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Experimental validation and control of quantum traits for an open quantum system are important for any

quantum information purpose. We consider a traveling atom qubit as a quantum memory with adjustable velocity

inside a leaky cavity, adopting a quantum witness as a figure of merit for quantumness assessment. We show

that this model constitutes an inherent physical instance where the quantum witness does not work properly if

not suitably optimized. We then supply the optimal intermediate blind measurements which make the quantum

witness a faithful tester of quantum coherence. We thus find that larger velocities protect quantumness against

noise, leading to a lifetime extension of hybrid qubit-photon entanglement and to higher phase estimation

precision. Control of qubit motion thus reveals itself as a quantum enhancer.
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I. INTRODUCTION

Quantum coherence is one of the main features of quantum

systems. The theory of coherence attempts to comprehend

the fundamental difference between classical and quantum

worlds which leads to a better understanding of the classical-

quantum boundary [1–5]. In addition, this distinctive quantum

property is considered to be the reason behind the mechanisms

which ultimately lead to quantum-enhanced devices [6–16].

Several methods have been proposed to detect and quantify

quantum coherence in a physical system [1]. Quantumness

verification is usually performed by tomographic techniques

to reconstruct the nonclassical state of the system. However,

these techniques require experimental resources in terms of

measurement settings which exponentially increase with the

system complexity [17,18]. To overcome these experimental

drawbacks, a quantum witness was introduced [5,19] to de-

termine the existence of quantum coherence in the physical

system. This measure helps to classify quantum or classical

behavior by direct observations in the experiment.

A realistic quantum system interacts inevitably with its

surrounding environment. Such a spontaneous interaction

mainly results in destroying coherence stored in a quan-

tum system, known as decoherence [20]. Typically, system-

environment interactions lead to an entangled state for the

system-environment ensemble. Hence, entanglement building

up during the evolution is a basic mechanism underlying

decoherence. In this way, manipulation and control of deco-

herence can lead to harnessing system-environment entangle-

ment. It has been demonstrated that the induced steady-state
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entanglement between an atom and its spontaneous emission

excitation can be controlled by intensity, detuning, and the

relative phase of applied fields [21–26]. It is noteworthy that

hybrid atom-photon entanglement has found applications in

quantum tools such as quantum repeater [27,28], quantum

networks, and quantum memories [29].
Furthermore, it is well known that quantum coherence

plays a role to achieve a more precise estimation of unknown
parameters imposed by classical limitation physics. Quantum
metrology allows us to reach a measurement precision that
surpasses the classically achievable limit by exploiting quan-
tum features and is becoming one of the pillars of future
quantum sensors [30]. In the absence of noise, the so-called
Heisenberg scaling can be obtained using N entangled probes
in parallel [31–35]. Quantum Fisher information (QFI), which
characterizes the sensitivity of the state with respect to
changes in a parameter, lies at the heart of quantum metrology
[34]. QFI provides a bound to distinguish the members of a
family of probability distributions. For an estimation param-
eter with a larger QFI value, the accuracy is more clearly
achieved. However, the decoherence can act as an external
noise limiting the accuracy in the result of quantum parameter
estimation, which leads to loss of coherence or entanglement
of the probes [36–38]. It is thus important to protect the QFI
from decoherence. In this regards, a substantial amount of
literature has been devoted to find strategies for controlling
QFI against detrimental noise [39–48].

In this work, we aim at investigating the role of qubit

motion as a quantum enhancer. First, the quantum witness

dynamics of a moving atom inside a zero-temperature dissi-

pative cavity is presented. This initial study is very insightful

since the model naturally evidences how the quantum witness

needs to be optimized for faithfully and efficiently assessing

nonclassicality in an experiment. In particular, similarly to

adaptive quantum tomography [49], we provide the optimal
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FIG. 1. Schematic illustration of a setup in which a qubit (two-

level atom) is traveling with constant velocity v inside a cavity. The

motion of the qubit is restricted along the z direction (cavity axis).

quantum witness by individuating the suitable intermediate

blind measurement such that it achieves its upper bound,

coinciding with a coherence monotone. We then explicitly

show that increasing the velocity of the atom qubit enriches

the nonclassical behavior of the system. After this main result,

we find that larger qubit velocities lead to extending the

lifetime of hybrid entanglement between the qubit and the

reservoir photon arising from atomic decay. Finally, we prove

that the phase estimation precision by QFI tends to remain

close to its initial maximum value thanks to qubit motion.

