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■ ❡s♣❡❝✐❛❧❧② ✇❛♥t t♦ t❤❛♥❦ ♠② s✉♣❡r✈✐s♦r✱ Pr♦❢✳ ❲❛②♥❡ ❑✳ ❍♦❝❦✐♥❣✱ ❢♦r ❤✐s ❣✉✐❞✲

❛♥❝❡ ❛♥❞ ❡♥❝♦✉r❛❣❡♠❡♥t✳ ❚❤✐s ✇♦r❦ ✇♦✉❧❞ ❤❛✈❡ ♥♦t ❜❡❡♥ ♣♦ss✐❜❧❡ ✇✐t❤♦✉t ❤✐s ✐♥✲

✈❛❧✉❛❜❧❡ s✉♣♣♦rt✳

■ ❛♠ ❛❧s♦ t❤❛♥❦❢✉❧ t♦ ❉r✳ P❡t❡r ❇r♦✇♥ ❛♥❞ ❉r✳ P❛✉❧ ❲✐❡❣❡rt ❢♦r s❡r✈✐♥❣ ♦♥ ♠②

❛❞✈✐s♦r② ❝♦♠♠✐tt❡❡✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❣r❛t✐t✉❞❡ t♦ ❉r✳ ❙t❡✈❡ ❆r❣❛❧❧✱ ❉r✳ ◆✐♠❛❧❛♥ ❙✇❛r✲

♥❛❧✐♥❣❛♠ ❛♥❞ ▼♦❤❛♠♠❡❞ ❖s♠❛♥ ❢♦r t❤❡✐r s✉♣♣♦rt ❞✉r✐♥❣ t❤✐s ✇♦r❦✳

■t ✐s ♠② ♣❧❡❛s✉r❡ t♦ t❤❛♥❦ ❉r✳ ❑❛t❤❡r✐♥❡ ❍❛②❞❡♥ ❢r♦♠ ❊♥✈✐r♦♥♠❡♥t ❈❛♥❛❞❛✱
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❈❛♥❛❞❛✱ ❉r✳ ❘♦❜❡rt ❙❤❛r♠❛♥ ❛♥❞ ❉r✳ ❘♦❞ ❋r❡❤❧✐❝❤ ❢r♦♠ t❤❡ ◆❛t✐♦♥❛❧ ❈❡♥t❡r ❢♦r

❆t♠♦s♣❤❡r✐❝ ❘❡s❡❛r❝❤ ❛♥❞ ❉r✳ ❉♦♥❛❧❞ ❲r♦❜❧❡✇s❦✐ ❢r♦♠ ❇♦st♦♥ ❯♥✐✈❡rs✐t② ❢♦r ♣r♦✲
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■ ✇♦✉❧❞ ❧✐❦❡ t♦ ❡①♣r❡ss ♠② ❤❡❛rt✲❢❡❧t ❣r❛t✐t✉❞❡ t♦ ♠② ❢❛♠✐❧② ❢♦r t❤❡✐r ❧♦✈❡✱ ❡♥❝♦✉r✲

❛❣❡♠❡♥t ❛♥❞ s✉♣♣♦rt ♦✈❡r t❤❡ ②❡❛rs✳

❆♥❞ ✜♥❛❧❧② t❤❛♥❦s t♦ ❛❧❧ ♠② ❢r✐❡♥❞s ❢♦r ♠❛❦✐♥❣ ♠② ❧✐❢❡ ❛ ❧♦t ♠♦r❡ ❢✉♥✳
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✹✳✷ ❈♦♠♠❡r❝✐❛❧ ❆✐r❝r❛❢t ❞❛t❛ ❛♥❛❧②s✐s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

✹✳✸ ❈♦♠♣❛r✐s♦♥s ♦❢ ❆✐r❝r❛❢t ❛♥❞ ❘❛❞❛r ▼❡❛s✉r❡♠❡♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺ ❉✐s❝✉ss✐♦♥✱ ❈♦♥❝❧✉s✐♦♥s ❛♥❞ ❙✉❣❣❡st✐♦♥s ❢♦r ❋✉t✉r❡ ❲♦r❦ ✽✽

✺✳✶ ❉✐s❝✉ss✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

✺✳✷ ❈♦♥❝❧✉s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✺✳✸ ❋✉t✉r❡ ❲♦r❦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✈✐✐



❆♣♣❡♥❞✐① ❆ ✾✺

❆♣♣❡♥❞✐① ❇ ✾✼

❆♣♣❡♥❞✐① ❈ ✾✾

❆♣♣❡♥❞✐① ❉ ✶✵✶

❇✐❜❧✐♦❣r❛♣❤② ✶✵✸

❈♦♣②r✐❣❤t ❛♥❞ ❘❡♣r✐♥t P❡r♠✐ss✐♦♥s ✶✶✵

❱✐t❛ ✶✶✹

✈✐✐✐



▲✐st ♦❢ ❚❛❜❧❡s

✶✳✶ ❚❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r ♣❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✶✳✷ ❘❛❞❛r ♣❛r❛♠❡t❡rs ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✷✳✶ ❚❛❜❧❡ ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛♥ ❛♥❞ ❡rr♦rs ✐♥✲

✈♦❧✈❡❞ ✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡ ❢♦r t❤❡ ❍❛rr♦✇

r❛❞❛r✳ ❚❤❡ t❡r♠ δu r❡❢❡rs t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✻✽t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❘▼❙

✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ t♦t❛❧ ♠❡❛♥ ✇✐♥❞ ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✶✮✳ ❙❡❡ t❤❡ t❡①t ❢♦r

t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠s δε1 ❛♥❞ δε2✳ δεtotal r❡♣r❡s❡♥ts t❤❡ sq✉❛r❡✲r♦♦t

♦❢ t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡s ♦❢ t❡r♠s δε1 ❛♥❞ δε2✳ δεexperiment ✇❛s t❛❦❡♥

❢r♦♠ ❋✐❣✉r❡ ✷✳✶✵✱ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♣r♦✈✐❞❡❞ t❤❡r❡✳ ∆ε ✐s

❝❛❧❝✉❧❛t❡❞ ❛s
√

(δεexperiment)2 − (δεtotal)2✳ ❚❤❡ ✜♥❛❧ ❝♦❧✉♠♥ s❤♦✇s t❤❡

♠❡❛♥ ✈❛❧✉❡s✱ ❛❧s♦ t❛❦❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✶✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✾

✷✳✷ ❚❛❜❧❡ ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛♥ ❛♥❞ ❡rr♦rs ✐♥✲

✈♦❧✈❡❞ ✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡ ❢♦r t❤❡ ❲❛❧s✐♥❣✲

❤❛♠ r❛❞❛r✳ ❚❤❡ t❡r♠ δu r❡❢❡rs t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✻✽t❤ ♣❡r❝❡♥t✐❧❡ ♦❢

t❤❡ ❘▼❙ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ t♦t❛❧ ♠❡❛♥ ✇✐♥❞ ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✶✮✳ ❙❡❡

t❤❡ t❡①t ❢♦r t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠s δε1 ❛♥❞ δε2✳ δεtotal r❡♣r❡s❡♥ts t❤❡

sq✉❛r❡✲r♦♦t ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡s ♦❢ t❡r♠s δε1 ❛♥❞ δε2✳ δεexperiment

✇❛s t❛❦❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✶✵✱ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♣r♦✈✐❞❡❞

t❤❡r❡✳ ∆ε ✐s ❝❛❧❝✉❧❛t❡❞ ❛s
√

(δεexperiment)2 − (δεtotal)2✳ ❚❤❡ ✜♥❛❧ ❝♦❧✲

✉♠♥ s❤♦✇s t❤❡ ♠❡❛♥ ✈❛❧✉❡s✱ ❛❧s♦ t❛❦❡♥ ❢r♦♠ ✜❣✉r❡ ✷✳✶✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

✸✳✶ ❙t❛t✐st✐❝❛❧ st✉❞✐❡s ♦❢ ω2
B ❛t ❲❛❧s✐♥❣❤❛♠ ✐♥ ❋❡❜r✉❛r② ❛♥❞ ▼❛r❝❤ ✷✵✵✼✱

❞✉r✐♥❣ ❡✈❡♥✐♥❣ ❤♦✉rs✳ ◆♦t❡ t❤❛t t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ❛ss✉♠❡s ❛♥ ❛s②♠✲

♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✸✳✷ ❙t❛t✐st✐❝❛❧ st✉❞✐❡s ♦❢ ω2
B ❛t ❍❛rr♦✇ ✐♥ ❏✉♥❡ ❛♥❞ ❏✉❧② ✷✵✵✼✱ ❞✉r✐♥❣

♠♦r♥✐♥❣ ❤♦✉rs✳ ◆♦t❡ t❤❛t t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ❛ss✉♠❡s ❛♥ ❛s②♠♠❡tr✐❝

❞✐str✐❜✉t✐♦♥✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✐①



✹✳✶ ❙✉♠♠❛r② ♦❢ ❧❡✈❡❧ ✢✐❣❤t s❡❣♠❡♥ts ♦❢ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✶

✹✳✷ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ r❡❧✐❛❜❧❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡

✉s✐♥❣ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✻

①



▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶ ❉✐❛❣r❛♠ ♦❢ ❡♥❡r❣② s♣❡❝tr✉♠✱ ❊✭❦✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡ ♥✉♠❜❡r ❦❀ ✐♥

t❤❡ ✉♣♣❡r ❛t♠♦s♣❤❡r❡✱ t❤❡ s♣❡❝tr✉♠ ✐♥❝r❡❛s❡s ❛t s♠❛❧❧ ❦ ❞✉❡ t♦ t❤❡

♣r❡s❡♥❝❡ ♦❢ ❣r❛✈✐t② ✇❛✈❡s✱ ✇❤❡r❡❛s ✐♥ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r✱ t❤❡ s♣❡❝tr✉♠

❞❡❝r❡❛s❡s ❛t s♠❛❧❧ ❦✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✷ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ t❡♠♣❡r❛t✉r❡ ✭❧❡❢t✮ ❛♥❞ ♣r❡ss✉r❡ ✭r✐❣❤t✮ ✐♥ t❤❡ ❛t♠♦✲

s♣❤❡r❡ ✭❢r♦♠ ❉♦✈✐❛❦ ❛♥❞ ❩r♥✐❝✱ ✶✾✽✹✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✺

✶✳✸ ❙❝❤❡♠❛t✐❝❛❧ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❉♦♣♣❧❡r ❇❡❛♠ ❙✇✐♥❣ ✭❉❇❙✮ ♠❡t❤♦❞✳ ■♥

t❤✐s ✜❣✉r❡✱ α ❛♥❞ −α ❛r❡ ③❡♥✐t❤ ❛♥❣❧❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✹ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ ❛✐r❝r❛❢t ❛♥❞ ♠❡t❡♦rs t♦ ❛ r❛❞❛r s✐❣♥❛❧✳ ❚❤❡ ❧♦✇❡r ❣r❛♣❤

s❤♦✇s t❤❡ ✇❤♦❧❡ s♣❡❝tr✉♠ ✇❤✐❧❡ t❤❡ ✉♣♣❡r s❤♦✇s ♦♥❧② t❤❡ ❝❡♥tr❛❧ ±4

❍③ ♦❢ t❤❡ s♣❡❝tr✉♠ ✭❢r♦♠ ❍♦❝❦✐♥❣✱ ✶✾✾✼✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✽

✶✳✺ ▲❛②♦✉t ♦❢ t❤❡ ❛♥t❡♥♥❛s ✐♥ t❤❡ ❛rr❛②s ❞✐s❝✉ss❡❞✳ ✭❛✮ s❤♦✇s ❛ t②♣❡✲■

r❛❞❛r✱ ❛♥❞ ✭❜✮ s❤♦✇s ❛ t②♣❡✲■■ r❛❞❛r✳ ❆♥t❡♥♥❛s ❛r❡ ❝❧✉st❡r❡❞ ✐♥ ❣r♦✉♣s

♦❢ ✹ ✭q✉❛rt❡ts✮ ✇✐t❤ s❡♣❛r❛t✐♦♥s ♦❢ ❛ ❤❛❧❢✲✇❛✈❡❧❡♥❣t❤ ❜❡t✇❡❡♥ ❛♥t❡♥♥❛s✳

◗✉❛rt❡ts ❛r❡ ♣♦s✐t✐♦♥❡❞ s♦ t❤❛t t❤❡② ❛r❡ ✶✳✺ ✇❛✈❡❧❡♥❣t❤s ❞✐❛❣♦♥❛❧❧②

❝❡♥tr❡✲t♦✲❝❡♥tr❡✳ ■♥ ❡❛❝❤ ❝❛s❡ t❤❡r❡ ❛r❡ ✶✷✽ ❛♥t❡♥♥❛s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✵

✶✳✻ ❉✐✛❡r❡♥t ❝❛✉s❡s ♦❢ ❜❡❛♠ ❜r♦❛❞❡♥✐♥❣ ✐♥ r❛❞❛r ✭❢r♦♠ ❍♦❝❦✐♥❣✱ ✶✾✽✸✮✳ ✳ ✷✹

✷✳✶ P❧♦ts ♦❢ ✇✐♥❞ s♣❡❡❞ ❛♥❞ ❞✐r❡❝t✐♦♥ r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r

t❤❡ ♠♦♥t❤ ♦❢ ❏✉❧②✱ ✷✵✵✼✳ ❱❡❝t♦rs ♣♦✐♥t✐♥❣ t♦ t❤❡ t♦♣ ♦❢ t❤❡ ♣❛❣❡ r❡♣✲

r❡s❡♥t ❛ ♥♦rt❤✇❛r❞ ✭s♦✉t❤❡r❧②✮ ✇✐♥❞✱ ❛♥❞ ✈❡❝t♦rs ♣♦✐♥t✐♥❣ t♦ t❤❡ r✐❣❤t

✐♥❞✐❝❛t❡ ❛♥ ❡❛st✇❛r❞ ✭✇❡st❡r❧②✮ ✇✐♥❞✳ ❲✐♥❞ str❡♥❣t❤s ❛r❡ r❡♣r❡s❡♥t❡❞

❜② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✈❡❝t♦r✱ ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ ✹✵

♠✴s s❤♦✇♥ ❛t t❤❡ ✉♣♣❡r r✐❣❤t ♦❢ t❤❡ ✜❣✉r❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✺

①✐



✷✳✷ ❍❡✐❣❤t✲t✐♠❡ ♣❧♦ts ♦❢ t❤❡ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❢♦r

t❤❡ ❍❛rr♦✇ r❛❞❛r ✐♥ ❏✉❧②✱ ✷✵✵✼✳ ❚❤❡ ✉♣♣❡r ❣r❛♣❤ ✭❧❛❜❡❧❡❞ ◆✮ ✇❛s

❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✳✸✽✮ ❢♦r t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ t❡r♠✳ ❚❤❡

s❡❝♦♥❞ ❣r❛♣❤ ✇❛s ♣r♦❞✉❝❡❞ ✉s✐♥❣ ❛ ♣r♦①② ❢♦r ❛ ❢✉❧❧② ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧

✭❧❛❜❡❧❡❞ ✏▲❙✑✱ ❢♦r ✏❧❛②❡r✲s✉♠♠✐♥❣✑ ♠❡t❤♦❞✮✳ ❇♦t❤ ♦❢ t❤❡ ✉♣♣❡r ❣r❛♣❤s

✉s❡❞ ❞❛t❛ r❡❝♦r❞❡❞ ✇✐t❤ ❛ ❜❡❛♠ ♣♦✐♥t✐♥❣ t♦ t❤❡ ◆♦rt❤✲❲❡st ❛t 10.9◦

❢r♦♠ ③❡♥✐t❤✳ ❚❤❡ ❧♦✇❡r ❣r❛♣❤ s❤♦✇s ❞❛t❛ ❢♦r ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❡❛♠

♣♦✐♥t❡❞ ✐♥ t❤❡ ◆♦rt❤✲❊❛st ❞✐r❡❝t✐♦♥✱ ✉s✐♥❣ t❤❡ ♣r♦①② ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧

♠♦❞❡❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✻

✷✳✸ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❢♦r t❤❡ ✭❛✮ ❲❛❧s✐♥❣❤❛♠ ❛♥❞

✭❜✮ ❍❛rr♦✇ r❛❞❛rs ❢♦r ❏✉❧② ✷✵✵✼✱ ✉s✐♥❣ ❛❧❧ ❞❛t❛ ✭❜r♦❦❡♥ ❧✐♥❡s✮ ❛♥❞

♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦♥❧② ✭s♦❧✐❞ ❧✐♥❡s✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✹ ✭❛✮ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛✲

t✐♦♥ r❛t❡✱ ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ✷✵✲✸✶ ❏✉❧②✱ ✷✵✵✼✱ ✉s✐♥❣ ♠♦❞❡❧s ◆ ❛♥❞

▲❙✳✭❜✮ P❡r❝❡♥t ♦❢ ♥❡❣❛t✐✈❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❡✐❣❤t ❛❢t❡r ❜❡✐♥❣ ❝❧❛ss✐✜❡❞

✐♥t♦ ❞✐✛❡r❡♥t ❜✐♥s ❜❛s❡❞ ♦♥ t♦t❛❧ ✇✐♥❞ s♣❡❡❞✳✭❝✮ P❧♦ts ♦❢ t❤❡ ♣❡r❝❡♥t❛❣❡

♦❢ ♥❡❣❛t✐✈❡ ε ✈❛❧✉❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✇✐♥❞ s♣❡❡❞ ❢♦r ✸ ❞✐✛❡r❡♥t r❛❞❛rs✱

s✉♠♠❡❞ ♦✈❡r ❛❧t✐t✉❞❡s ❢r♦♠ ✷✲✶✵ ❦♠✳ ❲❛❧s✐♥❣❤❛♠ ❤❛s ❛ ♦♥❡✲✇❛② ❤❛❧❢✲

♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ♦❢ ✷✳✸ ❞❡❣r❡❡s✱ ❍❛rr♦✇ ❤❛s ❛ ✈❛❧✉❡ ♦❢ ✷✳✼✺ ❞❡❣r❡❡s ❛♥❞

◆❡❣r♦ ❈r❡❡❦ ✸✳✸ ❞❡❣r❡❡s✳ ◆❡❣r♦ ❈r❡❡❦ ❤❛❞ ♥♦t ❜❡❡♥ ❜✉✐❧t ✐♥ ✷✵✵✼✱ s♦

✇❡ s❤♦✇ ❏✉❧② ✷✵✵✾ ❛s ❛ s✉❜st✐t✉t❡✱ ♣❧✉s ❤❛✈❡ ❛❞❞❡❞ ❙❡♣t❡♠❜❡r ✷✵✵✽ ✐♥

♦r❞❡r t♦ ❝♦♥✜r♠ t❤❛t t❤❡ ◆❡❣r♦ ❈r❡❡❦ r❛❞❛r ❣❡♥❡r❛❧❧② ❤❛s t❤❡ ❧❛r❣❡st

♣❡r❝❡♥t ♦❢ ♥❡❣❛t✐✈❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✺ ✭❛✮ ❉✐❛❣r❛♠ ♦❢ t❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ❛ss✉♠❡❞ ❢♦r ♠♦❞❡❧ ✏◆✑ ✐♥ t❤❡ t❡①t✳

❉❡s♣✐t❡ ♦❢ ❛♥ ♦✈❡rs✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ tr✉❡ ♣♦❧❛r ❞✐❛❣r❛♠✱ ✐t ✐s ✉s❡❢✉❧

❢♦r ❞❡s❝r✐♣t✐✈❡ ♣✉r♣♦s❡s✳ ◆♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ t✇♦ ❝r✐t✐❝❛❧ s❝❛❧❡s ζ ❛♥❞

∆R cosα ✳ ✭❜✮ ❉❡♠♦♥str❛t✐♦♥ ♦❢ ❜❡❛♠ ❛♥❞ s❤❡❛r✲❜r♦❛❞❡♥✐♥❣ ✉s✐♥❣ t✇♦

s❛♠♣❧❡s s❝❛tt❡r✐♥❣ ♣♦✐♥ts✱ ❯ ❛♥❞ ▲✳ ❙❡❡ t❡①t ❢♦r ❞❡t❛✐❧s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✷✳✻ ❙♣❡❝tr❛ ❞❡❞✉❝❡❞ ✉s✐♥❣ ♠♦❞❡❧ ◆ ❛♥❞ ❛ ❢✉❧❧ ✐♥t❡❣r❛t✐♦♥✱ ❢♦r ✐❞❡♥t✐❝❛❧

✇✐♥❞✱ ✇✐♥❞✲s❤❡❛r ❛♥❞ ♠❛t❝❤✐♥❣ r❛❞❛r ♣❛r❛♠❡t❡rs✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

①✐✐



✷✳✼ ✭❛✮ ❍✐st♦❣r❛♠s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ❡①♣❡❝t❡❞ ❞✉❡ t♦ ❣❡♦✲

♠❡tr✐❝ ❡✛❡❝ts ❛❧♦♥❡ ✭✧❜❡❛♠✲❜r♦❛❞❡♥✐♥❣✧✮ ❢♦r ✈❛r✐♦✉s ❛♥❛❧②t✐❝ ♠♦❞❡❧s✱

r❡❧❛t✐✈❡ t♦ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥✳ ❆ s❡❧❡❝t✐♦♥ ♦❢

❜❡❛♠ t✐❧ts✱ ❜❡❛♠✲✇✐❞t❤s✱ ♣✉❧s❡✲❧❡♥❣t❤s✱ r❛♥❣❡s ❛♥❞ ✇✐♥❞ s♣❡❡❞s ❤❛✈❡

❜❡❡♥ ❝❤♦s❡♥✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✳ ▼♦❞❡❧ ◆ r❡❢❡rs t♦ ◆❛str♦♠

✭✶✾✾✼✮✱ ❛♥❞ ♠♦❞❡❧ ❈ r❡❢❡rs t♦ t❤❡ ♥❡✇ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥ t❤✐s ♣❛♣❡r✳

▼♦❞❡❧ ❈❝ r❡❢❡rs t♦ ♠♦❞❡❧ ❈ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❛❞❥✉st♠❡♥ts✳ ❚❤❡ ♠❡❛♥

❞✐s♣❧❛❝❡♠❡♥t ♦❢ ♠♦❞❡❧ ◆ ✐s ✲✵✳✵✻ ♠2/s2✱ ✇❤✐❧❡ ❢♦r ♠♦❞❡❧s ❈ ❛♥❞ ❈❝ ✐t

✐s ✲✵✳✵✵✶ ❛♥❞ ✵✳✵✵✹ ♠2/s2 r❡s♣❡❝t✐✈❡❧②✳ ✭❜✮ ❇❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr❛❧

✈❛r✐❛♥❝❡s ❞❡❞✉❝❡❞ ✇✐t❤ t❤❡ t❤r❡❡ ♠♦❞❡❧s ❢♦r r❡❛❧✐st✐❝ ✇✐♥❞s✱ t❛❦❡♥ ❢r♦♠

t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ❏✉❧② ✶✲✸✶✱ ✷✵✵✼✳ ◆♦t❡ t❤❛t t❤❡ s❤❛❞❡❞ ❛r❡❛s ✐♥

✜❣✉r❡s ✭❛✮ ❛♥❞ ✭❜✮ ❛r❡ ♥♦t ❢♦r t❤❡ s❛♠❡ ♠♦❞❡❧ ✖ t❤❡ s❤❛❞✐♥❣ ✐s ❝❤♦s❡♥

s✐♠♣❧② t♦ ✐♠♣r♦✈❡ t❤❡ ✈✐s✉❛❧ ❝♦♥tr❛st ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✾

✷✳✽ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ♣r♦♣♦s❡❞ ❜② ❍♦❝❦✐♥❣ ✭✷✵✵✸✮✳

❖♥❧② ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦✜❧❡ ✐s s❤♦✇♥✱ ❢♦r s✐♠♣❧✐❝✐t②✳ ❙♣❡❝tr❛ ❛r❡

❝❛❧❝✉❧❛t❡❞ ✐♥ s♠❛❧❧✱ t❤✐♥ s✉❜❧❛②❡rs✳ ❇❛❝❦s❝❛tt❡r❡❞ ♣♦✇❡rs ❢r♦♠ ❡❛❝❤

s✉❜✲❧❛②❡r ❛r❡ s❤♦✇♥ ❛s ❛ ❣r❡②✲s❝❛❧❡✳ ❚❤❡ s♣❡❝tr❛✱ ✇❡✐❣❤t❡❞ ❛❝❝♦r❞✐♥❣

t♦ ❜❛❝❦s❝❛tt❡r❡❞ ♣♦✇❡r ❢♦r ❡❛❝❤ s✉❜✲❧❛②❡r✱ ❛r❡ s✉♠♠❡❞ t♦ ♣r♦❞✉❝❡ ❛

✜♥❛❧ s♣❡❝tr✉♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✶

✷✳✾ ❍✐st♦❣r❛♠s ♦❢ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♣r♦❞✉❝❡❞ ❢♦r t❤❡ ♠♦♥t❤

♦❢ ❏✉❧②✱ ✷✵✵✼✱ ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ✉s✐♥❣ ♠♦❞❡❧s ❈❝ ❛♥❞ ◆ ❢♦r t❤❡ ✐♥✲

str✉♠❡♥t❛❧ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡ ❣r❛♣❤s ❝♦✈❡r ❛❧❧ ❤❡✐❣❤ts

❢r♦♠ ✶✲✶✵ ❦♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✷✳✶✵ ❍✐st♦❣r❛♠s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

r❛t❡s ❢♦r t❤❡ ❍❛rr♦✇ ❛♥❞ ❲❛❧s✐♥❣❤❛♠ r❛❞❛rs ❢♦r ❏✉❧②✱ ✷✵✵✼✳ ❚❤❡ ❤✐s✲

t♦❣r❛♠s ❛r❡ s❡♣❛r❛t❡❧② ♣r♦❞✉❝❡❞ ✇✐t❤✐♥ ❡❛❝❤ s❡t ♦❢ ❣r❛♣❤s ❢♦r ✇✐♥❞✲

s♣❡❡❞ ❜✐♥s ♦❢ ✺✲✶✵✱ ✶✵✲✶✺✱ ✶✺✲✷✵ ❛♥❞ ✷✵✲✷✺ ♠✴s✳ ❋✐❣✉r❡s ✭❛✮ ❛♥❞ ✭❜✮

s❤♦✇ ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ✶✲✺ ❛♥❞ ✺✲✶✵ ❦♠ ❛❧t✐t✉❞❡ r❡✲

s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ ✭❝✮ ❛♥❞ ✭❞✮ s❤♦✇ t❤❡ s❛♠❡ ❢♦r t❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r✳

❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ❢♦r ❡❛❝❤ ❞✐str✐❜✉t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❜♦①❡s t♦ t❤❡

r✐❣❤t✳ ▼❡❛♥ ✈❛❧✉❡s ❛r❡ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s✱ ❛♥❞ ♥✉♠❡r✐❝❛❧

✈❛❧✉❡s ❢♦r t❤❡ ♠❡❛♥s ❛♣♣❡❛r ✐♥ ❚❛❜❧❡s ✷✳✶ ❛♥❞ ✷✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

①✐✐✐



✷✳✶✶ ❍♦✉r❧② st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ ✇✐♥❞ ✢✉❝t✉❛t✐♦♥s ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ ✇✐♥❞ s♣❡❡❞ ❢♦r t❤❡ ✭❛✮ ❍❛rr♦✇ ❛♥❞ ✭❜✮ ❲❛❧s✐♥❣❤❛♠ r❛❞❛rs✳ ▼❡❞✐❛♥

✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥ ❝❛❧❝✉❧❛t❡❞ ✐♥ ✺ ♠✴s✲✇✐❞❡ ✇✐♥❞✲s♣❡❡❞ ❜✐♥s ✭✺✲✶✵✱ ✶✵✲

✶✺✱ ✶✺✲✷✵✱ ✷✵✲✷✺✱ ✷✺✲✸✵ ♠✴s✮✱ ❛♥❞ ♣❧♦tt❡❞ ❛s s♦❧✐❞ ❝✐r❝❧❡s✳ ❚❤❡ s♦❧✐❞

sq✉❛r❡s r❡♣r❡s❡♥t t❤❡ ✻✽t❤ ♣❡r❝❡♥t✐❧❡s ❢♦r t❤❡ s❛♠❡ ❜✐♥s✳ ❚♦t❛❧ ♥✉♠❜❡r

♦❢ ♣♦✐♥ts ✉s❡❞✱ ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ❛r❡ s❤♦✇♥ ❛s ◆ ❛♥❞ ρ✳ ❇♦t❤

❞❛t❛ s❡ts ❛r❡ ❢♦r ❏✉❧② ✷✵✵✼✱ ❛♥❞ ❢♦r t❤❡ ❤❡✐❣❤ts ✐♥❞✐❝❛t❡❞✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✸✳✶ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ✭❛✮ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B

❛♥❞ ✭❜✮ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡❞ ♦♥ ▼❛r❝❤ ✷✱ ✷✵✵✼ ❛t ❲❛❧s✐♥❣❤❛♠✳ ❚❤❡

r❡s♦❧✉t✐♦♥ ✐s ✹✵ ♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✸✳✷ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ✭❛✮ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B ❛♥❞

✭❜✮ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡❞ ♦♥ ❏✉♥❡ ✷✻✱ ✷✵✵✼ ❛t ❍❛rr♦✇✳ ❚❤❡ r❡s♦❧✉t✐♦♥

✐s ✶✺ ♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✸✳✸ ✭❛✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✭❜✮ t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛

❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B ♠❡❛s✉r❡❞ ♦♥ ▼❛r❝❤ ✷✱ ✷✵✵✼ ❛t ❲❛❧s✐♥❣❤❛♠ ✇✐t❤

❛ r❡s♦❧✉t✐♦♥ ♦❢ ✹✵ ♠✳ ✭❝✮ ❛♥❞ ✭❞✮ t❤❡ s❛♠❡ ❛s ✭❛✮ ❛♥❞ ✭❜✮✱ ❜✉t ❞❛t❛

❤❛✈❡ ❜❡❡♥ s♠♦♦t❤❡❞ t♦ r❡s♦❧✉t✐♦♥ ♦❢ ✶✷✵ ♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✸✳✹ ✭❛✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✭❜✮ t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛

❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B ♠❡❛s✉r❡❞ ♦♥ ❏✉♥❡ ✷✻✱ ✷✵✵✼ ❛t ❍❛rr♦✇ ✇✐t❤ ❛

r❡s♦❧✉t✐♦♥ ♦❢ ✶✺ ♠✳ ✭❝✮ ❛♥❞ ✭❞✮ t❤❡ s❛♠❡ ❛s ✭❛✮ ❛♥❞ ✭❜✮✱ ❜✉t ❞❛t❛ ❤❛✈❡

❜❡❡♥ s♠♦♦t❤❡❞ t♦ r❡s♦❧✉t✐♦♥ ♦❢ ✶✷✵ ♠✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✹✳✶ ❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✵✾ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢

s❡♣❛r❛t✐♦♥ ❞✐st❛♥❝❡✳ ❚❤❡ ❞❛s❤❡❞✱ ❞♦tt❡❞ ❛♥❞ s♦❧✐❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡

✈❡rt✐❝❛❧✱ ♥♦r♠❛❧ ❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✇✐♥❞ ❝♦♠♣♦♥❡♥ts r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡

❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r2/3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✷

✹✳✷ ❚❤❡ ♣❛r❛❧❧❡❧ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✵✾ ❛s ❛

❢✉♥❝t✐♦♥ ♦❢ s❡♣❛r❛t✐♦♥ ❞✐st❛♥❝❡✳ ❚❤❡ ✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡s s❤♦✇ t❤❡

❜❡❣✐♥♥✐♥❣ ❛♥❞ ❡♥❞ ♦❢ ❑♦❧♠♦❣♦r♦✈ s❧♦♣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✸ ✭❛✮ ❊♥❡r❣② s♣❡❝tr✉♠ ♦❢ ✈❡rt✐❝❛❧ ✇✐♥❞ ❛s ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡ ♥✉♠❜❡r ✭k✮

❢♦r ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✶✸❛✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r−5/3✳ ✭❜✮

❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♦❢ ♥♦r♠❛❧ ✇✐♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❡♣❛r❛t✐♦♥ ✭r✮ ❢♦r

t❤❡ s❛♠❡ ❞❛t❛ ✐♥ ✭❛✮✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r2/3✳ ■♥ ❜♦t❤

✜❣✉r❡s✱ ✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ♥♦✐s❡ ❝✉t✲♦✛ s❝❛❧❡✳ ✳ ✳ ✳ ✳ ✼✼

✹✳✹ ❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ✇✐♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❡♣❛r❛t✐♦♥ ✭r✮

❢♦r ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✶✸❛✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r2/3✳ ✳ ✳ ✳ ✳ ✼✽

①✐✈



✹✳✺ ❚✐♠❡ s❡r✐❡s ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ❡st✐♠❛t❡❞ ✉s✐♥❣ str✉❝t✉r❡

❢✉♥❝t✐♦♥s ❢♦r t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✭❛✮ ✼✵✾✱ ✭❜✮ ✼✶✸❛ ❛♥❞ ✭❝✮ ✼✵✸✳ ✳ ✳ ✳ ✼✾

✹✳✻ ✭❛✮ ❊♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♥✉♠❜❡r ♦❢ ❡✈❡♥ts ❢♦r ❉❡❧t❛

❛✐r❧✐♥❡ ❞✉r✐♥❣ ❏✉♥❡ ✷✵✵✾✳ ✭❜✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

r❛t❡s ❢♦r ❞❛t❛ ✉s❡❞ ✐♥ ✭❛✮✳ ❩❡r♦s ✇❡r❡ ♥♦t ✐♥❝❧✉❞❡❞✱ s♦ ♣❡r❝❡♥t❛❣❡ ♦❢

✏str♦♥❣✑ t✉r❜✉❧❡♥❝❡ ❡✈❡♥ts ✭> 10−3 ❲✴❦❣✮ ✐s ❡✈❡♥ ❧❡ss t❤❛♥ t❤❡ ❣r❛♣❤

✐♥❞✐❝❛t❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✶

✹✳✼ ✭❛✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❉❡❧t❛ ❛✐r❝r❛❢t ❛❧t✐t✉❞❡ ❞✉r✐♥❣ ❏✉♥❡ ✷✵✵✾✳ ✭❜✮

❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ ♣❡r❝❡♥t❛❣❡s t❤❛t ❡st✐♠❛t❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

r❛t❡s ✇❡r❡ ③❡r♦ ❞✉r✐♥❣ ❏✉♥❡ ✷✵✵✾✳ ❊❛❝❤ ♣❡r❝❡♥t❛❣❡ r❡♣r❡s❡♥ts ❛♥ ❛✈✲

❡r❛❣❡ ♦✈❡r ✶ ❦♠✳ ▼❡❛s✉r❡♠❡♥ts ❛r❡ t②♣✐❝❛❧❧② t❛❦❡♥ ♦✈❡r t❤❡ ✽✲✶✷ ❦♠

❛❧t✐t✉❞❡ r❛♥❣❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✹✳✽ ■♥✈❡rs❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♠❡❛s✉r❡❞

❜② ❉❡❧t❛ ❛✐r❧✐♥❡ ❞✉r✐♥❣ t❤❡ ♣❡r✐♦❞s ♦❢ ❏❛♥✉❛r②✲❏✉♥❡ ✷✵✵✾✱ ❖❝t♦❜❡r✲

❉❡❝❡♠❜❡r ✷✵✵✾ ❛♥❞ ❏❛♥✉❛r②✲❖❝t♦❜❡r ✷✵✶✵✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✹✳✾ ■♥✈❡rs❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♠❡❛s✉r❡❞

❜② ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✳ ❚❤❡ s♦❧✐❞ ❛♥❞ ❞♦tt❡❞ ❧✐♥❡s r❡♣r❡s❡♥t ♠❡❛✲

s✉r❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❜② t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ❝❛s❡s ✇❤❡♥ t❤❡

❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts ❛r❡ r❡♠♦✈❡❞ ❛♥❞ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❜❡❛♠✲

❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts ❛r❡ ③❡r♦✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s ✇✐t❤ ❝✐r❝❧❡ ❛♥❞

sq✉❛r❡ ♠❛r❦s r❡♣r❡s❡♥t ❉❡❧t❛ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ ❍❛rr♦✇ ❛♥❞ ❉❡❧t❛ ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ❏❛♥✉❛r②✲❏✉♥❡ ✷✵✵✾✱

❛♥❞ ❚✇✐♥ ❖tt❡r ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ✐♥ ❏✉♥❡ ✷✵✵✼✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✹✳✶✵ ■♥✈❡rs❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♠❡❛s✉r❡❞

❜② ❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ ❛♥❞ ❧✐♥❡s ✇✐t❤ ❝✐r❝❧❡ ❛♥❞ sq✉❛r❡

♠❛r❦s r❡♣r❡s❡♥t t❤❡ ❍❛rr♦✇✱ ❉❡❧t❛ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t ❞❛t❛ ✐♥✲

❝❧✉❞✐♥❣ ✈❛❧✉❡s s♠❛❧❧❡r t❤❛♥ 10−6 r❡s♣❡❝t✐✈❡❧②✮✱ ♥❡❣❛t✐✈❡s ❛♥❞ ③❡r♦s✳

❚❤❡ ❍❛rr♦✇ ❛♥❞ ❉❡❧t❛ ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ❏❛♥✉❛r②✲❏✉♥❡ ✷✵✵✾

❛♥❞ ❚✇✐♥ ❖tt❡r ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ✐♥ ❏✉♥❡ ✷✵✵✼✳ ◆♦t❡ t❤❛t t❤❡ ❉❡❧t❛

