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Abstract: Holes in the skull may have a large influence on the EEG and ERP. Inverse source modeling
techniques such as dipole fitting require an accurate volume conductor model. This model should
incorporate holes if present, especially when either a neuronal generator or the electrodes are close to the
hole, e.g., in case of a trephine hole in the upper part of the skull. The boundary element method (BEM)
is at present the preferred method for inverse computations using a realistic head model, because of its
efficiency and availability. Using a simulation approach, we have studied the accuracy of the BEM by
comparing it to the analytical solution for a volume conductor without a hole, and to the finite difference
method (FDM) for one with a hole. Furthermore, we have evaluated the influence of holes on the results
of forward and inverse computations using the BEM. Without a hole and compared to the analytical
model, a three-sphere BEM model was accurate up to 5-10%, while the corresponding FDM model had
an error <0.5%. In the presence of a hole, the difference between the BEM and the FDM was, on average,
4% (1.3-11.4%). The FDM turned out to be very accurate if no hole is present. We believe that the
difference between the BEM and the FDM represents the inaccuracy of the BEM. This inaccuracy in the
BEM is very small compared to the effect that holes can have on the scalp potential (up to 450%). In regard
to the large influence of holes on forward and inverse computations, we conclude that holes in the skull
can be treated reliably by means of the BEM and should be incorporated in forward and inverse modeling.
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INTRODUCTION

Neuronal activity in the brain can result in macro-
scopic electrical currents that can be recorded at the
scalp as electroencephalogram (EEG) or as event re-
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lated potentials (ERP). The observed scalp potentials
are not only determined by the location and strength
of the neuronal generators, but also by the geometry
and conductive properties of the head. The skull is
known to have a large impact on the resulting scalp
potential distribution, which is due to its relative low
conductivity compared to the other tissues in the
head. We examined the effect of local inhomogeneities
in the skull, i.e., holes, on the scalp potential and
whether these can be incorporated in the boundary
element method (BEM). This can be regarded as a
specific example of skull inhomogeneities in general.
In principle these can be incorporated using the BEM,
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but currently these are commonly excluded from vol-
ume conduction models for the head.

Holes in the skull can be natural, such as the ear
holes or the hole through which the optic nerve
passes. Holes also may be present due to unnatural
causes like neurosurgery or fractures caused by acci-
dents. In general the tissue in a hole in the skull will
have a larger conductivity than that of the skull itself,
and therefore it can have a shunting effect between the
compartments interior and exterior of the skull. Cur-
rents, which normally would be confined mainly to
the interior of the skull, can flow through the hole and
thereby influence the scalp potential. It has been
shown previously that the presence of holes in the
skull has indeed a large impact on the scalp potential
distribution. In simulation studies the finite element
method (FEM) has been used [van den Broek, 1997;
van den Broek et al., 1998] as well as the finite differ-
ence method (FDM) [van Burik, 1999; Vanrumste,
2001; Vanrumste et al., 2000]. Not only holes, but also
the presence of thin sections in the skull, such as at the
frontal and temporal base of the skull and in the eye
sockets, have shown to have an impact on source
localization accuracy [Huiskamp et al., 1999].

Localization of the neuronal generators of EEG and
ERP can be carried out by using physical models for
the neuronal current source configuration and for the
volume conductor. For a small number of focal gen-
erators of brain activity, the scalp potential generated
by the model sources (usually dipoles) is iteratively
computed using a specific volume conduction model.
The location and strength of the sources are adapted
until the mismatch between the computed model po-
tential and the measured potential is minimal [Scherg
and von Cramon, 1985, 1986]. Alternatively, a distrib-
uted source model for the generators of the potential
distribution can be assumed. This requires a forward
computation of the scalp potential generated by each
source element. Subsequently the strength of the dis-
tributed source is computed by using a linear estima-
tion technique [e.g., Pasqual-Marqui et al., 1994]. Irre-
spective of whether a discrete or distributed source
model is assumed, inverse computation of the source
parameters requires a large number of evaluations of
the forward computation of the potential. This im-
poses a restriction on the inverse techniques: only
those methods that are computationally fast in the
forward computation are usable for inverse modeling.

Models of the head based on multiple concentric
spheres are commonly used for inverse modeling. The
analytical expressions for the forward computation of
the potential are known for these models [Cuffin and
Cohen, 1979; Kavanagh et al., 1978]. These expressions

can be evaluated quite efficiently, and even faster
approximation techniques for the analytical potential
have been developed [Ary et al, 1981, Berg and
Scherg, 1994; Sun, 1997]. More accurate computations
of the forward potential can be done using a realisti-
cally shaped model of the head [Buchner et al., 1995;
Leahy et al., 1998; Roth et al., 1997], but this requires a
numerical solution to the forward problem. The
boundary element method (BEM) is the most popular
numerical method for inverse computations with a
realistically shaped model of the head. This is largely
due to its relatively high computational efficiency
compared to the other numerical methods available.
In the preparatory phase, the BEM requires a compu-
tation of a single matrix that describes the effect of the
volume conductor and the computation of the inverse
matrix. Once this has been computed, the scalp poten-
tial for any given source configuration can be evalu-
ated with little computational cost. This makes the
performance of the BEM comparable to that of the
analytical spherical head models.