The paper is organized as follows. In Sec. II we present the

model, giving the explicit expression of the evolved reduced

density matrix. Section III is devoted to discuss the dynamics

of quantum witness and its optimization. In Sec. IV, using

von Neumann entropy, we study the time behavior of entan-

glement between the moving qubit and cavity photon. The

results concerning quantum Fisher information are presented

in Sec. V. Finally, Sec. VI summarizes the main results.

II. DESCRIPTION OF THE MODEL

The system under our consideration is composed of an

atom qubit with transition frequency ω0 traveling inside a

zero-temperature structured environment made of two perfect

reflecting mirrors which are placed at z = −L and z = l and a

partially reflecting mirror at the position z = 0. This creates a

sort of two consecutive cavities (−L, 0) and (0, l), as depicted

in Fig. 1. The qubit (two-level atom) is supposed to only in-

teract with the second cavity (0, l) and moves along the z axis

with a constant velocity v. Such a condition can be thought

to be fulfilled by Stark shifting (for instance, by turning on a

suitable external electric field) the atom frequency far out of

resonance from the cavity modes until z = 0, after which the

Stark shift is turned off [50].

During the translational motion, the qubit interacts with the

cavity modes. Under the dipole and rotating-wave approxima-

tion, the Hamiltonian of the system in the interaction picture

is written as (h̄ ≡ 1)

HI =
∑

k

fk (z)
[

gkσ+akei(ω0−ωk )t + g∗
ka†

kσ−e−i(ω0−ωk )t
]

, (1)

where σ+ = |a〉 〈b| (σ− = |b〉 〈a|) is the raising (lowering) op-

erator of the qubit, with |a〉 and |b〉 respectively symbolizing

the excited and ground state. In Eq. (1), a†
k (ak) denotes the

creation (annihilation) operator for the kth cavity mode with

frequency ωk and gk is the coupling constant between the

qubit and the kth mode. The parameter fk (z) describes the

shape function of qubit motion along the z axis, and it is given

by [50–52]

fk (z) = fk (vt ) = sin[k(z − l )] = sin[ωk (βt − l/c)], (2)

where β = v/c, c being the speed of light. It is evident that

the coupling function will be nonzero for z = 0 and zero for

z = l (perfect boundary).

It is worth mentioning that the translational motion of an

atom can be considered classical (z = vt) as long as the de

Broglie wavelength λB of the atom is much smaller than

the wavelength λ0 of the resonant transition (λB/λ0 ≪ 1)

[50–53]. Moreover, the relative smallness of photon momen-

tum (h̄ω0/c) compared to atomic momentum (mv) allows one

to neglect the atomic recoil resulting from the interaction with

the electric field [54]. These conditions can be retrieved for a
85Rb Rydberg microwave qubit (ω0 = 51.1 GHz, decay rate

γ = 33.3 Hz) when the velocity is v ≫ 10−7 m/s or for an

optical qubit (ω0 ≈ 1015 Hz, decay rate γ ≈ 108 Hz) when its

velocity is v ≫ 10−3 m/s [55,56].

Let us now suppose the atomic qubit is initially prepared

in the state |ψ0〉 = cos(θ/2) |a〉 + sin(θ/2) |b〉 and the cavity

modes in the vacuum state |0〉. As the number of excitations

are conserved in this model, the total state is restricted to the

single excitation manifold, admitting the closed form

|ψ (t )〉 = cos(θ/2)A(t ) |a〉 |0〉 + sin(θ/2) |b〉 |0〉

+
∑

k

Bk (t ) |g〉 | 1k〉, (3)

where |1k〉 is the cavity state with a single photon in mode

k, i.e., |1k〉 = â†
k |0〉 and Bk (t ) is its probability amplitude. By

substituting Eq. (3) into the Schrödinger equation, we obtain

a dynamical equation for A(t ) as [50]

Ȧ(t ) +
∫ t

0

dt ′K (t, t ′)A(t ′) = 0, (4)

where the kernel K (t, t ′), which includes the memory effects,

has the form

K (t, t ′) =
∑

k

|gk|2 fk (vt ) fk (vt ′)e−i(ωk−ω0 )(t−t ′ ). (5)

