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S U M M A R Y
Modifications to commercial finite element (FE) packages must be applied before they can be
used for geophysical studies involving long wavelength deformation or viscoelasticity. This
paper provides in detail how and why the commercial codes have to be modified when incom-
pressibility is assumed. Both the non-self-gravitating flat earth and self-gravitating spherical
earth will be considered. The latter involves an iterative procedure, which converges within 5
iterations. This is demonstrated both analytically and numerically. In addition, implementation
of the gravitationally self-consistent sea level equation on a self-gravitating spherical earth is
also described. Good agreement between numerical results obtained with this coupled finite-
element method and the conventional spectral method is also demonstrated. In all cases, the
interpretation of the outputs of FE models are particularly important in modelling the state of
stress.

Key words: finite element method, glacial rebound, mantle viscosity, sea level, stress distri-
bution.

1 I N T RO D U C T I O N

It is well known that the finite element (FE) method is a useful
technique in modelling deformation and stress in the earth: espe-
cially if the problem involves complicated geometry with large vari-
ations of material properties in arbitrary directions (e.g. Gasperini &
Sabadini 1990; Wu 1991; Kaufmann et al. 1997, 2000) or when non-
linear rheology is involved (e.g. Gasperini et al. 1992; Wu 1992b,
1999; Giunchi & Spada 2000; Wu 2002a,b,c). Because a number
of well-tested, engineering oriented FE packages are available com-
mercially, geoscientists are tempted to use them for the study of
earth deformation and the state of stress. However, these commer-
cial FE packages are mainly designed for engineering applications
where the stiffness equation is solved. By the principle of virtual
work, the stiffness equation is equivalent to the equation of motion:

�∇ · τ = 0, (1)

where τ is the stress tensor. For geophysical applications, eq. (1) is
overly simplistic because it does not include the important restor-
ing force of isostasy and self-gravitation (see eq. 3). Thus, eq. (1)
is only applicable to geophysical problems involving elastic de-
formation with short wavelengths (p. 38 of Cathles 1975; Wu
1992a).

Although the FE technique has been used in numerous studies
during the last decade, I know of no publication that discusses
in detail how commercial FE packages can be modified for geo-
physical problems such as the post-glacial readjustment process.
There are papers that mention the Wrinkler foundation (Williams &
Richardson 1991) as a remedy to the restoring force of isostasy in a

flat earth, but the reason behind it and the implication of its inclu-
sion to stress studies have not been discussed. As we shall see below,
the attachment of Wrinkler foundation means that the stress output
from FE calculations must be modified before they can be identi-
fied with the usual physical quantity. This is an important point that
may not be well understood. Furthermore, for deformations with
wavelengths much larger than the diameter of the Earth, the spher-
ical shape (Amelung & Wolf 1994) and self-gravity of the solid
earth and its oceans must be included. This involves solving the
gravitationally consistent sea level equation (Farrell & Clark 1976).
Current development of the sea level equation is in terms of the
pseudo-spectral normal mode method (Mitrovica & Peltier 1991)
and the calculation of relaxation spectrum and excitation strengths
of Love numbers (Wu & Peltier 1982). Because the FE approach
does not calculate relaxation spectrum nor excitation strengths of
Love numbers, it is not immediately clear how the sea level equation
can be implemented with the FE method.

This paper discusses in detail the problem of modifying commer-
cial FE packages for the study of deformation in a viscoelastic earth.
Section 2 reviews the equations of motion and the boundary condi-
tions used for deformation studies. In Section 3, our focus is on a
non-self-gravitating, incompressible viscoelastic flat earth. The in-
clusion of self-gravitation in a spherical earth and its validation will
be described in Section 4. Finally, the inclusion of self-gravity in the
oceans and a validation of the method is also provided. Throughout
the paper, the deformations are considered to be the result of glacial
isostatic adjustment, but the coupled FE technique considered here
can be extended to tidal, internal loading and other geophysical
loading problems.
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2 E Q UAT I O N O F M O T I O N A N D
B O U N DA RY C O N D I T I O N S
F O R E L A S T I C E A RT H

In the timescale of the post-glacial adjustment process, deformation
of the Earth is viscoelastic. This means that when excited by a load,
the mantle initially responds like an elastic medium, but then flows
like a viscous fluid over long timescales. The transition between
elastic and viscous behaviour will be described by Maxwell rheology
in this paper (see Wu & Peltier 1982; Martinec 2000):

