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ABSTRACT: We perform a systematic study of generic accidental Higgs-family and CP
symmetries that could occur in the two-Higgs-doublet-model potential, based on a Majo-
rana scalar-field formalism which realizes a subgroup of GL(8,C). We derive the general
conditions of convexity and stability of the scalar potential and present analytical solutions
for two non-zero neutral vacuum expectation values of the Higgs doublets for a typical set
of six symmetries, in terms of the gauge-invariant parameters of the theory. By means of
a homotopy-group analysis, we identify the topological defects associated with the spon-
taneous symmetry breaking of each symmetry, as well as the massless Goldstone bosons
emerging from the breaking of the continuous symmetries. We find the existence of do-
main walls from the breaking of Zo, CP1 and CP2 discrete symmetries, vortices in models
with broken U(1)pq and CP3 symmetries and a global monopole in the SO(3)gp-broken
model. The spatial profile of the topological defect solutions is studied in detail, as func-
tions of the potential parameters of the two-Higgs doublet model. The application of our
Majorana scalar-field formalism in studying more general scalar potentials that are not
constrained by the U(1)y hypercharge symmetry is discussed. In particular, the same for-
malism may be used to properly identify seven additional symmetries that may take place
in a U(1)y-invariant scalar potential.
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1 Introduction

The standard theory of electroweak interactions, the Standard Model (SM) [1-3], is a renor-
malizable theory with a minimal particle content which realizes the Higgs mechanism [4-7]
to account for the origin of mass of the charged fermions and the W* and Z bosons. The
SM describes the experimental data collected over the years at the LEP collider, Tevatron
and in a number of low-energy experiments with remarkable success [8]. In spite of its con-
spicuous success, however, several key questions remain unanswered within the SM, such as
the stability of the gauge boson masses under quantum corrections, the possible unification
of the strong with the electroweak forces, the Dark Matter problem and the existence of
new sources of CP violation to account for the observed baryon asymmetry in the Universe.

Supersymmetric theories softly broken at the TeV scale provide a natural framework to
successfully address all the above problems (for a recent review, see [9]). In particular, the
Minimal Supersymmetric extension of the Standard Model (MSSM) requires the existence
of one more Higgs doublet ¢5 in addition to the SM Higgs doublet ¢1, so as to maintain the
holomorphicity of the superpotential and ensure the cancellation of the chiral anomalies.
In the MSSM, CP-even [10-12] and CP-odd [13-15] radiative corrections to the scalar
potential can be very significant, giving rise to an effective CP-violating potential [16-19]
which acquires the form of the Two-Higgs Doublet Model (2HDM) [20].!

Recently, a classification of all possible accidental symmetries that could occur in
a 2HDM potential has been attempted [22-25]. Such a partial classification was mo-
tivated by the use of a gauge-invariant bilinear scalar-field formalism based on the
SL(2, C) group [26-28], or its SU(2) subgroup [23, 29, 30].2 The latter subgroup emerges as

Historically, the bilinear mass operator, (mfg qﬁd)g + H.c.), was missing in the original article by
T.D. Lee [20]. However, it is worth mentioning that this dimension-two operator plays an important
role in the renormalization of the general 2HDM potential [21], including the renormalization of possible
CP-odd tadpole graphs [13].

?Note that the largest possible symmetry group of the 2HDM is O(8) [31], giving rise to a large number of
symmetry breaking patterns, beyond the restricted set considered so far which realize O(3) and its maximal
subgroups.



a reparameterization group of the 2HDM potential [32] in the restricted two Higgs-doublet-
field basis ¢172,3 upon canonical renormalization of possible loop-induced Higgs-mixing ki-
netic terms [33]. In detail, the 2HDM potential may exhibit accidental symmetries, for
given choices of its theoretical parameters, and following the terminology in [23, 25], there
exist two classes of symmetries. The first class of symmetries involve the transforma-
tion of the two Higgs doublets ¢y 9, but not their complex conjugates ¢7 5, and are called
Higgs Family (HF) symmetries. The second class linearly maps the fields ¢ 2 into their
CP-conjugates ¢7 , and may therefore be termed CP symmetries.

Three physically interesting HF symmetries of the 2HDM that have been discussed
extensively in the literature are: the Zy discrete symmetry [34], the Peccei-Quinn symmetry
U(1)pq [35] and the HF symmetry SO(3)yy [22, 24, 25, 31] which involves an SU(2)yy/Z2
rotation of the Higgs doublets ¢; 2. Likewise, three typical CP symmetries of the 2HDM
that received much attention are: the CP1 symmetry which realizes the canonical CP
transformation ¢y(g) — (b’{@) 20, 31, 36], the CP2 symmetry where ¢;(9) — (—)(b;(l) [37]
and the CP3 symmetry which combines CP1 with an SO(2)p/Z2 transformation of the
fields (bLQ [22*25]

In this paper, we introduce a Majorana scalar-field basis where both the HF and CP
symmetries can be realized by acting on the same representation of Higgs fields. To this end,
we extend the aforementioned gauge-invariant bilinear formalism to the larger complex lin-
ear group GL(8,C), which is then reduced by a Majorana constraint and gauge invariance.
Specifically, GL(8, C) is the reparameterization group acting on the 8-dimensional complex
field multiplet ® that contains the two Higgs doublets ¢1 2 and their hypercharge conju-
gates i02¢“{72 as components, where o2 is the second Pauli matrix. The vector ® satisfies
the Majorana constraint ® = C ®* which, together with the constraint of SU(2);, ® U(1)y
gauge invariance, reduces GL(8,C) into two subgroups isomorphic to GL(4,R), where C
is a charge-conjugation matrix defined in section 2. The first subgroup is related to HF
transformations and the second one to generalized CP transformations on the Majorana
field multiplet ®. Therefore, we refer to the above description as the Majorana scalar-field
formalism, or in short, the Majorana formalism.

As we will explicitly demonstrate in section 6, the GL(8,C) Majorana formalism has
the analytical advantage that scalar potentials being only constrained by the SU(2);, gauge
group, but not by U(1)y, can be described in a similar quadratic form as in the usual
SU(2)1r, ® U(1)y gauge-invariant 2HDM. In particular, the same formalism can be used to
identify symmetries of U(1)y-invariant 2HDM potentials that are larger than O(3) in the
bilinear field space, such as O(8) and O(4) ® O(4) in the real field space [31]. As we will
see in section 6, these latter symmetries fail to be captured by the restricted framework of
the SL(2, C) bilinear approach adopted in the recent literature.

In this article, we also derive the complete set of algebraic conditions for the convexity
of the general CP-violating 2HDM potential and its boundedness from below, by apply-

3As we will see, however, the maximal reparameterization group of the 2HDM potential is GL(8,R),
which acts on the 8 real scalar fields contained in the two Higgs doublets ¢1,2 and includes gauge transfor-
mations.



ing Sylvester’s criterion (see, e.g. [38]). These algebraic conditions extend previous partial
results obtained in the literature for particular forms of the 2HDM potential [31, 39, 40]
and may have a geometric interpretation in terms of conical sections as presented in [27].
Following [27, 29], we employ the Lagrange multiplier method to analytically calculate all
non-zero neutral vacuum expectation value (VEV) solutions for the Higgs doublets ¢ 2, as-
sociated with the six generic HF and CP symmetries mentioned above. The non-zero VEV
solutions are expressed entirely in terms of the gauge-invariant parameters of the theory,
thereby obtaining the analytical dependence of possible non-trivial topological features in
the vacuum manifold. As a cross-check, we verify that our solutions satisfy the minimiza-
tion conditions derived by more traditional methods as explicitly given, for example, in [16].

In order to get a topologically stable solution in the 2HDM, both the VEVs of the
two Higgs doublets should be non-zero, such that the topological configuration cannot
be removed away by SU(2);, ® U(1)y gauge transformations. We use an homotopy-group
analysis to determine the nature of the topological defects associated with the spontaneous
symmetry breaking of each symmetry. More explicitly, topological defects, such as domain
walls, strings or vortices and monopoles, are created, when a symmetry group G of the
Lagrangian, which may be either local, global or discrete, breaks down into a subgroup
H, in a way such that the vacuum manifold M = G/H is not trivial. Knowing the
topological properties of the vacuum manifold M under its homotopy groups, II,(M),
determines the nature of the topological defects [41, 42]. Thus, domain walls arise for
IIo(M) # 1, strings or vortices for II; (M) # I, monopoles if IIo(M) # I and textures if
II,>2(M) # I [41, 43], where I is the identity element. After having identified the precise
nature of the topological solution, we then study quantitatively their spatial profile, as a
function of the potential parameters. The results of our analysis may be used in future
studies to derive cosmological constraints on the 2HDM, or on inflationary models with
related SU(2) group structure [44-48].

The layout of the paper is as follows. Section 2 briefly reviews basic aspects of a general
tree-level 2HDM potential, on which we derive the sufficient and necessary conditions for
its convexity and boundedness from below. In the same section, we introduce the Majorana
scalar-field formalism for describing the 2HDM potential, as well as possible extended scalar
potentials that are not constrained by the U(1)y hypercharge group. In addition, we present
the group structure of the vacuum manifolds for a set of six generic HF and CP symmetries.
In section 3, we calculate the neutral vacuum solutions for the three HF symmetries, Zo,
U(1)pq and SO(3)ur, and identify their topological properties. Correspondingly, section 4
discusses the neutral vacuum solutions and their topology, for the CP symmetries: CP1,
CP2 and CP3. In section 5, we perform a quantitative analysis of all the topological
solutions found above, in terms of the fundamental parameters of the theory. We present
several key features of the topological defects, including their spatial profile and energy
density. In section 6, we show how the Majorana scalar-field formalism can be extended to
study U(1)y-violating 2HDM potentials. We also show how the same extended version of
the formalism can be used to identify further accidental symmetries that could take place
in a U(1)y-invariant 2HDM potential. Finally, section 7 contains our conclusions. Some
technical details of our analytical calculations are presented in appendices A-D.



2 Two Higgs doublet model potential

In this section we first review the 2HDM potential in the bilinear field formalism [26, 27, 29].
We then derive the conditions for convexity and stability of the general 2HDM potential,
and briefly explain the Lagrange multiplier method for finding the neutral VEV solutions
for the two Higgs doublets. We then proceed by introducing our Majorana scalar-field
formalism and present the group structure of the six generic symmetries that may occur
in the 2HDM potential. Finally, we discuss the general group-theoretical properties of the
vacuum manifold, which enable us to identify the exact nature of the topological defects
in the 2HDM.

Let us start our discussion by writing down the tree-level structure of the general
2HDM potential V:

V = —13(61n) — 1d(Bhdo) — miy (8l o) — mi3(shen)
FAL(D101)? + Ao (Dheda)? + Aa (] 61) (dhed2) + Aa(B) b2 ) (dhepr )
F25(062)2 + 22(6401)” + Ao(6}01)(6}02) + Ni(6}on)(6hn)
A7 (Db d2) (8] d2) + Ns(@h2) (851 - (2.1)

It is easy to see that the 2HDM potential V contains 3 mass parameters u?, u3 and m?,,
where the last one is complex, and 7 quartic couplings A1, . 7. where the last 3 couplings,
As,6,7, are in general complex. In order to evaluate the VEVs of the Higgs doublets ¢1 and
@2, we have to calculate first the extremization conditions by solving the two coupled cubic

equations
ov
201 = {—M% 201 (1 61) + As(dherz) + As(B] o) + Ag(¢§¢1)} b1
1
+ [—m%Q + Ma(dhon) + As(0]62) + As(d] 1) + )\7(¢£¢2)} Go=0,  (22a)
% = {—Mg + 220 (Php2) + A3(@l 1) + Ar(dl o) + A$(¢;¢1)} bo
2

+ | =mi+ Ma(o]on) + N5(okon) + Ns(olon) + Ns(oken)| o1 = 0. (22b)

Finding analytical solutions to the above coupled cubic equations for the VEVs of ¢1 2, in
terms of the gauge-invariant potential parameters, is a formidable task within the 2HDM.
This problem is usually avoided in the literature, by assuming that the VEVs of ¢ o are
the input parameters, for a given set of quartic couplings, whereas the potential mass pa-
rameters are derived from these (see, e.g. [16]). Nevertheless, it would be highly preferable
for the study of topological defects to devise a method, in which the VEVs of ¢ 2 can be
analytically expressed, in terms of the gauge-invariant mass terms and quartic couplings
of the 2HDM potential.

An analytical method which can address this problem is the bilinear scalar-field for-
malism introduced in [26, 27, 29]. According to this formalism, the 2HDM potential V



given in (2.1) can now be expressed in full by the 4-dimensional vector
Ol o1 + Pl
&l o + B

—i [o]62 — 01|
dlén — ol

where ¢ = (¢1, ¢2)T and o# (with = 0,1,2,3) denote the two-by-two identity and the
three Pauli matrices:

UQ:(lO)’ 01:<01>’ UQ:(O—Z’)’ 03:<1 0). 2.0
01 10 i 0 0-1

It is obvious that the scalar-field multiplet ¢ spans an SL(2,C) group space similar to the

RF = ¢lote = (2:3)

spinorial Weyl space. Hence, the vector R* becomes a proper 4-vector in the Minkowski
space, described by the flat metric 7, = diag(1, -1, —1,—1). In terms of the 4-vector R¥,
the 2HDM potential reads:

1 1
V=- §MuRM + ZLWR“RV + Vo, (2.5)
where M, and L, are given by

M= (42 + 153, 2Re(m3y), —2Im(mdy), ud — 13 ) . (2.6a)
AL+ A2+ A3 Re()\6 + )\7) —Im()\6 + )\7) A — Ao

o Re(>\6 + )\7) A+ Re()\5) —Im()\5) Re()\ﬁ — )\7) (2 Gb)
o CmOe+ M) —Im(Ns) A —Re(hs) —Im(he — A7) | '

A — Ao Re()\6 — )\7) —Im()\6 — )\7) A1+ Ao — A3

Notice that we have added a constant term Vj to the scalar potential V in (2.5), which is
adjusted such that the minimum of the potential Vi, is set to zero, thereby accounting
for the vanishing small cosmological constant.

2.1 Convexity and stability conditions

An obvious advantage of the bilinear scalar-field formalism is that the 2HDM scalar poten-
tial V in (2.1) has been reduced from a fourth order polynomial in ¢; 2 to a polynomial of
second degree in R¥, as given in (2.5). We can now calculate the neutral vacuum solutions
of the potential V(R*), which amounts to finding the local extrema of V(R*), for which R*
is a null vector, i.e. R = RFR, = 4(¢I¢1)(¢£¢2) - 4(¢I¢2)(¢£¢1) = 0. To enforce the null
norm restriction on R*, we introduce the Lagrange multiplier ¢ and modify the potential

V of (2.5) to
1 1
Ve=-— §MuRu + ZNWR“R” + Vo, (2.7)



with N, = L,y — (1. More explicitly, the modified quartic-coupling matrix N, is given
by

MA Nt ds—C Re(dg+ M) —ImOg+A) A=
N o | RN MHRODEC Sl ReGo-d) |
—Im(A¢ + A7) —Im(A5) A4 —Re(Xs) + ¢ —Im(Xs — A7)
M= N Re(Ag — M) —Im(As — M) A1+ Ao — Ag+ ¢

Consequently, within the bilinear scalar-field formalism, the extremization conditions for
the neutral vacuum solutions of the 2HDM potential are given by oV¢/0R* = 0 and
0V¢/0¢ = 0, or equivalently by

M, = N,,R” (2.9a)
R,R*=0. (2.9b)

For an extremal point to be a local minimum, we require that the Hessian H derived from
the scalar potential V(¢ 2) be positive definite. The Hessian H is in general a 8 x 8-
dimensional matrix obtained by double differentiation with respect to all 8 scalar fields
contained in the two Higgs doublets ¢1 2, evaluated at the neutral VEVs v(l)72 of ¢12 and
their possible relative phase £ (for exact notation, see section 2.3). However, for the
given HF and CP symmetries, it is sufficient to examine the positivity of H derived in the
restricted 3-dimensional space of /U?72 and . Having identified all local minima, we then
compare the values of the 2HDM potential V at these minima. The lowest value obtained
for V singles out the global minimum, provided V itself is bounded from below.

It is therefore important to derive the constraints on the theoretical parameters for
having a scalar potential which is convex and so bounded from below. To ensure this,
we require that the matrix L,, be positive definite [27]. The latter can be reinforced by
applying Sylvester’s criterion which yields the following general restrictions:

M+X+A3 > 0, (2.10a)
(M A+ A2+ 2A3)(M + Rs) — (Re + R7)* > 0, (2.10b)

(AL + A2+ A3)(AF = [As]*) = A [(Ro + Re)? + (16 + I7)?]
—2I5 (Rs + R7) (I + I7) + Rs [(Re + R7)* — (Is + I7)*] > 0. (2.10c)

In the above, we used the shorthand notation: Ry = Re(\;) and I, = Im(\g). In addition
to (2.10a)—(2.10c), we require that the determinant of L
in (C.6i), be positive as well, i.e. det [L,,] > 0.

We may now observe that if R“R,, > 0, this would imply that ¢ = 0, since the 2HDM
potential should not modify by the addition of the Lagrange multiplier ¢, i.e. Vo = V.

uvs Which is given analytically

Hence, possible solutions with ¢ = 0 usually signify a charged-breaking vacuum for the six
HF/CP symmetries considered here and they are therefore rejected in our analysis. As
a consequence, there are two distinct sets of U(1),, -preserving minima that could occur



in the 2HDM, depending on whether det[N,, | vanishes or not. If N, is not singular,
i.e. det[N,, ]| # 0, the vector R* can be obtained by simply inverting (2.9a), i.e.

RF = (N"H" M, , (2.11)
and the Lagrange multiplier must guarantee that R“R,, = 0, i.e.
—1 —1\Br _
(N7 o M*Mg (N7 =0 (2.12)

As we will see in sections 3 and 4, the neutral vacuum solutions for the generic HF and
CP symmetries under study (with exception of the CP1 symmetry) imply that at least one
of the VEVs of ¢15 is zero, when det[N,,] # 0. Such vacuum solutions are uninteresting,
since they do not lead to stable topological defects.

The second set of neutral vacua occurs, when the modified quartic-coupling matrix
N, is singular, i.e. when det[N,,] = 0. In this case, the Lagrange multiplier ¢ takes on
a specific value which leads to a singular matrix N,,. If this happens, the undetermined
component of R* is calculated by requiring that the neutral vacuum condition R,R* = 0
is met. In this second class of solutions, both the VEVs of the Higgs doublets can be
non-zero, leading to the interesting topological solutions which we study.

For each of the neutral vacuum solutions we obtain by the Lagrange-multiplier and
Hessian methods outlined above, we cross-check that they also satisfy the convexity and
the conventional extremization conditions (2.2a) and (2.2b). In this way, we ensure that a
stable and global neutral vacuum was found for the 2HDM potential. Since the matrix N,
plays an instrumental role in our analysis, we exhibit in appendix C analytical expressions
for its determinant, as well as solutions for the Lagrange multiplier ¢ that give rise to a
vanishing determinant, i.e. det[N,,] = 0.

2.2 The Majorana formalism

It would be interesting to introduce a formalism where both the HF and CP symmetries
can be realized by acting on the same representation of scalar fields. For this purpose, we
extend the gauge-invariant bilinear formalism based on the SL(2,C) group to the larger
complex linear group GL(8,C) (see also [49] for a related discussion). Specifically, this
latter group is acting on the 8-dimensional complex field multiplet

o1
b2
o = . (2.13)
0?4
0?6
Notice that under a SU(2);, gauge transformation Uy, all doublet components of the mul-
tiplet ® transform in the same way, i.e. ® — U, @, with

Ur, = exp [i@i <O’O ®d°® ai/Z)} =o' @0’ @exp [i@iai/Q} , (2.14)



where the summation convention over the repeated group indices ¢ = 1,2,3 is assumed,
with 023 /2 being the generators of the SU(2);, gauge group and 6423 € [0,47) are the
associated group parameters.