This kernel expressed in the continuum limit becomes

K (t, t ′) =
∫ ∞

0

J (ωk ) sin[ωk (βt − τ )] sin[ωk (βt ′ − τ )]

× e−i(ωk−ω0 )(t−t ′ )dωk, (6)

where J (ωk ) is the spectral density of reservoir modes. We

choose a Lorentzian spectral density, which is typical of a

structured cavity [20,57], whose form is

J (ωk ) =
1

2π

γλ2

[(ω0 − ωk − �)2 + λ2]
, (7)

where � = ω0 − ωc is the detuning between the center fre-

quency of the cavity modes ωc and ω0. The parameter γ
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is related to the microscopic system-reservoir coupling con-

stant, and λ defines the spectral width of the coupling. It is

noteworthy that the parameters γ and λ are related to the

reservoir correlation time τr and the qubit relaxation time τq as

τr = λ−1 and τq ≈ γ −1, respectively [20]. Qubit-cavity weak

coupling occurs for λ > γ (τr < τq); the opposite condition

λ < γ (τr > τq) thus identifies strong coupling. The larger the

cavity quality factor, the smaller the spectral width λ.

We now recall for convenience the analytical calculation

of the time-dependent coefficient A(t ) [52]. In the continuum

limit (τ → ∞) and t > t ′, the analytic solution of Eq. (6)

yields

K (t, t ′) =
γ λ

4
cosh[θ (t − t ′)]e−λ̄(t−t ′ ), (8)

where λ̄ = λ − i� and θ = β(λ̄ + iω0). Inserting Eq. (8)

into Eq. (4) and solving the resultant equation by Bromwich

integral formula, A(t ) is given by

A(t ) =
(x1 + u+)(x1 + u−)

(x1 − x2)(x1 − x3)
ex1γ t −

(x2 + u+)(x2 + u−)

(x1 − x2)(x2 − x3)
ex2γ t

+
(x3 + u+)(x3 + u−)

(x1 − x3)(x2 − x3)
ex3γ t , (9)

where the quantities xi (i = 1, 2, 3) are the solutions of the

cubic equation

x3 + 2(y1 − iy3)x2 + (u+u− + y1/4)x + y1(y1 − iy3)/4 = 0,

(10)

with y1 = λ/γ , y2 = ω0/γ , y3 = �/γ , and u± = (1 ±
β )y1 ± iβy2 − i(1 ± β )y3.

After obtaining A(t ), the reduced density matrix of the

qubit ρ(t ) can be written as

ρ(t ) =

(

cos2(θ/2)|A(t )|2 1
2

sin(θ )A(t )
1
2

sin(θ )A∗(t ) 1 − cos2(θ/2)|A(t )|2

)

. (11)

The knowledge of the evolved state of the qubit shall allow us

to analyze all the physical quantities of interest to our aims.

In the following, the case of resonant atom-cavity interaction

(� = 0) and strong coupling (λ < γ ) shall be considered.

III. QUANTUM WITNESS OPTIMIZATION

In this section, the quantum character of a moving two-

level atom (qubit) in a leaky cavity is studied using a quantum

witness. The general aim is to highlight the importance of

the considered model to figure out the necessity to optimize

the quantum witness for faithful experimental investigation

of quantumness in nonisolated systems. As a main result, we

shall supply the suitable measurements to be performed on the

qubit such that the quantum witness reaches its upper bound,

being equal to a coherence monotone, during the evolution.

Quantum witnesses have been introduced in the literature

to probe quantum coherence without resorting to demanding

tomographic processes [5,19,58]. Such witnesses are revealed

to be finer than the Leggett-Garg inequality [59] and can be

effectively adopted to experimentally test emergence of non-

classicality in open quantum systems. We utilize the quantum

witness defined as [5]

W(t ) = |pm(t ) − p′
m(t )|, (12)

where pm(t ) is the quantum probability to find the system

in the state m at time t , while p′
m(t ) represents the so-called

classical probability obtained at time t after an intermediate

measurement has been done on the system. Conceptually,

the quantum witness is based on the classical no-signaling

theorem that an intermediate observation at time t0 cannot

perturb the statistical outcomes of the later measurement at

time t , so that pm(t ) = p′
m(t ) [W(t ) = 0] and the system

behaves as a classical one [5,19,60]. Nonzero values ofW(t )

thus testify nonclassicality of the system state at time t . Also,

the quantum witness is upper bounded byWmax = 1 − 1/d ,

where d is the system dimension (which equals the number

of possible outcomes of a nonselective measurement on the

system) [61].