∂tτ = ∂tτ
0 − µ

ν
(τ − �I ), (2a)

τ
0 = λθ I + 2µε, (2b)

� = 1
3 σkk, (2c)

where I is the identity matrix (with 1 along the diagonal and 0
elsewhere), τ and ε are the stress and strain tensors, θ = εkk is the
dilatation and λ, µ , ν are the two Lamé parameters and viscosity,
respectively. For an incompressible material, λ → ∞ but θ → 0 so
thatλθ =�. In conventional methods, the Correspondence Principle
(e.g. Cathles 1975; Wu & Peltier 1982) is invoked, and the problem
in viscoelasticity is transformed to an associated elastic problem.
For the FE method, one starts with the elastic equations of motion
and boundary conditions and the stress and strain are updated from
eq. (2) with some time stepping procedure (see Gasperini & Sabadini
1990; Martinec 2000, for details). Because both conventional and
FE methods start with the elastic equations of motion and boundary
conditions, this is where we shall begin.

For geophysical applications where the inertial force can be ne-
glected, the linearized elastic equation of motion is typically of the
form (eq. II-22 in Cathles 1975; Wu & Peltier 1982):

�∇ · τ − �∇( �u · ρogor̂ ) − ρ1gor̂ − ρo �∇φ1 = 0. (3)

Here �u is the displacement vector, r̂ is a unit vector in the radial
direction and ρ, g, φ are density, gravitational acceleration and
gravitational potential, respectively. The subscript zero refers to the
hydrostatic background state and the subscript one refers to the per-
turbed state. In particular, φ1 contains the contribution of both the
applied load and the redistribution of mass as a result of the mo-
tion of water, ice and mantle rock. The first term in eq. (3) is the
divergence of stress that also appears in eq. (1). The second term rep-
resents the advection of pre-stress (Love 1911, section 154), where
the hydrostatic background stress caused by the initial gravity field
( �∇φo = gor̂ ) is carried by the material in motion. This term can be
identified as the restoring force of isostasy. Although it does not ap-
pear in the viscous equation of motion (see Cathles 1975, equation
II-23), it is required here so that the correct boundary condition be
satisfied in the viscous limit (Wu & Peltier 1982). The importance
of this term has been discussed in Wu (1992a), where it is shown
that by neglecting it, there will be no viscoelastic gravitational re-
laxation: any mass left on the surface of the Earth will sink to the
centre resulting in a singular solution at large times. The third term
in eq. (3) is the result of internal buoyancy and the perturbed density
is given by the linearized continuity equation:

ρ1 = −ρ0 �∇ · �u − �u · (∂rρ0)r̂ . (4)

In the absence of a large and negative ambient density gradient (last
term in eq. 4), internal buoyancy counteracts the restoring force of
isostasy (because the second and third terms in eq. 3 have compara-

ble magnitude but opposite signs) thus instability arises (Vermeersen
& Mitrovica 2000; Klemann et al. 2003). To avoid any instability,
earth material is assumed to be incompressible here, so that internal
buoyancy vanishes within homogeneous elements. One may keep
the material to be compressible in eq. (2), but take internal buoyancy
to be zero. In this case, instability will not arise either (Klemann et al.
2003), but such separation of compressibility into material part and
internal buoyancy is not physically possible. Finally, the last term in
eq. (3) is the result of self-gravitation, which says that the source of
the gravity field is mass distribution in the Earth and any movement
of earth material causes the gravity field and its potential to change
according to Poisson’s equation:

∇2φ1 = 4πGρ1. (5)

If internal buoyancy vanishes, then the right side of eq. (5) also
vanishes and we have a Laplace equation instead.

In order to use the FE method to model the deformation of a
viscoelastic earth, eq. (3) must be transformed to the same form as
eq. (1). The next two sections describe such transformations for a
flat earth and a spherical self-gravitating earth. Such transformations
not only affect the equations of motion but also the normal stress
boundary conditions as well. For completeness, the usual boundary
conditions are listed below.

For an elastic earth, the boundary conditions, beside the continuity
of potential [φ1]+− =0, are (Cathles 1975, p. 16–20, also Wu & Peltier
1982, eq. 48):

(i) At the surface of the Earth: [τ · r̂ ]+− = 0, so that for normal
stress τ rr|z=0 = −σ go and for shear stress τ rθ |z=0 = 0. Here σ is the
surface mass density of the applied surface load and ur = �u · r̂ . In
addition, the gradient of potential satisfies [∇φ1 · r̂ ]+− + 4πGρour =
4πGσ at r = a.