❛✐r❧✐♥❡ ❞❛t❛ ❛r❡ ♠♦st❧② ❢♦r ✽✲✶✵ ❦♠✱ ✇❤✐❧❡ t❤❡ ❚✇✐♥ ❖tt❡r ❞❛t❛ ❛r❡ ❢♦r

✵✳✺✲✶✳✺ ❦♠ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✻

①✈



✺✳✶ P❧♦ts ♦❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t✉r❜✉❧❡♥❝❡ ❞❡❞✉❝❡❞ ✉s✐♥❣ ❛❧❧ ❞❛t❛

✭♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡✮ r❡❧❛t✐✈❡ t♦ t❤❡ ✈❛❧✉❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ♣♦s✐t✐✈❡

✈❛❧✉❡s ♦♥❧②✱ ❢♦r t❤❡ ✸ r❛❞❛rs ❛t ❲❛❧s✐♥❣❤❛♠✱ ❍❛rr♦✇ ❛♥❞ ◆❡❣r♦ ❈r❡❡❦✳

❚❤❡ ❍❛rr♦✇ ❛♥❞ ❲❛❧s✐♥❣❤❛♠ ❞❛t❛ ✇❡r❡ ❢♦r ❏✉❧②✱ ✷✵✵✼✱ ✇❤✐❧❡ t❤❡ ◆❡❣r♦

❈r❡❡❦ ❞❛t❛ ✇❡r❡ ❢♦r ❏✉❧② ✷✵✵✾ ❛♥❞ ❙❡♣t❡♠❜❡r ✷✵✵✽✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧

❣r❛♣❤ ❡①♣❡❝t❡❞ ❢♦r ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✐s ❛❧s♦ s❤♦✇♥ ❢♦r r❡❢❡r❡♥❝❡✳

■t s❧✐❣❤t❧② ✉♥❞❡r❡st✐♠❛t❡s t❤❡ ❝♦rr❡❝t r❛t✐♦ ❛t ❧❛r❣❡r ♣❡r❝❡♥t❛❣❡s ❞✉❡

t♦ t❤❡ ❡①❝❡ss ♦❢ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ♣♦s✐t✐✈❡ t❛✐❧ ♦❢ t❤❡

❡①♣❡r✐♠❡♥t❛❧ ❞✐str✐❜✉t✐♦♥s ✭✇❤✐❝❤ ❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❛❧✉❡s ❢r♦♠

t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❛t♠♦s♣❤❡r❡ ♠✐①✐♥❣ ❛♥❞ ❛✐r❝r❛❢t s❛❢❡t②✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

①✈✐



✶

❈❤❛♣t❡r ✶

❇❛❝❦❣r♦✉♥❞✱ ❚❤❡♦r② ❛♥❞

■♥str✉♠❡♥t❛t✐♦♥

❚✉r❜✉❧❡♥❝❡ ✐s ♦♥❡ ♦❢ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❛t♠♦s♣❤❡r✐❝ ✢♦✇✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡

♦❢ t✉r❜✉❧❡♥❝❡ ❤❛s ❜❡❡♥ r❡❝♦❣♥✐③❡❞ ❜② s❝✐❡♥t✐sts s✐♥❝❡ ♥❡❛r t❤❡ ❡♥❞ ♦❢ ✶✾t❤ ❝❡♥t✉r②✳

■♥ ✶✽✽✸✱ ❘❡②♥♦❧❞s ✐❞❡♥t✐✜❡❞ t✇♦ ❞✐✛❡r❡♥t t②♣❡s ♦❢ ✢✉✐❞ ✢♦✇✱ ♥❛♠❡❧② ❧❛♠✐♥❛r ✭♥♦♥

t✉r❜✉❧❡♥t✮ ❛♥❞ t✉r❜✉❧❡♥t ❜② ❡①♣❡r✐♠❡♥t✐♥❣ ♦♥ ✢♦✇ ✐♥ ❧♦♥❣ str❛✐❣❤t ♣✐♣❡s✳ ❍❡ ❛❧s♦

❝♦♥❝❧✉❞❡❞ t❤❛t tr❛♥s✐t✐♦♥ ❢r♦♠ ❧❛♠✐♥❛r t♦ t✉r❜✉❧❡♥t ✢♦✇ ❞❡♣❡♥❞s ♦♥ t❤❡ ❛✈❡r❛❣❡

✈❡❧♦❝✐t② ♦❢ t❤❡ ✢✉✐❞✱ r❛❞✐✉s ♦❢ t❤❡ ♣✐♣❡ ❛♥❞ t❤❡ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢✉✐❞ ✭❙✉tt♦♥✱ ✶✾✻✵✮✳

❚❤❡ ♠✐①✐♥❣ ❛♥❞ ❞✐✛✉s✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ♠♦t✐✲

✈❛t❡❞ ♠❛♥② ♠❡t❡♦r♦❧♦❣✐sts✳ ❚❛②❧♦r ✭✶✾✷✷✮ ❞❡✈❡❧♦♣❡❞ ❛ ❞✐✛✉s✐♦♥ t❤❡♦r② ✇❤✐❝❤ ✇❛s

t❤❡ ❢♦✉♥❞❛t✐♦♥ ♦❢ ♠❛♥② st✉❞✐❡s ♦♥ ❛t♠♦s♣❤❡r✐❝ ❞✐s♣❡rs✐♦♥✳ ■♥ ❢❛❝t✱ ✐t ✐s ♥♦✇ ✉♥❞❡r✲

st♦♦❞ t❤❛t t✉r❜✉❧❡♥❝❡ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣r♦❝❡ss❡s ✐♥ t❤❡

❛t♠♦s♣❤❡r❡✱ ✐♥❝❧✉❞✐♥❣ ✭❛♠♦♥❣ ♦t❤❡rs✮ tr❛♥s♣♦rt ♦❢ ♣♦❧❧✉t❛♥ts ❛♥❞ ❞✐ss✐♣❛t✐♦♥ ♦❢ ❢♦❣✳

▼♦st ❡❛r❧② st✉❞✐❡s ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡ ❛♥❞ ❞✐✛✉s✐♦♥ t♦♦❦ ♣❧❛❝❡ ✐♥ t❤❡ ❛t♠♦✲

s♣❤❡r✐❝ ❜♦✉♥❞❛r② ❧❛②❡r✳ ❙t✉❞✐❡s ♦❢ t❤❡ ✉♣♣❡r ❧❡✈❡❧s ✇❡r❡ r❡❛❧❧② ♦♥❧② ❞❡✈❡❧♦♣❡❞ ❞✉r✐♥❣

✇♦r❧❞✲✇❛r ■■✱ ✇❤❡♥ ✐♥t❡r❡st ❞❡✈❡❧♦♣❡❞ ✐♥ r❡❧❛t✐♦♥ t♦ ❛✐r❝r❛❢t s❛❢❡t②✳ ❚✉r❜✉❧❡♥❝❡ ✐♥ t❤❡

✉♣♣❡r ❧❡✈❡❧s ✇❛s ❢♦✉♥❞ t♦ ❜❡ ♣❛t❝❤②✱ ✇✐t❤ ❢r❡q✉❡♥t r❡❣✐♦♥s ♦❢ ♥♦♥✲t✉r❜✉❧❡♥t ✢♦✇ ✐♥t❡r✲

s♣❡rs❡❞ ✇✐t❤ ♦❝❝❛s✐♦♥❛❧❧② ✐♥t❡♥s❡ ❜✉rsts✳ ❙✉❝❤ ✐♥t❡♥s❡ ❧♦❝❛❧✐③❡❞ r❡❣✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡

✇❡r❡ t❡r♠❡❞ ✧❈❧❡❛r ❆✐r ❚✉r❜✉❧❡♥❝❡✧✱ ♦r ❈❆❚✳

■♥ ✶✾✹✶✱ ❑♦❧♠♦❣♦r♦✈ st✉❞✐❡❞ t❤❡ st❛t✐st✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t✉r❜✉❧❡♥❝❡ ❛♥❞ ✐♥✲

tr♦❞✉❝❡❞ ♦♥❡ ♦❢ t❤❡ ♠♦st ❛❞✈❛♥❝❡❞ t❤❡♦r✐❡s ✐♥ t✉r❜✉❧❡♥❝❡✳ ❍✐s st✉❞✐❡s s❤♦✇❡❞ t❤❛t ✐♥

✸✲❉ t✉r❜✉❧❡♥❝❡✱ ❡♥❡r❣② ❝♦♥t✐♥✉♦✉s❧② ♣❛ss❡s ❢r♦♠ t❤❡ ❧❛r❣❡ t♦ s♠❛❧❧❡r s❝❛❧❡ ♠♦t✐♦♥s✳

❍❡♥❝❡ ✐t ❝❛♥ ❜❡ ❝♦♥❝❧✉❞❡❞ t❤❛t t✉r❜✉❧❡♥❝❡ ♠❛② ❜❡ ❞r✐✈❡♥ ❜② ❧❛r❣❡r✲s❝❛❧❡ ♠♦t✐♦♥s✳

❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ t❛❦❡ t✉r❜✉❧❡♥❝❡ ✐♥t♦ ❛❝❝♦✉♥t ✇❤❡♥ ❞❡s✐❣♥✐♥❣ ❛✐r❝r❛❢t

❛♥❞ ❢♦r❡❝❛st✐♥❣ ✇❡❛t❤❡r✳ ❚✉r❜✉❧❡♥❝❡ ✐s ❛❧s♦ ❛ ❦❡② ♣❛r❛♠❡t❡r ✐♥ ❛✐r ♣♦❧❧✉t✐♦♥ ❞✐s♣❡rs✐♦♥



✷

♠♦❞❡❧s✳ ❚❤❡s❡ ♠♦❞❡❧s ❤❡❧♣ t♦ ❡st✐♠❛t❡ ♦r ♣r❡❞✐❝t t❤❡ ❝♦♥❝❡♥tr❛t✐♦♥ ♦❢ ❛✐r ♣♦❧❧✉t❛♥ts

♦r t♦①✐♥s ❡♠✐tt❡❞ ❢r♦♠ ✈❛r✐♦✉s s♦✉r❝❡s✳

✶✳✶ ❉❡✜♥✐t✐♦♥ ❛♥❞ Pr♦♣❡rt✐❡s ♦❢ ❚✉r❜✉❧❡♥❝❡

❚✉r❜✉❧❡♥❝❡ ✐s ❞❡✜♥❡❞ ❛s ❛ t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧✱ r♦t❛t✐♦♥❛❧✱ ❞✐ss✐♣❛t✐✈❡✱ ✐♥t❡r♠✐tt❡♥t✱ ♥♦♥

❧✐♥❡❛r ❛♥❞ ❞✐✛✉s✐✈❡ ♠♦t✐♦♥ ✭❱✐♥♥✐❝❤❡♥❦♦ ❡t ❛❧✳✱ ✶✾✼✸✮✳ ❆ t✉r❜✉❧❡♥t ✢♦✇ ✐s ❛ r❡s✉❧t

♦❢ t❤❡ ❣r♦✇t❤ ♦❢ s♠❛❧❧ ❞✐st✉r❜❛♥❝❡s ✇❤✐❝❤ ❛r❡ ♥♦ ❧♦♥❣❡r ❞❛♠♣❡❞ ❜② t❤❡ ✢♦✇✳ ❚❤❡s❡

❞✐st✉r❜❛♥❝❡s ❣r♦✇ ❜② ❡①tr❛❝t✐♥❣ ❡♥❡r❣② ❢r♦♠ t❤❡ ♣r✐♠❛r② ✢♦✇✳

■♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ❧❛r❣❡ s❝❛❧❡ ♠♦t✐♦♥s ❝❛♥ ❜❡ ❡①❛♠✐♥❡❞ t❤r♦✉❣❤ t❤❡ ◆❛✈✐❡r✲❙t♦❦❡s

❡q✉❛t✐♦♥ ✭❍♦❧t♦♥✱ ✶✾✾✷✮ ✿

DU

Dt
= −2Ω×U− 1

ρ
∇p+ g + Fr, ✭✶✳✶✮

✇❤❡r❡ ❯ ✐s t❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r✱ Ω t❤❡ ❛♥❣✉❧❛r ✈❡❧♦❝✐t② ♦❢ ❡❛rt❤✬s r♦t❛t✐♦♥ ✱ ρ t❤❡

❞❡♥s✐t②✱ ♣ t❤❡ ♣r❡ss✉r❡✱ ❣ t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥✱ ❛♥❞ ❋r t❤❡ ✈✐s❝♦✉s ❢♦r❝❡✳

❚❤❡ ✈❡❧♦❝✐t② ✈❡❝t♦r ❯✱ ❛♥❞ t❤❡ ♦♣❡r❛t♦r ∇✱ ♠❛② ❜❡ ✇r✐tt❡♥ ❛s✿

U = i✉+ j✈+ k✇, ✭✶✳✷✮

∇ = i
∂

∂x
+ j

∂

∂y
+ k

∂

∂z
, ✭✶✳✸✮

■♥ ✇❤✐❝❤ ✉✱ ✈ ❛♥❞ ✇ ❛r❡ t❤❡ ✇✐♥❞ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ❛♥❞ ✐✱ ❥ ❛♥❞ ❦ ❛r❡ ✉♥✐t

✈❡❝t♦rs ❛♥❞ ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ ❞✐r❡❝t❡❞ ❡❛st✇❛r❞✱ ♥♦rt❤✇❛r❞ ❛♥❞ ✉♣✇❛r❞ r❡s♣❡❝t✐✈❡❧②✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ t❡r♠ ✐♥ t❤❡ ❧❡❢t s✐❞❡ ♦❢ t❤❡ ❊q✉❛t✐♦♥ ✭✶✳✶✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s✿

D❯

Dt
=

∂❯

∂t
+U .∇U , ✭✶✳✹✮

✇❤❡r❡ ∂❯
∂t

✐s t❤❡ ❧♦❝❛❧ r❛t❡ ♦❢ ❝❤❛♥❣❡ ♦❢ ✇✐♥❞ ✈❡❧♦❝✐t② ❛♥❞ ❯.∇❯ ✐s t❤❡ ❛❞✈❡❝t✐✈❡ t❡r♠

❛♥❞ ✐s ❞✉❡ t♦ ❧♦❝❛❧ ❝❤❛♥❣❡ ♦❢ ✈❡❧♦❝✐t② ❞✉❡ t♦ ❛✐r ♠♦t✐♦♥✳

■♥ t✉r❜✉❧❡♥t ✢♦✇✱ t❤❡ ♠❡❛s✉r❡❞ ♣❛r❛♠❡t❡r ✢✉❝t✉❛t❡s ✐♥ t✐♠❡✳ ■♥ ♦r❞❡r t❤❛t t❤❡

✈❡❧♦❝✐t② ♠❡❛s✉r❡♠❡♥ts ❜❡ r❡♣r❡s❡♥t❛t✐✈❡ ♦❢ t✉r❜✉❧❡♥t ✢♦✇✱ ✇❡ ❞❡✜♥❡ t❤❡ ✐♥st❛♥t❛♥❡♦✉s

✈❡❧♦❝✐t② ❛s✿

U = U+U′, ✭✶✳✺✮

✇❤❡r❡ U ❛♥❞ U′ ❛r❡ t❤❡ t✐♠❡✲❛✈❡r❛❣❡❞ ✈❛❧✉❡ ❛♥❞ ✢✉❝t✉❛t✐♥❣ ♣❛rt ♦❢ t❤❡ ✈❡❧♦❝✐t②



✸

r❡s♣❡❝t✐✈❡❧②✳

◆♦✇ ✇❡ s✉❜st✐t✉t❡ ❊q✉❛t✐♦♥ ✭✶✳✺✮ ✐♥t♦ ❊q✉❛t✐♦♥ ✭✶✳✶✮✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t

s♠❛❧❧ ✢✉❝t✉❛t✐♦♥s ✐♥ ❞❡♥s✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t✉r❜✉❧❡♥❝❡ ❤❛✈❡ ❜❡❡♥ ♥❡❣❧❡❝t❡❞✳ ❆ s❝❛❧❡

❛♥❛❧②s✐s ❛❧s♦ s❤♦✇❡❞ t❤❛t ❣r❛✈✐t② ❛♥❞ ✈✐s❝♦s✐t② ❢♦r❝❡s ❛r❡ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ ❣r❛❞✐❡♥t

♣r❡ss✉r❡ ❛♥❞ ❈♦r✐♦❧✐s ❢♦r❝❡s ❢♦r ♠❛♥② t②♣❡s ♦❢ ✢♦✇✱ s♦ ✇❡ ✇✐❧❧ ❧❛r❣❡❧② ♥❡❣❧❡❝t t❤❡♠ ✐♥

♦✉r ❝❛❧❝✉❧❛t✐♦♥✳ ❚❤❡ r❡s✉❧ts ♦❢ s✉❜st✐t✉t✐♥❣ ❛♥❞ ❛✈❡r❛❣✐♥❣ ❢♦r ❤♦r✐③♦♥t❛❧ ♠♦t✐♦♥ ✭❡✳❣

❡❛st✇❛r❞✮ ✐s ❣✐✈❡♥ ❜② ✭❢♦r ♦t❤❡r ❝♦♠♣♦♥❡♥ts ♦❢ ♠♦t✐♦♥ s❡❡ ❍♦❧t♦♥✱ ✶✾✾✷✮✿

D✉

Dt
− fco ✈ = −1

ρ

∂p̄

∂x
−

[

∂

∂x

(

ρ✉′✉′
)

+
∂

∂y

(

ρ✉′✈′
)

+
∂

∂z

(

ρ✉′✇′
)

]

, ✭✶✳✻✮

✇❤❡r❡ fco ✐s t❤❡ ❈♦r✐♦❧✐s ♣❛r❛♠❡t❡r ❛♥❞ r❡❧❛t❡❞ t♦ ❧❛t✐t✉❞❡ Φ✱ t❤r♦✉❣❤✿ fco = 2Ω sin(Φ).

❈❧❡❛r❧② ❞✐st✉r❜❛♥❝❡s ✐♥ t❤❡ ✢♦✇ ❤❛✈❡ ❛❞❞❡❞ ♥❡✇ t❡r♠s t♦ t❤❡ ♠❡❛♥ ◆❛✈✐❡r✲❙t♦❦❡s

❡q✉❛t✐♦♥✳ ❚❤❡ ♥❡✇ t❡r♠s ✐♥ t❤❡ ❜r❛❝❦❡t ♦♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ ❊q✉❛t✐♦♥ ✭✶✳✻✮✱ ✇❤✐❝❤

❞❡♣❡♥❞ ♦♥ t❤❡ t✉r❜✉❧❡♥t ✢✉❝t✉❛t✐♦♥s✱ ❛r❡ ❝❛❧❧❡❞ ❘❡②♥♦❧❞s str❡ss t❡r♠s✳ ❘❡②♥♦❧❞s

str❡ss t❡r♠s ❛r❡ ♥♦♥✲❧✐♥❡❛r ❛♥❞ r❡♣r❡s❡♥t t❤❡ ♠♦♠❡♥t✉♠ ✢✉①❡s✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

ρ✉′✇′ t❡r♠ ✐♥ ❊q✉❛t✐♦♥ ✭✶✳✻✮ ❞❡s❝r✐❜❡s t❤❡ ✈❡rt✐❝❛❧ ✢✉① ♦❢ ❤♦r✐③♦♥t❛❧ ♠♦♠❡♥t✉♠✳

❙✐♠✐❧❛r❧②✱ ✇′θ′p r❡♣r❡s❡♥ts t❤❡ ✈❡rt✐❝❛❧ t✉r❜✉❧❡♥t ❤❡❛t ✢✉① ✐♥ ✇❤✐❝❤ θp ✐s t❤❡ ♣♦t❡♥t✐❛❧

t❡♠♣❡r❛t✉r❡ ♦r s✐♠♣❧② t❤❡ t❡♠♣❡r❛t✉r❡ t❤❛t ❛ ♣❛r❝❡❧ ♦❢ ❞r② ❛✐r ❛t ♣r❡ss✉r❡✱ p ❛♥❞

t❡♠♣❡r❛t✉r❡✱ T ✇♦✉❧❞ ❤❛✈❡ ✐❢ ✐t ✇❡r❡ ❡①♣❛♥❞❡❞ ♦r ❝♦♠♣r❡ss❡❞ ❛❞✐❛❜❛t✐❝❛❧❧② t♦ ❛

st❛♥❞❛r❞ ♣r❡ss✉r❡✱ ps✳ ❚❤❡ ♣♦t❡♥t✐❛❧ t❡♠♣❡r❛t✉r❡ ✐s ❣✐✈❡♥ ❜②✿

θp = T

(

ps
p

)❘/Cp

, ✭✶✳✼✮

✇❤❡r❡ ❘ ✐s t❤❡ ❣❛s ❝♦♥st❛♥t ❛♥❞ Cp t❤❡ s♣❡❝✐✜❝ ❤❡❛t ❝❛♣❛❝✐t② ❛t ❝♦♥st❛♥t ♣r❡ss✉r❡✳

❚❤❡ ♥♦♥✲❧✐♥❡❛r✐t② ♦❢ t✉r❜✉❧❡♥t ❡q✉❛t✐♦♥s s✉❝❤ ❛s ❊q✉❛t✐♦♥ ✭✶✳✻✮ ♠❛❦❡s t❤❡♠ ❞✐✣✲

❝✉❧t ❢♦r ♠❛t❤❡♠❛t✐❝✐❛♥s t♦ ✜♥❞ ❡①❛❝t s♦❧✉t✐♦♥s✱ ❤♦✇❡✈❡r ✐t ✐s ♥❡❝❡ss❛r② ❢♦r ❞❡s❝r✐♣t✐♦♥

♦❢ t✉r❜✉❧❡♥t ✢♦✇✳ ◆♦♥✲❧✐♥❡❛r t❡r♠s ❜r✐♥❣ t♦❣❡t❤❡r ❛✐r ♣❛r❝❡❧s ✇✐t❤ ❞✐✛❡r❡♥t ✈❡❧♦❝✲

✐t✐❡s✳ ❚❤✐s ♣r♦❞✉❝❡s str♦♥❣ ❣r❛❞✐❡♥ts ✐♥ ✇❤✐❝❤ ♣❡rt✉r❜❛t✐♦♥ ♠❛② ❣r♦✇ ❛♥❞ ❛✐r✢♦✇

❜❡❝♦♠❡s t✉r❜✉❧❡♥t✳ ❆s ❛ r❡s✉❧t ♦❢ ♠✐①✐♥❣✱ str♦♥❣ ✢✉①❡s ♦❢ ♠♦♠❡♥t✉♠ ❛♥❞ ❡♥❡r❣② ✇✐❧❧

❜❡ ❝r❡❛t❡❞ ✇❤✐❝❤ ♠♦❞✐❢② ❧❛r❣❡✲s❝❛❧❡ ♠♦t✐♦♥s✳

❘♦t❛t✐♦♥ ✐s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ ❛ t✉r❜✉❧❡♥t ✢♦✇✳ ■♥ ❛ ✢♦✇✱ ✈♦r✲

t✐❝✐t② ✐s ❛ ♠❡❛s✉r❡ ♦❢ r♦t❛t✐♦♥ ❛♥❞ ✐s ❤✐❣❤❧② ❝♦rr❡❧❛t❡❞ t♦ ❞✐st✉r❜❛♥❝❡s✳ ❱♦rt✐❝✐t② ✐s

r❡❧❛t❡❞ t♦ t❤❡ ✈❡❧♦❝✐t②✱ ❯✱ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

ω = ∇×U, ✭✶✳✽✮

✇❤❡r❡ ω ✐s t❤❡ ✈♦rt✐❝✐t② ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ✢♦✇ ❞✐r❡❝t✐♦♥✳



✹

■♥ t✉r❜✉❧❡♥t ♠♦t✐♦♥✱ t❤❡ str♦♥❣ ✈❡❧♦❝✐t② ❣r❛❞✐❡♥ts ✐♥ ❛❧❧ ❞✐r❡❝t✐♦♥s ❣❡♥❡r❛t❡s ✈♦r✲

t✐❝❡s ✇❤✐❝❤ ❛r❡ ❝❛❧❧❡❞ ❡❞❞✐❡s✳ ❊❞❞✐❡s ❝❛rr② t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣② ❛♥❞ t❤❡② ❤❛✈❡

❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❝❛❧❡s✳ ❋♦r ❡①❛♠♣❧❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ t❤❡② ❝❛♥ ❜❡ ❤✉♥❞r❡❞s ♦❢

❦✐❧♦♠❡t❡rs ✐♥ ❞✐❛♠❡t❡r t♦ s❝❛❧❡s ♦❢ ❛ ❢❡✇ ❝❡♥t✐♠❡t❡rs✳

❖♥❡ ♣♦✐♥t ♥❡❡❞s t♦ ❜❡ ♠❛❞❡ ❤❡r❡✳ ❊❞❞✐❡s ✇✐t❤ s❝❛❧❡s ♦❢ ❤✉♥❞r❡❞s ♦❢ ❦✐❧♦♠❡t❡rs

❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✷✲❉ t✉r❜✉❧❡♥❝❡ ✐♥ ✇❤✐❝❤ ❡♥❡r❣② ✐s ♠♦✈❡❞ ❢r♦♠ s♠❛❧❧❡r s❝❛❧❡s t♦

❧❛r❣❡r s❝❛❧❡s✳ ❚❤❡ ♦♣♣♦s✐t❡ ❤❛♣♣❡♥s ✐♥ ✸✲❉ t✉r❜✉❧❡♥❝❡ ✇❤❡r❡ ✐♥st❡❛❞ ❡♥❡r❣② tr❛♥s❢❡rs

❢r♦♠ ❧❛r❣❡r ❡❞❞✐❡s ♦❢ s❝❛❧❡s ♦❢ ❛ ❢❡✇ ❦✐❧♦♠❡t❡rs t♦ s♠❛❧❧❡r ♦♥❡s✳ ■t ✐s ❛❧s♦ ❛ss✉♠❡❞

t❤❛t ❡❞❞✐❡s ❛❝t ✐♥ ❛ ♠❛♥♥❡r s✐♠✐❧❛r t♦ ♠♦❧❡❝✉❧❛r ❞✐✛✉s✐♦♥ s♦ t❤❛t t❤❡ ✢✉① ♦❢ ❛ ❣✐✈❡♥

✜❡❧❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❧♦❝❛❧ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♠❡❛♥✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡

❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

✉′✇′ = −km

(

∂✉

∂z

)

, ✭✶✳✾✮

θ′p✇
′ = −kh

(

∂θp
∂z

)

, ✭✶✳✶✵✮

✇❤❡r❡ km ✐s t❤❡ ❡❞❞② ✈✐s❝♦s✐t② ❝♦❡✣❝✐❡♥t ❛♥❞ kh ✐s t❤❡ ❡❞❞② ❞✐✛✉s✐✈✐t② ♦❢ ❤❡❛t✳ ■t

s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✉♥❧✐❦❡ t❤❡ ♠♦❧❡❝✉❧❛r ✈✐s❝♦s✐t② ❝♦❡✣❝✐❡♥t✱ ❡❞❞② ✈✐s❝♦s✐t✐❡s ❞❡♣❡♥❞

♦♥ t❤❡ ✢♦✇ ❝♦♥❞✐t✐♦♥ r❛t❤❡r t❤❛♥ t❤❡ ♣❤②s✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✢✉✐❞✳

❚❤❡ ❝❛s❝❛❞❡ ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ❢r♦♠ ❧❛r❣❡r ❡❞❞✐❡s t♦ s♠❛❧❧❡r ♦♥❡s ❛♥❞ t❤❡ ❝♦♥✈❡rs✐♦♥

♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② t♦ ❤❡❛t ❜② ✈✐s❝♦s✐t② ✐♥ t❤❡ s♠❛❧❧❡st ❡❞❞✐❡s ✐s ❛ ❞❡✜♥✐♥❣ ❢❡❛t✉r❡ ♦❢ ✸✲❉

t✉r❜✉❧❡♥❝❡✳ ❑♦❧♠♦❣♦r♦✈ ✭✶✾✹✶✮ ❞❡s❝r✐❜❡❞ t✉r❜✉❧❡♥t ♠♦t✐♦♥ ❛s ❛♥ ✉♥st❛❜❧❡ ✢♦✇ ✇✐t❤

♣❡rt✉r❜❛t✐♦♥s ✇❤✐❝❤ ❣❡♥❡r❛t❡ ✏t✉r❜✉❧❡♥t ❡❞❞✐❡s ♦❢ ✜rst ♦r❞❡r✑✳ ❚❤❡s❡ ♣r♦❞✉❝❡ ✐rr❡❣✉❧❛r

❞✐s♣❧❛❝❡♠❡♥ts ✇✐t❤ ✈❡❧♦❝✐t✐❡s ✇❤✐❝❤ ❛r❡ ❧❡ss t❤❛♥ t❤❡ ♠❡❛♥ ✢♦✇✳ ❚❤❡s❡ ❡❞❞✐❡s ❛r❡ ❛❧s♦

✉♥st❛❜❧❡ ❛♥❞ t❤❡② ♣r♦❞✉❝❡ ✏s❡❝♦♥❞ ♦r❞❡r ❡❞❞✐❡s✑ ✇✐t❤ s♠❛❧❧❡r ❝❤❛r❛❝t❡r✐st✐❝ s✐③❡s ❛♥❞

✈❡❧♦❝✐t✐❡s✳ ❚❤❡ ♣r♦❝❡ss ♦❢ r❡❞✉❝t✐♦♥ ✐♥ s✐③❡ ♦❢ t✉r❜✉❧❡♥t ❡❞❞✐❡s ✇✐❧❧ ❝♦♥t✐♥✉❡ ✉♥t✐❧ t❤❡

❡✛❡❝t ♦❢ ✈✐s❝♦s✐t② ♦♥ ✈❡r② s♠❛❧❧ ❡❞❞✐❡s ✭❞✉❡ t♦ t❤❡ ❧❛r❣❡ ❛ss♦❝✐❛t❡❞ s❤❡❛r✮ ❜❡❝♦♠❡s

❞♦♠✐♥❛♥t ❛♥❞ ❡♥❡r❣② ✇✐❧❧ ❜❡ ❞✐ss✐♣❛t❡❞ t♦ ❤❡❛t ✭❱✐♥♥✐❝❤❡♥❦♦ ❡t ❛❧✳✱ ✶✾✼✸✮✳

✶✳✷ ❈❛✉s❡s ♦❢ ❚✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❆t♠♦s♣❤❡r❡

❚❤❡ ♠❛✐♥ ❝❛✉s❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ❛r❡ ❞✉❡ t♦ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❧❛r❣❡

s❝❛❧❡ t❡♠♣❡r❛t✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ✜❡❧❞s✳ ❆t♠♦s♣❤❡r✐❝ ♣r♦❝❡ss❡s ✇❤✐❝❤ ♣r♦❞✉❝❡ t❤❡s❡

❞✐✛❡r❡♥❝❡s ❛r❡ ✐t❡♠✐③❡❞ ❜❡❧♦✇✿

• ❯♥❡✈❡♥ ❤❡❛t✐♥❣ ♦❢ ✈❛r✐♦✉s ♣❛rts ♦❢ t❤❡ ❡❛rt❤ s✉r❢❛❝❡ ✇❤✐❝❤ ❧❡❛❞s t♦ ❞❡✈❡❧♦♣♠❡♥t



✺

♦❢ t❤❡r♠❛❧ ❝♦♥✈❡❝t✐♦♥ ❝✐r❝✉❧❛t✐♦♥s✳ ❆s s♦❧❛r r❛❞✐❛t✐♦♥ ❤❡❛ts t❤❡ ❡❛rt❤✬s s✉r❢❛❝❡✱

t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥ t❤❡ ❧♦✇❡r ❧❛②❡r ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡ ✐♥❝r❡❛s❡s ❛♥❞ ❝♦♥✈❡❝t✐♦♥

st❛rts✳ ❚❤❡ ♠♦t✐♦♥ ♦❢ ❛✐r ♣❛r❝❡❧ ✐s ✉♥st❛❜❧❡ s✐♥❝❡ ✐♥ r✐s✐♥❣✱ t❤❡ ♣❛r❝❡❧ ✜♥❞s ✐ts❡❧❢

✇❛r♠❡r t❤❛♥ ✐ts s✉rr♦✉♥❞✐♥❣s ❛♥❞ ❝♦♥t✐♥✉❡ t♦ r✐s❡✳ ❇❡❝❛✉s❡ t❤❡ r✐s✐♥❣ ♣❛r❝❡❧

❡①❝❤❛♥❣❡s ❤❡❛t ✇✐t❤ ❝♦♦❧❡r ❛✐r ❛r♦✉♥❞ ✐t✱ ❛t s♦♠❡ ♣♦✐♥t✱ ✐t ❜❡❝♦♠❡s ❞❡♥s❡r✳

❍♦✇❡✈❡r✱ ✐t ❝❛♥ ♥♦t ❞❡s❝❡♥❞ t❤r♦✉❣❤ t❤❡ r✐s✐♥❣ ❛✐r✱ s♦ ✐t ♠♦✈❡s ❤♦r✐③♦♥t❛❧❧②

❢♦r s♦♠❡ ❞✐st❛♥❝❡ ❛♥❞ ❜❡❣✐♥s t♦ ❞❡s❝❡♥❞✳ ❚❤✐s ✐s ❝❛❧❧❡❞ ❝♦♥✈❡❝t✐♦♥ ❝✐r❝✉❧❛t✐♦♥✳

❙✉❝❤ ✢♦✇s ❛r❡ t❤❡ ♣r✐♠❛r② ❝❛✉s❡ ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ♦❢ t❤❡

❛t♠♦s♣❤❡r❡✳ ❚❤✐s ❢♦r♠ ♦❢ t✉r❜✉❧❡♥❝❡ ✐s ✉s✉❛❧❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❛r❣❡ ❡❞❞✐❡s ♦❢

❛♣♣r♦①✐♠❛t❡❧② ❛ ❢❡✇ ❦✐❧♦♠❡t❡rs ✐♥ s✐③❡ ✭❆❤r❡♥s✱ ✷✵✵✵✮✳

• ❙✉r❢❛❝❡ ❢r✐❝t✐♦♥ s❧♦✇s ❞♦✇♥ t❤❡ ✇✐♥❞ ✐♥ t❤❡ ❧♦✇❡st ❧❛②❡rs ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡

❝❛✉s✐♥❣ t❤❡ ❛✐r t♦ t✉r♥ ♦✈❡r ✐♥ t✉r❜✉❧❡♥t ❡❞❞✐❡s✳ ■t ❛❧s♦ ❣❡♥❡r❛t❡s ❧❛r❣❡ ✈❡rt✐❝❛❧

✇✐♥❞ ❣r❛❞✐❡♥ts✳

• ❉❡❢♦r♠❛t✐♦♥ ♦❢ ✢♦✇ ❜② ❜❛rr✐❡rs ❛♥❞ ♦❜st❛❝❧❡s ♦♥ t❤❡ ❡❛rt❤ s✉r❢❛❝❡ ♣r♦❞✉❝❡s

✇❛✈② ❞✐st✉r❜❛♥❝❡s ❛♥❞ r♦t❛r② ♠♦t✐♦♥s✳ ❖❜str✉❝t✐♦♥s s✉❝❤ ❛s ❜✉✐❧❞✐♥❣s✱ tr❡❡s✱

♠♦✉♥t❛✐♥s ❡t❝✳✱ ❞✐sr✉♣t s♠♦♦t❤ ✇✐♥❞ ✢♦✇ ✐♥t♦ ❡❞❞✐❡s ✐♥ t❤❡ ❞♦✇♥str❡❛♠ ♦❢ t❤❡

✢♦✇✳ ❍✐❣❤❡r ✇✐♥❞ s♣❡❡❞s ❛♥❞ r♦✉❣❤❡r s✉r❢❛❝❡s ♣r♦❞✉❝❡ str♦♥❣❡r t✉r❜✉❧❡♥❝❡✳

❖♥❡ ♦❢ t❤❡ ♠♦st ❤❛③❛r❞♦✉s t②♣❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✐s ♣r♦❞✉❝❡❞ ❜② ❧❡❡ ✇❛✈❡s ❛♥❞ r♦✲

t♦rs ♦♥ t❤❡ ❧❡❡ s✐❞❡ ♦❢ t❤❡ ♠♦✉♥t❛✐♥s✳ ❲❤❡♥ ❛✐r ✐s ❢♦r❝❡❞ t♦ ✢♦✇ ♦✈❡r ❛ ♠♦✉♥t❛✐♥

✉♥❞❡r st❛❜❧❡ ❝♦♥❞✐t✐♦♥s✱ ❛✐r ♣❛r❝❡❧s ❛r❡ ❞✐s♣❧❛❝❡❞ ❢r♦♠ t❤❡✐r ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧s