In order to describe the 2HDM potential, we introduce the 4-vector RH:

R* = ofyre (2.15)

where X in the full 8-dimensional field space must have the form: ¥# = E’; BJO‘ Rl @Y,
as required by SU(2)1, gauge invariance. Moreover, as shown explicitly in appendix B, the
imposition of U(1)y invariance and a Majorana constraint to be discussed below further
reduces the form of the 4-vector matrices X to

1 (o 0 0
o =2 ®0°, (2.16)

02 (U“)T

where 05 is the two-by-two null matrix. Consequently, in the Majorana scalar-field formal-
ism, we obtain for U(1)y-invariant 2HDM potentials that

R* = R . (2.17)

However, we should stress here that if the U(1)y symmetry is lifted from the 2HDM
potential, the 4-vector R* needs to be promoted to a 6-vector R* (with A = 0,1,...,5)
and the corresponding structure of ¥* becomes non-trivial. In this respect, the Majorana
scalar-field formalism has the analytical advantage in expressing the scalar potential of an
U(1)-violating 2HDM via a similar quadratic form with respect to RA as in (2.5) for R
An explicit demonstration of this result is given in section 6.

Under charge conjugation, the multiplet ® exhibits the following property:

d=Co*, (2.18)

where C = 02 ® 0" ® 02, with C = C~!. Hence, ® satisfies a Majorana constraint, very
analogous to the one obeyed by Majorana fermions. For this reason, we call this formalism
the Majorana scalar-field formalism. In addition, the Majorana multiplet ® transforms
under the reparameterization group GL(8,C) as

=M, (2.19)

with M € GL(8,C). However, as we will see below, the form of M cannot be general,
but it is constrained by three basic conditions: (i) the conservation of SU(2);, symmetry
by the transformation matrices M; (ii) the Majorana condition (2.18) for any GL(8,C)-
transformed multiplet ®'; (iii) the conservation of U(1)y symmetry by the transformation
matrices M. Applying these three constraints on M, the 4-vector matrix X# is found to
transform as

/B ALY = MTSHM (2.20)
implying that R* transforms into

R'* = e?/8 AL RV, (2.21)
where ¢ = det [MTM] > 0 and A4, € SO(1,3).



Since M € GL(8,C), the matrix M can then be represented in the full 8-dimensional
scalar-field basis @ by the triple tensor product:

M=My\o'®c"® ot . (2.22)

As was mentioned in the introduction, there are two types of GL(8, C) transformations M
acting on ®. The first one is a HF transformation, where the transformed multiplet ®’
transforms in the same way under SU(2)y, as ®, whereas the second one is a CP transfor-
mation where ® transforms in the same way as the charge-conjugated multiplet ®*. Thus,
for a HF transformation compatible with SU(2);, gauge invariance, we must have that
M= UIJE MUy, where Uy, is given in (2.14). Instead, for a general CP and SU(2)y-invariant
transformation, we must demand that M = UL M Uy,. Consequently, the SU(2)y-invariant
tensorial forms, denoted as M., for the two types of transformation are

HF: M, =M, c'®s" @, (2.23a)
CP: M_=M,d"®c" @ (-ic?), (2.23b)

where we have used that VT io? V = io?, for any V € SU(2).

It is now interesting to discuss the remaining two constraints imposed on the above
SU(2)-invariant structure of My, resulting from the Majorana condition (2.18) and
the conservation of the U(1)y hypercharge. The requirement that the Majorana con-
dition (2.18) should consistently hold for the multiplet ® and the HF/CP-transformed
multiplet ® = M4 ® produces the non-trivial constraint:

L =CM:C. (2.24)
This last constraint reduces the form of the tensor M, defined in (2.23a) and (2.23b) to

Moo Moy iMoo Mo

1Mo 1My My M3
M,, = , (2.25)
1Moo 1Mo Moo Moz

tM3zg iM31 M3z 1M33

where all the components Mg, My1, Moo, ..., M33 are real numbers. More details of this
calculation are given in appendix B.3. Thus, we observe that the Majorana condition
applied to M reduces the reparameterization group from GL(8,C) to two subgroups iso-
morphic to GL(4,R), acting on a complex vector space.

The HF and CP transformation matrices My should also respect the U(1)y hyper-
charge symmetry of the theory. Following a similar line of steps as for the SU(2)r-gauge
invariance case, we require that My = Ui My Uy, for a HF transformation, and M_ =
Uy M_ Uy, for a general CP transformation, where

Uy = exp [i&y/2 (03 ®c’® O’O>] = exp (i@y 03/2) @’ @, (2.26)



in the GL(8,C) representation, with #y € [0,47). Evidently, the above two constraints
from requiring U(1)y invariance result in the commutator and anti-commutator conditions

M, P 00] =0, (2.27a)
{M_, e’} =0, (2.27b)
for the HF and CP transformations, respectively. Since My = M, 0" ® ¢” ® oY, the

commutator relation (2.27a) becomes M, [o*, 0®] ® 0¥ ® ¢ = 0. It is not difficult to
see that only p = 0, 3 satisfy the last commutator relation, whereas My, = Ms, = 0, for
a=0,1,2,3. Then, M,, takes on the form:
Moo Mo1 Moz Moz
0 0 0 0
M, = ) (2.28)
0 0 0 0

tM3zg iM31 Mz 1M33

leading to the following structure for the HF transformation matrix M, :

T, 0y
M, = ®a?, (2.29)
0y T

where

Moo + Moz + iM3zg + iM3z3 Moy + Moo + M3 — iM3o
T, = (2.30)

Moy — Mog + M3y + iMzy Moo — Mog + tMz0 — iM33
is a general complex 2 x 2 matrix. The matrix form (2.29) for M also provides closure in
the 4-vector space of R¥, through the relation:

MESAM, = ¢7+/8 (AL )" 57 (2.31)

where e+ = det [T1.T4] > 0 and (A})", € SO(L,3).

Correspondingly, the anti-commutator relation given in (2.27b) leads to the constraint:
M., {0“, 03} ®0”®@(—ic?) = 0. One can readily observe that only p = 1, 2 satisfy the last
anti-commutation relation, whilst My, = M3, = 0, for a = 0,1,2,3. Thus, M,,, acquires
the form:

0 0 0 0

1Mo iMyy Mg M3
M,, = . (2.32)
1Moo 1Moy Moo 1Mo3
0 0 0 0

The resulting matrix M_ for general CP transformations is given by

0, T_
M_ = ( ) ® (—io?) , (2.33)
—T* 09
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First Transformation Type | Second Transformation Type | Composite Type
M, M, M,
M, M_ M_
M_ M M_
M_ M_ M

Table 1. Transformation properties after two successive operations of M.

where T_ is a complex two-by-two matrix given by

Mg + Mz — Moy — iMoz Myy — Mya — iMay + iMoo
T - (2.34)

My + Mg — Moy — iMooy Mg — Myg — iMoo + tMas

As before, the block-off diagonal form of M_ provides closure in the 4-vector space of RH,
since

M SEM_ = 7= /8 (A" 5V (2.35)

with e”~ = det [T T_] > 0 and (A_)", € SO(1, 3).
In addition we note that mixed transformations involving both M} and M_ do not
provide closure within the 4-vector space of R*, i.e.

ML SAM_ o AR (2.36)

Hence, two distinct SO(1,3) spaces exist which are compatible with U(1)y invariance. We
denote these by (A4)" and (A_)" ., and their respective field transformation matrices by
M, and M_. Of course, combined transformation of different types are also possible,
resulting in a composite transformation described by M, or M_, as shown in table 1.

In summary, the HF and CP transformation matrices ML may be written down in the
following tensorial forms:

0 3 0o_ 3

HF : M, — [(U%U)@)L G 2U)®T1} ® a0, (2.37a)
1 - 2 1_ .2

CP: M_ = [%@T_ - wéw*_] @ (—io?) . (2.37b)

Given the above representation of the HF and CP transformations, we observe that
M: =CM4 , (2.38)

provided we set T_ = T% . This means that a general CP transformation can be thought
of as a combination of a HF and a standard CP transformation. This is also consistent
with the geometric interpretation presented in [25]. Likewise, the action of two successive
CP transformations is equivalent to a single HF transformation, as can be seen from the
last line of table 1.

In table 2, we display the matrix representations of T (T4 ) for the HF (CP) symme-
tries that we will be analyzing. In detail, the HF transformation matrices T are displayed
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HF/CP Symmetry

Transformation Matrix T
in the Basis (¢1, ¢2)

Transformation Matrix T _
in the Basis (¢1, ¢2)

cos@ sin6
—sinf cos 6

0 € 0,m)

10 10
Z2 )
01 0 -1
e~ ()
U(1)pq .
0 67/06
a € [0,7)
e cosf e P sinf
SU@)ur /7, = SO(3)yp ‘ _
—ePsinf e cosb
0,a,8 €0,m)
10 10
CP1
01 01
10 01
CP2
01 -10
cos@ sin6
CP3
—sinf cos 6

6 € [0,m)

Table 2. Matrix representations of T for 6 generic HF and CP symmetries of the 2HDM.

in the second column of table 2. These are the Zy discrete symmetry [34], the Peccei-Quinn
symmetry U(1)pq [35] and the HF symmetry SO(3)yp [22, 24, 25, 31] which is isomor-
phic to a SU(2)yp/Z2 transformation of ¢;5. Table 2 also exhibits the transformation
matrices T4 for three typical CP symmetries of the 2HDM potential: the CP1 symmetry
which is equivalent to the standard CP transformation ¢y — (b’{@) [20, 31, 36], the CP2
symmetry where ¢;(g) — (—)¢’2‘(1) [37] and the CP3 symmetry which is a combination of
CP1 with an SO(2)p/Z2 transformation of the Higgs doublets ¢ o [22-25].

Let us comment on the domains of the group parameters shown in table 2. Specifically,
we have considered a € [0,7) for the U(1)pq symmetry, § € [0,7) for the CP3 symmetry,
and «, 5,60 € [0,7) for the SO(3)yr symmetry. The parameter intervals for the potential
symmetry groups are chosen, so as to avoid double covers of the total symmetry group
G, because of the presence of the SM gauge group SU(2);, ® U(1l)y, and especially
of U(1)y hypercharge [23].

Another important comment is in order here; for each CP symmetry, there should be a
HF symmetry associated to it. This arises when the CP symmetry is raised to even powers
and guarantees closure of the symmetry group (cf. table 1). For the CP1 and CP2 symme-
tries, an even number of applications of the symmetry results in the identity mapping, i.e.
(CP1)*>® =T and (CP2)*® = I. However, for CP3, we obtain a non-trivial HF symmetry,
i.e. (CP3)?™ 22 SO(2)yp/Za. Unlike the CP symmetries, HF symmetries close within them-
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selves, as shown in table 1. In section 2.3, we will discuss further theoretical issues related
to the breaking of the symmetry group G into its subgroup H. These issues are important
in order to generate the entire vacuum manifold associated to a given 2HDM potential.

If the 2HDM potential V is invariant under a particular HF or CP symmetry Gur/cp,
realized by the matrices (A1)’, then the theoretical parameters M, and L, satisfy the
relations:

M, = M,A¥ (2.39a)
Log = L, A% AY (2.39b)

Here, for convenience, we drop the subscript + from (A1)/, and have implicitly assumed
that o = 0 or e?/4 = 1. Hence, for each HF or CP transformation acting on the Majorana
field multiplet ®, there is an equivalent transformation on RH, as given in (2.21). The
tensor A/, in the SO(1,3) space has then the following matrix form:

Apr/cp = diag (17 OHF/CP) ; (2.40)

where Ogp/cp is a subgroup of O(3) for the HF and CP symmetries under consideration.
In table 3, we give the matrix representation of Ogp/cp, for the three HF and the three
CP symmetries, respectively.

2.3 The vacuum manifold

After minimization of the 2HDM potential, the field multiplet ® acquires, in general, a
non-zero VEV| i.e.

b1 Vi
b2 Vs
o = = , (2.41)
i Pt iV
i P} iV}

where V5 denote the VEVs of the Higgs doublets ¢ 2. Employing the freedom of the
SU(2)1, ® U(1)y gauge transformations, the VEVs V1 5 can be parameterized as:

1 0
V1 == E <v(1)> N (242&)

1 [ v
Vo= — . 2.42b
? V2 vgei5 ( )

where the vacuum manifold parameters v{, v9, v; and & are all real. This parameterization

of Vo represents a single point of the vacuum manifold in the ®-space, which we denote
as ®g. Under this particular parameterization of the VEVs of the two doublets ¢ 2, the
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HF/CP Symmetry | Opp/cp Matrices in the Basis (R}, R?, R?)

100 -1 0 0
7o 010 |, 0 —10
001 0 01
€20 —52q 0
U(1)pq 52a C2a 0
0 0 1
a € [0,m)
cmcg — 02583 —32acg — 82585 —520Ca+3
SO@3)yp $20C — S2355  CoaCh + C23S5 —S20Sa+s
$20Co—p3 —S5208a—p C20
0,a, € [0,m)
100 1 00
CP1 010, lo=10
001 001
100 -1 0 O
CP2 o010, ] 0 -1 0
001 0 0 -1
cog 0 s9p cog 0 s99
CP3 0 10 , 0 -1 0
—S29 0 co —S29 0 99
6 €[0,m)

Table 3. Matrix representation of Opp/cp defined in (2.40) for the 6 generic HF /CP symmetries
of the 2HDM potential. Here we use the shorthand notation ¢y = cosf and sy = sin 6.

equivalent extremal point in the R* basis in terms of the vacuum manifold parameters is:
1 1 1
3(09)? + 5(19)% + 3(vy)?
Rf = . (2.43)
Our aim is to determine the entire vacuum manifold Mg of the 2HDM potential, which
amounts to finding all topologically distinct points of ®, by appropriately acting on ®

with the set M that leaves the minimum of the 2HDM potential V,,;, invariant. Thus,

our task is to find M and its topological properties. We are interested in neutral vacuum
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solutions where both VEVs v?,Q of ¢19 are non-zero, whereas the vacuum component v;
in (2.42b) vanishes, i.e. v; = 0. As a consequence of the latter, the VEVs Vi, are
invariant under rotations generated by the electromagnetic operator Qe = %03 + Yo a9,
since Qem V1,2 = (0,0)T, where y, = 1/2 is the hypercharge of ¢; ». Hence, if no HF or CP
symmetries are present in the 2HDM potential, a non-trivial transformation of the VEVs
V2 can only be obtained by the action of the coset set: SU(2)r, ® U(1)y/U(1),,,-

If there is a HF (CP) symmetry group Gur (Gcep) acting on the scalar potential V, then
one needs to know whether there is a residual HF (CP) symmetry, Hgp (Hcp) say, which
survives after spontaneous symmetry breaking. In such a breaking pattern: Gpp/cp —
Hyr/cp, the vacuum manifold point @¢ is invariant under the action of the little group
Hur/cp, such that

Hyp/cp: @0 — ®;, = My Py = Py, (2.44)

or equivalently Rf is invariant under Hyp/cp, i.e.

where My [(A™)%] is a representation of the unbroken group Hyp scp in the GL(8,C)
[SO(1,3)] space. As we will see in the next section, this is the case for the SO(3)gr model
which breaks into the subgroup SO(2)nr = U(1)pq.

Consequently, a non-trivial HF /CP transformation of ®( or R/ can only be performed
in the coset spaces: Gpp/Hpr or Gep/Hep. In a group-theoretic language, the vacuum
manifold points ® or Rl satisfying (2.44) and (2.45) are called orbit stablizers and the
entire vacuum manifold can be generated by the transitive action of the complete group G
on them, where G = SU(2)r, @ U(1)y ® Gyp/cp-* Thus, in the GL(8,C) space, the entire
vacuum manifold for a potential with HF /CP symmetry may be described by the set

Mg ' ={®: @=MPo, Me (Crrjor/Har/or) © (SURLEUL)y/UL)em)} . (2:46)

where @ is the orbit stabilizer which is invariant under the little group U(1)em ® Hyp/cp-
The topological properties of ./\/lgF/ P or its generating set M under its homotopy groups,
I1,,(M), determines the nature of the topological defects [41, 42]. In particular, we have
the existence of domain walls for IIp(M) # I, string solutions for II; (M) # I, monopoles
if TIp(M) # I and textures if IT,~o(M) # I [41, 43], where I is the identity element.

It is therefore vital to determine the representation of M in the full 8-dimensional
d-space, for a HF and a CP symmetry. With this aim, we first note that a general element

U of the SU(2);, ® U(1)y gauge group can always be written down as
3 Al 2 3
U=ULUy =exp <2 Oy %) ® 0% ® exp <i91% —i—z’GQ%) exp (z 63%> . (2.47)

where U, and Uy are given in (2.14) and (2.26), respectively. Here, we also used the
so-called Baker-Campbell-Haussdorf formula to factor out the third rotation due to the

4Throughout our study, we ignore the SU(3) . colour gauge group which remains unbroken by the colour
singlet VEVs of the Higgs doublets ¢1,2.
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generator 03/2 of Ur, where the transformed group parameters 6123 take values in the
domain [0,4). Using (2.47), one one can show that an element Ut of the coset space
SU(2)r, ® U(1)y /U(1)em may be represented in the ®-space as

0 3 0_ 3
UL:<U ;U>®UO®U++<U 20>®00®U_, (2.48)
with 1 2 n3 0 3
- - Oy — 60
Ui:exp<i91%+i02%> exp[ii(YQ ><U ;FUH (2.49)

Note that the elements Ut represent gauge transformations of the VEVs V1 2 orthogonal
to the U(1),,, electromagnetic group. In the ®-space, the latter group can be represented

by an expression very analogous to (2.48), where the 2 x 2 matrices Uy are replaced with

ftm:exp[ii<6Y—;6~3> <00:2t03>] . (2.50)

Obviously, U does not account for redundant rotations within U(1),,,, since 00‘5‘73 Vig=
(0, 0)T and # i0° Vi, = (0, 0)T. In this decomposition of the electroweak gauge group

SU(2);, ® U(1)y into the electromagnetic group U(1),,, and the coset space U+, the linear
combinations 04 = %(HyiéB) should be regarded as independent parameters which assume
values in the domain 64 € [0, 27).

Given the representation (2.48) for U+, a non-trivial HF and CP transformation of the
vacuum manifold point ®q is given by the GL(8, C) matrices

>®T+®U++<J 5
1

1, :.2 .
M:MiUi:<U J;w >®T®[(—¢02)U}—<U 2”

O'O + 0.3 0 0.3

M+:MiUl:< )@Tj@U_, (2.51a)

2

> © T @|(~ios) U], (251b)

where 7 € Gygp/Hpr and 71 € Gep/Hep, with 71 being 2x2 complex matrices. Similarly,
M+ € Gup/Hpr and Mt € Gep/Hep are GL(8, C) matrices acting on the HF/CP coset
spaces, whose tensorial form is very analogous to those given in (2.37a) and (2.37b).

At this point, it is important to reiterate that a HF symmetry Gpr of the 2HDM
potential is closed under HF transformations My only, whereas a CP symmetry requires
both types of HF and CP transformations My in order to obtain group closure, according to
table 1. Likewise, the entire vacuum manifold for a 2HDM potential with a HF symmetry
can be generated by acting only with transformation matrices of type M given in (2.51a)
on the initial vacuum manifold point ®q. Instead, for a general CP-symmetric 2HDM
potential, the complete vacuum manifold requires the use of both types of transformation
matrices My acting on ®q [cf. (2.51a) and (2.51b)].

As was already mentioned above, we may obtain an alternative description of the
vacuum manifold in the R* space. In this bilinear field basis, the entire vacuum manifold
can be generated by the transitive action of the full group G on a single vacuum manifold
point Rf, which is invariant under the orbit stabilizer group Hyp scp [cf. (2.45)]. For
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Symmetry M% M% m%Q A A A3 A A5 X6 A7
Zo - - 0 - - = — Real 0 0
U(1)pq - - 0 - - = - 0 0 O
SOB)yp | - #F 0 - XA — 2\ —-XA3 0 0 0

Table 4. Parameter relations in the 2HDM potential that result from the imposition of the three
generic HF symmetries. A dash indicates the absence of a constraint.

this purpose, we would need to use the Ayp/cp or Ogp/cp matrices presented in table 3
associated with a given HF /CP symmetry of the 2HDM potential. The vacuum manifold
is then given by the set

Hr/op {Ru L R = AL RE, A € Agpjcp/Ally /CP} , (2.52)

where AEF /cP is a possible residual HF /CP symmetry that remains intact after sponta-
neous symmetry breaking. In the gauge-invariant bilinear field basis, the SU(2);, ® U(1)y
gauge-group rotations are not present, so the nature of the topological defect solution de-
pends only on the homotopic group properties of the coset bilinear field spaces: Agp/ AEF
or Acp /Agp. We have checked that the analysis of the homotopy groups of the vacuum
manifolds in the Majorana-field and the bilinear-field bases, ./\/lgF/ P and ./\/lg,lj/ CP, leads
to identical results.