Localizing brain activity on basis of EEG/ERP mea-
surements in the presence of holes in the skull requires
that the effects of the hole on the volume conduction
are incorporated in the model. At present, the BEM is
the only technique enabling the use of realistic head
models including holes in the skull, which is fast
enough for the large number of iterations required by
the inverse methods.

The goal of this study is to assess whether the BEM
is accurate enough for forward and inverse modeling
in the case of holes in the skull. This goal will be
approached in two steps. First, the solutions for vol-
ume conductors without a hole in the skull obtained
by the finite difference method (FDM) and the bound-
ary element are compared to the analytical solutions.
Next, the results obtained by the FDM and the BEM in
the presence of a hole in the skull are compared to
evaluate the accuracy of the BEM in that situation. The
FDM will serve as the “gold standard” in the latter
comparison. Finally, the actual effect of holes in the
skull on the scalp potential and on inverse computa-
tions will be demonstrated for a variety of source and
volume conduction model configurations.

MATERIALS AND METHODS

To be able to compute the analytical solution for the
potentials for comparison, we make use of a simplified
geometry representing the head. This geometry con-
sists of one or three spheres, each with a homogeneous
conductivity. The single sphere model has a radius of
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100 mm and a conductivity of 1 S/m. The three
spheres have radii of 88, 92, and 100 mm (representing
the brain, skull and scalp compartment) and a conduc-
tivity of 1, 1/80, and 1 S/m, normalized to the con-
ductivity of the brain [Geddes and Baker, 1967]. These
conductivities correspond to the values that are nor-
mally used in forward and inverse EEG studies. Re-
cent work by Oostendorp et al. [2000] has shed some
doubt on the validity of the conductivity ratio of 1/80
for the skull and suggested a higher conductivity
(lower resistance). Other recent studies, however, re-
port on values of the skull conductivity around 1/80
of that of the brain and skin tissue [Cuffin, 1993;
Gabriel et al., 1996, Law, 1993] and no consensus
seems to exist as yet. It can be assumed that the effects
of a hole will be greater when the conductivity of the
skull is lower, i.e., when there is a larger difference in
conductivity of the skull and the hole. In this study we
adopted the value of 1/80 for the skull conductivity
because it will provide the largest effects and, hence,
the strongest test case.

Evaluating the accuracy of the BEM and FDM

To assess the accuracy of the BEM, we have com-
puted the potential for a number of source and vol-
ume conduction geometries. We used a one- and a
three-sphere volume conduction model with no hole
and a three-sphere model with a hole centered on the
positive z-axis. The diameter of the hole was varied
from 10, 20, 30 to 60 mm. The source consisted of a
single radial dipole on the z-axis, which pointed to-
ward the hole. Extensive FEM simulations [van den
Broek, 1997] have shown that a dipole pointing to-
ward a hole in the skull causes the largest influence on
the surface potential, and we used this finding to
guide our simulations. The eccentricity of the dipole
was varied from the origin toward the surface with
z-values of 0, 2, 4, 6, and 8 cm (Fig. 1). This configu-
ration with a radial source pointing along the z-axis
and with a hole on the z-axis has a rotational symme-
try around the z-axis.

Forward computations of the surface potentials, due
to the source on the z-axis, were made for the one- and
the three-sphere geometries with no hole using the
BEM and FDM. These were compared to the analytical
computed surface potentials, to validate both meth-
ods. Subsequently, a hole was created on the z-axis in
the BEM and FDM models, and the potentials were
compared to each other to assess the accuracy relative
to each other. The relative error (RE) was used to

Figure 1.
Overview of the Cartesian and spherical coordinate system in one
octant, schematically depicting the location of the hole in the skull.

quantify the correspondence between the potentials
computed by different methods:

Eil (@i — Vi)2
RE = _ (1)
XN v

In this equation V; is the potential at electrode i
computed by one method, ¢; is the computed poten-
tial at i by the other method and N is the number of
electrodes. The RE was also used to express the dif-
ference between the models with and without a hole,
in which case it is called the relative difference.