(ii) At internal solid–solid boundaries, [τ · r̂ ]+− = 0, so that
τ rr|+− = τ rθ |+− = 0 at these interfaces. In addition, there is conti-
nuity of displacements [ �u]+− = 0 and [∇φ1 · r̂ + 4πGρour]+− = 0.

(iii) At the core–mantle boundary (CMB), [τ · r̂ ]+ = ρ f gourr̂ .
Here ρ f is the density at the top of the fluid core and u r is the radial
displacement of the elastic–fluid boundary. Also, the shear stress
vanishes at the CMB, [∇φ1 · r̂ ]+− + 4πG[ρo]+−ur = 0 and [ �u]+− = 0.
For the last condition, it should be noted that the radial displacement
just above the CMB is related to the geoid change just below the
CMB plus the discontinuity of the isobaric surface displacement
(Chinnery 1975; Crossley & Gubbins 1975).

3 N O N - S E L F - G R AV I TAT I N G ,
I N C O M P R E S S I B L E F L AT E A RT H S

3.1 Transformation and implementation

As discussed earlier, the aim here is to transform eq. (3) into the
same form as eq. (1) for an incompressible flat earth.

Consider the equation of motion inside cells or elements where
material properties (including density and elasticity) are constant
(but may vary from one element to the next), then for incompressible
material, the third term in eq. (3) would vanish. Furthermore, if self-
gravitation were neglected, then the fourth term in eq. (3) vanishes
also. Therefore, the equation of motion becomes:

�∇ · τ − ρogo �∇w = 0, (6)

where w = �u ·ẑ is the vertical component of the displacement vector.
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Comparing eqs (1) and (6), we see that if we define a new stress
tensor (Wu & Peltier 1982, p. 438):

t = τ − ρogow I , (7)

then eq. (6) can be rewritten as

�∇ · t = 0, (8)

because

�∇ · t = �∇ · τ − ρogo �∇w. (9)

Note that eq. (8) is in the same form as eq. (1) except that the new
stress is used. Thus, the equation of motion (eq. 6) can be recast in
a form (eq. 8) suitable for the FE Method. However, as a result of
the transformation (eq. 7), the boundary conditions to be applied to
the FEs will be different from those listed in Section 2. In terms of the
new stress components, the boundary conditions become (subscripts
1, 2 and 3 refers to x, y and the vertical direction z, respectively):

(i) [t 33 + ρ ogow ]z=0 = − σ go and t 13]z=0 = 0 on the surface of
the Earth z = 0.

(ii) At solid–solid boundaries at depth z: [t 33]z+
z− = (ρ− −ρ+)gow

and t 13]z+
z− = v]z+

z− = w]z+
z− = 0. (Here v is the horizontal displace-

ment.)
(iii) At solid–fluid boundary z = −H : t 13]z=−H = 0 and [t 33

+ ρ s gow]z=−H = ρ f gow ]z=−H , where the subscript s denotes the
density of the solid and subscript f denotes that for the fluid. The
latter condition for normal stress can be rewritten as [t 33]z=−H =
(ρ f − ρ s)go [w]z=−H .

In FE models, the terms ρ 0g0w, (ρ− − ρ+)g0w or (ρ f − ρ s)g0w

can be simulated by Wrinkler foundation or elastic springs with
spring constants ρ 0g0, (ρ− − ρ+)g0 and (ρ f − ρ s)g0, respectively.
Because the density above the surface of the Earth can be taken as
zero (for air), all the spring constants have values equal to the density
contrast across the material interfaces times the vertical component
of gravitational acceleration (i.e. buoyancy force). Thus, with the
transformation given by eq. (7), all material interfaces of the FE
model, except those with the surface normal perpendicular to the
vertical, should have Wrinkler foundations attached. Where there

Figure 1. Contour plots of post-glacial induced normal stresses t33 and τ 33 near glacial maximum in Fennoscandia. Ice load used is ICE3G (Tushingham &
Peltier 1991).

is external (time-dependent) load applied, either on the surface of
the earth for surface loading problems, or at internal boundaries
for internal loading problems, one just specifies the load on those
boundaries for the appropriate time step. Now the Wrinkler springs
do not add any shear stress to the elements, therefore, the vanish-
ing of the shear stress at the interfaces is satisfied automatically.
This justifies the introduction of Wrinkler foundation in Williams
& Richardson (1991). The implications of introducing Wrinkler
foundation on stress modelling will be explored below.