Finally, we should note that the breaking of the SM gauge group SU(2);, ® U(1)y to
U(1),,, gives rise to a vacuum manifold, which is homeomorphic to S3. This would imply
that I13[S®] = Z, which would be indicative for the formation of non-trivial topological
configurations called textures. However, such local textures turn out to be gauge artifacts
since they can be removed by a gauge transformation [41]. Global textures and monopoles,
whilst unstable due to Derrick’s theorem, can be cosmologically interesting, for instance
global monopoles can provide a mechanism for structure formation [50]. For this reason,
our focus will be on non-trivial topological configurations that arise from the breaking of
HF or CP symmetries: Gyp/cp — Hur/cp-

3 Neutral vacuum solutions of the HF symmetries

We start our analysis by considering the three generic HF symmetries: Zg, U(1)pq and
SO(3)yp- These HF symmetries impose specific relations [23] among the parameters of
the 2HDM potential, which are presented in table 4. For the Zs symmetry, the quartic
coupling A5 can always be made real by a simple phase redefinition of one of the two
Higgs doublets ¢ 2.

Given the constraints on the potential parameters due to the HF symmetries, the four
general convexity conditions (2.10a)—(2.10c) and (C.61) become greatly simplified. These
four conditions are exhibited in table 5. In the SO(3)yp case, the convexity conditions are
not independent of each other and only one non-trivial condition survives.
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Convexity Condition Zs U(1)pg SO3)yr
1 A >0 A1 >0 201 > |>\3|
2 Ay >0 Ao >0 -
3 2V A1 > N3] | 2100 > A -
4 Ag > ’)\5’ A >0 —

Table 5. The four convexity conditions for a bounded-from-below 2HDM potential for each of the
three HF symmetries. A dash signifies the absence of any additional constraints on the parameters.

We will now derive analytical expressions for the neutral VEVs of ¢ 2 for each of
the three HF symmetries, by utilizing the Lagrange multiplier method. These results will
enable us to study in more detail possible topological defects that can emerge from a
non-trivial vacuum topology of the theory, as shown in section 5.

3.1 7Z; symmetry

The discrete Zo symmetry of the 2HDM is defined by the following transformations of the
two Higgs doublets ¢1 o:

¢1 — ¢y =1,
Py — ¢y = —2 .

To solve the extremization condition (2.9a), we consider two cases: (i) det[N,,] # 0 and
(ii) det[N,,] = 0. In the first case, the matrix N, can be inverted and the 4-vector R#*
can be straightforwardly derived, whereas in the second case N, is not invertible and a
slightly different strategy needs to be deployed to determine R*.

Taking into account the parameter restrictions of table 4 for the Zy symmetry, we may
now calculate the determinant of N, (see also appendix C). This can be expressed in the
factorized form:

det[N,] = [A2 = (As + gﬂ |:()\3 02— 4)\1)\2] . (3.1)

For the Zs case, the extremization condition N, R” = M,, decomposes into two separate

matrix equations:
(Alﬂmg_c " ><R> <M%+M%> (320
= , 2a
A1 — A2 AL+ A= A3+ C R? pi— p3

<A4+)\5+C 0 ><R1> <0>
= . (3.2b)
0 A — A5+ C R2 0

Assuming that N, is non-singular, the above matrix relations can be inverted and the

individual components of R* for an arbitrary point on the vacuum manifold are found to
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be

RO = 2ot + 2043 — (A3 = Ot + 1) ’ (3.3a)
4)\1)\2 - ()\3 - C)2

RI_0. (3.3b)

RZ—0, (3.3¢)

g _ 2ot = 208 + (s C)ZEM% —h3) (3.3d)

AXN Ao — (A3 = ()

From the defining equation (2.3) for the 4-vector R*, the following analytical expressions
for the VEVs of the Higgs field bilinears are easily obtained:
2 2
t 20opi — (A3 = Qny
= 0, 3.4
2 — (g — Op?
1 e ) 3 [ad]
(P202) AAids — (A3 — ()2

(@) = (dhe1) =0. (3.4c)

Y

0, (3.4D)

In order to have a neutral vacuum solution, we must satisfy the condition (2.12), namely
that R* is a null 4-vector, with R#R,, = 0. This restriction leads to

20201 — (A3 — Qu3] [2Mp3 — (A3 — Qpd]
4NNy — ()\3 - C)2

=0, (3.5)

which specifies completely the Lagrange multiplier. More explicitly, requiring that the
numerator of (3.5) vanishes, we find two solutions for the Lagrange multiplier:

2\ 143
G =A3— —12M2 : (3.6a)
1
2\ 1}
G2 = A3 — 22'ul : (3.6b)
H3

Using the specific parameterization (2.42a) and (2.42b) for the VEVs of ¢; 2, we can deter-
mine the vacuum manifold parameters (v9, 09, v5, €) for the two values (1 2 of the Lagrange
multiplier given in (3.6a) and (3.6b). The results are given in table 6. Moreover, we have
verified that the two solutions (12 do not lead to a singular matrix N,

In order for a set of neutral vacuum solutions to correspond to a local minimum of
the potential, we require that the Hessian of the Zy invariant 2HDM potential is positive
definite. The general Hessian of the Zy invariant 2HDM potential with respect to v{ and v3
is given by

<—,U% + 3)\1(?}?)2 + %)\345 (1)8)2 )\3451)(1)1)3 (3 7)
)2 '

)\3451)(1)?}3 —M% + 39 (1)8)2 + %)\345 (U(l)

Here we introduce the common summation conventions between the quartic couplings of
the model: Ay, = Ag + Ap and Agpe = Ao + Ay + Ae. Thus, the positivity of H leads
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VEV parameter (1 (o
2
n
v? )\—i 0
2
0 0 &
Vg "
vy 0 0
13 0 0

Table 6. The two neutral vacuum solutions to the Zy symmetric 2HDM potential for det[N,,, | # 0.
The Lagrange multipliers ¢y 2 are given in (3.6a) and (3.6b).

Condition (1 @)
1 /ﬁ >0 u% >0
ui S 2M 1 s

B3 " Asas | p3 02X

2

Table 7. Minimization conditions for two neutral vacuum solutions in a Zs symmetric 2HDM
potential, with det[N,,] # 0. The first condition corresponds to having a local minimum and the
second one is for this minimum to be the lowest.

to additional constraints, which are listed in table 7. Specifically, the first condition in
table 7 corresponds to having a local minimum, whilst the second one is to ensure that this
minimum is the lowest one. If y? = p2 and A\; = Ay, the global minimum is given by
4
Hi2

Vo=— -2 . 3.8
0 D (3.8)

As can be seen from table 6, when the determinant of N, is non-zero, at least one
of the VEVs of the Higgs doublets ¢; 2 must be zero, in order to have a neutral vacuum
solution. As we will discuss in section 3.1.2, such solutions do not lead to topological
defects, such as domain walls in this case, and they are not of interest for the present
study. We now turn our attention to the neutral vacuum solutions that can occur when
the matrix N, becomes singular for a specific choice of the Lagrange multiplier.

3.1.1 Neutral vacuum solutions from a singular matrix N

We now consider the possibility that the matrix N, has no inverse, by requiring that its
determinant given in (3.1) vanishes. Equating separately the two factors in (3.1) to zero,
we obtain four solutions:

Gt =—-AE A5, (3.9a)
ng: = 12/ A2+ A3. (39b)
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Since the extremization condition for the Zs invariant potential splits into two separate
matrix equations, (3.2a) and (3.2b), the application of either of the above four Lagrange
multipliers only results in one of the matrices in the equations becoming singular. For the
solution (2, +, it is the 2 x 2 matrix in (3.2a) which becomes singular. However, since the
r.h.s. of (3.2a) is in general a non-zero vector in this case, unless p? = p2 = 0, this matrix
equation is overdetermined. Unless the parameters /&2 and the quartic couplings A 23
satisfy an unnatural fine-tuning relation, the matrix equation (3.2a) becomes incompatible
for the Lagrange multiplier (3 +. We therefore reject the second solution (2 + and focus
on the first solution ¢ +.

For the Lagrange multiplier solution ¢, +, the matrix in (3.2b) becomes singular, whilst
the matrix equation (3.2a) can be inverted in general, using standard linear algebra meth-
ods. Evaluating the singular matrix in (3.2b), we observe that the solution ¢; 4 yields
R! = 0, but leaves R? undetermined. Likewise, the solution C1,— renders R? = 0, but
R' # 0 in general. The two solutions are related by a reparameterization of the dou-
blets, since ®3 — i®y implies (1,4 — (1,—. Therefore, only one solution of the Lagrange
multipliers needs to be considered.

Having the above in mind, we consider the solution ¢, —, where A5 enters additively in
all resulting equations. Substituting ¢;, — into (3.2a) gives

_ 2Maps + 22043 — Asas (13 + 13)

R , 3.10a

AM Ao — A§45 ( )
In terms of field bilinear VEVs, R and R? imply that
2Xop12 — A3a5043
T 217 34543

= > 0 3.11

<¢1¢1> 4)\1)\2 — )\:2)’45 ) ( a‘)
i 2\ 43 — Azas i

(6}2) = > 0. (3.11b)

AN — ANy

In addition, the constraint R? = 0 translates into (¢J{¢2> = <¢§¢1>, which can only be
satisfied if the phase £ is a multiple of 7, i.e. £ = nm, with n being an integer.

In order to uniquely fix the undetermined component R', we require now that R* is a
null vector, i.e. R,R* = 0. Employing this last condition, we find that

(R1)? — 4[2X o0 — Asuspi3] [2)\1,11% — Agaspf | _
[4X1 A2 — A3,5]
Comparing (3.10a), (3.10b) and (3.12) with the R# parameterization in (2.43) with v = 0
and & = 0, we obtain

(3.12)

4\ /t2 —2A /t2
0 27 345 M9
4\ /t2 —2A /t2

0 19 345 M1

— 21 —



By analogy, we may calculate the vacuum manifold parameters related to the Lagrange
multiplier (1, + = —A4 + A5. These are found simply by replacing Az45 in all equations
with Ass5, where we extended the summation convention as: Agpe = Ag + Ap — Ao As
we discuss in section 2.3, the space of the entire vacuum manifold is generated via the
transitive action of the total symmetry group on this particular set of the vacuum manifold
parameters. We have also checked that the VEVs of the Higgs doublets ¢1 2 obtained by
the Lagrange multiplier method satisfy the extremization conditions given by the usual
tadpole equations (2.2a) and (2.2b).

To determine whether the above extremal solutions represent local minima as well, we
require that the Hessian H in (3.7), evaluated at the extremal points, is positive definite.
This requirement generates two conditions:

Ao — 2345015
A > 0, 3.14

(4)\2M% - 2)\345M%> (4)\1,u§ - 2>\345M%)

> 0. (3.14b)

These two inequalities are equivalent to the positivity conditions for the squared VEVs
in (3.11a) and (3.11b), provided 4A\; A2 > A%, and A\; > 0. The constraint A\; > 0 repre-
sents one of the convexity conditions for the Zs-symmetric 2HDM potential (see table 5).
However, the restriction 4\ Ay > )\?,,45 has not been accounted before and creates two addi-
tional inequalities from the numerators of the fractions given in (3.11a) and (3.11b). These
can be summarized in the double inequality

A 2 2\
345<&< 1

il . 3.15
2o 13 A345 (8.15)

Comparing this double inequality with the second line in table 7, we see that local minima
with U(1),2 =0 and U(1),2 # 0 cannot coexist. The value of the potential at the local minimum
associated with the Lagrange multiplier (i, _ is given by

_ A3as 13 p3 — A — Aopf

v
0 AN dg — A2,

(3.16)

The corresponding value Vy for the local minimum related to (1 + = —A4 + A5 is obtained
by making the substitution Azs5 — As45 in (3.16). Between these two solutions, the lowest
minimum is given by (1 4+ = —A4 + A5, if A5 > 0, and by (1,— = —As — A5, if A5 < 0. Hence,
the potential at the lowest minimum is given by

(A3 + s — [As]) 3 — Mgy — doped

Vo = . (3.17)
Mo — (A3 + Mg — | As))?

Note that this lowest minimum becomes a global one of the Zs-symmetric 2HDM potential,
if (3.15) is fulfilled. Otherwise, the global minimum is given by (3.8). A numerical example
of a Zo-symmetric 2HDM potential, where both v(l)72 are non-zero, is shown in figure 1.
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Figure 1. Contour plot depicting the shape of the Zs invariant 2HDM potential V for the parameter
set {u?, 43, A1, A2, Azas b = {1,1,1,1,1}, in arbitrary mass units and normalized such that Vi, = 0.
The four degenerate and disconnected global minima are shown in black around the central local
maximum. The four minima form two pairs; the members within each pair are related by the Zo
symmetry and the two pairs are related to one another by U(1)y.

3.1.2 7, topology

It is now important to determine the topology of the vacuum manifold for the Zs invariant
2HDM potential, applying some of the general results presented in section 2.3. In the
symmetric phase, the Zo invariant 2HDM potential is governed by the total symmetry group
Gz, = Z2 ® SU(2)r, ® U(1)y, including the electroweak gauge group. After spontaneous
symmetry breaking of the electroweak gauge group, we have

SUQR)L ® U(l)y ~ 8% x 8" — U@1),, ~S'. (3.18)

In the above, we used the well-known homeomorphisms between compact groups and n-
spheres denoted as S™ (or S): U(1) ~ S* and SU(2) ~ S3. According to our discussion
in section 2.3, in the absence of any HF /CP symmetry in the theory, the vacuum manifold
of the 2HDM will then be homeomorphic to the coset space (S x S’1)/S!, which in turn
is homeomorphic to S3, i.e. (S x §1)/St ~ 83,

In the present case, there exists an additional discrete Zs symmetry acting on the
2HDM, which can break to the identity, i.e. Zo — I, after electroweak symmetry breaking.
If this happens, the breaking pattern of the total symmetry group proceeds as follows:

Gz, = Z2@SUQ)L@U(l)y — Hz, = I®U(1)em - (3.19)
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As a consequence, the topology of the vacuum manifold will then be described by the coset
space M%2® = Gy, /Hy,.

In order to generate the complete set /\/lczb2 of the vacuum manifold points in the
d-space, we need first to find an initial point &y of the Majorana scalar-field multiplet,
which remains invariant under the little group Hz,. Then, ./\/lczb2 will be generated by the
transitive action of Gz, on ®(. In the parameterization of the Higgs-doublet VEVs Vo
of (2.42a) and (2.42b), the Majorana scalar-field vacuum point ®¢, which is invariant under
Hz, 2 U(1)

Let us first consider the non-trivial case where v%z # 0 as discussed in section 3.1.1.

is given by v; =0and £ =0.

em’

The general vacuum manifold point ® is given by
d = MP 0, (3.20)

where the HF transformation matrix M%f is stated in (2.51a) and 7, = T, = {0*, 0}
are the 2 x 2 HF transformation matrices given in table 2 under the Zo symmetry. It
is interesting to see the different roles of the Zy symmetry and the U(1)y hypercharge
symmetry, according to the more intuitive chart:

Vi Uy —Vi
—
Vs -V,

Z | 12 (3:21)

(%) ()

— .
-V Vy
Observe that for Zs-symmetric 2HDM scenarios with two non-zero VEVs v?,Q # 0, we
cannot move via a U(1)y transformation from one vacuum configuration, e.g. (v9, v9), to
its Zo-symmetric one, i.e. (v), —v9) or (—v}, v3). However, if v{ or v9 were zero, then
such a transformation would be possible, and the discrete vacua will be connected via
a continuous U(1)y gauge transformation. In the latter case, there are no topological
defects, such as domain walls or superconducting condensates similar to the ones discussed
by Hodges [51], even though such scenarios might be interesting as they predict stable
scalars which may act as DM (see, e.g. [40]).

On the other hand, the Zs invariant 2HDM, where the two VEVs are non-zero, can
lead to non-trivial topological solutions, such as domain walls.” The vacuum manifold in
the ®-space may be given by

MZ ~ 7y x S, (3.22)

where the second factor S3 comes from the breaking pattern of the electroweak gauge
group as given in (3.18). Thus, the action of the zeroth homotopy group on this vacuum
manifold is non-trivial, since Iy [Zy x S%] = Il [Z2] @ Iy [S?] # I, with II, [S%] =T [53].
This leaves the possibility for the formation of domain walls in the Zs symmetric 2HDM,
whose spatial profile is studied in section 5.

®Here we assume that there are no other sources that violate the Zs symmetry of the theory, e.g., either
by Yukawa couplings, or by anomalies [52].
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3.2 U(l)pq symmetry

We now analyze the Peccei-Quinn symmetry of the 2HDM, which is defined by the following
transformations of the two Higgs doublets ¢1 o:

o1 — P =€,
(bQ — ¢I2:eza¢27

where « € [0, 7). The study of the neutral vacuum solutions of the U(1)pq invariant 2HDM
proceeds in a very analogous fashion to the Zs invariant 2HDM discussed in the previous
section, since the only additional parameter restriction in the U(1)pq invariant theory is
that one now has A5 = 0. Therefore, we only quote a few key results here.

For neutral vacuum solutions resulting from a non-singular matrix N,,, the VEVs are
given by (3.4a) and (3.4c), with A5 =0, i.e.

Foy 20 — (3 = Qus
(9191) = Do a0 0, (3.23a)

foy 203 — (A — QO
(Pa2) = Pow_Oa 02 0, (3.23b)

(@]d2) = (@)d1) =0. (3.23¢)

There are two Lagrange multiplier solutions for this situation which are given by (3.6a)
and (3.6b). Because of this close similarity, the vacuum manifold parameters are exactly
the same as those detailed in table 6 of section 3.1. Correspondingly, the conditions for
each solution to correspond to a minima are given in table 7. As in the Zj case, the U(1)pq-
invariant 2HDM must also have at least one doublet with a zero VEV, when det[N,, | # 0,
which only leads to topologically trivial configurations. We are, therefore, only interested
in neutral vacuum solutions for which the matrix N, is singular.

3.2.1 Neutral vacuum solutions from a singular matrix N

In order for the matrix N, to have no inverse in the case of the Peccei-Quinn symmetry, we
require that the expression given in (3.1) with A5 = 0 be equal to zero. This requirement
leads to two candidate solutions:

(1=—M\, (3.24a)
Gt = E£2v/ A2 + A3 . (3.24b)

However, for the same reasons as in the Z3 case, we have to reject the second solution (s +, as
it leads to an incompatible matrix equation, unless there is a particular fine-tuned relation
between the parameters of the 2HDM. Therefore, we only focus on the first solution (;.
Under this choice for the Lagrange multiplier both R! and R? remain undetermined,
since the 2 x 2 matrix in (3.2b) becomes the null matrix. The remaining components of
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the vector R* are found using (3.2a) and have the form:

_ 203+ 20 p] — Asa(pd + 43)

AN dg — N2, ’ (325
RE _ 2dapd = 2ap3 + Nsa(pd — 1) (3.25b)
4MAg — A3, . .

From these expressions, we obtain by means of (2.3) the VEVs of the scalar-field bilinears

_ 2XouF — Agap3

f > 0 3.26
2 2
t 2X1 5 — Azapy <
= —— 0. 3.26b

For a neutral vacuum solution we require, as before, that R satisfies R,R* = 0, which
leads to the relation:

4 (2A2p1] — Azap3) (2\13 — Agapi})
(4)‘1)‘2 - )‘:2),4)2 .

(RY)? + (R?)? = (3.27)

Employing the parameterization of R* in (2.43), we find that the vacuum manifold param-
eters for the Lagrange multiplier ¢; with v; =0 are:

ANopi? — 234043
0 2M7 34145
. 3.28
E \/ ANdg — A2, (3.28a)
AN 13 — 23402
0 1H5 34 147
— 3.28b
vz \/ ANAg —AZ, (3.28D)
¢ € [0,2m) . (3.28¢)

Notice that the phase £ remains undetermined, signifying the presence of a massless Gold-
stone boson, the so-called PQ axion [54, 55].