For the comparison between the BEM, the FDM, and
the analytical computed potential, we used only those
electrode locations that we were able to compute the
potential in each method. The electrodes lying in the
yz-plane fully describe the potential for a radial source
on the z-axis due to the rotational symmetry. We used
20 electrodes along a surface contour in this plane,
with 6 ranging from 0 to 180 degrees (Fig. 1). This
resulted in an inter-electrode distance of 8.3 mm. The
electrodes were chosen such that they coincide with
vertices of the mesh for the BEM, because this results
in a more accurately computed potential for the BEM
[Fuchs et al., 2001]. In the comparisons of the potential
without a hole, an average reference potential was
used in the computation of the RE. When a hole was
present in the models, we used a reference electrode
located at the bottom of the outermost sphere. By
putting the reference as far away as possible from the
location of the hole, the referenced potential distribu-
tion is influenced as little as possible by the presence
or absence of the hole.
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Finite difference method

The FDM is based upon the notion that, for source
free regions, the divergence of the current density is
zero in any volume conductor (quasi-static approach).
This implies that the flux of the current density
through any closed surface is zero. This corresponds
to Kirchof’s law for an equivalent resistive electrical
circuit, in which the current going into each node
equals the current leaving the node.

Expressing the electric field as function of the po-
tential, the combination with Ohm’s law yields

J=—ove (2)

The application of Gauss’s law leads to the follow-
ing surface integral for a surface enclosing a region
with a source of magnitude I, corresponding to a
monopolar source.

J oV - dS = 4ml (3)

For any surface surrounding a source free region,
this surface integral equals zero.

faﬁcp - dS=0 (4)

The FDM mesh was constructed by placing nodes
on a regular grid in spherical coordinates. Due to the
rotational symmetry of the problem, no currents flow
in the tangential direction around the z-axis (Fig. 1).
Therefore it suffices to create a mesh consisting only of
a single slice of the sphere (Fig. 2A).

To compute the potential at each node, equations (3)
and (4) are evaluated for each node in the mesh. For
nodes that are source free, the total current density
flux through their surface equals zero. Starting off
with a mesh in which all nodes are assumed to be
source free gives the following equation for each node:

2 (o%¢ - AS,) =0 (5)

where AS, is the bounding surface of the node at edge
n (Fig. 2B). The areas of each of the four bounding
surfaces for our configuration are

A) B)
Figure 2.
Construction of the mesh used for the FDM. The left shows how
a single slice is taken from a sphere, retaining the rotational
symmetry around the z-axis. On the right a single volume element

of this slice is shown with the definition of the indices of the
volume element (i, j) and the surfaces (S1-S4).

S; = (i)? Ar’A0Ad sin((j - ;)AB)
1 2
S, = (i — 2) Ar*A¢d sin((j)A9))
1
S, =(G1—1)* Ar*> A0Ad sin((j - 2)A6>
1 2
S, = (i - 2) Ar*A¢d sin((j — 1)A0)) (6)

and the effective conductivity o,, for each boundary is
set at

ZUi,jU'i +1,
g, =
Ot 041y
ZUi,jUi,j +1
O, =
Oi;t 05541
20'i,j0'i -1,
0-3 =
O-i,j + g; - 1,j
. ZUi,jUi,j -1
Oy = (7)

Ui,j + O-i,j -1
This results in a single linear equation for each node.
Combining these into a linear system of equations

gives

Co=Db (8)
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where matrix C is sparse with only four non-zero
elements per row and vector b contains a zero for each
source free node. Vector ¢ is the unknown potential at
each node.

A dipolar source was introduced into the FDM
model by putting two monopolar current sources at
two adjacent nodes. One node acts as the source with
a positive monopole, the other one acts as the sink,
with an equally strong but negative monopole. This
results in two non-zero values in vector b. Subse-
quently, equation (8) was solved for the potential ¢,
which can be efficiently done by exploiting the spar-
sity of matrix C. We used the default Matlab 5.3 solver
for sparse linear systems, which implements Gaussian
elimination with partial pivoting [Gilbert et al., 1992].
From the resulting vector containing the potential at
all nodes, only the surface nodes were taken. The
potentials at the electrode locations were computed
using linear interpolation between the surface nodes.

The FDM was applied to a mesh containing 100
nodes in both the radial direction and the tangential
direction 6, resulting in a total of 10,000 nodes. In
addition, coarser meshes with 50 X 50 nodes and 100
X 50 nodes and finer meshes with 200 X 100 nodes
were used in the configurations without a hole. For the
configurations with a hole, we used a mesh consisting
of 100 X 113 nodes. Using 113 nodes along the tan-
gential direction gives a tangential node distance of 5
mm at the location of the skull, with which the desired
hole diameters could be realized.

Boundary element method

The approach used by the BEM is based upon the
integral formulation of the forward problem for the
electric potential [Barnard et al., 1967a,b]. The volume
conductor is assumed to consist of multiple compart-
ments, each with a homogenous and isotropic conduc-
tivity. A closed triangular mesh describes the bound-
ing surfaces between the compartments. The potential
can be assumed to be constant over the triangles (cen-
tre of mass approach) or can be assumed to vary
within the triangles as a linear function of the values at
the vertices (vertex approach) [de Munck, 1992; Meijs
et al., 1989]. The vertex approach is more accurate and
computationally faster and therefore the method of
our choice. The formulation of the BEM has been
described in detail elsewhere [Meijs et al., 1989; Oos-
tendorp and van Oosterom, 1989]. We present only the
main result:

¢ = Ag¢. 9)

"OPEN" "‘DENTED" "PEGGED"

Figure 3.
The three methods used to create a hole in the skull for the BEM.
From left to right the open, dented, and pegged model are sche-
matically shown. Note that in reality the skull and brain surfaces
touch in the dented model and that in the pegged model the
compartment representing the hole touches the brain and the
skull.

