted  a t  P = P: 

S u b s t i t u t i n g  Eq. (11-6)  i n t o  Eq, (11.5) and us ing  Eq. (11-4)  we 

o b t a i n  f o r  t h e  p o s t e r i o r  j o i n t  pdf (Eq, ( 1 1 - 2 ) ) :  

aTn 
G~~~ = - 

aPk 

Decause o f  t h e  ttiree b a s i c  assumptions we have made, i .e, ,  

f o r  n= 1,2, . . . ,L ( I I w 7 )  
P =  fj and k= 1,2,,,. ,K 

, i t h e  p r i o r  j o i n t  pdf is. a j o i n t  normal, 

ii) t h e  l i k e l i h o o d  func t ion  is a j o i n t  normal, and 

i i i )  t h e  t r u e  va lue  is  a l i n e a r  f u n c t i o n  o f  t h e  parameters ,  

t h e  p o s t e r i o r  j o i n t  pdf i s  al.so a  j o i n t  normal. Denoting its expecta- 
- 

t i o n  va lue  by P1 and:. i ts .  covar iance  ma t r ix  by"Mt, w e  may w r i t e :  



A s  shown i r ~  Appendix A ,  e q u a t i n g  t h e  l i n e a r  and q u a d r a t i c  t e rms  o f  

t h e  e x p o n e n t s  i n  Eqs. (11.8) arid (11.9) y i e l d s  o u r  f i n a l  r e s u l t s ,  

h e r e a f t e r  r e f e r r e d  t o  as Bayesl  e q u a t i o n s :  

- t - 1 
p 1  - P = M G (N+V) (D-T) , (11.10) 

t 
M - M '  = M G (N+v)- '  G M~ , (11.11) 

where t h e  L x L m a t r i x  N is d e f i n e d  as 

t 
N = G M G  . (11.12) 

The m a t r i x  N is t h e  c o v a r i a n c e  m a t r i x  o f  t h e  j o i n t  pdf f o r  t h e  t r u e  

v a l u e  o f  t h e  d a t a  based upon our  p r i o r  pdf f o r  t h e  v a l u e  o f  t h e  

pa ramete rs .  A s  i s  c l e a r  from Eq, (11.8) and t h e r e f o r e  r e f l e c t e d  i n  

Bayes '  e q u a t i o n s ,  t h e  p r i o r  d a t a  X and t h e  d a t a  B a r e  t r e a t e d  on a n  

e q u a l  f o o t i n g ,  From Eq. (11.11) we s e e  t h a t  it  i s  t h e  r e l a t i v e  s i z e  o f  

t h e  e l e m e n t s  o f  t h e  m a t r i x  N and V which d e t e r m i n e s  t h e  e x t e n t  t o  which 

t h e  u n c e r t a i r i t i e s  i n  t h e  p a r a m e t e r s  a r e  changed. I n  t h e  l i m i t  where t h e  

m a t r i x  M is d i a g o n a l  and i ts e l e m e n t s  t e n d  t o  i n f i n i t y ,  Bayesl  e q u a t i o n s  

become t h e  f a m i l i a r  l e a s t - s q u a r e s  e q u a t i o n s .  A l g e b r a i c  d e t a i l s  a r e  

give11 i l l  Appei~dix A,  

The r e s u l t s ,  Eq. (11.10) and Eq, ( I I . 1 1 ) ,  a r e  v a l i d  o n l y  i f  t h e  

t h r e e  assumpt ions  under  which t h e y  were d e r i v e d  from Bayes '  theorem a r e  

v a l i d .  I n  p r a c t i c e  we use  t h e s e  e q u a t i o n s  wheri t h e  assumpt ions  are o n l y  

a p p r o x i m a t e l y  t r u e ;  i n  t h e  remainder  o f  t h i s  s e c t i o n  we d i s c u s s  t h e  

consequences  o f  t h i s  and t h e  r e l a t i o n s h i p  o f  t h e  r e s u l t s  t o  t h e  u s u a l  

method o f  least--squares, 



I n s t e a d  o f  s t a r t i n g  from Bayesl  theorem we cou ld  have o b t a i n e d  o u r  

r e s u l t s  (11.10) arid (11.11 ) by p o s t u l . a t i n g  t h a t  we shou ld  minimize x', 

g i v e n  by: 

t $ = (P-P) M- 
t -1 

(P-Y) + (D-T) V (D-T). (11.13) 

Data  a n a l y s i s  codes  which u s e  t h e  c o n v e n t i o n a l  l e a s t - s q u a r e s  method t a k e  

a s  a s t a r t i n g  p o i n t  t h e  f a c t  t h a t  t h e y  want t o  mirlimize t h e  second term 

A A 

o f  (11.13) t o  produce t h e  r e s u l t  which we w i l l  c a l l  P and M. The prac- 

t i c a l  d i f f i c u l t i e s  i n  t h a t  approach come from t h e  n o n l i n e a r i t y  o f  T w i t h  

r e s p e c t  t o  t h e  pa ramete r s  P. The a d v a n t a g e s  and d i s a d v a n t a g e s  o f  t h e  

method we a r e  p ropos ing  d e r i v e  s o l e l y  from t h e  i r lc lus ior l  o f  t h e  f i r s t  

t e rm i n  Eq. (11.13).  I t  i s  c l e a r  from Eq. (11.13) t h a t ;  i f  M i s  d i a g o n a l  

and its el.ements become v e r y  l a r g e ,  we r e c o v e r  t h e  c o n v e n t i o n a l  l e a s t -  

s q u a r e s  r e s u l t s  a s  a l r e a d y  mentioned.  

Bayesl  e q u a t i o n s  were d e r i v e d  or1 t h e  assumptior1 t h a t  we cou ld  

approx imate  T(P)  by t h e  f i r s t  two t e r m s  o f  t h e  T a y l o r  expans ion  abou t  F. 

I n  t h e  usual. l e a s t - s q u a r e s  method t h i s  same l i n e a r  approximat ior i  is 

A 

made, b u t  a b o u t  P which minimizes  t h e  second term o f  Eq. (11.13). The 

A 

v a l u e  o f  P must be o b t a i n e d  by a n  " i t e r a t i o n  method; d i f f i c u l t i e s ,  when 

t h e y  o c c u r ,  s t e m  from t h e  f a c t  t h a t  t h e  x2 s u r f a c e  d o e s  n o t  e x h i b i t  a 

wel l -de f ined  minima f o r  some o f  t h e  P T h i s  t e n d s  t o  o c c u r  
k ' 

f o r  two c l a s s e s  o f  pa ramete r s  Pk. The f i r s t  c l a s s  c o n s i s t s  o f  t h o s e  
. . 

p a r a m e t e r s  f o r  which t h e  d a t a  ' D  have 'very  1 . i t t l . e  s e n s i t i v i t y  arid t h e  

minimum i s  t h e r e f o r e  v e r y  broad.  ' The l i n e a r i t y  approx imat ion  is  n o t  a t  

f a u l t  h e r e ;  r a t h e r ,  t h e  p a r a m e t e r s  a r e  n o t  w e l l  de te rmined  by t h e  d a t a ,  

arid t h e  "nd i se"  i n  t h e  d a t a  c a u s e s  t h e  maximum o f  t h e  l i k e l i h o o d  func- 

t i o n  t o  be f a r  from what i s  p e r c e i v e d  t o  b e  a p h y s i c a l l y  r e a s o n a b l e  



v a l u e .  T h i s  o f t e r i  o c c u r s  because  o f  some approx imat ion  i n  t h e  t h e o r e t i -  

c a l  c a l c u l a t i o n .  The o t h e r  c l a s s  f o r  which d i f f i c u l t i e s  o c c u r  w i t h  t h e  

conver l t iona l  l e a s t - s q u a r e s  method a r e  t h o s e  p a r a m e t e r s  f o r  which t h e  xL 

s u r f a c e  e x h i b i t s  a "val . leyV i n  pa ramete r  s p a c e - w h i c h  e x t e n d s  beyond t h e  

domain o f  p h y s i c a l l y  r e a s o n a b l e  v a l u e s ,  even though t h e  p a r t i a l  d e r i v a -  

t i v e s  of  t h e  t h e o r y  w i t h  r e s p e c t  t o  t h e s e  p a r a m e t e r s  may be  l a r g e .  

For  b o t h  c l a s s e s  of p a r a m e t e r s  f o r  whtnh t r h e  c o n v e n t i o n a l  l e a s t -  

- 
s q u a r e s  method h a s  d i f f i c u l t i e s ,  t h e  l i n e a r  expans ion  of T(P) abou t  P 

may riot b e  a v e r y  good one  and Bayesl  method may a l s o  have d i f f i c u 1 t i . e ~ .  

However, it  is  p o s s i b l e  t o  improve upon fo rmulae  (11.10) and (11.11 1 hy 
- 

i t e r a t i n g  i n  o r d e r  t o  u s e  a n  exparision o f  T ( P )  abou t  P1  i n s t e a d  o f  P. 

The way i n  which t h i s  c a n  b e  done is t o  e s t i m a t e  P 1  by f i r s t  do ing  t h e  

exparmion abou t  P ;  le t ;  u s  ca l .1  t h i s  r e s u l t  ' P I .  Then, i n  Eq. (11 .lo) and 

- 
(11.11) i n s t e a d  o f  c a l c u l a t i n g  T and G a t  P = P, w e  c a l c u l a t e  them a t  P = 

0 1 - 
P1 and o b t a i n  a new e s t i m a t e  PI. I n  p r i n c i p l e  one c a n  i t e r a t e  i n  t h i s  

f a s h i o n  u n t i l  convergence  is o b t a i n e d ,  I n  p r a c t i c e  it  is seldnm neces- 

s a r y  t o  do s o  more t h a n  once  s i n c e  f u r t h e r  i t e r a t i o n  mere ly  improves  t h e  

p r e c i s i o n  of t h e  k k l s  beyond a l i m i t  j u s t i f i e d  by t h e  a c c u r a c y  w i t h  

w h i c h t h e y  a r e  de te rmined .  The p r e s e n c e  o f  5 and M i n  Eq. (11.10) and 

(11.11 1, u n l e s s  t h e  v a l u e s  o f  t h e  d i a g o n a l  e l e m e n t s  o f  M a r e  v e r y  1 a r g e ,  

p r e v e n t s  t h e  s o l u t i o n  from " runn ing  awayw as i t  o f t e n  d o e s  i n  t h e  con- 

v e n t i o n a l  l e a s t - s q u a r e s  method. We emphasize  t h a t  i n  i t e r a t i n g  Bayesl  

e q u a t i o n s  t h e  v a l u e s  o f  P and M a r e  l e f t  a t  t h e i r  i n p u t  v a l u e s  and i t  is 

o n l y  t h e  q u a n t i t i e s  d e n o t e d  by T and G which a r e  r e c a l c u l a t e d  a t  t h e  

p r e v i o u s l y  e s t i m a t e d  v a l u e  of P 1 .  A l g e b r a i c  d e t a i l s  a r e  g i v e n  i n  

Appendix A.  



The ~ s o l u t l o n w  t o  t h e  problems we o f t e n  encounte r  w i t h  t h e  conven- 

t i o n a l  method o f  l e a s t  s q u a r e s  h a s  been bought a t  t h e  p r i c e  t h a t  we must 

p r o v i d e  H and M . Ever1 i f  t h e  matr.ix V were diagonal, t h e  m a t r i x  N will .  

be  nondiagonal  and i t  i s  t h e  m a t r i x  N+V which must b e  inver ted . ,  .There- 

f o r e  we no l o n g e r  have any i n c e n t i v e  t o  approximate  V by a  d i a g o n a l  

- 
c o v a r i a n c e  m a t r i x ,  The consequence o f  i n t r o d u c i n g  P and M when t h e y  a r e  

kriown is t h a t  P1 arid M1 a r e  .no t  independent  o f  P and M. A s  we have 

- 
emphasized i n  d i s c u s s i n g  Bayesl  theorem,..F! and M must be based upor] some 

d a t a  o r  be t r e a t e d  as a! h y p o t h e s i s ,  i n  which c a s e  we..say t h a t  P1  ,and. M I  

a r e  c o n d i t i o n a l  upon t h e  v a l i d i t y  o f , o u r  h y p o t h e s i s .  

We w i l l  first d i s c u s s  t h e  c a s e  where P and M a r e  o b t a i n e d  from an 

a n a l y s i s  o f  some a c t u a l  d a t a  X. ( A s  p o i n t e d  o u t  e a r l i e r  t h e  d a t a  D must 
. - .  

be independent  o f  X ;  i t  is p o s s i b l e  t o  modify Eq. (11.13) when t h e  d a t a  

D a r e  n o t  independen t  o f  P b u t  we s h a l l  n o t  c o n s i d e r  t h i s  c a s e  h e r e . )  

That  i s ,  t h e  a n a l y s i s , o f  d a t a  X y i e l d e d  a n  approx imate ly  normal j o i n t  

pdf f o r  t h e  t r u e  v a l u e  o f  P ,  a t  l e a s t  i n  t h e  neighborhood o f  ?; 

t h e  c e n t r a l  L i m i t  theorem e n s u r e s  t h a t  t h i s  approx imat ion  is u s u a l l y  
. . .  

v a l i d ,  Then t h e  r e s u l t s  P 1  and M '  which we o b t a i n  u s i n g  Bayesl  equa- 

t i o n s  w i l l  be i d e n t i c a l  t o  t h o s e  a b t a i v ~ e d  i l l  Lhe u s u a l  pr0ced.ure where 

A A 
we first o b t a i n  P and M and t h e n  "combine" t h i s  v a l u e  w i t h  and M i n  

t h e  l e a s t - s q u a r e s  s e n s e ,  If t h e  mode) is nonl inear ,  t h e  r e s u l t s  o f  t h e  
. . 

two procedures  w i l l  d i f f e r  s l i g h t l y  s i n c e  i n  one c a s e  t h e  l i n e a r  expan- 

A 

s i o n  is  made about  P1 and i n  t h e  o t h e r  abou t  P, 

Formula ( I I . 1 3 ) ,  a l t h o u g h  t o  o u r  knowledge n o t  used i n  c u r r e n t  d i f -  

f e r e n t i a l  n u c l e a r  d a t a  a n a l y s i s ,  is used i n  many c o d e s  . t o  perform " d a t a  

ad jus tment t1  where P and M are t h e  " d i f f e r e n t i a l  datat!. and D a r e  some , . .  



" i r l t eg ra l .  d a t a n .  I n  o u r  approach  we t a k e  P t o  be t h e  pa ramete r s  o f  t h e  

t h e o r y  and D t o  b e  t h e  d i f f e r e n t i a l .  d a t a .  There  i s  a  p r a c t i c a l  problem 

. w i t h  simul. t a n e o u s l y  e v a l u a t i n g  and anal .yzing d a t a  a s  o u r  formulae  does  : 

2 
i f  two d i f f e r e n t  s e t s  o f  d a t a  and D a r e  a n a l y z e d  s e p a r a t e l y  b u t  

- 
u s i n g  t h e  same v a l u e s  o f  P and M d e r i v e d  from d a t a  X ,  t h e n  i t  is a prac-  

1 - 
t i c a l .  i m p o s s i b i l i t y  t o  combine t h e  o u t p u t  o f  t h e  two a n a l y s e s ,  s a y  P' 

arid 2e1,  because  t h e y  a r e  c o r r e l a t e d  i n  some unknown f a s h i o n .  T h i s  

' problem is o f  c o u r s e  t o  be  c o n t r a s t e d  w i t h  t h e  one f a c e d  i n  t h e  conven- 

t i o n a l  l e a s t - s q u a r e s  a p p r o a c h ,  where we a l s o  canno t  cambine t h e  a n a l y s e s  

2  
o f  d a t a  'D and D i f  some o f  t h e  physical .  p a r a m e t e r s  a r e  f i x e d  a t  d i f -  

f e r e n t  v a l u e s  o r  i f  d i f f e r e n t  s e t s  o f  t h e  p a r a m e t e r s  a r e  a d j u s t e d .  