The conditions for a global minimum are identical to those of the Zs case with A5 = 0.
Thus, we have a global minimum with 0972 # 0, provided

Ao g 2

< < —. 3.29
2X2 u3 A34 (3:29)

The value of the U(1)pqg-invariant 2HDM potential at the global minimum is given by

_ Asapipd — Ay — Ao

.
0 AN Ao — N2,

(3.30)

As before, we find that neutral vacua where v{, # 0 and v = 0 or vJ = 0 cannot co-exist.
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3.2.2 U(1)pq topology

Let us now discuss the topology of the vacuum manifold associated with the U(1)pq-
invariant 2HDM potential. The total symmetry group of the potential in the symmetric
phase is Gy, = U(l)pq ® SU(2), ® U(1)y. After electroweak symmetry breaking
[cf. (3.18)], the U(1)pq breaks into the identity I, so the unbroken group is Hy(y),, =
I® U(1)em. As a consequence, the vacuum manifold in the ®-space is given by the set

U(1)
Mq;.( PQ — GU(l)PQ/HU(l)PQ ~ Sl X Sg s (331)

where we used the fact that U(1)pq is homeomorphic to S'. We now observe that the
first homotopy group of this vacuum manifold is non-trivial, i.e. I} [S I x 53] =10 [S 1] ®
114 [S?’] =1I; [Sl] = 7Z # 1, since 1I; [53] = I. This implies that the U(l)pQ—invariant
2HDM has a string or vortex solution, which we analyze in section 5.

It is interesting to discuss the construction of the vacuum manifold in the ®-space. As
stated in (2.51a), a general point of the vacuum manifold is given by & = ME(I)PQ Dy,
where @ is defined in terms of the non-zero VEVs v(l)72 given in (3.28a) and (3.28b) and by
setting £ = 0. Moreover, in the 8-dimensional Majorana ® space, the HF transformation

U(1
matrix /\/l+( pq takes on the form:

U(1)pq o0 — o3

0 3 0_ 43 - .
_ <” t+o >®exp [2m <” i )] @U@ 6%.6_ —a) (3.32)
+

00+03

2
0_ 3 0o_ 3 o
(U 20 >®exp[—2ia <U 20 )} ®U_(61,92,6_—a).

Here, we have explicitly displayed the dependence of the gauge-group factors Uy on their

group parameters and made use of the fact that the HF transformation matrix 7, = e~

—ia yia(o0—o3)

for the PQ symmetry may be written as 7, = e "¢ We may now re-define the

group parameter 0_ as 0. =0_—ac [0,27), and so having the group parameter 2« €
[0, 27) to span now the complete space of the U(1)pq group. Note that this result is identical
to the one that would be obtained in the R* space, as can be easily deduced from table 3.

3.3 SO(3)ur symmetry

An interesting HF symmetry emerges from the invariance of the 2HDM potential under a
naive SU(2)gr transformation of the Higgs fields, i.e.

¢ — ¢ =e “cosOp + e Psinb ey,
pa — P = —ePsinf gy + e cos s .

To avoid a double cover of the SU(2)yr group because of the presence of U(1)y hypercharge
rotations, we have to restrict the group parameters 6, o, § to lie in the interval [0, ).
Hence, the actual HF symmetry is the coset group SU(2)yr/Zy [23], which is isomorphic
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to SO(3)pr in the field-bilinear R* space. For this reason, this symmetry was called the
SO(3)gr symmetry.

The parameters of the 2HDM potential under the SO(3)gp symmetry are restricted,
as shown in table 4. In fact, most of the results can be easily recovered from the Zs case
in section 3.1, by making the replacements: Ao — A1, Ay — 2\; — A3, u3 — p? and putting
A5 = 0. Therefore, we will only report key intermediate results in this section. As before,
we first assume that the inverse of N, exists, with the determinant of N, given by

det[N,,] = (201 + A3 =€) (2 — A3 +¢)° . (3.33)

Because of the more restrictive nature of the SO(3)gr symmetry, the matrix equation
N, R” = M, splits into four separate equations:

(2A1 4+ A3 — ORY =247, (3.34a)
2\ — A3+ R =0, (3.34b)
2\ — A3+ R?* =0, (3.34c)
(2A\ — A3+ R*=0. (3.34d)

On the basis of the above assumption that N, is invertible, the components of the 4-vector

R# are easily found to be

212

RO= "L 3.35
20+ A3 — ¢ (3.35)
R'=R*=R*=0. (3.35b)

On the other hand, the constraint for a neutral vacuum solution requires that R* is a null
vector, satisfying R,R* = 0. Since all the “spatial” components RY23 vanish, so should the
“time” component do, i.e. R® = 0. This last result tells us that the Higgs doublets should
have vanishing VEVs, i.e. /U?72 = 0, leaving the electroweak gauge group unbroken. This
is an unrealistic scenario and can be obtained in the limit x? — 0, or ( — Foco0. We will
therefore investigate neutral vacuum solutions that could result from a singular matrix N, .

3.3.1 Neutral vacuum solutions from a singular matrix N
From (3.33), we readily see that the following choices of the Lagrange multiplier render
N,,, singular:
G ==2X\+ A3, (3.36a)
G2 =2M\ + A3 (3.36b)
However, from (3.34a), we notice that the solution (3 implies either R — oo, or pu? — 0,
both of which lead to unrealistic scenarios of electroweak symmetry breaking. Therefore,

we concentrate on the Lagrange multiplier solution (;.
Considering the Lagrange multiplier solution (;, we obtain from (3.34a) that

RO_ T (3.37)
2\
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Instead, from (3.34b)—(3.34d), we see that all the “spatial components” RY?? remain un-
determined. The only constraint that can be placed upon the three “spatial” components
of R is the requirement of a neutral vacuum solution, R,R* = 0, which implies that

4
(RM)2 4+ (R2)2 + (R%)? = £L (3.38)
In terms of the vacuum manifold parameters /U?72 and &, (3.37) and (3.38) are translated

into
M1

M1
VAL VAL

where £ € [0,27) and 6 € [0,7) remain undetermined. The latter signifies the presence

sinf , 0] =

V) = cosf (3.39)

of two Goldstone bosons. Specifically, the one associated with the phase ¢ is a CP-odd
scalar, whereas the one related to the polar angle 6 is a ‘CP-even’ boson. This result can
be cross-checked independently from the explicit analytical expressions presented in [16]
for general Higgs-boson mass matrices. The global minimum of the SO(3)pp-symmetric
2HDM potential is given by ,

Vo = — 4’% . (3.40)

Such a global minimum is always guaranteed, as long as p? is positive and the bounded-
from-below condition, 2A; > |A3| given in table 5 is satisfied.

3.3.2 SO(3)yr topology

It is interesting to analyze the topology of the vacuum manifold arising from the spon-
taneous symmetry breaking of an SO(3)gp-invariant 2HDM potential. In the symmetric
phase of the theory, the SO(3)gp-invariant 2HDM potential has the symmetry, which is
described by the group [23]

Gso(g)HF = (SU(Q)HF/ZQ) & SU(2)L & U(l)y = SO(3)HF & SU(Q)L & U(l)y . (3.41)

Using the results of the previous section, we see that out of the three generators of the
SU(2)ur/Z2 group, one linear combination of generators, (o + 0%)/2 related to a residual
HF symmetry, which we call U(1)yp, remains unbroken after the electroweak symmetry
breaking, resulting in the little group

Hso@),e = U)gr @ SUR2)L @ U(l)y = SO(2)zp ® SU(2), ® U(1)y . (3.42)
Then, the vacuum manifold Mf’po(g)HF may be described by the product of spaces:
SO(3
M D = Gs0(3),p/Hso@), = 5% x 5%, (3.43)

where the first factor S? is obtained using the known homeomorphism SO(3)ur/SO(2)ur
~ 52 and the second one S? is due to the breaking of the electroweak group to U(1)

We observe that the second homotopy group of M:Q’DO(:&)HF is non-trivial. More explicitly,
1l [52 X 53] = Il [SZ] ® Iy [53] = 1l [52] # I, since Ils [53] = I. Consequently,

em’
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spontaneous symmetry breaking of the SO(3)yp-symmetric 2HDM can give rise to
global monopoles.

As with the previous HF symmetries, we are able to construct the entire vacuum
manifold by the transitive action of the total group Ggo(s),,, stated in (3.41) on the vacuum
point @, which remains invariant under the little group Hgo(s),,. given in (3.42). An
appropriate representation of ®( consistent with the latter property is given by the VEVs

L) vl
V) = . Vy=— (3.44)

2\ |7
0 fm

where we set § = £ = 0 in (3.39). The general point ® on the vacuum manifold is then

given by the action of the coset set of HF transformation matrices Mio(?’)HF

b = Mio(?’)HF ®(, where

on Py, i.e.

0

0, 3 o — o3 =1 5
MO _ (U ‘;" >®7+®U+(91,92,9_)+ (%)@Tj@U_(el,HQ,Q—)- (3.45)

Here, the 2 x 2 HF transformation matrices 7} belong to the coset space of the SO(3)gr
symmetry in the adjoint representation, i.e. 7, € (SU(2)r/Z2)/U(1)nr, and can be rep-
resented as

e cosf e P gind ex , cos 0 sin 6
T—f— = . . = eilﬁ . . ) (346)
—eBsinf e cos b 01 —eilatB) gin g el@th) cos

where we set the free U(1)gp phase x to be x = a— (3, in obtaining the second equation. As
in the PQ symmetry case, the overall factor e~ can be absorbed into the definition of the
gauge-group parameter _, i.e. by defining §_ = 6_ — 3 € [0,27). The HF transformation

matrices Mio(?’)HF can then be written down as

0 3 cos 6 sin 0 e~
MO — (ﬂ) o | @ UL (6",6%,0.)
2 —e@t8) sin @ et cos 6
o0 _ o3 cos 0 sin 6 R
+< >® , , ®U_(6",6%,6_) . (3.47)
2 —e~UetB) gin § e~ 1P cos )
If we ignore the S3 gauge rotations by setting Uy = oV, the action of ./\/LSP(?’)HF on ®q then

generates the general vacuum manifold point given in (3.39), with { = a+ 5 € [0,27) and
0 € [0,7). Thus, the vacuum manifold of the SO(3)gp-broken 2HDM is homeomorphic
to S?, parameterized by the azimuthal angle § and the polar angle & = o + 3. This
parameterization will be used in section 5 to analyze the monopole solution in this model.

4 Neutral vacuum solutions of the CP symmetries

In this section, we will study the three generic CP symmetries, termed CP1, CP2 and CP3.
These three CP symmetries impose specific relations [23] among the parameters of the
2HDM potential, which are presented in table 8.
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Symmetry M% M% m%Q A1 A A3 Mg A5 6 A7
CP1 - - Real - - - - Real Real Real
CP2 - ,u% 0 - )\1 - - - - —)\6
CP3 o D VI ') VIR P VRN | 0

Table 8. Parameter relations in the 2HDM potential that result from the imposition of the three
generic CP symmetries. A dash indicates the absence of a constraint.

Convexity
Condition CP1 CP2 CP3
1 AMFA+A3>0 201 > —)3 2M\1 > ‘)\3‘
2
2 Ay > =5+ % A > —R5 204 > 2)\1 — A3
3 AL > A5 )\Z > |)\5|2 —
4 Ao — 1A% > 2\1 — A3 > -
AMAZHA2A2 A3 M6 A7 4|\ |2(Aa—R5)—816(I5 Rs— Rs Is)
Aa+2As AF—[ X5

Table 9. The four convexity conditions for a bounded-from-below 2HDM potential for each of the
three CP symmetries. A dash signifies the absence of any additional constraint.

Implementing the constraints on the potential parameters due to the CP symmetries,
the four general convexity conditions (2.10a)—(2.10c) and (C.61) take on a simpler form.
These four conditions are displayed in table 9. In particular, for the CP3 case, the four
convexity conditions are not all independent of each other, so only the two non-trivial
conditions are presented.

As in the previous section, our aim is to derive here analytical expressions for the
neutral VEVs of ¢ in terms of the 2HDM potential parameters for each of the three
CP symmetries, by making use of the Lagrange multiplier method. These results will be
used to determine the existence and the nature of possible topological defects which will

be discussed in detail in section 5.

4.1 CP1 symmetry
The discrete CP1 symmetry of the 2HDM represents the standard CP transformation of
the two Higgs doublets ¢1 2, given by
¢1 - (b/l = ¢T )
P2 — ¢ = 5.
Taking into account the CP1 parameter restrictions of table 8, we calculate the VEVs of ¢1 2

by imposing the extremization condition (2.9a) and the condition (2.9b) for an electrically

neutral vacuum. As before, we consider two cases: (i) det[N,,]| # 0 and (ii) det[N,,] = 0.
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The determinant of N, resulting from a CPl-invariant 2HDM potential follows from
appendix C and can be expressed in the factorized form:

det[N,,] = A5+ ¢) [(Aas+ ) (M da— (A3 = €)?) = 4A1NG — 40AF + A (A3 — Q)] . (4.1)

Moreover, the extremization condition N, R” = M, decomposes into two equations:

AMAdo+As—C  Ag+Ar A=A RO 13 + 13
Ag+ A7 A+ A5+ Ag— A7 R! | = 2m%2 , (4.2a)

A=A No—Mr A+Ade—A3+C /) \R3 pi — pi}
M —As+QR*=0. (4.2b)

Assuming that the matrix N, is invertible, we observe that R? = 0, which implies that
<¢J{¢2> = <¢;¢1> This latter condition can be satisfied in two ways, if v # 0. The first
possibility is to have £ = 0, which amounts to the non-breaking of the CP1 symmetry by
the vacuum. The second possibility is to have v = 0, with ¢ # 0 and possibly v; £ 0.
However, ¢ and v; can be set to zero by an SU(2);, gauge rotation, giving rise to a CP1-
invariant vacuum. Hence, the neutral vacuum solutions arising from an invertible matrix
N, do not break the discrete CP1 symmetry and so do not lead to topological defects,
such as domain walls. We therefore turn our attention to situations where the determinant
of the matrix N, is singular, thanks to specific choices of the Lagrange multiplier (.

4.1.1 Neutral vacuum solutions from a singular matrix N

In order for the matrix N, to have no inverse under the CP1 symmetry, we require that
the determinant of N, vanishes. This is guaranteed by setting the the expression in (4.1)
to zero. We find four possible solutions for the Lagrange multiplier, three attributed
to (4.2a) and one attributed to (4.2b). However, as we have previously seen for the other
symmetries studied so far, since the r.h.s. of (4.2a) is in general a non-zero vector in
this case, unless y3 = p3 = 0 and Re(m3,) = 0, this matrix equation is overdetermined.
Unless the parameters ;&2, Re(m?,) and the quartic couplings A1,2,... 7 satisfy an unnatural
fine-tuning relation, the matrix equation (4.2a) becomes incompatible for the Lagrange
multipliers that result from requiring that the matrix of (4.2a) is singular. We therefore
reject these three possible Lagrange multipliers and focus on the single Lagrange multiplier
solution to (4.2b):

=5 - (4.3)

This choice of ¢ lifts the constraint R? = 0, which resulted from a non-singular matrix N
As consequence, the CP-odd phase £ can be non-zero in general, thus triggering sponta-
neous breakdown of the CP1 symmetry after the electroweak symmetry breaking. This
phenomenon is called spontaneous CP violation in the literature [20, 36].

Substituting the value of the Lagrange multiplier ¢ in (4.3) into the matrix equa-
tion (4.2a), we can calculate the individual components of the 4-vector R*. These are
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given by

RO = % { [A5(2X2 = Azas) + Aer A7) pf + [As(2A1 — Azas) — AeAer] 13
+ [A2A67 — (A12— Aza5) Ae7) m%z} ; (4.4a)
R' = % { (As45A7 = 2X2X6) 1f + (Asashe — 2\ A7) 3 + (4 e — My5) miy } (44D
R3 = % { [As(2X2 + Asa5) — Aer A7) 15 + [AeAer — A5 (2A1 + Agas )] 13
+ [M2Xer — (M2 + Azas) Aer)| miy } ; (4.4c)
with
A= X5 (4M1 20 — A345) — 2002 — 20008 + 2X3a5 A6 )7 (4.5)

From (4.4a) and (4.4c), we can now calculate, by means of (2.3), the VEVs for the bilinear
field expressions:
(2X2A5 — A2) piF + (A6 A7 — A3asAs) 13 + (Asas A7 — 2X2h6) M,

T
_ / . > 0, (4.6
(@161) As (4M1 22 — A3g5) — 2M0 02 — 2X008 + 2345 X6 A7 o

(A6A7 = AgasAs) 1 4+ (20 A5 — A2) 13 + (Asasde — 2A1 A7) mi,
A5 (4)\1)\2 — 5\?;’45) — 2)\1)\% — 2)\2)\% + 25\345)\6)\7

(plpa) = > 0. (4.6b)
In order to fix the remaining undetermined component R?, we impose the neutral vacuum
condition (2.9b) on the 4-vector R¥, i.e. R* has to be a null vector. In this way, we find
for the second component R? that

1 . _
RZ — o {4[ (20225 — A2) pf + (N6A7 — A3asA5) 13 + (Asas Az — 2X0)¢) m%z]

X [ ()\6)\7 — 5\345)\5) ,u% + (2)\1)\5 — )\%) ,u% + (5\345)\6 — 2)\1)\7) m%Q}
3 3 3 9 1/2
_ |: ()\345)\7 — 2)\2)\6) ,u% + ()\345)\6 — 2)\1)\7) M% + (4)\1)\2 — )\345) m%2] } . (4.7)

After determining all the components of R* and comparing them with (2.42a) and (2.42b),
it is straightforward to find the vacuum manifold parameters for the Lagrange multiplier
solution ¢ given in (4.3), with vy = 0. These are given by

W0 2 (2)\2)\5 — )\%) ,u% + 2 (_)\6)\7 - 5\345)\5) ,U% + 2 (5\34{5)\7 — 2)\2)\6) m%2 (4 8a)
! As (AN A2 — A245) — 2002 — 2X002 + 2X305 06\ 7 ’ '
20— 2 (A6A7 — A3a505) 13 + 2 (2A105 — A2) 13 + 2 (Asas A6 — 21 A7) mi, (4.8D)
2 A5 (4)\1)\2 — 5\345) — 2)\1)\% — 2)\2)\% + 25‘345)‘6)‘7 ’ .
2 0\2 _ 02
cos€ = 2miy — A(v1)” — Az(vy) . (4.8¢)

0,,0
2X507 vy

We note the necessary condition 0 < |cosé| < 1, for obtaining spontaneous electroweak
breaking of the CP symmetry in the CP1-invariant 2HDM.
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In order for the above extremal solutions to represent local minima, we require that the
Hessian of the CP1-invariant potential be positive definite when evaluated at the extremal
points. The Hessian with respect to v?, v§ and ¢ for the CPl-invariant potential has the

elements:
Hyp = —pd + 30 (00)2 + % [Asa5 + 2X5 cos? ¢] (v9)? + 3600 cos € | (4.9a)
Hip = [Asas + 2X5 cos® €] vv) + cos & | —mTy + g)\G(U?)Q + g)q(vg)ﬂ , (4.9b)
Hiz = —u9siné& [2)\51)?@3 cos & —miy + ;)\G(U?)Q + %)\7(7)3)2] ) (4.9¢)
Hoy = —pi2 43X (v9)? + % [Aga5 + 2X5 cos? ¢] (092 + 3\ 0% cos € | (4.94)
Hys = —v(f sin & [2)\52}?1}8 cos§ — m%Q + %)\G(U(l))2 + ;A7(U(2))2] ) (4.9e)
s = A (0)? con2€ - [~y + D) + a2 beose. a)

It is difficult to obtain compact analytical expressions in terms of the potential parameters
{u3, 13, m25, M, A2, A3, Mg, A5, Ag, A7}, so the positivity of the symmetric H matrix can only
be checked numerically for a given set of input parameters. This procedure forms part of
our numerical analysis in section 5.1.2.