❛♥❞ ✉♥❞❡r❣♦ ❜✉♦②❛♥❝② ♦s❝✐❧❧❛t✐♦♥s ❛s t❤❡② ♠♦✈❡ ❞♦✇♥str❡❛♠ ♦❢ t❤❡ ♠♦✉♥t❛✐♥✳

❱❡rt✐❝❛❧ ❝✉rr❡♥ts ✇✐t❤✐♥ t❤❡s❡ ♦s❝✐❧❧❛t✐♦♥ ❛r❡ s♦♠❡t✐♠❡s ✈❡r② str♦♥❣ ❛♥❞ ❝❛♥

♣r♦❞✉❝❡ ✈♦rt✐❝❡s ❝❛❧❧❡❞ r♦t♦rs ✇❤❡♥ t❤❡② ❛r❡ ❝♦♠❜✐♥❡❞ ✇✐t❤ s✉r❢❛❝❡ ❢r✐❝t✐♦♥✳

❘♦t♦rs ❝❛♥ ❝❛✉s❡ s❡✈❡r❡ t✉r❜✉❧❡♥❝❡ ❜❡♥❡❛t❤ ♠♦✉♥t❛✐♥ ✇❛✈❡s ✭❍♦❧t♦♥✱ ✶✾✾✷✮✳

• ❈♦♥✈❡r❣❡♥❝❡ ❛♥❞ ✐♥t❡r❛❝t✐♦♥ ♦❢ ❛✐r ♠❛ss❡s ✇✐t❤ ❞✐✛❡r❡♥t ❝❤❛r❛❝t❡r✐st✐❝s ✇❤✐❝❤

❣❡♥❡r❛t❡s t❡♠♣❡r❛t✉r❡ ❛♥❞ ✈❡❧♦❝✐t② ❞✐✛❡r❡♥❝❡s ♥❡❛r ❛t♠♦s♣❤❡r✐❝ ❢r♦♥ts✳ ❚r❛♥✲

s✐t✐♦♥ ♦❢ ❛✐r ❢r♦♠ ♦♥❡ ❛✐r ♠❛ss t♦ ❛♥♦t❤❡r ♦♥❡ ❛❧♦♥❣ t❤❡ ❢r♦♥t❛❧ ❜♦✉♥❞❛r✐❡s

♣r♦❞✉❝❡s t✉r❜✉❧❡♥❝❡✳

• ●r♦✇t❤ ♦❢ ✈❡rt✐❝❛❧❧② ♣r♦♣❛❣❛t✐♥❣ ❣r❛✈✐t② ✇❛✈❡s ❢♦r♠❡❞ ✐♥ st❛❜❧❡ ❧❛②❡rs ✐♥ t❤❡

tr♦♣♦s♣❤❡r❡ ❛♥❞ str❛t♦s♣❤❡r❡✳ ❆t♠♦s♣❤❡r✐❝ ❣r❛✈✐t② ✇❛✈❡s ❝❛♥ ♦♥❧② ❡①✐st ✇❤❡♥

t❤❡ ❛t♠♦s♣❤❡r❡ ✐s st❛❜❧② str❛t✐✜❡❞ s♦ t❤❛t ❛♥ ❛✐r ♣❛r❝❡❧ ❞✐s♣❧❛❝❡❞ ✈❡rt✐❝❛❧❧② ✇✐❧❧

✉♥❞❡r❣♦ ❜✉♦②❛♥❝② ♦s❝✐❧❧❛t✐♦♥s✳ ❆s t❤❡s❡ ✇❛✈❡s ♠♦✈❡ ✉♣✇❛r❞✱ t❤❡✐r ❛♠♣❧✐t✉❞❡s

✐♥❝r❡❛s❡✳ ❲❤❡♥ t❤❡ ✇❛✈❡ ❛♠♣❧✐t✉❞❡ r❡❛❝❤❡s t❤❡ ❝r✐t✐❝❛❧ ❧❡✈❡❧ ✭✐✳❡✳ ✇❤❡r❡ t❤❡

♣❤❛s❡ s♣❡❡❞ ♦❢ t❤❡ ✇❛✈❡ ❡q✉❛❧s t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠❡❛♥ ✇✐♥❞ ✐♥ t❤❡ ♣r♦♣❛✲
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❣❛t✐♦♥ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✇❛✈❡✮✱ ✐t ❜r❡❛❦s ✐♥t♦ t✉r❜✉❧❡♥❝❡✱ ❝❛✉s✐♥❣ ❧❛r❣❡ ❛♠♦✉♥ts

♦❢ ✇❛✈❡ ❡♥❡r❣② t♦ ❜❡ tr❛♥s❢❡rr❡❞ t♦ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣② ✭◆❛♣♣♦✱ ✷✵✵✷✮✳

• ❏❡t✲str❡❛♠ t✉r❜✉❧❡♥❝❡ ✐s ♣r♦❞✉❝❡❞ ❜② ❜♦t❤ str♦♥❣ ✈❡rt✐❝❛❧ ❛♥❞ ❤♦r✐③♦♥t❛❧ ✇✐♥❞

s❤❡❛r ❝❧♦s❡ t♦ ❛♥❞ ✇✐t❤✐♥ t❤❡ ❥❡t✲str❡❛♠✳ ❏❡t✲str❡❛♠s ❛r❡ ❢❛st ✢♦✇✐♥❣ ❛✐r ❝✉r✲

r❡♥ts ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ✇❤✐❝❤ ❛r❡ t❤♦✉s❛♥❞s ♦❢ ❦✐❧♦♠❡t❡rs ❧♦♥❣✱ ❛ ❢❡✇ ❤✉♥❞r❡❞

❦✐❧♦♠❡t❡rs ✇✐❞❡ ❛♥❞ ♦♥❧② ❛ ❢❡✇ ❦✐❧♦♠❡t❡rs t❤✐❝❦✳ ❲✐♥❞ s♣❡❡❞s ✐♥ t❤❡ ❝❡♥tr❛❧

❝♦r❡ ♦❢ ❛ ❥❡t✲str❡❛♠ ♦❢t❡♥ ❡①❝❡❡❞ ✶✵✵ ❦♥♦ts ❛♥❞ ♦❝❝❛s✐♦♥❛❧❧② r❡❛❝❤ ✷✵✵ ❦♥♦ts✳

❚❤❡ ♠❛✐♥ ❥❡t✲str❡❛♠s ❛r❡ ❧♦❝❛t❡❞ ♥❡❛r t❤❡ tr♦♣♦♣❛✉s❡✱ ❤♦✇❡✈❡r t❤❡② ❝❛♥ ♦❝❝✉r

❛t ❤✐❣❤❡r ♦r ❧♦✇❡r ❛❧t✐t✉❞❡s ✭❆❤r❡♥s✱ ✷✵✵✵✮✳

❚❤❡s❡ ♣r♦❝❡ss❡s ❝❛♥ ❛❝t ✐♥❞✐✈✐❞✉❛❧❧② ♦r s✐♠✉❧t❛♥❡♦✉s❧② t♦ ♣r♦❞✉❝❡ ❝♦♥✈❡❝t✐✈❡ ♦r s❤❡❛r

t✉r❜✉❧❡♥❝❡ ♦❢ ❞✐✛❡r✐♥❣ ✐♥t❡♥s✐t② ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❘❡❣✐♦♥s ♦❢ ❝♦♥✈❡❝t✐✈❡ t✉r❜✉❧❡♥❝❡

❛r❡ ❣❡♥❡r❛❧❧② ✈✐s✐❜❧❡ ❜② t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❝✉♠✉❧✉s t②♣❡ ❝❧♦✉❞s ❛♥❞ ❝❛♥ ❜❡ ❛✈♦✐❞❡❞ ❜②

❛✐r❝r❛❢t✳ ❍♦✇❡✈❡r✱ s❤❡❛r t✉r❜✉❧❡♥❝❡ ✐s ♦❢t❡♥ ♦♣t✐❝❛❧❧② ✐♥✈✐s✐❜❧❡✱ s♦ ✐t ✐s ❝❛❧❧❡❞ ❝❧❡❛r

❛✐r t✉r❜✉❧❡♥❝❡ ✭❈❆❚✮✳ ▼♦✉♥t❛✐♥ ✇❛✈❡s✱ ❣r❛✈✐t② ✇❛✈❡s ❛♥❞ ❥❡t✲str❡❛♠s ❛r❡ t❤❡ ♠♦st

✐♠♣♦rt❛♥t ❝❛✉s❡s ♦❢ ❈❆❚✳

✶✳✸ ❚r❛♥s✐t✐♦♥ ❢r♦♠ ◆♦♥✲t✉r❜✉❧❡♥t t♦ ❚✉r❜✉❧❡♥t ▼♦✲

t✐♦♥

❋❧♦✇ t❤❛t ✐s ♥♦t t✉r❜✉❧❡♥t ✐s ❝❛❧❧❡❞ ❧❛♠✐♥❛r ✢♦✇✳ ❚✉r❜✉❧❡♥t ✢♦✇ ❝❛♥ ❜❡ ♣r♦❞✉❝❡❞

❜② t❤❡ ❣r♦✇t❤ ♦❢ ♣❡rt✉r❜❛t✐♦♥s ✐♥ ❛ ❧❛♠✐♥❛r ✢♦✇✳ ❆❧t❤♦✉❣❤ t❤❡r❡ ✐s ♥♦ ❝♦♠♣❧❡t❡

t❤❡♦r❡♠ t❤❛t ❞❡s❝r✐❜❡s t❤❡ ❧❛♠✐♥❛r✲t✉r❜✉❧❡♥t tr❛♥s✐t✐♦♥✱ st✉❞② ♦❢ t❤❡ ❘❡②♥♦❧❞s ❛♥❞

❘✐❝❤❛r❞s♦♥ ♥✉♠❜❡rs ❝❛♥ ❜❡ ✉s❡❢✉❧ ✐♥ t❤✐s ♠❛♥♥❡r✳

❚❤❡ ❘❡②♥♦❧❞s ♥✉♠❜❡r ✭❘❡✮ ✐s ❞❡✜♥❡❞ ❛s ❛ r❛t✐♦ ♦❢ ✐♥❡rt✐❛❧ ❢♦r❝❡ t♦ ✈✐s❝♦s✐t② ❢♦r❝❡✳

■❢ ✇❡ ♦♥❧② ❝♦♥s✐❞❡r t❤❡ ❞✐♠❡♥s✐♦♥s✱ ✇❡ ❤❛✈❡ ✭❱✐♥♥✐❝❤❡♥❦♦ ❡t ❛❧✳✱ ✶✾✼✸✮✿

❘❡ = |U.∇U

υ∇2U
| ∼ VcLc

υ
, ✭✶✳✶✶✮

✇❤❡r❡ ❯ ✐s t❤❡ ✈❡❧♦❝✐t②✱ υ t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ♦❢ t❤❡ ✢♦✇✱ Vc t❤❡ ❝❤❛r❛❝t❡r✐st✐❝

✈❡❧♦❝✐t② ♦❢ t❤❡ ✢♦✇ ❛♥❞ Lc t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ s❝❛❧❡ ♦❢ t❤❡ ✢♦✇✳ ■t ❤❛s ♦❢t❡♥ ❜❡❡♥

♦❜s❡r✈❡❞ t❤❛t t✉r❜✉❧❡♥t ✢♦✇s ❛r✐s❡ ❢r♦♠ ❧❛♠✐♥❛r ✢♦✇s ❛s ❘❡ ✐♥❝r❡❛s❡s✳ ■♥ ❢❛❝t ✐♥❡rt✐❛❧

❢♦r❝❡s ❛❝t t♦ ❜r✐♥❣ t♦❣❡t❤❡r ✈♦❧✉♠❡s ♦❢ ✢✉✐❞ t❤❛t ❛r❡ s❡♣❛r❛t❡ ❢r♦♠ ❡❛❝❤ ♦t❤❡r ❛♥❞

❤❛✈❡ ❞✐✛❡r❡♥t ✈❡❧♦❝✐t✐❡s✳ ❚❤✐s ♣r♦❞✉❝❡s ✇✐♥❞ s❤❡❛r ✇❤✐❝❤ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡

✐♥ ♣r♦❞✉❝✐♥❣ t✉r❜✉❧❡♥❝❡✳ ■♥ ❝♦♥tr❛st✱ ✈✐s❝♦s✐t② ❢♦r❝❡s s♠♦♦t❤ ♦✉t t❤❡ ✈❛r✐❛t✐♦♥s ✐♥

✈❡❧♦❝✐t✐❡s✳ ❆t ❧♦✇ ✈❛❧✉❡s ♦❢ ❘❡✱ ✇❤❡♥ ✈✐s❝♦s✐t② ❢♦r❝❡s ❛r❡ ❞♦♠✐♥❛♥t✱ t❤❡ ✢♦✇ ✐s ❧❛♠✐♥❛r✳
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❆s ❘❡ ✐♥❝r❡❛s❡s✱ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ✈✐s❝♦s✐t② ❢♦r❝❡ ❞❡❝r❡❛s❡s ❛♥❞ ✈❡❧♦❝✐t② ✢✉❝t✉❛t✐♦♥s

✇✐❧❧ ❜❡ ❢♦r♠❡❞✳ ❚❤✐s ❧❡❛❞s t♦ ❛ t✉r❜✉❧❡♥t ✢♦✇✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❞✐✣❝✉❧t t♦ ❞❡✜♥❡ ❛♥

❛♣♣r♦♣r✐❛t❡ ✢♦✇ s❝❛❧❡ ❞✉❡ t♦ s❝❛❧❡ ✈❛r✐❛❜✐❧✐t② ♦❢ ✢♦✇s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞✐✛❡r❡♥t t②♣❡s

♦❢ ♠♦t✐♦♥s ✭✐✳❡✳ ❣r❛✈✐t② ✇❛✈❡s✱ t✉r❜✉❧❡♥❝❡✱ ❡t❝✳✮ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳

❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ♠❡❛s✉r✐♥❣ t❤❡ ❘✐❝❤❛r❞s♦♥ ♥✉♠❜❡r ✐s ♠♦r❡ ✉s❡❢✉❧✳

❚❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ♦❢ st❛t✐❝ st❛❜✐❧✐t② ❛♥❞ ❞②♥❛♠✐❝s ✐♥st❛❜✐❧✐t② ✐♥ ♣r♦❞✉❝✐♥❣

t✉r❜✉❧❡♥❝❡ ✐s ❡①♣r❡ss❡❞ ❜② t❤❡ ❘✐❝❤❛r❞s♦♥ ♥✉♠❜❡r ✭❘✐✮ t❤r♦✉❣❤ ✭❱✐♥♥✐❝❤❡♥❦♦ ❡t ❛❧✳✱

✶✾✼✸✮✿

❘✐ =
g

θp

dθp
d③

(

d❯
d③

)2 , ✭✶✳✶✷✮

✇❤❡r❡ d❯
d③

✐s t❤❡ ✈❡rt✐❝❛❧ ❣r❛❞✐❡♥t ♦❢ t❤❡ ♠❡❛♥ ✇✐♥❞ ✈❡❧♦❝✐t②✱ ❣ t❤❡ ❣r❛✈✐t② ❛❝❝❡❧❡r❛t✐♦♥

❛♥❞ θp t❤❡ ♣♦t❡♥t✐❛❧ t❡♠♣❡r❛t✉r❡✳ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ❧❛❜♦r❛t♦r② r❡s❡❛r❝❤ s✉❣❣❡st t❤❛t

❧❛♠✐♥❛r ✢♦✇ ❜❡❝♦♠❡s t✉r❜✉❧❡♥t ✇❤❡♥ ❘✐ ✐s s♠❛❧❧❡r t❤❛♥ ❛ ❝r✐t✐❝❛❧ ✈❛❧✉❡✳ ❆❧t❤♦✉❣❤

t❤❡r❡ ✐s s♦♠❡ ❞❡❜❛t❡ ♦♥ t❤❡ ❝♦rr❡❝t ❝r✐t✐❝❛❧ ✈❛❧✉❡✱ ✐t s❡❡♠s t❤❛t t❤❡ ✈❛❧✉❡ ♦❢ ✵✳✷✺ ✐s

❛ ❣♦♦❞ ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ◆♦t❡ t❤❛t t❤❡ ❘✐❝❤❛r❞s♦♥ ♥✉♠❜❡r ✐s ♦♥❧②

❛♥ ✐♥❞✐❝❛t♦r ♦❢ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t✉r❜✉❧❡♥❝❡ ❛♥❞ s❛②s ♥♦t❤✐♥❣ ❛❜♦✉t t❤❡ ✐♥t❡♥s✐t② ♦❢

t✉r❜✉❧❡♥❝❡ ✭❙t✉❧❧✱ ✶✾✽✽✮✳

✶✳✹ ❚✉r❜✉❧❡♥t ❊♥❡r❣② ❉✐ss✐♣❛t✐♦♥ ❘❛t❡

❚✉r❜✉❧❡♥❝❡ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❢♦r♠❛t✐♦♥ ♦❢ ❡❞❞✐❡s✳ ❚❤❡ ✸✲❉ t✉r❜✉❧❡♥t ❡❞❞✐❡s ❤❛✈❡

❛ ✇✐❞❡ r❛♥❣❡ ♦❢ s❝❛❧❡s ❢r♦♠ ❛ ❢❡✇ ❦✐❧♦♠❡t❡rs t♦ ❛ ❢❡✇ ❝❡♥t✐♠❡t❡rs✳ ■♥ ✶✾✹✶✱ ❑♦❧♠♦❣♦r♦✈

✐♥tr♦❞✉❝❡❞ ♦♥❡ ♦❢ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t❤❡♦r✐❡s ✐♥ t✉r❜✉❧❡♥❝❡✳ ❑♦❧♠♦❣♦r♦✈ ♣r♦♣♦s❡❞

t❤❛t t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② s♣❡❝tr✉♠ ❤❛s t❤r❡❡ ♣❛rts✿ ❛♥ ❡♥❡r❣②✲❝♦♥t❛✐♥✐♥❣ s✉❜r❛♥❣❡✱

❛♥ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ❛♥❞ ❛ ❞✐ss✐♣❛t✐♦♥ s✉❜r❛♥❣❡✳ ▼♦st ♦❢ t❤❡ ❡♥❡r❣② ✐s ✐♥ t❤❡ ❡♥❡r❣②✲

❝♦♥t❛✐♥✐♥❣ s✉❜r❛♥❣❡ ❛♥❞ t❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉♦✉s tr❛♥s❢❡r ♦❢ ❡♥❡r❣② ❢r♦♠ t❤❡ ❧❛r❣❡ s❝❛❧❡

❡❞❞✐❡s ✐♥ t❤❡ ❡♥❡r❣②✲❝♦♥t❛✐♥✐♥❣ s✉❜r❛♥❣❡ t♦ s♠❛❧❧❡r ❡❞❞✐❡s ✐♥ t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡

✭P❛♥♦❢s❦② ❛♥❞ ❉✉tt♦♥✱ ✶✾✽✹✮✳ ■♥ t❤❡ ❞✐ss✐♣❛t✐♦♥ s✉❜r❛♥❣❡✱ ❡❞❞✐❡s ❛r❡ s♠❛❧❧ ❡♥♦✉❣❤

t❤❛t ✈✐s❝♦s✐t② ❜❡❝♦♠❡s ❞♦♠✐♥❛♥t ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❧❛r❣❡ s♠❛❧❧✲s❝❛❧❡ ✇✐♥❞ s❤❡❛rs✳

■t ✐s ❛❧s♦ ❛ss✉♠❡❞ t❤❛t t✉r❜✉❧❡♥❝❡ ✐s ✐s♦tr♦♣✐❝ ✐♥ t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ✇❤✐❝❤ s✉❣❣❡sts

t❤❛t ♣r♦♣❡rt✐❡s ♦❢ t✉r❜✉❧❡♥❝❡ ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❞✐r❡❝t✐♦♥ ✐♥ t❤✐s r❛♥❣❡ ✭❲②♥❣❛❛r❞✱

✷✵✶✵✮✳ ■♥ t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡✱ t❤❡ r❛t❡ ♦❢ tr❛♥s❢❡r ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣❡r ✉♥✐t ♦❢ ♠❛ss

✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ s❝❛❧❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❦✐♥❡t✐❝ ❡♥❡r❣② ✐s tr❛♥s❢❡rr❡❞

❢r♦♠ ♦♥❡ s❝❛❧❡ t♦ s♠❛❧❧❡r ♦♥❡s ♠✉st ❜❡ ❡q✉❛❧ t♦ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱



✽

❋✐❣✉r❡ ✶✳✶✿ ❉✐❛❣r❛♠ ♦❢ ❡♥❡r❣② s♣❡❝tr✉♠✱ ❊✭❦✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡ ♥✉♠❜❡r ❦❀ ✐♥ t❤❡
✉♣♣❡r ❛t♠♦s♣❤❡r❡✱ t❤❡ s♣❡❝tr✉♠ ✐♥❝r❡❛s❡s ❛t s♠❛❧❧ ❦ ❞✉❡ t♦ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❣r❛✈✐t②
✇❛✈❡s✱ ✇❤❡r❡❛s ✐♥ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r✱ t❤❡ s♣❡❝tr✉♠ ❞❡❝r❡❛s❡s ❛t s♠❛❧❧ ❦✳

ε ♦r t❤❡ r❛t❡ ❛t ✇❤✐❝❤ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣② ✐s ❞✐ss✐♣❛t❡❞ t♦ ❤❡❛t ❜② ✈✐s❝♦s✐t②✳ ❚❤❡

s❝❛❧❡ ❛t ✇❤✐❝❤ ❞✐ss✐♣❛t✐♦♥ ❜❡❣✐♥s ✐s ❝❛❧❧❡❞ t❤❡ ✐♥♥❡r s❝❛❧❡✳ ❚❤✐s s❝❛❧❡ ✐s r❡❧❛t❡❞ t♦ t❤❡

s♦✲❝❛❧❧❡❞ ❑♦❧♠♦❣♦r♦✈ ♠✐❝r♦s❝❛❧❡✱ µ✱ ❛♥❞ ✐t ✐s r❡❧❛t❡❞ t♦ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱

❛♥❞ t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t②✱ υ✱ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

µ =

(

υ3

ε

)
1

4

. ✭✶✳✶✸✮

❋✐❣✉r❡ ✶✳✶ s❤♦✇s t❤❡ t②♣✐❝❛❧ t✉r❜✉❧❡♥t ❡♥❡r❣② s♣❡❝tr✉♠ ❢♦r ❛ ✢♦✇ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳

❚❤❡ ❡♥❡r❣②✲❝♦♥t❛✐♥✐♥❣ s✉❜r❛♥❣❡ ♦❢ t❤❡ s♣❡❝tr✉♠ ❛♥❞ t❤❡ r❡❣✐♦♥ ♦❢ ❧❛r❣❡ s❝❛❧❡ ❡❞❞✐❡s

✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s♠❛❧❧❡r ✇❛✈❡ ♥✉♠❜❡r✱ ❦✳ ❚❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ✐♥ ✇❤✐❝❤ ❞✐ss✐♣❛t✐♦♥

♦❢ ❡♥❡r❣② ✐s ✈❡r② s♠❛❧❧ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✇♦r❞ ✏t✉r❜✉❧❡♥❝❡ s♣❡❝tr✉♠✑ ✐♥ t❤❡ ❣r❛♣❤✳ ❚❤❡

❞✐ss✐♣❛t✐♦♥ s✉❜r❛♥❣❡ ✭♥♦t s❤♦✇♥ ✐♥ t❤❡ ❋✐❣✉r❡ ✶✳✶✮ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❛r❣❡r ❦ ❛♥❞ t❤❡

s♣❡❝tr✉♠ ❢❛❧❧s s❤❛r♣❧② ❢♦r s❝❛❧❡s ❧❡ss t❤❛♥ t❤❡ ✐♥♥❡r s❝❛❧❡ ❞✉❡ t♦ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

✇✐t❤✐♥ t❤✐s r❡❣✐♦♥✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ❑♦❧♠♦❣♦r♦✈ t❤❡♦r②✱ t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ✐s ✐s♦tr♦♣✐❝✳ ❚❤❡r❡❢♦r❡

t❤❡ ✈❡❧♦❝✐t② ❞❡♣❡♥❞s ♦♥ ✇❛✈❡ ♥✉♠❜❡r✱ ❦ ❛♥❞ ε ❛t t❤✐s r❛♥❣❡✳ ❉✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s

✭❑♦❧♠♦❣♦r♦✈✱ ✶✾✹✶✮ s❤♦✇s t❤❛t t❤❡ ❢✉❧❧ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❡♥❡r❣② s♣❡❝tr✉♠ ♦❢ t✉r❜✉✲

❧❡♥t ♠♦t✐♦♥✱ F (❦) ✐s ❣✐✈❡♥ ❜②✿



✾

F (k) = ❆ε2/3❦−11/3. ✭✶✳✶✹✮

❚❤✐s ❢✉♥❝t✐♦♥ ✐s ❞✉❡ t♦ ❛❧❧ t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ❛♥❞ ✐t ❝❛♥ ❜❡ ✈✐s✉❛❧✐③❡❞ ❛s ❛

s♦❧✐❞ s♣❤❡r❡ ✇❤✐❝❤ ❤❛s ❤✐❣❤❡st ❡♥❡r❣② ❞❡♥s✐t② ❛t t❤❡ ❝❡♥t❡r✱ ❛♥❞ ❞❡❝r❡❛s✐♥❣ ❡♥❡r❣②

❞❡♥s✐t② ❛s ⑤❦⑤ ✐♥❝r❡❛s❡s✳ ❚❤✐s ❢✉♥❝t✐♦♥ ✐s ✐s♦tr♦♣✐❝ ❛♥❞ ✐t ✐s ♦❢t❡♥ ✐♥t❡❣r❛t❡❞ ♦✈❡r ❛

s❤❡❧❧ ♦❢ r❛❞✐✉s ❦✳ ❚❤❡ r❡s✉❧t❛♥t ❢✉♥❝t✐♦♥✱ S (❦) r❡♣r❡s❡♥ts t❤❡ t♦t❛❧ ❡♥❡r❣② ✐♥ t❤❡ s❤❡❧❧

❛♥❞ ✐s ✇r✐tt❡♥ ❛s ✭s❡❡ ❆♣♣❡♥❞✐① ❆✮✿

S(❦) = ❆0ε
2/3❦−5/3. ✭✶✳✶✺✮

❈♦♥st❛♥ts ❆ ❛♥❞ ❆0 ❛r❡ ✵✳✶✷ ❛♥❞ ✶✳✺✸ r❡s♣❡❝t✐✈❡❧② ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✳

❈♦✐♥❝✐❞❡♥t❛❧❧②✱ t❤❡ s❛♠❡ s♣❡❝tr❛❧ ❢♦r♠ ❛s ❊q✉❛t✐♦♥ ✭✶✳✶✺✮ ❛❧s♦ ❤♦❧❞s ❢♦r ♦♥❡ ❞✐✲

♠❡♥s✐♦♥❛❧ s♣❡❝tr❛✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♥st❛♥t ❆0 ❝❛♥ ♥♦t ❜❡ ✉s❡❞ ❛♥❞ s❤♦✉❧❞ ❜❡ r❡♣❧❛❝❡❞

❜② ❛ ♣r♦♣❡r ❝♦♥st❛♥t ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮ ❢♦r t❤❡ s♣❡❝tr✉♠ ❛❧♦♥❣ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r t♦

t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ tr❛✈❡rs❡ t❤r♦✉❣❤ t❤❡ ✢♦✇✳ ❖♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t t❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t

t②♣❡s ♦❢ s♣❡❝tr❛ ❛♥❞ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❞✐st✐♥❣✉✐s❤ t❤❡s❡ s♣❡❝tr❛ ✭s❡❡ ❆♣♣❡♥❞✐① ❇✮✳

✶✳✺ ❚✉r❜✉❧❡♥❝❡ ▼❡❛s✉r❡♠❡♥ts ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥s

■♥ t❤❡ ♣❛st ❢❡✇ ❞❡❝❛❞❡s✱ ♠❛♥② st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ♣❡r❢♦r♠❡❞ ❢♦r ❛ ❝❧❡❛r❡r ✉♥❞❡rst❛♥❞✐♥❣

♦❢ t✉r❜✉❧❡♥❝❡✱ ❛♥❞ t❤✐s ❤❛s ❧❡❞ t♦ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ✈❛r✐♦✉s t❡❝❤♥✐q✉❡s ✇❤✐❝❤ ❝❛♥ ❜❡

✉s❡❞ t♦ ❡st✐♠❛t❡ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤❡ r❡✈✐❡✇ ✐♥ t❤✐s

s❡❝t✐♦♥ ✐s t♦ ♣r❡s❡♥t ❛ s✉♠♠❛r② ♦❢ ♠❛❥♦r st✉❞✐❡s ✐♥ t✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡♠❡♥ts✳

❚❤❡ t✇♦ ♠❛✐♥ t❡❝❤♥✐q✉❡s t❤❛t ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡ ❛r❡ ✐♥✲s✐t✉

✭✐✳❡✳ ✐♥str✉♠❡♥t❡❞ ❜❛❧❧♦♦♥s✱ r♦❝❦❡ts ❛♥❞ ❛✐r❝r❛❢t✮ ❛♥❞ r❛❞❛r t❡❝❤♥✐q✉❡s✳ ❍♦✇❡✈❡r✱

❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s ✭✐✳❡✳ s♣❡❝tr❛❧ ❛♥❛❧②s✐s✱ str✉❝t✉r❡ ❢✉♥❝t✐♦♥✱ ❡t❝✳✮ ✇❡r❡ t❛❦❡♥ t♦

❡st✐♠❛t❡ ❛♥❞ st✉❞② t✉r❜✉❧❡♥❝❡✳

❘❡❡s ❡t ❛❧✳ ✭✶✾✼✷✮ ✉s❡❞ r♦❝❦❡t t❡❝❤♥✐q✉❡s t♦ ♠❡❛s✉r❡ t❤❡ ✐♥t❡♥s✐t② ♦❢ t✉r❜✉❧❡♥❝❡

✐♥ t❤❡ ✉♣♣❡r ❛t♠♦s♣❤❡r❡ ✭∼ 90 ❦♠ ❛❧t✐t✉❞❡✮✳ ❚❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱

ε✱ ✇❤✐❝❤ ❛❧s♦ ❞❡✜♥❡s t❤❡ ✐♥t❡♥s✐t② ♦❢ t✉r❜✉❧❡♥❝❡✱ ✇❛s ❡st✐♠❛t❡❞ ❢r♦♠ t❤❡ r❛t❡ ♦❢

❡①♣❛♥s✐♦♥ ♦❢ t❤❡ r♦❝❦❡t tr❛✐❧✳ ❚❤✐s ♠❡t❤♦❞ ✐s ♠♦st❧② ✉s❡❞ t♦ ♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡ ✐♥

t❤❡ ✉♣♣❡r ❛t♠♦s♣❤❡r❡ ✇❤✐❝❤ ✐s ❤❛r❞ t♦ r❡❛❝❤ ❜② ♦t❤❡r ✐♥✲s✐t✉ t❡❝❤♥✐q✉❡s✳

❍✐❣❤✲r❡s♦❧✉t✐♦♥ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ✇✐♥❞ s♣❡❡❞✱ ♣r❡ss✉r❡✱ ❤✉♠✐❞✐t② ❛♥❞ t❡♠♣❡r❛✲

t✉r❡ ✐♥ t❤❡ ❧♦✇❡r ❛♥❞ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡ ♠❡❛s✉r❡❞ ❜② ✐♥str✉♠❡♥t❡❞ ❜❛❧❧♦♦♥s ✇✐t❤

s❡♥s♦rs ❤❛✈❡ ❜❡❡♥ ✉s❡❞ ✐♥ st✉❞✐❡s ♦❢ s♠❛❧❧✲s❝❛❧❡ str✉❝t✉r❡s ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❇❛r❛t

✭✶✾✽✷✮ ❞❡❞✉❝❡❞ t❤❡ ❦✐♥❡t✐❝ ❡♥❡r❣② ♦❢ t✉r❜✉❧❡♥❝❡✱ ε✱ ❢r♦♠ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ✭❛♥❞ ❛❧s♦ ❜②
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str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❛♥❛❧②s✐s✮ ♦❢ ✇✐♥❞ ✈❡❧♦❝✐t②✳ ❍✐s ♦❜s❡r✈❛t✐♦♥s s❤♦✇❡❞ t❤❛t t✉r❜✉❧❡♥❝❡

✐s ✐♥t❡r♠✐tt❡♥t✳ ❍❡ ❛❧s♦ s✉❣❣❡st❡❞ t❤❛t ❜r❡❛❦✐♥❣ ♦❢ ❣r❛✈✐t② ✇❛✈❡s ✐♥t♦ t✉r❜✉❧❡♥❝❡ ♣❧❛②s

❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ str❛t♦s♣❤❡r✐❝ ♠✐①✐♥❣✳ ❍♦✇❡✈❡r✱ ❡st✐♠❛t✐♦♥ ♦❢ ε ♠❛② ❜❡ ❜✐❛s❡❞ ❜②

✇✐♥❞ s❤❡❛r ✭❝❤❛♥❣❡ ♦❢ ✇✐♥❞ s♣❡❡❞ ✇✐t❤ ❤❡✐❣❤t✮ ✐♥ ❜❛❧❧♦♦♥s ♦r ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts

✭❇❛r❛t ❛♥❞ ❇❡rt✐♥✱ ✶✾✽✹✮✳ ▼❡✐❧❧✐❡r ❡t ❛❧✳ ✭✷✵✵✽✮ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t

❣r❛✈✐t② ✇❛✈❡s ❛r❡ t❤❡ ❝❛✉s❡ ♦❢ t✉r❜✉❧❡♥❝❡ ♣❛t❝❤❡s ✐♥ t❤❡ ♥♦❝t✉r♥❛❧ ❜♦✉♥❞❛r② ❧❛②❡r

♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✳ ▼♦r❡ ❞❡t❛✐❧❡❞ ❛♥❛❧②s✐s ♦❢ ❜♦✉♥❞❛r② ❧❛②❡r t✉r❜✉❧❡♥❝❡ ❜② ❜❛❧❧♦♦♥s

✭❇❛❧s❧❡②✱ ✷✵✵✻✮ s❤♦✇❡❞ t❤❛t t❤❡ t♦♣ ♦❢ t❤❡ ❜♦✉♥❞❛r② ❧❛②❡r ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ✐♥ t❡r♠s

♦❢ ❛ s✐❣♥✐✜❝❛♥t ❞❡❝r❡❛s❡ ✐♥ ε✳

❲❤✐❧❡ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ✐s t❤❡ ♠❡t❤♦❞ t❤❛t ❛t♠♦s♣❤❡r✐❝ s❝✐❡♥t✐sts ♠❛✐♥❧② ✉s❡ t♦

❞❡❞✉❝❡ t✉r❜✉❧❡♥❝❡ ❢r♦♠ ✐♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts✱ t❤❡ ❞✐r❡❝t ❡st✐♠❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥❝❡ ❜②

♠❡❛s✉r✐♥❣ t❤❡ ❚❤♦r♣❡ ❧❡♥❣t❤ ✭▲✉❝❡ ❡t ❛❧✳✱ ✷✵✵✷❀ ●❛✈r✐❧♦✈ ❡t ❛❧✳✱ ✷✵✵✺❀ ❑❛♥t❤❛ ❛♥❞

❍♦❝❦✐♥❣✱ ✷✵✶✶✮ ✇❤✐❝❤ ✐s ❜❛s❡❞ ♦♥ t❤❡ r❡♦r❞❡r✐♥❣ ♦❢ t❡♠♣❡r❛t✉r❡ ♣r♦✜❧❡s✱ ❤❛s ❜❡❡♥

✉s❡❞ ❛s ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞✳

❘❛❞❛rs ❤❛✈❡ ❜❡❝♦♠❡ ✐♠♣♦rt❛♥t t♦♦❧s ✐♥ st✉❞②✐♥❣ t❤❡ ❞②♥❛♠✐❝s ❛♥❞ ✜♥❡✲str✉❝t✉r❡

♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✳ ▼❛♥② t✉r❜✉❧❡♥❝❡ st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ✉♥❞❡rt❛❦❡♥ ✉s✐♥❣ r❛❞❛rs ✭●❛❣❡

❡t ❛❧✳✱ ✶✾✽✵❀ ❇❛❧s❧❡② ❛♥❞ ●❛❣❡✱ ✶✾✽✵❀ ❱❛♥❩❛♥❞t ❡t ❛❧✳✱ ✶✾✼✽❀ ❍♦❝❦✐♥❣ ❛♥❞ ▼✉ ✶✾✾✼❀

◆❛str♦♠ ❛♥❞ ❊❛t♦♥✱ ✷✵✵✷✮✳ ❚❤❡ ❤❛❧❢✲✇✐❞t❤ ♦❢ t❤❡ r❛❞❛r s♣❡❝tr✉♠ ❝♦♥t❛✐♥s ✉s❡❢✉❧

✐♥❢♦r♠❛t✐♦♥ ♦♥ t✉r❜✉❧❡♥❝❡✱ ❛♥❞ t❤❡ s♣❡❝tr❛❧✲✇✐❞t❤ ♠❡t❤♦❞ ✉s❡s t❤✐s ✐♥❢♦r♠❛t✐♦♥ t♦

❡st✐♠❛t❡ ε✳ ❍♦❝❦✐♥❣ ✭✶✾✽✸✮ ✐♥✈❡st✐❣❛t❡❞ t❤❡ s♣❡❝tr❛❧ ✏❝♦♥t❛♠✐♥❛t✐♦♥✑ ✭✐✳❡✳ ❡✛❡❝t ♦❢

❜❡❛♠✲✇✐❞t❤✱ ♣✉❧s❡ ❧❡♥❣t❤ ❛♥❞ ✇✐♥❞ s❤❡❛r✮ ♦❢ r❛❞❛r ❜❛❝❦s❝❛tt❡r ❢r♦♠ t✉r❜✉❧❡♥t ♣❛t❝❤❡s

❛♥❞ ❞❡✈❡❧♦♣❡❞ ❛ ❢♦r♠✉❧❛ ❢♦r ❡st✐♠❛t✐♦♥ ❛♥❞ r❡♠♦✈❛❧ ♦❢ t❤❡s❡ ❝♦♥t❛♠✐♥❛t✐♦♥s ✭❞✉❡ t♦

♥♦♥✲t✉r❜✉❧❡♥t ❡✛❡❝ts✮✳ ❆ ♠♦r❡ ❝♦♠♣r❡❤❡♥s✐✈❡ ❢♦r♠ ♦❢ t❤✐s ❢♦r♠✉❧❛ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥

✷✵✵✸ ❜② t❤❡ s❛♠❡ ❛✉t❤♦r✳ ◆❛str♦♠ ✭✶✾✾✼✮ ❞❡✈❡❧♦♣❡❞ ❛♥♦t❤❡r ❢♦r♠✉❧❛ ❢♦r ❝❛❧❝✉❧❛t✐♦♥