We now c o n s i d e r  t h e  s i t u a t i o n  when P and M d o  n o t  come i n  t h e i r  

e n t i r e t y  from t h e  a n a l y s i s  o f  some s p e c i f i c  d a t a  X but  may be c o n s i d e r e d  

a n  h y p o t h e s i s .  The r e s u 1 . t ~  ?" and M' o f  t h e  a n a l y s e s  o f  d a t a  D a r e  

f u r ~ c t i o n s  o f  P a r ~ d  M ,  arid i n  t h e  f u t u r e  w i l l  be o f  i n t e r e s t  t o  u s  or;ly 

i f  w e  a r e  w i l l i n g  t o  c o n t i n u e  t o  e n t e r t a i n  t h i s  same h y p o t h e s i s .  We may 

i n  f a c t  v iew t h e  u s u a l  l e a s t - s q u a r e s  p rocedure  (where some 'of t h e  param- 

L 
e t e r s  a r e  f i x e d  a t  s p e c i f i c  v a l u e s  arid x is minimized by v a r y i n g  some 

o t h e r  p a r a m e t e r s )  a s  producirlg an  a n a l . y s i s  o f  t h e  d a t a  D which is v a l i d  

c o r ~ d i t i o n a l  upon t h e  h y p o t h e s i s  t h a t  a l l  t h e  f i x e d  p a r a m e t e r s  have a 

t r u e  v a l u e  equal. t o  t h e  v a l u e  a t  which t h e y  were  f i x e d .    his may wel.1 

b e  a  ' ve ry 'good  h y p o t h e s i s  t o ' c o n s i d e r  a t  t h e  t i m e  t h e  d a t a  i s  a n a l y z e d  

o r  t o  answer some s p e c i f i c  q u e s t i o n s ,  b u t  t h e  u t i l  i t y  o f  t h e  r e s u l t s  

c e a s e s  t h e  moment t h e  h y p o t h e s i s  is  no l o n g e r  j u s t i f i e d ,  

Our method based upon Bayesv theorem can  be  viewed a s  e q u i v a l e n t  t o  

what i s . u s u a l l y  done ,  i f  M i s  t a k e n  as d i a g o n a l ,  t h e  Mkk c o r r e s p o n d i n g  



t o  f i x e d  p a r a m e t e r s  are se t  i n f i n i t e l y  small,  and t h e  Mkk cor re spor ld ing  

t o  t h e  a d j u s t e d  p a r a m e t e r s . a r e  se t  i n f i n i t e l y  l a r g e .  If we a d o p t  t h i s  

p o i n t  o f  view, o u r  p r o c e d u r e ,  w h e r e  a l l  o f  t h e  e l e m e n t s  M i j  are f i n i t e ,  

becomes j u s t  a . c o n s t r a i n e d  l e a s t - s q u a r e s  method,  Its  g r e a t  a d v a n t a g e  is 

t h a t  i t  a l l o w s  u s  t o  r e d u c e  t h e  d a t a  D u s i n g  a f a r  l e s s  d r a s t i c  

h y p o t h e s i s  t h a n  we a r e  o f t e n  f o r c e d  t o  u s e ,  and  t h e  r e s u l t s  w i l l  more 

l i k e l y  be  c o n s i d e r e d  use fu l .  much l o n g e r .  O f t e n  d a t a  d o e s  e x h i b i t  v e r y  

small s e n s i t i v i t y  t o  some p a r a m e t e r s ,  and  l a r g e  s e n s i t i v i t y  t o  some 

o t h e r  p a r a m e t e r s ,  b u t  t h e r e  are many i n t e r m e d i a t e  c a s e s .  Our method c a n  

b e  viewed as  a way t o  o b t a i n  t h e  j o i n t  pdf  f o r  t h e  t r u e  v a l u e  o f  t h e  

p a r a m e t e r s  P based  upon t h e  X2 s u r f a c e  i n  a  s p e c i f i e d  r e g i o n  o f  parame- 
k  

t e r  s p a c e  d e f i n e d  by P arid M. I t  c a n  b e  a r g u e d  t h a t  t h i s  method d o e s  

n o t  s o l v e  t h e  p rob lems  we o f t e n  e n c o u n t e r  w i t h  t h e  method o f  l e a s t -  

s q u a r e s  as  much as  it p r o v i d e s  a way t o  cope  w i t h  them i n  a more gen- 

e r a l l y  u se fu l .  way. It i s  t h e r e f o r e  v e r y  i m p o r t a n t  when r e p o r t i n g  t h e  
- 

r e s u l t s  P1 and M 1  t h a t  w e  s p e c i f y  c l e a r l y  t h e  v a l u e s  o f  and  M upon 

which t h e y  are based .  The e x t e n t  t o  which  7' d i f f e r s  from P, b u t  more 

i m p o r t a n t l y  how t h e  m a t r i x  e l e m e n t s  o f  M 1  d i f f e r  f rom t h o s e  o f  M ,  t e l l s  

u s  what  we have l ea r r l ed  a b o u t  t h e  p a r a m e t e r s  from t h e  d a t a  D ,  The 
- 

r e s u 1 . t ~  P1 and M 1  w i l l .  c o n t i n u e  t o  b e  u s e f u l .  as I.ong as we c o n s i d e r  7 

arid P a r e a s o r l a b l e  h y p o t h e s i s .  

F i n a l l y  t h e  method ::e p r o p o s e  s h o u l d  p r o v i d e  a more r e a l i s t i c  

a s s e s s m e n t  o f  t h e  u r l c e r t a i r ~ t i e s  i n  t h e  p a r a m e t e r s .  T h e r e  are  t h r e e  

m a j o r  r e a s o n s  why u n r e a l i s t i c a l l y  small v a l u e s  f o r  t h e  u n c e r t a i n t i e s  i n  

t h e  p a r a m e t e r s  are u s u a l l y  o b t a i n e d  i n  t h e , c o n v e r i t i o n a l  p r o c e d u r e .  Two 
- 

o f  t h e  r e a s o n s  are n o t  r e l a t e d  t o  o u r  i n t r o d u c t i o n  o f  P and M i n  t h e  



p r o c e d u r e  but a r e  r e l a t e d  t o  t h e  f a c t  t h a t  t h e  c o v a r i a n c e  m a t r i x  V is  

u s u a l l y  t a k e n  as d i a g o n a l .  In most i n s t a n c e s  t h e  d a t a  D t o  be ana lyzed  

r e s u l t s  from m a n i p u l a t i o n s  and c o r r e c t i o n s  made t o  e x p e r i m e n t a l l y  

observed  q u a n t i t i e s .  Because t h e s e  c o r r e c t i o n s  and t r a n s f o r m a t i o n s  i n  

t h e  d a t a  a r e  n o t  e x a c t ,  p r o p e r l y  p ropaga ted  " e r r o r s "  would y i e l d  a  non- 

d i a g o n a l  m a t r i x  V. The magni tudes  o f  t h e  e l e m e n t s  o f  t h e  m a t r i x  M 1  a r e  

v e r y  s e n s i t i v e  f u n c t i o n s  o f  t h e  e lements  of'  V and are s t r o n g l y  a f f e c t e d  by 

t h e  nondiagonal  e l e m e n t s  o f  V, Secondly,  i n  o u r  c a l c u l a t i o n s  o f  t h e  

t h e o r e t i c a l  v a l u e s  o f  t h e  d a t a ,  which we have c a l l e d  T, we a l s o  make 

a p p r o x i m a t i o n s ;  t h e  m a t r i x  V shou ld  c o n t a i n  a  c o n t r i b u t i o n  due t o  t h e  

u n c e r t a i n t i e s  a r i s i n g  from t h e s e  approx imat ions .   he m a t r i x  N does  

n o t  r e p r e s e n t  t h e  u n c e r t a i n t i e s  due t o  t h e  approx imat ions  i n  t h e  

t h e o r e t i c a l  c a l c u l a t i o n s . )  The c o n t r i b u t i o n s  t o  V due t o  t h e  approxima- 

t i o n s  i n  t h e  t h e o r e t i c a l  c a l c u l a t i o n  T  a r e  a l s o  h i g h l y  nondiagonal .  

U n t i l  t h e  e f f o r t  is  made t o  u s e  r e a l i s t i c  c o v a r i a n c e  m a t r i c e s  f o r  V ,  t h e  

r e s u l t s  o f  o u r  a n a l y s e s  w i l l  riot be r e l i a b l e  and I.n part . i . a~ l lar  nl.lr e s t i -  

mates  o f  t h e  u n c e r t a i n t i ' e s  i n  t h e  pa ramete rs  w i l l  n o t  be r e l i a b l e .  

S i n c e  t h e  code d e s c r i b e d  i n  t h i s  r e p o r t  d o e s  a l l o w  f o r  a nondiagonal  

c o v a r i a n c e  m a t r i x  V and s i n c e  no computer t ime  is saved when V is  diago-  

n a l ,  w e  u r g e  u s e r s  o f  t h e  code t o  i n p u t  more r e a l i s t i c  c o v a r i a n c e  

m a t r i c e s  f o r  V .  The burden  o f  p r o v i d i n g  t h e  " t h e o r e t i c a l  component" o f  

t h e  m a t r i x  V shou ld  normal ly  be p a r t  o f  t h e  code b u t  h a s  n o t  y e t  been 

implemented i n  a n  a u t o m a t i c  f a s h i o n  i n  t h e  code SAMMY, However, some 

o p t i o n s  have been p rov ided  f o r  g e n e r a t i n g  some o f f - d i a g o n a l  e lements ;  

t h e s e  o p t i o n s  shou ld  be used when a p p r o p r i a t e  t o  r e l i e v e  t h e  burden o f  

p r e p a r i n g  t h e  i n p u t  d a t a .  



The f i n a l  r e a s o n  why we o f t e n  g e t  t o o  s m a l . l u n c e r t a i n t i e s  i n  t h e  

pa ramete r s  i s  t h a t ,  when we f i x  some p a r a m e t e r s ,  t h e  d i a g o n a l  e l e m e n t s  

o f  t h e  m a t r i x  M 1  a r e  wrorlgly i d e n t i f i e d  as t h e  v a r i a n c e  o f  t h e  marg ina l  

p d f l s  o f  t h e  p a r a m e t e r s  b e i n g  v a r i e d .  T h i s ,  however, i s  t r u e  o n l y  i f  

t h e  j o i n t  pdf o f  & t h e  p a r a m e t e r s  h a s  a d i a g o n a l  c o v a r i a n c e  m a t r i x .  

Through t h e  i n t r o d u c t i o n  o f  P and M we a l l o w  f o r  t h e  p o s s i b i l . i t y  o f  

o b t a i n i n g  t h e  f u l l  j o i n t  pdf o f  a l l  t h e  pa ramete r s ,  The d i a g o n a l  e1.e- 

ments  o f  t h i s  f u l l  j o i n t  pdf a r e  a l s o  t h e  v a r i a n c e s  o f  t h e  m a r g i n a l  

p d f l s  o f  t h e  p a r a m e t e r s  and do p r o v i d e  a r e a l i s t i c  measure o f  how w e l l  

we know each  i n d i v i d u a l  pa ramete r ,  It i s  v e r y  i m p o r t a n t  t o  r e p o r t  t h e  

f u l l  c o v a r i a n c e  m a t r i x  M 1  s i n c e  it is  e s s e n t i a l  f o r  most a p p l i c a t i o n s  t o  

know t h e  off -diagonal .  e l e m e n t s  o f  M 1 .  We r e c o g n i z e  t h a t  t h i s  i s  a new 

burden on t h e  u s e r  b u t  we b e l i e v e  t h a t ,  i f  a r e a l i s t i c  c o v a r i a n c e  m a t r i x  

V i s  used,  t h e  f u l l  c o v a r i a n c e  m a t r i x  M 1  i s  m e a n i n g f u l l y  produced b y  t h e  

code. 
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111. IMPLEMENTATION OF BAYES' EQUATIONS 

1. S o l v i n g  t h e  E q u a t i o n s  

Implementa t ion  o f  Bayes l  e q u a t i o n s  i s  s t r a i g h t f o r w a r d .  I n  m a t r i x  

form,  t ,hese  e q u a t j o n s  can be  w r i t t e n  

t I1 = + MG (N+v) - '  (D-T), 

and 
t 

M 1  = M - MG (N+v) - '  GM, 

where 
t 

N = GMG . 

Solvi .ng Eqs. (111.1) and ( I I I . 2 )  i s  e q u i v a l e n t  t o  s o l v i n g  

AX = Y 

K+1 times (where  K i s  t h e  number o f  p a r a m e t e r s  f o r  t h e  p rob lem) ,  w i t h  A t h e  

LxL symmetr ic  m a t r i x  N+V (where L i s  t h e  number o f  d a t a  p o i n t s ) ,  and Y a  

column. m a t r i x  e q u a l  t o  (D-T) i n  E q u a t i o n  (111.1 ) o r  e q u a l  t o  e a c h  o f  t h e  K 

columns o f  t h e  r e c t a n g u l a r  m a t r i x  GM i n  E q u a t i o n  (111.2) .  

P r u d e n t  numer ica l  a n a l y s i s  p r o c e d u r e  d i c t a t e s  t h a t  t h e  i n v e r s e  o f  a  

m a t r i x  n e v e r  be e v a l u a t e d  d i r e c t l y .  R a t h e r ,  t h e  m a t r i x  A i s  f i r s t  f a c t o r -  

i z e d  as 

where B  i s  a  b lock-d iagona l  m a t r i x ,  and U i s  t h e  p r o d u c t  o f  e l e m e n t a r y  u n i t  

t r i a n g u l a r  and p e r m u t a t i o n  matrices, s o  t h a t  i n v e r s e s  o f  U and B  a r e  

immedia te ly  a v a i l a b l e .  The s o l u t i o n  X i s  t h e n  found from 



I n  SAMMY, t h e  f a c t o r i z a t i o n  (111.5) is  performed by LINPACK (DO791 subrou- 

t i n e  SSPCB, and t h e  ( K + l ) . s o l u t i o n s  a r e  o b t a i n e d  by LINPACK s u b r o u t i n e  

SSPSL. S u b r o u t i n e  NEWPAR o v e r s e e s  t h e s e  o p e r a t i o n s .  F u r t h e r  d e t a i l s  a r e  

g i v e n  i n  t h e  r e p o r t  on program BAYES (LA80). 

2. A d j u s t i n g  f o r  Approximat ions  

It i.s n e c e s s a r y  t o  modify t h i s  p rocedure  s l i g h t l y  t o  accoun t  f o r  t h e  

a p p r o x i m a t i o n s  b u i l t  i n t o  Bayes' e q u a t i o n s .  A s  e x p l a i n e d  i.n Appendix A ,  a n  

i t e r a t i o n  scheme h a s  been d e r i v e d  t o  c o r r e c t  f o r  t h e  n o n l i n e a r  r e l a t i o n -  

s h i p  between p a r a m e t e r s  and t h e o r e t i c a l  v a l u e s .  I n  SAMMY, a sing1.e 

i t e r a t i o n  i s  performed,  s i n c e  (1 )  f u r t h e r  i t e r a t i o n  i s  expec ted  t o  i n c r e a s e  

p r e c i s i o n  b u t  n o t  a c c u r a c y ,  and ( 2 )  t e s t  c a s e s  have shown t h i s  t o  y i e l d  

c o n s i s t e n t  r e s u l t s .  ( S e e ,  e.g., example 4 of S e c t i o n  VI) .  

3. I n t r o d u c t i o n  o f  Off-Diagonal Data Covar iances  

. O f t e n  R > 0 r e s o n a n c e  p a r a m e t e r s  canno t  b e  de te rmined  a c c u r a t e l y  

because  t h e  u n d e r l y i n g  !L = O s t r u c t u r e  i s  n o t  w e l l  known. 1n t roduc t i .on  o f  

a c o n s t a n t  on- and o f f - d i a g o n a i  d a t a  c o v a r i a n c e  i n  t h e  neighborhood o f  t h e  

non-s-wave resonance  permi . ts  e f f e c t i v e  d e c o u p l i n g  o f  t h e  s-wave from t h e  

non-s waves. T h i s  o c c u r s  because  a n  a d d i t i v e  c o n s t a n t  c o v a r i a n c e  i s  . 

m a t h e m a t i c a l l y  e q u i v a l e n t  t o  a c o n s t a n t ,  c o h e r e n t  c o r r e c t i o n  term f o r  

e i t h e r  t h e  d a t a  o r  t h e  t h e o r y ;  a l g e b r a i c  d e t a i l s  a r e  p r e s e n t e d  i n  Appendix 

A. T h i s  t y p e  of o f f - d i a g o n a l  d a t a  c o v a r i a n c e  m a t r i x  c a n  be g e n e r a t e d  

a u t o m a t i c a l l y  by SAMMY, i f  t h e  u s e r  s o  d e s i r e s .  

One o t h e r  t y p e  o f  o f f - d i a g o n a l  d a t a  c o v a r i a n c e  m a t r i x  which c a n  be  

a u t o m a t i c a l l y  g e n e r a t e d  by SAMMY is  o f  t h e  form 



where ti' is  s u p p l i e d  by t h e  u s e r ,  E~ is  t h e  energy  f o r  d a t a  p o i n t  i ,  and a 

and b a r e  c o n s t a n t s  chosen by t h e  u s e r .  T h i s  t y p e  o f  c o v a r i a n c e  i.s u s e f u l  

i f  t h e r e  a r e  energy-dependent c o h e r e n t  u n c e r t a i n t i e s  i n  t h e  d a t a ,  f o r  exam- 

p l e ,  i f  a  s u b t r a c t e d  background is i m p e r f e c t l y  known. 

Other  t y p e s  o f  o f f - d i a g o n a l  d a t a  c o v a r i a n c e s  may be  s u p p l i e d  d i r e c t l y  

by t h e  u s e r .  D e t a i l s  f o r  i n p u t t i n g  a l l  t y p e s  o f  c o v a r i a n c e s  a r e  provided 

i n  Appendix C. Examples u s i n g  o f f - d i a g o n a l  d a t a  c o v a r i a n c e s  a r e  p r e s e n t e d  

i n  S e c t i o n  V I .  
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I V .  MULTILEVEL R-MATRIX THEORY 

Cons ide r  a n e u t r o n  o f  energy E i n c i d e n t  o n  a  t a r g e t  o f  s p i n  I, The 

combined sys tem ( n e u t r o n  p l u s  t a r g e t )  h a s  r e s o n a n c e s  X w i t h  s p i n  and p a r i t y  

IT 
J a t  e n e r g i e s  E . These r e s o n a n c e s  may decay  t h r o u g h  any  o f  s e v e r a l  chan- 

n e l s  c  w i t h  s p i n  s and o r b i t a l  a n g u l a r  momentum R ;  t h e  p a r t i a l  wid th  f o r  

decay v i a  channe l  c  is  r 
xc' 

I n  a d d i t i o n ,  gamma decay is a l l o w e d ,  w i t h .  par-  

Y t i a l  wid th  TA . 
C r o s s - s e c t i o n s  f o r . t h e  i n t e r a c t i o n  d e s c r i b e d  above may be  c a l c u l a t e d  

from mu1 t i l e v e l  R-matrix t h e o r y  (LA581 i n  t h e  ~ e i c h - M o o r e  approx imat ion  

(RE58). An e x c e l l e n t  r ev iew o f  R-matrix t h e o r y  and i t s  r e l a t i o n s h i p  t o  

o t h e r  r e s o n a n c e  formal isms i s  p r e s e n t e d  i n  t h e  r e c e n t  a r t i c l e  by Froehner  

(FR80); t h e  r e a d e r  i n t e r e s t e d  i n  b o t h  d e r i v a t i o n  and d e t a i l s  is  r e f e r r e d  t o  

t h a t  a r t i c l e .  Here we p r e s e n t  o n l y  t h e  r e l e v a n t  f o r m u l a e ,  b e g i n n i n g  w i t h  

. . 
t h e  R-matrix i t s e l f :  

IT 
where a l l  l e v e l s  ( r e s o n a n c e s )  w i t h  t o t a l  s p i n  and p a r i t y  J a r e  i n c l u d e d  i n  

t h e  sum. The channe l  wid th rXc  i s  g i v e n  i n  t e r m s  o f  t h e  reduced wid th  Y 
. XC 

b Y 

where P R  i s  t h e  p e n e t r a t i o n  f a c t o r ,  which depends  o n l y  on t h e  o r b i t a l  angu- 

l a r  momentum R and t h e  energy  E; fo rmulae  f o r  PR(E)  a r e  shown i n  T a b l e  

IV.l .  S i m i l a r l y ,  t h e  gamma wid th  FAY is  g i v e n  i n  terms o f  t h e  reduced 



'I'kB1.E 1V.1. PL4KHA'fiON FACTORS P, LEVEL SHIFT FACTOR'S S,  AND PCTENTIAL-SCAlTERING PHASE SlIlF'CS 4 
FOR CRBIlAL AJCOIAR NMENTUM &, CENTER OF MASS MOMENTUM k ,  AND CHANNEL RADIUS a c ,  WITH P  = k a 

5 
2 p  f t 9  3'12 -+ p 4 j  - ( l 8  + 3p2);(9 + 3p2 + p4)  p - tan  -1 (3p) / (3  - p 2 j  

6 
3 p7/ (22?  .k 4 5 E 2  + 6p3 + p :a -(675 t 90pT + 6 p 4 ) / ( 2 2 5  + 45p 2  + 6c 4 6  + p ) p- tan  -1 l p ( 1 5  - p  2 ) / ( I 5  - 6 , j 2 j l  

2  4  6 
i p 9 / ( l l  0 2 5  + 1575y2 + 1 . 3 5 ~ ~  - ( 4 4  1 0 0  + 4 7 2 5 ~  + 270p + 100  ) /  p- tan  - 1 [ p ( 1 0 5  - 1 0 p Z ) /  

6 8 + l o p  .k p ) 
2  4  6 8 

(11 0 2 5  + :575p + 1 3 5 ~  + l o p  + 6 ) 
2  

(105  - 45p +p4: l  



gamma wid th  aA a s  

The R-matrix is  r e l a t e d  t o  p h y s i c a l  o b s e r v a b l e s  v i a  t h e  W-matrix 

which,  i n  m a t r i x  n o t a t i o n ,  i s  g i v e n  by 

SAMMY u s e s  a  d i f f e r e n t  b u t  e q u i v a l e n t  form f o r  W :  

(IV .4 )  

(IV . 4 a )  

The q u a n t i t y  LR i n  Eq. (IV.4) i s  g i v e n  by 

L &  = ( S g  - Bg) + i P g  (IV . 5 )  

w i t h  ,Sg t h e  s h i f t  f a c t o r ,  shown i n  T a b l e  I V . l ,  and BE t h e  a r b i t r a r y  

boundary c o n s t a n t  a t  t h e  c h a n n e l  r a d i u s  a  111"  i n  Eq. ( IV.4)  r e p r e s e n t s  
c 

t h e  i d e n t i t y  m a t r i x .  