4.1.2 CP1 topology

The topology of the CP1-invariant 2HDM potential is very similar to the Zs-symmetric case
discussed in section 3. In the symmetric phase of the theory, the total symmetry group of
the potential is Gepy = CP1®@SU(2)r, @ U(1)y ~ Zs x S x S'. Here we have used the fact
that CP1 is homeomorphic to Zg. After electroweak symmetry breaking [cf. (3.18)], the
CP1 symmetry breaks into the identity I, so the unbroken group is Hopy = IQU(1)em ~ S?.
In the ®-space, the vacuum manifold is then given by the set

Mgpl = GCPl/HCPl ~ Z2 X S3 . (4.10)

This vacuum manifold is homeomorphic to that of the Zo HF symmetry and we conclude
that 1l [./\/lgpl] % I. This implies that the CPl-invariant 2HDM has a domain wall
solution, which is studied in section 5.

The construction of the vacuum manifold in the ®-space proceeds in a rather analogous
manner. As stated in (2.51a) and (2.51b), a general point of the vacuum manifold due a
CP1 symmetry is given by ® = MSP! @), where ® is defined in terms of the non-zero
VEVs v?,Q and the CP-odd phase £ given in (4.8a), (4.8b) and (4.8¢c), respectively. In the
8-dimensional Majorana ® space, the HF and CP transformation matrices Mgpl of (2.51a)
and (2.51b) have 7. = T4 = ¢°. Ignoring gauge transformations, there are two distinct
neutral vacuum solutions:

1 [0 1 0 1 1 (0 1 0
¢1—% v? ,¢2_% vgeig an ¢1—% v? ’¢2_E vge*ig , (4.11)

,34,



in the gauge basis, where v{ > 0. Finally, it is worth mentioning that under the additional
parameter restrictions m%, = A\g = A7 = 0, the phase ¢ takes on the special value & = 5
Given the freedom of reparameterization ¢o — i¢9 [56], the CP1 vacuum manifold coincides
with the one of the Zs vacuum manifold in this case.

4.2 CP2 symmetry
The discrete CP2 symmetry of the 2HDM is defined as follows:

¢1—>¢,1:¢§’
pg — Py =07 .

Using the CP2 parameter restrictions of table 8, we derive the VEVs of ¢ 2 by consider-
ing the two conditions (2.9a) and (2.9b). As before, we examine the two distinct cases:
(i) det[N,,] # 0 and (ii) det[N,,] = 0.

To start with, we first calculate the determinant of N, which may be conveniently

2
expressed as follows:

det[Ny] = (201 + Az — €) [(2A1 — Az + O (A + ¢)* = [As5)%)
—4|A6[* (A4 = Rs + ¢) + 8I6(IsRs — RsIs)] - (4.12)

Then, for the CP2-invariant 2HDM potential, the extremization condition N, R" = M,

gives the two equations:

(2A1 + A3 — OR? =247, (4.13a)
M+ Re(Xs)+¢ —Im(X5) 2Re()g) R! 0
—Im(As) A —Re(Xs) +¢  —2Im(Xg) RZ|=1]0 (4.13b)
2Re()g) —2Im(\g)  2M\1 — A3+ ¢ R3 0

Now, if the matrix N, is invertible, the components of R* are found to be

2112
RO= L 4.14
T ¢ (4.14a)
R'=R*’=R3=0. (4.14b)

Since only the component R is non-zero, this result is not compatible with the neutral
vacuum condition (2.9b), with R*R,, = 0, unless p? = 0. This is not a viable scenario,
since U?,z = 0, without electroweak symmetry breaking. For this reason, we now consider
the second possibility of a singular matrix N, with det[N,,] = 0.

4.2.1 Neutral vacuum solutions from a singular matrix N

We now analyze the neutral vacuum solutions, for which the determinant of N,,, vanishes
due to a particular choice of the Lagrange multiplier (. From (4.13a), we see that the sin-
gular solution ¢ = 2)\; + A3 is not compatible, unless ;# = 0. Therefore, we concentrate on
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the other three possible solutions obtained from requiring the vanishing of the determinant
of the matrix on the Lh.s. of (4.13b).
Employing standard methods for solving cubic equations, we obtain the three roots:

Cl = = - —— — = (415&)

o (14iV3)d  (1-iV3)3Bb—a?) a
C=-—"75 34 -3 (4.15b)

o (1=iv3)d  (1+iV3)3Bb—a?) a
Cg = — 9 + 3d — 30 (4150)

where a, b, ¢ and d are defined as
a =2\ — A3+ 2\, (4.16&)
b=2XM(201 — \3) + A2 — | \5]% — 4]x6)?, (4.16b)
c= (21 — A3)(A\F — [Xs]*) — 4|X6|*( Ay — Rs) + 8I(I5Rs — Rs1I5) , (4.16¢)
1/3

d= <36ab — 108¢ — 8a® + 121/12b3 — 3a2b? — 5dabe + 81c% + 12a3c> . (4.16d)

Since the matrix equation (4.13b) is underdetermined, we may exploit this fact to
express the components R? and R? in terms of R! as

_ IsRg — Is(M + Rs + () 1
Re(M — Rs +¢) — IsIg '
2I5Re — 216(M\a + R5 + () 1

_ R! . 4.17b
41 Rg — 15(2)\1 — A3+ C) ( )

R? (4.17a)

R3

To determine the component R', we impose the neutral vacuum condition R¥R, = 0. In
this way, we obtain that

1 212
Rl=+- — "1 4.18
B 2\ + A3 -’ (4.18)
where the parameter B is given by
. [I5R6 — I\ + Rs + C)]Q [2151%6 “AUsat R+ Q10
Re(As — R5 + () — I51s AR — I5(2A1 — A3 + () . .

We observe that there are two possible solutions for R', and therefore for R? and R?,
through (4.17a) and (4.17b). The two solutions differ by a common overall sign and they
are topologically connected via the CP2 transformation Ocpg given in table 3 (see also
our discussion below in section 4.2.2). Considering only the positive solution of R!, the
vacuum manifold parameters for v = 0 are calculated to be

0 ( 2u? ><1+l2I5R6—216(>\4+R5+C
! A + A3 — B 4IgRs — I5(2\1 — A3 + ¢

> , (4.20a)
20 243 L L 26Rs — 205(\ + Rs + ¢
2 A + A3 — B 4IgRs — Is(2A\1 — X3+ ¢) )’

(M + Rs +()1g — IsRg
tan & = . 4.20c
¢ Islg — (A — Rs + ()Rs ( )

(4.20b)

)
)
)
)
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Note that the negative solution of R! is obtained by interchanging v{ « v§ and shifting
& — &+

It is important to remark here that the phase £ in (4.20c¢) does not signal spontaneous
breaking of the CP symmetry [37]. Within the bilinear scalar-field formalism, it is not
difficult to see that under a unitary rotation of the Higgs doublets ¢; 2, which induces an
orthogonal rotation to the ‘spatial’ components R}?3, the matrix equation (4.13b) remains
form invariant. In particular, one can always find an induced orthogonal rotation, such
that the matrix on the L.h.s. of (4.13b) becomes diagonal [57]. It is obvious that in this
diagonal basis, the transformed quartic couplings g7 vanish and Im A5 = 0. This result
is identical to the one found previously in [58], which is based on the construction of all
possible Jarlskog-like [59, 60], Higgs-basis independent CP-odd invariants [61, 62] (for a
recent review, see [63]).

For illustration, we display in table 10 the numerical values of the vacuum manifold
parameters for ;23 in a CP2-invariant 2HDM, where

{1200, X3, Mgy dsy gt = {1,8,1,3,1 — 20,1 — 23}, (4.21)

in arbitrary mass units. This particular set of parameters has chosen, so as to satisfy
the CP2 convexity conditions of table 9. The values of the three Lagrange multipliers
are: (1 = —0.295, (o = —4.09 and (3 = —16.6. In order to determine whether the three
extremal points presented in table 10 are local minima, we need to analyze the positivity
of the Hessian matrix H.

The Hessian for the CP2-invariant 2HDM potential is a 3 x 3 symmetric matrix, with
the elements

1 .
H11 = — M% + 3)\1 (U?)Q + 5 ()\34 + R5 COS 2§ — I5 S1n 25) (08)2
+ 30909 (R6 cos & — Igsin §> , (4.22a)
— T 0,0 o 37,002 _ (02 o
Hio —()\34 + R5cos2¢ — I sm2§)v102 + 5 [(vl) (vg) } (R6 cos& — I sm{) ,
1
His =— <R5 sin 2¢ + I5 cos 2§) v (v9)? — 51}8 [3(1}?)2 — (1)8)2} (R6 sin & 4 I cos §>, (4.22b)
1 .
Hop = — p3 4 30 (09)? + 3 ()\34 + Rs5cos 2§ — I5sin 25) (v9)?
— 30709 (R6 cos & — Igsin §> , (4.22¢)
1
Hog =— <R5 sin 2€ + I cos 2{) (v?)?0) — 51)? [(v?)Q — 3(@8)2] <R6 sin & 4 I cos 5), (4.22d)

Hgs =— <R5 cos 2§ — I5 sin 2§) (W0)%(19)2 = =00 [(v?)Z — (08)2] <R6 sin & — I cos 5). (4.22¢)

We can numerically check the positivity of the matrix H. In this way, we find that for a
convex CP2-invariant potential with input parameters as given in (4.21), only the Lagrange
multiplier (; represents a local minimum, which is a global minimum. As we will see below,
this global minimum has a twofold degeneracy, as a consequence of the CP2 symmetry.
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Quantity 1 € €

oY 0.372 | 0.349 | 0.340
09 0.305 | 0.261 | 0.060
¢ -1.17 | 0343 | 0971

V(v,09,€) | -0.0578 | -0.0474 | -0.0297

Table 10. The numerical values for the vacuum manifold parameters and potential value at the
extremal points for the parameter set {1%, \1, A3, A1, A5, Ag} = {1,8,1,3,1 —2i, 1 —2i}, in arbitrary
mass units.

4.2.2 CP2 topology

In the symmetric phase of the theory, the total symmetry group of the CP2-invariant 2HDM
potential is Gepe = CP2® SU(2), @ U(1)y = Zy @ I, ® SU(2)1, ® U(1)y, where II5 is the
permutation symmetry ¢; <> ¢2. To be specific, we have used here the isomorphism [23]:
CP2 = Zy ® I, which is evident in the Zs-constrained Higgs basis [23], where \¢ = \; =
Is = 0. After electroweak symmetry breaking [cf. (3.18)], the permutation symmetry Ils
remains intact, so the residual unbroken group of CP2 is Hepy = Il ® U(1)em. As a
consequence, the vacuum manifold Mgm in the ®-space has the topology of the coset

space:

MS§P? = Gepo/Hepy ~ Zo x 82 . (4.23)

The vacuum manifold M$F? is homeomorphic to that of the Zs HF symmetry, thus having
a non-trivial zeroth homotopy group Il [Mgpﬂ = Ily[Z2] # I. This implies that the
CP2-invariant 2HDM has a domain wall solution, which we analyze in section 5.

An arbitrary point ® of the vacuum manifold due to a CP2 symmetry may be obtained
with the help of (2.51a) and (2.51b), i.e. ® = MSP2 @, where @ is defined in terms
of the non-zero VEVs v%z given in (4.20a), (4.20b) and ¢ in (4.20c). The HF and CP
transformation matrices M$F? of (2.51a) and (2.51b) are 7, = Ty =0 and 7. = T_ =
io?, respectively. From the action of these transformation matrices on ®(, we find that the
vacuum manifold is comprised of two disconnected sets. The elements within each set are

related by S? gauge rotations Ui. Two representative vacuum manifold points from each

1 (0 1 0
o=ila) o) Y

1 (0 1 0
¢1:E<v8>’ ¢2:E<—v?ei§>, (4.25)

where we used the freedom of the gauge rotations Uy, in order to adjust the neutral

set are

and

component of ¢1 to be positive.
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4.3 CP3 symmetry

The CP3 symmetry is a continuous CP symmetry and is defined by the transformations

¢ — @) = cos B¢} +sind ¢
to — ¢h = —sinf ¢} + cos O ¢ ,

where 6 € [0, 7).
As before, we first consider the case det[N,,] # 0. The determinant of N, is given by

det[Nyw] = (201 4+ A3+ €) (2A1 — A3 — O)? (s + A3 — 20 — () . (4.26)

For the CP3-invariant 2HDM potential, the extremization condition N, R” = M,, leads to
four separate equations:

(2A1 + A3 — QR = 2447, (4.27a)
(2A\ — A3+ OR' =0, (4.27b)
(20 =201 + X3+ OR? =0, (4.27¢)
2\ — A3+ OR*=0. (4.27d)

Based on the assumption that N, can be inverted, we find that all “spatial” components
RY23 vanish. Like in the CP2 case, the condition for having a neutral vacuum restricts the
remaining component R’ to be zero as well, which can be naturally fulfilled, only if % = 0.
In such a scenario, one has 0?72 = 0 and so absence of electroweak symmetry breaking.
Therefore, we now investigate the case where det[N,, | = 0.

4.3.1 Neutral vacuum solutions from a singular matrix N

From the system of equations (4.27a)—(4.27d), it is easy to see that there are only two
compatible singular solutions of N, for the Lagrange multipliers:

G =-2\1+ A3, (4.28a)
Co=2M — A3 —2)\y . (4.28b)
Let us first consider the solution {; = —2A; + A3. In this case, only the components

RO and R? of the 4-vector R* are determined as

12
R? = i : (4.29a)
R?=0. (4.29b)

Instead, R' and R? are free parameters, which are constrained by the neutral vacuum

condition: R*R,, = 0. Specifically, the latter condition gives rise to the constraint:

2
R + (RY)? = (%) | (430)
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The constraint R? = 0 implies that £ = n, where n is an integer. In terms of the vacuum

manifold parameters v{,, we have the general solution

0 Mmoo 0 H1
v] = —— sinf vy = —— cosl , 4.31
A v )
where £ = n7 and 0 € [0, 7). The free angle 0 is associated with a massless ‘CP-even’ Gold-
stone boson, as can be verified independently from the analytical results presented in [16].
In order for the extremal point given in (4.31) to be a local minimum, we require that

the elements of the Hessian matrix H for the CP3-invariant 2HDM potential be positive.

The elements of the symmetric matrix H read:

Hyy = —pf + 30 (o)) + % [Asa + (2A1 — Agq) cos 2¢] (19)? (4.32a)
Hip = [Aga + (21 — Ass) cos 2€] v)v5 (4.32Db)
Hiz = — (2\1 — A3q) 0¥ (09)? sin 2¢ (4.32¢)
Hao = —pf + 30 (09)% + % (N34 + (2M1 — A34) cos 2¢] ()%, (4.32d)
Hoz = — (2M\1 — A34) (v9)%0) sin 2¢ (4.32¢)
Hsz = — (21 — Asa) (v9)%(v3)% cos 2€ . (4.32f)

Then, the conditions for positivity of H are simply given by
p2 >0, Ay > 2. (4.33)

Note that the second condition in (4.33) is supplementary to the two conditions given in
table 9 for ensuring a convex CP3-invariant 2HDM potential. This local minimum is also
a global minimum, where the value of the potential is

:U’le
Vo= —— . 4.34
0 W ( )

Let us now investigate the second singular solution (s = 2\; — A3 — 2\4. In this case,

we obtain
0 M%
RR=—— 4.35
2()\3 + )\4) ( a)
R!I=R*=0. (4.35Db)

The component R? is constrained by the neutral vacuum condition (2.9b) imposed on R¥,
i.e. R*R, = 0, from which we find that

R? = +RY. (4.36)

Taking the constraints (4.35a), (4.35b) and (4.36) into account, we derive the vacuum

manifold parameters

) (4-37)
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with v' = 111 /+/A34. The conditions for this neutral vacuum solution to be a local minimum
result from the positivity of the Hessian matrix H given in (4.32a)—(4.32f). These conditions
are

,U,% > 0, 2M1 > A3y . (4.38)

These conditions are, in general, not guaranteed solely by the convexity conditions for the
CP3-invariant potential stated in table 9. Direct comparison of these minima conditions
with those for the ¢; solution in (4.33) shows that both local minima cannot co-exist. It
depends on the relative values of 2A1 and A34 which solution becomes the local minimum,
and this will then be the global minimum as well. The value of the potential arising from
the second solution ( is easily evaluated to be

Hi

Vo= -5

(4.39)
In the following, we will analyze the topology resulting from the two neutral vacuum
solutions given in (4.31) and (4.37), respectively.

4.3.2 CP3 topology

It is interesting to discuss the vacuum topology of the CP3-symmetric 2HDM for the
two solutions obtained by means of the Lagrange multipliers ¢; and (3, given in (4.28a)
and (4.28b), respectively.

We first note that the total symmetry group of the CP3-symmetric 2HDM potential
is Gopz = CP3® SU(2)L ® U(1)y ~ Zs x S x 83 x S1, since CP3 =2 CP1® SO(2). This
means that the CP3 group is equivalent to the combined, as well as independent action of
a standard CP1 transformation and a SO(2) HF rotation in the (¢, ¢2) field space.

Let us now consider the neutral vacuum solution obtained by the Lagrange multi-
plier (1. After electroweak symmetry breaking, the total symmetry group Ggps breaks
into the residual group Hgg,g =CP1®I®U(1)em- This can be easily seen, since £ = 0 in
this scenario and so the CP1 symmetry remains intact, whereas the SO(2) HF symmetry
gets spontaneously broken to the identity I. As a consequence, the vacuum manifold in
the ®-space is determined by the coset space

MGP? = Geps/HY), ~ ST x §7. (4.40)

Since IIy [Mgpg] = 1I; [Sl] # I, we conclude that the CP3-invariant 2HDM related to
the Lagrange multiplier (; has a vortex solution which is analyzed in detail in section 5.
Using the result of (4.31), the transitive action of the transformation matrices of (2.51a)
and (2.51b) result in the general points on the vacuum manifold:

= 1 ! = 1 ! 4.41
qﬁl_ﬁ(vcosﬂ) 7 ¢2_%<(—1)"vsin9> 7 (441

where v = p3/+v/A1 and 6 € [0, 7). There is a relative minus sign for odd n, but this can be
absorbed by redefining 6 as w — 6.
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Symmetry Gur/cp Hyr/cp MgF or Topological Defect
7o 79 I 79 Domain Wall
Ul)pg | U(l)pg ~ St I St Vortex
SO(3)ur SO(3)ur SO(2)ur S? Global Monopole
CP1 CP1 ~ 75 I 7o Domain Wall
CP2 Zo @ 11y 11 Zo Domain Wall
CP3 CP1®S0O(2) | CP1 St Vortex

Table 11. Breaking patterns of the total symmetry group Gyr/cp into the little group Hyr,/cp,

after the electroweak symmetry breaking SU(2);, ® U(1)y — U(1),,,- The fourth and fifth columns

show the topology of the vacuum manifold MgF/ “P and the associated topological defect, for each

of the six accidental HF /CP symmetries of the 2HDM.

We may now determine the vacuum manifold of the CP3-symmetric 2HDM associated
with the second Lagrange multiplier solution (5 (4.28b). In this case, the total symmetry
group follows a different breaking pattern and the little group is Hgg,g = CP1®S0(2) ®
U(1)em, i.e. none of the two symmetries CP1 and SO(2) gets broken. In order to see this,
we may consider an SO(2) rotation of the vacuum manifold point given in (4.37), yielding

1 0 1 0
n = V2 \ et | 7= V2 \ wivfetio | 442

The phase 6 can always be removed by a U(1)y hypercharge rotation, which is a mani-
festation of the fact that the SO(2) symmetry is not broken, after electroweak symmetry
breaking. Moreover, one could reparameterize the second Higgs doublet ¢o as tigs, in
order to render both VEVs of ¢; 5 real. Since such a reparameterization does not induce
any additional phase in the real quartic couplings of the CP3-invariant 2HDM potential,
we conclude that the CP1 symmetry is not broken as well. Thus, the vacuum manifold
determined by the coset space Geps/ H(CQP))3 is homeomorphic to S3, exactly as in the SM.
Consequently, there are no non-trivial topological defects in the 2HDM scenario related to
the second Lagrange multiplier solution (5.

5 Topological defects in the 2HDM

Using our analysis of the six accidental symmetries of the 2HDM conducted in sections 3
and 4, we will now study the topological defects associated with the spontaneous symmetry
breaking of each accidental symmetry. As shown in table 11, we find that there are
three domain wall, two vortex and one global monopole solutions due to the additional
symmetries of the 2HDM, possibly posing significant cosmological implications for the
model. A comprehensive introduction to the properties and formation of topological
defects is given in [41].