This equation shows the separation within the BEM
of the volume conduction effect and of the effect that
the source has on the surface potential ¢. Matrix A in
this equation depends only on the geometric and con-
ductive properties of the volume conductor. Vector ¢.,
(the source term) is the infinite medium potential, i.e.,
the potential on all vertices due to the sources for an
infinitely large homogeneously conducting medium.
To compute the potential due to any specific (not
necessarily dipolar) source, it suffices to compute the
infinite medium potential due to that source, followed
by the multiplication with the system matrix A. This
matrix needs to be calculated only once, which allows
for fast repetitive evaluations of the surface potential
using the BEM.

The meshes for the BEM were created by starting
with an icosahedron (12 vertices), followed by three
rounds of triangle refinement in which the triangle-
shape was maintained constant [Bank et al., 1983]. The
vertices of the resulting mesh were subsequently
scaled toward the desired sphere radius. This results
in a regular mesh with 642 vertices and 1,280 triangles.
Local refinement of the triangulation was applied in
the region near the positive z-axis, which is both the
region where the hole was located, as well as the
region to which the more superficial dipoles were
close [Yvert et al., 1995, 1996]. Starting with a surface
description of the three compartments, a hole in the
skull was designed in three different fashions, which
are schematically depicted in Figure 3. The three
methods (open, dented, and pegged) are described
below.

The first method uses a surface description of a skull
compartment with a real hole, and we call this an
“open” surface. Starting off with intact surface de-
scriptions of brain and the skull, a hole is made in both
surfaces by removing the vertices and triangles near
the hole. The orientation of the triangles (i.e., surface
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normals) of the brain surface is inverted, after which
the edge of the hole in the brain surface is connected
with a strip of new triangles to the edge of the hole in
the skull surface. This results in a single closed trian-
gular surface, describing both the outer and the inner
surface of the skull (that was previously the outer
surface of the brain). The resulting BEM model con-
sists of two surfaces only; one for the skin and the
other one is the newly created skull surface. Because
the brain and skin compartment are fused through the
hole into one compartment, this method can only be
used if they have the same conductivity.

In the second method, the vertices of the original
skull surface triangulation are locally moved toward
the brain surface. This results in a dent in the skull
surface similar to the surfaces used by Cuffin [1993],
but in our situation the resulting skull thickness was
put to zero. We ensured that the vertices and triangles
of the skull surface within the hole exactly matched
the vertices and triangles of the brain surface, result-
ing in an exact correspondence of the two surfaces
within the hole. The upright edge of the hole in the
skull triangulation was re-triangulated to create a
sharp transition from the skull toward the dented
hole. In the regions where the two surfaces touch,
there is an infinitely thin layer that has the conductiv-
ity of the skull. Assuming the same conductivity for
the scalp and brain compartments, the corresponding
vertices of the brain and skull surfaces will cancel out
in the BEM. The resulting BEM model consists of three
surfaces just as in the normal situation describing the
brain, skull and scalp compartments. The dented de-
scription is more flexible than the open description in
the respect that it does not require the conductivities
of brain and skin to be the same.

The third method uses an additional compartment
to describe the hole. The vertices of the skull triangu-
lation overlying the hole are identified, as well as the
vertices of the brain triangulation directly underneath
the hole. These vertices (and their triangulation) are
assimilated into a new surface by connecting the edges
of these two surfaces, using a triangle strip. The re-
sulting geometry is similar to a “peg.” By placing this
peg between the skull and the brain surface, and spec-
ifying a high conductivity similar to that of the brain
and skin, effectively a hole in the skull is created. The
vertices of the peg or hole compartment were created,
to exactly correspond to the brain triangulation on the
inside, and to the skull triangulation on the outside. In
the regions where the peg touches the other two sur-
faces, there is an infinitely thin layer having the con-
ductivity of the skull. The “pegged” description offers
the flexibility that different conductivities for brain

and skin can be used, and a different conductivity for
the tissue within the hole is possible.