♦❢ ♥♦♥✲t✉r❜✉❧❡♥t ❡✛❡❝ts✳ ❚❤❡ s♣❡❝tr✉♠✲✇✐❞t❤ ♠❡t❤♦❞ ♦❝❝❛s✐♦♥❛❧❧② ♣r♦❞✉❝❡s ♥❡❣❛t✐✈❡

t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε ✭ ◆❛str♦♠ ❛♥❞ ❊❛t♦♥✱ ✶✾✾✼❀ ❏❛❝♦❜②✲❑♦❛❧② ❡t ❛❧✳✱

✷✵✵✷❀ ◆❛r❛②❛♥❛ ❘❛♦ ❡t ❛❧✳✱ ✷✵✵✶✮ ❛♥❞ t❤✐s ♥❡❡❞s t♦ ❜❡ ❡①❛♠✐♥❡❞ ❢✉rt❤❡r✳ ❚❤✐s ✇✐❧❧ ❜❡

❛♥ ✐♠♣♦rt❛♥t ❢♦❝✉s ♦❢ t❤✐s t❤❡s✐s✳

❆✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts ❤❛✈❡ ❜❡❡♥ ♦♥❡ ♦❢ t❤❡ ♠♦st r❡❧✐❛❜❧❡ s♦✉r❝❡s ♦❢ ✐♥❢♦r♠❛t✐♦♥

♦♥ t✉r❜✉❧❡♥❝❡ ✭❚❛②❧♦r✱ ✶✾✼✷❀ ❋❛✐r❛❧❧ ❡t ❛❧✳✱ ✶✾✽✵❀ ❈♦r♥♠❛♥ ❡t ❛❧✳✱ ✶✾✾✺✮✳ ❍♦✇❡✈❡r✱

♠❛♥② ❛✉t❤♦rs ✉s❡ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts t♦ ✈❡r✐❢② r❛❞❛r ♠❡❛s✉r❡♠❡♥ts✳ ❈♦♠♣❛r✐s♦♥s

❜❡t✇❡❡♥ r❛❞❛r✲r❡tr✐❡✈❡❞ ε ❛♥❞ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts✱ ❜② ❏❛❝♦❜②✲❑♦❛❧② ❡t ❛❧✳ ✭✷✵✵✷✮

❛♥❞ ❙❤❛✇ ❛♥❞ ▲❡♠♦♥❡ ✭✷✵✵✸✮✱ s❤♦✇❡❞ t❤❛t t❤❡r❡ ✇❛s ❛ ♠♦❞❡st ❝♦rr❡❧❛t✐♦♥ ❜❡t✇❡❡♥

t❤❡ t✇♦ t❡❝❤♥✐q✉❡s✳ ❍♦✇❡✈❡r✱ t❤❡ ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♠❛❞❡ ✉s✐♥❣ r❛❞❛rs ✇✐t❤ ❛ ❜r♦❛❞

❜❡❛♠✱ ❛♥❞ t❤❡ r❡s✉❧ts ❛r❡ ♦❢ q✉❡st✐♦♥❛❜❧❡ ✈❛❧✐❞✐t②✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✇❛s ❢♦✉♥❞ t❤❛t ♦♥

❛✈❡r❛❣❡✱ r❛❞❛r ♦✈❡r❡st✐♠❛t❡s ε ✐♥ t❤❡ ❝❛s❡ ♦❢ str♦♥❣ s❤❡❛r ✭▼❡✐s❝❤♥❡r ❡t ❛❧✳✱ ✷✵✵✷✮✳



✶✶

■♥ ❛❞❞✐t✐♦♥ t♦ ε✱ t❤❡ r❡❢r❛❝t✐✈✐t② str✉❝t✉r❡ ❢✉♥❝t✐♦♥✱ C2
n ✐s ❛♥♦t❤❡r ✉s❡❢✉❧ ♣❛r❛♠❡t❡r

❢♦r st✉❞②✐♥❣ t✉r❜✉❧❡♥❝❡✳ C2
n ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✐♥ t❤❡

❛t♠♦s♣❤❡r❡✳ ◆✉♠❡r♦✉s st✉❞✐❡s ❤❛✈❡ ❜❡❡♥ ❞♦♥❡ ♦♥ ♠❡❛s✉r❡♠❡♥ts ♦❢ C2
n ❛♥❞ ❡st✐♠❛t✐♦♥

♦❢ ε ❢r♦♠ C2
n ✭❍♦❝❦✐♥❣✱ ✶✾✽✺❀ ❍♦❝❦✐♥❣ ❡t ❛❧✳✱ ✶✾✽✻❀ ❍♦❝❦✐♥❣✱ ✶✾✾✾✮✳

■♥ ❛❧❧ ❛♣♣r♦❛❝❤❡s✱ ✐t ✇❛s ❛ss✉♠❡❞ t❤❛t t✉r❜✉❧❡♥❝❡ ✐s ✐s♦tr♦♣✐❝✳ ❍♦✇❡✈❡r✱ ✐t ✐s

♣♦ss✐❜❧❡ t❤❛t t✉r❜✉❧❡♥❝❡ ✐s ❛♥✐s♦tr♦♣✐❝✳ ❍❡♥❝❡✱ t❤❡ ❡✛❡❝t ♦❢ ❛♥✐s♦tr♦♣② ♥❡❡❞s t♦ ❜❡

❝❛❧❝✉❧❛t❡❞ ❛♥❞ ❝♦♥s✐❞❡r❡❞ ✭❍♦♦♣❡r ❛♥❞ ❚❤♦♠❛s✱ ✶✾✾✺❀ ❍♦❝❦✐♥❣ ❛♥❞ ❍❛③♠❛✱ ✶✾✾✻❀

❍♦❝❦✐♥❣ ❛♥❞ ❘♦tt❣❡r ✷✵✵✶❀ ◆❛str♦♠ ❛♥❞ ❚s✉❞❛✱ ✷✵✵✶✱ ❍♦❝❦✐♥❣ ❛♥❞ ❍♦❝❦✐♥❣✱ ✷✵✵✼✮✳

❙t✉❞✐❡s ♦❢ t❤❡ ❝❧✐♠❛t♦❧♦❣② ♦❢ t✉r❜✉❧❡♥❝❡ ❛r❡ ❛❧s♦ ✈❡r② ✐♠♣♦rt❛♥t✳ ❙❡❛s♦♥❛❧ ❛♥❞

❞✐✉r♥❛❧ ✈❛r✐❛t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡ ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ r❡❢r❛❝✲

t✐✈✐t② str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❛♥❞ t✉r❜✉❧❡♥❝❡ ❞✐✛✉s✐✈✐t② ✇❡r❡ st✉❞✐❡❞ ✭❋✉❦❛♦ ❡t ❛❧✳✱ ✶✾✾✹❀

◆❛str♦♠ ❛♥❞ ❊❛t♦♥✱ ✶✾✾✼❀ ◆❛r❛②❛♥❛ ❘❛♦ ❡t ❛❧✳✱ ✷✵✵✶✮✳ ❙✉❝❤ st✉❞✐❡s ❛r❡ ❡ss❡♥t✐❛❧ ❢♦r

❛♥ ❛❝❝✉r❛t❡ ❡✈❛❧✉❛t✐♦♥ ♦❢ ✇❡❛t❤❡r ❢♦r❡❝❛st ♠♦❞❡❧s ✭❋r❡❤❧✐❝❤ ❛♥❞ ❙❤❛r♠❛♥✱ ✷✵✶✵✮✳

✶✳✻ ■♥str✉♠❡♥t❛t✐♦♥ ❛♥❞ ▼❡t❤♦❞s

❚✉r❜✉❧❡♥❝❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ✐rr❡❣✉❧❛r r❛♥❞♦♠ ♠♦t✐♦♥s ♦❢ ❡❞❞✐❡s✳ ❋♦r s♦✲❝❛❧❧❡❞

✏t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧✑ t✉r❜✉❧❡♥❝❡✱ t❤❡ ❧❛r❣❡r ❡❞❞✐❡s ❝❛♥ ❤❛✈❡ ❧❡♥❣t❤ s❝❛❧❡s ♦❢ ❛❜♦✉t 103

♠✱ ✇❤✐❧❡ t❤❡ ❧❡♥❣t❤ s❝❛❧❡s ♦❢ t❤❡ s♠❛❧❧❡st ❡❞❞✐❡s ❛r❡ ❛❜♦✉t 10−3 ♠✱ ❛❧t❤♦✉❣❤ ❡①❛❝t

✈❛❧✉❡s ✈❛r② ✇✐t❤ ❤❡✐❣❤t✳ ❈❧❡❛r❧②✱ t❤❡ s♣❛t✐❛❧ ❛♥❞ t❡♠♣♦r❛❧ s❡♣❛r❛t✐♦♥s ♦❢ ❡❞❞✐❡s ✐♥

❛ t✉r❜✉❧❡♥t ♠♦t✐♦♥ ❝❛♥ ❜❡ ✈❡r② s♠❛❧❧ ❛♥❞ ✐t ✐s ♦❢t❡♥ ✉♥r❡s♦❧✈❡❞ t♦ ♦❜s❡r✈❛t✐♦♥s✳

❆❧t❤♦✉❣❤ ❛❧❧ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❛tt❡♠♣t t♦ ❞❡t❡r♠✐♥❡ t✉r❜✉❧❡♥❝❡ ❛t s✉✣❝✐❡♥t

r❡s♦❧✉t✐♦♥✱ ❛❝❝✉r❛t❡ ❡st✐♠❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥❝❡ ✐s st✐❧❧ ✈❡r② ❝❤❛❧❧❡♥❣✐♥❣✳

❚✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❝❛♥ ❜❡ ❝❛rr✐❡❞ ♦✉t ✉s✐♥❣ r❛❞❛rs ❛♥❞ ✐♥✲s✐t✉ ✐♥str✉♠❡♥✲

t❛t✐♦♥ s✉❝❤ ❛s ❜❛❧❧♦♦♥s✱ r♦❝❦❡ts ❛♥❞ ❛✐r❝r❛❢t✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡

♦♥ r❛❞❛r ❛♥❞ ❛✐r❝r❛❢t t❡❝❤♥✐q✉❡s ❛♥❞ t❤❡ ♠❡t❤♦❞s ✇❤✐❝❤ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡

t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ❛✐r❝r❛❢t t❡❝❤♥✐q✉❡s ✐s t❤❛t

t❤❡② ♦❢t❡♥ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ❞❛t❛✳ ❍♦✇❡✈❡r✱ r❛❞❛rs ❝❛♥ r❡❝♦r❞ ❞❛t❛

❝♦♥t✐♥✉♦✉s❧② ❛♥❞ ❢♦r ❧♦♥❣ ♣❡r✐♦❞s ♦❢ t✐♠❡✳ ❚❤❡ ♦❜✈✐♦✉s ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ r❛❞❛r ❛♥❞

❛✐r❝r❛❢t t❡❝❤♥✐q✉❡s ✐s t❤❛t ✇❤✐❧❡ t❤❡ ✐♥str✉♠❡♥t❡❞ ❛✐r❝r❛❢t ❤❛s t♦ ✢② ❞✐r❡❝t❧② t❤r♦✉❣❤

t✉r❜✉❧❡♥t ✢♦✇ t♦ ♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡✱ t❤❡ r❛❞❛r ✐s ❧♦❝❛t❡❞ ♦♥ t❤❡ ❣r♦✉♥❞ ❛♥❞ ♠❡❛✲

s✉r❡s t✉r❜✉❧❡♥❝❡ ❜② r❡❝❡✐✈✐♥❣ t❤❡ r❡✢❡❝t✐♦♥ ♦❢ ❛ r❛❞❛r s✐❣♥❛❧ ❢r♦♠ t✉r❜✉❧❡♥t ♣❛t❝❤❡s

✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳



✶✷

✶✳✻✳✶ ❘❛❞❛r ❚❡❝❤♥✐q✉❡s

❘❛❞❛r st❛♥❞s ❢♦r ❘❛❞✐♦ ❉❡t❡❝t✐♦♥ ❆♥❞ ❘❛♥❣✐♥❣✳ ❘❛❞❛rs ✇❡r❡ ❞❡✈❡❧♦♣❡❞ t♦ ❞❡t❡❝t ❛♥❞

❞❡t❡r♠✐♥❡ t❤❡ r❛♥❣❡ ♦❢ ❛✐r❝r❛❢t ✉s✐♥❣ r❛❞✐♦ t❡❝❤♥✐q✉❡s✱ ❜✉t t❤❡② ❜❡❝❛♠❡ ❛ ♣♦✇❡r❢✉❧

t♦♦❧ ✐♥ ♠♦♥✐t♦r✐♥❣ ✇❡❛t❤❡r✳ ❚❤❡② ❛❧s♦ ❤❛✈❡ ❜❡❡♥ ✉s❡❞ s✉❝❝❡ss❢✉❧❧② t♦ ♠❡❛s✉r❡ ✇✐♥❞

❛♥❞ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❘❛❞❛rs ❤❛✈❡ ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ✈❛r✐❛❜✐❧✐t②✱ ❞❡♣❡♥❞✐♥❣

♦♥ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥✳ ❘❛❞❛rs ✇❤✐❝❤ ♦♣❡r❛t❡ ✐♥ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡ ✸✲✸✵ ●❍③ ❛♥❞

♦❜s❡r✈❡ ♣r❡❝✐♣✐t❛t✐♦♥ ❛r❡ ❝❛❧❧❡❞ ✇❡❛t❤❡r r❛❞❛rs✱ ❜✉t ❛❧s♦ ❝❛♥ ❜❡ ❝❛❧❧❡❞ ✏♣r❡❝✐♣✐t❛t✐♦♥

r❛❞❛r✑ ❛♥❞ ❡✈❡♥ ✏❉♦♣♣❧❡r r❛❞❛r✑✳ ❚❤❡ r❛❞❛rs ❣❡♥❡r❛❧❧② ❤❛✈❡ ❜❡❛♠s ✇❤✐❝❤ ♣♦✐♥t q✉❛s✐✲

❤♦r✐③♦♥t❛❧❧②✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ t❡r♠ ✏❉♦♣♣❧❡r r❛❞❛r✑ t♦ ❞❡s❝r✐❜❡ ❛♥② r❛❞❛r

✇❤✐❝❤ ❤❛s ❉♦♣♣❧❡r t❡❝❤♥✐q✉❡s✱ ♥♦t ❥✉st ✇❡❛t❤❡r r❛❞❛r✳ ❘❛❞❛rs ✇❤✐❝❤ ❛r❡ ❞❡s✐❣♥❡❞

t♦ ❞✐r❡❝t❧② ♦❜s❡r✈❡ ❜❛❝❦s❝❛tt❡r ♣r♦❞✉❝❡❞ ❜② ✢✉❝t✉❛t✐♦♥s ♦❢ ❛t♠♦s♣❤❡r✐❝ r❡❢r❛❝t✐✈❡

✐♥❞❡① ❛r❡ ❝❛❧❧❡❞ ❛t♠♦s♣❤❡r✐❝ r❛❞❛rs✳ ❚❤❡s❡ t②♣❡s ♦❢ r❛❞❛rs ✉s❡ ❍❋ ✭✸✲✸✵ ▼❍③✮✱ ❱❍❋

✭✸✵✲✸✵✵ ▼❍③✮ ♦r ❯❍❋ ✭✸✵✵ ▼❍③✲ ✸ ●❍③✮ ❢r❡q✉❡♥❝② ❜❛♥❞s ❛♥❞ ❤❛✈❡ ❛ ❧❛r❣❡ ✈❡rt✐❝❛❧

❝♦✈❡r❛❣❡✳

❚❤❡ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❛r❡ s✐♠✐❧❛r ✐♥ ♣r✐♥❝✐♣❧❡ ❢♦r ❜♦t❤ ❛t♠♦s♣❤❡r✐❝ ❛♥❞

✇❡❛t❤❡r r❛❞❛rs✳ ■♥ ❜♦t❤ ❝❛s❡s✱ r❛❞✐♦ ✇❛✈❡s ❛r❡ r❛❞✐❛t❡❞ ✐♥t♦ t❤❡ ❛t♠♦s♣❤❡r❡ ❜② t❤❡

r❛❞❛r tr❛♥s♠✐tt❡r ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ✇✐❧❧ ❜❡ ❡①tr❛❝t❡❞ t❤r♦✉❣❤ t❤❡ ❛♥❛❧②s✐s ♦❢ r❡✢❡❝t❡❞

r❛❞✐♦ ✇❛✈❡s ❢r♦♠ t❤❡ t❛r❣❡t✳ ❍♦✇❡✈❡r✱ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❢❡❛t✉r❡s ✇❤✐❝❤ ♠❛❦❡

❛t♠♦s♣❤❡r✐❝ r❛❞❛rs ❞✐✛❡r❡♥t ❢r♦♠ ✇❡❛t❤❡r r❛❞❛rs ❛r❡ t❤❡ ❝❤♦✐❝❡ ♦❢ ❢r❡q✉❡♥❝② ❛♥❞

♠❡t❤♦❞s ♦❢ ❞❛t❛ ❛♥❛❧②s✐s✳

❲✐♥❞ ♣r♦✜❧❡rs ❛r❡ ❛t♠♦s♣❤❡r✐❝ r❛❞❛rs✱ ❞❡s✐❣♥❡❞ t♦ ♦♣❡r❛t❡ ❛t ✺✵✲✶✵✵✵ ▼❍③ ✇✐t❤

✈❡rt✐❝❛❧ ❛♥❞ ♥♦♥✲✈❡rt✐❝❛❧ r❛❞❛r ❜❡❛♠s✳ ❆❧t❤♦✉❣❤ ✇✐♥❞ ♠❡❛s✉r❡♠❡♥t ✐s t❤❡ ♣r✐♠❛r②

❝❛♣❛❜✐❧✐t② ♦❢ ✇✐♥❞ ♣r♦✜❧❡rs✱ t❤❡② ❤❛✈❡ s❡✈❡r❛❧ ♦t❤❡r ♠❡❛s✉r❡♠❡♥t ❝❛♣❛❜✐❧✐t✐❡s✳ ❲✐♥❞

♣r♦✜❧❡rs ❝❛♥ ❜❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❚❤❡② ❛r❡ ❛❧s♦ ✐♠♣♦r✲

t❛♥t t♦♦❧s ✐♥ st✉❞② ♦❢ ❣r❛✈✐t② ✇❛✈❡s✱ ❢r♦♥ts ❛♥❞ ❥❡t✲str❡❛♠s✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ ✉s✐♥❣

❛ ✇✐♥❞ ♣r♦✜❧❡r ✐s t❤❛t ♣r♦✜❧❡s ♦❢ ✇✐♥❞ ✈❡❧♦❝✐t② ❛♥❞ t✉r❜✉❧❡♥❝❡ ♣❛r❛♠❡t❡rs ❝❛♥ ❜❡

♠❡❛s✉r❡❞ ♠♦r❡ ❢r❡q✉❡♥t❧② ❝♦♠♣❛r❡❞ t♦ ♦t❤❡r t❡❝❤♥✐q✉❡s ✭✐✳❡✳ ❜❛❧❧♦♦♥s✱ ❛✐r❝r❛❢t ❛♥❞

r♦❝❦❡ts✮✳

✶✳✻✳✷ ❘❛♥❣❡ ❛♥❞ ❘❛♥❣❡ ❘❡s♦❧✉t✐♦♥

▼❡❛s✉r❡♠❡♥t ♦❢ t❤❡ ❞✐st❛♥❝❡ t♦ ❛ t❛r❣❡t✱ ♦r r❛♥❣✐♥❣✱ ✐s ♦♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t ❝❤❛r✲

❛❝t❡r✐st✐❝s ♦❢ ❛ r❛❞❛r✳ ❘❛♥❣✐♥❣ ✐s ♠❛❞❡ ❜② ♠❡❛s✉r✐♥❣ t❤❡ t✐♠❡ ❞❡❧❛② ♦❢ t❤❡ ❡❝❤♦

s✐❣♥❛❧ ❢r♦♠ t❤❡ t❛r❣❡t ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s♠✐tt❡❞ s✐❣♥❛❧✳ ❚❤✐s ✐s ♦♥❡ ♦❢ t❤❡ ❜❛s✐❝

♣r✐♥❝✐♣❧❡s ♦❢ r❛❞❛r ♦♣❡r❛t✐♦♥✳

■♥ t❤❡ ❧♦✇❡r ❛♥❞ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡✱ t❤❡ s♣❡❡❞ ♦❢ r❛❞✐♦ ✇❛✈❡s ✐s ❛♣♣r♦①✐♠❛t❡❧②
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❡q✉❛❧ t♦ t❤❡ s♣❡❡❞ ♦❢ ❧✐❣❤t✱ ❝✳ ■❢ ❛ s❤♦rt ♣✉❧s❡ ✐s tr❛♥s♠✐tt❡❞ ❛♥❞ t❤❡ ❜❛❝❦s❝❛tt❡r❡❞

s✐❣♥❛❧ ❢r♦♠ t❤❡ ♦❜❥❡❝t ❛t R0 ❝❛♥ ❜❡ ❞❡t❡❝t❡❞ ❛t t✐♠❡ ❞❡❧❛② t✱ ❛♥❞ t❤❡ r❛♥❣❡✱ R0✱ ❝❛♥

❜❡ ❡st✐♠❛t❡❞ t❤r♦✉❣❤ ✭❡✳❣✳ ❙❛t♦✱ ✶✾✽✾✮✿

R0 =
❝t

2
, ✭✶✳✶✻✮

✇❤❡r❡ t ✐s t❤❡ ♦❢ r♦✉♥❞ tr✐♣ ❜❡t✇❡❡♥ tr❛♥s♠✐ss✐♦♥ ❛♥❞ r❡❝❡♣t✐♦♥✳

❘❛❞✐♦ ✇❛✈❡s ❛r❡ ✉s✉❛❧❧② tr❛♥s♠✐tt❡❞ ✐♥ s❤♦rt ♣✉❧s❡s ♦❢ ❧❡♥❣t❤ △t✳ ❚❤❡ r❡❝❡✐✈❡❞

❡❝❤♦ ❢r♦♠ s✉❝❤ ❛ ♣✉❧s❡ ❛❧s♦ ❤❛s ❛ t✐♠❡ ❞✉r❛t✐♦♥ ♦❢ △t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ r❛♥❣❡ r❡s♦❧✉t✐♦♥

❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❛s ✐❢ t❤❡ t❛r❣❡t ❤❛s ❛ ✜♥✐t❡ ❧❡♥❣t❤ ♦❢ △R✿

△R =
❝△t

2
. ✭✶✳✶✼✮

❚❤❡ r❛♥❣❡ r❡s♦❧✉t✐♦♥ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② r❡❞✉❝✐♥❣ △t✳ ❍♦✇❡✈❡r✱ ❜② r❡❞✉❝✐♥❣ △t,

✇✐❞❡r ✜❧t❡rs ❛r❡ ♥❡❡❞❡❞✱ s✐♥❝❡ t❤❡ ♥♦✐s❡ ❝♦♥t❛♠✐♥❛t✐♥❣ t❤❡ s✐❣♥❛❧ ✐♥❝r❡❛s❡s✳

✶✳✻✳✸ ❘❛❞❛r ❊q✉❛t✐♦♥

■♥ ♦r❞❡r t♦ ❞❡s✐❣♥ ❛ r❛❞❛r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❦♥♦✇ ❤♦✇ str♦♥❣ t❤❡ ❜❛❝❦s❝❛tt❡r❡❞

s✐❣♥❛❧ ✐s✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ tr❛♥s♠✐tt❡❞ ❛♥❞ r❡❝❡✐✈❡❞ ♣♦✇❡r ✐♥ ❛ r❛❞❛r ✐s

❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ t❤❡ r❛❞❛r ❡q✉❛t✐♦♥✳ ■❢ ✇❡ ❛ss✉♠❡ t❤❛t ♣♦✇❡r✱ pt✱ ✐s ❢❡❞ t♦ ❛

♠♦♥♦st❛t✐❝ ❛♥t❡♥♥❛ ✭✐✳❡✳ t❤❡ tr❛♥s♠✐tt❡r ❛♥❞ r❡❝❡✐✈❡r ❛r❡ ❧♦❝❛t❡❞ t♦❣❡t❤❡r ❛s ♦♥❡

♣✐❡❝❡ ♦❢ ❡q✉✐♣♠❡♥t✮✱ t❤❡ r❡❝❡✐✈❡❞ ♣♦✇❡r✱ pr✱ ❢r♦♠ ❛ ❤❛r❞ t❛r❣❡t ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s

✭❙❛t♦✱ ✶✾✽✾✮✿

pr =
ptA

2eR
4πλ2R4

0

σc, ✭✶✳✶✽✮

✇❤❡r❡ A ✐s t❤❡ ❡✛❡❝t✐✈❡ ❛r❡❛ ♦❢ ❛♥t❡♥♥❛✱ eR t❤❡ ❧♦ss ❢❛❝t♦r ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡

❛tt❡♥✉❛t✐♦♥ ♦❢ t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ❞✉❡ t♦ t❤❡ ❛♥t❡♥♥❛✱ tr❛♥s♠✐ss✐♦♥ ❧✐♥❡✱ ❝♦♥♥❡❝ts

❡t❝✳✱ λ t❤❡ r❛❞❛r ✇❛✈❡❧❡♥❣t❤✱ R0 t❤❡ ❞✐st❛♥❝❡ ♦❢ t❤❡ t❛r❣❡t ❢r♦♠ t❤❡ ❛♥t❡♥♥❛✱ ❛♥❞ σc

t❤❡ ❝r♦ss s❡❝t✐♦♥ ♦❢ t❤❡ t❛r❣❡t ✐❧❧✉♠✐♥❛t❡❞ ❜② t❤❡ r❛❞❛r ❜❡❛♠✳

❋♦r ❞✐str✐❜✉t❡❞ t❛r❣❡ts✱ t❤❡ t♦t❛❧ r❡❝❡✐✈❡❞ ♣♦✇❡r✱ pr✱ ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❡❝❤♦ ♣♦✇❡r✱

pt✱ s❝❛tt❡r❡❞ ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ t❛r❣❡ts✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ r❛❞❛r ❡q✉❛t✐♦♥ ❢♦r ❛ ❜✐st❛t✐❝

❛♥t❡♥♥❛ ✭✐✳❡✳ t❤❡ tr❛♥s♠✐tt❡r ❛♥❞ r❡❝❡✐✈❡r ❛r❡ s❡♣❛r❛t❡✮ ✐s ❣✐✈❡♥ ❜② ✭❍♦❝❦✐♥❣✱ ✶✾✽✺✮✿

pr =
pteReTGTAR

4πR2
0

σv
❱

ln 2
, ✭✶✳✶✾✮

✇❤❡r❡ GT ✐s t❤❡ tr❛♥s♠✐tt❡r ❣❛✐♥ ✭❛❜✐❧✐t② ♦❢ t❤❡ ❛♥t❡♥♥❛ t♦ ✐♥❝r❡❛s❡ ♣♦✇❡r ✐♥ ❛ ❝❡rt❛✐♥
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❞✐r❡❝t✐♦♥✮✱ AR t❤❡ ❡✛❡❝t✐✈❡ ❛r❡❛ ♦❢ t❤❡ r❡❝❡✐✈❡r ❛♥❞ eT t❤❡ ❡✣❝✐❡♥❝② ♦❢ tr❛♥s❢❡r ♦❢

♣♦✇❡r ❢r♦♠ t❤❡ tr❛♥s♠✐tt❡r t♦ t❤❡ tr❛♥s♠✐tt✐♥❣ ❛♥t❡♥♥❛✱ eR t❤❡ ❡✣❝✐❡♥❝② ♦❢ tr❛♥s❢❡r

♦❢ s✐❣♥❛❧ ❢r♦♠ t❤❡ ❛♥t❡♥♥❛ t♦ t❤❡ r❡❝❡✐✈❡r✱ σv t❤❡ ♣♦✇❡r ❜❛❝❦s❝❛tt❡r❞ ♣❡r ✉♥✐t s♦❧✐❞

❛♥❣❧❡✱ ♣❡r ✉♥✐t ✐♥❝✐❞❡♥t ♣♦✇❡r ❞❡♥s✐t②✱ ❛♥❞ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ❛♥❞ ❱ ✐s t❤❡ ✈♦❧✉♠❡

✐❧❧✉♠✐♥❛t❡❞ ❜② t❤❡ r❛❞❛r ❜❡❛♠✳

✶✳✻✳✹ ❙❝❛tt❡r✐♥❣ ▼❡❝❤❛♥✐s♠

■rr❡❣✉❧❛r✐t✐❡s ✐♥ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡ ❝❛✉s❡ r❛❞✐♦ ✇❛✈❡s t♦ s❝❛tt❡r✳

❚❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✱ n✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✭●❛❣❡✱ ✶✾✾✵✮✿

n− 1 =
3.73× 10−1e

T 2 +
77.6× 10−6p

T
− ◆e

2◆c

, ✭✶✳✷✵✮

✇❤❡r❡ p ✭♠✐❧❧✐❜❛r✮ ✐s t❤❡ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡✱ ❡ ✭♠✐❧❧✐❜❛r✮ t❤❡ ♣❛rt✐❛❧ ♣r❡ss✉r❡ ♦❢

✇❛t❡r ✈❛♣♦r✱ T ✭❑❡❧✈✐♥✮ t❤❡ ❛❜s♦❧✉t❡ t❡♠♣❡r❛t✉r❡✱ ◆e ✭♠−3✮ t❤❡ ♥✉♠❜❡r ❞❡♥s✐t② ♦❢

❡❧❡❝tr♦♥s✱ ❛♥❞ ◆c ✭♠−3)❂ ✶✳✷✹×✶✵−2f 2 ✭▼❍③2✮ t❤❡ ❝r✐t✐❝❛❧ ♣❧❛s♠❛ ❞❡♥s✐t② ❢♦r t❤❡

❢r❡q✉❡♥❝② ❢✳ ❚❤❡ ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ❡❛❝❤ t❡r♠ t♦ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✐s ♥♦t t❤❡ s❛♠❡

❢♦r ❞✐✛❡r❡♥t r❡❣✐♦♥s ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❚❤❡ ❛t♠♦s♣❤❡r❡ ✐s ♦❢t❡♥ ❞✐✈✐❞❡❞ ✐♥t♦ t❤❡ ❢♦✉r

r❡❣✐♦♥s ♦❢ tr♦♣♦s♣❤❡r❡✱ str❛t♦s♣❤❡r❡✱ ♠❡s♦s♣❤❡r❡ ❛♥❞ t❤❡r♠♦s♣❤❡r❡ ✭❢r♦♠ ✽✵✲✶✷✵ ❦♠❀

♥♦t s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✷✮ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ t❡♠♣❡r❛t✉r❡ str✉❝t✉r❡ ✭s❡❡ ❋✐❣✉r❡ ✶✳✷✮✳ ❚❤❡

✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❊q✉❛t✐♦♥ ✭✶✳✷✵✮ ✐s ❞✉❡ t♦ ✇❛t❡r ✈❛♣♦r ❛♥❞ ❞♦♠✐♥❛t❡s

✐♥ t❤❡ ❧♦✇❡r tr♦♣♦s♣❤❡r❡✳ ❚❤❡ s❡❝♦♥❞ t❡r♠ ❝♦♥t❛✐♥s t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❞✉❡ t♦ ❞r② ❛✐r

❛♥❞ t❡♥❞s t♦ ❜❡ ❞♦♠✐♥❛♥t ✐♥ t❤❡ ✉♣♣❡r tr♦♣♦s♣❤❡r❡ ❛♥❞ str❛t♦s♣❤❡r❡✳ ❚❤❡ t❤✐r❞ t❡r♠

❞❡♣❡♥❞s ♦♥ t❤❡ ❞❡♥s✐t② ♦❢ ❡❧❡❝tr♦♥s ❛♥❞ ❜❡❝♦♠❡s ✐♠♣♦rt❛♥t ❛❜♦✈❡ ✼✵ ❦♠✳

❱❛r✐❛t✐♦♥s ✐♥ ❛t♠♦s♣❤❡r✐❝ ♣r♦♣❡rt✐❡s✱ s✉❝❤ ❛s t❡♠♣❡r❛t✉r❡✱ ♣r❡ss✉r❡ ❛♥❞ ✇❛t❡r

✈❛♣♦r✱ ♣r♦❞✉❝❡ ✐♥❤♦♠♦❣❡♥❡✐t② ✐♥ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✇❤✐❝❤ s❝❛tt❡rs t❤❡ r❛❞✐♦ ✇❛✈❡✳

❚❤❡ ♠❛❥♦r✐t② ♦❢ s❝❛tt❡r✐♥❣ ✐s ❞✉❡ t♦ s♠❛❧❧ s❝❛❧❡ ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡①✱

✇❤✐❝❤ ❛r❡ ❝❛✉s❡❞ ❜② s♠❛❧❧ s❝❛❧❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❡♠♣❡r❛t✉r❡✱ ♣r❡ss✉r❡✱ ✇❛t❡r ✈❛♣♦r✱

❡t❝ ✭❉♦✈✐❛❦ ❛♥❞ ❩r♥✐❝✱ ✶✾✽✹✮✳

■♥❤♦♠♦❣❡♥❡✐t✐❡s ❝❛♥ ❜❡ ❞✉❡ t♦ t✉r❜✉❧❡♥❝❡✱ ❜✉t ♠❛② ❛❧s♦ ♦❝❝✉r ❞✉❡ t♦ ♦t❤❡r ♣r♦✲

❝❡ss❡s ✇❤✐❝❤ ❝❛♥ ❧❡❛❞ t♦ ❤♦r✐③♦♥t❛❧❧② str❛t✐✜❡❞ r❡✢❡❝t♦rs✳ ❋r❡s♥❡❧ s❝❛tt❡r✱ ♦r s♣❡❝✉❧❛r

r❡✢❡❝t✐♦♥✱ ✐s ❛♥♦t❤❡r ♠❡❝❤❛♥✐s♠ r❡s♣♦♥s✐❜❧❡ ❢♦r ♣❛rt✐❛❧ r❡✢❡❝t✐♦♥s ✐♥ ❛ r❛❞❛r ❜❡❛♠

❢r♦♠ s❤❛r♣ ✈❡rt✐❝❛❧ ❝❤❛♥❣❡s ✐♥ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✇❤✐❝❤ ❛r❡ ❤♦r✐③♦♥t❛❧❧② ❡①t❡♥❞❡❞✳ ❚❤❡s❡

r❡✢❡❝t✐♥❣ ❧❛②❡rs ❛r❡ ❣❡♥❡r❛❧❧② ❝❛✉s❡❞ ❜② ❤♦r✐③♦♥t❛❧❧② str❛t✐✜❡❞ t❡♠♣❡r❛t✉r❡ ❞✐s❝♦♥t✐✲

♥✉✐t✐❡s ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ❚❤❡ ♣r♦❝❡ss ✐s ❛❧s♦ ❝❛❧❧❡❞ ♣❛rt✐❛❧ r❡✢❡❝t✐♦♥✱ ❜❡❝❛✉s❡ ♦♥❧② ❛

s♠❛❧❧ ❢r❛❝t✐♦♥ ♦❢ t❤❡ s✐❣♥❛❧ ♣♦✇❡r ✐s r❡✢❡❝t❡❞✳ ❋r❡s♥❡❧ r❡✢❡❝t✐♦♥ ✐s ❛s♣❡❝t s❡♥s✐t✐✈❡ ✭✐✳❡✳

t❤❡ ❜❛❝❦s❝❛tt❡r❡❞ s✐❣♥❛❧ ♣♦✇❡r ❢♦r ❛ ✈❡rt✐❝❛❧❧② ❞✐r❡❝t❡❞ ❜❡❛♠ ✐s s✐❣♥✐✜❝❛♥t❧② ❣r❡❛t❡r



✶✺

❋✐❣✉r❡ ✶✳✷✿ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ t❡♠♣❡r❛t✉r❡ ✭❧❡❢t✮ ❛♥❞ ♣r❡ss✉r❡ ✭r✐❣❤t✮ ✐♥ t❤❡ ❛t♠♦✲
s♣❤❡r❡ ✭❢r♦♠ ❉♦✈✐❛❦ ❛♥❞ ❩r♥✐❝✱ ✶✾✽✹✮✳

t❤❛♥ ♦✛✲✈❡rt✐❝❛❧ ❜❡❛♠ ❛t t❤❡ s❛♠❡ ❛❧t✐t✉❞❡✮✱ s✐♥❝❡ r❡✢❡❝t❡❞ ❡❝❤♦❡s ❞✉❡ t♦ t❤✐s ♣r♦❝❡ss

❛r❡ ♠✉❝❤ str♦♥❣❡r ✇✐t❤ ❛ ✈❡rt✐❝❛❧ r❛❞❛r ❜❡❛♠ ✭●❛❣❡✱ ✶✾✾✵✮✳

✶✳✻✳✺ ❉♦♣♣❧❡r ❘❛❞❛r

■t ✇❛s ❞✐s❝♦✈❡r❡❞ ❜② ❈❤r✐st✐❛♥ ❉♦♣♣❧❡r t❤❛t t❤❡ s❤✐❢t ✐♥ ❢r❡q✉❡♥❝② ❝❛✉s❡❞ ❜② ♠♦✈✐♥❣

s♦✉r❝❡s ♦❢ s♦✉♥❞ ✇❛s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ s♣❡❡❞ ♦❢ t❤❡ s♦✉r❝❡✳ ❚❤✐s ❡✛❡❝t ✐s ❝❛❧❧❡❞