Since the quantum and classical probabilities appearing in

the quantum witness are obtained by averaging of projection

operators on the system state at time t , it is convenient to find

a propagator for the reduced density matrix of the qubit. By

means of the Lindblad-type evolution for an operator X in the

Heisenberg picture dX̂/dt = L[X̂ ] [20,58], for our dissipative

system-environment model one gets the integrodifferential

equation

X (t ) +
∫ t

0

dt ′
Kt [X (t ′)] = 0, (13)

where

Kt [X (t ′)] = K (t, t ′)(σ+σ−X (t ′)

+ X (t ′)σ+σ− − 2σ+X̂ (t ′)σ−), (14)

with the function K (t, t ′) being the kernel of Eq. (8).

Considering the evolution of the basis of Pauli operators

{1, σx, σy, σz}, one easily obtains
⎛

⎜

⎜

⎜

⎝

σx(t )

σy(t )

σz(t )

1(t )

⎞

⎟

⎟

⎟

⎠

= (t, 0)

⎛

⎜

⎜

⎜

⎝

σx(0)

σy(0)

σz(0)

1(0)

⎞

⎟

⎟

⎟

⎠

, (15)

where

(t, 0) =

⎛

⎜

⎜

⎜

⎜

⎝

1
2
[A(t ) + A∗(t )] −i

2
[A(t ) − A∗(t )] 0 0

i
2
[A(t ) − A∗(t )] 1

2
[A(t ) + A∗(t )] 0 0

0 0 |A(t )|2 |A(t )|2 − 1

0 0 0 1

⎞

⎟

⎟

⎟

⎟

⎠

, (16)
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with A(t ) given in Eq. (9). This equation can be used to

directly obtain the average values of the Pauli operators at a

time t as 〈σi(t )〉 = (t, 0)〈σi(0)〉 (i = x, y, z). Therefore, the

qubit density matrix at time t in the Pauli basis is given by

ρ(t ) = 1
2
(1 + 〈σx(t )〉σx + 〈σy(t )〉σy + 〈σz(t )〉σz ). (17)

The qubit, as said in Sec. II, is initially prepared in the coher-

ent superposition |ψ0〉 = cos(θ/2)|a〉 + sin(θ/2) |b〉, while

the final qubit state to be measured is the maximally coherent

state |+〉 = (|a〉 + |b〉)
√

2. In the absence of intermediate

measurements, the quantum probability at a time t = τ of

finding the final state |+〉 is given by the expectation value

of the projector �x,+ = 1
2
(1 + σx ) [58], that is, p+(τ ) =

Tr(ρ(τ )�x,+) where ρ(τ ) is the evolved reduced density

matrix of the qubit of Eq. (11). Differently, if a nonselective

blind measurement {�b
±} is performed at intermediate time

t = τ/2, the state at that time becomes

ρ ′(τ/2) = �b
+ρ(τ/2)�b

+ + �b
−ρ(τ/2)�b

−. (18)

By letting the perturbed state ρ ′(τ/2) evolve to time t = τ

leading to ρ ′(τ ), the classical probability is then obtained

by p′
+(τ ) = Tr(ρ ′(τ )�x,+). A blind measurement represents

a measurement in a system basis for which the outcomes

are discarded [61], the postmeasurement state resulting in a

statistical mixture corresponding to the different outcomes, as

evinced by Eq. (18). The typical choice for the intermediate

nonselective projections of Eq. (18) is [58]

�b
x,± = 1

2
(1 ± σx ). (19)

By calculating the expectation values giving the quantum and

classical probabilities p+(τ ) and p′
+(τ ), the quantum witness

of Eq. (12) is

W(τ )= 1
4

∣

∣ sin(θ )
(

A(τ )+A∗(τ )− 1
2
(A(τ/2)+A∗(τ/2))2

)
∣

∣.