3.2 Validation and stress transformation

The validity of this FE method has been demonstrated in Wu (1992b,
1993), where the results of the FE method are found to be in excellent
agreement with the conventional spectral results.

For the interpretation of stress output from FE models, eq. (7)
has important implications. Because the new stress tensor is used in
the FE calculation, the output stress is the new stress, which must
be converted back to the elastic stress through τ = t + ρogow I .
This conversion is very important for state of stress studies. To
illustrate this, the post-glacial induced normal stresses t33 and τ 33

near glacial maximum in Fennoscandia are calculated with this FE
method and contoured in Fig. 1. An inspection of this figure shows
that, as expected, τ 33 is the physical quantity and is mainly the
result of the weight of the ice load. However, if we do not do the
transformation, t33 is a very poor approximation of τ 33.

Note that the displacements are not affected by the transformation
(eq. 7) and thus no conversion for displacement is necessary.

4 S P H E R I C A L , S E L F - G R AV I TAT I N G ,
I N C O M P R E S S I B L E E A RT H

4.1 The transformation for the FE method

For an incompressible spherical self-gravitating earth, eqs (3) and
(5) become:

�∇ · τ − �∇( �u · ρogor̂ ) − ρo �∇φ1 = 0, (10a)
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∇2φ1 = 0. (10b)

The transformation needed to make eq. (10a) into the same form
as eq. (1) is (Wolf 1994):

t = τ − (ρogour + ρoφ1)I , (11)

because �∇ · t = �∇ · τ − �∇(ρogour) − ρo �∇φ1 within elements of
constant density and ur = �u · �r . Thus, the decoupled equations to be
solved for the spherical, self-gravitating incompressible earth are:
�∇ · t = 0, which will be solved by the FE method, and eq. (10b),
whose solution is well known. However, as we shall see below, these
two equations are coupled by the normal stress boundary conditions.

(i) The surface boundary condition becomes: [τ · r̂ ]+− =
[{t + (ρogour + ρoφ1)I } · r̂ ]+− = 0. Because [t · r̂ ]+− = −σgo − trr

where σ is the surface mass density of the applied load, the above
condition at the surface of the Earth can be expressed as:

trr + ρogour = −σgo − ρoφ1. (12a)

In the FE method, the term ρ o gour can be simulated by the Wrinkler
foundation as in Section 3 and the downward load applied to the
surface is now σ go + ρ oφ1.

(ii) At internal boundaries where there is no internal mass loads,
the boundary condition is [τ · r̂ ]+− = [trr + ρogour + ρoφ1]+− = 0.
Because u r, go and φ1 are continuous across this interface and
�ρ = ρ− − ρ+, this therefore becomes

[trr]
+
− = �ρ(gour + φ1). (12b)

Again, in the FE method, the Wrinkler foundation and the potential
load �ρφ1 must be applied at these internal boundaries.

(iii) At the CMB, [τ · r̂ ]+ = [trr+ρmgour+ρmφ1]+ = ρ f gourr̂ ,
which can be rearranged to give:

[trr]
+ = (ρ f − ρm)gour − ρmφ1, (12c)

where ρm is the density in the mantle just above the CMB. Again, the
Wrinkler foundation and the potential load ρmφ1 must be applied
at the CMB in the FE method.

All other boundary conditions for stress and displacements re-
main the same as those described in Section 2. If the gravitational
potential φ1 is known at all these interfaces, then we have the com-
plete set of boundary conditions for the FE method.