The “dented” and “pegged” descriptions of the
skull consist of interfaces, which touch each other near
the hole. The BEM involves the computation of the
solid angles of all triangles as seen from all other
vertices. The computation of these solid angles is
straightforward, except in the case that the observa-
tion vertex is part of the triangle. If the vertex and
triangle are located at the same interface, we use the
Auto Solid Angle (ASL) method [Meijs et al., 1989] to
compute the solid angle. In the ASL method, the solid
angle of the surface element is computed for an ob-
servation point that approaches the surface from
within. If the triangle is at another interface than the
vertex, but touching the vertex nevertheless, the solid
angle is computed for an observation point approach-
ing the surface from without. Because the touching
triangle has a vertex, which coincides with the obser-
vation vertex, the value for the solid angle can be
computed as 4w minus the auto solid angle found for
the coinciding vertex.

The presence of a compartment with very low con-
ductivity, such as the skull between the source and the
surface electrodes, results in poor computational ac-
curacy for the BEM. This problem can be largely over-
come by the use of the Isolated Potential Approach
(IPA) [Hamaildinen and Sarvas, 1989]. In the IPA first
the potential w, at the inner compartment in isolation
is computed. Next, the potential at all vertices is com-
puted by using the same equation as equation (1), but
with a modified source term, which is a weighted
summation of ¢, and w, [Hamdldinen and Sarvas,
1989]. Note that the IPA can only be used for the
dented and the pegged skull, because for the open
geometry no isolated compartment containing the
source can be identified. Whether the IPA also im-
proves the accuracy of the potentials computed using
the BEM in the case of a skull with holes, is hard to
predict. We examined the influence of the IPA on the
accuracy of the BEM, by applying it on the three-
sphere configuration without a hole, and by applying
it to the “pegged” skull BEM model.

RESULTS
Accuracy of the FDM in case of no hole

FDM potentials were computed for the one- and
three-sphere configurations. A radial oriented dipole
was placed at z = 0, 2, 4, 6, and 8 cm. The RE of the
FDM potentials, compared to the analytical potentials
for a single sphere and for three spheres, are presented
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TABLE |. Relative errors of the FDM potential compared to the analytical solution (without a hole)*

FDM vs. analytical

FDM vs. analytical

FDM vs. analytical FDM vs. analytical

Dipole excentricity (cm) mesh 50 X 50 mesh 100 X 50 mesh 100 X 100 mesh 200 X 100
Single sphere model
0 0.19 0.22 0.05 0.06
2 0.07 0.06 0.01 0.01
4 0.15 0.12 0.02 0.02
6 0.25 0.20 0.05 0.05
8 141 1.28 0.61 0.48
Three sphere model
0 0.20 0.24 0.05 0.06
2 0.05 0.05 0.01 0.01
4 0.08 0.07 0.01 0.01
6 0.14 0.12 0.02 0.02
8 0.30 0.26 0.14 0.10

Values are expressed as %.

* The source was a radial dipole located along the z-axis. The results pertaining to different FMD mesh refinements are shown.

in Table I. For a single sphere, the coarsest mesh with
50 X 50 nodes already resulted in a small RE of 0.2—-
1.4%. The quality improved slightly with more nodes,
and the finest mesh with 200 X 100 nodes resulted in
an error <0.5% for all dipole locations. For a three-
sphere configuration, REs were smaller: the mesh with
50 X 50 nodes resulted in an error <0.2% for each
dipole location and the 200 X 100 mesh resulted in
errors <0.1%. It can be concluded therefore, that the
FDM is very accurate in computing the surface poten-
tial for the one- and three-sphere configurations with
a radial oriented dipole, regardless of dipole eccentric-

ity.
Accuracy of the BEM in case of no hole

Using the BEM and FDM, the potentials generated
by a dipole in a one-sphere model and in a three-
sphere model with no hole, were computed. The ref-

erence for the potential was chosen to be the average
over all electrodes. The potential was computed for a
radial dipole at z = 0, 2, 4, 6, and 8 cm. The RE was
used to express the differences between these two
numerically computed potentials and the analytical
potential.

Comparisons of the BEM to the analytical solution
for the one- and three-sphere configurations without a
hole are presented in Table II. The main results are as
follows: for a single sphere BEM model with 642
evenly distributed vertices, the RE ranged from 0.1%
for a dipole in the center to 0.6% for the most super-
ficial dipole location. A three-sphere BEM model with
642 evenly distributed vertices for each sphere (with a
total of 1,926 vertices and 3,840 triangles) resulted in
an error of 8-11% when the isolated potential ap-
proach was used. Without the isolated potential ap-
proach, however, the error was much larger for di-
poles near the surface, even up to 190% for the most

TABLE Il. Relative errors of the BEM potential compared to the analytical solution (without a hole)*

Three sphere model

Single sphere model

BEM vs. analytical

BEM vs. analytical Locally refined BEM

Dipole excentricity (cm) BEM vs. analytical without IPA with IPA without IPA
0 0.14 5.7 8.1 48
2 0.15 7.6 8.5 39
4 0.18 14.4 9.8 3.7
6 0.25 31.9 12.0 9.2
8 0.62 190.5 10.8 10.4

Values are expressed as %.
* The source was a radial dipole located along the z-axis.
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TABLE Ill. Relative differences between the FDM and BEM potentials for the different BEM hole models