In our study of the topological defects, we assume that the VEVs of the two Higgs
doublets ¢ 2 are still assigned at and after the electroweak symmetry breaking, such that
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(09)% + (v9)? = v3;, where vsy ~ 246 GeV is the VEV of the SM Higgs doublet. Due
to the complexity of the differential equations that result from the 2HDM Lagrangian for
each symmetry, our study of the scalar functions involved is carried out numerically using
gradient flow techniques which involve minimizing the energy of a configuration on a finite
grid with initial conditions that have the appropriate boundary conditions. This is done by

defining an energy functional E = E(f1,..., f,), where fi,..., f, are the functions defining
0B

the topological solutions, and then by solving the first order diffusion equation fk = =57

fork=1,...,n.

5.1 Domain walls

We begin our discussion of topological defects with domain walls, which have long been
known to have severe consequences for the evolution of the Universe should they form at a
symmetry breaking phase transition in the early Universe, since they can come to dominate
the Universe’s energy density [64]. Various mechanisms to reconcile this undesirable nature
of domain walls with current observations have been discussed, such as the restoration of
the broken discrete symmetry and subsequent evaporation of the domain walls at a later
phase transition [65], the use of a period of exponential inflation to dilute the concentration
of domain walls [66] and the symmetry of the model being only an approximate discrete,
exponentially suppressing domain wall energy density [67-69].

The present study of domain walls does not attempt to analyse the cosmological im-
plications, which will be presented in a future publication, rather it focuses on presenting
an overview of the typical domain wall solutions and analysing whether or not the energy
per unit area of the domain wall can be made to be vanishingly small for specific valid
parameter choices.

5.1.1 Z5 domain walls

From our analysis in section 3.1, the 2HDM potential that is invariant under the HF Zo
symmetry can exhibit a disconnected vacuum manifold, the components of which are not
linked by the gauge symmetries of the theory, provided both VEVs of the Higgs doublets
¢12 that create the neutral vacuum global minimum solution are non-zero, i.e. v?’Q #0
and v; = (. This scenario is only apparent within the Zo invariant 2HDM when the
determinant of the matrix N, vanishes, as shown in section 3.1.1.

Let us now analyze an one-dimensional, time-independent kink solution for the Zs
symmetry. In order to find such a solution, we will use an ansatz for the two Higgs
doublets given by:

$1,2() :L< ’ ) ; (5.1)
V2 \ 0}, ()

where the coordinate x describes the spatial dimension perpendicular to the plane of the
domain wall. Using this ansatz, the energy per unit area of the system is

E= /_Oodx E(p1,¢2) (5.2)
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where the energy density for the general 2HDM is given by:

E(pr,d2) = (Vo) - (V1) + (Vo) - (Vo) + V(gi,d2) + Vo, (5.3)

where V is the 3-dimensional gradient operator, expressed in the relevant coordinate sys-
tem. Moreover, Vj is introduced to normalize the potential contribution to the energy
density to have a zero value at the global minimum. The energy density for the Zsy invari-
ant 2HDM is given by

1\ 1/dd\° 1 54 w 1 9.0,
&x) = B <—dm ) + 5 <—dac > 5k (z)° — 5#202(95)
1 1 1
+ Z)\lv?(aﬂ)A‘ + Z)\Qvg(aﬂ)A‘ + 1 (A34 — | A5]) v?(m)Qvg(x)z + V. (5.4)

To simplify our study, we introduce the dimensionless quantities

0
T = pox , @?72(@ = 1)127(33) , E= g , (5.5)
n Ha
in order to rescale the energy per unit area of (5.2) to be dimensionless. Here, we introduce
the convention that " represents a dimensionless quantity. Performing these rescalings
leaves the dimensionless Zo energy density, denoted correspondingly as &, dependent on
the following parameters:

2 A Aga — |A
S N ]
15 Ao 29

§o= , n= . 5.6

v oo
Also, the vacuum manifold parameters v?,Q of (3.13a) and (3.13b), which are the boundary
conditions on the fields U(l)72(£l?), are rescaled, such that

: NS w =g . 0/ A — u?g
Jm 0@ =Yg, @) =% (5.7)
The equations of motion for the two rescaled fields @?,2(56) are found to be
d?of . A A
di“Ql = o { — 2+ M@ + 9(”8)2] ) (5.8a)
20y . .
T = | -1+ (097 + g6 - (5.80)

As no analytical solutions are known for this particular system of ordinary differential
equations, we proceed by gradient flow techniques to minimize the energy per unit area.
To make this possible, we truncate the interval of integration of (5.2) from (—o0,0) to
[ R, R], ensuring that R is chosen to be much larger than the width of the kink. By making
the range of integration symmetric about £ = 0, we break the translational symmetry
usually exhibited by kink solutions.

In order to perform the numerical analysis, a particular parameter set {2, \, g} must
be chosen that satisfies the constraints for a bounded-from-below global minimum, as
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Figure 2. Plots of 99(#), 0J(z) and the dimensionless energy density & (&) for two different valid

parameter sets of the Zs invariant potential. The parameter sets used are {1,1,0.5} (Lh.s. ) and
{1.5,1,0.5} (r.h.s. ), and the region of integration has R = 15.

these are given in (3.15) and table 5. For convenience, we state these results in terms of
the rescaled parameter set:

A
A > g2, g<,u2<§, g > —V\. (5.9)

Additionally, in order to satisfy that the sum of the squares of the two VEVs v%z is ng,
we require that the VEV scale factor n have the value given by

n A —g?
— = . 5.10
V2 \/u2—g+>\—,ﬂgUSM (5.10)

Here, we make the observation that a value of 1 can always be found that ensures con-

dition (5.10) is met for any parameter set {u?, ), g}, provided that the members of the
parameter set remain non-zero, finite and satisfy conditions (5.9).

We present two typical solutions in figure 2 for the parameter sets {u? )\, g} =
{1,1,0.5} and {1.5,1,0.5}. We also show the general form of the dimensionless energy
E in figure 3 and directly compare several different solutions in figure 4, as a function of
p?. From figures 3 and 4, we see that as pu? approaches its lower bound, u?> — g, the
dimensionless energy approaches a finite value. In the limit ¢ — 0, we find that this finite
value is the familiar value 2v/2 [cf. (1.20) in [42]], and the kink width decreases and be-
comes small. Conversely, we see that as u? approaches its upper bound, i.e. as > — %,
the dimensionless energy E tends towards zero, the kink width increases and the energy
density becomes delocalized. Therefore, the dimensionless energy can be made vanishingly
small for appropriate choices of the parameter set. This is a feature that can be exploited

to avoid domain wall domination by making the mass per unit area of the walls ultra-light.

5.1.2 CP1 domain walls

From our analysis in section 4.1, the 2HDM potential which is invariant under the CP1

symmetry can exhibit a disconnected vacuum manifold, the components of which are not
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Figure 3. Numerical evaluation of the dependence of the dimensionless energy E as a function of
u?2, for the Zo invariant potential. Here, we use the fiducial values A = 1 and g = 0.5. Convexity of
the potential and global minima conditions for these values require that u? € (0.5,2.0).

linked by the gauge symmetries of the theory, provided both VEVs of the Higgs doublets
¢12 and the relative phase between the doublets that create the neutral vacuum global
minimum solution are non-zero, i.e. 0972 #0,v; = 0and ¢ # 0. This spontaneous violation
of CP is only apparent within the CP1-invariant 2HDM when the determinant of the matrix
N, vanishes, as shown in section 4.1.1. However, as we have shown in section 4.1, a neutral
vacuum solution with a CP-conserving global minimum is also possible, where det[N,, | # 0,
i.e. a global minimum with v?,Q £ 0, v; = 0 and £ = 0. Therefore, during our numerical
analysis we are careful to choose parameter sets that give global minimum neutral vacuum
solutions with spontaneous CP violation.

Let us now investigate an one-dimensional, time-independent kink solution for the CP1
symmetry. In order to find such a solution, we will use an ansatz for the two Higgs doublets

given by

1 0 1 0
#1(x) = 7 (v?(x)> . Pa(x) = 7 <vg(x)ei€<$>> , (5.11)

where the coordinate x describes the spatial dimension perpendicular to the plane of the
domain wall. The energy per unit area associated with the kink solution is again given
by (5.2), where the energy density for the CP1l-invariant 2HDM is given by

1 /d0\? 1 /dd\> 1 de\? 1 1

e =3 (g) +3(52) +38er (F) - bt - s
1 1 1
—l—Z)\w?(x)A‘ + Z)\Qvg(x)A‘ +t1 (A34 + A5 cos 26(z) ) v} (z) 05 ()

(= mdy + @) + AnB) ) @) cos (@) + Vo . (5.12)

By rescaling (5.2) to be dimensionless for the CP1 energy density, we again make use of
the dimensionless quantities of (5.5). Performing these rescalings leaves the dimensionless
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Figure 4. Plots comparing various 97(#) (Lh.s. plot) and ©9(#) (r.h.s. plot) curves for the Zy
invariant potential by fixing A = 1 and g = 0.5, and allowing ;? to vary, and the region of
integration R = 15.

CP1 energy density dependent on the following parameters:

2

2
2 MY 2 My At A34 Ak o
== =—=, A=—, gu=—, gi=— (for k=5,6,7), n=——=. (5.13
g 13 N TR T, ( ) Vo (5.13)
It is also useful to introduce the parameter § = ¢34 — g5. The parameter set for the

CP1-invariant model then reduces and becomes {u? m?, X, g34, g5, g6, g7 }. Similarly, the
vacuum manifold parameters 0972 and £ of (4.8a), (4.8b) and (4.8c), which are the boundary
conditions on the fields ?}?72(1') and &(x), are rescaled, so as to give

2 —g95) + 2 (295 — ¢2) u® + 2 (gg7 — 296) m?
i $9(s) = | 19697~ 995) 72( 9 927) w4 (997 — 2g0) m?. (5.148)
B—zoo 95 (4X = §%) = 2Ag5 — 297 + 299697
2 (2\gs — g2) +2 — G95) 1% + 2 (ggs — 2Ag7) m?
im 00(4) = (2Mg5 — 93) (_gam 9925)u 2 (995 — 2Ag7)m? (5.14b)
B—zkoo g5 (4X — §°) — 295 — 297 + 299697
9m2 — ae(69)2 — - (50)2
lim &(z) = j:arccos( m 96(U1A)0A0 g7(%;) ) . (5.14c)
&—oo 29507 05
The equations of motion for the three rescaled fields @(1)72(50) and £(z) are
>0y 2 0y2 L 202 | B 0.0 -0
LI | 4 M0 + & (s + g5 c0826) (i) + gl cose | of
1
- [mQ - 597(@8)2] 09 cos &, (5.15a)
d?9 . 1 . 3 0. .
dﬁc; = {—1 + (08)2 + 3 (934 + g5 cos 2¢] (v?)2 + 5971}??)8 COS f] 9
1 e\
— [mQ - 596(17?)2] oY cos€ + (di) o9, (5.15b)
02 @€ o [(dE [ dD) 0 1. 1.
828+ 2 (%) (UE) ahibine [gsfoeontm s Soooh)+ ortid’
(5.15¢)
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Figure 5. Plots of o0(i), ©9(i), £(2) and the dimensionless energy density &(#) for two
different valid parameter sets of the CPl-invariant potential. The parameter sets used are
{1,0.1,1,2.5,1,0,0} (Lh.s. ) and {1,0.1,1,2.5,1,-0.15,0.15} (r.h.s. ). The region of integration
has R = 15.

As with the Zo domain wall study, no analytical solution is found to these equations of
motion and we therefore proceed by gradient flow techniques. Due to the number of
individual parameters one may tune within the confines of the CP1 convexity and minima
conditions, relationships between the parameters are in general complicated and so we
end our CP1 domain wall study by presenting two typical solutions in figure 5. However,
we do note two cases determined by specific choices of the parameter set. For the case
acEI:II:loo ¢(z) = g, which is guaranteed if g5 (29)2 +g7(99)? = 2m?, the CP1 symmetry domain
wall reverts back to a Zsy style domain wall by use of the reparameterization ¢o — i¢o, as
discussed in section 4.1.2. An explicit example can be seen for the Zo symmetry potential
parameters constraints, mj, = A\¢ = A7 = 0. Also, the dimensionless energy E can be
made vanishingly small for certain valid choices of the parameter set that leave the limit
of (5.14c) still finite but < 1. This is consistent with the case mkrilmg(i) = 0 in which
spontaneous CP violation ceases and subsequently there is no domain wall solution, as

discussed in section 4.1.2.

5.1.3 CP2 domain walls

From our analysis in section 4.2, the 2HDM potential which is invariant under the CP2
symmetry can exhibit a disconnected vacuum manifold, the components of which are not
linked by the gauge symmetries of the theory, provided both VEVs of the Higgs doublets
@12 that create the neutral vacuum global minimum solution are non-zero, i.e. v%z #+
0, v; = 0. This scenario is only apparent within the CP2-invariant 2HDM when the
determinant of the matrix N, vanishes, as shown in section 4.2.1

We now investigate an one-dimensional, time-independent kink solution for the CP2
symmetry. In order to find such a solution, we will use an ansatz for the two Higgs doublets
given by (5.11). The energy per unit area associated with the kink solution is again given
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by (5.2). The energy density for the CP2-invariant 2HDM is given by

1 /d?\> 1 /dd\> 1 dEN? 1
e =5 () +5(52) +302 () - grher + o)

+ i)\l (v?(x)A‘ + vg(x)4) + i()\:m + Rscos 2£(z) — Iy sin 25(95))@?(95)%3(35)2
+ %v?(m)vS(az)(v?(m)Q - vg(x)Q) (Recos&(z) — Igsiné(z)) + Vo . (5.16)

Again, it is useful to rescale (5.2) to be dimensionless for the CP2 energy density, and so

we introduce 0 ()
. N vy (T - ME
T =z, U?Q(az) = E=—. (5.17)
n M1
Performing these rescalings leaves the dimensionless CP2 energy density & dependent on

the following parameters:

9k = & (fOTk‘ :3,455?6) s e = & (fOI'k‘: 5’6) ’ e ’ (5.18)

A A TN
Therefore, the parameter set for the CP2-invariant model becomes {gs, g4, 95, g6, s, he }-
Also, the vacuum manifold parameters v{ , and £ of (4.20a), (4.20b) and (4.20c), which are

the boundary conditions on the fields v%z(:ﬂ) and &(x), are rescaled as follows:

( 9 >1 1 2h596 — 2he(ga + 95 +C)\ .
- = =~ ], as & — —o0
2493 —¢C B 4hegs — hs(2 — g3+ ()

V(&) — , (5.19a)

2 1 2hsgs — 2h g
( > 11 2ot = Phelont 95+ 0) ) gy o
2493 —C B 4h6gﬁ—h5(2—93+o
2 1 2hsg6 — 2h .
_ < > 143 oo m el ¥ 9 ¥ O ) oo s,
24 g3 —C B 4hegs — hs5(2 — g3 + ()
( P > |1 2hsgs — 2he(94 + g5 + ) .
- - - = , a8 T — 400
24 gs— ¢ B 4hegs — hs(2 — g3 + ()
lim £(%)=arctan (94 + g5 + C)hs _@596 ; (5.19¢)
F—-+oo h5h6 - (94 — 35 +C)96

where the parameter B is defined as

- 2 a 2
b hsge — helga+95 +0) ) (2hsgs = 2he(9a+95+C) ) | (5.20)
96(94 — g5 + ) — hshe 4hege — hs(2 — g3 + ()

These boundary conditions depend on the non-trivial Lagrange multiplier implemented to
produce the neutral vacuum solution. This Lagrange multiplier satisfies the cubic equation:

4+ (2— g3 +294) % + (204(2 — g3) + g3 — g2 — h2 — 4g¢ — 4h3)C
+(2 - g3) (97 — g2 — h2) — 4(gg + h)(ga — g5) + 8he(hsgs — gshe) = 0.  (5.21)
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In order to find a valid parameter set, we start by choosing parameter values that satisfy the
CP2 convexity conditions (shown in table 9) and then solve (5.21) to find the three possible
values of 6 . We then find the rescaled vacuum manifold parameters which correspond
to each f solution, and determine if these solutions correspond to local minima, i.e. we
require that the CP2 Hessian matrix H in (4.22a)—(4.22e) be positive definite. If they do
indeed relate to minima, we calculate the value of the potential at these extremal points
to determine which 6 solution generates the global minimum.
The equations of motion for the three rescaled fields @?72(3%) and &() are:

d%? -0 0y2 , L . 4012
2 U [—1 + (01)" + 3 (934 + g5 cos 2§ — hssin 2€) (05) }
b 508 (309 — (i8)%) (g cos € — hosin) | (5.220)
65528 =0y | =1+ (09)* + % (934 + g5 cos 2¢ — hs sin 2€) (67)% + <%>1
+ %@9 ((89) — 3(99)?) (gs cos & — hgsin€) (5.22b)
(@8)232 + 209 <CZ§> (%) = —%@?@3 (6795 (g5 sin 2€ + hs cos 2€)
+((®?)2—(®8)2) (g6 sin £+ hg cos 5)] . (5.22¢)

We can obtain numerical solutions to these equations of motion, by making use of gradient
flow techniques. Since there is a large number of individual parameters that could vary
within the confines of the CP2 convexity and minima conditions, relationships between
the parameters are, in general, complicated. Instead, we present a typical example of
CP2 domain walls, as shown in figure 6. As with the previous two case, we observe that
the dimensionless energy E can be made vanishingly small for certain valid choices of the

parameter set, such as allowing g5 ¢ and hs ¢ to tend to zero.

5.2 Vortices

We now turn our attention to other topological defects which may form in the 2HDM, such
as vortices. Whilst vortex solutions have been discussed in the 2HDM [70], these vortices
were generated by the SM gauge group, whereas the vortices we discuss here are generated
solely by the spontaneous breaking of the U(l)PQ and CP3 accidental symmetries which
the 2HDM can exhibit for specific constraints on the parameters of the potential.
Vortices are often regarded as the most favourable topological defect, since their energy
density does not grow relative to the background and so for sufficiently small initial energy
densities, vortices behave benignly and can comply with current cosmological observations.
Due to the axially symmetric, one-dimensional and typically high mass density characteris-
tics of a cosmic string, strings can act as a gravitational lens [71, 72] and searches are already
under way to detect possible vortices which may be within the current horizon, e.g. using
precision cosmic microwave background data from experiments such as WMAP [73, 74].
As with our domain wall study, we do not study the cosmological implications of the
2HDM’s vortices, which we reserve for a future study, but focus on presenting an overview

,50,



1.5 1.5

0.5 - A - 0.5 —'{-‘;jgf‘;

E :."-\"-”-“-"-"_" seenens Up (T
0.0 pomemmiima & 1 3 il e £(3)
-0.5 - + -0.5 ——E(i]
-1.0 ’_::‘_::;’;::‘::::;::‘.Zi-% ,,,,,,,,,,,, r-1.0 ——
-1.5 - - -1.5

-15-10 -5 0 5 10 15
T = yx

Figure 6. Numerical estimates of 99(%), 99(%), &£(#) and the dimensionless energy density

é‘(i), for a valid parameter set of the CP2-invariant potential. The input parameter set is
{0.125,0.375,0.125,0.125, —0.25, —0.25}. The region of integration has R = 15.

of typical solutions and determining whether or not the energy per unit length of the vortex
can be made to be vanishingly small for specific and valid choices of the model parameters.

5.2.1 U(1)p vortices

From our analysis in section 3.2, the 2HDM potential which is invariant under the global
Peccei-Quinn U(1) symmetry can exhibit a non-simply connected vacuum manifold pro-
vided both VEVs of the Higgs doublets ¢ that create the neutral vacuum global mini-
mum solution are non-zero, i.e. U(1),2 2% 0 and v;r = 0. This scenario is only apparent within
the U(1)pq invariant 2HDM when the determinant of the matrix Ny, vanishes, as shown
in section 3.2.1.