❉♦♣♣❧❡r s❤✐❢t✳ ❚❤❡ s❛♠❡ ❡✛❡❝t ♦❝❝✉rs ✇❤❡♥ s♦✉♥❞ ✇❛✈❡s ❛r❡ r❡✢❡❝t❡❞ ❢r♦♠ ❛ ♠♦✈✐♥❣

t❛r❣❡t✳

❉♦♣♣❧❡r r❛❞❛rs ✉s❡ t❤❡ ❉♦♣♣❧❡r s❤✐❢t t♦ ❞❡t❡❝t ♠♦t✐♦♥✳ ❚❤❡② ♥♦t ♦♥❧② ♠❡❛s✉r❡ t❤❡

♣♦✇❡r r❡❝❡✐✈❡❞ ❢r♦♠ ❛ t❛r❣❡t✱ ❜✉t t❤❡② ❛❧s♦ ♠❡❛s✉r❡ t❤❡ r❛t❡ ♦❢ ♠♦t✐♦♥ ♦❢ t❤❡ t❛r❣❡t

t♦✇❛r❞ ♦r ❛✇❛② ❢r♦♠ t❤❡ r❛❞❛r✳ ❲❤❡♥ ❛ t❛r❣❡t ♠♦✈❡s t♦✇❛r❞ ❛ r❛❞❛r✱ t❤❡ ❢r❡q✉❡♥❝②

♦❢ ❜❛❝❦s❝❛tt❡r❡❞ s✐❣♥❛❧ ✐s ✐♥❝r❡❛s❡❞✳ ❲❤❡♥ t❤❡ t❛r❣❡t ✐s ♠♦✈✐♥❣ ❛✇❛② ❢r♦♠ t❤❡ r❛❞❛r✱

t❤❡ ❢r❡q✉❡♥❝② ✐s ❞❡❝r❡❛s❡❞✳ ❚❤❡ r❛❞❛r t❤❡♥ ❝♦♠♣❛r❡s t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ✇✐t❤ t❤❡

❢r❡q✉❡♥❝② ♦❢ tr❛♥s♠✐tt❡❞ s✐❣♥❛❧ ❛♥❞ ♠❡❛s✉r❡s t❤❡ s❤✐❢t✱ ❣✐✈✐♥❣ t❤❡ r❛❞✐❛❧ s♣❡❡❞ ♦❢ t❤❡

t❛r❣❡t✳

❉♦♣♣❧❡r r❛❞❛rs ♣r✐♠❛r✐❧② ❞❡t❡❝t t❤❡ ❡❝❤♦ t❤❛t r❡t✉r♥s ❞✐r❡❝t❧② ❛❧♦♥❣ t❤❡ r❛❞❛r

❜❡❛♠✱ t❤❡r❡❢♦r❡ t❤❡② ❝❛♥ ♦♥❧② ♠❡❛s✉r❡ t❤❡ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ♠♦t✐♦♥ ❛❧♦♥❣ t❤❡ r❛❞✐❛❧

❛①✐s✳ ❚❤✐s ❝♦♠♣♦♥❡♥t ✐s ❝❛❧❧❡❞ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t②✱ ur ❛♥❞ ✐s r❡❧❛t❡❞ t♦ t❤❡ ❉♦♣♣❧❡r



✶✻

s❤✐❢t ❢r❡q✉❡♥❝②✱ fd t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❙❛t♦✱ ✶✾✽✾✮✿

fd =
2f

❝
ur, ✭✶✳✷✶✮

✇❤❡r❡ ❢ ✐s t❤❡ ❢r❡q✉❡♥❝② ♦❢ r❛❞❛r✳

❆ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢ fd ❢♦r t❤❡ r❛❞❛r ❢r❡q✉❡♥❝② ♦❢ ✺✵ ▼❍③ ❛♥❞ r❛❞✐❛❧ ✈❡❧♦❝✐t② ♦❢ ✶✵

♠✴s ✐s ❛❜♦✉t ✸ ❍③✳ ❚❤❡ t②♣✐❝❛❧ ❜❛♥❞✇✐❞t❤ ♦❢ tr❛♥s♠✐tt❡❞ ♣✉❧s❡s ✐s ✶✵✵ ❦❍③✲✶ ▼❍③✳

■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡ ❉♦♣♣❧❡r s❤✐❢t✱ ❉♦♣♣❧❡r r❛❞❛rs ❛❧s♦ ♠❡❛s✉r❡ ♣❤❛s❡ s❤✐❢t✳ ■♥ t❤✐s

♠❡t❤♦❞✱ t❤❡ ♣❤❛s❡ ❞✐✛❡r❡♥❝❡ ♦❢ t❤❡ t✐♠❡ s❡r✐❡s ♦❢ ❡❝❤♦s ❢r♦♠ ❝♦♥s❡❝✉t✐✈❡ tr❛♥s♠✐tt❡❞

s✐❣♥❛❧ s❡♣❛r❛t❡❞ ❜② t❤❡ ♣❡r✐♦❞ ♦❢ Tp ✐s ❝❛❧❝✉❧❛t❡❞✳ ❚❤❡♥ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ❝❛♥ ❜❡

❡st✐♠❛t❡❞ t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ ✭❙❛t♦✱ ✶✾✽✾✮✿

△Φ =
4πfTp

❝
ur, ✭✶✳✷✷✮

✇❤❡r❡ △Φ ✐s t❤❡ ♣❤❛s❡ s❤✐❢t✳

✶✳✻✳✺✳✶ ❚❤❡ ❉♦♣♣❧❡r ❇❡❛♠ ❙✇✐♥❣✐♥❣ ▼❡t❤♦❞

❉♦♣♣❧❡r r❛❞❛r ❝❛♥ ♦♥❧② ♠❡❛s✉r❡ t❤❡ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ✇✐♥❞ ✈❡❧♦❝✐t② ✈❡❝t♦r ❛❧♦♥❣ t❤❡

r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ r❛❞❛r ❜❡❛♠✳ ❚❤❡ ❉♦♣♣❧❡r ❇❡❛♠ ❙✇✐♥❣ ✭❉❇❙✮ ❞❡t❡r♠✐♥❡s

❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ✇✐♥❞ s♣❡❡❞s ❜② st❡❡r✐♥❣ t❤❡ r❛❞❛r ❜❡❛♠ ❛♥❞ ♠❡❛s✉r✐♥❣ r❛❞✐❛❧

✈❡❧♦❝✐t② ✐♥ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥s✳

❋✐❣✉r❡ ✶✳✸ s❤♦✇s t❤❡ ♣r✐♥❝✐♣❧❡ ♦❢ t❤❡ ❉❇❙ ♠❡t❤♦❞✳ ❚❤❡ r❛❞✐❛❧ ♣r♦❥❡❝t✐♦♥s ♦❢

❤♦r✐③♦♥t❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ✇✐♥❞ ✈❡❧♦❝✐t✐❡s✱ up ❛♥❞ wp ❛r❡ ♠❡❛s✉r❡❞ ❛t t✇♦ ③❡♥✐t❤ ❛♥❣❧❡s

♦❢ α ❛♥❞ ✲α✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t②✱ ✉ ❛♥❞ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ✇ ❛r❡ ❣✐✈❡♥

❜② ✭❘♦tt❣❡r✱ ✶✾✽✾✮✿

up =
V1 − V2

2 sinα
, ✭✶✳✷✸✮

wp =
V1 + V2

2 cosα
, ✭✶✳✷✹✮

✇❤❡r❡ Vi = up + wp ❛♥❞ ✐♥❞✐❝❡s ✶ ❛♥❞ ✷ ❛r❡ ✐♥❞✐❝❛t♦rs ♦❢ ❜❡❛♠ ❞✐r❡❝t✐♦♥s ❛t ③❡♥✐t❤

❛♥❣❧❡s ♦❢ α ❛♥❞ ✲α✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤✐s ♠❡t❤♦❞ ❛ss✉♠❡s ❛ ✉♥✐❢♦r♠ ✈❡❧♦❝✐t②

✜❡❧❞ ❛❜♦✈❡ t❤❡ r❛❞❛r✳ ❍❡♥❝❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❝❤♦♦s❡ t❤❡ ③❡♥✐t❤ ❛♥❣❧❡ ♣r♦♣❡r❧②✳

❙♦♠❡t✐♠❡s t❤❡ ♠❡t❤♦❞ ✐s s✐♠♣❧✐✜❡❞ ❢✉rt❤❡r ❜② ✉s✐♥❣ w = 0✳
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x or y

z u
p

w
w

p

u

α-α

❋✐❣✉r❡ ✶✳✸✿ ❙❝❤❡♠❛t✐❝❛❧ ❞✐❛❣r❛♠ ♦❢ t❤❡ ❉♦♣♣❧❡r ❇❡❛♠ ❙✇✐♥❣ ✭❉❇❙✮ ♠❡t❤♦❞✳ ■♥ t❤✐s
✜❣✉r❡✱ α ❛♥❞ −α ❛r❡ ③❡♥✐t❤ ❛♥❣❧❡s✳

✶✳✻✳✻ ❙✐❣♥❛❧ t♦ ◆♦✐s❡ ❘❛t✐♦

◆♦✐s❡ ❛♣♣❡❛rs ❛s r❛♥❞♦♠ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ❡❝❤♦ s✐❣♥❛❧ r❡❝❡✐✈❡❞ ❜② t❤❡ r❛❞❛r✳ ◆♦✐s❡ ✐s

❝❛✉s❡❞ ❜② ✐♥t❡r♥❛❧ s♦✉r❝❡s ✭❡✳❣✳ ❡❧❡❝tr♦♥✐❝ ❝♦♠♣♦♥❡♥ts ♦❢ r❛❞❛r✮ ❛♥❞ ❡①t❡r♥❛❧ s♦✉r❝❡s

✭❡✳❣✳ t❤❡r♠❛❧ r❛❞✐❛t✐♦♥ ✐♥ ♥❛t✉r❡✱ ♠❛♥✲♠❛❞❡ ✐♥t❡r❢❡r❡♥❝❡✱ ❡t❝✳✮✳ ❚❤❡ ♥♦✐s❡ ♣♦✇❡r✱ pn✱

❝❛♥ ❜❡ ❡st✐♠❛t❡❞ ❜② ✭❑❡❡❧❡r ❛♥❞ P❛ss❛r❡❧❧✐✱ ✶✾✾✵✮✿

pn = kTsBs, ✭✶✳✷✺✮

✇❤❡r❡ ❦ ✐s t❤❡ ❇♦❧t③♠❛♥ ❝♦♥st❛♥t✱ Ts t❤❡ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ s②st❡♠ ❛♥❞ Bs t❤❡ t♦t❛❧

❜❛♥❞✇✐❞t❤ ♦❢ t❤❡ s②st❡♠✱ ❛♥❞ ✇❤❡r❡ t❤❡ t❡r♠ Ts ❞❡r✐✈❡s ❢r♦♠ ✐♥t❡r♥❛❧ ♥♦✐s❡✱ r❡❝❡✐✈❡r

♥♦✐s❡✱ s❦② ♥♦✐s❡✱ ❛♥❞ ♠❛♥✲♠❛❞❡ ♥♦✐s❡✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s②st❡♠ ♥♦✐s❡ ✐s ❞❡✜♥❡❞ ❜② t❤❡

❛♥t❡♥♥❛ ❞❡s✐❣♥✱ r❛❞❛r ❧♦❝❛t✐♦♥✱ ❛♥❞ ❢r❡q✉❡♥❝② ❜❛♥❞✇✐❞t❤✳

❙✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦ ✭❙◆❘✮ ✐s ❛ ♠❡❛s✉r❡ ♦❢ s✐❣♥❛❧ str❡♥❣t❤ r❡❧❛t✐✈❡ t♦ ❜❛❝❦❣r♦✉♥❞

♥♦✐s❡✳ ❙◆❘ ✐s ❞❡✜♥❡❞ ❛s✿

❙◆❘ =
pr
pn

, ✭✶✳✷✻✮

✇❤❡r❡ pr ✐s t❤❡ r❡❝❡✐✈❡❞ s✐❣♥❛❧ ♣♦✇❡r ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✳✶✾✮ ❛♥❞ pn ✐s t❤❡ ♠❡❛s✉r❡❞

♥♦✐s❡ ♣♦✇❡r ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥ ✭✶✳✷✺✮✳ ❚❤❡ ❙◆❘ ❝❛♥ ❜❡ ✐♠♣r♦✈❡❞ ❜② ✐♥❝r❡❛s✐♥❣ t❤❡

♣✉❧s❡ ❧❡♥❣t❤✱ ❤♦✇❡✈❡r t❤✐s r❡❞✉❝❡s t❤❡ r❛♥❣❡ r❡s♦❧✉t✐♦♥✳
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❋✐❣✉r❡ ✶✳✹✿ ❈♦♥tr✐❜✉t✐♦♥ ♦❢ ❛✐r❝r❛❢t ❛♥❞ ♠❡t❡♦rs t♦ ❛ r❛❞❛r s✐❣♥❛❧✳ ❚❤❡ ❧♦✇❡r ❣r❛♣❤
s❤♦✇s t❤❡ ✇❤♦❧❡ s♣❡❝tr✉♠ ✇❤✐❧❡ t❤❡ ✉♣♣❡r s❤♦✇s ♦♥❧② t❤❡ ❝❡♥tr❛❧ ±4 ❍③ ♦❢ t❤❡
s♣❡❝tr✉♠ ✭❢r♦♠ ❍♦❝❦✐♥❣✱ ✶✾✾✼✮✳

✶✳✻✳✼ ❘❛❞❛r ❙②st❡♠ ❉❡s❝r✐♣t✐♦♥

❚❤r❡❡ ♠❛✐♥ r❛❞❛rs ❛r❡ ✉s❡❞ ✐♥ t❤✐s st✉❞②✿ r❛❞❛rs ❛t ❲❛❧s✐♥❣❤❛♠✱ ❍❛rr♦✇ ❛♥❞ ◆❡❣r♦

❈r❡❡❦✱ ❛❧❧ ✐♥ ❖♥t❛r✐♦✱ ❈❛♥❛❞❛✳ ❚②♣✐❝❛❧ ♣❛r❛♠❡t❡rs ❛r❡ ❣✐✈❡♥ ❢♦r t❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r

✐♥ ❚❛❜❧❡ ✶✳✶✱ ❜✉t ♠❛♥② ♦❢ t❤❡ ❢❡❛t✉r❡s✱ s✉❝❤ ❛s ♣❡❛❦ ♣♦✇❡r✱ ♠❡❛s✉r❡♠❡♥t ♠♦❞❡✱ ❞✉t②

❝②❝❧❡✱ ❤❡✐❣❤t r❡s♦❧✉t✐♦♥✱ ♥✉♠❜❡rs ♦❢ ❜❡❛♠s ❛♥❞ r❛♥❣❡s ❝♦✈❡r❡❞✱ ❛r❡ ❝♦♠♠♦♥ t♦ ❛❧❧

r❛❞❛rs✳ ❚❤❡ r❛❞❛rs ❛r❡ s❡♣❛r❛t❡❞ ❜② t②♣✐❝❛❧❧② ✷✵✵ ❦♠✳

❚❤❡ ✜rst st❡♣ ✐♥ ❞❛t❛ ❛♥❛❧②s✐s ✐s t♦ r❡♠♦✈❡ ♠❡t❡♦rs ❛♥❞ ❛✐r❝r❛❢t ♥♦✐s❡ ✐♥ t❤❡

t✐♠❡ ❞♦♠❛✐♥✳ ▼❡t❡♦rs ♦❝❝✉r ✐♥ t❤❡ s✐❣♥❛❧ ❜❡❝❛✉s❡ t❤❡ r❛❞❛rs ♦❢t❡♥ ✉s❡ ❛ r❡✢❡❝t✐♦♥

❢r❡q✉❡♥❝② ✐♥ ❡①❝❡ss ♦❢ ✸✵✵✵ ❍③✱ s♦ ♠❡t❡♦rs ❛t t②♣✐❝❛❧ r❛♥❣❡s ♦❢ ✷✵✵ ❦♠ ❛r❡ ♦❢t❡♥

r❛♥❣❡✲❛❧✐❛s❡❞ ❛♥❞ ❝❛♥ ❛♣♣❡❛r ❛t ❤❡✐❣❤ts ♦❢ ✶✲✶✺ ❦♠✳ ❆✐r❝r❛❢t ❛♥❞ ♠❡t❡♦rs ❛♠♣❧✐t✉❞❡s

✐♥❝r❡❛s❡ ✐♥ ❛ s❤♦rt ♣❡r✐♦❞ ♦❢ t✐♠❡✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❛♥ ❜❡ r❡♠♦✈❡❞ ❜② ❛ s❡❛r❝❤ ❛❧❣♦r✐t❤♠

✇❤✐❝❤ s❡❛r❝❤❡s ❢♦r str♦♥❣ ❢❛❧❧✐♥❣ s✐❣♥❛❧s ✭s❡❡ ❋✐❣✉r❡ ✶✳✹✮✳ ❚❤❡♥ ❛ ♣♦❧②♥♦♠✐❛❧ ✜t ✐s

❛♣♣❧✐❡❞ t♦ t❤❡ r❛✇ ❞❛t❛ t♦ r❡♠♦✈❡ ❡✛❡❝ts ♦❢ ✈❡r② s♣❡❝✉❧❛r✱ s❧♦✇❧② ❢❛❞✐♥❣ ❡❝❤♦❡s✳

❚❤❡ ♥❡①t st❡♣ ✐s t♦ ♣r♦❞✉❝❡ ❛ s♣❡❝tr✉♠ ❛♥❞ t♦ s❡❛r❝❤ ❢♦r s♣❡❝tr❛❧ ♣❡❛❦s✳ ■♥

♣❛rt✐❝✉❧❛r✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ♥♦t✐❝❡ t❤❡ ❛❧✐❛s✐♥❣ ❢r❡q✉❡♥❝② ✉s❡❞✳ ❉❛t❛ ❛r❡ t②♣✐❝❛❧❧②

r❡❝♦r❞❡❞ ❛t ✶✵✵✵✲✸✵✵✵ ❍③✱ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❛❞❛r ♦♣❡r❛t✐♦♥ ♠♦❞❡✱ ❜✉t ❝♦❤❡r❡♥t
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❚✐t❧❡ ❱❛❧✉❡

▲♦❝❛t✐♦♥ ❲❛❧s✐♥❣❤❛♠✿ 42.637◦◆❀80.573◦❲
❖♣❡r❛t✐♥❣ ❢r❡q✉❡♥❝② ✹✹✳✺ ▼❍③
❖♥❡ ✇❛② ❤❛❧❢✲♣♦✇❡r
❤❛❧❢✲❜❡❛♠✇✐❞t❤

2.3◦

❚♦t❛❧ ❛r❡❛ ♦❢ ❛♥t❡♥♥❛ ✜❡❧❞ ✹✵✵✵ ♠2 ✭♣❛rt✐❛❧❧② ✜❧❧❡❞✮
▼❡❛♥ ♣♦✇❡r ✸✷✵✵ ❲

P❡❛❦ ♣♦✇❡r ♦✉t♣✉t ✹✵ ❦❲
●❛✐♥ ✷✺ ❞❇

❲✐♥❞ ♠❡❛s✉r❡♠❡♥t ♠♦❞❡ ❉♦♣♣❧❡r
P✉❧s❡ ❧❡♥❣t❤ ✺✵✵ ♦r ✶✵✵✵ ♠

▼❡❛♥ ♣♦✇❡r ❛♣❡rt✉r❡ ♣r♦❞✉❝t 1.6× 107 ❲m2

❉✉t② ❝②❝❧❡ ✺✲✶✵ ✪
❍❡✐❣❤t r❡s♦❧✉t✐♦♥ ✵✳✺✲✶ ❦♠
◆✉♠❜❡r ♦❢ ❜❡❛♠s ✺✭❱❡rt✳✰10.9◦♦✛✲✈❡rt✳ t♦

◆✱❙✱❊✱❲✮
❘❛♥❣❡ ✭ ♦✛✲✈❡rt✐❝❛❧ ❜❡❛♠✮ ✵✳✹✲✶✹ ❦♠
❘❛♥❣❡ ✭✈❡rt✐❝❛❧ ❜❡❛♠✮ ✵✳✹✲✶✹ ❦♠

❉✐❣✐t✐③❡r ❛❧✐❛s✐♥❣ ❢r❡q✉❡♥❝② ❃ ✶✵✵ ❍③

❚❛❜❧❡ ✶✳✶✿ ❚❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r ♣❛r❛♠❡t❡rs

✐♥t❡❣r❛t✐♦♥ ✐s ♦♥❧② ♣❡r❢♦r♠❡❞ ♦✈❡r t②♣✐❝❛❧❧② ✶✻ ❞❛t❛ ♣♦✐♥ts✱ s♦ t❤❡ ❢r❡q✉❡♥❝② r❛♥❣❡

✐♥ t❤❡ s♣❡❝tr❛❧ ❞♦♠❛✐♥ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢ ✸✵ t♦ ✶✵✵ ❍③✳ ❚❤✐s ❤❛s ♠❛♥② ❛❞✈❛♥t❛❣❡s

✐♥ r❡❣❛r❞ t♦ r❡❥❡❝t✐♦♥ ♦❢ ✐♥t❡r❢❡r❡♥❝❡ ❛♥❞ ❞❡❛❧✐♥❣ ✇✐t❤ ♥♦✐s❡✳ ❋♦r ❡①❛♠♣❧❡✱ ❛✐r❝r❛❢t

♣❡❛❦s ❛r❡ ❡❛s✐❧② r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s✐❣♥❛❧✱ s✐♥❝❡ t❤❡② ❣❡♥❡r❛❧❧② ❤❛✈❡ ❧❛r❣❡ ✈❡❧♦❝✐t✐❡s ❛♥❞

t❤❡r❡❢♦r❡ ❛r❡ s❤✐❢t❡❞ ♦✉t t♦ t❤❡ ❤✐❣❤❡r ❢r❡q✉❡♥❝② r❡❣✐♦♥s ♦❢ t❤❡ s♣❡❝tr✉♠✱ ✇❤✐❝❤ ❛r❡

♦❢ ♥♦ ✐♥t❡r❡st ❢♦r ❛t♠♦s♣❤❡r✐❝ ✇♦r❦✳ ❆❢t❡r ♣r♦❞✉❝✐♥❣ ❛ s♣❡❝tr✉♠✱ ❛ s✉✐t❛❜❧❡ s♣❡❝tr❛❧

♣❡❛❦ ✐s ❝❤♦s❡♥ ❛♥❞ ❛ ●❛✉ss✐❛♥ ✜t ✐s ❛♣♣❧✐❡❞ ✐♥ t❤✐s r❡❣✐♦♥ ♦❢ t❤❡ s♣❡❝tr✉♠✳ ❚❤❡

s♣❡❝tr❛❧ ♦✛s❡t✱ ♣❡❛❦ ✈❛❧✉❡ ❛♥❞ s♣❡❝tr❛❧ ✇✐❞t❤ ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛♥❞ ✉s❡❞ t♦ ❡st✐♠❛t❡

t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ❛♥❞ t✉r❜✉❧❡♥❝❡ ✭❋✐❣✉r❡ ✶✳✹✮✳

❚❤❡ ♠♦st ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡s ♦❝❝✉r ✐♥ t❤❡ ❛♥t❡♥♥❛ ❝♦♥✜❣✉r❛t✐♦♥ ❛♥❞ s✉❜s❡q✉❡♥t

❜❡❛♠ ✇✐❞t❤s✳ ❋✐❣✉r❡ ✶✳✺ s❤♦✇s t❤❡ ♠❛✐♥ t✇♦ ❞❡s✐❣♥s ✉s❡❞ ❜② t❤❡ r❛❞❛rs✳ ❚❤❡ ❞❡s✐❣♥

✉s❡❞ ❛t ❲❛❧s✐♥❣❤❛♠ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✺✭❛✮✱ ❛♥❞ ❝❛♥ ❜❡ s❡❡♥ t♦ ❜❡ ❛ ❧❛r❣❡ ❝r♦ss✲

str✉❝t✉r❡✳ ■t ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛ ✏t②♣❡✲■✑ ❞❡s✐❣♥✳ ❚❤❡ ❧❛②♦✉t ✉s❡❞ ❛t ❍❛rr♦✇ ❛♥❞

◆❡❣r♦ ❈r❡❡❦ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✺✭❜✮✱ ❛♥❞ ✐s ♠♦r❡ ❝♦♠♣❛❝t❀ ✐t ✐s r❡❢❡rr❡❞ t♦ ❛s ❛

t②♣❡✲■■ r❛❞❛r✳

❉✉❡ t♦ t❤❡ ❧❛r❣❡r ❝r♦ss str✉❝t✉r❡✱ t❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r ❤❛s ❛ ♥❛rr♦✇❡r ♠❛✐♥ ❜❡❛♠

t❤❛♥ t❤❡ ♦t❤❡r r❛❞❛rs✱ t❤♦✉❣❤ ✐t ❤❛s ❧❛r❣❡r s✐❞❡❧♦❜❡s ✭s✐❞❡❧♦❜❡s s✉rr♦✉♥❞ t❤❡ ♠❛✐♥

❜❡❛♠ ❛♥❞ ❝♦♥t❛✐♥ ✈❡r② ❧♦✇ ♣♦✇❡r ❞❡♥s✐t✐❡s✮✳ ❚❤❡ ◆❡❣r♦ ❈r❡❡❦ r❛❞❛r ❤❛s ❛ s♣❛❝✐♥❣ ♦❢
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❋✐❣✉r❡ ✶✳✺✿ ▲❛②♦✉t ♦❢ t❤❡ ❛♥t❡♥♥❛s ✐♥ t❤❡ ❛rr❛②s ❞✐s❝✉ss❡❞✳ ✭❛✮ s❤♦✇s ❛ t②♣❡✲■ r❛❞❛r✱
❛♥❞ ✭❜✮ s❤♦✇s ❛ t②♣❡✲■■ r❛❞❛r✳ ❆♥t❡♥♥❛s ❛r❡ ❝❧✉st❡r❡❞ ✐♥ ❣r♦✉♣s ♦❢ ✹ ✭q✉❛rt❡ts✮
✇✐t❤ s❡♣❛r❛t✐♦♥s ♦❢ ❛ ❤❛❧❢✲✇❛✈❡❧❡♥❣t❤ ❜❡t✇❡❡♥ ❛♥t❡♥♥❛s✳ ◗✉❛rt❡ts ❛r❡ ♣♦s✐t✐♦♥❡❞ s♦
t❤❛t t❤❡② ❛r❡ ✶✳✺ ✇❛✈❡❧❡♥❣t❤s ❞✐❛❣♦♥❛❧❧② ❝❡♥tr❡✲t♦✲❝❡♥tr❡✳ ■♥ ❡❛❝❤ ❝❛s❡ t❤❡r❡ ❛r❡ ✶✷✽
❛♥t❡♥♥❛s✳

❘❛❞❛r
♣❛r❛♠❡t❡rs

❲❛❧s✐♥❣❤❛♠ ❍❛rr♦✇ ◆❡❣r♦ ❈r❡❡❦

▲♦❝❛t✐♦♥ 42.637◦◆❀
80.573◦❲

42.039◦◆❀
82.892◦❲

44.632◦◆❀
80.859◦❲

❖♣❡r❛t✐♥❣
❢r❡q✉❡♥❝②

✹✹✳✺✵ ▼❍③ ✹✵✳✻✽ ▼❍③ ✹✽✳✾✷ ▼❍③

❖♥❡✲✇❛② ❤❛❧❢✲
❜❡❛♠✇✐❞t❤

2.3◦ 2.75◦ 3.30◦

❚✇♦✲✇❛② ❤❛❧❢✲
❜❡❛♠✇✐❞t❤

1.63◦ 1.95◦ 2.34◦

❚❛❜❧❡ ✶✳✷✿ ❘❛❞❛r ♣❛r❛♠❡t❡rs
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♦♥❧② ✶✳✷✺ ✇❛✈❡❧❡♥❣t❤s ❞✐❛❣♦♥❛❧❧② ❜❡t✇❡❡♥ q✉❛rt❡ts ✭✐♥ ❝♦♥tr❛st t♦ t❤❡ ♠♦r❡ ❝♦♠♠♦♥

s♣❛❝✐♥❣ ♦❢ ✶✳✺ ✇❛✈❡❧❡♥❣t❤s ❞✐❛❣♦♥❛❧❧② ❢♦r t❤✐s r❛❞❛r✲t②♣❡✮✱ ❛♥❞ s♦ ❤❛s ❛ ❜r♦❛❞❡r ♠❛✐♥

❜❡❛♠ t❤❛♥ ❛♥② ♦❢ t❤❡ ♦t❤❡r r❛❞❛rs✳ ❍❛rr♦✇ ❤❛s ❛♥ ✐♥t❡r♠❡❞✐❛t❡ ❜❡❛♠ ✇✐❞t❤ ✭s❡❡

❚❛❜❧❡ ✶✳✷✮✳ ❚❤❡ r❛❞❛r ❜❡❛♠s ❛r❡ st❡❡r❡❞ t♦ ✹ ❛③✐♠✉t❤❛❧ ❞✐r❡❝t✐♦♥s s❡q✉❡♥t✐❛❧❧② ❛♥❞

t❤❡♥ ✈❡rt✐❝❛❧✳ ❖♥❡ ❝♦♠♣❧❡t❡ ❝②❝❧❡ t❛❦❡s t②♣✐❝❛❧❧② ✺ ♠✐♥✉t❡s✳

✶✳✻✳✽ ▼❡t❤♦❞s

❚❤❡r❡ ❛r❡ t✇♦ ♠❛✐♥ ♠❡t❤♦❞s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ t✉r❜✉❧❡♥❝❡ ❢r♦♠ r❛❞❛r

♠❡❛s✉r❡♠❡♥ts✿ t❤❡ r❡❢r❛❝t✐✈✐t② str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞ ❛♥❞ s♣❡❝tr❛❧✲✇✐❞t❤ ♠❡t❤♦❞✳

❚❤❡ ✜rst ♠❡t❤♦❞ ❡st✐♠❛t❡s t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① str✉❝t✉r❡ ❝♦♥st❛♥t✱ C2
n✱ ✇❤✐❝❤ ✐s ❛

♠❡❛s✉r❡ ♦❢ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✢✉❝t✉❛t✐♦♥s ✐♥❞✉❝❡❞ ❜② t✉r❜✉❧❡♥❝❡✳ ❲❤❡♥ C2
n ✐s

♠❡❛s✉r❡❞✱ ✐t ✐s t❤❡♥ ❝♦♥✈❡rt❡❞ t♦ ε✱ ❜✉t t❤❡ ❝♦♥✈❡rs✐♦♥ ♠❛❦❡s s❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s✳

❚❤❡ s❡❝♦♥❞ ♠❡t❤♦❞ ✭s♣❡❝tr❛❧✲✇✐❞t❤ ♠❡t❤♦❞✮ ❡st✐♠❛t❡s ♠♦r❡ ❞✐r❡❝t❧② t✉r❜✉❧❡♥t ❡♥❡r❣②

❞✐ss✐♣❛t✐♦♥✱ ε✱ ✇❤✐❝❤ ✐s ❛ ♠❡❛s✉r❡ ♦❢ t❤❡ ✐♥t❡♥s✐t② ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳

❚❤❡ ❧❛tt❡r ♠❡t❤♦❞ ✐s t❤❡ ♠❡t❤♦❞ ♦❢ ♦✉r ✐♥t❡r❡st ✐♥ t❤✐s st✉❞②✱ ❤♦✇❡✈❡r ✇❡ ✇✐❧❧ r❡✈✐❡✇

❜♦t❤ ♠❡t❤♦❞s✳

✶✳✻✳✽✳✶ ❘❡❢r❛❝t✐✈✐t② ❙tr✉❝t✉r❡ ❋✉♥❝t✐♦♥ ▼❡t❤♦❞

❚❤❡ ❜❛❝❦s❝❛tt❡r ♦❢ r❛❞✐♦ ✇❛✈❡ ❢r♦♠ t❤❡ t✉r❜✉❧❡♥t ♣❛t❝❤❡s ✐s ❝❛✉s❡❞ ❜② t❤❡ ✐♥❤♦♠♦✲

❣❡♥❡✐t✐❡s ✐♥ t❤❡ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ♣r♦❞✉❝❡❞ ❜② t✉r❜✉❧❡♥❝❡✳ ❘❡❢r❛❝t✐✈❡ ✐♥❞❡① str✉❝t✉r❡

❝♦♥st❛♥t✱ C2
n✱ ✐s ❛ ♠❡❛s✉r❡ ♦❢ ✈❛r✐❛❜✐❧✐t② ♦❢ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ❛♥❞ ✐s

❣✐✈❡♥ ❜② ✭❍♦❝❦✐♥❣ ❛♥❞ ▼✉ ✶✾✾✼✮✿

C2
n = 66.4

prZ
2λ1/3

ptAe2Rαt (0.5Lt)
, ✭✶✳✷✼✮

✇❤❡r❡ pr ✐s t❤❡ r❡❝❡✐✈❡❞ ♣♦✇❡r✱ pt t❤❡ tr❛♥s♠✐tt❡❞ ♣♦✇❡r✱ Z t❤❡ ❞✐st❛♥❝❡ t♦ t❤❡

s❝❛tt❡r❡rs ❢r♦♠ t❤❡ r❛❞❛r✱ λ t❤❡ r❛❞❛r ✇❛✈❡❧❡♥❣t❤✱ A t❤❡ r❛❞❛r ❡✛❡❝t✐✈❡ ❛r❡❛✱ eR t❤❡

❧♦ss ❢❛❝t♦r ✇❤✐❝❤ ❞❡s❝r✐❜❡s ♣♦✇❡r ❧♦ss❡s ✐♥ t❤❡ ❝❛❜❧❡s✱ tr❛♥s♠✐tt❡r ❛♥❞ r❡❝❡✐✈❡r ♦❢ t❤❡

r❛❞❛r✱ αt ❛ ❢❛❝t♦r t❤❛t ❞❡s❝r✐❜❡s ❤♦✇ t❤❡ tr✉❡ ❣❛✐♥ ♦❢ t❤❡ r❛❞❛r ❜❡❛♠ ✐s ❞✐✛❡r❡♥t ❢r♦♠

t❤❡ ✐❞❡❛❧ ❞✐r❡❝t✐✈✐t② ✭αt ✐s ❣❡♥❡r❛❧❧② ❝❧♦s❡ t♦ ✶✮✱ ❛♥❞ Lt t❤❡ tr❛♥s♠✐tt❡❞ ♣✉❧s❡ ❧❡♥❣t❤✳

■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t C2
n ✐s ♥♦t ❛ ♠❡❛s✉r❡ ♦❢ ✐♥t❡♥s✐t② ♦❢ t✉r❜✉❧❡♥❝❡✳ ❍♦✇❡✈❡r ✐t

✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥✈❡rt C2
n t♦ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ✇❤✐❝❤ ✐s ❛ ❜❡tt❡r

❡st✐♠❛t♦r ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡✳ ❚❤❡ r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ C2
n ❛♥❞ ε ✐s ❣✐✈❡♥

t❤r♦✉❣❤ ✭●❛❣❡ ❡t ❛❧✳✱ ✶✾✽✵ ❀ ❍♦❝❦✐♥❣ ❛♥❞ ▼✉✱ ✶✾✾✼✮✿
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ε =

(

γC2
n

ω2
B

F 1/3
M−2

)3/2

, ✭✶✳✷✽✮

✇❤❡r❡ γ ≈ (0.7)−1✱ F ✐s t❤❡ ❢r❛❝t✐♦♥ ♦❢ t❤❡ r❛❞❛r ✈♦❧✉♠❡ ✜❧❧❡❞ ❜② t✉r❜✉❧❡♥❝❡✱ ωB t❤❡

❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ❛♥❞ M t❤❡ ♣♦t❡♥t✐❛❧ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❣r❛❞✐❡♥t✳

❚❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✐s t❤❡ ❢r❡q✉❡♥❝② ❛t ✇❤✐❝❤ ❛♥ ❛✐r ♣❛r❝❡❧ ♦s❝✐❧❧❛t❡s ✐♥

t❤❡ ❛t♠♦s♣❤❡r❡ ❛♥❞ ✐s ❣✐✈❡♥ ❜② ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

ω2
B = g

∂ ln θp
∂z

✭✶✳✷✾✮

✇❤❡r❡ g ✐s t❤❡ ❣r❛✈✐t② ❛❝❝❡❧❡r❛t✐♦♥✱ θp t❤❡ ♣♦t❡♥t✐❛❧ t❡♠♣❡r❛t✉r❡ ❛♥❞ z t❤❡ ❤❡✐❣❤t✳

❚❤❡ ♣♦t❡♥t✐❛❧ r❡❢r❛❝t✐✈❡ ✐♥❞❡① ❣r❛❞✐❡♥t✱ M ❞❡♣❡♥❞s ♦♥ t❤❡ ✈❛r✐❛t✐♦♥ ♦❢ ♣♦t❡♥t✐❛❧

t❡♠♣❡r❛t✉r❡✱ θp ❛♥❞ ❤✉♠✐❞✐t②✱ q ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❡✐❣❤t ❛♥❞ ✐s ❣✐✈❡♥ ❜② ✭❱❛♥③❛♥❞t ❡t

❛❧✳✱ ✶✾✼✽✮✿

M = −77.6× 10−6 p

T

(

∂ ln θp
∂z

)

×
[

1 +
15500 q

T

(

1− 1

2

∂ ln q/∂ ln z

∂ ln θ/∂ ln z

)]

, ✭✶✳✸✵✮

✇❤❡r❡ p ✐s t❤❡ ♣r❡ss✉r❡ ✐♥ ♠✐❧❧✐❜❛rs ❛♥❞ T t❤❡ ❛❜s♦❧✉t❡ t❡♠♣❡r❛t✉r❡✳ ◆♦t❡ t❤❛t t❤❡