4.2 Solution to Laplace equation

To determine the gravitational potential φ1(r , θ , ψ , t), the Laplace
equation must be solved. Let �m

� be the coefficients of the spherical
harmonic decomposition of −φ1 (i.e. sign is opposite to that defined
in Wu & Peltier 1982), then eq. (10b) can be written as

∂2

∂r 2
�m

� + 2

r

∂

∂r
�m

� − �(� + 1)

r 2
�m

� = 0. (13)

If the density structure of the Earth is described by uniform spher-
ical shells over a uniform sphere, then the general solution of
eq. (13) inside the uniform sphere is just �m

� = C 0 r �. Within
each shell, the general solution is �m

� = C 1r � + C 2r−(�+1). Be-
cause the radial displacement u r appears in the boundary condition
[∇φ1 · r̂ + 4πGρour]+− = 0, knowledge of u r is required to deter-
mine the solution to the Laplace equation. If we define the coefficient
of the gradient of the potential as:

�m
� (r ) = ∂

∂r
�m

� (r ) + (� + 1)

r
�m

� (r ), (14)

which is related to the Farrell (1972) definition by: Qm
� (r ) = �m

� (r )
+ 4πGρU m

� (r ), then the surface boundary condition becomes:

�m
� (a) = −4πG

[
σ m

� + ρo(a)U m
� (a)

]
(15a)

and the internal boundary condition becomes:

�m
� (r+) = �m

� (r−) + 4πG
[
ρo(r−) − ρo(r+)

]
U m

� (r−) (15b)

For simplicity, the fluid core can be treated as a uniform sphere with
radius r 0. The rest of the mantle is made up of N shells with constant
density. Let ri be the outer radius of the ith shell and ρ i = ρ o([ri +
r i−1] /2) (with r 0 < · · · < ri < · · · < rN = a). Then using the CMB
conditions described in Chinnery (1975) and Crossley & Gubbins
(1975), the solution at the bottom of the mantle can be obtained.
Applying the usual matrix technique to propagate the solution from
one shell to the next and finally matching the boundary conditions at
the surface, the coefficients C 0, C 1, C 2, . . . can be expressed in terms
of the displacements at the boundaries. After some manipulation,
the coefficients �m

� can be obtained. At the surface of the Earth
r = a:

�m
� (a) = 4πG

2� + 1
a

[
σ m

� + ρo(a)U m
� (a)

]

+ 4πG

2� + 1

N−1∑
i=0

ri U
m
� (ri )(ρi − ρi+1)

(
ri

a

)�+1

. (16a)

At the CMB:

�m
� (ro) = 4πG

2� + 1
ro

[
σ m

� + ρN U m
� (a)

] (
ro

a

)�−1

+ 4πG

2� + 1

N−1∑
i=0

roU m
� (ri )(ρi − ρi+1)

(
ro

ri

)�−1

(16b)

and at the pth interface rp:

�m
� (rp) = 4πG

2� + 1
rp

[
σ m

� + ρN U m
� (a)

] (
rp

a

)�−1

+ 4πG

2� + 1

N−1∑
i=p+1

rpU m
� (ri )(ρi − ρi+1)

(
rp

ri

)�−1

+ 4πG

2� + 1

p∑
i=0

ri U
m
� (ri )(ρi − ρi+1)

(
ri

rp

)�+1

.
(16c)

Thus, given the displacements at all the interfaces, the coefficients
U m

� (ri) can be obtained and the coefficients �m
� (ri) can be calculated

from eq. (16). They can be synthesized again to give φ1(ri , θ , ψ , t)
for the computation of the load for the FE model. This way, both the
FE model and Laplace equation will be coupled together through
the boundary conditions.

4.3 Coupling FE to Laplace equation

The procedure to find the deformation of a spherical, self-gravitating
incompressible earth is as follows:

(i) First, the FE method is used to compute the deformation
of a non-self-gravitating, spherical incompressible earth. This is
achieved by taking φ1 = 0 in eq. (12) and solving �∇ · t = 0 with
the FE method for all time steps (if rheology is viscoelastic).

(ii) Next, from the output of the FE method, the radial displace-
ments u r(ri, θ , ψ , t) and their spherical harmonic coefficients U m

�

(ri, t) at all interfaces and all time are computed.
(iii) From eq. (16), �m

� (ri, t) is computed and synthesized to give
φ1(ri, θ , ψ , t)
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Table 1. Iterative solution for incompressible self-gravitating uniform sphere with degree � = 5.

Iteration U per cent error in U V � per cent error in �

0 −7.15107E-19 −30.6400 −3.90058E-20 1.04693E-17 −17.1380
1 −5.55755E-19 − 1.5287 −3.03139E-20 8.55413E-18 5.2511
2 −5.47805E-19 − 0.0763 −2.98803E-20 8.98090E-18 0.2620
3 −5.47408E-19 − 0.0038 −2.98586E-20 9.00219E-18 0.0131
4 −5.47388E-19 − 0.0002 −2.98575E-20 9.00325E-18 0.0007
5 −5.47387E-19 − 0.0000 −2.98575E-20 9.00331E-18 0.0000

(iv) Substituting φ1(ri, θ , ψ , t)in eq. (12) gives new loads to be
applied at the interfaces in the FE model. The FE calculation is
repeated with this new load.