I n t e g r a t e d  c r o s s  s e c t i o n s  a r e  t h e n  g i v e n  i n  terms o f  W and t h e  poten- 

t l a l  s c a t t e r i n g  phase  s h i f l t  0 ,  a l s o  shown i n  'I'able l V . l ,  a s  t 'o l lows:  
I 

0 
t o t a l  - - C 1 (I. - Re (e-"% w C t  )) (IV. 6 )  

7 J J i n c i d e n t  
k - 

c h a n n e l s  

C 
2 

e l a s t i c  - - C - 2 i 4 ~ ~  J J 
0 

2 J J i n c i d e n t  
1 - 2 ~ e  (e 

k c h a n n e l s  
cc ' + channe i n c i d e n t  1 s Iwccll iIv. 7l 

C c 



r e a c t i o n  - C  
2 

u  - - ." L 
k 

2 J J i n c i d e n t  e x i t  
c h a n n e l s  c h a n n e l s  

(IV. 8) 

c a p t u r e  = 
(5 C g  

k 
2 J J i n c i d e n t  

c h a n n e l s  channe 1s 
C c f  . 

Note t h a t  t h e  t o t a l  c r o s s  s e c t i o n  i s  t h e  sum o f  t h e  o t h e r  t h r e e :  

0 
t o t a l  e l a s t i c  + o r e a c t i o n  c a p t u r e  = u ,  + 0 

I n  Eq. (IV.6) t h r o u g h  (IV.91, g  i s  t h e  s p i n  s t a t i s t i c a l  f a c t o r  
J 

where I is  t h e  target s p i n .  The q u a n t i t y  k  is t h e  n e u t r o n  momentum i n  t h e  

center-of-mass  s y s t e m ,  r e l a t e d  t o  l a b o r a t o r y  k i n e t i c  ene rgy  E by 

where M is g i v e n  by 

. (IV.13) 
n e u t r o n  

M u l t i p l e - s c a t t e r i n g  c o r r e c t i o n s  are n o t  i n c l u d e d  i n  t h e  c a p t u r e  c r o s s  sec -  

t i o n s ;  i t  i s  t h e  a u t h o r s '  i n t e n t i o n  t o  i n t r o d u c e  t h e s e  c o r r e c t i o n s  i n  t h e  

n e a r  f u t u r e .  



V. IMPLEMENTATION OF MULTILEVEL R - M A T R I X  THEORY 

The implementa t ion  o f  m u l t i l e v e l  R-matrix t h e o r y  w i t h  Doppler- and 

r e s o l u t i o n - b r o a d e n i n g  was borrowed from t h e  l e a s t  s q u a r e s  m u l t i l e v e l  

R-matrix code MULTI, developed by George Auchampaugh (AU74). The cod ing  

was e x t e n s i v e l y  modi f i ed  f o r  c l a r i t y ,  f o r  e a s i e r  amendment and a d d i t i o n s ,  

and f o r  g r e a t e r  c o m p a t i b i l i t y  w i t h  t h e  PDP-10 computer sys tem a t  ORELA. 

However, t h e  b a s i c  d e s i g n  o f  t h i s  p o r t i o n  o f  t h e  computer code SAMMY i s  

e x a c t l y  t h a t  which was f i r s t  implemented i n  MULTI. (The code name SAMMY 

had i ts o r i g i n . h e r e :  SAM = S e v e r e l y  A l t e r e d  N L T I . )  

G e n e r a t i o n  o f  t h e o r e t i c a l  c r o s s  s e c t i o n s  and d e r i v a t i v e s  i n  SAMMY, as  

i n  MULTI, i s  accomplished a s  f o l l o w s :  The u s e r  s p e c i f i e s  which o f  t h e  

Y p h y s i c a l  pa ramete r s  E X l r A c l  r A  a r e  t o  b e  v a r i e d .  These p a r a m e t e r s  a r e  

~ o n v e r t ~ e d  t,o "u-paramet.ersw v i a  

u (EA)  = t dm , where t h e  n e g a t i v e  s i g n  is  chosen  i f  E < 0 ,  ( v *  1 )  
A 

where rAc = 
2 

u ( ~ ~ ~ )  = YAc .aAC P E  1 (v .2)  

Y 2 u(TA ) = a A  where rY = 2 a A  . 
A 

(V.3) 

(Note  t h a t  yA and aX may b e  e i t h e r  p o s i t i v e  o r  n e g a t i v e . )  It is  t h e  

u -pa ramete r s  on which Bayesv e q u a t i o n s  o p e r a t e .  

To s o l v e  Bayes, e q u a t i o n s ,  it  i s  n e c e s s a r y  t o  know b o t h  t h e  c r o s s  

s e c t i o n  and t h e  d e r i v a t i v e  o f  t h e  c r o s s  s e c t i o n  w i t h  r e s p e c t  t o  e a c h  

u-parameter ,  e v a l u a t e d  a t  e v e r y  e n e r g y  f o r  which i n p u t  d a t a  i s  a v a i l a b l e .  

The c h a i n  r u l e  is  used t o  e v a l u a t e  p a r t i a l  d e r i v a t i v e s :  



where t h e  index  J h a s  been s u p p r e s s e d ,  s i n c e  i t  i s  f i x e d  f o r  a  g i v e n  u. 

The r e s t r i c t e d  sums ( v 5 v , w I T )  r e s u l t  from t h e  symmetry o f  R and W. 

I n  Eq.  (IV.11, t h e  R-matrix i s  g i v e n  as 

from which t h e  d e r i v a t i v e  o f  R w i t h  r e s p e c t  t o  t h e  pa ramete r s  can be found:  

a Im R 

a a A pv  = [2 y,, y,, a,] [(i.,- - (ci:)2i/D:] 
(v .7b)  

a F.O F. 
I.lv = 

(V.Oa> 

"A, 

where 



I n  each  o f  Eqs. (V.6) - (V.8), t h e  f i r s t  s q u a r e  b r a c k e t  c o n t a i n s  a n  

energy- independent  f a c t o r ;  i n  t h e  code SAMMY, t h i s  f a c t o r  is  e v a l u a t e d  o u t -  

s i d e  t h e  energy- loop i n  s u b r o u t i n e  BABB and is s t o r e d  as BR(i,s!v) f o r  t h e  

d e r i v a t i v e  o f  t h e  r e a l  p a r t  o f  R w i t h  r e s p e c t  t o  t h e  ith p a r a m e t e r ,  and 
I.lv 

B I ( i , ! J v )  f o r  t h e  d e r i v a t i v e  o f  t h e  imag inary  p a r t  o f  R . The q u a n t i t y  i n  
!J v 

t h e  second s q u a r e  b r a c k e t  is  energy-dependent b u t  channel- independent .  

T h e r e f o r e ,  i t  must be  g e n e r a t e d  f o r  e a c h  energy  and i s . t e m p o r a r i l y  s t o r e d  

a s  UPR(i) and U P I ( i )  i n  s u b r o u t i n e  ABPART. 

From Eq. (IV.41, W may be w r i t t e n  i n  t e r m s  o f  R a s  

where we have s e t  

I n  Appendix A ,  we show t h a t  t h e  d e r i v a t i v e  o f  Y w i t h  r e s p e c t  t o  R is g i v e n  

a Y 
WT - 

P - 
Y W I . l  YvT 

Y (1-6 ) - 
a R + Ywv !JT !J v 

I.lv 

S u b s t i t u t i o n . o f  Eq. (V.12) i n t o  t h e  d e r i v a t i v e  o f  Eq. (V.10) g i v e s  



The d e r i v a t i v e  o f  t h e  c r o s s  s e c t i o n  w i t h  r e s p e c t  t o  W d i f f e r s  f o r  each  

t y p e  o f  c r o s s  s e c t i o n .  For  t o t a l ,  i t  i s  

U o t h e r w i s e .  

For  e l a s t i c  s c a t t e r i n g ,  t h e  d e r i v a t i v e .  is  

2i@g 
a Gelas tic J 

6~~ + f o r  w and T i n c i d e n t  (2- 

awJ 
c h a n n e l s  

W T 

0 o t h e r w i s e .  

( V . 1 5 )  

For  t h e  r e a c t i o n  c r o s s  s e c t i o n ,  we must have w l  T, wh.ich g i v e s  f o r  t h e  

d e r i v a t i v e  

reaction 
2lT 

a u 

---- = 

f o r  w an i n o i d e n t  ohanncl 

awJ and T a n  e x i t  channe l  
Ol T 

G o t h e r w i s e  . 

F i n a l l y ,  t h e  d e r i v a t i v e  o f  t h e  c a p t u r e  c r o s s  s e c t i o n  i s  

a c r ~ a p t u r e  wJ f o r  a t  l e a s t  one  o f  w and T a n  

a wJ 
e n t r a n c e  channe l  

WT 
o t h e r w i s e .  



i 
The p a r t i a l  d e r i v a t i v e s  G d e f i n e d  i n  Eq. (11.7) and r e q u i r e d  i n  

Bayes' e q u a t i o n s ,  a r e  t h e n  found from Eq'. (V.4) ,  u s i n g  Eqs. (V.6) t h r o u g h  

a a 
(V.9) f o r  , Eq. (V.13) f o r  , and Eqs. 1  t h r o u g h  (11.17) f o r  , 

i 
- a l l  e v a l u a t e d  a t  energy  E . S u b r o u t i n e  PARSH o v e r s e e s  t h e  e v a l u a t i o n  of  

t h e  p a r t i a l  d e r i v a t i v e s  and t h e  c r o s s  s e c t i o n s .  

To avo id  problems a r i s i n g  from t h e  c o m p u t e r ' s  l i m i t e d  p r e c i s i o n ,  and 

t o  minimize computing t i m e ,  p a r t i a l  d e r i v a t i v e s  f o r  non-s-wave r e s o n a n c e s  

a r e  t r u n c a t e d  t o  z e r o  far away from t h e  resonance .  The working d e f i n i t i o n  

o f  "far away" i s  20 t i m e s  t h e  sum o f  t h e  p a r t i a l  w i d t h s  f o r  t h a t  r e s o n a n c e ,  

i . e . ,  f a r  beyond t h e  r e g i o n  where a r e s o n a n c e  c a n  produce any  n o t i c e a b l e  

e f f e c t .  

Doppler- and r e s o l u t i o n - b r o a d e n i n g  o f  t h e  c r o s s  s e c t i o n s  i n  SAMMY i s  

accomplished i n  p r e c i s e l y  t h e  same f a s h i o n  a s  i n  MULTI; i n  a d d i t i o n ,  par-  

t i a l  d e r i v a t i v e s  a r e  broadened i n  SAMMY ( b u t  n o t  i n  MULTI) .  An a u x i l i a r y  

energy  a r r a y  i s  s e t  up i n  s u b r o u t i n e  ESCALE, i n c l u d i n g  a l l  ( p r i m a r y )  ener -  

g i e s  a t  which i n p u t  d a t a  a r e  p rov ided  p l u s  enough a d d i t i o n a l  p o i n t s  t o  

e n s u r e  p r o p e r  b roaden ing  ( a  minimum o f  n i n e  p o i n t s  a c r o s s  t h e  w i d t h  o f  e a c h  

r e s o n a n c e ,  and e x t r a  p o i n t s  a t  t h e  b e g i n n i n g  and end o f  t h e  energy  r a n g e ) .  

Cross  s e c t i o n s  and p a r t i a l  d e r i v a t i v e s  a r e  g e n e r a t e d  a t  each  a u x i l i a r y  

e n e r g y ,  a s  d e s c r i b e d  above, Doppler-broadened c r o s s  s e c t i o n s  and p a r t i a l  

d e r i v a t i v e s  a r e  c a l c u l a t e d  a t  e a c h  a u x i l i a r y  e n e r g y  by forming l i n e a r  com- 

b i n a t i o n s  o f  t h e  u n b r o a d x e d  v a l u e s ,  approx imat ing  a Gauss ian  c o n v o l u t i o n .  

T o t a l  c r o s s  s e c t i o n s  a r e  t h e n  c o n v e r t e d  t o  t r a n s m i s s i o n s  ( w i t h  a p p r o p r i a t e  

c o n v e r s i o n  o f  t h e  p a r t i a l  d e r i v a t i v e s ) ,  and r e s o l u t i o n - b r o a d e n e d  c r o s s  sec- 

t i o n s  ( o r  t r a n s m i s s i o n s )  and p a r t i a l  d e r i v a t i v e s  a r e  formed a t  e a c h  p r imary  

energy  from l i n e a r  combina t ions  o f  t h e  Doppler-broadened v a l u e s .  The 



r e s o l u t i o n - b r o a d e n i n g  f u n c t i o n  c a n  be  e i t h e r  G a u s s i a n ,  e x p o n e n t i a l ,  o r  a  

c o m b i n a t i o n  o f  t h e  two. F i n a l l y ,  t r a n s m i s s i o n s  a r e  c o n v e r t e d  t o  t o t a l  

c r o s s - s e c t i o n s  i f  i n p u t  d a t a  a r e  i n  t h a t  form. S u b r o u t i n e  BRBADN per fo rms  

t h e  b roaden ing  o p e r a t i o n s .  For  d e t a i l s  r e g a r d i n g  t h e  p r e c i s e  form o f  t h e  

b r o a d e n i n g  f u n c t i o n s ,  t h e  r e a d e r  is  r e f e r r e d  t o  t h e  documenta t ion  o f  MULTI 

(AU74). 



V I .  CALCULATIONS AND COMPARISONS 

The computer code SAMMY h a s  been e x t e n s i v e l y  f ine - tuned  and debugged 

y i a  t e s t  c a l c u l a t i o n s  and v i a  compar isons  w i t h  t h e  l e a s t - s q u a r e s  mul- 

t i l e v e l  R-matrix code MULTI (AU74). R e s u l t s  o f  f o u r  s u c h  c a l c u l a t i o n s  a r e  

r e p o r t e d  he re .  The f i r s t  example is a r e p e a t  a n a l y s i s  o f  Ni60 t r a n s m i s s i o n  

d a t a ,  i n c l u d i n g  d i r e c t  comparison o f  MULTI and SAMMY r e s u l t s .  The second 

and t h i r d  examples u s e  a r t i f i c i a l  d a t a  t o  d e m o n s t r a t e  how o f f - d i a g o n a l  d a t a  

c o v a r i a n c e s  c a n  be used t o  decoup le  a p-wave resonance  from a n  improper ly  

f i t t e d  s-wave and t o  o f f s e t  t h e  e f f e c t s  o f  improper  background s u b t r a c t i o n .  

The f i n a l  example i l l u s t r a t e s  t h e  e x t e n t  t o  which a s e q u e n t i a l  a n a l y s i s  o f  

( . u n c o r r e l a t e d )  d a t a  s e t s  i s  e q u i v a l e n t  t o  a s i m u l t a n e o u s  a n a l y s i s ,  i n  t h e  

ext reme c a s e  where d a t a  from a n  s-wave r e s o n a n c e  i s  d i v i d e d  n e a r  t h e  reso-  

nance energy.  