❤✉♠✐❞✐t② t❡r♠ ✐♥ t❤❡ ❜r❛❝❦❡t ✐s ❞♦♠✐♥❛♥t ✐♥ t❤❡ ❧♦✇❡r tr♦♣♦s♣❤❡r❡ ✭❜❡❧♦✇ ✶✵ ❦♠✮✳

▼❡❛s✉r❡♠❡♥ts ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✉s✐♥❣ r❡❢r❛❝t✐✈✐t② str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞

r❡q✉✐r❡s ♠❡❛s✉r✐♥❣ t❡♠♣❡r❛t✉r❡✱ ♣r❡ss✉r❡ ❛♥❞ ❤✉♠✐❞✐t② ✭✉s✉❛❧❧② ❞❡t❡r♠✐♥❡❞ ❜② ❜❛❧✲

❧♦♦♥s✮ ✇❤✐❝❤ ♠❛❦❡s t❤❡ t❡❝❤♥✐q✉❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞✳

✶✳✻✳✽✳✷ ❙♣❡❝tr❛❧✲❲✐❞t❤ ▼❡t❤♦❞

P❛t❝❤❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ❝♦♥t❛✐♥ ✐rr❡❣✉❧❛r✐t✐❡s ✇❤✐❝❤ ♣r♦❞✉❝❡ s✐❣♥❛❧

❜❛❝❦s❝❛tt❡r✳ ❋♦r ❱❍❋ r❛❞❛r✱ t❤❡ s♣❛t✐❛❧ s❝❛❧❡ ♦❢ l = λ/2 ✭t❤❡ s♦✲❝❛❧❧❡❞ ❇r❛❣❣ s❝❛❧❡✮

❞❡t❡r♠✐♥❡s t❤❡ ❜❛❝❦s❝❛tt❡r✐♥❣ ❢r♦♠ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡❀ t❤❛t ✐s t❤❡ r❛❞❛r ❞❡t❡❝ts

✈❡❧♦❝✐t② s♣❡❝tr❛ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡❞❞✐❡s ✇✐t❤ t❤❡ r❛♥❣❡ s❝❛❧❡ ♦❢ ❤❛❧❢ t❤❡ r❛❞❛r ✇❛✈❡✲

❧❡♥❣t❤ ✭l ∼ 3 ♠✮ ✉♣ t♦ t❤❡ ✈♦❧✉♠❡ t❤✐❝❦♥❡ss ✭✺✵✵ ♠✮ s❛♠♣❧❡❞ ❜② r❛❞❛r✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❱❍❋ r❛❞❛r ❝❛♥ ♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡ ♦❢ s❝❛❧❡ s✐③❡s t❤❛t ❛♣♣r♦①✐♠❛t❡❧② ❝♦✈❡rs t❤❡

❡♥t✐r❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ✐rr❡❣✉❧❛r✐t✐❡s ✐♥ t❤❡ t✉r❜✉❧❡♥t

♣❛t❝❤❡s ♠❛② ❜❡ ❛♥✐s♦tr♦♣✐❝✱ ❜✉t ❛r❡ ♦❢t❡♥ ❝♦♥s✐❞❡r❡❞ ❛s ✐s♦tr♦♣✐❝✳ ■❢ ✐t ✐s ❛ss✉♠❡❞ t❤❛t

r❛❞❛r ♦❜s❡r✈❡s t❤❡ ❡♥t✐r❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ✇❤✐❝❤ ♦❜❡②s ❑♦❧♠♦❣♦r♦✈ t❤❡♦r②✱ t❤❡♥ t❤❡

r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t②✱ σt✱ ❛♥❞ t✉r❜✉❧❡♥t

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿
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σ2
t ∝

ˆ kv

kB

ε2/3k−5/3dk, ✭✶✳✸✶✮

✇❤❡r❡✱ k ✐s t❤❡ ✇❛✈❡♥✉♠❜❡r ♦❢ t❤❡ s♣❡❝tr✉♠✱ ❛♥❞ kv ❛♥❞ kB ❛r❡ t❤❡ ❤✐❣❤❡st ❛♥❞

❧♦✇❡st ✇❛✈❡♥✉♠❜❡rs ♦❢ t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ r❡s♣❡❝t✐✈❡❧②✳

❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✶✳✸✶✮✱ ✇❡ ❝❛♥ ❡①tr❛❝t ε t❤r♦✉❣❤ ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

ε ≈ CωBσ
2
t , ✭✶✳✸✷✮

✇❤❡r❡ C ✐s ❛ ❝♦♥st❛♥t ❛♥❞ ωB t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss t❤❡ ❛❜♦✈❡

❡q✉❛t✐♦♥ ❛♥❞ ❡st✐♠❛t✐♦♥ ♦❢ σ2
t ✐♥ ♠♦r❡ ❞❡t❛✐❧ s❤♦rt❧②✳

❚✐♠❡ s❡r✐❡s ♦❢ ❞❛t❛ ✖ t②♣✐❝❛❧❧② ✷✵✲✹✵ s❡❝♦♥❞s ✐♥ ❞✉r❛t✐♦♥ ✖ ❛r❡ ❝♦❧❧❡❝t❡❞ ❛♥❞

t❤❡♥ s♣❡❝tr❛❧❧② ❛♥❛❧②③❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣ s♣❡❝tr❛ ❛r❡ r❡❝♦r❞❡❞✱ ❛♥❞ t❤❡✐r s♣❡❝tr❛❧ ✇✐❞t❤s

❞❡t❡r♠✐♥❡❞✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤ ✐s ❛ ❦❡② st❡♣✳ ■t ✐s ♣♦ss✐❜❧❡ t♦ ✜♥❞

t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ s✐❣♥❛❧ ✉s✐♥❣ ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts✱ ❜✉t ❛ ♠♦r❡ r✐❣♦r♦✉s ♣r♦❝❡❞✉r❡

✐s t♦ ✉s❡ s♣❡❝tr❛❧ ✜tt✐♥❣✳ ❯s❡ ♦❢ ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts ✐s ♣r♦♥❡ t♦ ❡rr♦r✱ s✐♥❝❡ r❡♠♦✈❛❧

♦❢ t❤❡ ❡✛❡❝t ♦❢ ♥♦✐s❡ ✐s ❞✐✣❝✉❧t✳ ■♥ s✉❝❤ ❞❡t❡r♠✐♥❛t✐♦♥s✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✜♥❞ t❤❡

q✉❛♥t✐t②
´ (

f − f
)2

P (f) df ✱ ✇❤❡r❡ f ✐s t❤❡ ❢r❡q✉❡♥❝②✱ f ✐s t❤❡ ♠❡❛♥ ❢r❡q✉❡♥❝②✱

❛♥❞ P ✐s t❤❡ ♣♦✇❡r s♣❡❝tr✉♠✳ ■❢ t❤❡ ♣♦✇❡r s♣❡❝tr✉♠ ✐s ♥♦♥✲③❡r♦ ❛❝r♦ss t❤❡ ✇❤♦❧❡

❢r❡q✉❡♥❝② ❞♦♠❛✐♥ ❞✉❡ t♦ ♥♦✐s❡✱ ❛♥❞ t❤❡ ♥♦✐s❡ ✐s ♥♦t ♣r♦♣❡r❧② r❡♠♦✈❡❞✱ t❤❡ ❛❜♦✈❡

✐♥t❡❣r❛❧ ❝❤❛♥❣❡s✳ ❋✉rt❤❡r♠♦r❡✱ ✐❢ t❤❡r❡ ❛r❡ ♦t❤❡r ✐♥t❡r❢❡r✐♥❣ s♣❡❝tr❛❧ ❝♦♠♣♦♥❡♥ts✱

s✉❝❤ ❛s t❤♦s❡ ❞✉❡ t♦ ❛✐r❝r❛❢t✱ ♠❡t❡♦rs ✭❛❧✐❛s❡❞✮✱ r❛❞✐♦ ✐♥t❡r❢❡r❡♥❝❡✱ ♣r❡❝✐♣✐t❛t✐♦♥✱ ❡t❝✳✱

t❤❡② ✇✐❧❧ ❛✛❡❝t t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ✈❛r✐❛♥❝❡✳

■♥ ♦✉r ❝❛s❡✱ ❛ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥ ✐s ✜tt❡❞ t♦ t❤❡ s♣❡❝tr✉♠✱ ❛♥❞ ❛ ❧❡❛st✲sq✉❛r❡s ❝❤✐✲

sq✉❛r❡ ♣❛r❛♠❡t❡r✱ χ2 ✐s ❞❡t❡r♠✐♥❡❞✱ ❛s ❞❡s❝r✐❜❡❞ ❜② ❇❡✈✐♥❣t♦♥ ✭✶✾✻✾✮✱ ❜✉t ❛❞❛♣t❡❞ ❢♦r

r❡❛❧ ♥✉♠❜❡rs✳ ❚❤❡♥ χ2 ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ t❤r♦✉❣❤ χ2 =
∑ (♦❜s❡r✈❡❞ ✈❛❧✉❡✲❡①♣❡❝t❡❞ ✈❛❧✉❡)2

❡①♣❡❝t❡❞ ✈❛❧✉❡
✱

✇❤❡r❡ ✐♥ ♦✉r ❝❛s❡✱ t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡ ✐s t❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr✉♠ ❛♥❞ t❤❡ ❡①♣❡❝t❡❞

✈❛❧✉❡ ✐s t❤❡ ✜tt❡❞ ●❛✉ss✐❛♥ s♣❡❝tr✉♠✳ ❚❤❡ ❡st✐♠❛t❡❞ χ2 ✐s ❝♦♠♣❛r❡❞ t♦ ❛ ❝r✐t✐❝❛❧

✈❛❧✉❡✱ χ2
c ✳

❙♣❡❝tr❛ ✇❤✐❝❤ ❛r❡ ❜✐♠♦❞❛❧✱ ♦r ❤❛✈❡ ♦t❤❡r ♥♦♥✲❛t♠♦s♣❤❡r✐❝ ❝♦♠♣♦♥❡♥ts s✉❝❤ ❛s

❛✐r❝r❛❢t ❛♥❞ r❛❞✐♦ ✐♥t❡r❢❡r❡♥❝❡✱ ❛r❡ r❡❥❡❝t❡❞✱ ✐♥ ♣r❡❢❡r❡♥❝❡ t♦ ❣✐✈✐♥❣ ❜❛❞ ❡st✐♠❛t❡s✳

❯s❡ ♦❢ ❛ ✇✐❞❡ ❛❧✐❛s✐♥❣ ❢r❡q✉❡♥❝②✱ ❛s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❛❧s♦ ❤❡❧♣s ♣r♦❞✉❝❡ ❜❡tt❡r q✉❛❧✐t②

s♣❡❝tr❛✳ ❚❤❡ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥ ✉s❡❞ ✐s ♦❢ t❤❡ ❢♦r♠ A0 exp−(f − f0)
2/2σ2

f +D0✳ A0

✐s t❤❡ ❛♠♣❧✐t✉❞❡✱ f0 ✐s t❤❡ ♦✛s❡t ♦❢ t❤❡ ♣❡❛❦✱ σf ✐s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡

s♣❡❝tr✉♠ ✐♥ ❍③✱ ❛♥❞ D0 ✐s ❛♥ ♦✛s❡t ✇❤✐❝❤ ✈❛r✐❡s ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♥♦✐s❡ ❧❡✈❡❧ ♦❢ t❤❡

s♣❡❝tr✉♠✳ ■♥❝r❡❛s❡❞ ♥♦✐s❡ ✐♥❝r❡❛s❡s t❤❡ ✈❛❧✉❡ ♦❢ D0 ❛♥❞ ❛❧s♦ ❛♠♣❧✐✜❡s t❤❡ ✈❛r✐❛❜✐❧✐t②

♦❢ t❤❡ s♣❡❝tr❛❧ ✈❛❧✉❡s r❡❧❛t✐✈❡ t♦ t❤❡ ●❛✉ss✐❛♥ r❡❢❡r❡♥❝❡✳ ▲❛r❣❡ ❧❡✈❡❧s ♦❢ ♥♦✐s❡ r❡s✉❧ts ✐♥
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❋✐❣✉r❡ ✶✳✻✿ ❉✐✛❡r❡♥t ❝❛✉s❡s ♦❢ ❜❡❛♠ ❜r♦❛❞❡♥✐♥❣ ✐♥ r❛❞❛r ✭❢r♦♠ ❍♦❝❦✐♥❣✱ ✶✾✽✸✮✳

❧❛r❣❡ ✈❛❧✉❡s ♦❢ D0 ❛♥❞ ✐♥❝r❡❛s❡❞ χ2 ✈❛❧✉❡s✳ ❙♣❡❝tr❛ t❤❛t ❤❛✈❡ ❛ ♠♦❞✐✜❡❞ ❝❤✐✲sq✉❛r❡❞

♣❛r❛♠❡t❡r t❤❛t ❡①❝❡❡❞s ❛ s♣❡❝✐✜❡❞ ❧✐♠✐t χ2
c ❛r❡ r❡❥❡❝t❡❞✳ ❚❤✐s ✐♥❝❧✉❞❡s r❡❥❡❝t✐♦♥ ♦❢

s♣❡❝tr❛ ❝♦♥t❛♠✐♥❛t❡❞ ❜② ✐♥t❡r❢❡r❡♥❝❡✳

❇❡❝❛✉s❡ ♦❢ ♦✉r ✉s❡ ♦❢ t❤✐s ✜tt✐♥❣ ♣r♦❝❡❞✉r❡✱ t❤❡ ❡✛❡❝ts ♦❢ ♣♦♦r s✐❣♥❛❧ t♦ ♥♦✐s❡ r❛t✐♦

✭❙◆❘✮ ❛r❡ r❡❞✉❝❡❞ ✲ s♣❡❝tr❛ ❢♦r ✇❤✐❝❤ t❤❡ s✐❣♥❛❧ ✐s ♥♦✐s② s✐♠♣❧② ❞♦ ♥♦t ♣❛ss t❤❡s❡

✐♥✐t✐❛❧ t❡sts ❛♥❞ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✐♥ ❢✉rt❤❡r ❛♥❛❧②s✐s✳ ❍❡♥❝❡ st✉❞✐❡s ♦❢ ❙◆❘ ♥❡❡❞ ♥♦t

❜❡ ❛ ♠❛❥♦r ❢♦❝✉s ♦❢ t❤✐s ✇♦r❦✳ ❖✉r ✜tt✐♥❣ ♣r♦❝❡❞✉r❡ ❛❧s♦ ❡♥s✉r❡s t❤❛t ✇❡ ❞♦ ♥♦t

❛❝❝❡♣t s♣❡❝tr❛ ✇❤✐❝❤ ❛r❡ ❜✐♠♦❞❛❧ ♦r s❤♦✇ ♦t❤❡r str❛♥❣❡ ❝❤❛r❛❝t❡r✐st✐❝s✳

❖♥❝❡ ❛♥ ❡①♣❡r✐♠❡♥t❛❧❧② ❞❡t❡r♠✐♥❡❞ s♣❡❝tr❛❧ ✇✐❞t❤ ❤❛s ❜❡❡♥ ❢♦✉♥❞✱ t❤❡ ♥❡①t st❡♣ ✐s

t♦ ✜♥❞ ❛ s♦✲❝❛❧❧❡❞ ✏♥♦♥✲t✉r❜✉❧❡♥t✑ ✭♦r ✏❜❡❛♠✲❜r♦❛❞❡♥❡❞✑ ♦r ✏❜❡❛♠✲s❤❡❛r✲❜r♦❛❞❡♥❡❞✑✮

❝♦♥tr✐❜✉t✐♦♥✱ s♦ t❤❛t t❤❡ t✉r❜✉❧❡♥❝❡ ❝♦♥tr✐❜✉t✐♦♥ ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞✳ ❋✐❣✉r❡ ✶✳✻ ✐❧❧✉s✲

tr❛t❡s t❤❡ ♥♦♥✲t✉r❜✉❧❡♥t ❡✛❡❝t s❝❤❡♠❛t✐❝❛❧❧②✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ t❤✐s ✜❣✉r❡ t❤❛t s❝❛t✲

t❡r❡rs ✐♥ ❞✐✛❡r❡♥t ♣❛rts ♦❢ t❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ♦❢ t❤❡ r❛❞❛r ♣r♦❞✉❝❡ ❞✐✛❡r❡♥t ❉♦♣♣❧❡r

s❤✐❢ts✱ r❡s✉❧t✐♥❣ ✐♥ ❛ ❜r♦❛❞ s♣❡❝tr✉♠✳ ❋✐❣✉r❡ ✶✳✻✭❜✮ ❛❧s♦ s❤♦✇s t❤❡ s❤❡❛r ❜r♦❛❞❡♥✐♥❣

❡✛❡❝t✱ ✇❤❡r❡ ❝❤❛♥❣❡s ✐♥ ❤♦r✐③♦♥t❛❧ ✇✐♥❞ s♣❡❡❞ ✇✐t❤ ❤❡✐❣❤t ❛❧s♦ ♣r♦❞✉❝❡ ❉♦♣♣❧❡r s❤✐❢ts

✇❤✐❝❤ ❜r♦❛❞❡♥ ✭♦r ✐♥ s♦♠❡ ❝❛s❡s ♥❛rr♦✇✮ t❤❡ s♣❡❝tr✉♠✳ ❙♣❡❝tr❛❧ ❜r♦❛❞❡♥✐♥❣ ❞✉❡ t♦

✈❡rt✐❝❛❧ ♦s❝✐❧❧❛t✐♦♥s ♦❢ s❝❛tt❡r❡rs ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳✻✭❝✮✳

❚❤❡ ❞❡t❛✐❧s ♦❢ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲t✉r❜✉❧❡♥t ❝♦♥tr✐❜✉t✐♦♥ ✇✐❧❧ ❜❡ ❞✐s✲

❝✉ss❡❞ s❤♦rt❧②✱ ❜✉t ❢♦r ♥♦✇ ✇❡ ♥♦t❡ t❤❛t t❤❡ t✉r❜✉❧❡♥❝❡ ❝♦♥tr✐❜✉t✐♦♥ ✭t❤❡ s♣❡❝tr❛❧

❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ t❤❛t ✇♦✉❧❞ ❜❡ r❡❝♦r❞❡❞ ✐❢ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❝♦♥tr✐❜✉t✐♦♥s

❞✐❞ ♥♦t ❡①✐st✮ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✿

f 2
turb = f 2

e − f 2
nt, ✭✶✳✸✸✮

✇❤❡r❡ f 2
turb✱ f

2
e ❛♥❞ f 2

nt ❛r❡ t❤❡ sq✉❛r❡s ♦❢ t❤❡ s♣❡❝tr❛❧ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ❞✉❡ t♦

t✉r❜✉❧❡♥❝❡✱ ❡①♣❡r✐♠❡♥t❛❧ ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ♥♦♥✲t✉r❜✉❧❡♥t ❡✛❡❝ts r❡s♣❡❝t✐✈❡❧②✳ ❙♦♠❡✲
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t✐♠❡s✱ t❤✐s ✐s ✇r✐tt❡♥ ✐♥ t❤❡ ❢♦r♠✿

σ2
t = σ2

e − σ2, ✭✶✳✸✹✮

✇❤❡r❡ σ2
t ✐s t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ r❛❞✐❛❧ ✈❡❧♦❝✐t② ✢✉❝t✉❛t✐♦♥s ✭✇❤✐❝❤ ❝❛♥ ❣❡♥❡r❛❧❧② ❜❡

❝♦♥s✐❞❡r❡❞ ❛s ❛♣♣r♦①✐♠❛t❡❧② t❤❡ ✈❛r✐❛♥❝❡ ♦❢ t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ✢✉❝t✉❛t✐♦♥s✮✱ σ2
e t❤❡

❡①♣❡r✐♠❡♥t❛❧❧② ❞❡t❡r♠✐♥❡❞ s♣❡❝tr❛❧ ✈❛r✐❛♥❝❡✱ ❛♥❞ σ2 t❤❡ ✈❛r✐❛♥❝❡ ❡①♣❡❝t❡❞ ❞✉❡ t♦

❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❡✛❡❝ts✳ ◆♦t❡ t❤❛t t❤❡ ❧❛tt❡r t❡r♠ ❤❛s ♥♦ s✉❜s❝r✐♣t✳ ❚❤❡ t❡r♠ σ2

r❡❧❛t❡s t♦ f 2
nt t❤r♦✉❣❤ t❤❡ r❡❧❛t✐♦♥ σ2 =

(

λ
2

)2 f2
nt

2 ln 2
✳

❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❛♥❞ fturb ✐s ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥

✭✶✳✸✷✮ ❛♥❞ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ✭❍♦❝❦✐♥❣✱ ✶✾✽✸❀ ❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

ε = Cσ2
tωB = C

(

λ

2

)2 (
f 2
turb

2 ln 2

)

ωB, ✭✶✳✸✺✮

✇❤❡r❡ λ ✐s t❤❡ r❛❞❛r ✇❛✈❡❧❡♥❣t❤ ❛♥❞ ωB t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜②

❊q✉❛t✐♦♥ ✭✶✳✷✾✮✳ ❍♦❝❦✐♥❣ ✭✶✾✽✸✮ ❣❛✈❡ C ❂ ✵✳✹✾✱ ❜✉t ❛ss✉♠❡❞ t❤❛t t❤❡ r❛❞❛r ♠❡❛s✉r❡❞

t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✈❡❧♦❝✐t②✱ ❛♥❞ ❣✉❡ss❡❞ ❛❜♦✉t t❤❡ r❡❧❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡

❛♥❞ ❧❛r❣❡r s❝❛❧❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ s♣❡❝tr✉♠✳ ❆ ♠♦r❡ t❤♦r♦✉❣❤ ❛♥❛❧②s✐s ✐♥ ❍♦❝❦✐♥❣

✭✶✾✾✾✮ r❡❝♦❣♥✐③❡s t❤❛t t❤❡ r❛❞❛r ♠❡❛s✉r❡s t❤❡ tr❛♥s✈❡rs❡ ❝♦♠♣♦♥❡♥t✱ ❣✐✈✐♥❣ C ❂ ✵✳✷✼✳

❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ✉s❡ t❤✐s ✈❛❧✉❡ ❢♦r C✳ ❆♥ ❛❧t❡r♥❛t✐✈❡ ❡①♣r❡ss✐♦♥ ❢♦r ε ✐s t❤❡r❡❢♦r❡✿

ε = 1.7σ2
t /TB ✭✶✳✸✻✮

❲❡ ✇✐❧❧ ✉s❡ t❤✐s ❡①♣r❡ss✐♦♥ ❢♦r ♦✉r ❛♥❛❧②s✐s✳ ❍❡r❡✱ TB ✐s t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ♣❡r✐♦❞✳ ❚♦

❜❡❣✐♥✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❝❧✐♠❛t♦❧♦❣✐❝❛❧ ✈❛❧✉❡s ❢♦r TB✳ ❚❤❡ ❝❧✐♠❛t♦❧♦❣✐❝❛❧ ✈❛❧✉❡ ♦❢ ωB ✐s

❛♣♣r♦①✐♠❛t❡❧② ✵✳✵✶ ❍③ ✭TB = 10 ♠✐♥✮ ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡ ❛♥❞ ✵✳✵✷ ❍③ ✭TB = 5 ♠✐♥✮

✐♥ t❤❡ str❛t♦s♣❤❡r❡✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ❛❜♦✉t t❤✐s ✐♥ ♠♦r❡ ❞❡t❛✐❧ ✐♥ ❈❤❛♣t❡r ✹✱ ❛♥❞ ✇❡

✇✐❧❧ ♣r❡s❡♥t t❤❡ ✈❛❧✉❡s ♦❢ ωB ❡st✐♠❛t❡❞ ❢♦r ✈❛r✐♦✉s ❝♦♥❞✐t✐♦♥s ❛t ♦✉r r❛❞❛r s✐t❡s✳

■❢ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ♦♥❧② ❜❡❛♠ ❜r♦❛❞❡♥✐♥❣ ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ✇✐❞t❤ ❞✉❡ t♦ ♥♦♥✲

t✉r❜✉❧❡♥t ❡✛❡❝ts✱ t❤❡♥ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr❛❧ ✇✐❞t❤✱ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❣✐✈❡♥ ❜②

✭❍♦❝❦✐♥❣✱ ✶✾✽✺✮✿

f 2
nt = (1.0)

(

2

λ

)2

Θ2
1/2u

2
0, ✭✶✳✸✼✮

✇❤❡r❡ u0 ✐s t❤❡ t♦t❛❧ ✇✐♥❞ s♣❡❡❞ ✭❛ss✉♠❡❞ ✉♥✐❢♦r♠ ✇✐t❤ ❤❡✐❣❤t ✐♥ t❤✐s s✐♠♣❧❡ ❡q✉❛✲

t✐♦♥✮✱ λ t❤❡ r❛❞❛r ✇❛✈❡❧❡♥❣t❤ ❛♥❞ Θ2
1/2 t❤❡ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ♦❢ t❤❡ ❡✛❡❝t✐✈❡

✭t✇♦✲✇❛②✮ r❛❞❛r ❜❡❛♠✳ ❍♦✇❡✈❡r✱ ❡✈❡♥ ❛t t❤❛t t✐♠❡✱ ❍♦❝❦✐♥❣ ❞✐❞ ♥♦t r❡❝♦♠♠❡♥❞

s✐♠♣❧❡ ✉s❡ ♦❢ t❤✐s ❢♦r♠✉❧❛✱ ✇❤✐❝❤ ✇❛s ♠❡❛♥t ❛s ❛ ❣✉✐❞❡ ✕ ❛ ♠♦r❡ t❤♦r♦✉❣❤ ❝❛❧❝✉❧❛t✐♦♥
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t❤❛t r❡❝♦❣♥✐③❡❞ t❤❛t t❤❡ ✇✐♥❞ ✈❛r✐❡❞ ❛❝r♦ss t❤❡ ♣✉❧s❡ ❧❡♥❣t❤ ✇❛s r❡❝♦♠♠❡♥❞❡❞✳

◆❛str♦♠ ✭✶✾✾✼✮ ❧♦♦❦❡❞ s♣❡❝✐✜❝❛❧❧② ❛t t❤❡ ❡✛❡❝ts ♦❢ ❛ s❤❡❛r ✐♥ t❤❡ ✇✐♥❞✱ ❛♥❞ ❣❛✈❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ♥♦♥✲t✉r❜✉❧❡♥t s♣❡❝tr❛❧

✈❛r✐❛♥❝❡✿

σ2 ≈ v2

3
u2
0 cos

2 α− 2v2

3
sin2 α

(

u0
∂u

∂z
R0 cosα

)

✭✶✳✸✽✮

+
v2

24
(3 + cos 4α− 4 cos 2α)

(

∂u

∂z

)2

R2
0

+

(

v2

3
cos 4α + sin2 α cos2 α

)(

∂u

∂z

)2
(∆R)2

12
,

✇❤❡r❡ v ✐s t❤❡ ♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤✱ α t❤❡ ③❡♥✐t❤ t✐❧t ❛♥❣❧❡✱ u0 t❤❡ ✇✐♥❞

s♣❡❡❞✱ ∂u
∂z

t❤❡ ✈❡rt✐❝❛❧ s❤❡❛r ♦❢ ❤♦r✐③♦♥t❛❧ ✇✐♥❞ s♣❡❡❞✱ R0 t❤❡ r❛♥❣❡✱ ❛♥❞ ∆R t❤❡

r❛♥❣❡ r❡s♦❧✉t✐♦♥✳ ❚❤❡ ✜rst t❡r♠ ✐s ♦♥❧② ❞✉❡ t♦ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❛♥❞ t❤❡ ❧❛st t❡r♠

✐s ♦♥❧② ❞✉❡ t♦ s❤❡❛r✲❜r♦❛❞❡♥✐♥❣✳ ❚❤❡ t❡r♠s ✐♥ t❤❡ ♠✐❞❞❧❡ ❛r❡ ❞✉❡ t♦ ❜♦t❤ ❜❡❛♠ ❛♥❞

s❤❡❛r✲❜r♦❛❞❡♥✐♥❣✳ ❍♦❝❦✐♥❣ ✭✶✾✽✸✮ ✉s❡❞ ❛ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ✇❤✐❝❤ ✉s❡s t❤❡ ❢✉❧❧ ✇✐♥❞

♣r♦✜❧❡ t♦ ❡st✐♠❛t❡ t❤❡ ❜❡❛♠✲s❤❡❛r✲❜r♦❛❞❡♥✐♥❣✱ ✇❤✐❝❤ ✇❛s ❢✉rt❤❡r ❡①♣❛♥❞❡❞ ✉♣♦♥ ✐♥

❍♦❝❦✐♥❣ ✭✷✵✵✸✮✳ ❚❤❡ s❝❛tt❡r❡❞ ♣♦✇❡r r❡❝❡✐✈❡❞ ✐♥ t❤❡ ✈❡❧♦❝✐t② r❛♥❣❡ u t♦ u + du✱ ❛t

r❛♥❣❡ R0✱ ✐s ❣✐✈❡♥ ❜②✿

S (u,R0) du =

ˆ

P (α, φ)
[

σs/r
2 ∗ g (r)

]

dΩ. ✭✶✳✸✾✮

❍❡r❡✱ t❤❡ ✐♥t❡❣r❛❧ ✐s ❜❡t✇❡❡♥ ♠✐♥✐♠✉♠ ❛♥❞ ♠❛①✐♠✉♠ ♣♦ss✐❜❧❡ ✈❛❧✉❡s ♦❢ φ✳ S(u,R0)

✐s t❤❡ r❡❝❡✐✈❡❞ s♣❡❝tr✉♠✱ P t❤❡ ❝♦♠❜✐♥❡❞ tr❛♥s♠✐tt❡r ❛♥❞ r❡❝❡✐✈❡r ♣♦❧❛r ❞✐❛❣r❛♠

❢♦r t❤❡ r❛❞❛r ✇❤✐❝❤ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ③❡♥✐t❤ ❛♥❣❧❡✱ α ❛♥❞ t❤❡ ❛③✐♠✉t❤ ❛♥❣❧❡✱ φ✳ σs

✐s t❤❡ ❜❛❝❦s❝❛tt❡r✐♥❣ ❝r♦ss✲s❡❝t✐♦♥ ♣❡r ✉♥✐t ✈♦❧✉♠❡ ✭♥♦t t♦ ❜❡ ❝♦♥❢✉s❡❞ ✇✐t❤ t❤❡

s♣❡❝tr❛❧ ✈❛r✐❛♥❝❡s✮ ❛♥❞ g(r) ❞❡✜♥❡s t❤❡ ♣✉❧s❡ s❤❛♣❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ r❛♥❣❡✱ r✳ ❚❤❡

s②♠❜♦❧ ✏✯✑ r❡♣r❡s❡♥ts ❛ ❝♦♥✈♦❧✉t✐♦♥ ✭ ❚❤❡ ❝♦♥✈♦❧✉t✐♦♥ ♦❢ f (r) ❛♥❞ g (r) ✐s ❞❡✜♥❡❞

❜②✿ f (r) ∗ g (r) =
´ +∞

−∞
f (x) g (r − x) dx✮✳ R0 ✐s t❤❡ ❧❛❣ ✐♥ t❤❡ ❝♦♥✈♦❧✉t✐♦♥✱ ❛♥❞

❝♦rr❡s♣♦♥❞s t♦ t❤❡ r❛♥❣❡ ❛t ✇❤✐❝❤ S ✐s ❞❡t❡❝t❡❞ ❜② t❤❡ r❛❞❛r✳ dΩ ✐s ❞❡✜♥❡❞ ❜② t❤❡

❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❍♦❝❦✐♥❣✱ ✶✾✽✸✮✿

dΩ = (tanα) du dφ/ cos (φ− φ0) , ✭✶✳✹✵✮

✇❤❡r❡ φ0 ✐s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ❤♦r✐③♦♥t❛❧ ✇✐♥❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤ ❝❛♥ ❜❡

❡st✐♠❛t❡❞ ❢♦r ❛♥② ❣✐✈❡♥ r❛♥❣❡✱ ✇✐♥❞ s♣❡❡❞ ❛♥❞ ❞✐r❡❝t✐♦♥✳ ■♥ ♦r❞❡r t♦ ❝♦♥s✐❞❡r t❤❡
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✈❡rt✐❝❛❧ ✇✐♥❞ ❣r❛❞✐❡♥t✱ t❤❡ ❧❛②❡r ♦❢ ✐♥t❡r❡st ✐s ❞✐✈✐❞❡❞ t♦ s♠❛❧❧ s✉❜✲❧❛②❡rs ✇✐t❤ ❝♦♥st❛♥t

✇✐♥❞ s♣❡❡❞ ❛♥❞ ❞✐r❡❝t✐♦♥✳ ❚❤❡ s✉♠ ♦❢ t❤❡ ❛❧❧ t❤❡ s♣❡❝tr❛ ❞✉❡ t♦ t❤❡ ❢✉❧❧ ✇✐♥❞ ♣r♦✜❧❡

❣✐✈❡s t❤❡ t❤❡♦r❡t✐❝❛❧ s♣❡❝tr✉♠ ❡①♣❡❝t❡❞ ❞✉❡ t♦ ♥♦♥✲t✉r❜✉❧❡♥t ❡✛❡❝ts✳ ❲✐t❤ ♦✉r r❛❞❛rs✱

t❤✐s ✐♥t❡❣r❛❧ ❤❛s ❜❡❡♥ ♣❛r❛♠❡tr✐③❡❞ ✇✐t❤ ❧♦♦❦✲✉♣ t❛❜❧❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐t ❝❛♥ r✉♥

✐♥ r❡❛❧ t✐♠❡✱ ❛♥❞ t❤✐s ✇✐❧❧ ❜❡ ❢✉rt❤❡r ❞❡s❝r✐❜❡❞ ✐♥ ❈❤❛♣t❡r ✸✳ ❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥❝❡s

❜❡t✇❡❡♥ t❤❡ ❛❧❣♦r✐t❤♠s ❞✐s❝✉ss❡❞ ❛❜♦✈❡ ❢♦r ❞❡t❡r♠✐♥✐♥❣ t❤❡ ✐♥str✉♠❡♥t❛❧ s♣❡❝tr❛❧

✇✐❞t❤✱ ❛♥❞ ✇❡ ✇✐❧❧ ❡①❛♠✐♥❡ t❤❡s❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♥❡①t ❝❤❛♣t❡r✳

✶✳✻✳✾ ■♥✲s✐t✉ ❚❡❝❤♥✐q✉❡s

❍✐❣❤✲r❡s♦❧✉t✐♦♥ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡ ❛r❡ ♣♦ss✐❜❧❡ ✉s✐♥❣ ✐♥✲s✐t✉ t❡❝❤♥✐q✉❡s✳

❚❤❡ ❡ss❡♥t✐❛❧ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t❤❡s❡ t❡❝❤♥✐q✉❡s ✐s t❤❛t ♠❡❛s✉r✐♥❣ ✐♥str✉♠❡♥ts ❧✐❦❡

❛♥❡♠♦♠❡t❡rs✱ s♦✉♥❞✐♥❣s ❛♥❞ ❛❝❝❡❧❡r♦♠❡t❡rs ❛r❡ ♠♦✉♥t❡❞ ♦♥ s♣❡❝✐❛❧ str✉❝t✉r❡s s✉❝❤

❛s t♦✇❡rs✱ ❜❛❧❧♦♦♥s ❛♥❞ ❛✐r❝r❛❢t✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t♦✇❡rs✱ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❛❜s♦❧✉t❡

✐♥ ❛ ❝♦♦r❞✐♥❛t❡ s②st❡♠ ✜①❡❞ t♦ ❡❛rt❤✱ ✐♥ ❝♦♥tr❛st t♦ ❛✐r❝r❛❢t ♦r s♦✉♥❞✐♥❣ ❜❛❧❧♦♦♥s ✐♥

✇❤✐❝❤ t❤❡ ✐♥str✉♠❡♥t ✐s ♠♦✈✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ ❣r♦✉♥❞✳ ▼❡❛s✉r❡♠❡♥ts ❜② t♦✇❡rs ❛r❡

❣❡♥❡r❛❧❧② ❧✐♠✐t❡❞ t♦ ❤❡✐❣❤ts ❝❧♦s❡ t♦ t❤❡ s✉r❢❛❝❡✳ ❙♦✉♥❞✐♥❣ ❜❛❧❧♦♦♥s ❝❛♥ ❜❡ ✉s❡❞ t♦

♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡ ✐♥t♦ t❤❡ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡ ✭∼ 40 ❦♠✮✱ ❤♦✇❡✈❡r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t

♦❢ t❤❡ ❜❛❧❧♦♦♥s ♥❡❡❞s t♦ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② r❛❞❛r ❢r♦♠ t❤❡ ❣r♦✉♥❞ ♦r ●P❙✳ ❆ ❣r❡❛t ♣❡r✲

❝❡♥t❛❣❡ ♦❢ ✐♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♦❜t❛✐♥❡❞ ❜② ❛✐r❝r❛❢t✳ ❚❤❡s❡ ❛✐r❝r❛❢t ❛r❡ ❡q✉✐♣♣❡❞

✇✐t❤ ♠❡t❡♦r♦❧♦❣✐❝❛❧ ✐♥str✉♠❡♥ts t❤❛t r❡❝♦r❞ t❤❡r♠❛❧ ❛♥❞ ❞②♥❛♠✐❝s ❝❤❛r❛❝t❡r✐st✐❝s ♦❢

t❤❡ ❛t♠♦s♣❤❡r❡ ♦✈❡r ❛ ✇✐❞❡ r❛♥❣❡ ♦❢ ❛❧t✐t✉❞❡s✳ ❲❡ ✇✐❧❧ ❡♠♣❧♦② s✉❝❤ ♠❡t❤♦❞s ❧❛t❡r

✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡r❡❢♦r❡✱ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ❞✐s❝✉ss ❛❜♦✉t ❛✐r❝r❛❢t

♠❡t❤♦❞s ♦❢ ♠❡❛s✉r✐♥❣ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳

✶✳✻✳✶✵ ❆✐r❝r❛❢t ❚❡❝❤♥✐q✉❡s

■♥ ♦r❞❡r t♦ ♠❡❛s✉r❡ t✉r❜✉❧❡♥❝❡✱ s♦♠❡ r❡s❡❛r❝❤ ❛♥❞ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t ❛r❡ ✐♥str✉✲