Open model Dented model Pegged model
Dipole excentricity (cm) 60-mm hole 60-mm hole 60-mm hole
0 7.8 5.8 55
2 4.6 45 4.0
4 2.7 2.7 1.9
6 8.5 33 4.2
8 5.6 4.6 49

Values are expressed as %.

superficial dipole. The use of a mesh with 1,306, 1,308,
and 642 vertices for the brain, skull and scalp surfaces
respectively, where the brain and skull surfaces were
locally refined near the positive z-axis (i.e., near the
location of the dipole), resulted in a RE of 7% for the
central dipole to 4% for the most superficial one when
the isolated potential approach was applied (not pre-
sented in the table), and 5% (central) to 10% (superfi-
cial) when the isolated potential approach was not
applied. Irrespective of the use of the isolated poten-
tial approach, the accuracy of the BEM in a three-
sphere model was therefore estimated to be 5-10%,
when using a properly refined mesh.

Comparison of BEM and FDM in case of a hole

Because there is no analytical solution available for
the computation of the potential for a volume conduc-
tor with a hole, we are limited to the comparison
between the BEM and FDM in this particular case. We
compared the potentials computed with BEM and
FDM generated by a radial dipole along the z-axis of a
three-sphere model with a hole of varying size on the
positive z-axis. The BEM potentials were computed
without the application of the isolated potential ap-
proach.

Comparing the three different methods of creating a
hole in the skull for the BEM with the FDM results
shows that the open, dented, and pegged all have a

similar RE. Depending on the dipole eccentricity, the
open model for a 60-mm hole has a relative difference
ranging from 2.7-8.5%. The dented model has a rela-
tive difference of 2.7-5.8% and the pegged model re-
sults in 1.9-5.5% difference. Table III lists the total
comparisons of the different models. The RE of each
model is slightly larger for a dipole near the center, as
well as for a dipole near the hole. A dipole halfway
from the center toward the hole has the smallest error
in each of the BEM models.

Based on the comparisons between the methods
to create a hole for the BEM, the pegged hole model
was selected for further study. Table IV lists the
results for the different hole sizes and dipole loca-
tions. The RE between the FDM and BEM ranges
from 2.8-5.0% for the 10-mm hole, up to 1.3-11.4%
for the 30-mm hole. The BEM potentials for the
largest hole (60 mm) are again more similar to the
FDM, with differences of 4.0-5.5%. Although the
differences between FDM and BEM may appear
rather large, they should be seen with respect to the
actual change in scalp potentials, due to the pres-
ence of a hole. These are orders of magnitude larger,
and range from 5% for a central dipole with the
smallest hole up to over 400% for a superficial di-
pole with a large hole. The comparisons between the
potential distributions without and with a hole are
presented in more detail in a next section.

TABLE IV. Relative differences between the FDM and BEM potentials in the presence
of a hole in the skull of varying diameter

BEM vs. FDM

Dipole excentricity (cm) 10-mm hole

BEM vs. FDM
20-mm hole

BEM vs. FDM
30-mm hole

BEM vs. FDM
60-mm hole

5.0
3.0
2.8
5.0
3.2

0NN O

4.7 3.8 5.5
2.5 1.3 4.0
2.1 3.0 1.9
1.8 5.1 4.2
1.9 114 49

Values are expressed as %.
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IPA in the presence of a hole in the skull

Previous research has shown that the isolated po-
tential approach increases accuracy [Hdmaldinen and
Sarvas, 1989; Meijs et al., 1989]. The actual assumption
of the source being located in the isolated skull com-
partment is invalidated, however, when a hole is
present in the skull. The comparisons between the
BEM and the analytically computed potentials for a
closed skull demonstrate that the application of the
IPA only increases the accuracy in specific situations.
Using a model with three spheres, each triangulated
regularly with 642 vertices, the IPA dramatically im-
proves the accuracy for a superficial radial dipole: the
RE between BEM and analytical potential reduces
from 190 to 10.8%. For a central dipole in combination
with a regular triangulation however, the RE increases
from 5.7 to 8.1% due to the application of the IPA.

We also compared the BEM potential to the analyt-
ical potential for a locally refined mesh. This refined
mesh was based on the same refinement used for the
models with a hole, simply by leaving out the peg
representing the hole. The mesh for the scalp surface
was evenly triangulated and the surfaces for the brain
and skull were locally refined near the hole. With this
mesh, the RE for the most superficial dipole was only
10.4% without the IPA, compared to 3.6% with the
IPA. The central dipole again showed the opposite
effect: the RE increased from 4.8 to 7.3% by using the
IPA.

These results show that the application of the IPA is
not always beneficial in the case of a closed skull. It
works very well for superficial sources near a relative
coarse triangulation of the interior brain and skull
surfaces. For deep sources, however, the IPA de-
creases the accuracy. For superficial sources in combi-
nation with a locally refined mesh, the IPA slightly
increases the accuracy, but not very much.