1. Ni60 Transmiss ion  Data 

P r e l i m i n a r y  r e s u l t s  from C. P e r e y t s  (PE80c) MULTI a n a l y s i s  o f  Harvey ' s  

(HA8O) Ni60 t r a n s m i s s i o n  d a t a  were used as s t a r t i n g  v a l u e s  f o r  a SAMMY 

a n a l y s i s  o f  t h a t  d a t a .  Data  c o n s i s t e d  o f  2593 t o t a l  c r o s s  s e c t i o n s  and 

u n c e r t a i n t i e s  i n  t h e  energy  r a n g e  from 10 t o  550 keV. I n c l u d e d  were 212 

r e s o n a n c e s ,  o f  which 189 were w i t h i n  t h e  d a t a  r a n g e  ( t h e  o t h e r s  b e i n g  dum- 

mies  i n s e r t e d  i n  o r d e r  t o  r e p r o d u c e  t h e  backgrounds) .  Neutron w i d t h s  (&)  

f o r  e a c h  o f  t h e s e  189 r e s o n a n c e s  were v a r i e d ;  a l l  r e s o n a n c e  e n e r g i e s  and 

gamma-ray w i d t h s  ( r  ) were h e l d  f i x e d .  I n i t i a l  u n c e r t a i n t i e s  on t h e  neu- 
Y 

t r o n  w i d t h s  were a r b i t r a r i l y  s e t  a t  10% o f  t h e  width.  



A sampl ing  o f  t h e  r e s u l t s  from t h i s  a n a l y s i s  i s  shown i n  T a b l e  VI.1. 

I n  g e n e r a l ,  SAMMY r e s u l t s  (Column B) d i d  n o t  d e v i a t e  f a r  from t h e  MULTI 

r e s u l t s  (Column A) used as s t a r t i n g  v a l u e s  f o r  SAMMY. T h e o r e t i c a l  c u r v e s  

g e n e r a t e d  from t h e  two sets of p a r a m e t e r s  a r e  r a r e l y  d i s t i n g u i s h a b l e .  

A second SAMMY a n a l y s i s  o f  t h i s  same d a t a  was performed,  u s i n g  a r b i -  

t r a r y  s t a r t i n g  v a l u e s  o f  r t h e s e  v a l u e s  were i n  t h e  r a n g e  0.5 t o  1.5 
n  ' 

t i m e s  t h e  o r i g i n a l  s t a r t i n g  v a l u e s .  ' P a r t i a l  r e s u l t s  from t h i s  a n a l y s i s  a r e  

a l s o  shown i n  T a b l e  V I . 1 .  R e s u l t s  (Column C) a r e  g e n e r a l l y  i n  c l o s e r  

ag reement  w i t h  b o t h  MULTI r e s u l t s  (Column A) and p r e v i o u s  SAMMY r e s u l t s  

(Column B) t h a n  w i t h  t h e  s t a r t i n g  v a l u e s  (Column Dl. One n o t a b l e  e x c e p t i o n  

is  p a r a m e t e r  number 121; i n  t h i s  c a s e ,  however, t h e  o u t p u t  u n c e r t a i n t y  i s  

10% o f  t h e  v a l u e  f o r  Tn. S i n c e  10% r was g i v e n  as t h e  s t a r t i n g  v a l u e  f o r  
I1 

t h e  u n c e r t a i n t y ,  t h i s  r e s u l t  i n d i c a t e s  t h a t  t h e  pa ramete r  is u n a f f e c t e d  by 

t h e  d a t a .  

A modest a t t e m p t  was made t o  u s e  t h e s e  same s t a r t i n g  v a l u e s  (Column D 

i n  T a b l e  VI.1) as  i n p u t  t o  a MULTI a n a l y s i s  ( f i v e  i t e r a t i o n s  o n l y )  o f  t h i s  

d a t a ,  though  by no means was a - c o m p l e t e  a n a l y s i s  performed,  Preliminary 

r e s u l t s  a r e  shown i n  Column E. From t h e s e  p a r t i a l  r e s u l t s ,  j t  a p p e a r s  t h a t  

MULTI  h a s  more d i f f i c u l t y  t h a n  SAMMY i n  a r r i v i n g  a t  r e a s o n a b l e  answers  when 

s t a r t i n g  v a l u e s  a r e  f a r  o f f .  MULTI c o u l d ,  o f  c o u r s e ,  do  b e t t e r  were i t  

a l l o w e d  t o  i t e r a t e  t o  convergence.  

It shou ld  b e  no ted  t h a t  SAMMY r e s u l t s  a r e  o b t a i n e d  i n  a  more s t r a i g h t -  

forward f a s h i o n  t h a n  MULTI r e s u l t s .  With SAMMY, i t  i s  n e c e s s a r y  t o  d i v i d e  

t h e  a l m o s t  2600 d a t a  p o i n t s  i n t o  24 d a t a  s e t s ,  a n a l y z i n g  each  d a t a  s e t  i n  

t u r n  b u t  u s i n g  o u t p u t  from one  a s  i n p u t  f o r  t h e  nex t .  A l l  189 p a r a m e t e r s  

a r e  v a r i e d  a l l  t h e  time, though o f  c o u r s e  most are v i r t u a l l y  u n a f f e c t e d  by 
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any g i v e n  d a t a  s e t .  R e s u l t s  t h u s  o b t a i n e d  a r e  v a l i d  and c o n s i s t e n t  o v e r  

t h e  e n t i r e  ene rgy  r e g i o n .  T o t a l  time r e q u i r e d  f o r  t h e  SAMMY a n a l y s i s  was 

l e s s  t h a n  one week. 

I n  c o n t r a s t ,  t h e  i n i t i a l  MULTI a n a l y s i s  r e q u i r e d  o v e r  s i x  months o f  

e f f o r t ;  t h i s  i n c l u d e d  s e a r c h e s  on  b o t h  e n e r g i e s  and wid ths .  Data  were 

d i v i d e d  into seven d a t a  s e t s , ( m o r e  p o i n t s  p e r  d a t a  set  a r e  a l lowed  s i n c e  

MULTI need n o t  s t o r e  c o v a r i a n c e  m a t r i c e s ) ,  e a c h  o f  which was a n a l y z e d  

h d e p e n d e n t l y .  F requen t  i n t e r v e n t i o n  and dec i s ion-making  were r e q u i r e d  from 

t h e  p h y s i c i s t  d o i n g  t h e  a n a l y s i s ,  i n  o r d e r  t o  e n s u r e  c o n s i s t e n c y  between 

t h e  v a r i o u s  d a t a  sets. For  o u r  MULTI f l a n a l y s i s u  (Column E i n  T a b l e  V I . l ) ,  

t h e  i n t e n t i o n  was t o  see how well MULTI c o u l d  perform g i v e n  o n l y  s l i g h t l y  

more u s e r - i n t e r v e n t i o n  t h a n  SAMMY r e q u i r e s .  Only t h e  rn  f o r  r e s o n a n c e s  

w i t h i n  t h e  d a t a  set b e i n g  a n a l y z e d  c o u l d  b e  v a r i e d ,  f i r s t  because  MULTI 

a c c e p t s  a maximum o f . 1 5 0  s e a r c h  p a r a m e t e r s ,  b u t  more i m p o r t a n t l y  because  a 

s e a r c h  on " o u t s i d e "  p a r a m e t e r s  o f t e n  y i e l d s  d r a s t i c  ( and  u n r e a l i s t i c )  

changes  i n  t h e  v a l u e s  o f  t h o s e  pa ramete r s .  Updated p a r a m e t e r s  from f i v e  

i t e r a t i o n s  on one  d a t a  s e t  were used as i n p u t  f o r  t h e  n e x t  d a t a  s e t ,  w i t h  

t h e  i n i t i a l  v a l u e  b e i n g  s u b s t i t u t e d  when u n p h y s i c a l  v a l u e s  were o u t p u t .  

The " a n a l y s i s "  was d i s c o n t i n u e d  a f t e r  t h e  f i f t h  d a t a  s e t ,  s i n c e  o u t p u t  

v a l u e s  were t o o  f a r  a f i e l d  t o  have any hope o f  r e a c h i n g  r e a s o n a b l e  r e s u l t s  

from t h e  two remain ing  d a t a  sets. 

Paramete r  u n c e r t a i n t i e s  p r e s e n t e d  i n  T a b l e  VI.l may be  viewed as 

u n r e a l i s t i c a l l y  small. A s  d i s c u s s e d  i n  S e c t i o n  11, t h i s  i s  because  we have  

i m p r o p e r l y  assumed t h e  d a t a  p o i n t s  t o  be i n d e p e n d e n t ,  r a t h e r  t h a n  i n c l u d e d  

a n  o f f - d i a g o n a l  c o v a r i a n c e  m a t r i x  t o  d e s c r i b e  c o r r e c t i o n s  made t o  t h e  d a t a  

and a p p r o x i m a t i o n s  made i n  g e n e r a t i n g  t h e  t h e o r e t i c a l  v a l u e s .  C o r r e c t l y  
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F i g .  V I . l .  T h e o r e t i c a l  c u r v e s  r e s u l t i n g  from MIIT.TT and S M W  a n a l y s e s  of ~i~~ d a t a  

(HMO), c o r r e s p o n d i n g  t o  t h e  f i v e  pa ramete r  s e t s  l i s t e d  i n  Tah ie  V I . l .  P a r t  a u s e s  
p a r a m e t e r s  .genera ted  by t h e  MULTI a n a l y s i s  of  p e r e y  (PE80c) and p a r t  b t h o s e  from t h e  

f i r s t  SAMMY a n a l y s i s .  Curves  shown i n  p a r t  c a r e  from t h e  second SMMY a n a l y s i s  and p a r t  
e f rom t h e  second MULTI a n a l y s i s ,  bo th  of  which used t h e  a r b i t r a r y  s t a r t i n g  pa ramete r s  

whose c u r v e  is shown i n  p a r t  d. 
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i n c l u d i n g  t h e s e  e f f e c t s  would produce more r e a s o n a b l e  v a l u e s  f o r  d a t a  

u n c e r t a i n t i e s .  

One might  n a i v e l y  e x p e c t  t h e  two SAMMY r e s u l t s  (columns B and C o f  t h e  

t a b l e )  t o  a g r e e  t o  w i t h i n  t h e  quoted u n c e r t a i n t i e s .  T h i s  d o e s  n o t  happen 

f o r  two r e a s o n s :  F i r s t ,  t h e  quoted u n c e r t a i n t i e s  a r e  u n r e a l i s t i c a l l y  

small, as di . scussed above. . S e c o n d l y ,  t h e  d i f f e r e n t  s t a r t i n g  v a l u e s  f o r  t h e  

two r u n s  do  a f f e c t  t h e  r e s u l t i n g  pa ramete r  v a l u e s  a s  c a n  be s e e n  d i r e c t l y  

from Bayes '  e q u a t i o n s .  However, t h e  d i f f e r e n t  s t a r t i n g  v a l u e s  produce o n l y  

second-order  e f f e c t  on t h e  u n c e r t a i n t i e s ,  e s p e c i a l l y  when d a t a  u n c e r t a i n -  

t i e s  a r e  much s m a l l e r  t h a n  i n p u t  pa ramete r  u n c e r t a i n t i e s ,  a s  t h e y  a r e  i n  

t h i s  example. Thus p a r a m e t e r  v a l u e s  w i l l  d i f f e r  s l i g h t l y  w i t h  d i f f e r e n t  , 

s t a r t i n g  v a l u e s ,  b u t  pa ramete r  u n c e r t a i n t i e s  w i l l  n o t ,  

T h e o r e t i c a l  c u r v e s  g e n e r a t e d  by u s i n g  t h e  f i v e  pa ramete r  s e t s  

c o r r e s p o n d i n g  t o  t h e  columns A th rough  E  o f  Tab le  VI.l a r e  g i v e n  i n  F i g u r e  

VI . l .  For c l a r i t y ,  Only a p o r t i o n  o f  t h e  energy  r a n g e  i s  shown, Note t h a t  

t h e  comple te  MULTI a n a l y s i s  ( p a r t  a )  and bo th  SAMMY a n a l y s e s  ( p a r t s  b  and 

c )  p r o v i d e  r e a s o n a b l e  f i t s  t o  t h e  experimental .  d a t a ,  w h i l e  t h e  second MULTI 

a n a l y s i s  ( p a r t  e )  a p p e a r s  more s t r o n g l y  a f f e c t e d  by i t s  s t a r t i n g  v a l u e s  

( p a r t  d )  t h a n  by . the  d a t a .  

2. The E f f e c t  o f  Improper ly  F i t t e d  S-Wave on Nei.ghboring P-Wave Resonance 

A r t i f i c i a l  d a t a  were g e n e r a t e d  i n  o r d e r  t o  s t u d y  t h e  e f f e c t  o f  o f f -  

d i a g o n a l  d a t a  c o v a r i a n c e s  i n  f i t t i n g  a small p-wave l o c a t e d  n e a r  t h e  peak 

o f  a l a r g e  s-wave resonance .  E l a s t i c  s c a t t e r i n g  " d a t a w  f o r  123 e n e r g i e s  

were g e n e r a t e d  from t h e  p a r a m e t e r s  shown i n  Column A o f  Tab le  VI.2. No 

random n o i s e  was added t o  t h e  d a t a ,  s o  t h a t  t h e s e  v a l u e s  a r e ,  i n  f a c t ,  

e x a c t .  An a r b i t r a r y  1% u n c e r t a i n t y  was a s s i g n e d  t o  e a c h  d a t a  p o i n t .  
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It is assumed t h a t  t h e  s-wave p a r a m e t e r s  a r e  f i x e d  ( p e r h a p s  from e a r -  

l i e r  e x p e r i m e n t s )  a t  t h e  v a l u e s  shown i n  Column B o f  T a b l e  VI.2. The 

uknownw v a l u e  f o r  r is n o t i c e a b l y  d i f f e r e n t  from t h e  " e x a c t n  v a l u e ,  as 
n  

shown by t h e  d i s c r e p a n c y  between " d a t a "  and t h e  v t h e o r e t i c a l w  c u r v e  i n  Fig .  

VI .2 ,  b u t  is n e v e r t h e l e s s  f i x e d  f o r  t h i s  c a l c u l a t i o n .  I n  o t h e r  words,  we 

have d e l i b e r a t e l y  i n t r o d u c e d  a s y s t e m a t i c  e r r o r  i n  t h e  t h e o r e t i c a l  v a l u e s .  

The purpose  o f  t h i s  c a l c u l a t i o n  i s  t o  o b t a i n  t h e  h i t h e r t o  "unknown" p-wave 

p a r a m e t e r s ,  s t a r t i n g  from a r b i t r a r y  i n i t i a l  v a l u e s ,  and t h e r e b y  t o  i l l u s -  

t r a t e  how t h e  e f f e c t  o f  such  s y s t e m a t i c  e r r o r s  c a n  b e  i n c o r p o r a t e d  i n  SAMMY 

a n a l y s e s .  

Three  d i s t i n c t  c a l c u l a t i o n s  were performed,  e a c h  u s i n g  a l l  123 d a t a  

p o i n t s .  The f i r s t ,  u s i n g  program MULTI, g i v e s  t h e  e r r o n e o u s  r e s u l t s  shown 

i n  Column C o f  T a b l e  VI.2. T h i s  is  t o  be e x p e c t e d ,  s i n c e  s y s t e m a t i c  e r r o r s  

must  b e  handled e x t e r n a l  t o  MULTI and we have n o t  done so .  \The second c a l -  

c u l a t i o n ,  u s l n g  S A M M Y ,  t r e a t s  each  d a t a  p o i n t  as i n d e p e n d e n t ,  and l e a d s  t o  

a  v a l u e  f o r  t h e  p-wave rn ( s e e  Column D o f  t h e  t a b l e )  which d o e s  a l l o w  t h e  

t h e o r y  t o  r e p r o d u c e  t h e  d a t a  a t  t h e  p-wave resonance .  T h i s  v a l u e  f o r  rn 

d i f f e r s  from t h e  e x a c t  v a l u e ,  s i n c e  t h e  c a l c u l a t i o n  a t t e m p t s  t o  f i t  b o t h  

t h e  p-wave peak and t h e  s-wave background by a d j u s t i n g  o n l y  t h e  one parame- 

ter. How w e l l  t h i s  i s  accomplished i s  i l l u s t r a t e d  i n  F ig .  VI.2b, i n  which 

o n l y  t h e  neighborhood o f  t h e  p-wave r e s o n a n c e  i s  shown. 

The t h i r d  c a l c u l a t i o n  makes u s e  of t h e  l ldecoupl ingl l  p rocedure  i n  SAMMY, 

d e s c r i b e d  i n  S e c t i o n  111.3, t o  i n c o r p o r a t e  t h e  e f f e c t  o f  t h e  s y s t e m a t i c  

t h e o r e t i c a l  e r r o r .  A c o n s t a n t  on- and o f f - d i a g o n a l  term i s  added t o  t h e  

o r i g i n a l  ( d i a g o n a l )  d a t a  c o v a r i a n c e  m a t r i x  i n  t h e  neighborhood o f  t h e  p- 

wave resonance ;  t h i s  a l l o w s  t h e  t h e o r e t i c a l  v a l u e s  t o  d e v i a t e  from 
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F i g .  V I . 2 .  A r t i f i c i a l  d a t a  used  t o  s t u d y  t h e  e f f e c t  of  a n  i m p r o p e r l y  f i t t e d  s-wave 

on  a n e i g h b o r i n g  p-wave r e s o n a n c e .  The t h e o r e t i c a l  c u r v e ' i n  p a r t  a is  g e n e r a t e d  f rom t h e  

i n p u t  p a r a m e t e r s .  The t h e o r e t i c a l  c u r v e  i n  p a r t  b r e s u l t s  f rom t h e  SAMMY c a l c u l a t i o n  

w i t h  no d e c o u p l i n g  between t h e  s- and p-wave r e s o n a n c e s ;  o n l y  t h e  e n e r g y  r e g i o n  n e a r  t h e  
p-wave i s  shown, th'ough t h e  e n t i r e  r a n g e  was used  f o r  t h e  c a l c u l a t i o n .  The s o l i d  c u r v e  
shown i n  p a r t  c r e s u l t s  f rom t h e  SAMMY c a l c u l a t i o n  w i t h  a  d e c o u p l i n g  p a r a m e t e r  o f  0 .02 ;  
t h e  dashed  c u r v e  i s  t h e  s o l i d  c u r v e  a d j u s t e d . b y  0.37 b a r n s .  