(v) Steps 2 to 4 are repeated until the solution converges to an
acceptable level. Usually it converges within 4–5 iterations.

4.4 Validation of the coupling method
for a uniform sphere

To validate the procedure in the last subsection, we shall demonstrate
that the coupling of the analytical solution for an incompressible,
non-self-gravitating uniform sphere to Laplace solution does give
the solution for an incompressible, self-gravitating uniform sphere.
We shall also use the iterative procedure to see how fast the solution
converges for this simple case.

The solution for an incompressible, non-self-gravitating uniform
sphere is (appendix A in Wu & Ni 1996):




U
V
Tr

Tθ


 =




r �+1 r �−1

(�+3)
�(�+1) r

�+1 r�−1

�

2µ
(�2−�−3)

�
r � 2µ(� − 1)r �−2

2µ
(�+2)
(�+1) r

� 2µ
(�−1)

�
r �−2




·
[C1

C2

]
(17)

where U , V , T r and T θ are the spherical harmonic coefficients
for radial displacement, tangential displacement, normal and shear
stress on the surface with the � and m suppressed. Applying eq. (12a)
and the condition of no shear stress at the surface gives:

U (a) = −(2� + 1)�a[σg − ρ�(a)]

[2µ(� − 1)(2�2 + 4� + 3) + �(2� + 1)ρga]
, (18a)

V (a) = −3a[σg − ρ�(a)]

[2µ(� − 1)(2�2 + 4� + 3) + �(2� + 1)ρga]
. (18b)

For a uniform sphere, eq. (16a) gives:

�(a) = 4πG

2� + 1
a[σ + ρU (a)]. (19)

Substituting eq. (19) into eqs (18a) and (18b), using σ = 2�+1
4πa2

(Longman 1962) for a point load, after some rearranging we get:

U (a) = −(2� + 1)�ρga2

3[µ(2�2 + 4� + 3) + �ρga]ME
, (20a)

V (a) = −ρga2

[µ(2�2 + 4� + 3) + �ρga]ME
, (20b)

�(a) = µga(2�2 + 4� + 3)

[µ(2�2 + 4� + 3) + �ρga]ME
. (20c)

Eqs (20a, b and c) are the solutions for an incompressible, self-
gravitating uniform sphere (see eqs 33 and 12 in Wu & Peltier 1982).
Thus the coupled FE method described in the last subsection is valid.

Next, we will apply the iterative procedure to the incompressible,
uniform sphere and investigate how many iterations are required.
The initial solution is obtained by setting σ = 2�+1

4πa2 and � (a) = 0 in
eq. (18) and U (a) = 0 in eq. (19). The first iteration is obtained by
substituting the initial solution for U(a) into eq. (19) and � (a) from
the initial iteration into eq. (18). Similarly, the displacements and
�(a) can be updated through iterations. Because the actual solution
is given by eq. (20), the percentage error of the nth iteration can be
computed. The results for angular order �= 5 are all listed in Table 1,
from which it can be seen that the exact solution is achieved after 5
iterations. For � = 2, the exact solution is reached after 9 iterations,
although at the 4th iterations, the solution is within 0.4 per cent
of the actual solution and for the 5th iteration the percentage error
falls below 0.1 per cent. Thus, only 4 to 5 iterations are required in
general.

4.5 Validation of the coupling method for a layered earth

Next, a layered earth that consists of a uniform viscoelastic shell
overlying an inviscid fluid core is considered. This model is chosen
because analytical solutions for both self-gravitating and non-self-
gravitating cases can be obtained by the technique described in Wu
& Ni (1996). The load is a Heaviside harmonic load with degree
� = 2. Fig. 2 shows that the agreement between the solution ob-
tained using the iterative method (after 5 iterations) and the analyti-
cal method is well within 1 per cent. The FE model is axisymmetric
with 360 elements from the north pole to the south and 18 layers
in the mantle. Better accuracy can be achieved with finer elements
and better spatial resolution, but that would put more demand on
computer resources.