Because there is no analytical solution for the po-
tential in the case of a hole available, we cannot make
strong statements about the influence of the IPA on
the BEM, in case of a hole. Using the FDM solution as
reference, however, the accuracy of the BEM in the
case of a hole, with and without the IPA, seems com-
parable, with only differences of a few percent (not
presented quantitatively).

Influence of a hole on the forward solution

The previous sections established the accuracy of
both the BEM and FDM for forward potential compu-
tations in one- and three-sphere volume conductor
models without a hole, where the FDM is the most

accurate. Furthermore, it was demonstrated that the
potentials computed with BEM and FDM in the case of
a hole in the skull correspond closely, with a differ-
ence from 1.3% to a maximum of 11.4%. For compu-
tational reasons the FDM model was limited to a
configuration with a rotational symmetry around the
z-axis. In contrast to this, the BEM does not have to be
limited to a certain source or volume conductor con-
figuration and therefore we used it in the following
computations. The actual effect of the hole on the
potential distribution is demonstrated, by comparing
potential distributions for three-sphere volume con-
ductors, with and without a hole for a wide range of
source configurations. In these computations we used
the IPA, although similar results would have been
obtained without it. The main reason to use it is that
we wanted to compute the potential both for sources
near the hole, as well as for sources near the skull but
further away from the hole. For the first sources, the
IPA does not make a great deal of difference. For the
latter sources, which are near to the non-refined re-
gions of the skull, the IPA greatly increases accuracy.

The potential was computed on all 642 vertices of
the outer surface of the BEM model. The reference for
the potential was chosen at the opposite side of the
hole, along the negative z-axis. The effect of a hole of
varying diameter on the potential, expressed as the
relative difference, is shown in Figure 4 for a dipole
moving along the z-axis from the center of the sphere
toward the hole. The left hand side (Fig. 4A) shows the
effect for a radial dipole (pointing in the z-direction
toward the hole), the right hand (Fig. 4B) side shows
the effect for a tangential dipole. The difference in the
potential distribution varies from near zero for a
source far away, to over 400% for a radial dipole
closely located near the hole. In general the effect on
the potential is smaller for a tangential dipole. For
most source locations the difference is smaller than
50%, but for a tangential dipole near the largest hole it
increases to over 200%. Figure 4C and D show the
effect of the hole on the potential for a dipole moving
along the y-axis from the center toward the edge. The
left hand side (Fig. 4C) shows the effect for a radial
dipole (which is now in the y-direction), and the right
hand side (Fig. 4D) shows the effect for a tangential
direction toward the hole (z-direction). The effect is
much smaller than for a dipole moving toward the
hole. Depending on dipole location and orientation,
the RE varies between 0 and 13%.

The effect of the hole on the potential distribution is
shown in more detail in Figure 5, where the potential
is plotted for a contour over the surface, running from
directly above the hole at the positive z-axis (6 = 0
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Figure 4.

Potential difference between the BEM model without a hole and with hole of varying diameter, expressed as relative difference. The top
row shows the difference for a source moving along the z-axis from the center of the sphere toward the hole. The bottom row shows
the difference for a hole moving orthogonal to (or along) the hole along the y-axis. In the left column the source is oriented along the
z-axis (pointing in the direction of the hole), in the right column the source is oriented along the y-axis (pointing orthogonal to the hole).

degrees) toward the negative z-axis (6 = 180 de-
grees), which also is the location of the reference
electrode. Six figures are shown, each containing the
potential for the model without a hole and for the
models with a hole of 10, 20, 30, and 60 mm. The
three columns represent different source locations
along the z-axis, running from the center toward the
hole (z = 0 cm, 4 cm, 8 cm). The two rows represent
the potential for a radial (toward the hole) and for a
tangential dipole orientation. For the radial source

pointing toward the hole, these figures demonstrate
that the hole affects the scalp potential up to 90
degrees away from the hole, regardless of its size.
The influence of the hole on the potential is greater
for the larger holes, but is already apparent for the
smallest hole. The distance between the dipole and
the hole appears to be a more dominating factor
than the hole diameter. The lower three panels of
Figure 5 show that for a tangential dipole the effect
of the hole on the potential is less pronounced. This
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Figure 5.
Potential difference between the BEM model without a hole and with a hole of varying diameter at 6 = 180 degrees. The potential is
plotted along a single contour over the surface; the reference for the potential is positioned at the side opposite the hole (6 = 180

degrees).

is the case particularly if the dipole is far away from
the hole, compared to the hole diameter (lower left
and middle figure). For a dipole closer to the hole,
the effect on the potential remains small only if the
hole is also small in size (e.g., 10 mm). A relatively
large hole (>10 mm) with a tangential dipole nearby
shows again profound effects on the potential over
a large part of the scalp.