"exper imenta l1 '  v a l u e s  i n  a c o h e r e n t  f a s h i o n ,  R e s u l t s  o f  t h i s  c a l . c u l a t i o n  

a r e  i n  e x c e l l e n t  agreement  w i t h  t h e  e x a c t  v a l u e s ,  a s  shown by comparing 

Col.umns A and E o f  T a b l e  VI-2.  P a r t  c  o f  Fig., VI,2 i l l u s t r a t e s  t h e  d e g r e e  

t o  which t h e s e  v a l u e s  r e p r o d u c e  t h i s  d a t a :  The upper  c u r v e  was produced 

d i r e c t l y  from t h e  pa ramete r  v a l u e s  g i v e n  by t h e  c a l . c u l a t i o n ,  The lower  

c u r v e  i s  t h e  upper  c u r v e  d i s p l a c e d  by 0.37 b a r n s ,  and f a l l s  d i r e c t l y  on 

e a c h  d a t a  p o i n t ,  

It i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  p r e c i s e  v a l u e  chosen f o r  t h e  o f f -  

d i a g o n a l  t e rm i s  n o t  c r i t i c a l ,  a s  l o n g  a s  it  is  b i g  enough, The ca1cul.a- 

t i o n  r e p o r t e d  h e r e  used t h e  v a l u e  0 ,02,  which i s  t h e  same o r d e r  of magni- 

t u d e  as t h e  d i a g o n a l  t e r m s  o f  t h e  d a t a  c o v a r i a n c e  m a t r i x ,  Values  o f  0.20 

and 2.00 y i e l d e d  e q u i v a l e n t  r e s u l t s ;  t h e  v a l u e  0.002 y i e l d e d  rn s m a l l e r  

t h a n  t h e  e x a c t  r e s u l t  b u t  s t i l l  l a r g e r  t h a n  t h a t  o b t a i n e d  w i t h  no o f f -  

d i a g o n a l  c o v a r i a n c e s .  Thus,  it  a p p e a r s  t h a t  one  shou ld  t a k e  c a r e  t o  accu- 

r a t e l y  e s t i m a t e  t h e  d e c o u p l i n g  term,  

3 ,, Krrnra i n Background S u b t r a c t i o n  

O t h e r  a r t i f i c i a l  d a t a  were g e n e r a t e d  t o  c o n s i d e r  t h e  problem o f  back- 

ground s u b t r a c t i o n .  E l a s t i c  c r o s s  s e c t i o n s  from two s-wave and t h r e e  p- 

wave r e s o n a n c e s  were e v a l u a t e d  a t  123 d a t a  p o i n t s ;  t h e  maximum c r o s s  sec-  

t i o n  was a p p r o x i m a t e l y  16 barns .  To t h e s e  v a l u e s  was added a c o n s t a n t  

background o f  2.00 .02 b a r n s ,  w i t h  t h e  e r r o r  normal ly  d i s t r i b u t e d ,  

P o i s s o n - t y p e  n o i s e  was t h e n  added,  and t h e  r e s u l t s  were t a k e n  a s  t h e  raw 

" e x p e r i m e n t a l "  d a t a .  Data  u n c e r t a i n t i e s  ranged from 0.2 t o  0.6, s o  t h a t  

d i a g o n a l  members o f  t h e  c o v a r i a n c e  m a t r i x  were i n  t h e  range  from 0.04 t o  

0.40. To s i m u l a t e  improper  background s u b t r a c t i o n ,  m background was sub- 

t r a c t e d  from t h e  raw d a t a .  



Three  s e p a r a t e  a n a l y s e s  were a g a i n  performed;  r e s u l t s  a r e  t a b u l a t e d  i n  

T a b l e  VI.3. Although many c o d e s  h a n d l e  t h i s .  k ind  o f  problem by a d j u s t i n g  a 

background ( s e e ,  e .g. ,  SIQB, ( ~ E 7 8 ) ) ,  n e i t h e r  MULTI n o r  SAMMY -is equipped 

t o  do so.  Thus t h e  MULTI a n a l y s i s  (Column C of  t h e  t a b l e )  s t r a y e d  f a r  from 

t h e  "exac t "  v a l u e s  (Column A),  a s  d i d  t h e  f i r s t  SAMMY a n a l y s i s  which used a 

d i a g o n a l  d a t a  c o v a r i a n c e  m a t r i x  (Column D). However, when a c o n s t a n t  v a l u e  

o f  0.04 was added t o  t h e  d a t a  c o v a r i a n c e  m a t r i x  i n  SAMMY, r e s u l t s  (Column 

E) a r e  i n  good agreement w i t h  t h e  e x a c t  v a l u e s .  Thus SAMMY c a n , b e  used t o  

o b t a i n  r e a s o n a b l e  v a l u e s  f o r  r e sonance  p a r a m e t e r s  when t h e  background l e v e l  

i s  n o t  w e l l  de te rmined  and i t  i s  s o  communicated t o  t h e  code.  

Fig .  VI.3a shows t h e  c u r v e  g e n e r a t e d  from t h e  r e s u l t s  o f  t h e  f i r s t  

SAMMY a n a l y s i s .  Note t h a t  t h e  s h a p e  o f  t h e  t h e o r e t i c a l  c u r v e  is  c o n s i d e r -  

a b l y  d i s t o r t e d  from t h e  shape  o f  t h e  d a t a ,  P a r t  b o f t h e  f i g u r e  shows t h e  

c u r v e  g e n e r a t e d  from t h e  r e s u l t s  o f  t h e  SAMMY'analysis w i t h . o f f - d i a g o n a l  

d a t a  c o v a r i a n c e s ;  t h e  s o l i d  c u r v e  i s  e x a c t l y  as g e n e r a t e d ,  and t h e  dashed 

c u r v e  is d i s p l a c e d  by 2.00 ba rns .  

4. S imul taneous  vs.  S e q u e n t i a l  A n a l y s i s  o f  S-Wave 

The a b i l i t y  t o  perform a s e q u e n t i a l  a n a l y s i s  o f  independen t  d a t a  s e t s ,  

and o b t a i n  r e s u l t s  which a r e  e q u i v a l e n t  t o  a s i m u l t a n e o u s  a n a l y s i s  o f  t h a t  

same d a t a ,  i s  a major  s t r e n g t h  o f  Bayesl  method and r e p r e s e n t s  a s i g n i f i -  

c a n t  improvement o v e r  t h e  s e q u e n t i a l  ( and  t h e r e f o r e  s e p a r a t e )  a n a l y s e s  per-  

formed w i t h  c o n v e n t i o n a l  l e a s t - s q u a r e s  methods. Because t h e  d e r i v a t i o n  o f  

Bayesl  e q u a t i o n s  from Bayesl  theorem i n v o l v e s  s e v e r a l  approx imat ions  (Gaus- 

s i a n  d i s t r i b u t i o n s  and l i n e a r i t y ) ,  t h e  a s s e r t e d  e q u i v a l e n c e  o f  s i m u l t a n e o u s  

vs .  s e q u e n t i a l  a n a l y s i s  i s  a l s o  approximate .  To examine t h e  v a l i d i t y  o f  

t h i s  e q u i v a l e n o e ,  t h e  a r t i f i o i a l  d a t a  o f  example 2 were a n a l y z e d  t h r e e  



TABLE :!I.!. iARAMETER VALUES ?OR SXAMPLE XUMBER 3 
iJSINC CONSTANT DATA SOVARIANCE TO OFFSET IYPROPER aACKCROUND SUBTRACTION 

A. B. C. D. 2. 
Resu l t s  from Resu l t s  from 

Resu l t s  SAMMY iriLti SAMMY with 

' x a c t  Input  from no C o r r e l a t i o n s  Additive Constant 
Values Values 4NLTI i n  Data S e t  Data Covariance 



o R r r  i t ' i c i a l  doto 
- Theory; F.ec;o l t s  o f  SflMMY analysis w i th 

2 0 diogona! data covar iances  

F i g .  V I . 3 .  Artificial.  d a t a  used t o  s tudy  t h e  e f f e c t  o f  impr'operly s u b t r a c t e d  back- 

ground. The t h e o r e t i c a l  c u r v e  i n  p a r t  a shows t h e  r e s u l t s  o f  t h e  SAMMY a n a l y s i s  w i t h  
d i a g o n a l  d a t a  c o v a r i a n c e  m a t r i x ,  i n  p a r t  b w i t h  o f f - d i a g o n a l  c o v a r i a n c e  m a t r i x .  The 

dashed c u r v e  i n  p a r t  b i s  t h e  s o l i d  c u r v e  a d j u s t e d  by 2 .0  b a r n s ,  which i s  t h e  v a l u e  of 
t h e  u n s u b t r a c t e d  background. 



d i f f e r e n t  ways: F i r s t ,  a l l  123 d a t a  p o i n t s  were i n c l u d e d  s i m u l t a n e o u s l y ;  

r e s u l t s  a r e  g i v e n  i n  Column C o f  T a b l e  VI.4, p a r t  a. Second ly ,  a low- 

e n e r g y  p i e c e  (65  d a t a  p o i n t s ,  from 150 keV t o  158 keV) was ana lyzed  first ,  

f o l l o w e d  by t h e  r e m a i n i n g  d a t a  (58 d a t a  p o i n t s ,  158 t o  168 keV); r e s u l t s  

a r e  i n  Column D of t h e  t a b l e .  F i n a l l y ,  t h e  o r d e r  o f  t h e  two segments  was 

r e v e r s e d ,  and t h e  a n a l y s i s  r e p e a t e d ;  r e s u l t s  are i n  Column E. I n  a l l  

c a s e s ,  t h e  r e s o n a n c e  e n e r g i e s  were h e l d  f i x e d  and n e u t r o n  w i d t h s  v a r i e d ;  

o n l y  di .agona1 d a t a  c o v a r i a n c e s  were inc luded .  Agreement among t h e  t h r e e  

c a l c u l a t i o n s  i s  w e l l  w i t h i n  t h e  quoted u n c e r t a i n t i e s .  

I n  p a r t  b  o f  T a b l e  VI.4, t h e  c a l c u l a t i o n s  a r e  r e p e a t e d  w i t h  more accu- 

r a t e  v a l u e s  a s  i n p u t .  Again agreement among t h e  t h r e e  c a l c u l a t i o n s  i s  

w i t h i n  t h e  quoted u n c e r t a i n t i e s .  ( I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h e  o u t -  

p u t  v a l u e s  a r e  o n l y  weakly dependent  on i n p u t  v a l u e s ;  t h i s  is  t o  be 

e x p e c t e d  when i n p u t  u n c e r t a i n t i e s  a r e  l a r g e . )  



TABLE VI.4. SIMULTANEOUS VS. SEQUENTIAL ANALYSIS DF AN S-WAVE RESONANCE E'OR'TUO SETS OP S'I'LHTING VAI.UES 

- ----.--------- 

A .  8. C. D. E. 
Resul ts  from Sequer~ t l a l  Analysis Resul ts  f r ~ n i  Sequer~ t l a l  Anal y a i  s 

E.xact Resul ts  from 
Ualues Iriyut SI mu1 taneous ( a f t e r  on1 y ( a f t e r  0111s 
c. f Values Analysis 1 5 0 t o 1 5 8 k e V )  ( F i n a l R e s u l t s )  158 t o 1 6 8 I t e V )  (Final  Ht-aul lu)  

p a r t  a 
3.0000 keV 3.20002.3200 3.00032.0009 ( 3  .00072.0009) 3.0007f.0009 (2.99942.0093) 3 . 0 0 0 0 ~  .0005 

50.000 eV 55.000fi.500 50.0212.971 (55.000fi.500) 50.000~.963 (50.05021.025) 50.026~~.9611 

part  b 

3.0000 keV 3.1000t.3100 3.00002.0009 (3.00002.0009) 3.0000f.0009 (3.00011t.uu32) j.OOOQ~.Ouog 

50.000 eV 5l.OClOfi. 100 49.5352.462 (51.000fi. 100) 49.5342.960 (49.532;t1.020) 49.5352.960 
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VII, SUMMARY AND CONCLUSIONS 

T h i s  r e p o r t  i s  i n t e n d e d  a s  a  u s e r s '  g u i d e  t o  t h e  Bayes ian  m u l t i l e v e l  

R-matrix code SAMMY. Bayes' theorem and o u r  r e a s o n s  f o r  p r e f e r r i n g  i ts  u s e  

t o  t h e  cus tomary l e a s t - s q u a r e s  approach  a r e  d i s c u s s e d  i n  some d e t a i l ,  as 

a r e  t h e  assumpt ions  r e q u i r e d  f o r  t h e  d e r i v a t i o n  o f  Bayes' e q u a t i o n s  from 

Bayes' theorem. A summary o f  m u l t i l e v e l  R-matrix t h e o r y ,  a s  implemented i n  

SAMMY, is p r e s e n t e d . '  Four examples of  d a t a  a n a l y s e s  a r e  p r e s e n t e d ,  i l l u s -  

t r a t i n g  b o t h  t h e  s t r e n g t h s  o f  Bayes' method and t h e  n e c e s s i t y  o f  i n c l u d i n g  

d a t a  c o r r e l a t i o n s  ( o f f - d i a g o n a l  d a t a  c o v a r i a n c e s ) .  Thus i n  t h i s  r e p o r t ,  w e  

have a t t e m p t e d  n o t  o n l y  t o  e x p l a i n  how t o  use  SAMMY, b u t  a l s o  t o  i n d i c a t e  

some o f  i t s  a d v a n t a g e s  over'MULTI, a  code i n c o r p o r a t i n g  t h e  same R-matrix 

t h e o r y  f o r m u l a t i o n s  b u t  u s i n g  c o n v e n t i o n a l  l e a s t  s q u a r e s .  

The code SAMMY i s  a v a i l a b l e  from t h e  R a d i a t i o n  S h i e l d i n g  I n f o r m a t i o n  

C e n t e r  (RA80). The a u t h o r s  would a p p r e c i a t e  any  comments on a l l  a s p e c t s  o f  

SAMMY, i n c l u d i n g  s u g g e s t i o n s  f o r  r e f i n e m e n t s .  
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APPENDIX A. ALGEBRAIC DETAILS 

I n  t h i s  appendix  a r e  p r e s e n t e d  t h o s e  a l g e b r a i c  d e t a i l s  which,  though 

i m p o r t a n t  f o r  comple te  u n d e r s t a n d i n g  o f  t h e  t h e o r y  m a n i f e s t e d  i n  SAMMY, a r e  

s u f f i c i e n t l y  complex s o  a s  t o  o b s c u r e  t h e  broad u n d e r s t a n d i n g  o f  o u r  method 

were t h e y  t o  be  p r e s e n t e d  i n  t h e  t e x t ,  I n c l u d e d  h e r e  a r e  t h e  d e r i v a t i o n  o f  

Bayes' e q u a t i o n s  from Bayes' theorem,  development o f  a n  a p p r o p r i a t e  i t e r a -  

t i o n  scheme f o r  Bayes' theorem,  a  d e r i v a t i o n  o f  l e a s t - s q u a r e s  e q u a t i o n s  

from Bayes' e q u a t i o n s ,  a  p roof  t h a t  a  c o n s t a n t  c o v a r i a n c e  m a t r i x  i s  

e q u i v a l e n t  t o  a  c o h e r e n t  d a t a  c o r r e c t i o n ,  and e v a l u a t i o n  o f  t h e  d e r i v a t i v e s  

o f  x". 

1. D e r i v i n g  Bayes' E q u a t i o n s  

I n  S e c t i o r ~  11, a d e t a i l e d  d i s c u s s i o n .  o f  Bayes' theorem and i t s  a p p l i -  

c a t i o n  t o  n e u t r o n  p h y s i c s  is  p r e s e n t e d .  It i s  s t a t e d  t h e r e  t h a t  Bayes' 

e q u a t i o n s  may be  d e r i v e d  d i r e c t l y  from Bayes' theorem,  

provided t h e  t h r e e  b a s i c  a s sumpt ions  a r e  met. These assumpt ions  a r e :  

i )  t h e  p r i o r  pdf i s  a . j o i n t  normal.  That  i s ,  t h e  pdf f o r  t h e  

p a r a m e t e r s ,  p r i o r  t o  c o n s i d e r a t i o n  o f  t h e  d a t a  B, i s  

i i )  t h e  l i k e l i h o o d  f u n c t i o n  i s  a  j o i n t  normal. That  i s ,  t h e  pdf f o r  

t h e  e x p e r i m e n t a l  d a t a  is 



i i i )  t h e  t r u e  v a l u e  is a l i n e a r  f u n c t i o n  of  t h e  pa ramete r s .  That  j s ,  

a T a y l o r  e x p a n s i o n  o f  t h e  t h e o r e t i c a l  vaJ.ues around t h e  p r i o r  

e x p e c t a t i o n  v a l u e s  o f  t h e  p a r a m e t e r s  t r u n c a t e s  a f t e r  t h e  l i n e a r  

term : 

where t h e  s e n s i t i v i t y  m a t r i x  G i s  d e f i n e d  by 

and t h e  t h e o r e t i c a l  v a l u e  T i  i s  a l s o  e v a l u a t e d  a t  P ' F. 

Given t h e s e  t h r e e  a s s u m p t i o n s ,  t h e  p o s t e r i o r  pdf p ( ~ I ~ ~ )  is  a l s o  a  

j o i n t  normal d i s t r i b u t i o n  and may be  w r i t t e n  

S u b s t i t u t i o n  o f  Eq. ( ~ 2 )  th rough  ( ~ 6 )  i n t o  Eq. ( A l )  and e q u a t i n g  t h e  

e x p o n e n t s  y i e l d s ,  i n  m a t r i x  form, 

where Y r e p r e s e n t s  t h e  n o r m a l i z a t i o n  c o n s t a n t  and i s  independen t  o f  P. 