(20)

It has been proven that the quantum witness of an isolated

d-level system (qudit) exhibits a tighter upper bound given by

half of the coherence monotoneW(τ ) � C(τ )/2 � 1 − 1/d
[61,62], where C(τ ) is the envelope of a quantum coherence

measure of the evolved qubit density matrix. One typically

employs the l1 norm of coherence Cl1 =
∑

i = j |ρi j | [63]. For

a damped qubit in a Markovian thermal reservoir, it has been

then seen that the envelope of the quantum witness, defined

according to the usual intermediate and final measurements

�b
± of Eq. (19), indeed coincides with the coherence mono-

tone [58]. However, for a generic open (nonisolated) quantum

system, the behavior of the quantum witness is more subtle

[62]: it is not guaranteed that it reaches the upper bound by

usual projective blind measurements and optimization proce-

dures may be required.

We now show how this aspect of experimental interest

naturally emerges in our model. From the qubit reduced den-

sity matrix of Eq. (11), we straightforwardly obtain Cl1 (t ) =
| sin(θ )A(t )| for the l1 norm of coherence. The quantum wit-

ness W(τ ) of Eq. (20) and the coherence monotone C(τ )/2

are then plotted as functions of dimensionless time γ τ for

various qubit velocities. In the case of stationary qubit (β =
0), as displayed in Fig. 2(a), the quantum witness amplitude

reaches its maximum violation coinciding with the coherence

FIG. 2. Quantum witness W (τ ) (blue solid line) and coherence

monotone C(τ )/2 (red dashed line) as a function of scaled time γ τ

for two velocities of the qubit: (I) β = 0, II) β = 0.05 × 10−9. Others

parameters are taken as follows: θ = π/2, λ = 0.01γ , � = 0, and

ω0 = 51.1 × 109 Hz (these values are of experimental reaching [64]).

monotone, in accordance with previous results [58,61,65]. On

the other hand, Fig. 2(b) shows that, by increasing the velocity

of qubit β, the quantum witness maximum values decrease in

spite of an increase of the coherence monotone curve. There-

fore, we infer that the intermediate nonselective projections

of Eq. (19) are not optimally selected for a general open

system dynamics. Some quantum coherence witnesses for

nonisolated systems have been constructed [62] by using, as

intermediate perturbation, the so-called classicalization opera-

tion Ŵ(ρ(τ/2)) ≡
∑

i |i〉 〈i| ρ(τ/2) |i〉 〈i|, which is the formal

process that preserves the diagonal entries of the system state

but destroys the off-diagonal ones. Such a classicalization can

be experimentally simulated by randomization of the phase of

path-encoded photonic qudits [66].

Inspired by these arguments, we want to provide here a

simple experimentally feasible method to optimize the quan-

tum witness of Eq. (12). As a matter of fact, one needs suitable

blind intermediate measurements which make the system

state classical (incoherent) so that it can remain classical for

the remainder of the evolution. We remark that, once such

measurements are found, they work for any open system

dynamics arising from an incoherent channel, that is a channel

incapable of creating quantum coherence in the state of the

system [67,68]. Since one is interested in making the system

state classical in the preferred computational basis, we find

that the goal is inherently accomplished by the nonselective

projections

�b
z,± = 1

2
(1 ± σz ), (21)

which have to be substituted in Eq. (18) to give the new

intermediate mixed qubit state ρ ′(τ/2), that results to be di-

agonal (classical). Performing these new blind measurements

and letting the perturbed state ρ ′(τ/2) evolve to time τ , the
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FIG. 3. Optimized quantum witness W′
q(τ ) and coherence

monotone C(τ )/2 as a function of scaled time γ τ for two different

velocities of the qubit, β = 0 (bottom curves) and β = 0.1 × 10−9

(top curves). Other parameters are the same as those of Fig. 2.

qubit state at time t = τ is

ρ ′(τ ) =

(

cos2(θ/2)|A(τ )|4 0

0 1 − cos2(θ/2)|A(τ )|4

)

, (22)

which remains, as desired, a classical mixture (the dissipative

channel of our model is incoherent for the qubit). Notice that

the diagonal elements of ρ ′(τ ) are different from the diag-

onal elements of ρ(t ) of Eq. (11). Calculating the quantum

and classical probabilities with the usual final measurement

defined by the projector �x,+ (final measured qubit state |+〉),
we obtain

W
′(τ ) = 1

4
| sin(θ )(A(τ ) + A∗(τ ))| = 1

2
| sin(θ )Re(A(τ ))|.