♠❡♥t❡❞ ✇✐t❤ ■♥t❡❣r❛t❡❞ ◆❛✈✐❣❛t✐♦♥ ❙②st❡♠ ✭■◆❙✮✱ ✇❤✐❝❤ ✐s ❛ ♥❛✈✐❣❛t✐♦♥ s②st❡♠✳ ■◆❙

✉s❡s ❛ ❝♦♠♣✉t❡r ❛♥❞ ♠♦t✐♦♥ s❡♥s♦rs✱ s✉❝❤ ❛s ❛❝❝❡❧❡r♦♠❡t❡rs✱ t♦ ❡st✐♠❛t❡ t❤❡ ♣♦s✐t✐♦♥

❛♥❞ ❛❝❝❡❧❡r❛t✐♦♥ ♦❢ t❤❡ ❛✐r❝r❛❢t ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ■♥ ♦r❞❡r t♦ ✜♥❞ t❤❡ ❧✐♥❡❛r ❛❝❝❡❧✲

❡r❛t✐♦♥ ♦❢ t❤❡ s②st❡♠✱ ♥❛✈✐❣❛t✐♦♥ s②st❡♠s ❛r❡ ❛❧s♦ ❡q✉✐♣♣❡❞ ✇✐t❤ ❛♥ ❛❝❝❡❧❡r♦♠❡t❡r✱

✇❤✐❝❤ ❡st✐♠❛t❡s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐♥ t❤❡ ✐♥❡rt✐❛❧ r❡❢❡r❡♥❝❡ ❢r❛♠❡ ✜①❡❞ t♦ t❤❡ s②st❡♠✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐s ♠❡❛s✉r❡❞ r❡❧❛t✐✈❡ t♦ t❤❡ ♠♦✈✐♥❣ s②st❡♠✳ ❚❤❡ ✐♥✐t✐❛❧

♣♦s✐t✐♦♥ ♦❢ t❤❡ ❛✐r❝r❛❢t ✐s ♣r♦✈✐❞❡❞ ❜② ❛♥♦t❤❡r s♦✉r❝❡ s✉❝❤ ❛s ●P❙ ❛♥❞ ❛❢t❡r t❤❛t

t❤❡ s②st❡♠ ✉♣❞❛t❡s ✐ts ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ❜② ✐♥t❡❣r❛t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ r❡❝❡✐✈❡❞ ❢r♦♠

♠♦t✐♦♥ s❡♥s♦rs✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s t❡❝❤♥✐q✉❡ ✐s t❤❛t ✐t ♥❡❡❞s ♥♦ ❡①t❡r♥❛❧ r❡❢❡r✲
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❡♥❝❡s t♦ ❞❡t❡r♠✐♥❡ ✐ts ♣♦s✐t✐♦♥ ♦r ✈❡❧♦❝✐t② ♦♥❝❡ ✐t ❤❛s ❜❡❡♥ ✐♥✐t✐❛❧✐③❡❞✳ ❍♦✇❡✈❡r✱ t❤❡

❞✐s❛❞✈❛♥t❛❣❡ ♦❢ t❤❡s❡ s②st❡♠s ✐s t❤❛t ❛♥② s♠❛❧❧ ❡rr♦rs ✐♥ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ♣♦s✐t✐♦♥

♦r ❛❝❝❡❧❡r❛t✐♦♥ ❛r❡ ❛❝❝✉♠✉❧❛t❡❞ ❜② ✐♥t❡❣r❛t✐♦♥ ❛♥❞ ✐♥❝r❡❛s❡ ✇✐t❤ t✐♠❡✳

■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ ♠❡❛s✉r❡ t❤❡ ♣♦s✐t✐♦♥ ❛♥❞ ✈❡❧♦❝✐t② ♦❢ ❛✐r❝r❛❢t ✉s✐♥❣ s❛t❡❧❧✐t❡

♥❛✈✐❣❛t✐♦♥ s②st❡♠s s✉❝❤ ❛s ●P❙ s②st❡♠s✳ ❚❤✐s ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ✉s❡❞ ❛s ❜❛❝❦✉♣ ♦r

❝❛♥ ❜❡ ❝♦♠❜✐♥❡❞ ♣r♦♣❡r❧② t♦ ■◆❙ ✐♥❢♦r♠❛t✐♦♥ t♦ r❡❞✉❝❡ t❤❡ ❡rr♦rs✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢

●P❙ ♠❡❛s✉r❡♠❡♥ts ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❞✉r❛t✐♦♥ ♦❢ ♦♣❡r❛t✐♦♥✳ ❍♦✇❡✈❡r✱ ❛ s❡r✐♦✉s

♣r♦❜❧❡♠ ✇✐t❤ t❤✐s s②st❡♠ ✐s t❤❡ ♣♦ss✐❜✐❧✐t② ♦❢ s✐❣♥❛❧ ♦✉t❛❣❡s ❝❛✉s❡❞✱ ❢♦r ❡①❛♠♣❧❡✱ ❜②

❛♥t❡♥♥❛ s❤❛❞✐♥❣ ✭❑❛♥✐❡✇s❦✐✱ ✷✵✵✻✮✳

❚❤❡ ■◆❙✴●P❙ s②st❡♠ ♠❡❛s✉r❡ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛✐r❝r❛❢t r❡❧❛t✐✈❡ t♦ t❤❡ ❣r♦✉♥❞✳

❍♦✇❡✈❡r✱ t❤❡ ❣♦❛❧ ✐s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✈❡❧♦❝✐t② ♦❢ t❤❡ ❛✐r ♠♦t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

❣r♦✉♥❞✳ ❚❤❡ tr✉❡ ✇✐♥❞ ✈❡❧♦❝✐t② ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ✈❡❝t♦r ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥

t❤❡ ❛✐r ✈❡❧♦❝✐t② r❡❧❛t✐✈❡ t♦ t❤❡ ❛✐r❝r❛❢t ❛♥❞ t❤❡ ❛✐r❝r❛❢t ✈❡❧♦❝✐t② r❡❧❛t✐✈❡ t♦ t❤❡ ❣r♦✉♥❞✳

❚❤❡ ❛✐r❝r❛❢t ✐s ❡q✉✐♣♣❡❞ ✇✐t❤ ♣r❡ss✉r❡ tr❛♥s❞✉❝❡rs ✇❤✐❝❤ ♠❡❛s✉r❡ t❤❡ t♦t❛❧ ♣r❡ss✉r❡

❛♥❞ st❛t✐❝ ♣r❡ss✉r❡✳ ❚❤❡ t♦t❛❧ ♣r❡ss✉r❡ ✐s ♠❛❞❡ ✉♣ ♦❢ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ ❛♥❞ st❛t✐❝

♣r❡ss✉r❡✳ ❚❤❡ st❛t✐❝ ♣r❡ss✉r❡ ✐s ❛❧✇❛②s ♣r❡s❡♥t ✇❤❡t❤❡r t❤❡ ❛✐r❝r❛❢t ✐s ♠♦✈✐♥❣ ♦r

❛t r❡st✳ ❚❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ ✐s ❞✉❡ t♦ ❛✐r ♠♦t✐♦♥ ❛♥❞ ✐s ♦♥❧② ♣r❡s❡♥t ✇❤❡♥ t❤❡

❛✐r❝r❛❢t ✐s ♠♦✈✐♥❣✳ ❚❤❡r❡❢♦r❡✱ ❜② s✉❜tr❛❝t✐♥❣ t❤❡ st❛t✐❝ ♣r❡ss✉r❡ ❢r♦♠ t♦t❛❧ ♣r❡ss✉r❡✱

t❤❡ ❞②♥❛♠✐❝ ♣r❡ss✉r❡ ❛♥❞ s✉❜s❡q✉❡♥t❧② t❤❡ ✈❡❧♦❝✐t② ♦❢ ❛✐r ♠♦t✐♦♥ ✇✐❧❧ ❜❡ ❞❡t❡r♠✐♥❡❞✳

✶✳✻✳✶✶ ▼❡t❤♦❞s

❊①tr❛❝ts ♦❢ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ❢r♦♠ ✐♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts ✐s ♣♦s✲

s✐❜❧❡ ✉s✐♥❣ st❛t✐st✐❝❛❧ ♠❡t❤♦❞s✱ s✉❝❤ ❛s s♣❡❝tr❛ ❛♥❛❧②s✐s ✭◗✉✐♥t❛r❡❧❧✐✱ ✶✾✾✸✮✱ str✉❝t✉r❡

❢✉♥❝t✐♦♥ ✭❇❛r❛t ❛♥❞ ❇❡rt✐♥ ✶✾✽✸❀ ▼❡✐s❝❤♥❡r ✷✵✵✶✮✱ ❛✉t♦❝♦rr❡❧❛t✐♦♥ ❛♥❞ tr✉❡ ❛✐rs♣❡❡❞✲

❜❛s❡❞ ❛♣♣r♦❛❝❤❡s✳ ❚❤❡ ❧❛tt❡r ❤❛s ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❈❡♥t❡r ❢♦r ❆t♠♦✲

s♣❤❡r✐❝ ❘❡s❡❛r❝❤ ✭❈♦r♥♠❛♥✱ ✶✾✾✺✮ ✐♥ ♦r❞❡r t♦ ♠❡❛s✉r❡ ε ❢r♦♠ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t

♠❡❛s✉r❡♠❡♥ts✳ ■♥ t❤✐s st✉❞②✱ ✇❡ ✇✐❧❧ ✉s❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❛♥❞ tr✉❡ ❛✐rs♣❡❡❞✲❜❛s❡❞

♠❡t❤♦❞s t♦ t❤❡ ♠❡❛s✉r❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❢r♦♠ ❚✇✐♥ ❖tt❡r ❛♥❞ ❝♦♠♠❡r❝✐❛❧

❛✐r❝r❛❢t ❞❛t❛ r❡s♣❡❝t✐✈❡❧②✳

✶✳✻✳✶✶✳✶ ❙tr✉❝t✉r❡ ❋✉♥❝t✐♦♥

❑♦❧♠♦❣♦r♦✈ t❤❡♦r② ✭s❡❡ s❡❝t✐♦♥ ✶✳✹✮ ❛ss✉♠❡s t❤❛t t❤❡ t✉r❜✉❧❡♥❝❡ ✐s st❛t✐st✐❝❛❧❧② s✐♠✐❧❛r

❛t ❞✐✛❡r❡♥t s❝❛❧❡s ✐♥ t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ❛♥❞ t❤❡r❡❢♦r❡✱ t✉r❜✉❧❡♥❝❡ ✐s ✐s♦tr♦♣✐❝ ❛t t❤✐s

r❛♥❣❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t✉r❜✉❧❡♥t ♣❛r❛♠❡t❡rs s✉❝❤ ❛s ✈❡❧♦❝✐t② ❛r❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡

t✉r❜✉❧❡♥❝❡ s❝❛❧❡✳ ❚❤✐s ❤❡❧♣s ✉s t♦ ❞❡✜♥❡ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞✳ ❚❤❡r❡ ❛r❡
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s❡✈❡r❛❧ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s✱ ❜✉t t❤❡ ♠❛✐♥ ♦♥❡s ❛r❡ ❣✐✈❡♥ ❛s ✭❡✳❣✳ ❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

D‖(r) = | u‖(x+ r)− u‖(x) |2, ✭✶✳✹✶✮

D⊥(r) = | u⊥(x+ r)− u⊥(x) |2, ✭✶✳✹✷✮

✇❤❡r❡ ✐t ✐s ❛ss✉♠❡❞ t❤❛t ✇❡ tr❛✈❡❧ ✐♥ ❛ str❛✐❣❤t ❧✐♥❡ ✐♥ t❤❡ t✉r❜✉❧❡♥t ♠❡❞✐✉♠ ❛♥❞

t❛❦❡ ♠❡❛s✉r❡♠❡♥ts ❛❧♦♥❣ t❤❡ ✇❛②✳ ▼❡❛s✉r❡♠❡♥ts ❛❧♦♥❣ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠♦t✐♦♥ ❛r❡

r❡❢❡rr❡❞ t♦ ✏♣❛r❛❧❧❡❧✑ ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤✐s ❞✐r❡❝t✐♦♥ ❛r❡ ❝❛❧❧❡❞

✏♣❡r♣❡♥❞✐❝✉❧❛r✑✳ ■♥ ❊q✉❛t✐♦♥s ✭✶✳✹✶✮ ❛♥❞ ✭✶✳✹✷✮✱ u ✐s t❤❡ ✈❡❧♦❝✐t②✱ r t❤❡ ❞✐s♣❧❛❝❡♠❡♥t

❛♥❞ ✐♥❞✐❝❡s ‖ ❛♥❞ ⊥ r❡♣r❡s❡♥t t❤❡ ♣❛r❛❧❧❡❧ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥ts r❡❧❛t✐✈❡ t♦

t❤❡ ♣r♦❜❡ tr❛❥❡❝t♦r② r❡s♣❡❝t✐✈❡❧②✳

❋♦r t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡✱ t❤❡ r❡❧❛t✐♦♥s❤✐♣s ❜❡t✇❡❡♥ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛♥❞

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ❛r❡ ❣✐✈❡♥ ❜②✿

D‖ = Cdr
2/3ε2/3 ✭✶✳✹✸✮

D⊥ =
4

3
Cdr

2/3ε2/3 ✭✶✳✹✹✮

✇❤❡r❡ Cd ✐s ❝❧♦s❡ t♦ ✷✳✵ ✭❈❛✉❣❤❡② ❡t ❛❧✳✱ ✶✾✼✽✮✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t s♦♠❡t✐♠❡s t❤❡

t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ✐s ✉s❡❞✳ ■♥ t❤❛t ❝❛s❡✱ t❤❡ t♦t❛❧ str✉❝✲

t✉r❡ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s Dtot = D‖ + 2D⊥✱ s✐♥❝❡ t❤❡r❡ ❛r❡ t✇♦ ♣❡r♣❡♥❞✐❝✉❧❛r

❛♥❞ ♦♥❡ ♣❛r❛❧❧❡❧ ❝♦♠♣♦♥❡♥ts✳

❚❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ t♦ ✇✐♥❞ ❞❛t❛ ♠❡❛s✉r❡❞ ❜② ❚✇✐♥

❖tt❡r ❛✐r❝r❛❢t ✐♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε ✭❈❤❛♣t❡r

✺✮✳ ❚❤❡ ❛✐r❝r❛❢t ✐s ✐♥str✉♠❡♥t❡❞ t♦ ♠❡❛s✉r❡ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ ✇✐♥❞ s♣❡❡❞ ♦✈❡r ❛

❢r❡q✉❡♥❝② r❛♥❣❡ ❢r♦♠ ✵ t♦ ✶✵ ❍③✳ ❖♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ ❤❛✈❡ ❛

❢r❡q✉❡♥❝② ♦❢ ③❡r♦✱ ❤♦✇❡✈❡r✱ t❤❡ ❢r❡q✉❡♥❝② ❝❛♥ ❜❡ ✈❡r② s♠❛❧❧ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✈❡r②

❧♦♥❣ ♣❡r✐♦❞s✮✳

❋✉rt❤❡r♠♦r❡✱ ❛✐r❝r❛❢t s♦❢t✇❛r❡ ❡♠♣❧♦②s ❝♦♠♣❧❡♠❡♥t❛r② ✜❧t❡r✐♥❣ r♦✉t✐♥❡s s✉❝❤ ❛s

t❤❡ ❑❛❧♠❛♥ ✜❧t❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ ♠❡❛s✉r❡♠❡♥ts✳ ■♥ ♦r❞❡r t♦ ✉s❡ ❑❛❧♠❛♥

✜❧t❡r✐♥❣ t♦ r❡♠♦✈❡ ♥♦✐s❡ ❢r♦♠ ❛ s✐❣♥❛❧✱ t❤❡ ♠❡❛s✉r❡♠❡♥ts ♠✉st ❜❡ ❞♦♥❡ ✐♥ ❛ ❧✐♥❡❛r

s②st❡♠✳ ■♥ s✉❝❤ s②st❡♠s✱ t❤❡r❡ ✐s ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ❛♥❞

t❤❡ tr✉❡ ✈❛❧✉❡s t❤❛t ♥❡❡❞ t♦ ❜❡ ❡st✐♠❛t❡❞✳ ▼❛♥② ♣❤②s✐❝❛❧ ♣r♦❝❡ss❡s✱ s✉❝❤ ❛s ❛ ♠♦✈✐♥❣

❛✐r❝r❛❢t ♦r ✈❡❤✐❝❧❡✱ ❝❛♥ ❜❡ ❛♣♣r♦①✐♠❛t❡❞ ❛s ❛ ❧✐♥❡❛r ♠♦❞❡❧✳ ❆ ✈❡r② s✐♠♣❧❡ ❢♦r♠ ♦❢ t❤❡

❑❛❧♠❛♥ ❡q✉❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✭❙✐♠♦♥ ✷✵✵✶✮✿
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yk = Ckxk + zk, ✭✶✳✹✺✮

❚❤❡ ✈❡❝t♦r xk ❝♦♥t❛✐♥s ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣r❡s❡♥t st❛t❡ ♦❢ t❤❡ s②st❡♠✱ zk

r❡♣r❡s❡♥ts t❤❡ ♥♦✐s❡✱ Ck ❛ ♠❛tr✐① ❛♥❞ yk ❛r❡ t❤❡ ♠❡❛s✉r❡❞ ✈❛❧✉❡s✳ ❲❡ ❝❛♥ ✉s❡ yk

t♦ ❡st✐♠❛t❡ xk ✈❛❧✉❡s✳ ❍♦✇❡✈❡r✱ yk ✐s ❝♦♥t❛♠✐♥❛t❡❞ ❜② ♥♦✐s❡✳ ❯s✐♥❣ t❤❡ ❑❛❧♠❛♥

❛❧❣♦r✐t❤♠✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❡st✐♠❛t❡ xk ❜② ♠❛❦✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❛✈❡r❛❣❡

♦❢ t❤❡ st❛t❡ ❡st✐♠❛t❡ ✐s ❡q✉❛❧ t♦ t❤❡ ❛✈❡r❛❣❡ ♦❢ tr✉❡ ✈❛❧✉❡s ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✇❡ ♥❡❡❞

❛♥ ❡st✐♠❛t♦r t❤❛t r❡s✉❧ts ✐♥ t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ❡rr♦r ✈❛r✐❛♥❝❡✳

✶✳✻✳✶✶✳✷ ❚r✉❡ ❆✐rs♣❡❡❞✲❇❛s❡❞

❚r✉❡ ❛✐rs♣❡❡❞✱ Vt✱ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛✐r❝r❛❢t ✈❡❧♦❝✐t② ✭✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❣r♦✉♥❞✮✱ Va✱ ❛♥❞ t❤❡ ✇✐♥❞ ✈❡❧♦❝✐t②✱ Vw✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝❛♥ ✇r✐t❡✿

Vt =
[

(Va − Vw)
2
x + (Va − Vw)

2
y + (Va − Vw)

2
z

]1/2

, ✭✶✳✹✻✮

✇❤❡r❡ x✱ y ❛♥❞ z r❡❢❡r t♦ ♣❛r❛❧❧❡❧ ❛♥❞ ♣❡r♣❡♥❞✐❝✉❧❛r ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✈❡❧♦❝✐t②✳ ❙✐♥❝❡

t❤❡ ① ❝♦♠♣♦♥❡♥t ✭♣❛r❛❧❧❡❧ t♦ ❛✐r❝r❛❢t tr❛❥❡❝t♦r②✮ ♦❢ t❤❡ ✐♥❡rt✐❛❧ ✈❡❧♦❝✐t② ✭✇✐t❤ r❡s♣❡❝t

t♦ t❤❡ ❣r♦✉♥❞✮ ✐s ♦❢t❡♥ ♠✉❝❤ ❧❛r❣❡r t❤❛♥ ♦t❤❡r t❡r♠s✱ ❊q✉❛t✐♦♥ ✭✶✳✹✻✮ ❝❛♥ ❜❡ ✇r✐tt❡♥

❛♣♣r♦①✐♠❛t❡❧② ❛s✿

Vt ≈ (Va − Vw)x

[

1 +
1

2

(Va − Vw)
2
y + (Va − Vw)

2
z

(Va − Vw)
2
x

]

. ✭✶✳✹✼✮

❚❤❡ s❡❝♦♥❞ t❡r♠✱ ✐♥ t❤❡ sq✉❛r❡ ❜r❛❝❦❡t✱ ✐s t②♣✐❝❛❧❧② ♠✉❝❤ ❧❡ss t❤❛♥ ♦♥❡✳ ❚❤❡r❡❢♦r❡✱

t❤❡ tr✉❡ ❛✐rs♣❡❡❞ ✐s ❝❧♦s❡❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ✇✐♥❞

✈❡❧♦❝✐t②✱ t❤✉s r❡❞✉❝✐♥❣ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿

Vt ≈ (Va − Vw)x . ✭✶✳✹✽✮

◆♦✇✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r t❤❡ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ tr✉❡ ❛✐rs♣❡❡❞✱ V ′
t ✱ ✇❡ ❝❛♥ ✇r✐t❡✿

V ′
t ≈

(

Va − V a

)

x
−

(

Vw − V w

)

x
. ✭✶✳✹✾✮

✇❤❡r❡ Va ❛♥❞ Vw ❛r❡ t❤❡ ♠❡❛♥ ✈❛❧✉❡s ♦❢ Va ❛♥❞ Vw r❡s♣❡❝t✐✈❡❧②✳ ■❢ ✐t ✐s ❢✉rt❤❡r

❛ss✉♠❡❞ t❤❛t ✢✉❝t✉❛t✐♦♥s ♦❢ ❛✐r❝r❛❢t s♣❡❡❞ ❛r❡ ♠✉❝❤ ❧❡ss t❤❛♥ ✢✉❝t✉❛t✐♦♥s ♦❢ ✇✐♥❞

✈❡❧♦❝✐t②✱ t❤❡♥✿

V ′
t ≈

(

V w

)

x
− (Vw)x = − (V ′

w)x . ✭✶✳✺✵✮
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●✐✈❡♥ t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥✱ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε ❝❛♥ ❜❡ ❡st✐♠❛t❡❞

t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❈♦r♥♠❛♥✱ ✶✾✾✺✮✿

φu (kx) =
18Aε2/3k

−5/3
0

55

[

1 +

(

kx
k0

)2
]−5/6

, ✭✶✳✺✶✮

✇❤❡r❡ φu ✐s t❤❡ ✈♦♥ ❑❛r♠❛♥ s♣❡❝tr✉♠✱ A ❛ ❝♦♥st❛♥t✱ kx t❤❡ ✇❛✈❡♥✉♠❜❡r ❛❧♦♥❣ t❤❡

♠♦t✐♦♥ ✭x ❛①✐s✮ ❛♥❞ k0 ✐s r❡❧❛t❡❞ t♦ t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥✱ Γ ❛♥❞ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧

✐♥t❡❣r❛❧ ❧❡♥❣t❤ s❝❛❧❡✱ Lu t❤r♦✉❣❤✿

k0 =
Γ
(

5
6

)√
π

Γ
(

1
3

)

Lu

. ✭✶✳✺✷✮

■♥ ♦r❞❡r t♦ ❝❛❧❝✉❧❛t❡ ε ✈❛❧✉❡s t♦ ❛ ❤✐❣❤❡r ❛❝❝✉r❛❝②✱ ❛ q✉❛❧✐t② ❝♦♥tr♦❧ t❡st ✐s ♣❡r✲

❢♦r♠❡❞ ♦♥ t❤❡ ❞❛t❛✳ ❆ r✉♥♥✐♥❣✲✇✐♥❞♦✇ ♠❡❞✐❛♥ t❡st ✐s ❛♣♣❧✐❡❞ t♦ t❤❡ ❞❛t❛✳ ❚❤❡

✇✐♥❞♦✇ ❧❡♥❣t❤ ✐s ❝❤♦s❡♥ t♦ ❤❛✈❡ ❡♥♦✉❣❤ ♣♦✐♥ts ❢♦r st❛t✐st✐❝❛❧ ❡st✐♠❛t✐♦♥s ❛♥❞ ✐t ✐s

s❤♦rt ❡♥♦✉❣❤ t♦ ✐♥❝❧✉❞❡ ❝❤❛♥❣❡s ✐♥ t❤❡ ❞❛t❛ r❡❛s♦♥❛❜❧② ✇❡❧❧✳ ❋♦r ❡❛❝❤ ♥❡✇ s❡t ♦❢

❞❛t❛✱ t❤❡ ✇✐♥❞♦✇ ✐s ♠♦✈❡❞ ❢♦r✇❛r❞ ♦♥❡ st❡♣✳ ❚❤❡♥ t❤❡ Z ♣❛r❛♠❡t❡r ✐s ❝❛❧❝✉❧❛t❡❞

t❤r♦✉❣❤✿

Z =
y − ym

max [yu − yl,♠✐♥✲r❛♥❣❡]
, ✭✶✳✺✸✮

✇❤❡r❡ y ✐s t❤❡ ❞❛t❛ ♣♦✐♥t✱ ym t❤❡ ♠❡❞✐❛♥✱ yu ❛♥❞ yl ❛r❡ t❤❡ ✉♣♣❡r ❛♥❞ ❧♦✇❡r ♣❡r❝❡♥t✐❧❡

✭✐✳❡✳ ✽✵ ❛♥❞ ✹✵✮ ✈❛❧✉❡s ♦❢ ❞❛t❛ ♦✈❡r t❤❡ ✇✐♥❞♦✇ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ✈❛r✐❛❜❧❡ ✏♠✐♥✲r❛♥❣❡✑

✐s ❝❤♦s❡♥ t♦ ♣r❡✈❡♥t s♠❛❧❧ ✈❛r✐❛t✐♦♥s ✐♥ ❞❛t❛✳ ■♥ t❤❡ ❧❛st st❡♣✱ t❤❡ ❤✐st♦❣r❛♠ ♦❢ Z

✈❛❧✉❡s ✐s ♣r♦❞✉❝❡❞ ❛♥❞ ♦✉t❧✐❡rs ❛r❡ ❞❡t❡r♠✐♥❡❞ ❛♥❞ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ ❞❛t❛✳

❊❛❝❤ ε ❡st✐♠❛t❡ ✐s ❝❛❧❝✉❧❛t❡❞ ♦✈❡r ✶✵ s❡❝♦♥❞s✳ ❚❤✐s ✐s ✉♣❞❛t❡❞ ❢♦r ❡✈❡r② ♥❡✇ s❡t

♦❢ ❞❛t❛ ✭❡✳❣✳✱ ✹ ♦r ✽ ❍③✮✳ ❚❤❡♥ t✐♠❡ s❡r✐❡s ♦❢ ε ✈❛❧✉❡s ❛r❡ ❣❡♥❡r❛t❡❞ ❢♦r st❛t✐st✐❝❛❧

❡st✐♠❛t✐♦♥s✱ ❛♥❞ t❤❡ ♠❡❛♥ ❛♥❞ ♣❡❛❦ ✈❛❧✉❡s ♦❢ ε ❛r❡ r❡♣♦rt❡❞ ❡✈❡r② ♠✐♥✉t❡✳ ■♥ ♦r❞❡r

t♦ s❛✈❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✱ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✐s ♦♥❧② r❡♣♦rt❡❞ ✐❢

✐t ❡①❝❡❡❞s ❛ ♣r❡✲❞❡t❡r♠✐♥❡❞ ✈❛❧✉❡ ✭❡✳❣✳✱ ✏♠♦❞❡r❛t❡✑ ♦r ✏❧✐❣❤t✲t♦✲♠♦❞❡r❛t❡✑✮✳

✶✳✼ ❖❜❥❡❝t✐✈❡ ♦❢ t❤✐s ❚❤❡s✐s

❚❤❡ ♠❛✐♥ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s t❤❡s✐s ✐s t❤❡ st✉❞② ♦❢ t❤❡ ♠❛❥♦r ❢❛❝t♦rs t❤❛t ❝❛♥ ❛✛❡❝t

t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ♠❡❛s✉r❡♠❡♥ts ✉s✐♥❣ ✇✐♥❞ ♣r♦✜❧❡r r❛❞❛rs ❛♥❞ t♦

❞❡✈❡❧♦♣ ✇❛②s t♦ ✐♠♣r♦✈❡ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts✳ ❲❡ ✇✐❧❧ ❛♣♣❧② t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤

♠❡t❤♦❞ t♦ ❡①tr❛❝t t✉r❜✉❧❡♥❝❡ ❢r♦♠ t❤❡ ♠❡❛s✉r❡❞ r❛❞❛r ❜❛❝❦s❝❛tt❡r❡❞ s✐❣♥❛❧✳ ❚❤❡ ✉s❡
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♦❢ t❤✐s ♠❡t❤♦❞ ✐s ❝❤❛❧❧❡♥❣✐♥❣✱ s✐♥❝❡ ✇❡❛❦ t✉r❜✉❧❡♥❝❡ ♦r ❛♥② ❡rr♦rs ❝❛♥ ❧❡❛❞ t♦ ♥❡❣❛t✐✈❡

❛♣♣❛r❡♥t ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s✳

❚❤❡r❡❢♦r❡✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❛❞❞r❡ss ❛♥❞ ❡①❛♠✐♥❡ ❛❧❧ t❤❡ ❢❛❝t♦rs t❤❛t ❝❛♥ ❝❛✉s❡

♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ❛♥❞ t♦ ❜❡tt❡r ❡st✐♠❛t❡ t❤❡ ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡

♣r♦❝❡❞✉r❡✳ ❚❤✐s ✇♦✉❧❞ ❛❧❧♦✇ ❛ ♠♦r❡ r❡❧✐❛❜❧❡ ❡st✐♠❛t❡ ♦❢ t✉r❜✉❧❡♥❝❡ t♦ ❜❡ ♠❛❞❡ ❜②

r❛❞❛r✳

■♥ ♦r❞❡r t♦ ❛❝❤✐❡✈❡ ♦✉r ❣♦❛❧✱ ✇❡ ❤❛✈❡ ✉s❡❞ r❛❞❛rs ❛t ❲❛❧s✐♥❣❤❛♠✱ ❍❛rr♦✇ ❛♥❞

◆❡❣r♦ ❈r❡❡❦✱ ✇❤✐❝❤ ❛r❡ ♣❛rt ♦❢ t❤❡ ❖✲◗◆❡t r❛❞❛r ♥❡t✇♦r❦✳ ❚❤❡ r❛❞❛rs ♠❡❛s✉r❡ ❜♦t❤

✇✐♥❞ s♣❡❡❞ ❛♥❞ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❧♦✇❡r ❛t♠♦s♣❤❡r❡ ♦✈❡r t❤❡ ✶✲✶✵ ❦♠ ❛❧t✐t✉❞❡ r❛♥❣❡✳

❉❡t❛✐❧s ❛❜♦✉t t❤❡ r❛❞❛rs ❛♥❞ ♦t❤❡r ♠❡t❤♦❞s ♦❢ t✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡♠❡♥t ❛r❡ ❣✐✈❡♥ ✐♥

❈❤❛♣t❡r ✶ ♦❢ t❤✐s t❤❡s✐s✳

■♥ ❈❤❛♣t❡r ✷✱ t❤❡ ❞❛t❛ t♦ ❜❡ ✉s❡❞ ❛r❡ ♣r❡s❡♥t❡❞✱ ❛♥❞ s❛♠♣❧❡s ❛r❡ ❣✐✈❡♥✳ ❚❤❡s❡

❡①❛♠♣❧❡s ✐♥❝❧✉❞❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ▼❡❛♥ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s✱ ❜♦t❤ ✇✐t❤ ❛♥❞

✇✐t❤♦✉t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ✐♥❝❧✉❞❡❞✱ ❛r❡ ❞✐s♣❧❛②❡❞✳ P♦ss✐❜❧❡ r❡❛s♦♥s ❢♦r t❤❡ ♥❡❣❛t✐✈❡

✈❛❧✉❡s ❛♥❞ ♠❛❥♦r ❝♦♥tr✐❜✉t♦rs t♦ ♣r♦❞✉❝t✐♦♥ ♦❢ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ❛r❡

✐♥tr♦❞✉❝❡❞✳ ❲❡ ❝♦♠♣❛r❡ t❤❡ ❡❛r❧✐❡r ♠♦❞❡❧s ❛♥❞ ❞❡r✐✈❡ ❛ ❢♦r♠✉❧❛ ✇❤✐❝❤ ❡st✐♠❛t❡s

t✉r❜✉❧❡♥❝❡ ♠♦r❡ ❛❝❝✉r❛t❡❧②✳ ❆♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡s❡ ❢♦r♠✉❧❛t✐♦♥s ❛r❡ ❞❡♠♦♥str❛t❡❞

✇✐t❤ r❡❛❧ ❞❛t❛✳ ❚❤✐s ❝❤❛♣t❡r ✐s ❛♥ ❡①♣❛♥❞❡❞ ✈❡rs✐♦♥ ♦❢ ❛ ♣❛♣❡r ✇❤✐❝❤ ❤❛s ❛❧r❡❛❞②

❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✭❉❡❤❣❤❛♥ ❛♥❞ ❍♦❝❦✐♥❣✱ ✷✵✶✶✮✳

■♥ ♦r❞❡r t♦ ❞❡t❡r♠✐♥❡ t✉r❜✉❧❡♥❝❡✱ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ♥❡❡❞s t♦ ❜❡ ❡st✐✲

♠❛t❡❞✳ ❚❤✐s ✐s ♣r❡s❡♥t❡❞ ✐♥ ❈❤❛♣t❡r ✸✱ ✇❤❡r❡ t❤❡ ❞❛✐❧② ❛♥❞ ♠♦♥t❤❧② ✈❛r✐❛t✐♦♥s ♦❢ t❤❡

❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✐♥ t❤❡ ❧♦✇❡r ❛t♠♦s♣❤❡r❡ ❛♥❞ ♠❛✐♥❧② ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡ ❛r❡

❛❧s♦ ✐♥❝❧✉❞❡❞✳

■♥ ❈❤❛♣t❡r ✹✱ ♦✉r ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t✉r❜✉❧❡♥❝❡ ❜② r❛❞❛r ❛r❡ ❝♦♠♣❛r❡❞ t♦ t✉r❜✉❧❡♥❝❡

✈❛❧✉❡s ❞❡❞✉❝❡❞ ❢r♦♠ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡ ❛✐r❝r❛❢t ❞❛t❛ ✐♥❝❧✉❞❡

♠❡❛s✉r❡♠❡♥ts ❜② ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t ✭♣r♦✈✐❞❡❞ ❜② ❊♥✈✐r♦♥♠❡♥t ❈❛♥❛❞❛✮ ❛r♦✉♥❞ t❤❡

✉♣♣❡r ❜♦✉♥❞❛r② ❧❛②❡r ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✱ ❛♥❞ ❞❛t❛ ♠❡❛s✉r❡❞ ❜② ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t

♦✈❡r t❤❡ ✶✲✶✵ ❦♠ ❛❧t✐t✉❞❡ r❛♥❣❡✳ ■♥ r❡❣❛r❞ t♦ t❤❡ ❚✇✐♥ ❖tt❡r ❞❛t❛✱ ✇❡ ❤❛✈❡ r❛✇ ❞❛t❛

s❛♠♣❧❡❞ ❛t ❛ r❡s♦❧✉t✐♦♥ ♦❢ ✶✵ ❍③✱ ❛♥❞ s♦ ❝❛♥ ❛♣♣❧② str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♣r♦❝❡❞✉r❡s t♦

❡st✐♠❛t❡ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡✳ ❚❤✐s ♠❡t❤♦❞ ✐s ❛♣♣❧✐❡❞ t♦ ❜♦t❤ ❧♦♥❣✐t✉❞✐♥❛❧

❛♥❞ tr❛♥s✈❡rs❡ ❝♦♠♣♦♥❡♥ts ♦❢ ✇✐♥❞ ✈❡❧♦❝✐t② ♠❡❛s✉r❡❞ ❜② ❛✐r❝r❛❢t ❛♥❞ ❝♦♠♣❛r❡❞ t♦

r❛❞❛r ♠❡❛s✉r❡♠❡♥ts✳ ❲✐t❤ r❡❣❛r❞ t♦ t❤❡ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t ❞❛t❛ ✭♣r♦✈✐❞❡❞ ❜② t❤❡

◆❛t✐♦♥❛❧ ❈❡♥t❡r ❢♦r ❆t♠♦s♣❤❡r✐❝ ❘❡s❡❛r❝❤✮✱ ✇❡ ✇❡r❡ ♥♦t s✉♣♣❧✐❡❞ ✇✐t❤ r❛✇ ♣♦✐♥t✲❜②✲

♣♦✐♥t ✈❡❧♦❝✐t② ♠❡❛s✉r❡♠❡♥ts✱ ❜✉t r❛t❤❡r ✇❡r❡ ❣✐✈❡♥ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

r❛t❡s ❞✐r❡❝t❧②✱ ✇❤✐❝❤ ✇❡ ❝❛♥ t❤❡♥ ❝♦♠♣❛r❡ t♦ t❤❡ r❛❞❛r ❞❛t❛✳

■♥ ❈❤❛♣t❡r ✺✱ ✇❡ ❞✐s❝✉ss ♦✉r r❡s✉❧ts ❛♥❞ ♣r❡s❡♥t ♦✉r ❝♦♥❝❧✉s✐♦♥s✳
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❈❤❛♣t❡r ✷

■♥str✉♠❡♥t❛❧ ❊rr♦rs ✐♥ ❙♣❡❝tr❛❧✲✇✐❞t❤

❚✉r❜✉❧❡♥❝❡ ▼❡❛s✉r❡♠❡♥ts ❜② ❘❛❞❛rs

▼❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❜② r❛❞❛r s♣❡❝tr❛❧✲✇✐❞t❤ ♣r♦❝❡✲