S e t t i n g  P - F = P  - F '  + F '  - F i n  Eq. (A7),  and r ea r r ang ing  terms,  we 

o b t a i n  

Because Eq. (A8) must hold f o r  a l l  v a l u e s  of  P, we may equa t e  

terms q u a d r a t i c ,  l i n e a r ,  o r  cons t an t  i n  (P - P' ) . Equating t h e  q u a d r a t i c  

terms g i v e s  Bayesl equa t ion  f o r  updat ing t h e  covar iance  mat r ix :  

M u l t i p l i c a t i o n  o f  both s i d e s  by M on t h e  l e f t  and M' on t h e  r i g h t  y i e l d s  

t -1 -1 
M'  = [1+MG V GI M (A101 

t 
Using t h e  i d e n t i t y  X-I = (YX)-'Y wi th  Y = G (N+v)- 'G, s u b s t i t u t i n g  

N f o r  G M G ~ ,  and rear ranging  g i v e  

The q u a n t i t y  i n  c u r l y  b racke t s  i n  Eq. ( A l l )  i s  equal  t o  V-I ;  i n t roduc ing  

. , 

t h e  i d e n t i t y  V - ' V  = I i n t o  t h a t  equa t ion  g i v e s  



A l g e b r a i c  m a n i p u l a t i o n  t h e n  y i e l d s  

t -1 -1 t -1 t -1 -1 t -1 
M '  = [C, V 61 G V GM - [G V G I  G V GMG(N+V)-'GM 

which r e d u c e s  t o  

This '  i s  e x a c t l y  Bayes '  e q u a t i o n  f o r  u p d a t i n g  t h e  c o v a r i a n c e  m a t r i x ,  Eq. 

(11.11) o r  (111.2) .  E x p l i c i t l y ,  t h i s  e q u a t i o n  may b e  w r i t t e n  

K L L K  
(EKv)-l i j  j 

M 1 k R = M k ! L -  'kncin( ) G m M m e  
n= l  i=l j=l n1=1 

where N i s  g i v e n  by 

To o b t a i n  Bayes '  e q u a t i o n  f o r  u p d a t i n g  t h e  pa ramete r  v a l u e s ,  we e q u a t e  

t h e  l i n e a r  t e rms  o f  Eq. (A8). S i n c e  t h e  l e f t - h a n d  s i d e  o f  t h a t  e q u a t i o n  

h a s  no terms l i n e a r  i n  (P-F'  , t h e  coe t ' f ' i c i en t  o f  (P-P' on t h e  r ight-hand 

s i d e  must be z e r o ,  That i s ,  

From Eq. ( A 9 )  , t h e  f i r s t  q u a n t i t y  on t h e  l e f t  i s  j u s t  (MI )-' ; we t h e r e f o r e  

m u l t i p l y  b o t h  s i d e s  o f  Eq. ( ~ i 7 )  by M I ,  u s i n g  Eq. (A141, and o b t a i n  

which r e d u c e s  t o  



E x p l i c i t l y ,  t h i s  e q u a t i o n  is 

- K L L  
-1 i j  j - j  

PI = F~ + 1 z M ~ ~ G ~ ~  ((N+v) ) (D -T . 
Q = 1  i=1 j=1 

F i n a l l y ,  we n o t e  t h a t  t h e  c o n s t a n t  term i.n Eq. (A8) may be  s i m p l i f i e d  

u s i n g  Eq. (A1 9) t o  g i v e  

which r e d u c e s  t o  

2. I t e r a t i o n  Scheme 

The l i n e a r i t y  h y p o t h e s i s ,  i . e . ,  t h e  assumpt ion  t h a t  t h e  Tay lo r  expan- 

s i o n  o f  t h e  t h e o r e t i c a l  v a l u e s  around t h e  p r i o r  e x p e c t a t i o n  v a l u e  t r u n c a t e s  

a f t e r  t h e  l i n e a r  t e r m ,  i s  i n  f a c t  o n l y  a p p r o x i m a t e l y  t r u e ,  T h e r e f o r e ,  t h e  

pa ramete r  v a l u e s  F 1  r e s u l  t i r ig  from a p p l i c a t i o r l  o f  Bayesl  e q u a t i o n s  a r e  a l s o  

o n l y  approx imate ly  c o r r e c t .  To o b t a i n  more a c c u r a t e  v a l u e s ,  t h e  Tay lo r  

e x p a n s i o n ,  Eq. (A4) , may be performed n o t  around b u t  around t h e  new 

( i n t e r m e d i a t e )  v a l u e s  P(") , where ri r e p r e s e n t s  t h e  n t h  i t e r a t i o n  and 

p ( 0 )  = p :  



- ( n )  are Here t h e  s e n s i t i v i t y  m a t r i x  G(") and t h e  t h e o r e t i c a l  v a l u e s  T 

e v a l u a t e d  a t  P = P(" ) .  With Eq. (A231 f o r  T,  t h e  fo rmula  a n a l o g o u s  t o  Eq. 

(A71 is  

S e t t i n g  P e q u a l  t o  P - ( n + l )  + p ( n + l )  
everywhere  i n  t h e  r igh t -hand  s i d e  o f  

Eq. (A241 g i v e s  t h e  formula  a n a l o g o u s  t o  Eq. (A81,wi th  T i n  tha t ,  e x p r e s s i o n  

r e p l a c e d  by T(")-G(") (P-P'") 1, and G by G ( ~ ' ) .  The i t e r a t i v e  Bayesl  equa- 

t i o n s  f o l l o w  immedia te ly :  

where  

3. D e r i v a t i o n  o f  L e a s t  S q u a r e s  from Bayesl  E q u a t i o n s  

The e q u i v a l e n c e  o f  t h e  l e a s t - s q u a r e s  method w i t h  Bayesl  e q u a t i o n s  i n  

t h e  l i m i t  o f  l a r g e  M ( i , e . ,  i n  t h e  extreme c a s e  where t h e r e  i.s no p r i o r  

knowledge o f  t h e  v a l u e s  of t h e  p a r a m e t e r s )  is  b e s t  demons t ra t ed  by 

c o n s i d e r i n g  Eq. (~17): 



o r ,  ' i n  t h e  i t e r a t i v e  form, 

t -1 
For l a r g e  M ,  t h e  term G V G overwhelms M-', and t h i s  e q u a t i o n  r e d u c e s  

immedia te ly  t o  

which is t h e  well-known l e a s t - s q u a r e s  formula .  

S i m i l a r l y ,  pa ramete r  u n c e r t a i n t i e s  and c o v a r i a n c e 3  c a n  be  found from 

t h e  i t e r a t i v e  form o f  Eq. (A9): 

which r e d u c e s  t o  

i n  t h e  l i m i t  of  l a r g e  M. I n  l e a s t - s q u a r e s  a p p l i c a t i o n s ,  t h e  quo ted  c o v a r i -  

2 
a n c e  m a t r i x  i s  u s u a l l y  t h e  v a l u e  g i v e n  i n  Eq. ( A 3 2 ) ,  m u l t i p l i e d  by x , 

where 

d b e i n g  t h e  number o f  d e g r e e s  o f  freedom i n  t h e  problem ( d  = number o f  d a t a  

p o i n t s  minus 'number o f  p a r a m e t e r s ) .  



4. Use o f  Data  Covar iances  t o  I n d i c a t e  Coherent Data C o r r e c t i o n s  

I n  S e c t i o n  111.3,  we i n d i c a t e d  t h a t  a  cor i s t an t  t e rm added t o  t h e  d a t a  

c o v a r i a n c e  m a t r i x  is  m a t h e m a t i c a l l y  e q u i v a l e n t  t o  a  c o n s t a n t ,  c o h e r e n t  

c o r r e c t i o n  t o  e i t h e r  t h e  d a t a  o r  t h e  theory .  To s e e  t h a t  t h i s  i s  s o ,  w r i t e  

t h e  c o v a r i a n c e  m a t r i x  i n  t h e  form 

where 7 i s  t h e  o r i g i n a l  c o v a r i a n c e  m a t r i x ,  and A i s  a column m a t r i x  whose 

e l e m e n t s  a r e  z e r o  o u t s i d e  t h e  range  where t h e  c o r r e c t i o n  is  t o  be a p p l i e d ,  

and c o n s t a n t  i n s i d e  t h e  range.  Bayes' e q u a t i o n s  r e q u i r e  t h e  i n v e r s e  o f  

t 
N + + AA , which i s  e q u i v a l e n t  t o  

t 
a s  can be v e r i f i e d  by m u l t i p l y i n g  t h e  r igh t -hand  s i d e  by ( N  + + AA 1. 

S u b s t i t u t i o n  o f  t h i s  e x p r e s s i o n  i n t o  t h e  first o f  Bayest  e q u a t i o n s  (Eq .  

111.1) g i v e s  

where t h e  c o r r e c t i o n  term D is  g i v e n  by 

t 
Thus,  t h e  p r e s e n c e  o f  a n  a d d i t i v e  c o n s t a n t  t e rm ( A A  ) i n  t h e  d a t a  c o v a r i -  

a n c e  m a t r i x  is  e q u i v a l e n t  t o  a c o h e r e n t  c o r r e c t , i o n  t,o t h e  d a t a  o r  t o  t h e  

t h e o r y ,  Also,  n o t e  t h a t  i f  t h e  e l e m e n t s  o f  column m a t r i x  A are not z e r o  o r  

c o n s t a n t ,  Eqs. (A36) and (A371 remain v a l i d ,  bu t  t h e  c o r r e c t i o r i  term A D  

v a r i e s  from p o i n t  t o  p o i n t ,  



5. D e r i v a t i v e  of X - '  w i t h  Respect  t o  R 

- 1 
I n  S e c t i o n  V ,  we r e q u i r e  t h e  d e r i v a t i v e  o f  Y = X w i t h  r e s p e c t  t o  R ,  

where t h e  m a t r i x  X is  g i v e n  by 

ti 

To de te rmine  t h e  d e r i v a t i v e  o f  Y w i t h  r e s p e c t  t o  X ,  n o t e  t h a t  t h e  

d e r i v a t i v e  o f  

w i t h  r e s p e c t  t o  X i s  
?Jv 

M u l t i p l i c a t i o r l  by Y w E  and summation o v e r  E g i v e  

where we have used t h e  f a c t  t h a t  Y i s  t h e  i n v e r s e  o f  X ,  F i n a l l y ,  w e  n o t e  

t h a t  t h e  d e r i v a t i v e  w i t h  r e s p e c t  t o  R i s  t h e  n e g a t i v e  o f  t h e  d e r i v a t i v e  

w i t h  r e s p e c t  t o  X; t h i s  g i v e s  

f o r  t h e  r e q u i r e d  d e r i v a t i v e  (Eq. (V.12) i n  t h e  t e x t ) .  
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APPENDIX B. DESCRIPTION OF THE COMPUTER CODE SAMMY 

  he computer code SAMMY was developed f o r  e a s e  and e f f i c i e n c y  o f  run- 

n i n g  on t h e  DECsystem-10 (PDP-10) a t  ORELA. (Convers ion t o  o t h e r  machines 

shou ld  n e v e r t h e l e s s  be s t r a i g h t f o r w a r d ;  h e l p f u l  s u g g e s t i o n s  a r e  g i v e n  a t  

t h e  end o f  t h i s  appendix . )  Because c o r e  s t o r a g e  r a t h e r  t h a n  CPU t i m e  is 

t h e  l i m i t i n g  f a c t o r  on t h e  PDP-10, a number o f  t e c h n i q u e s  have been used t o  

p r e s e r v e  c o r e ,  o c c a s i o r ~ a l . ~ y  a t  t h e  expense  o f  runt ime.  These t e c h n i q u e s  

i n c l u d e  dynamic a l l o c a t i o n  o f  a r r a y  s t o r a g e ,  u s e  o f  temporary  d a t a  f i l e s  t o  

s t o r e  i n t e r m e d i a t e  r e s u l t s ,  and d i v i s i o r ~  o f  t h e  program i n t o  f o u r  s u b s t a -  

t i o r l a l l y  independen t  segments. 

1. Dyr~aniic Al loca t io r i  o f  Array Stora 'ge 

All. a r r a y s  r e q u i r e d  by t h e  computer program a r e  s t o r e d  i n  one locat ' ior!  

i n  CBMMBN/EXPAND/A(n) where ri is a  l a r g e  number. A l l o c a t i o n  o f  s p a c e  i n  

t h i s  common b lock  i s  accomplished v i a  a c a l l  t o  FUNCTIQN IDIMEN, which 

remembers t h e  l a s t  l o c a t i o n  a l l o c a t e d ,  and appends  t h e  new a r r a y  t o  t h a t  

p o s i t i o n .  When a n  a r r a y  i s  no l o n g e r  needed,  i ts  s p a c e  i s  r e l e a s e d  f o r  

f u t u r e  u s e  v i a  a n o t h e r  c a l l  t o  IDIMEN. IDIMEN i s s u e s  a warning i f  more 

t h a n  n  words are reql.rirerl i n  CO)MMO)N/EXPAND/, and also i n d i c a t e s  t h e  maximum 

s i z e  a c t u a l l y  used i n  each  segment o f  t h e  program. 

Dynamic a l l o c a t i o n  o f  a r r a y  s t o r a g e  i s  b e s t  i l l u s t r a t e d  w i t h  a  s i m p l e  

example. Let u s  suppose  t h a t  two v e c t o r s  V 1  and V2, bo th  o f  l e n g t h  N ,  a r e  

t o  be  i n i t i a l i z e d ,  added,  and s t o r e d  i n  V1, a f t e r  which V2 is  no l o n g e r  

r e q u i r e d .  A program t o  perform t h e s e  o p e r a t i o n s  is  giver1 i n  T a b l e  B.1. 
. . 

N o t i c e  t h a t  mnemonic names c a n  be  used i n  t h e  u s u a l  manner i n  a l l  subrou- 

t i n e s ,  p rov ided  a r r a y s  a r e  i n p u t  t o  t h e  s u b r o u t i n e s  th rough  argument 

l i s t i n g s .  



TABLE B. 1. ILLUSTRATION OF DYNAMIC ALLOCATION OF ARRAY STORAGE 

PRBGRAM MAIN 
C~MM~N/EXPAND/A( 10000 ) 
CBMMBN/0VER/NSIZE 
NSIZE = 10000 

N=50 
I V 1  =IUTMEN(N) 
IV2=IDIMEN(N) 
CALL.SET(A(IVI>,A(IV2),N) 

CALL ADD(A(IVI) ,A(IV2) ,N) 
I=IDIMEN(-IV2) 

STBP 
END 

SUBR0UTINE SET (V1 ,V2, N) 
DIMENSIflN Vl(N),V?(N) 

READ ( 1  1 )  'VI 
RFAn ( 1 1  1 V 2  
RETURN 
END 

SUBRBUTINE ADD(VI,V2,N) 

DIMENSIsN V1(N) ,V~(N) 
D0 10 I=1,N 

10 ~1(1)=Vl(I)+V2(1) 
RETURN 
END 

a l l oca t e  storage fo r  V1 
a l l oca t e  storage for  V2 
i n i t i a l i z e  V1 and V2 
add V1 = V1 + V2 
re lease  storage for V2 

request t ha t  IDIMEN pr in t  out the maximum 
length used 
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There  a r e  s e v e r a l  a d v a n t a g e s  t o  u s i n g  dynamic a l l o c a t i o n  o f  a r r a y  

s t o r a g e :  F i r s t ,  c o r e  r e q u i r e m e n t s  a r e  k e p t  t o  a minimum, s i n c e  o n l y  t h e  

a r r a y  l e n g t h  a c t u a l l y  needed is  a l l o c a t e d  and temporary  a r r a y s  a r e  r e l e a s e d  

when no l o n g e r  needed, Second ly ,  because  a l l o c a t i o n  is  made d u r i n g  t h e  

e x e c u t i o n  o f  a program, s u b s t a n t i a l  changes  i n  t h e  d imens ions  f o r  a 

s p e c i f i c  c a s e  do  n o t  a lways  r e q u i r e  r e c o m p i l a t i o n  o f  t h e  program. F i n a l l y ,  

when r e c o m p i l a t i o n  i s  r e q u i r e d  (when t h e  maximum a r r a y  s p a c e  requ i rement  i s  

l a r g e r  t h a n  n ) ,  o n l y  t h e . m a i n  r o u t i n e  need be recompi led ;  o t h e r  r o u t i n e s  

u s i n g  CBMMBN/EXPAND/A(I) w i l l  have a r r a y  A dimensioned 1 ,  s i n c e  t h e  l o a d e r  

a l l o c a t e s  CQMM0N s t o r a g e  space .  a c c o r d i n g  t o  t h e  f i r s t  s u b r o u t i n e  loaded.  

2. Use o f  Temporary Data F i l e s  t o  S t o r e  I n t e r m e d i a t e  R e s u l t s  

Output  t o  and i n p u t  from temporary  f i l e s  i s  a time-honored method o f  

s a v i n g  c o r e  s p a c e  a t  t h e  expense  o f  run t ime .  Temporary f i l e s  g e n e r a t e d  by 

SAMMY a r e  l i s t e d  i n  Tab le  B.2. Upon s u c c e s s f u l  comple t ion  o f  a r u n ,  SAMMY 

d e l e t e s  t h e s e  f i l e s .  An a b o r t e d  r u n  c a n  sometimes be  r e s t a r t e d  i f  t h e  u s e r  

t a k e s  c a r e  n o t  t o  d e s t r o y  t h e s e  f i l e s . .  

3. D i v i s i o n  o f  t h e  Program i n t o  Four Stand-Alone Segments 

The s t r u c t u r e  o f  program SAMMY makes i t  i d e a l l y  s u i t e d  f o r  o v e r l a y ,  

s i n c e  e a c h  major  o p e r a t i o n  i s  independen t  o f  t h e  o t h e r s .  However, o v e r l a y  

i s  n o t  p a r t i c u l a r l y  e f f i c i e n t  on t h e  PDP-10 computer;  i n s t e a d ,  SAMMY makes 

u s e  o f  t h e  DECsystem-10 "CALL R U N t t  o p t i o n ,  which a l l o w s  a FBRTRAN program 

t o  i n i t i a t e  e x e c u t i o n  o f  a n o t h e r  program, Thus SAMMY c o n s i s t s  o f  f o u r  

semi-autonomous programs, which p a s s  i n f o r m a t i o n  t o  e a c h  o t h e r  v i a  tem- 

p o r a r y  f i l e s  and which p a s s  c o n t r o l  t o  e a c h  o t h e r  v i a  t h e  "CALL RUNw s t a t e -  

ment. T a b l e  B,3 d e s c r i b e s  t h e  f u n c t i o n s  o f  t h e  f o u r  segments.  Tree  c h a r t s  

showing t h e  s u b r o u t i n e  s t r u c t u r e  o f  e a c h  segment are g i v e n  i n  F igs .  B.l-B.4. 