Figure 2. Comparing theoretical results (lines) to results from the Coupled
FE method (symbols) for � = 2 Heaviside deformation in a self-gravitating
uniform viscoelastic shell over uniform inviscid fluid core.
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5 S E A L E V E L C O M P U TAT I O N W I T H
C O U P L E D F E – L A P L A C E M E T H O D

The above section describes how the solid mantle deforms. Because
the Earth is self-gravitating, all deformations perturb the gravita-
tional field and thus the geoid. However, sea level records measure
the change in the geoid (φ1(a, θ , ψ , t)/g) relative to the solid sur-
face of the Earth, which is displaced by u r(a, θ , ψ , t) = U (θ , ψ ,
t) in the radial direction. Excluding the effects of time-dependent
ocean margin (Johnston 1993; Milne 1998; Peltier 1998), near-field
water influx (Milne 1998; Peltier 1998; Milne et al. 1999) and earth
rotation (Milne & Mitrovica 1998; Peltier 1998), the consistent sea
level equation is given by (Farrell & Clark 1976; Mitrovica & Peltier
1991):

S(θ, ψ, t) = φ1(θ, ψ, t)/g − U (θ, ψ, t) + c(t)]O(θ, ψ), (21)

where Oθ , ψ is the Ocean function and c(t) is a time dependent
quantity required to conserve mass and is given by:

c(t) = − MI(t)

ρw Ao
− 1

Ao

〈
φ1

g
− U

〉
o

. (22)

Here Ao is the area of the ocean basins, ρw is the density of water,
M I(t) is the mass loss history of the ice at time t and 〈 〉o represents
integration over the ocean basins. Because the terms in 〈 〉o are inde-
pendent of location, c(t) is called the eustatic sea level and the first
term on the right is the ice-equivalent sea level (Milne et al. 2002).
Traditionally eq. (21) is also solved using the iterative (relaxation)
technique, but one need not solve the coupled FE–Laplace equation
first, and then the consistent sea level equation. Both can be solved
simultaneously using the following procedure:

(i) Given the ice load history, one can determine the water load in
the oceans by assuming that sea level is given by the ice-equivalent
sea level So(t) = − MI(t)

ρw Ao
O(θ, ψ). As a result of the conservation of

mass, the spherical harmonic degree zero component of the com-
bined ice and water load is zero.

(ii) The combined ice and water load generally has a degree-one
component that causes a rigid shift in the centre of mass (Farrell
1972; Cathles 1975). Because we are not interested in the rigid shift,
it will be removed. This is achieved by decomposing the load into
its spherical harmonic components and subtracting the degree-one
component from the combined load to give the new surface load.

(iii) This new surface load with no degree-zero and degree-one
components is now applied to a non-self-gravitating spherical earth
(i.e. taking φ1 = 0 in eq. (12) and solving �∇ · t = 0 with the FE
method for all time steps).

(iv) Next, from the output of the FE method, the radial dis-
placements u r(ri, θ , ψ , t) and their spherical harmonic coefficients
U m

� (ri, t) at all interfaces and all time are computed.
(v) From eq. (16), �m

� (ri, t) is computed and synthesized to give
φ1(ri, θ , ψ , t).

(vi) Substitute the above computed φ1(a, θ , ψ , t) and U(θ , ψ ,
t) into eq. (22) to compute c(t). Thus the sea level S(θ , ψ , t) for all
time steps can be calculated using eq. (21).

(vii) The ice load history and the updated sea level S(θ , ψ , t)
now gives the new combined ice and water load at the surface.
With the degree-one component removed from the new combined
ice and water load, the surface mass density σ can be computed.
Together with the updated surface potential perturbation, the right
side of eq. (12a) can be obtained. From the potential perturbation at
the other internal boundaries or the CMB, the potential load on the
right side of eqs (12b) and (12c) can also be evaluated. These are
the new boundary conditions to be applied on the FE model.

(v) Steps 3 to 7 are repeated until the solution converges to an
acceptable level. Again, numerical tests show that the solution con-
verges within 5 iterations.