(23)

The quantum witness W′(τ ) is now optimal and, as de-

duced from Eq. (11), it coincides with the real part of the

off-diagonal term of the evolved qubit density matrix. This

optimization procedure is thus clearly due to an adaptive blind

measurement, in analogy with adaptive quantum tomography

[49]. This result can be also interpreted as maximizing the

distance between the state of the system at time t = τ and

its perturbed counterpart, which results to be a classical state.

As displayed in Fig. 3, W′(τ ) now reaches its upper bound

(coherence monotone) during the dynamics for any value of

qubit velocity, which guarantees a faithful use of the quantum

witness with adaptive blind measurements as an experimen-

tally friendly coherence tester. As an immediate byproduct

of this fact, Fig. 3 shows that the preservation of quantum

witness is extended by increasing the velocity of the qubit. In

other words, the motion of the qubit acts as a shield to protect

quantum memory stored in the qubit against noise.

IV. HYBRID QUBIT-PHOTON ENTANGLEMENT

PROTECTION

After supplying our main result in the previous section, we

would like to analyze the consequences of qubit motion on the

dynamics of other useful quantum features of the system. Be-

ing in the presence of a qubit-environment interaction at zero

temperature, a typical trait of interest for a comprehensive

characterization of the overall system, strictly linked to the

decoherence process [20,69], is the formation of hybrid qubit-

photon entanglement. Besides this aspect, dealing with the

entanglement between quantum memory stored in a qubit and

reservoir photon is relevant for implementing distribution of

quantum states in quantum networks [70–75]. In this section,

we thus investigate the way atomic qubit velocity affects the

dynamics of the entanglement established between the qubit

itself and the photon due to atom excitation decay.

A number of useful measures are available to quantify en-

tanglement of general composite systems [76]. Among these,

the von Neumann entropy of a reduced density matrix quan-

tifies the entanglement between subsystems of a composite

system in a pure state. For a given state ρ, its von Neumann

entropy is defined as S(ρ) = −Tr(ρ ln ρ). In this context, it

is useful to recall that, for a bipartite quantum system, the

entropies of the overall system and of the subsystems satisfy

the inequalities [77]

|S(ρA(t ))−S(ρF (t ))| � S(ρAF (t )) � S(ρA(t )) + S(ρF (t )),

(24)

where the subscripts A and F refer to two generic subsystems

which, in our case, are atom and radiation field, respectively,

while ρAF (t ) denotes the density matrix of the global atom-

field system. Being the overall evolution unitary, if the global

atom-field system is initially prepared in a pure state, Eq. (24)

conveys that the entropies of the atom and field will be equal

during the entire evolution: S(ρA(t )) = S(ρF (t )) [78]. Under

this circumstance, von Neumann entropy of a subsystem re-

duced density matrix actually identifies entanglement between

the subsystems. Therefore, an increasing entropy tells us that

the two subsystems tend to get entangled, while a decreasing

entropy discloses that each subsystem evolves towards a pure

quantum state and becomes unentangled [78].

In Fig. 4, the von Neumann entropy S(ρ(t )) of the reduced

state of the qubit, given in Eq. (11), is plotted for various

velocities of the qubit as a function of the scaled time γ t ,

starting with the qubit in the maximally coherent state |+〉 =
(|a〉 + |b〉)/

√
2 (θ = π/2). In the case of the stationary qubit

(β = 0), one observes that the qubit and its radiation field

photon become entangled immediately after the qubit-cavity

interaction is switched on, as expected, this entanglement

eventually damping with an oscillatory behavior. On the other

hand, as is manifest from Figs. 4(a) and 4(b), increasing the

velocity of the traveling qubit not only remarkably lengthens

the lifetime of the hybrid entanglement but it also suppresses

the fluctuations (due to memory effects). From a quantitative

viewpoint, one can notice that increasing the velocity of an

order of magnitude results in prolonging the qubit-photon

entanglement lifetime of two orders of magnitude.