TABLE B.2. TEMPORARY FILES USED BY SAMMY 

F i l e  Name Use 

SAM42. DAT . s t o r e  covariance matrix fo r  physical. parameters 

SAM43. DAT 

SAM44. DAT 

CAM46 ; D A T  

SAM47. DAT 

SAM48. DAT 

SAM4 9. DAT 

SAM20. DAT 

s t o r e  data and covariarice matrix fo r  the data 

s t o r e  data and modified covariarice matrix 

3t;oi-e cavai-iance rnntrix for u-pal-nncters 

s t o r e  covariance matrix fo r  'updated u-parameters 

s t o r e  pa r t i a l  der ivat ives  

pass minimal. information from THEORY segment t o  
RESULTS segment 

pass complete information between any two program 
segmer~ ts 



TABLE 8.3. SEGMENTS OF THE CODE SAMMY 

---.--- 
.A -. - - . - - -. - - . - . - .- - - -- - .- - - - - - ----- 

-------A- - 
I I I I I I I I 

I 
I I I I I I I Reasor~ab le  I 
I I I I I Cor~ t . ro l  I C o r ~ r o l  I Cst.j.mat:es I Core  
I t 

I I I r ~ p u t ,  
I . , 

I 0ut.put. I Passes I Comes I f o r  Ler~gt:h o f  I Requi.reme,lt 

I User-  I f r o m  I t o  I 1.0 f f r o m  I k r r a y  I r l  I wi . th  t.hat. 
I 
I I Suppl  i e r l  I Temporary I Temporary I Which I Which I C0MMOl4/EXrAND I S i z e  Arr-ay 

Se~rner~ f .  i F u r ~ c  t. i . o r ~  I 1:rlput. I F I l e s  I Fj.1 9 I Segmer~t I Segmer~t I (1 r1  word?) (J.rl words )  
I I I I I I I I 

Î 1 I _ _ _ I l _ _ _ _ l _ _ I . _  
I I I 
'I ! ! ! ! ! 

.5AIIIlY~-I?ARAFlE'TER I r.c'nc: i.r~put./ollt.put, cor l t . ro l  

I sf.71 -m(?r~ts,  r s a d  p h y s i c a l  
I p~r. .?mf l .ers a r ~ d  c o ? a ~ i . a n c e  

I mat.r i u ,  arid ger~c!rat,? U- 

I par.~~nel,er.s 
I __ 
I 

SAMMY -.DATA I real: ?xperi.mer~!.al d3t.a 

I a r ~ d  c o v a r i a r l ~ : ~ !  mat . r i x  
I I 

I "1NPut. f i l e "  I 
I "PARamet.er I 
I f i l e "  I 

I "CQVARIANCE I 
I I 
8 f i l e "  

r l o r~e  I SAM20,DAT I SAMMY- I ( j r ~ l . t . i a l  

I SAM112.nAT I DATA I s e ~ m e r ~ t . )  

I SAH116.DAT I I 

I SAMO?.DAT I I 

I I 
I I 

I I I I 

SAM20.DAT I SAM2O.DAT I SAMMY- I ( 1  )SAMMY- 

; SAM113.1)AT I THEQRY ! PARAMETER 

I I I (.?)SAMMY- 
I I .  I RESULTS . I I I I I I I I -- _ . - _ - - -  - 1  I - 1 - 1  __I . I - - - -  I 

I I I . I I I I I 

SAlll-lY -THE4nY I p,nr~~r.at .e t.heoret. 1 c a l  I rlorle I SAM20 .DAT I SAMZO. DAT SAMMY - I ( 1 )SAMMY 1 20000 1 37K 
I v a l c n s  and par t . j , a l  . 

I . I SA1.143.DAT I SAMIIII.DAT I RESIJLTS f DATA I I 

I d ? r t v a t . i v e s  I I SAMb6.DAT SAM119.DAT I I (2)SAMMY- I I 

I I I I I I 
I I RESIILTS- 

I I I I I I I I -- -1 --I- - I - -  I. -_l---l---- I-- 
I I I I I I I I 

I I 

SAI-MY-RESIII.'IS f f l r ~ r !  s o l u f : I o r ~  o f  Rcyos' I r lo r~e  I SAM20,DAT I SAM20.DAT I ( 1  )SAMMY- I SAMMY- I 110000 I 5 3K 

I e q ~ ~ = l . i , o r ~ s  t o  g l  ve r1.w I I SRM44.DAT ( SAMII2.DAT f DATA I f  I THEQRY I I 

I v a l c e s  o f  paramet.ers and I SAMII6.DAT I SAMII7.DAT more d a t a  I I I 
I covsr.i arlce mat . r lx  I I SAM118.DAT I r ~ e e d s d  'I I ' I  ' I 

I I I I I SAMl19.DAT I I (2)SAMMY- I I 

I I I I I I I RESUI.TS I 
I I I 1 I I I i f  c y c l e  I 
I I I I I I I needed ! 
I I I I I I I ( s e e  I 

I 
I I I I I I 

I I Sect l .on  I 
I I I I I I I I 111) 
I I I I I I I (3)St.op I 
I 1 I I I I I i f  e r ~ d  o f  I 
I I I I I '  I . I I r u r ~  
I I I I I I I I 
I-- 1 - 



Fj.gll-e B:. Tree charts  s-1owirl5 ;he subrout.Lrle structure of segmerrt SAMMY-PARAMETER. A subroutj.;e i . s  ca l l ed  by the 
rout.: rla above l.t. i r ~  t.:ie c k r : .  



F i g u r e  B.2. T r e e  c h a r t s  showing t h e  s u b r o u t i n e  s t r u c t u r e  o f  segment 
SAMMY-DATA. A s u b r o u t i n e  i s  c a l l e d  by t h e  . r b u t i n e  above  i t  i n  
t h e  c h a r t .  



WDSINT 

Fiaure R.=. Tree Charts nhowirrg Lhe subr>ut.jrre s:ructure of segment SAHML-THE'JRY. A 3r~brl1ut.111~ 13 c a l l e d  
by t t e  routirle a h o x  i t  irr -.k chart. 



SAMMY-RESULTS C I I  

Figure R.I l .  Tree ct1at.t.s nhoulrlg t.he suhroutirle structure of segrner~t SAMMY-RESIILTS. A subrout.jr~e 
i s  c a l l  ed by t.he roul.ir~e above i t .  Irl t.he chart.. 



4. Convers ion  t o  Other  Computer Systems 

Most o f  t h e  programming i n  SAMMY i s  s t a n d a r d  FBRTRAN I V ,  w i t h  r e l a -  

t i v e l y  few o p e r a t i o n s  s p e c i f i c  t o  t h e  PDP-10 f o r  which SAMMY was des igned .  

For  t h i s  r e a s o n ,  c o n v e r s i o n  t o  a n o t h e r  computer shou ld  proceed w i t h o u t  

ma jor  d i f f i c u l t i e s .  

No p l o t t i n g  o p t i o n s  a r e  a v a i l a b l e  w i t h i n  SAMMY. I n s t e a d ,  a n  BDF 

(QRELA Q a t a  Eormat )  f i l e  may be  g e n e r a t e d ,  from which p l o t s  a r e  produced 

u s i n g  t h e  in-house  d a t a - m a n i p u l a t i n g  and p l o t t i n g  package BPRBDF (CR781, 

P e r s o n s  c o n v e r t i n g  SAMMY t o  o t h e r  sys tems  shou ld  s imply  d r o p  a l l  r e f e r e n c e s  

t o  BDF f i l e s ,  i n c l u d i n g  s u b r o u t i n e  THBDF i n  segment SAMMY-THEQRY, and t h e  

a u x i l i a r y  program SAMBDF. P l o t t i n g  r o u t i n e s  s u i t a b l e  f o r  t h e  p a r t i c u l a r  

computer  sys tem can  t h e n  b e  s u b s t i t u t e d .  

F i l e  naming, o p e n i n g ,  c l o s i n g ,  d e l e t i n g ,  and renaming a r e  a l l  done 

w i t h  FBRTRAN s t a t e m e n t s  i n  SAMMY on t h e  PDP-10 computer. Other  computers  

may requfPe J C L  ( j o b  c o n t r o l  l anguage)  t o  accompl i sh  t h e s e  f u n c t i o n s .  

Some computer s y s t e m s  may n o t  a l l o w  one FBRTRAN program t o  c a l l  

a n o t h e r ;  i n  t h i s  c a s e ,  J C L  c a n  pe rhaps  b e  used t o  c o u p l e  SAMMY'S f o u r  seg- 

ments.  A l t e r n a t i v e l y ,  t h e  f o u r  segments  c o u l d  be r e u n i t e d  ( t h u s  p robab ly  

e l i m i n a t i n g  t h e  SAM20.DAT temporary  f i l e )  and,  t o  s a v e  c o r e ,  o v e r l a i d  i f  

p o s s i b l e ,  

The a u t h o r s  would a p p r e c i a t e  f eedback  c o n c e r n i n g  t h e  e a s e  o r  d i f f i -  

c u l t y  o f  implement ing SAMMY o n  o t h e r  computers.  



APPENDIX C. INPUT TO SAMMY 

A minimum o f  t h r e e  u s e r - s u p p l i e d  i n p u t  f i l e s  a r e  r e q u i r e d  t o  r u n  

SAMMY. The f i r s t ,  o r  "INPut" f i l e ,  c o n t a i n s  g e n e r a l  i n f o r m a t i o n  abou t  t h e  

i n t e r a c t i o n  b e i n g  s t u d i e d ,  quantum numbers f o r  n u c l e u s  and r e s o n a n c e s ,  and 

o u t p u t  c o n t r o l  i n f o r m a t i o n ,  The second ,  o r  "PARameter" f i l e ,  g i v e s  i n i t i a l  

e s t i m a t e s  f o r  r e sonance  p a r a m e t e r s  and ( p e r h a p s )  i n i t i a l  e s t i m a t e s  f o r  

c o r r e l a t i o n s  between pa ramete r s .  The t h i r d ,  o r  "DATa" f i l e ,  p r o v i d e s  t h e  

e x p e r i m e n t a l  e n e r g i e s ,  d a t a ,  and u n c e r t a i n t i e s .  An o p t i o n a l  f o u r t h ,  o r  

"C0VarianceI1 f i l e ,  c o n t a i n s  t h e  c o v a r i a n c e  m a t r i x  f o r  t h e  p a r a m e t e r s  i n  

b i n a r y  form,  a s  g e n e r a t e d  by a  p r e v i o u s  SAMMY run ,  An o p t i o n a l  f i f t h ,  o r  

"DCV" ( d a t a  c o v a r i a n c e )  f i l e ,  p r o v i d e s  o f f - d i a g o n a l  d a t a  c o v a r i a n c e s .  

The PAR and DAT f i l e s  a r e  i d e n t i c a l  t o  t h e  a n a l o g o u s  f i l e s  r e q u i r e d  by 

program MULTI, e x c e p t  t h a t  t h e  PAR f i l e  may have i n f o r m a t i o n  abou t  parame- 

t e r  u n c e r t a i n t i e s  a p p e n d e d . t o  it, The DAT f i l e  i s  n o t  r e s t r i c t e d  t o  t h o s e  

d a t a  p o i n t s  needed f o r  a  p a r t i c u l a r  c a l c u l a t i o n ;  SAMMY w i l l  s e a r c h  t h r o u g h  

t h e  f i l e  t o  f i n d  o n l y  t h o s e  p o i n t s  w i t h i n  t h e  d e s i r e d  energy  range.  

SAMMY'S INP f i l e  c o n t a i n s  much o f  t h e  same i n f o r m a t i o n  as d o e s  MULTI1s INP 

f i l e ,  b u t  f o r m a t s  have been changed and c o n t r o l s  a r e  now w r i t t e n  i n  E n g l i s h  

r a t h e r  t h a n  a s  numbers i n  c e r t a i n  columns. T h e s e  changes  were des igned  t o  

e l i m i n a t e  i n p u t  e r r o r s  as much as  p o s s i b l e .  D e t a i l s  and f o r m a t s  f o r  t h e  

INP f i l e  a r e  g i v e n  i d  T a b l e s  C.1 and C.2, f o r  PAR i n  T a b l e  C.3, f o r  DAT i n  

T a b l e  C-4,  and f o r  DCV i n  T a b l e  C-5. Note t h a t  t h i s  fo rmat  f o r  t h e  PAR 

f i l e  p e r m i t s  a maximum o f  t h r e e  n e u t r o n  + f i s s i o n  c h a n n e l s ,  though t h e r e  i s  

no such  l i m i t a t i o n  i n h e r e n t  i n  SAMMY; m o d i f i c a t i o n s  o f  i n p u t  and o u t p u t  

f o r m a t s  t o  pe rmi t  more t h a n  t h r e e  c h a n n e l s  w i l l  be made a s  t h e y  a r e  needed. 



TABLE C.1. FORMAT OF THZ IKPUT FILE 

Card Number Columns V a r i 3 b l e  F o r n s t  Meaning ( J n i t s )  Range o f  Values  

1 

2  

3 , 4 ,  e t c .  

5 

t i t l e  

,sample e l  emen t 
a tomic  weight  
minimum energy  f o r  t h i s  d a t a  s e t  
:eV) 
maximum energy  (eV1 
max number o f  d a t a  p o i n t s  t o  be 
ana lyzed  a t  one  t ime  < 130 

% 

EMA X 

NEPNTS 

WHA l' alphanumeric  i n f o r m a t i o n  concern ing  s e e  Tab le  C.2 
program o p t i o n s  

TEM? e f f e c t i v e  t e m p e r a t u r e  of t h e  
sample (K) 
f l i g h t  p a t h  (M) 
' l i g h t  p a t h  u n c e r t a i n t y  (MI ( f t l l  
w id th  o f  e q u i v a l e n t  s q u a r e  p u l s e )  
E- fo ld ing  wid th  o f  e x p o n e n t i a l  
r e s o l u t i o n  f u n c t i o n  ( p S )  

FWHM o f  Gauss ian  r e s o l u t i o n  
? u n c t i o n  ( U S )  

6+ 1-140 DELThB Fl0.r ninimum channe l  wid th  f o r  i n t e r v a l  
from EMIN t.0 EMAX CU S) 

11-15 NCF I5  number o f  c runch  boundar ies  

* 
T h i s  ca rd  is  o m i t t e d  i f  broadening is  n o t  wanted. 

+ 
These c a r d s  a r e  o a i t t e d  i f  broadening i s  n o t  wanted,  o r  i f  DELTAG 2 0. 



TABLE C.1. FORMAT OF THE INPUT FILE (CONTtD) 

Card Number . Columns V a r i a b l e  Format Meaning ( U n i t s )  Range o f  Va lues  

7 + 1-10 (3CF(I)  8 ~ 1 0 . 1  c runch  b o u n d a r i e s ,  r e a d  i n  i n c r e a s i n g  
11-20 C P ( I ) ,  energy o r d e r  (eV);  c runch  f a c t o r s  
e t c .  1 = 1  ,NCF) ( i n t e g e r  u n i t s  o f  DELTAB)' 

1-10 CRFN F1'O.l channe l  r a d i u s  (eV) o r , .  i f  i n p u t  a s  2 0 
z e r o ,  computed a s  1.45* 
( l'.OOg + AW)**0.333 

11-20 THICK F1O.l sample t h i c k n e s s  (AT/B) 
21-30 DC0VA F1O.l d a t a  c o v a r i a n c e  m a t r i x  h a s  
31-40 DCQVB F1O.l a d d i t i o n a l  term o f  t h e  form 

(DCOVA+Ei*DCOVB)*(DCOVA+E *DC0VB) 
j 

1-80 CR0SS 16A5 t y p e  o f  c r o s s - s e c t i o n  ( o n l y  t h e  
f i r s t  f i v e  c h a r a c t e r  a r e  r e l e v a n t  (:::::ic 

REACTion 
CAPTUre 

NOTE: I f  TQTAL 
c r o s s  s e c t i o n ,  
t r a n s m i s s i o n  d a t a  
is. assumed u n l e s s  
t h e  l e t t e r s  "CROSS" 
appear  i n  columns 
26-30 

1-10 SPIN1 F1O.l SPIN o f  t a r g e t  n u c l e u s  
11-20 ECHAN(1) F1O.l energy o f  R-matrix channel  1 

r e l a t i v e  t o  n e u t r o n  b i n d i n g  
energy  (eV) 

h a l f  i n t e g e r  



TASLE C-1. FORMAT OF THE INPUT FILE (CONT'D) 
. . 

Card Number Cc lumns V a r i a b l e  Format Meaning ( U n i t s )  Range o f  Va lues  

11 ,  12, e t c .  1-10 SP.ILJ(I )  FIC.  1 

( o n e  c a r d  11-15 N E N ? ( ~ ~  I5 
f o r  e a ~ h  
s p i n  gnoup) F6-20 NEXI ( 1 )  I5 

21 -25 LsPIN( 1  , I  :I I5 

26-30 CHSFIN F5-1 

( 1.1 1) 
31-40 ENBLD(l11~~F10.1  
41-45 LSPIN(2,I I5 

c a l c u l a t e  s h i f t  f o r  channe l  I ?  

c a l c u l a t e  p e n e t r a b i l i t i e s  f o r  
channe l  I ?  
ene rgy  f o r  channe l  2  

s p i n  f o r  r e s o n a n c e s  i n  group 1  
number o f  e n t r a n c e  c h a n n e l s  
f o r  r e s o n a n c e s  i n  g roup  1  
number .of  e x i t  c h a n n e l s  
c r b i t a l  a n g u l a r  momentum f o r  
channe l  1  f o r  r e s o n a n c e s  i n  
group 1  
channe l  s p i n  

toundary  c o n d i t i o n  (eVI 
o r b i t a l  a n g u l a r  momentum f o r  
channe l  2  f o r  r e s o n a n c e s  i n  
g roup  1  

0  = no 
1  = y e s  . 

0 = no 
1  = y e s  

ha1 f - i n t e g e r  

2 . 1  

2 0 
i n t e g e r  

ha1 f - i n t e g e r  

i n t e g e r  



TABLE C . 2 .  ACCEPTABLE "ALPHANUMERIC INFORMATION CONCERPIIIIG PROGRAM 
OPTIONS", FOR CARDS 3 ,  4 ,  ... I N  THE INPUT FILE. Any o f  t h e  l i s t e d  s t a t e -  
merits may be used,  i n  any o r d e r ,  t e rmina t ing  wi th  a blank l i n e .  Only t h e  
f i r s t  twenty c h a r a c t e r s  and occas iona l  o t h e r s  ( c a p i t a l i z e d  below) need be 
e x a c t l y  a s  shown here.  De fau l t s  a r e  i n d i c a t e d  i n  t h e  f i r s t  column, 

Defaul t?  