In order to find a two-dimensional time-independent vortex solution for the U(1)pq

symmetry, we use the ansatz for the two Higgs doublets:

1 0 1 0
"= (v‘fm) eIT <v8<r>ei"><> | .

where the coordinate r describes the space radially outward from the core of the vortex,
and x is an azimuthal angle which accounts for the winding of the vortex, with winding

number n. Using this ansatz, the energy per unit length of the system is then:

E =27 /j“od'l“ 5(¢1,¢2) s (5.24)
0

where the energy density for the U(l)PQ invariant 2HDM is given by

_1dv?21d082n20212021202
E(r) = 5(%) +§<W + 5 302(r)” = Sl (r)” = Suava(r)

1 1 1
+1)\11}(1)(7“)4 + Z)\gvg(r)4 + Z)\34v(1)(r)2vg(r)2 +Vy. (5.25)
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For this type of energy density, the integral of (5.24) is logarithmically divergent in r, so we
truncate the region of integration from [0, c0) to [0, R], where R is a cut off radius [41]. To
once again simplify our study, we rescale the energy per unit length of the vortex in (5.24)
to be dimensionless by introducing the dimensionless quantities

B U?,Q(V”)

. . E
= par, v?,2(7ﬂ) - n ’ = 27”72 .

esl

(5.26)

With the help of these rescalings, the dimensionless U(1)pq energy density derived
from (5.24) depends now on the following parameters:

2_/‘% )\_ )\1 )\34 ﬂ

_M_%a _)\_2’ 9_2—)\2’ 77_\/>\—2

Having rescaled the vacuum manifold parameters 90 ,(#), we require that these approach

(5.27)

their corresponding VEVs given in (3.26a) and (3.26b), as r — oo. To be precise, we
impose the boundary conditions:

2

=

-9
)=\5=.
):

N PN c A 0/A — K9
7113(1)1)8(7“) =0, Thj& o9(7 1/)\_792 . (5.28Db)

These conditions force ©9(#) to be regular for all values of # and require ?9(7) to be con-

do? N, PN
1 =0, lim o9(7
dr =0 F—00

(5.28a)

DO

tinuous and radially symmetric. The equations of motion for the two rescaled fields @?,2 (7)
are found to be

d%(l) <0 2 2 0\2 N

a2 U (= 1+ X00)° +9(83)°) (5.29a)
d*0  1dod n? 0w o
a7 TR <— L+ =5 +(02)" +9(07) ) : (5.29b)

As is typical of vortex studies, no analytical solutions to the equations of motion are found
and so we make use of gradient flow numerical techniques.

For our numerical analysis, we choose a particular parameter set {u%, A, g,n} that
satisfies the constraints for a bounded-from-below global minimum, which are of exactly
the same form as for the Zy symmetry in (5.9). In order to satisfy that (v9)?+ (v9)? = v3,;,
we require that the VEV scale factor n have the value given by (5.10). We note that a
value of 7 can always be found that ensures condition (5.10) is met for any parameter set
{u?, )\, g,n}, provided that the members of the parameter set remain non-zero and finite,
and satisfy the conditions in (5.9).

We conclude our U(l)PQ vortex study by presenting two typical solutions in figure 7.
We show the general form of the dimensionless energy E in figure 8, as a function of ;2,
noting that the dimensionless energy tends to zero as p? approaches its upper limit, i.e.
u’— 3. We also directly compare several different solutions in figures 9 and 10 by varying
1% and the winding number n respectively. From figures 9 and 10 in particular, we see
that as p? increases, the width of the vortex core increases and similarly, as the winding
number increases, so does the width of the vortex core.
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Figure 7. Plots of 99(7), 99(7) and the dimensionless energy density £(#) for two different valid
parameter sets of the U(l)PQ invariant potential. The parameter sets used are {1,1,0.5,1} (Lh.s.

) and {1.5,1,0.5,1} (r.h.s. ). The cut off radius used for both plots is R = 15.
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Figure 8. Numerical evaluation of the dimensionless energy E, as a function of u? for the U(l)pQ
invariant potential. Here, we use the fiducial values A = 1, ¢ = 0.5 and n = 1. Convexity of the
potential and global minima conditions for these values require that u? € (0.5,2.0).

5.2.2 CP3 vortices

As discussed in section 4.3, the CP3-symmetric 2HDM potential can exhibit a non-simply
connected vacuum manifold, provided a neutral vacuum global minimum solution exists
where the sum of the squares of the two VEVs of the doublets ¢ 2 is non-zero. Such a
scenario can be realized within the CP3-invariant 2HDM, if the matrix N, happens to be
singular. However, as shown in section 4.3.1, there are two possible neutral vacuum solu-
tions that could form the global minimum solution, depending on the relative magnitudes
of the quantities 2A1 and Ag4. If 2A1 > Ag4, we find that any possible vortex solution can
be removed by gauge transformations, whereas for cases with A3y > 2A1, no such gauge
transformations are possible, allowing a vortex solution. Hence, we study cases of the latter
type to ensure vortex formation in the CP3-invariant potential.

In order to obtain a time-independent vortex solution for the CP3 symmetry, the
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Figure 9. Plots comparing various ©7(#) (Lh.s. plot) and #3(7) (r.h.s. plot) curves for the U(1)p,
invariant potential. Here, we fix A =1, g = 0.5 and n = 1, and allow p? to vary. The cut off radius
used for both plots is R = 15.
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Figure 10. Plots comparing various 99 (7) (Lh.s. plot) and 99(7) (r.h.s. plot) curves for the U(D)pq

invariant potential for various winding numbers n. Here, we fix A = 1, ¢ = 0.5 and p? = 1, and
allow n to vary. The cut off radius used for both plots is R = 50.

following ansatz for the two Higgs doublets is used:

o1 >—1< 0 ) oo >—1< 0 ) (530)
Hex V2 v(r) cos(ny) ’ A V2 —u(r)sin(ny) , '

where the coordinate r describes the space radially outward from the core of the vortex,
and y is an azimuthal angle which accounts for the winding of the vortex, with winding
number n. Using this ansatz, the energy per unit length of the system is given by (5.24)
where the energy density for the CP3-invariant 2HDM is given by

1 /dv\? n? 9 1 4 9 1 4
5(70)_5(5) +ﬁv(r) —g,ulv(r) —i—Z)\w(?“) + Vo . (5.31)

As before, (5.24) is logarithmically divergent for the CP3 energy density and so we trun-
cate (5.24) to a cut off radius » = R. Our study can be simplified, if we rescale the energy
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Figure 11. Plots of #(7) (Lh.s. plot) and the dimensionless energy density &(7) (r.h.s. plot) for
the CP3-invariant potential. The winding number n is varied from 1 to 5 and the cut off radius for
both plots is R = 30.

per unit length of the vortex in (5.24) to be dimensionless and introduce the dimensionless

quantities
v(r) A E
P= o(r) = —= E=—— 5.32
r=mr, 1)(7") n ) 271'7’]2 ) ( )
with n = \/—% We then require that (v9)? + (v9)? = v, and also n = vsy. Under

the above parameter re-definitions and provided the winding number n is non-zero, the
boundary conditions on the vacuum field v(7), which follows from (4.29a), become
limo(7) =0, lim o(7) =1. (5.33)
7—0 7F—00
These conditions force 9(7) to be regular for all values of 7 and ensure that the dimensionful
field v(r) approaches its VEV in the limit » — oco. The equation of motion for the rescaled
field o(r) is , ,
%4‘%%:@(—14-%4-@2). (5.34)
The above differential equation is solved numerically, by means of gradient flow methods.
Our numerical analysis only depends on the choice of the single parameter n, i.e. the
winding number. Figure 11 presents the dependence of v and the corresponding energy
density é , as a function of 7, for various values of n. We observe that as the value of n
increases, the width of the vortex core increases and the energy density radially spreads
out, giving the characteristic volcano shape.

5.3 Global monopoles

We complete our study of the topological defects that may form in the 2HDM due to
the spontaneous breaking of the 6 accidental symmetries with the global monopole. This
topological solution arises from the symmetry breaking of the SO(3)gp symmetry to its
subgroup SO(2)pr. In spite of being intrinsically unstable, global monopoles may have im-
portant cosmological implications, as they can provide a mechanism for structure formation
within the Universe [50].
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As with our previous topological defect studies, we do not analyse the cosmological
implications of the 2HDM’s global monopole, but focus on presenting an overview of pos-
sible solutions.

5.3.1 SO(3)ur global monopoles

Our analysis in section 3.3 has shown that a SO(3)gp-invariant 2HDM potential can ex-
hibit a vacuum manifold containing non-contractible 2-spheres, provided a neutral vacuum
solution for a global minimum exists, such that (v9)? + (v9)? = v2,;. This scenario is only
possible in the SO(3)pp-invariant 2HDM, for a singular matrix N, [cf. section 3.3.1].

We may seek a time-independent spherically symmetric global monopole solution for

the SO(3)gr symmetry, by making use of the following ansatz for the two Higgs doublets:

1 0 1 0
o1(r,x) = NG (v(r) sinx> ) b2(r, X, ¥) = NG <v(r)eiw COSX) ; (5.35)

where the coordinate r describes the space radially outward from axis of symmetry of the
monopole, y is an azimuthal angle and v is a polar angle. Using this ansatz, the energy
per monopole is

E:47r/ r2dr E(¢1,d2) , (5.36)
0
where the energy density for the SO(3)gp invariant 2HDM is given by
1 /dv\* 1 1 1
e) =5 () +m00P - gl e + Vo, 63)

For this type of energy density, the integral of (5.36) is linearly divergent in r, so we
truncate the region of integration from [0,00) to [0, R], where R is a cut off radius [41].
Our study gets considerably simplified, if we rescale (5.36) to become dimensionless and
introduce the dimensionless quantities

79. — r , r& r) = —=- s E = — 5.38

1 (r) p T (5.38)

We then define n = j—;\—l and require that n = vgy. Under these rescalings, the boundary
conditions on the vacuum field o(7), which follow from (3.37), become

lim o(7) =0, lim o(7) = 1. (5.39)

7—0 7—00
These conditions force 0(7) to be regular for all values of 7 and ensures the dimensionful
field v(r) approaches its VEV in the limit » — co. The equation of motion for the rescaled
field o(r) is
d*o | 2db
w2 i

As with the majority of monopole studies, we rely on gradient flow techniques to numeri-

2
N AQ). 5.40
v< —|—7ﬁ2+v ( )

cally solve the above differential equation. In figure 12, we present the single solution for
an SO(3)gr global monopole, by displaying the #-dependence of the vacuum field o(7) and
its respective dimensionless energy density £

,56,



1.0 1.0

0.5 {: - 0.5

0.0 , 0.0

Figure 12. Plots of 9(#) and the dimensionless energy density (7) for the SO(3)yr invariant
potential. The cut off radius for this plot is R = 20.

6 The U(1)y-violating 2HDM

In this section we discuss the application of our Majorana scalar-field formalism to 2HDM
potentials, which are not restricted by the U(1)y hypercharge group. Even though such
potentials may not be viable within the context of the SM, they may still be realized
in models describing cosmological inflation [44, 45]. Furthermore, we classify all possible
15 symmetries that may occur in a general U(1)y-violating 2HDM potential, within the
6-dimensional bilinear field space.

If conservation under some U(1)y hypercharge group is lifted from the theory, then
additional SU(2) gauge-invariant bilinears can, in principle, be present in the 2HDM po-
tential, such as ¢{io%py and its Hermitian conjugate, —qS;iUng’{. Counting the number of
real independent parameters, the resulting potential would have 6 bilinear mass terms and
20 quartic terms. Its explicit analytic form is given by

V=—p}(¢ld1) — p3(Shd2) — mis(ld2) — mis(dhe1) — m3y (610" o) + mii(dhio”d})
0 (81007 + 2a(8h02)2 + 26} 01) (6562) + Ma(6102) 0L+ 22 (6] 02)2+ 22 (0} )?
+6(0]61)(6]02) + N5 (@] 01)(Dh61) + Ar(Shd2) (0] 62) + N (d562) (dhn)
+As(@]61)(0] i0%62) — A3(0]61)(0hio?d7) + Ao(@]d2) (0] i0?d2) — Aj(dho)(dhio?d})
+A10(8]02) (81 07 d2) — Mo(0161) (dhio” &7) + M1 (6h61) (61 10 $a) — Afy (8] d2) (Bhio*67)

M2 (4Ti0240)2 + %w;w%’{)? . (6.1)

)

We note that the quartic couplings A 234 are real and A5 . 12 are complex.

In order to account for the additional bilinear and quartic terms that occur in the
U(1)y-violating 2HDM potential, we need to promote the 4-vector R* in (2.15) into the

,57,



6-vector R, with A =0,1,2,3,4,5. The individual components of R* read:
Gl1 + dhpa
¢l 2 + b
~i [¢les - olon]
o] é1 — oo
¢Tio2py — picd;
—i [6Tio%ps + ehio®e1]

(6.2)

As with the 4-vector R#, we can construct the 6-vector R* using the 8-dimensional multiplet
® as RA = ®'¥A®. To determine the structure of £4, we start again with the general
GL(8,C) covariant (and SU(2),-invariant) ansatz

SA=34 5000 ®a". (6.3)

The particular form of ZAaﬁ is now only constrained by the Majorana condition on X4,
namely (¥4)T = C712AC, in close analogy with (B.13). In terms of the tensor EAQB, the
Majorana condition requires that

EA&,@ = EAuunlfx((s—)VB : (64)

Only 6 elements of EAaﬁ survive this constraint: EAOO,EAOI,EAO3,EA12,EA22 and EA32.
Hence, the six components of the 6-vector * compatible with the Majorana condition
have the tensorial structure

1 (o 0
YH=— ® o’ ,
2 0, (O"U’)T

—o?

< )@JO, 25:%<022 . )@00. (6.5)
—io? —0 2

(

)-

l\')IH

Comparing (6.5) with (B.20), we notice that the imposition of the U(1)y hypercharge
symmetry on the SU(2)-invariant potential restricts ¥*° = 0g and so effectively reduces
RA to RH, as it should.

In the absence of the U(1)y hypercharge symmetry, the transformation matrix M no
longer splits into two distinct parts, but takes on the general form as determined in (2.25).
Under a SU(2)p-invariant reparameterization-group transformation M € GL(4,C) of the

scalar-field multiplet ®, with M* = CMC [cf. (2.24)], the 6-vector R* transforms as
RY — RA= ¢7/SALRE, (6.6)

where e” = det[MTM] > 0 is a real scale factor and A%; is related to the transformation
matrix M by
78 ARG BB = MInAM . (6.7)
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Note that the matrix AAB is an element of SO(1,5). This last fact may be verified by
defining T = (20, —»1:2:345) in direct analogy with o = (09, —012?), and checking the
Clifford algebra:

— — 1
PATP L wBTA = 5P I, (6.8)
where Ig is the 8-dimensional identity matrix and n? = diag (1,-1,—-1,—-1,—1,—1) is the
respective metric for the (14 5)-dimensional Minkowski flat space. As a byproduct of (6.8),

we obtain that
r[SATP] = 2948 (6.9)

The latter can be used to compute AAB as

Ay == e 7B ype tr[MTEAMEC] . (6.10)

DN |

With the aid of the newly introduced 6-vector R*, the potential of (6.1) can be written
down in a quadratic form similar to (2.5):

1 1
V=3 MaARY + 1 LagRARE (6.11)
where the 6-vector M containing the mass terms and the 6 x 6 quartic coupling matrix
Lap read:
Ma=(p2 +p2, 2Re(m2,), —2Im(m2,), p? — p2, 2Re(m?,), —2Im(m2,)) , (6.12a)
A+ A2+ A3 Re(X6 + A7) —Im(A6 + A7) A1 — A2 Re(Ag + Ag) —Im(Ag + A9g)
Re()\e + )\7) A4+ RE()\5) 7Im()\5) Re()\s — )\7) Re(>\10 + )\11) 7Im()\10 + )\11)
. “Im(A¢ + A7) —Im(As) A1 —Re(As) —Im(A — A7) —Im(A1o — A11) —Re(A1o — A11)
AB =
A1 — A2 Re(X6 — A7) —Im(A6 — A7) A1+ A2 — A3 Re(Ag — A9g) —Im(Ag — A9g)
Re(As +Ag9) Re(Aio +A11) —Im(Aio — A11) Re(Ag — Ag) Re(A12) —Im(A12)
—Im(Ag + Ag) —Im(A10 + A11) —Re(A1o — A1) —Im(Ag — Ag) —Im(A12) —Re(A12)
(6.12b)

Note that in the U(1)y-symmetric limit, My — M, and Lap — L, whereas the elements
of M and Lap vanish for the components A, B = 4, 5.

We may now use an approach analogous to [22], in order to identify all possible acci-
dental symmetries that could take place within a general U(1)y-violating 2HDM. Requiring
that the kinetic terms remain invariant under GL(8, R) scalar-field transformations, we are
restricted to consider unitary rotations U € U(4) in the ®-space, subject into the Majo-
rana constraint: U* = CUC. These Majorana-constrained U(4) transformations induce
orthogonal rotations SO(5) C SO(1,5), which act on the ‘spatial’ components A = 1,2,...5
of the 6-vector R*. In detail, we may classify all possible symmetries derived from SO(5),
which include SO(5) and its proper, improper and semi-simple subgroups. If Z is the re-
flection group for one of the spatial components of R*, we may now list all the symmetries
starting from the larger and going to the smaller group. In this way, the symmetries may
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Symmetry | u2 p3 miy, mi;, A A A3 A4 Re A5 Ae=A7 g =g
Zo - - 0 0 - - - - - 0 0
U(l)pq - - 0 - - - - - 0 0 -
SO3)yp - 3 0 — - A1 = 2M1— A3 0 0 0
CP1 - - Real Real - - - — - Real Real
CP2 - ,u% 0 Real - A\ - - - 0 Real
CP3 -l 0 Real - A1 - - 2M1 — A3q 0 0

Table 12. Parameter relations in the general U(1)y-violating 2HDM potential that result from the
imposition of the six accidental symmetries, in the diagonally reduced basis Im A5 = 0, Ajg = A1 =0
and Im A2 = 0 [cf. (6.14)]. The quartic coupling Re A2 remains unconstrained by the six considered
HF/CP symmetries. Finally, a dash indicates the absence of a constraint.

be grouped into the following five categories:

I. SO(5);
I1. 0(4)®zz, SO(4);
L. O(3) ® 0(2); SO(3) @ (Z2)?; O(3) ® Za; SO(3); (6.13)
IV. 0(2) ® 0(2) ® Zy; O(2) ® O(2); O(2) ® (Z2)*; SO(2) @ (Z2)*;
0(2) @ Za; SO(2);
V. (Z2)'; (Za)?

Note that all the symmetry transformations have determinant equal to +1. With this
restriction, we get 15 distinct symmetries that could act on a general tree-level U(1)y-
violating 2HDM potential. Moreover, the above classification in (6.13) contains the U(1)y
group. More explicitly, the six accidental symmetries reported in the literature are: the
first symmetry under Category I1I and the first 5 symmetries under Category IV, i.e. O(3)®
0(2); 0(2)20(2)®7Zs; 0(2)®0(2); 0(2)& ()5 SO(2) @ (Z)%; O(2) @ Zs. In table 12,
we show the parameter restrictions of these six HF/CP symmetries for the full U(1)y-
violating 2HDM potential, as these are realized in a specific basis where the spatial part of
Lap (with A, B =1,2...5) is made diagonal by an SO(5) rotation. In such a diagonally
reduced basis, we have

Im)\5:0, )\6:)\77 )\8:)\97 )\102)\11:0, Im)\lgzo. (6.14)

Given the classification in (6.13), we observe that symmetries higher than O(3), which
contain the U(1)y group, can still occur. For instance, one such symmetry is SO(5),
which is obtained when 2\; = 2X\s = A3, p? = p3, and all other parameters vanish.
The symmetry SO(5) is equivalent to O(8) [31] in the real field space and includes the
gauge-group rotation SU(2), ® U(1)y. In the extended bilinear R*-space, SO(5) breaks
down to SO(4) or O(4) x Zs, giving rise to four pseudo-Goldstone bosons, as it should be.
Notice that within the SU(2)r, and U(1)y constrained bilinear formalism, it is not possible
to clearly make the distinction between the SO(3)yp symmetry and the possible higher
HF/CP symmetry SO(5).
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Symmetry propz o mis A A A3 A Reds g =7
SO(5) - 0 - A 2\ 0 0 0
O(4) x Zs -l 0 - A - 0 0 0
SO(4) - - 0 - - — 0 o 0
0B)x0(2) | - 3 0 - A 2N - 0 0
SO@3) x (Z2)* | — 12 0 - A - - A4 0
0(3) x Zs -~ pu2 Real - XN — - A4 Real
SO(3) - - Real - — -~ - i Real

Table 13. Parameter relations in the general U(1)y-invariant 2HDM potential that result from the
imposition of the additional accidental symmetries shown in Categories I, IT and III of (6.13), in
the reduced basis Im A5 = 0 and A\ = A7 [cf. (6.14)]. A dash indicates the absence of a constraint.