It is worth highlighting the relationship between entan-

glement entropy and qubit purity P(t ) = Tr[ρ(t )2]. From

Eq. (11), the time-dependent purity of the qubit is

P(t ) = 2 cos4(θ/2)|A(t )|2(|A(t )|2 − 1) + 1, (25)

012331-5



NOSRATI, MORTEZAPOUR, AND LO FRANCO PHYSICAL REVIEW A 101, 012331 (2020)

0 100000 200000
t

0

0.4

0.8

S
(t

)

=0.5 10
-9

=0.7 10
-9

=1 10
-9

0 1000 2000
0

0.4

0.8

S
(t

)

=0

=0.01 10
-9

=0.1 10
-9

(b)

(a)

FIG. 4. The von Neumann entropy of the qubit S(t ) ≡ S(ρ(t ))

as a function of γ t for various velocities of the qubit: (a) β = 0

(solid, blue line), β = 0.01 × 10−9 (dotted, red line), β = 0.1 ×
10−9 (dashed, green line) and (b) β = 0.5 × 10−9 (solid, blue line),

β = 0.7 × 10−9 (dotted,red line), β = 1 × 10−9 (dashed, green line).

Others parameters are as follows: λ = 0.01γ , � = 0, θ = π/2, and

ω0 = 51.1 × 109 Hz.

whose evolution corresponding to the various velocities of the

qubit is reported in Fig. 5. As the curves clearly illustrate,

a faster qubit motion delays the reaching of the final pure

ground state |b〉 for the qubit. In fact, the plots of Figs. 5 and

4 certify a close connection between the hybrid qubit-photon

entanglement and purity of the qubit. The time during which

the qubit state remains mixed is longer for larger velocities,

as well as the entanglement lifetime is extended. Indeed,

we can observe that the time behaviors of qubit-photon
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FIG. 5. Purity of the qubit P(t ) as a function of scaled time γ t
for various velocities of the qubit. The other parameters are the same

as those used in Fig. 2.

entanglement and qubit purity are symmetrical, following the

same timescales.

V. IMPROVING QUANTUM PHASE

ESTIMATION PRECISION

To complete our analysis, in this section we shall under-

stand to which extent the qubit motion can affect a quan-

tum metrology task. Quantum metrology utilizes quantum-

mechanical features to improve the precision of measure-

ments. Typically, the parameter φ to be estimated is encoded

on a probe state ρin by means of a unitary process Uφ , giving

the output state ρφ = UφρinU †
φ . This output state ρφ is succes-

sively measured by means of a set of positive operator-valued

measurements and the value of φ finally estimated from the

outcomes [34].

The so-called quantum Fisher information (QFI) is used as

a criterion to quantify how precise the parameter measurement

and is defined as [79]

Fφ = Tr[ρφL2], (26)

where ρφ is the density matrix of the system and φ is the

parameter to be estimated. Moreover, the symmetric logarith-

mic derivative operator L is meant to be a Hermitian operator

fulfilling the condition ∂φρφ = ∂ρ/∂φ = {L, ρφ}, with {·, ·}
indicating the anticommutator [79,80]. An essential feature of

the QFI is to mark a lower bound of uncertainty in parameter

estimation, defined by the quantum Cramer-Rao inequality as

[79,80]

δφ � δφmin = 1/
√

Fφ, (27)

where (δφ)2 is the mean square error in the measure of param-

eter φ. The above inequality determines the smallest possible

uncertainty in estimation of the parameter of interest. By

diagonalizing the matrix ρφ as ρφ =
∑

m pm|ψm〉〈ψm|, where

pm and |ψm〉 are, respectively, eigenvalues and eigenstates,

one can rewrite the QFI as [81]

Fφ =
∑

m,n

2

pm + pn
|〈pm|∂φρφ|pn〉|2. (28)

For an open quantum system, because of the inevitable detri-

mental role of surroundings, the quantum enhancement for

parameter estimation is hindered and tends to be loose when

time goes by [34]. This means that the time-dependent QFI

Fφ (t ) is susceptible to decrease during the system evolution.

So it is important to devise techniques and strategies which

can prevent this drawback.

To show the effects of qubit motion within this context,

we focus on phase estimation. In particular, the (black-box)

unitary Uφ = |b〉 〈b| + eiφ |a〉 〈a| acts on the initial maximally

coherent state of the atomic qubit |+〉 = (|a〉 + |b〉)/
√

2,

which is successively subjected to the open dynamics due to

the interaction with the leaky cavity described in Sec. II. The

initial overall atom-cavity state is therefore (Uφ |+〉) |0〉 and

the evolved reduced density matrix of the qubit ρφ (t ) has the

same form of Eq. (11) where the off-diagonal elements now

depend on the phase φ. In Fig. 6 the time evolution of Fφ (t )

and of the optimal phase estimation δφmin(t ) is displayed for

different velocities of the qubit. From Figs. 6(a) and 6(b) one
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FIG. 6. (a) Quantum Fisher information Fφ (t ) and optimal phase

estimation δφmin(t ) as a function of γ t for various velocities of the

qubit: β = 0 (dash-dotted black line), β = 0.05 × 10−9 (dotted, red

line), β = 0.1 × 10−9 (dashed, green line) and β = 1 × 10−9 (solid,

blue line). Others parameters are taken as follows: λ = 0.01γ , � =
0, θ = π/2, and ω0 = 51.1 × 109 Hz.