~ 

Statement 

x D0 N0T PRINT INPUT Data 
PRINT INPUT DATA 

X D0 NOT PRINT ANY INPut parameters  
PRINT ALL INPUT PARAmeters 
PRINT V A R I E D  INPUT Parameters  

X D0 N0T PRINT PARTIAL d e r i v a t i v e s  
PRINT PARTIAL DERIVAtives 

X D0 N0T PRINT THEBRETical va lues  
PRINT THEBRETICAL VAlues from i n p u t  parameters  
PRINT THEBRETICAL CRoss s e c t i o n s  

X D0 N0T PRINT WEIGHTEd r e s i d u a l s  
PRINT WEIGHTED RESIDuals from inpu t  parameters  
D0 NQT SUPPRESS INTErmediate p r i n t o u t  

X SUPPRESS INTERMEDIATe p r i n t o u t  
X BRBADENING I S  WANTED 

BRBADENING I S  N0T WAnted 
0DF FILE IS  WANTED--XXXXXX.XXX,ZERB-th  o r d e r  guess* 
0DF FILE I S  WANTED--XXXXXX.XXX,FINAl guess* 
0DF FILE I S  NOT WANTed 
C H I  SQUARED I S  WANTEd 
C H I  SQUARED I S  N0T Wanted 
D0 NQT DIVIDE DATA I n t o  r eg ions  - do e n t i r e  energy range 

a t  once 
DIVIDE DATA INT0 REGions wi th  a f i x e d  number o f  d a t a  p o i n t s  

per  r eg ion  
D0 NQT SQLVE BAYES Equat ions - j u s t  g e n e r a t e  c h i  squared 
S0LVE BAYES EQUATI0Ns 
D 8  N0T BUTPUT CBVARIance ma t r ix  i n  b ina ry  form 
OUTPUT CBVARIANCF MAt,rix i n  binary form 
DATA CBVARIANCE IS  Diagonal 
DATA HAS 0FF-DIAGQNAl con t r ibu t3on  t o  covar iance  mat r ix  

o f  t h e  form ( a  + bE) 
DATA CBVARIANCE FILE is  named YYYYYY.YYY+ 
PRINT DEBUG INFBRMATion 

X D0 N0T PRINT, DEBUG Infor ' .~uatiou 
DECQUPLE S-WAVES FR0m o t h e r  resonances 

X D0 N0T DECBUPLE 3-WAves from o t h e r  resonances 

* 
Before us ing  t h i s  op t ion ,  execute  program SAMBDF t o  i n i t i a l i z e  

f i l e  XXXXXX.XXX. S u b s t i t u t e  your own f i l e  f o r  XXXXXX.XXX. 

+ 
S u b s t i t u t e  your own f i l e  name f o r  YYYYYY,YYY. 



TABLE C.3. FORElAT OF THE PARAMETER F I L E  

V a r i a b l e  
Card Columr~ Name Format Mearrl.rlg ( U n i t s )  Values  

1 ,2 ,  1-11 

stc.  

12-22 

23-33 

32-44 

25-55 

56-57 

ERES Resorlance Energy (eV) 

Gamma-width (MlI11.-eV) 

w i d t h  f o r  c h a n n e l  1 (Mj.111-eV) 

w i d t h  f o r  charlnel 2 ( M j l l j - e V )  

w i d t h  f o r  char~r le l  3 (MI11 j-eV) 

v a r y  ERES? 0 = rio 

1 = y e s  

u = 110 
1 = y e s  

v a r y  1' ? 
c l  

0 E 110 
1 = y e s  

U = rlo 

1 = y e s  

0 no 
1 = y e s  

v a r y  r ? 
c 3 

quant.11m riumbars f o r  t h l s  

r e s o n a n c e  a r e  t h o s e  o f  

nrour,  r~umber TGRVIIIP 
( S e e  c a r d s  1 1 ,  12,  etc.  
jrl T a b l e  C.1.) 



TABLE C.3. FORMAT OF THE PARAMETER FILE (CONT'D) 

Variable 
Card Column Name Format, Val uas 

68-80 DCBV E13.4 corrstar~t off-dj.agorral data 
covarj.arlce t:o be used under 

t h i s  resorlarlce 

4 1-1 1 FUDGE El 1.4 prj.or parameter u r~cer ta j  nt.y 0. < FUDGE 
is FUDGE times parameter value (0.1 l.s d e f a u l t )  

5 , 6 ,  1-5 NN(1) I 5  ' I f  K K  ar~d LL a r e  zero,  t.he N N  and KK 

et.c. 6-10 MM(1) I 5  p r io r  urlcerta1rlt.y i r ~  t.he number 

11-15 KK(1) I 5  resonarice N N ,  parameter MM of resonarlces; 
16-20 L L ( I )  15 (ERES, rY, rcl , rc2, rc3 fo r  
21-30 VV(1) F MM = 1 ,2 ,3 ,4 ,5 ,  respectj.vely) MM and LL I 

the r~umber of 
i.s vv. char~r~e ls  +2. 

For K K  and  LL not. equal t,o 
zero,  the  prj.or correl  atJ or1 
coef f ic ier l t  between resorlarlce 
N N ,  paramet,er MM ar~d resorlarlce 
K K ,  parameter LL Is V V .  Here 

l v v l  5% 1. 

I f  N N  is  negat ive,  paramet.er 
u r ~ c e r t a i r ~ t i e s  a r e  s tared j.11 a 
binary covariance f l l e  ger~erated 

by a prcvj.oun SAMMY run. 



TABLE C.4. FORMAT OF THE DATA FILE 

E n e r g i e s  a r e  assumed o r d e r  from h i g h  t o  low,  w i t h  t h r e e  d a t a  p o i n t s  
p e r  l i n e .  

Card Column V a r i a b l e  Format Meaning ( U n i t s )  

1 , 2 , e t c .  1-15 ENERGY 
.1 

16-30 DATA, 

31-17 FRACT 

38-52 ENERGY 

75-89 ENERGY 
3 

90-1 04 DATA 
3 

E15.8 energy  (eV! 

E15.8 e x p e r i m e n t a l  c r o s s  
s e c t i o n  ( b a r n s )  
o r  t r a n s m i s s i o n  

F7.5 f r a c t i o n a l  
u n c e r t a i n t y  i n  
DATA, 



TABLE C.5. FORMAT OF THE DCV FILE 

Card Columns V a r i a b l e  Format Meaning 

1 1-10 VARDAT( 1 , l . )  F1O.l Var iance  f o r  d a t a  p o i n t  1 

2 7-10 VARDAT(2,l) F1O.l Covar iance  between d a t a  
p o i r ~ t s  1 and 2 

1 1-20 VARDAT(2,2) F1O.l Var iance  f o r  d a t a  p o i n t  2 

3 1-10 V A R D A T ( ~ ,  1 )  F10.1 Covar iance  between d a t a  
p o i n t s  1 and 3 

1 1-20 V A R D A T ( ~ , ~ )  F10.1 Covar iance  between d a t a  
p o i n t s  2 and 3 

21-30 V A R D A T ( ~ , ~ )  F10.1 Var iance  f o r  d a t a  p o i n t  3 

4 1-10 VARDAT(4,l) F1O.l Covar iance  between d a t a  
p o i n t s  4 and 1 

e t c .  

~ o t e  t h a t  t h e  o r d e r i n g  o f  d a t a  p o i n t s  i s  low e n e r g y  t o  h i g h ,  and o n l y  
t h o s e  d a t a  p o i n t s  t o  be used i n  t h e  c a l c u l a t i o n  c a n  be  r e f e r e n c e d  i n  
t h e  DCV f i l e .  A more c o n v e n i e n t  fo rmat  f o r  i n p u t  o f  o f f - d i a g o n a l  d a t a  
c o v a r i a n c e s  w i l l  be implemented a s  i t  is  r e q u i r e d .  



E x e c u t i o n  o f  SAMMY c a n  p roceed  i n t e r a c t i v e l y ,  w i t h  t h e  u s e r  

r e s p o n d i n g  t o  t e l e t y p e  p rompts  from SAMMY, o r  i n  t h e  BATCH mode w i t h  

r e s p o n s e s  g i v e n  a s  p a r t  o f  t h e  i n p u t  stream. T e l e t y p e  prompts  and  

a p p r o p r i a t e  r e s p o n s e s  are d e s c r i b e d  i n  T a b l e  C.6. 

Ou tpu t  f rom SAMMY c o n s i s t s  o f  two ( o r  t h r e e )  f i l e s ,  d e s c r i b e d  i n  

T a b l e  C.7. 

C o n v e r s i o h  o f  a MULTI-type INP f i l e  t o  a SAMMY-type INP f i l e  may b e  

a c c o m p l i s h e d  by r u n n i n g  Program SAMSWI; t e l e t y p e  p rompts  and  a p p r o p r i a t e  

r e s p o n s e s  f o r  SAMSWI are g i v e n  i n  T a b l e  C.8, The u s e r  i s  urged  t o  compare 

t h e  SAMMY INP f i l e  t o  T a b l e  C.2, t o  b e  s u r e  t h e  a p p r o p r i a t e  o p t i o n s  are 

chosen .  

P l o t t i n g  r o u t i n e s  are n o t  a n  i n t e g r a l  p a r t  o f  t h e  c o d e  SAMMY. 

R a t h e r ,  SAMMY writes t h e o r e t i c a l  v a l u e s  f o r  c r o s s  s e c t i o n s  o r  t r a n s m i s s i o n s  

on  a n  0DF (mELA data L o r m a t )  f i l e ,  f rom which  p l o t s  may be  produced u s i n g  

OPRODF (CR78). Because  o f  t h e  s e q u e n t i a l  n a t u r e  o f  d a t a  a n a l y s i s  i n  SAMMY, 

it i s  n e c e s s a r y  t o  i n i t i a l i z e  t h e  UgF r i le  p r i o r  t o  . r u n n i n g  SAMMY. 'Lo 

a c c o m p l i s h  t h i s ,  program SAM0DF g e n e r a t e s  a f i v e -  ( o r  n ine - )  s e c t i o n  0DF 

f i l e  and i n s e r t s  e n e r g i e s  and  expe r imen ta l .  d a t a  i n  t h e  a p p r o p r i a t e  sec- 

t i o n s ,  Details  are  g i v e n  i n  T a b l e s  C.9 and C. 10. 
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TABLE C.6. TELETYPE INPUT FOR SAMMY 

SAMMY Prompt User Response 

1. What i s  the  name of Input f i l e  name plus extension,  e.g. , 
the input f i l e ?  A A A A A A , I N P w  

2. What Is the name of the PARameter f i l e  name, e.g,,  AAAAAA.PAR* 
parameter f i l e ?  

3. What i s  the f i r s t  data DATa f i 1 e name, e . g . , AAAAAA . DAT* , 
f i l e  name? EMIN? followed by the  minimum and maximum 
EMAX? energies ( i n  eV) fo r  t h i s  s t ep  i n  F 

format, separated by commas. EMIN and 
EMAX need not be repeated here i f  they 
a r e  correct  i r ~  the INP  f i l e ,  card 2.  
Caution: Be sure EMIN does not s t a r t  
p r io r  t o  Column ( o r  Space) 11. 

4. What i s  the name of 
the  covariance f i l e ?  
(Optional question,  
asked only i f  parameter 
f i l e  ind ica tes  there  is 
a covariance f i l e . )  

5. What is  new EMIN? 
EMAX? Data s e t  name? 

Binary f i l e  from a previous SAMMY run, 
e.g., AAAAAA.CBV* 

Energy range ( i n  eV) fo r  the  next s t ep ,  
i r ~  F format, separated by commas. I f  
EMIN = O . ,  program wi l l  terminate. I f  
the  data  s e t  name i s  blank, the 
previous DATa f i l e  is assumed. 

*Fi le  names may be chosen fo r  convenience; extensions need not be I N P ,  
PAR, D A T ,  and C0V. 
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TABLE C.7. SAMMY OUTPUT FILES 

Fi1.e Name C o n t e n t s  

SAMMY. L PT D e s c r i p t i v e  o u t p u t ,  t o  be  queued t o  t h e  l i n e  p r i n t e r  
f o r  examina t ion .  

SAMMY.PAR . New r e s o n a n c e  p a r a m e t e r s ,  i n  t h e  same format  a s  t h e  
i n p u t  PARameter f i l e .  For b i n a r y . o u t p u t  o f  t h e  
covariance m a t r i x ,  " - I l l  w i l l  Occur i n  columns 4 and 
5 on t h e  l a s t  c a r d  o f  SAMMY.PAR. 

SAMMY. CQV New covar . iance  m a t r i x  f o r  t h e  p a r a m e t e r s ,  i n  b i n a r y  
(opt. i. nna 1.1 form. 



8 5 

. . 

TABLE 'C. 8. TELETYPE INPUT FOR SAMSWI 

' . SAMSWI .Prompt . . User Response 

.. .I. .:  What's t h e  name o f  t h e  
MULTI "INPW f i l e ?  

2. what would you l i k e  t h e  
. new' SAMMY "INP" f i l e  t o  

: , . . b e :  c a l l e d ?  ' 
" 

. . .  . 
. . . . .  . 

3. What 's  t i t l e ?  

f i l e  name and e x t e n s i o n  

f i l e  name and e x t e n s i o n  

a lphanumer ica l  t i t l e  f o r  t h e  
problem 



TABLE 'c. 9. TELETYPE ' INPUT FOR SAMBDF 

SAM0DF Prompt User Re'sponse 

1 .  What's name fo r  output filename and extensiorl, e.g., 
0DF f i l e  AAAAAA.0DF 

2. Is data  t o t a l  o r  o ther  T i f  data i s  t o t a l  cross  sect ion 
cross section? T = or  transmission; blank otherwise 
t o t a l  

3 .  Is data  trarlsmissiorl . * 
T i f  transmission; blank 

or  cross  sec t io r~?  T = otherwise 
Lr4ar1s. ( Optiorlal. 
Questiorl) 

4. What's thickness? 
(Optional Question) 

5, What's name of the  
f i r s t  data  f i l e  
( lowest energy) ? 

6. What's EMIN and EMAX 
fo r  t h i s  data  s e t ?  
( i n  eV) 

thickness of t a rge t  i r l  atoms/ barn 

f i l e  name plus extension for  the 
lowest-energy da ta ,  e.g., 
AAAAAA.DATW 

energy range i r l  eV* 

7.  What's riame of next fil.ename plus extension, or  blanlc 
data f i l e  (next lowest i f  there  a r c  no morc f i l c a  
energy) ? 

ea t  st= 6 and 7 a s  U. 

*In SAMBBF, the  e n t i r e  energy range fo r  a  giver1 f i l e  may be 
included simultaneously; i t  i s  not necessary t o  divide i n to  small 
pieces a s  i s  done i n  SAMMY. 



TABLE C.lO. SECTIONS OF 0DF FILE GENERATED BY SAM0DF 

Section Number Cont erits 

1 energy (keV) 

2 experimental cross  sectiorl ( barrls) 

uncertainty i n  experimerltal cross  sec t io :~  
( barns ) 

zeroth order theore t i ca l  cross  sect ion a s  
evaluated by SAMMY 

f i n a l  theoret ica l  cross  sect ion a s  evaluated 
by SAMMY 

6 * experimental t r a r~smiss io r~  

uncertainty i n  experimental trarlsmissiori 
(absolute)  

zeroth order theore t i ca l  t ransmissior~ a s  
evaluated by SAMMY 

f i n a l  theore t i ca l  t r a r~smiss io r~  a s  eval uated 
by SAMMY 

*These sec t ions  a r e  omitted fo r  the part ial .  c ross  sec t ions ,  ir~cluded 
fo r  total.  c ross  sect ions  or transmissior~s.  
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APPENDIX D. SAMPLE INPUT AND OUTPUT 

I n p u t  and o u t p u t  f o r  example number 3 i n  S e c t i o n  V I  are p r e s e n t e d  

i n  t h e  m i c r o f i c h e  i n s i d e  t h e  back c o v e r  o f  t h i s  r e p o r t .  SAMTRY.BAT is 

t h e  f i l e  which s h o u l d  be  s u b m i t t e d  t o  t h e  PDP-10 t o  r u n  SAMMY i n  t h e  

b a t c h  mode; e q u i v a l e n t l y ,  one  c o u l d  r u n  SAMMY i n  t h e  i n t e r a c t i v e  mode 

( v i a  t h e  R SAMMY command) and  r e spond  t o  SAMMY'S q u e s t i o n s  w i t h  t h e  

answers  g i v e n  i n  t h a t  f i l e ,  

The f i l e  SAMTRY-INP is t h e  INPut f i l e  f o r  t h i s  example ,  SAMTRY-PAR 

t h e  PARameter f i l e ,  and SAMTRY.DAT t h e  DATa f i l e .  The two o u t p u t  f i l e s  

a r e  SAMMY.PAR and SAMMY.LPT, 
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APPENDIX E. FBRTRAN LISTINGS 

FBRTRAN l i s t i n g s  o f  a l l  t h e  SAMMY programs a r e  shown on  t h e  micro- 

f i c h e  i n s i d e  t h e  back c o v e r  o f  t h i s  r e p o r t ,  F i l e  SAMPAR.F4 c o n t a i n s  t h e  

l i s t i n g  o f  t h e  program SAMMY-PARAMETER, SAMDAT.F4 c o n t a i n s  SAMMY-DATA, 

SAMTHE.F4 c o n t a i n s  SAMMY-THEBRY, and SAMRES.F4 c o n t a i n s  SAMMY-RESULTS. 

The LINPACK s u b r o u t l n e s  r e q u i r e d  by SAMMY-RESULTS a r e  l i s t e d  i n  f i l e  

LINPACK.F4. Program SAMQDF i s  i n  f i l e  SAMQDF.F4, and SAMSWITCH i n  
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