Validity of this new method is shown in Fig. 3 where the result
of this method is compared with that computed with the pseudo-
spectral method (Mitrovica & Peltier 1991). The result of this latter
method is provided by Wouter van der Wal of TU Delft, who mod-
ified the pseudo-spectral sea level program coded by G. Di Donato
(Di Donato et al. 2000) and benchmarked with J.X. Mitrovica’s pro-
gram. The load considered is a 15-degree uniform disc load (pres-
sure of 24 MPa) with complementary ocean. The ice load is left on
the north pole of a self-gravitating incompressible spherical earth,
which consists of a 100-km thick lithosphere overlying a uniform
1021 Pa s viscoelastic mantle and an inviscid fluid core. For this earth
and ice model, the pseudo-spectral method summed harmonic con-
tributions up to degree 128. In the new method, Laplace’s equation
is solved with harmonics up to degree 180, but the load spectrum is

Figure 3. Evolution of the surface radial displacement, geoid anomaly and
sea level change as a result of Heaviside loading of a 15-degree uniform disc
load. The spherical self-gravitating earth contains a 100-km thick lithosphere
overlying a uniform 1021 Pa s viscoelastic mantle and an inviscid fluid core.
The lines are predictions of the pseudo-spectral method. These are compared
to the results of the sea level equation solved with the finite element (FE)
model coupled to Laplace equation (symbols).
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Figure 4. Plot of t rr and τ rr at t = 1 ka after the Heaviside loading of
a 15-degree uniform disc load on a 100-km thick lithosphere overlying a
uniform 1021 Pa s viscoelastic mantle and an inviscid fluid core.

tapered with a cosine filter above degree 120 to reduce Gibb’s effect
at the centre. As a result of the truncation of the higher harmonics,
Gibb’s effect becomes severe near the edge of the sharp-corner load
even after the spectrum has been tapered. This effect is especially
important for the calculation of the potential perturbation or geoid
anomaly, but is less severe in the radial displacement because of the
presence of the elastic lithosphere.

The evolution of the surface displacement in the radial direction
U(θ , t), the geoid anomaly φ1(θ , t)/g and the sea level change S(θ , t)
are computed and plotted in Fig. 3. Although no actual sea level
change occurs on land, eq. (21) is also applied over the ice to give
the plot in Fig. 3. The symbols are the results of this new method,
while the lines are those computed with the pseudo-spectral method.
Despite their vast differences in approach, Fig. 3 shows excellent
agreement between them. The difference in S(θ , t) is below 3 per
cent except near the edge of the load where Gibb’s effect becomes
important.

Again, the stress output from the FE calculation has to be con-
verted according to eq. (11):

τ = t + [ρogour + ρoφ1]I (23)

The importance of this conversion is shown in Fig. 4 where the
normal radial stress t rr and τ rr = t rr + ρ ogour + ρ oφ1 at t = 1 ka
are plotted. The ice and ocean models are the same as that in Fig. 3.
With the inclusion of the terms ρ o gour + ρ oφ1, the magnitude of
the normal stress is now much closer to the applied ice and ocean
load. Thus, Fig. 4 shows that one cannot take the stress output of FE
as the physical quantities.

6 C O N C L U S I O N S

This paper shows how commercial FE packages can be used to model
deformations in a non-self-gravitating flat-earth or self-gravitating
spherical earth. The implementation of the consistent sea level equa-
tion is also discussed.

Because commercial FE packages solve a different equation of
motion, the stress transformation given by eq. (7) or (11) must be
applied before they can be used to calculate the deformation or the
state of stress of an incompressible earth. The application of the
stress transformation means that:

(i) Boundary conditions for the FE method must be modified so
that Wrinkler foundations with the spring constant equal to the den-
sity contrast across the material interfaces times the vertical (radial)

component of gravitational acceleration (i.e. buoyancy force) are
applied to every non-vertical material boundary.

(ii) The stress output from the FE program must be converted
back to its physical quantity before it becomes useful for interpre-
tation.

For the self-gravitating spherical earth, the usual system of equa-
tions is decoupled, so that one may solve the FE equation and Laplace
equation separately. However, because the decoupled system is cou-
pled by the boundary conditions, the coupling can be achieved via
the iteration (relaxation) technique. Solving the basic sea level equa-
tion is no more complicated than that for the solid earth. It also
involves the relaxation method and the solution is found to con-
verge within 4 to 5 iterations. This iterative technique is shown to
give results comparable to the conventional normal mode approach.
The advantage of this method is its ease in the inclusion of lateral
heterogeneity (Wu & Van der Wal 2003; Wu et al. 2004) and non-
linear rheology. The latter is possible because mode coupling (Wu
2002c) and non-linearity (Wu 2002b) only affect the FE part of the
calculation but not the solution to the Laplace equation.
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