Influence of a hole on inverse dipole fitting

The influence of neglecting the presence of a hole in
inverse computations is demonstrated in Figure 6.
Forward potentials were computed using the BEM
model with a hole of 20 mm on the z-axis. The poten-
tial was computed at 642 evenly distributed electrodes

with an average reference. A regular grid in the yz
plane with a grid spacing of 1 cm was created and at
each grid point a single dipole was placed. These
dipoles were oriented either in the z-direction, which
is more or less in the direction of the hole, or in the
y-direction, which is more or less perpendicular to the
hole. For each dipole location and orientation the for-
ward potential was computed using the model with
hole, and subsequently the dipole location was fitted
using the model without the hole. The effect of ne-
glecting the hole on the inverse calculations is dis-
played as the shift in dipole location: starting at each
original (forward) grid location, an arrow is drawn
toward the location where the (inverse) dipole was
fitted. The length and direction of the arrow repre-
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Figure 6.
Influence of a 20-mm hole on the location of a fitted dipole. The arrows indicate the error in dipole position, when an inverse model
is used in which the hole is neglected. The dipole orientation is in the z-direction for the left figure and in the y-direction for the right
figure. Note that the arrows do not indicate source orientation and strength.

sents the shift in dipole location. It should be noted
that the arrows have nothing to do with the dipole
moment.

Figure 6A shows the shift of the dipole oriented in
the z-direction, in Figure 6B the shift is shown for the
y-oriented dipoles. When oriented toward the hole, as
for the largest part of Figure 6A, the fitted dipoles are
shifted toward the hole. Figure 6B shows that dipoles
oriented perpendicular to the hole tend to be pushed
away from the hole, but still are located closer to the
surface. Dipoles that are located near the hole display
a shift of up to 1.5 cm. The shifts in location are small
for dipoles located far away from the hole. We also
carried out these forward and inverse computations
for smaller and larger holes. As expected for a smaller
(10-mm) hole, the shifts in dipole location were
slightly smaller than those displayed here for the
20-mm hole, but with a same overall pattern in the
error of the fitted dipole. With a hole of 30 mm, the
shifts were accordingly larger.

DISCUSSION

We used analytical computed potentials for a one-
and a three-sphere volume conduction model for
the head with no hole in the skull to evaluate the
accuracy of the BEM and the FDM. The FDM proved

to be very accurate, even for relatively coarse
meshes. For a mesh of 200 X 100 nodes the RE of the
FDM was <0.5% for a single sphere and less than
0.1% for a three-sphere model. The accuracy of the
BEM depends on the location of the source with
respect to the interior brain and skull surfaces. The
application of the isolated potential approach can
greatly improve the accuracy of the BEM when us-
ing a regular mesh, from an error of 190% to an error
of 10.8%. With a locally refined mesh near the
source, the influence of the IPA is not so substantial,
but its application still reduces the error from 10.4 to
3.5%. The IPA is not beneficial for deep sources. For
superficial sources, a great increase in the accuracy
of the BEM potential can also be achieved by using
a locally refined mesh and the IPA is not necessary
in that case. We conclude that beneficial effects of
the IPA cannot clearly be indicated when holes are
present in the skull. The use of a weighed IPA, as
suggested by Fuchs et al. [1998], may provide a
more optimal solution and deserves further investi-
gation.

Using the FDM as a reference solution, we deter-
mined the accuracy of the BEM for a three-sphere
model with a hole in the skull. The comparison shows
that both numerical methods give similar potentials.
The differences between FDM and BEM range from
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1.3 to 11.4%, but in most combinations of source loca-
tion and hole size the difference is <5%. Due to the
good performance of the FDM in the case of no hole,
and due to the performance of the BEM when no hole
is present (errors of 3.7-12.0%) we take the difference
between the FDM and the BEM in the presence of a
hole to reflect the inaccuracy of the BEM. We conclude
that the BEM can be used to compute the potential
with an error <12% for all configurations tested. Com-
pared to the large effect the hole has on the potential
(up to 450%), we consider this to be adequate.

The effect of holes in the skull on the scalp poten-
tial can be very large. Compared to a closed skull,
potential differences of up to 200-450% are found
when a dipole is present near the hole. The actual
effect depends strongly on the location of the source
with respect to the hole, but in general it is much
larger for dipoles pointing toward the hole than for
tangential dipoles. The results of inverse dipole fit-
ting are strongly affected by the presence of a hole.
Neglecting a hole in the skull leads to systematic
errors in fitted source locations that can be up to
several centimeters. In general, source locations are
erroneously fitted closer to the hole for radial di-
poles and closer to the surface for tangential di-
poles. The effect of a hole on the forward and in-
verse computations using the BEM compares both
quantitatively and qualitatively well to the FEM
[van den Broek, 1997].

The comparison between FDM and BEM presented
here demonstrates that the BEM can be used with
confidence in the presence of holes in the skull.
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