Another interesting example is the symmetry SO(4), which is obtained from a U(1)y-
and Zs-invariant 2HDM potential, with the additional constraint that Ay = A5 = 0. This
model is equivalent to the model O(4) ® O(4) [31] in the scalar-field space, where the sec-
ond O(4) describes the gauge group rotations. The symmetry SO(4) breaks into SO(3),
giving rise to three pseudo-Goldstone bosons. Again, this breaking scenario cannot be
distinguished within a SU(2)r, and U(1)y constrained bilinear formalism, and can be eas-
ily confused with the CP3 symmetry. In table 13, we display the 7 additional accidental
symmetries that may occur in a U(1)y-invariant 2HDM potential, along with parameter
restrictions obtained in the diagonally reduced basis [cf. (6.14)]. Note that all symme-
tries lead to CP-invariant scalar potentials. Further details of these additional HF /CP
symmetries will be given elsewhere.

7 Conclusions

Unlike the SM, the 2HDM has a rich landscape of discrete and global symmetries, whose
spontaneous breaking may lead to non-trivial topological solutions. In this paper, we have
taken the first step towards analyzing a number of generic symmetries for their resulting
vacuum topology within the 2HDM. For definiteness, we have considered the three HF
symmetries: Zy, U(1)pq and SO(3)yp, and the three CP symmetries: CP1, CP2 and CP3
(cf. table 2). In order to study the vacuum topology of these six symmetries, we have
introduced a Majorana scalar-field formalism based on two subgroups of GL(8,C), where
the HF and CP transformations may act on a single scalar-field multiplet representation.

Using Sylvester’s criterion, we have derived the general conditions in order to have
a convex, stable and bounded-from-below 2HDM potential. Given these convexity and
stability constraints, we have solved analytically the minimization conditions of the scalar
potential, by making use of the Lagrange multiplier method. We have thus obtained all
two non-zero solutions for the neutral vacuum expectation values of the Higgs doublets for
the aforementioned six HF and CP symmetries, in terms of the gauge-invariant parameters
of the theory.
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In order to identify the nature of the topological defects associated with the spon-
taneous symmetry breaking for each of the above six symmetries, we have studied the
homotopy groups of the resulting vacuum manifold after spontaneous symmetry breaking.
In particular, we have found the existence of domain walls from the breaking of Zs, CP1
and CP2 discrete symmetries, vortices in models with broken U(l)PQ and CP3 symmetries
and a global monopole in a model with SO(3);p-broken symmetry. We have then studied
the topological defect solutions numerically, as functions of the potential parameters of the
2HDM. We have given numerical examples for each topological defect, showing the energy
of the defect for typical situations.

As we have explicitly demonstrated in section 6, our Majorana scalar-field formalism
can be applied to identify 7 further accidental symmetries in the 2HDM potential, which
include the maximal symmetries O(8) and O(4) ® O(4) in the real field space [31]. These
symmetries remain undetected by the constrained SU(2) bilinear field approach considered
so far in the literature.

Our Majorana scalar-field formalism can also be used to study more general scalar
potentials which are not constrained by the U(1)y hypercharge symmetry and can realize
a maximal number of 15 distinct symmetries. Such 2HDM potentials may not be directly
related to the observable SM gauge group, but may form an independent hidden sector, as
it is, for example, the case in supersymmetric theories of hybrid inflation [44, 45]. The for-
mation of topological defects, such as domain walls, cosmic strings, monopoles, or textures,
through the spontaneous symmetry breaking of global, local or discrete symmetries may
have important implications for the analysis of the cosmological data. It would be therefore
interesting to analyze the cosmological constraints on the fundamental parameters of the
2HDM, using the formalism and the computational framework developed in this paper.

A o matrix identities

Here we list a number of useful identities for the matrices o = (6%, 0?3), where 0 = 1,

and o123

are the standard Pauli matrices. These identities are used in appendix B to
derive the explicit form of ¥#. Under transposition and complex conjugation, the individual

components of o* transform as

(@) =0, (00 ="
(Ul)T — 0.1 , (0_1)* — 01 ,
(UQ)T:—UQ, (0_2)*:_0_ ’
(UB)T o3 ’ (03)* o3 .
Hence, the above identities may be cast into the more compact form:
()T = (540" | (A.1a)
(0")" = (0_Yho" | (A.1b)
with
(04)" = diag(1,1,£1,1) . (A.2)
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We will also frequently use the sandwich products

ototot = (J)"o¥ (A.3a)
o’oto? = (Jo) 0¥, (A.3b)
odoto® = (J3)" 0¥, (A.3c)
where the tensors Ji o 3 are defined as
(J1)#, = diag(1,1,-1,-1), (A4a)
(Jo)t = diag(1,-1,1,-1) , (A.4b)
(J3)f, = diag(1,-1,-1,1) . (A.dc)
Finally, it is interesting to note the identity
(J2)"\(8-)) =", - (A.5)

B The form of ¥* and the transformation matrices

In order to derive the explicit form of ¥# in GL(8,C), we start with the following general
ansatz:
E“:E};ﬁ @0’ (B.1)

where we have suppressed the SU(2);, gauge-group space for convenience. Then, we need
to apply two constraints to determine the tensor coefficients E’flﬁ: the U(1)y constraint
and the Majorana constraint.

B.1 The U(1)y constraint on ¥*

Under a U(1)y transformation, the 4-component multiplet ® defined in (2.13) transforms

as follows:
' = Uy®, (B.2)
where
Uy = eY00*89°) _ diag (eiYG’ Y0 o=iY0, e—iYG) — B0’ @0, (B.3)
with
B, = [cos (Y#), 0, 0, isin(Y®)] . (B.4)

Invariance of the 4-vector R* = ®TX#® [cf. (2.15)] under a U(1)y transformation implies
the following double equality constraint on #:

YH =UyX Uy = Uy XHUY . (B.5)
Given the ansatz of ¥# in (B.1), the above double constraint gets translated into:
S = Uy Uy = 2% ,BEBy [(a”)*a%k} ® o (B.6a)

S = UySHUY = B B,Bj; [a”aa(ak)*} ® b . (B.6b)
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Using the identity (A.1b), the above two relations can be rewritten as
ULEHUy = 5 3By B)y [(6-)%, oo @ o’ (B.7a)
UySHUSy = 59 3B, B [(5,)%‘\/ o’c%" | ®o" . (B.7b)
Substituting the explicit forms of B,, and (6_)",, (B.7a) and (B.7b) become respectively:
H = E’fw (COSQ(YH)UO‘ + sin2(Y9)(J3)°;ap + isin(Y0) cos(YO) [00‘,03}> ®o’, (B.8a)
Y= Eiﬁ (COSQ(YH)UO‘ + sin2(Y9)(J3)O;Jp —isin(Y6) cos(YO) [00‘,03D ®d%. (B.8b)
Evidently, in order that the above two constraints are satisfied, the commutator term must

vanish, i.e.

[o®, 03] =0. (B.9)
This can only happen for the choices a = 0,3, implying that
E“w = E"Qﬁ =0, (B.10)

independently of the Lorentz indices p and (. As a consequence, the U(1)y constraint
leads to the block diagonal form for the matrix >#:

Sgo? 0

S = (B.11)

0 E’gﬁaﬁ
B.2 The Majorana constraint on >*

The Majorana condition (2.18) on the scalar multiplet ® gives rise to another important
constraint on the form of ¥#. Specifically, the condition (2.18) implies the invariance of
vector R¥ defined in (2.15) under charge conjugation. Thus, when ® — C ®* R* transforms
as

RF=0'¥re — R =0TCIZrCo* =T (2 TCr . (B.12)
Requiring that R* = R‘é yields the Majorana constraint:
(T =c xrc. (B.13)
For the general ansatz (B.1), the last constraint is equivalent to
E“aﬁ(ao‘)T ® (") = s (%) @ o” . (B.14)
Employing the identities of appendix A, we obtain the constraining equation on Z“aﬁ:

S = T () - (B.15)

Assuming that X# has the U(1)y-invariant form (B.11) and using the identity (A.5) allows
us to express E“aﬁ as follows:

Yo (6-)0,, fora=0
YH = AN B.16
ab { =35 ,(6-) , for a =3 (B.16)
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From this last expression, we find that the two non-zero parts of the E“aﬁ tensor are then,
in general, proportional to the following matrices:

S o (0408 + (0, (B.17a)
E’gp x (5+)’j) — (5_)’2 . (B.17b)
This can be written down in the covariant form:
E’fw = aa(&r)‘% + ba(5,)’% , (B.18)
where the vectors a,, and b, are defined as
1
d = 7 (1,0,0,-1) , (B.19a)
1
by, = 1 (1,0,0,1) . (B.19b)

Implementing all the above results, the U(1)y-invariant vector R* compatible with the
Majorana constraint takes on the simple form:

ST LA (B.20)
2\ 0 (emT) '

B.3 The Majorana constraint on GL(8,C)

It is interesting to discuss the reduction of the GL(8,C) group under the Majorana con-
straint M* = CM C for HF symmetries, where M = M,,,0" ® o” (with M, € C) becomes
a general member of GL(4, C) after suppressing the SU(2), gauge group space. The Majo-
rana reduction, M, pertinent to CP transformations is analogous and will not be repeated
here. Applying the Majorana constraint on M, we obtain the expression

M* = M, (6")" @ (") = My (0*®0°) (o @ d”) (6* ®a?) . (B.21)

We may now use the so-called mixed-product identity: (A ® B) (C® D) = (AC) ® (BD)
and the identity (A.1b), in order to rewrite (B.21) as follows:

M, (6-)1,(6-) 30" ® o = M, (020“02) ®a”. (B.22)
Further use of the sandwich products given in appendix A implies
My, (5 (6-)50" © 0 = Myp(Ja)0” @ 0 (B.23)
which translates into the constraining equation:
M)’fp = Muyn’;(é,)”p . (B.24)
Solving this last equation term by term results in the following constraints:
Moo = My Moy = Mg, Moz = — Mg, Moz = Mo;
My = — M7, My = —My, Mg = M, Mz = —Mis
My = — M3, My = =My, My = My, M3z = —Mss
Mo = — Mz, Mz = — M3, My = M3 Mz = — Mz,

Hence, from the 32 independent parameters of M, half are eliminated by the Majorana con-
dition. The resulting 16 free parameters generate a group which is isomorphic to GL(4, R)
acting on a complex four-dimensional vector space.
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C Trace and determinant relations for N,, and L,,

Relations involving the traces and determinants of N,,, and L, play an important role in
the calculation of the VEVs of the Higgs doublets and in the derivation of stability and
convexity conditions for the 2HDM potential.

To facilitate our presentation, we use the shorthand notation N = N,,, L = L, and
1 = N to represent the 2-rank tensors as 4 x 4 matrices. We also assume the standard
multiplication law between matrices, e.g. (NQ)W = NuaNav, (In)u = Luanaw ete. In the
above notation, the determinant of N may be written as

det [N] =det [L — (7] , (C.1)
which can be calculated by the following determinant-trace identity:
2 2 2 g2 3 4
det[N] = o {tr — 6tr” [N] tr [N?] + 3tr* [N?] + 8tr [N] tr [N*] — 6tr [N*]} . (C.2)
The trace relations between N and L are found to be
tr [N] = tr [L] + 2¢ (
tr [N?] = tr [L2] — 2¢tr [Lyg] + 4¢? , (C.3b
(
(

[N°] = tr [L°]
r[N] = tr [L°] - 3¢er [L2n] + 3C%er [L] +2¢%,
tr [N1] = tr [L*] — 4¢tr [LPn] + 3¢%tr [L?] + 2¢%tr [LnLy) — 4¢%tr [Lay] + 4¢* .

—+

Thus, the determinant of N is given by

det|[N] = —¢*— A - B> -C¢ - D, (C.4)

where
A =—tr[Ln], (C.5a)
:tr[L2]—%tr2 [Ln]—i—Ztr[LG]—i—%tr[LnLn]—tr[L] (2tr[Ln]+tr[L]) , (C.5b)
C = —te[LPn) 4+ 6r[L] (tr[L2n] +tr[L3]) +%tr[Ln] (6r[L2)— tr?[L]) —étr?’ L) —%tr[L?’] . (C50)
D =—det[L] . (C.5d)

Notice that the coefficients A, B, C and D are entirely expressed in terms of traces of
powers of L and the determinant of L. These latter expressions depend explicitly on the
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quartic couplings of the 2HDM potential as follows:

tr[L] =2A1 + 20 + 20y, (C.6a)

tr [L2] =407 + 423 + 203 + 227 + 8|52 + 46> + 4|M ), (C.6D)
tr [L?] =8AF + 8A3 + 6(A1 + A2)AZ + 2AF + 244|512 + 12X1 [ Ag|? + 12X0| A7 [?

+12X3(Re Ry + IsI7) + 6( A + 2Rs5)(RE + R7) + 6(A\y — 2Rs) (I§ + I7)

+ 24I5(Rels + R7l7) (C.6¢)
tr [L4] =16A7 4+ 1603 + 205 + 16(AT + A3 + M A2)AZ + 2M7 + 16]A5*(3AF + 2|Xs/?)

+ 8| A6 |2 (4N + 221 0y 4+ A2+ 22+ 400502 + | X6]?)

4+ 8IA7[2(4N3 + 2000y + A2+ A 4052 + (M)

+ 32\ + M) [R5 (R — 1) + 2I5Rel6] + 32(A2 + \a) [R5(R3 — I?) + 215 R7 17

+ 16(Rg Ry + IgI7)? + 16A3(2\1 + 2X2 + M) (Re Ry + I6I7)

+ 323 [R5(R6R7 — 1617) + 15(R6[7 + I6R7)] , (Cﬁd)
tr [LT]] = 2)\3 - 2)\4 s (CGG)
tr [L%n] =4(M + A)As — 20] — 8|As|* — 2(Rs — R7)? — 2(Is — I7)*, (C.6f)

tr [LPn] =4(2A] + 2X3 + 2X1 00 + [As]” + [M7[*)A3 — 40| X6|* — 4ha|A7|?
+ 4(201 + 2Xg — A3)(Re Ry + Il7) + 203 — 2X3 — 240 4] A5 |2
— 4(A\s + 2Rs5)(Rg + R7 — ReRy) — 4(\y — 2Rs)(I§ + 17 — II7)
+ 815 (IgR7 + Rel7 — 2R7 17 — 2R ) |, (C.6g)
tr [LyLn] =8X1 Ao 4 2X3 + 202 4 8| X512 — 8(Rs Ry + IsI7) , (C.6h)
det[L] = (4M X2 — A2) (A2 — 4] 5)?) — 4xa(A1|A7]2 4 Aol A6 [?) + 4] h6 % A7 |2
— 4(ReR7 + IsI7)? + 8\ [Rs(R2 — I3) + 215 R7 1]
+ 8o [R5(RE — I§) + 215 ReIg) + 4 3 a(Re Ry + IgI7)

— 8)\3 [R5(R6R7 — 1617) + I5(IGR7 + RGI7)] . (C.Gi)
To find the values for the Lagrange multiplier ¢ that lead to a singular N matrix with
det[N] = 0, we need to solve a quartic equation. To do so, we first apply the standard
linear transformation to ¢,
A
which enables one to reduce the quartic order polynomial of (C.4) to the incomplete quartic
equation
pt+ap’+Bp+v=0, (C.8)
where
342
o = — T s (Cga)
A3 AB
=—-——+C C.9b
b=5 -5 +C, (C.9b)
AC  A’B 3AY
y=D—-—+ (C.9¢)

4 16 256 °
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In terms of the quartic couplings A1 2 .7, the coefficients o, 3 and 7 are given by

1
o= —4d - (s + )2 — 4 X512 + 4(Rg Ry + IgI7) (C.10a)
B =(4Xs]* — 4A122) Az + Ag) + 4N A7 + Ado|Xg|?

— 8R5(R6R7 — 1617) — 8[5(16R7 + RGI7) , (C.lOb)

v = 16)\1)\2‘)\5’2 ()\3 + )\4) A3 + )\4) (M2 + ’)\5’2 + RgR7 + 1617)

(
+2(A3 + )\4)(>\1|)\7|2 + X2l X6|?) — 4| 26| *[A\7|* + 4(RsR7 + IsI7)”
— 8\1 [R5(R? — IZ) + 2I5 Ry I7] — 8)\a [R5(RE — I§) + 215 Re I
+ 4(A3 4+ M) [R5(Rg Ry — IsI7) + Is(Rel7 + IsRy)] . (C.10¢c)
The analytical solutions to the incomplete quartic equation can now be found by making

using of the Descartes-Euler method. To this end, we first construct the cubic resolvent
equation of (C.8), which is

23+ 200 + (o —dy)z — % =0, (C.11)
whose roots are determined by the standard formulae:

5§ 20%2+24y  2a

430 1-iVB) (@2 +12y) 20
To = 12 35 3 (C.l?b)
- . 2
12 36 3

where

63 =8a® — 288y + 108>
+12¢/—48a%y + 3840272 — 76873 + 120352 — 432032~ + 8134 . (C.13)

Having thus obtained the cubic roots x1 23, the four roots (i 234 of the original quartic
equation det[N] = 0 are then given by

- VR VEVE) -G (C.14a)
= WA VR - VE) - (C.140)
= (VE A VE - V) - G (C.140
<4:—§< VET —VET V)~ 5 (C.14d)

D Inverting the transformation matrix relations

It would be useful to give the relations between the transformation matrices M and the
SO(1,3) matrices A, by assuming that the scale factor is e? = 1.
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As was discussed in section 2.2, the general matrix M may describe both the HF and
CP transformations by the matrices My and M_, respectively, which contain the reduced
two-by-two matrices T4 € SL(2,C). Following [75], we first note that

o, Teot = 2tr[Ty] 0, (D.1)

where 6 = (6%, —1'23). On the other hand, contracting (2.31) and (2.35) from the r.h.s.
by " = diag [o*, (5")T] yields the relations

(A)" (04)4075, = Tho,Tao" . (D.2)

Making use now of the identity (D.1), we can solve for Tirt:

1

T = ——
£ otr[Ty]

(64)43(A2)Y, 07T, - (D.3)

To remove the o#-dependence from the r.h.s. of the above equation, we use a relationship
derived by taking the determinant on both sides of (D.2):

det[(As), (02)30*5] = det[Th (26r[T])] = (2tr[T])* det[TL] . (D.4)

Since det [T4] =1 for T4 € SL(2,C), one arrives at

1

20[T4] = {det [(Ai)"y (5i)VAaA5ﬂ]}§ . (D.5)
Here, we have omitted the negative solution from the square root as this is accounted for
by the U(1)y invariance of the theory. Thus, one ends up with the expression

Th, = ! - (05 (ML) 0V, (D.6)

{det [(A+)" (61)4 075, )2
The determinant in the denominator of the above equation can be calculated using the
relation: 2det[G] = tr[G]? — tr[G?], which results in

DI = det | (A+ )4 (04)40
=4+ tr[Apde]” — tr[(As6s)?] — i€ Ak ) (At )ap(02)(64), . (D.T)

Here we use the convention €123 = +1 for the Levi-Civita tensor. We can now use the
identity

0)‘5u = ni‘po + 77“00)‘ — nAOJu + iew‘uaao‘ , (D.8)
to write down the numerator of (D.6) in the form
(5i) (Ai) o Oy = tr[Ai(Si o0 + { 5i Ai) (5i) (Ai) + Z'Eoyui((gi)ofj(Ai)’fx} ol

(D.9)

Using the representation T4 = (T4),0*, the individual components of (T4), derived
from (D.6) are given by

(T = ptrlhsds] (D.10a)

(Ta)i = g () (As) = (B) JA0) — i€ u(6)5(A0)] . (D-10b)
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