can observe that, compared to the case of stationary qubit

(β = 0), larger velocities significantly inhibit the decrease of

QFI and, as a consequence, maintain the uncertainty δφmin(t )

close to its initial value. Quantum-enhancement for phase

estimation is thus maintained thanks to the qubit motion,

despite the dissipative noise, with the further advantage of

stabilizing the error by quenching the oscillations (due to the

memory effects).

VI. CONCLUSION

In this work we investigated the role of qubit motion in

the maintenance against noise of the quantum character of the

qubit, which is assessed by the directly measurable quantum

witness. The qubit has been chosen as a two-level atom travel-

ing inside a dissipative high-Q cavity at zero temperature (see

Sec. II). The choice of this model has proven to be suitable for

enlightening the problem of optimizing the quantum witness

in an open system dynamics. The quantum witness definition

depends on blind measurements to perform on the system of

interest at an intermediate time of the evolution. A faithful

experimental use of the quantum witness as a measure of

quantum coherence assumes that the measurements are such

that it can reach its upper bound. We showed that, using the

typical measurements projecting the qubit onto a maximally

coherent state in the computational basis (see Sec. III), the

quantum witness decreases in spite of a coherence gain for

nonzero qubit velocity. We point out that a physical instance

where this mismatch between quantum witness and coherence

clearly emerged has remained elusive so far. We then provided

the optimal intermediate blind measurements which make the

quantum witness reach its upper bound during the evolution,

coinciding with a coherence monotone, independently of

qubit velocity. Such blind measurements are those causing the

perturbed intermediate state to become a classical one [�b
z,±,

see Eq. (21)], so that any incoherent channel maintains it as

classical for the subsequent evolution. This optimization result

for the quantum witness takes on experimental interest and

can be straightforwardly generalized to a system of N non-

interacting qubits individually coupled to their own reservoir.

In fact, in this case the set of intermediate single-qubit blind

measurements

�
b,(N )
z,± = �

b,1
z,± ⊗ �

b,2
z,± ⊗ · · · ⊗ �

b,N
z,±, (29)

makes the N-qubit state classical (diagonal) in the computa-

tional basis, which remains classical provided that each noisy

channel is incoherent [67,68].

As a byproduct of the above main result, we found the

general behavior that larger velocities of the qubit strongly

protect quantumness against noise. In particular, we have seen

that this fact leads to lifetime extension of hybrid entangle-

ment between the atom qubit and the reservoir photon arising

from atomic decay (Sec. IV). Moreover, we proved that phase

estimation precision is significantly improved and stabilized,

despite the environmental noise, with the quantum Fisher

information remaining closer and closer to its initial value for

higher velocities (Sec. V).

We remark that the parameters used in this work are

realistic and typically encountered in cavity-QED and circuit-

QED experiments. For instance, ultrahigh finesse Fabry-

Perot superconducting cavities with quality factors Q � 1010,

corresponding to spectral width λ � 7 Hz (τr � 130 ms)

at central frequency ωc = ω0 ≈ 51.1 GHz, have been built

[64,82]. In addition, high-quality cavities and controlled

qubit-environment interactions can be nowadays implemented

by circuit-QED technologies [83,84]. Interestingly, position-

dependent qubit-cavity coupling strength, described by a sinu-

soidal function analogous to that of Eq. (2), can be produced

in circuit-QED [85,86]: the model of a moving qubit here

considered may be thus realized by adjusting the position of

the qubit linearly with time, so to have a relation like z = vt .

The results of this work, in addition to supplying a reliable

method to optimize the quantum witness, demonstrate that

control of the qubit motion acts as a quantum enhancer and

supply further insights towards shielding quantum features

against noise.
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