❞✉r❡s r❡q✉✐r❡s ❞✐✛❡r❡♥❝✐♥❣ t✇♦ ♥✉♠❜❡rs t♦ ♣r♦❞✉❝❡ ❛ ❞✐✛❡r❡♥❝❡ ✇❤✐❝❤ ✐s s♠❛❧❧ r❡❧❛t✐✈❡

t♦ t❤❡ t✇♦ ✐♥✐t✐❛❧ ♥✉♠❜❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ sq✉❛r❡ ♦❢ ❛ s♦✲❝❛❧❧❡❞ ✏❜❡❛♠✲❜r♦❛❞❡♥✐♥❣✑

❝♦♠♣♦♥❡♥t ♠✉st ❜❡ s✉❜tr❛❝t❡❞ ❢r♦♠ t❤❡ sq✉❛r❡ ♦❢ ❛ ♠❡❛s✉r❡❞ s♣❡❝tr❛❧ ✇✐❞t❤✳ ❇❡✲

❝❛✉s❡ t❤❡ ❞✐✛❡r❡♥❝❡ ✐s r❡❧❛t✐✈❡❧② s♠❛❧❧✱ ✐t ✐s ✈❡r② s❡♥s✐t✐✈❡ t♦ st❛t✐st✐❝❛❧ ✢✉❝t✉❛t✐♦♥s

✐♥ ❡❛❝❤ ♦❢ t❤❡ ✐♥✐t✐❛❧❧② ♠❡❛s✉r❡❞ ♣❛r❛♠❡t❡rs✳ ❚❤❡ ♠❡t❤♦❞ ❜② ✇❤✐❝❤ t❤❡ ♠❡❛s✉r❡❞

s♣❡❝tr❛❧ ✇✐❞t❤ ✐s ❞❡t❡r♠✐♥❡❞ ❝❛♥ ✐♠♣❛❝t t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts✱ ❛♥❞✱ ✐♥

❛❞❞✐t✐♦♥✱ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❝♦♠♣♦♥❡♥t ✐s ❛✛❡❝t❡❞ ❜② ❡rr♦rs ✐♥ t❤❡ ♠❡❛s✉r❡❞ ✇✐♥❞✱

✈❛r✐❛❜✐❧✐t② ✐♥ t❤❡ ♠❡❛♥ ✇✐♥❞✱ ✇✐♥❞✲s❤❡❛r✱ ❛♥❞ ❛s♣❡❝t✲s❡♥s✐t✐✈✐t② ♦❢ t❤❡ s❝❛tt❡r❡rs✳ ❆❧❧

t❤❡s❡ ❡✛❡❝ts ❝❛♥ ✐♠♣❛❝t t❤❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡✱ ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s ❝❛♥ ❡✈❡♥

♣r♦❞✉❝❡ ♣❤②s✐❝❛❧❧② ✉♥r❡❛❧✐st✐❝ ✏♥❡❣❛t✐✈❡✑ ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤✳ ■♥ t❤✐s ❝❤❛♣✲

t❡r✱ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ✭✐✮ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ♠❡❛♥ ✇✐♥❞ ✇✐t❤✐♥

t❤❡ ❛✈❡r❛❣✐♥❣ ♣❡r✐♦❞✱ ✭✐✐✮ ❞✐❣✐t✐③❛t✐♦♥ ❡rr♦rs ❛♥❞ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢

t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤✱ ✭✐✐✐✮ t❤❡ ♣❛rt✐❝✉❧❛r ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ♠♦❞❡❧ ❡♠♣❧♦②❡❞✱ ❛♥❞ ✭✐✈✮

❛♥✐s♦tr♦♣② ♦❢ t❤❡ s❝❛tt❡r❡rs✳ ❆❧t❤♦✉❣❤ t❤❡s❡ t❡r♠s ❛r❡ ♦❢t❡♥ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛✲

t✉r❡✱ ✇❡ ❤❛✈❡ q✉❛♥t✐✜❡❞ t❤❡✐r r❡❧❛t✐✈❡ ✐♠♣♦rt❛♥❝❡✳ ❚❤❡ ❛❝❝✉r❛❝② ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢

t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤ ✐s t❤❡ ♠♦st ✐♠♣♦rt❛♥t s♦✉r❝❡ ♦❢ ❡rr♦r✱ ❢♦❧❧♦✇❡❞ ❜② ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡

♠❡❛♥ ✇✐♥❞ ✐♥ t❤❡ ❛✈❡r❛❣✐♥❣ ♣❡r✐♦❞✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❡s❡ st✉❞✐❡s✱ ✇❡ ❛❧s♦ ❞❡✈❡❧♦♣ ❛

♥❡✇ ❢♦r♠✉❧❛ ❢♦r ❛❝❝✉r❛t❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr❛❧ ✇✐❞t❤✳ ❚❤✐s

✐♥❝❧✉❞❡s ❛ ♥❡✇ t❡r♠ ♠✐ss✐♥❣ ❢r♦♠ ❡❛r❧✐❡r ❢♦r♠✉❧❛t✐♦♥s✳
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✷✳✶ ❙❛♠♣❧❡ ❉❛t❛ ❛♥❞ ◆❡❣❛t✐✈❡ ❚✉r❜✉❧❡♥t ❊♥❡r❣② ❉✐s✲

s✐♣❛t✐♦♥ ❘❛t❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❤♦✇ s♦♠❡ ❡①❛♠♣❧❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❞❡❞✉❝❡❞ ❢r♦♠

r❛❞❛r ♠❡❛s✉r❡♠❡♥ts✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❏✉❧②✱ ✷✵✵✼✱ ❞✉r✐♥❣ ✇❤✐❝❤ ❛

❣♦♦❞ r❛♥❣❡ ♦❢ ❛t♠♦s♣❤❡r✐❝ ❝♦♥❞✐t✐♦♥s ♦❝❝✉rr❡❞✳ ❲❡ ❛❧s♦ ❧♦♦❦ ❛t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❢♦r

t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ✐♥ t❤✐s t✐♠❡ ❢r❛♠❡✱ ❛♥❞ ❜r✐❡✢② ✐♥✈❡st✐❣❛t❡ t❤❡✐r

✐♠♣❛❝t✳ ❖♥❡ ✇♦r❞ ♦❢ ✇❛r♥✐♥❣ ♥❡❡❞s t♦ ❜❡ ♥♦t❡❞✳ ■♥ t❤✐s st✉❞②✱ ✇❡ ✉s❡❞ ♦♥❧② ❞❛t❛

r❡❝♦r❞❡❞ ✇✐t❤ ♦✛✲✈❡rt✐❝❛❧ ❜❡❛♠s✱ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ t❤❡ ❡✛❡❝ts ♦❢ s♣❡❝✉❧❛r r❡✢❡❝t✐♦♥s✳

❚❤❡ ✈❡rt✐❝❛❧ ❜❡❛♠ ✐s ❛❧♠♦st ❛❧✇❛②s ❝♦♥t❛♠✐♥❛t❡❞ ❜② s❝❛tt❡r❡rs ❛♥❞ r❡✢❡❝t♦rs ✇❤✐❝❤

❛r❡ ❡❧♦♥❣❛t❡❞ ❤♦r✐③♦♥t❛❧❧②✱ ❛♥❞ ❜❡❤❛✈❡ ✐♥ ❛ ♠❛♥♥❡r ❞✐✛❡r❡♥t t♦ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡✱

s♦ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥❧② ♦♥ ♦✛✲✈❡rt✐❝❛❧ ❜❡❛♠ ❞❛t❛✳

✷✳✶✳✶ ❚②♣✐❝❛❧ ▼❡❛s✉r❡♠❡♥ts

❋✐❣✉r❡ ✷✳✶ s❤♦✇s t❤❡ ✇✐♥❞ s♣❡❡❞s ❛♥❞ ❞✐r❡❝t✐♦♥s ❢♦r t❤❡ ♠♦♥t❤ ♦❢ ❏✉❧②✱ ✷✵✵✼ ♠❡❛s✉r❡❞

✇✐t❤ t❤❡ r❛❞❛r ❛t t❤❡ ❍❛rr♦✇ s✐t❡✳ ❋♦r ♠♦st ♦❢ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥

t❤✐s ❞❛t❛ s❡t✱ s✐♥❝❡ ♠♦st ♦❢ t❤❡ ♣❛r❛♠❡t❡rs t❤❛t ✇❡ ♥❡❡❞ t♦ ❞✐s❝✉ss ❛r❡ ✇❡❧❧ r❡♣r❡s❡♥t❡❞

❜② ✐t✳ ❲✐♥❞ s♣❡❡❞s ✈❛r✐❡❞ ❜❡t✇❡❡♥ ❛ ❢❡✇ ♠✴s t♦ ✸✵ ❛♥❞ ✹✵ ♠✴s✱ ❣✐✈✐♥❣ ❛ ❜r♦❛❞ r❛♥❣❡

♦❢ ❝♦♥❞✐t✐♦♥s✳ ▼❡❛s✉r❡♠❡♥ts ❢r♦♠ t❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r ✇✐❧❧ ❛❧s♦ ❜❡ ♣r❡s❡♥t❡❞ ❢♦r

❏✉❧② ✷✵✵✼✱ ❛s r❡q✉✐r❡❞✳ ❚❤❡ ◆❡❣r♦ ❈r❡❡❦ r❛❞❛r ✇❛s ♥♦t ♦♣❡r❛t✐♦♥❛❧ ✉♥t✐❧ ❧❛t❡ ✷✵✵✽✱ s♦

✇❤❡♥ ✇❡ ♥❡❡❞ t♦ ❞♦ ❝♦♠♣❛r✐s♦♥s ✇✐t❤ ◆❡❣r♦ ❈r❡❡❦ ✇❡ ✇✐❧❧ ✉s❡ ❞❛t❛ ❢r♦♠ ❏✉❧② ✷✵✵✾✳

❋✐❣✉r❡ ✷✳✷ s❤♦✇s ❤❡✐❣❤t✲t✐♠❡ ♣❧♦ts ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡ t❤r♦✉❣❤♦✉t

t❤❡ ♠♦♥t❤ ❢♦r ❛ ❜❡❛♠ ♣♦✐♥t✐♥❣ t♦ t❤❡ ♥♦rt❤✲✇❡st✳ ❚❤❡ ✉♣♣❡r ❣r❛♣❤ ✭❞❡♥♦t❡❞ ✏♠♦❞❡❧

◆✑✮ s❤♦✇s ε ✈❛❧✉❡s ♣r♦❞✉❝❡❞ ❛ss✉♠✐♥❣ ❊q✉❛t✐♦♥s ✭✶✳✸✽✮ ❛♥❞ ✶✳✸✺ ✇❤✐❧❡ t❤❡ s❡❝♦♥❞

♦♥❡ s❤♦✇s t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ ❊q✉❛t✐♦♥s ✭✶✳✸✾✮✱ ✭✶✳✹✵✮

❛♥❞ ✭✶✳✸✺✮✳ ❚❤❡ t✇♦ s❡ts ♦❢ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r ✐♥ ❣❡♥❡r❛❧ ❛♣♣❡❛r❛♥❝❡✳ ❚❤❡ t❤✐r❞

❣r❛♣❤ s❤♦✇s ❞❛t❛ r❡❝♦r❞❡❞ ♦♥ ❛ ❜❡❛♠ ♣♦✐♥t✐♥❣ t♦ t❤❡ ◆♦rt❤✲❡❛st✱ ♦rt❤♦❣♦♥❛❧ t♦ t❤❡

✜rst✳ ❆❣❛✐♥✱ t❤❡ ❣❡♥❡r❛❧ ❛♣♣❡❛r❛♥❝❡ ✐s s✐♠✐❧❛r t♦ t❤❡ ♦t❤❡r t✇♦✱ s✉❣❣❡st✐♥❣ ✈❡r② ❧✐tt❧❡

✈❛r✐❛t✐♦♥ ✐♥ ❛③✐♠✉t❤❛❧ ✈✐❡✇✲❞✐r❡❝t✐♦♥✳

❋✐❣✉r❡ ✷✳✷ ❛❧s♦ s❤♦✇s t❤❡ ❧❛r❣❡ ❞②♥❛♠✐❝ r❛♥❣❡ ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳

❇❛❝❦❣r♦✉♥❞ ✈❛❧✉❡s ❛r❡ ❣❡♥❡r❛❧❧② ♦❢ t❤❡ ♦r❞❡r ♦❢ 10−4 ❲✴❦❣✱ ❝♦♥s✐st❡♥t ✇✐t❤ ▲❡❡ ❡t

❛❧✳✱ ✶✾✽✽ ✭✇❤♦ ❝❛t❛❧♦❣✉❡❞ ❛♥ ❡①t❡♥s✐✈❡ ❣r♦✉♣ ♦❢ ✐♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡

str❡♥❣t❤s✮✱ ❛♥❞ ❛❧s♦ ✇✐t❤ ❍♦❝❦✐♥❣ ❛♥❞ ▼✉ ✭✶✾✾✼✮✳ ❍♦✇❡✈❡r✱ s✉♣❡r✐♠♣♦s❡❞ ♦♥ t❤✐s

❣❡♥❡r❛❧ ❜❛❝❦❣r♦✉♥❞ ❛r❡ s❤♦rt ❜✉rsts ♦❢ t✉r❜✉❧❡♥❝❡ ✇❤✐❝❤ r✐s❡ ✇❡❧❧ ❛❜♦✈❡ 10−3 ❲✴❦❣

✭r❡❞ ❛♥❞ ❜❧❛❝❦ ❝♦❧♦rs✮✳ ❚❤❡s❡ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ s♦✲❝❛❧❧❡❞✿ ✏✇❤✐t❡✲❝❛♣s✑ ❜✉rsts ♦❢
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❋✐❣✉r❡ ✷✳✶✿ P❧♦ts ♦❢ ✇✐♥❞ s♣❡❡❞ ❛♥❞ ❞✐r❡❝t✐♦♥ r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r t❤❡
♠♦♥t❤ ♦❢ ❏✉❧②✱ ✷✵✵✼✳ ❱❡❝t♦rs ♣♦✐♥t✐♥❣ t♦ t❤❡ t♦♣ ♦❢ t❤❡ ♣❛❣❡ r❡♣r❡s❡♥t ❛ ♥♦rt❤✇❛r❞
✭s♦✉t❤❡r❧②✮ ✇✐♥❞✱ ❛♥❞ ✈❡❝t♦rs ♣♦✐♥t✐♥❣ t♦ t❤❡ r✐❣❤t ✐♥❞✐❝❛t❡ ❛♥ ❡❛st✇❛r❞ ✭✇❡st❡r❧②✮
✇✐♥❞✳ ❲✐♥❞ str❡♥❣t❤s ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡ ✈❡❝t♦r✱ ✇✐t❤ t❤❡ ❧❡♥❣t❤ ♦❢
❛ ✈❡❝t♦r r❡♣r❡s❡♥t✐♥❣ ✹✵ ♠✴s s❤♦✇♥ ❛t t❤❡ ✉♣♣❡r r✐❣❤t ♦❢ t❤❡ ✜❣✉r❡✳
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North-West Beam

North-West Beam

North-East Beam

Date, July 2007

01 10 15 20 25 3005

❋✐❣✉r❡ ✷✳✷✿ ❍❡✐❣❤t✲t✐♠❡ ♣❧♦ts ♦❢ t❤❡ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❢♦r
t❤❡ ❍❛rr♦✇ r❛❞❛r ✐♥ ❏✉❧②✱ ✷✵✵✼✳ ❚❤❡ ✉♣♣❡r ❣r❛♣❤ ✭❧❛❜❡❧❡❞ ◆✮ ✇❛s ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣
❊q✉❛t✐♦♥ ✭✶✳✸✽✮ ❢♦r t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ t❡r♠✳ ❚❤❡ s❡❝♦♥❞ ❣r❛♣❤ ✇❛s ♣r♦❞✉❝❡❞ ✉s✐♥❣
❛ ♣r♦①② ❢♦r ❛ ❢✉❧❧② ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ✭❧❛❜❡❧❡❞ ✏▲❙✑✱ ❢♦r ✏❧❛②❡r✲s✉♠♠✐♥❣✑ ♠❡t❤♦❞✮✳ ❇♦t❤
♦❢ t❤❡ ✉♣♣❡r ❣r❛♣❤s ✉s❡❞ ❞❛t❛ r❡❝♦r❞❡❞ ✇✐t❤ ❛ ❜❡❛♠ ♣♦✐♥t✐♥❣ t♦ t❤❡ ◆♦rt❤✲❲❡st ❛t
10.9◦ ❢r♦♠ ③❡♥✐t❤✳ ❚❤❡ ❧♦✇❡r ❣r❛♣❤ s❤♦✇s ❞❛t❛ ❢♦r ❛♥ ♦rt❤♦❣♦♥❛❧ ❜❡❛♠ ♣♦✐♥t❡❞ ✐♥
t❤❡ ◆♦rt❤✲❊❛st ❞✐r❡❝t✐♦♥✱ ✉s✐♥❣ t❤❡ ♣r♦①② ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧✳
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str♦♥❣ ❡♣✐s♦❞❡s ♦❢ t✉r❜✉❧❡♥❝❡✱ ❛s ❞❡s❝r✐❜❡❞ ❜② ❋❛✐r❛❧❧ ❡t ❛❧✳✱ ✭✶✾✾✶✮✱ ❍♦❝❦✐♥❣ ✭✶✾✾✶✮✱

❛♥❞ ❍✐♥❡s ✭✶✾✾✶✮✳ ❉❡s♣✐t❡ t❤❡ ❣❡♥❡r❛❧❧② ♣♦s✐t✐✈❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ t❤✐s ❞❛t❛✲s❡t✱ ❤♦✇❡✈❡r✱

♦♥❡ ♣r♦❜❧❡♠ ❛r✐s❡s✳ ❆ s✐❣♥✐✜❝❛♥t ♥✉♠❜❡r ♦❢ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s

s❤♦✇ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ✭♥♦t ♣❧♦tt❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✷✮✳ ❚❤❡s❡ ❛r❡ ♣❤②s✐❝❛❧❧② ✉♥r❡❛❧✐st✐❝✱ ❛♥❞

t❤❡ ❝❛✉s❡ ♦❢ s✉❝❤ ✈❛❧✉❡s ♥❡❡❞s t♦ ❜❡ ✉♥❞❡rst♦♦❞✳ ■♥ ♣r❡✈✐♦✉s st✉❞✐❡s✱ t❤❡ ❡①✐st❡♥❝❡ ♦❢

s✉❝❤ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❤❛s ❜❡❡♥ ♠❡♥t✐♦♥❡❞ ✭❡✳❣✳ ◆❛str♦♠ ❛♥❞ ❊❛t♦♥✱ ✶✾✾✼❀ ◆❛r❛②❛♥❛

❘❛♦ ❡t ❛❧✳✱ ✷✵✵✶✮✱ ❜✉t s♦♠❡t✐♠❡s t❤❡ ❝❤♦s❡♥ ♣r❛❝t✐❝❡ ✐s t♦ ✐❣♥♦r❡ t❤❡♠ ✭❡✳❣✳ ❏❛❝♦❜②✲

❑♦❛❧② ❡t ❛❧✳✱ ✷✵✵✷✱ ❛♠♦♥❣ ♦t❤❡rs✮✳ ❚❤✐s ♠❛② ❜❡✱ ♦r ♠❛② ♥♦t ❜❡✱ ❛ ✈❛❧✐❞ ♣r❛❝t✐❝❡✱ ❛♥❞

♥❡❡❞s t♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ Pr❡✈✐♦✉s st✉❞✐❡s ❤❛✈❡ ❞✐s❝✉ss❡❞ t❤❡ ❝❛✉s❡ ♦❢ t❤❡s❡ ✈❛❧✉❡s

✐♥ ❛ ❣❡♥❡r❛❧ s❡♥s❡✱ ❜✉t ♥♦t q✉❛♥t✐t❛t✐✈❡❧②✳ ❖✉r ♦❜❥❡❝t✐✈❡ ❤❡r❡ ✇✐❧❧ ❜❡ ❛ q✉❛♥t✐t❛t✐✈❡

st✉❞② ♦❢ s♦♠❡ ♦❢ t❤❡ ♠♦r❡ ✐♠♣♦rt❛♥t ♣♦t❡♥t✐❛❧ r❡❛s♦♥s ❢♦r t❤❡s❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳

❋✐❣✉r❡ ✷✳✸ s❤♦✇s t❤❡ ✐♠♣❛❝t ♦❢ t❤❡s❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❚❤❡ ✜❣✉r❡ ❞✐s♣❧❛②s ✈❡rt✐❝❛❧

♣r♦✜❧❡s ♦❢ ♠♦♥t❤❧② ❛✈❡r❛❣❡❞ ✈❛❧✉❡s ♦❢ ε ❢r♦♠ ✷ t♦ ✾✳✺ ❦♠ ❢♦r ❜♦t❤ t❤❡ ❍❛rr♦✇ ❛♥❞

❲❛❧s✐♥❣❤❛♠ r❛❞❛rs ✐♥ ❏✉❧② ✷✵✵✼ ❢♦r t✇♦ ❞✐st✐♥❝t ❝❛s❡s✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❛✈❡r❛❣❡s ❛r❡

❢♦r♠❡❞ ✉s✐♥❣ ♦♥❧② ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦❢ ε ✱ ✇❤✐❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ t❤❡ ❛✈❡r❛❣❡s ✐♥❝❧✉❞❡

❛❧❧ ♠❡❛s✉r❡❞ ✈❛❧✉❡s ♦❢ ε✱ ✐♥❝❧✉❞✐♥❣ t❤❡ ♥❡❣❛t✐✈❡ ♦♥❡s✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ❢r♦♠ ✷ ❦♠

❛❧t✐t✉❞❡ t♦ ❛r♦✉♥❞ ✺✲✻ ❦♠✱ t❤❡ t✇♦ ♣r♦✜❧❡s ❛r❡ s✐♠✐❧❛r ✐♥ ♠❛❣♥✐t✉❞❡ ✭t♦ ✇✐t❤✐♥ ❛t

❧❡❛st ❛ ❢❛❝t♦r ♦❢ ✷✮✳ ❍♦✇❡✈❡r✱ ❛❜♦✈❡ ❛♣♣r♦①✐♠❛t❡❧② ✻ ❦♠✱ t❤❡ t✇♦ ❞✐✛❡r❡♥t s❡ts ♦❢

❡st✐♠❛t❡s ❞✐✈❡r❣❡✳

■♥ ♦r❞❡r t♦ ❢✉rt❤❡r ❡♠♣❤❛s✐③❡ t❤✐s ❡✛❡❝t✱ ❋✐❣✉r❡ ✷✳✹✭❛✮ s❤♦✇s t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢

♥❡❣❛t✐✈❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ε ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❡✐❣❤t ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ❏✉❧②

✷✵✲✸✶✱ ✷✵✵✼✳ ❲❡ ❤❛✈❡ ♣❡r❢♦r♠❡❞ t❤❡s❡ ❝❛❧❝✉❧❛t✐♦♥s ✉s✐♥❣ t✇♦ ❞✐✛❡r❡♥t ❡st✐♠❛t❡s ♦❢

t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr✉♠✳ ❖♥❡ ♣r♦✜❧❡ ✭❧❛❜❡❧❡❞ ◆✮ ✉s❡s t❤❡ ♠♦❞❡❧ ♦❢ ◆❛str♦♠

✭✶✾✾✼✮ ✭❊q✉❛t✐♦♥ ✭✶✳✸✽✮ ✐♥ t❤✐s st✉❞②✮✳ ❚❤❡ ♦t❤❡r ✭❧❛❜❡❧❡❞ ▲❙✮ ✉s❡s ❛ ♣❛r❛♠❡tr✐③❛t✐♦♥

♦❢ t❤❡ ❢✉❧❧ s♣❡❝tr❛❧ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✉s✐♥❣ ❊q✉❛t✐♦♥s ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮✳ ❇❡❧♦✇ ✺ ❦♠

❛❧t✐t✉❞❡✱ t❤❡ ♣❡r❝❡♥t❛❣❡s ❛r❡ ❛♣♣r♦①✐♠❛t❡❧② ❜❡t✇❡❡♥ ✺ ❛♥❞ ✷✵✪✱ ❜✉t ❛❜♦✈❡ t❤✐s ❤❡✐❣❤t

t❤❡② r✐s❡ ♠❛r❦❡❞❧②✱ r❡❛❝❤✐♥❣ ✹✵✪ ❛t ✼✲✽ ❦♠✳ ❆♥ ❡①❛❝t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ♠♦❞❡❧s ◆

❛♥❞ ▲❙ ✇✐❧❧ ❜❡ ❣✐✈❡♥ ✐♥ s❡❝t✐♦♥ ✷✳✷✳

❆♥ ✐♠♠❡❞✐❛t❡ s✉s♣✐❝✐♦♥ ❛r✐s❡s t❤❛t t❤❡ ♣♦s✐t✐✈❡ ✈❡rt✐❝❛❧ ❣r❛❞✐❡♥t ♦❢ ♣❡r❝❡♥t❛❣❡s

♠✐❣❤t ❜❡ ❞✉❡ t♦ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❙◆❘ r❛t✐♦✱ s✐♥❝❡ s❝❛tt❡r ❢r♦♠ t❤❡ ❤✐❣❤❡r ❛❧t✐t✉❞❡s

t❡♥❞s t♦ ❜❡ ✇❡❛❦❡r✱ ❛s ✐s ✇❡❧❧ ❦♥♦✇♥✳ ❇✉t ❛s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✱ ♦✉r ✉s❡ ♦❢ ✜tt✐♥❣

s♣❡❝tr❛❧ ♣r♦❝❡❞✉r❡s✱ ❛♥❞ r❡❥❡❝t✐♦♥ ♦❢ ✉♥s✉✐t❛❜❧❡ ♦r ♥♦✐s② s♣❡❝tr❛✱ ♠❛❦❡s t❤✐s ✉♥❧✐❦❡❧②✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ♣♦ss✐❜✐❧✐t② ✐s t❤❛t t❤❡ ✐♥❝r❡❛s❡ ✐♥ ♣❡r❝❡♥t❛❣❡s ✐s ❞✉❡ t♦ ✐♥❝r❡❛s✐♥❣ ✇✐♥❞

s♣❡❡❞s✱ s✐♥❝❡ t❤❡ ✈❡rt✐❝❛❧ ❣r❛❞✐❡♥t ♦❢ ✇✐♥❞ s♣❡❡❞ ✐s ♣♦s✐t✐✈❡ ❢♦r ♦✉r ❞❛t❛✳ ■♥ ♦r❞❡r

t♦ t❡st t❤✐s ♣♦ss✐❜✐❧✐t②✱ t❤❡ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s ❤❛✈❡ ❜❡❡♥ ❜✐♥♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ ✇✐♥❞✲

s♣❡❡❞s✳ ❇✐♥s ♦❢ ✵✲✸✱ ✸✲✻✱ ✻✲✾ ♠✴s ❡t❝✳✱ ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥✱ ❛♥❞ t❤❡♥ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢



✸✽

-2 0 2 4 6 8 10

x 10
-4

2

3

4

5

6

7

8

9

10

Energy Dissipation Rate (W/kg)

H
e
ig

h
t 

(k
m

)

 

 

Walsingham July, 2007
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Harrow July, 2007

(b)

Positive Values

All Values

Zero Line

Positive Values

All Values

Zero Line

❋✐❣✉r❡ ✷✳✸✿ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❢♦r t❤❡ ✭❛✮ ❲❛❧s✐♥❣❤❛♠ ❛♥❞ ✭❜✮
❍❛rr♦✇ r❛❞❛rs ❢♦r ❏✉❧② ✷✵✵✼✱ ✉s✐♥❣ ❛❧❧ ❞❛t❛ ✭❜r♦❦❡♥ ❧✐♥❡s✮ ❛♥❞ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦♥❧②
✭s♦❧✐❞ ❧✐♥❡s✮✳
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♥❡❣❛t✐✈❡s ❤❛s ❜❡❡♥ ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❡✐❣❤t ❢♦r ❡❛❝❤ ❜✐♥✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥

✐♥ ❋✐❣✉r❡ ✷✳✹✭❜✮✱ ✉s✐♥❣ t❤❡ ✏▲❙✑ ♠♦❞❡❧ ❢r♦♠ ❋✐❣✉r❡ ✷✳✹✭❛✮✳

❚❤❡ ✐♥❞✐✈✐❞✉❛❧ ♣r♦✜❧❡s ♥♦ ❧♦♥❣❡r s❤♦✇ ❛♥② s✐❣♥✐✜❝❛♥t ✈❛r✐❛t✐♦♥ ✇✐t❤ ❤❡✐❣❤t✱ ❛♥❞

❝❧❡❛r❧② t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ✐♥❝r❡❛s❡s ✇✐t❤ ❣r❡❛t❡r ✇✐♥❞ s♣❡❡❞s✳ ❚②♣✐❝❛❧

♣❡r❝❡♥t❛❣❡s ❛r❡ ❧❡ss t❤❛♥ ✶✵✪ ❢♦r ✇✐♥❞ s♣❡❡❞s ❧❡ss t❤❛♥ ✾ ♠✴s✱ t❤❡♥ r✐s❡ t♦ ❛❜♦✉t

✷✵✪ ❢♦r ✇✐♥❞s ♦❢ ✾✲✶✷ ♠✴s✱ ✸✵✪ ❢♦r ✇✐♥❞s ♦❢ ✶✷✲✶✺ ♠✴s✱ ❛♥❞ t❤❡♥ ❛❜♦✈❡ ✶✺ ♠✴s

t❤❡ ♣❡r❝❡♥t❛❣❡s r❡❛❝❤ ❛♥❞ ❡①❝❡❡❞ ✹✵✪✳ ❖t❤❡r s✐t❡s s❤♦✇ t❤❡ s❛♠❡ ❡✛❡❝t✳ ❚❤❡r❡ ✐s

❛ s❧✐❣❤t ❞❡❝r❡❛s❡ ❛t ✶✵ ❦♠✱ ✇❤✐❝❤ ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t s♦♠❡ ♦❢ t❤❡ ❞❛t❛ ❛t

t❤✐s ❤❡✐❣❤t ✇❛s str❛t♦s♣❤❡r✐❝✳ ■♥ ❋✐❣✉r❡ ✷✳✹✭❝✮✱ ✇❡ ❤❛✈❡ ❜✐♥♥❡❞ ❛❧❧ t❤❡ ❞❛t❛ ❢r♦♠

❛❧❧ ❤❡✐❣❤ts ✭✷✲✶✵ ❦♠ ❛❧t✐t✉❞❡✮ t♦❣❡t❤❡r✱ ❜✉t ❦❡♣t t❤❡ s❡♣❛r❛t❡ ✇✐♥❞✲s♣❡❡❞ ❜✐♥s✳ ❚❤❡

♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ ♠❡❛s✉r❡♠❡♥ts ❝❧❡❛r❧② ✐♥❝r❡❛s❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✇✐♥❞✲s♣❡❡❞✱

❛♥❞ t❤❡ s❧♦♣❡ ✐s ❧❡❛st ❢♦r t❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r ✭✇✐t❤ t❤❡ ♥❛rr♦✇❡st r❛❞❛r ❜❡❛♠✮ ❛♥❞

❣r❡❛t❡st ❢♦r t❤❡ ◆❡❣r♦ ❈r❡❡❦ r❛❞❛r ✭✇❤✐❝❤ ❤❛s t❤❡ ✇✐❞❡st ❜❡❛♠✮✳ ✭❚❤❡ ◆❡❣r♦ ❈r❡❡❦

r❛❞❛r ❞✐❞ ♥♦t ❡①✐st ✐♥ ✷✵✵✼✱ s♦ ✇❡ ❤❛✈❡ s❤♦✇♥ ❞❛t❛ ❢♦r ❏✉❧② ✷✵✵✾ ❛s ❛ ♣r♦①②✱ ❛s ✇❡❧❧

❛s ❙❡♣t❡♠❜❡r ✷✵✵✽ t♦ ✈❡r✐❢② t❤❛t t❤❡ t❡♥❞❡♥❝② t♦ ❛ ❧❛r❣❡r s❧♦♣❡ ✐s ❝♦♠♠♦♥ t♦ t❤❡

◆❡❣r♦ ❈r❡❡❦ r❛❞❛r✮✳ ■t ✐s ♥♦✇ ♥❡❝❡ss❛r② t♦ t✉r♥ t♦ ❝♦♥s✐❞❡r ♣♦ss✐❜❧❡ r❡❛s♦♥s ❢♦r t❤✐s

❞❡♣❡♥❞❡♥❝❡✳

✷✳✶✳✷ P♦ss✐❜❧❡ ❘❡❛s♦♥s ❢♦r ◆❡❣❛t✐✈❡ ❚✉r❜✉❧❡♥❝❡ ❙tr❡♥❣t❤s

■♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ t❤❡ ♣♦ss✐❜✐❧✐t② t❤❛t t❤❡ ❙◆❘ r❛t✐♦ ♠✐❣❤t ✐♠♣❛❝t t❤❡ ♣❡r❝❡♥t❛❣❡

♦❢ ♥❡❣❛t✐✈❡s ✇❛s ❧❛r❣❡❧② r✉❧❡❞ ♦✉t✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ♦❢ ♦✉r ✉s❡ ♦❢ ❛ s♣❡❝tr❛❧ ✜tt✐♥❣

♣r♦❝❡❞✉r❡✳ ■t ♠❛② ♥♦t ❜❡ ♣♦ss✐❜❧❡ t♦ ✐❣♥♦r❡ ❙◆❘ ✐ss✉❡s ✐❢ ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts ❛r❡ ✉s❡❞

❢♦r t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ s♣❡❝tr❛❧ ✇✐❞t❤s✱ ❜✉t t❤❛t ✇❛s ♥♦t t❤❡ ❝❛s❡ ❤❡r❡✳ ❲❡ ♥♦✇

t✉r♥ t♦ ♦t❤❡r ♣♦ss✐❜❧❡ r❡❛s♦♥s ❢♦r t❤❡ ♥❡❣❛t✐✈❡ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s✳

❖♥❡ ❝♦♠♠♦♥❧② ❛ss✉♠❡❞ r❡❛s♦♥ ❢♦r t❤❡s❡ ♥❡❣❛t✐✈❡ ❡st✐♠❛t❡s ✐s t❤❛t t❤❡ s❝❛tt❡r❡rs

❛r❡ ❛♥✐s♦tr♦♣✐❝✱ ❝❛✉s✐♥❣ ❛♥ ❡✛❡❝t✐✈❡ ❜❡❛♠ t❤❛t ✐s ♥❛rr♦✇❡r t❤❛♥ t❤❡ tr✉❡ ❜❡❛♠✲✇✐❞t❤✳

■❢ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ✐s ❝❛❧❝✉❧❛t❡❞ ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❜❡❛♠✲✇✐❞t❤

♦❢ t❤❡ r❛❞❛r✱ ❜✉t ♥♦ ❛❝❝♦✉♥t ✐s ♠❛❞❡ ❢♦r t❤✐s ❛♥✐s♦tr♦♣② ✇❤❡♥ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞

s♣❡❝tr✉♠ ✐s ❝❛❧❝✉❧❛t❡❞✱ t❤❡ t❤❡♦r❡t✐❝❛❧ s♣❡❝tr✉♠ ✇✐❧❧ ❜❡ t♦♦ ✇✐❞❡✱ ❛♥❞ ♠❛② ❡①❝❡❡❞

t❤❡ tr✉❡ s♣❡❝tr❛❧ ✇✐❞t❤✱ ❣✐✈✐♥❣ r✐s❡ t♦ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ✐♥ ❊q✉❛t✐♦♥ ✭✶✳✸✸✮✳ ❆♥♦t❤❡r

❝♦♠♠♦♥❧② ❛ss✉♠❡❞ r❡❛s♦♥ r❡❧❛t❡s t♦ t❤❡ t❡♠♣♦r❛❧ ❛♥❞ s♣❛t✐❛❧ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ♠❡❛♥

✇✐♥❞ ✜❡❧❞ ♦✈❡r t❤❡ r❛❞❛r✳ ❖✈❡r t✐♠❡ s❝❛❧❡s ♦❢ ❛ ❢❡✇ t❡♥s ♦❢ ♠✐♥✉t❡s✱ ❛♥❞ ♦✈❡r s♣❛t✐❛❧

s❝❛❧❡s ♦❢ ❛ ❢❡✇ ❦✐❧♦♠❡t❡rs✱ t❤❡ ✇✐♥❞ ✜❡❧❞ ♠✉st ✈❛r②✳ ■❢ ❛ ❉♦♣♣❧❡r s②st❡♠ ✐s ✉s❡❞ t♦

♠❡❛s✉r❡ t❤❡ ♠❡❛♥ ✇✐♥❞ ✜❡❧❞✱ ✐t ✇✐❧❧ ❜❡ ✐♥ ♣❛rt ❝♦♥❢♦✉♥❞❡❞ ❜② t❤✐s ❡✛❡❝t✳ ❋♦r ❡①❛♠♣❧❡✱

t❤❡ ✇✐♥❞ ✐s ♠❡❛s✉r❡❞ ❛t t✇♦ ❞✐✛❡r❡♥t ♣♦✐♥ts ✐♥ t❤❡ s❦② ❜② t✇♦ ❞✐✛❡r❡♥t r❛❞❛r ❜❡❛♠s✱
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LS

Harrow, 20-31 July, 2007, all beams
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❋✐❣✉r❡ ✷✳✹✿ ✭❛✮ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥
r❛t❡✱ ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ✷✵✲✸✶ ❏✉❧②✱ ✷✵✵✼✱ ✉s✐♥❣ ♠♦❞❡❧s ◆ ❛♥❞ ▲❙✳✭❜✮ P❡r❝❡♥t ♦❢
♥❡❣❛t✐✈❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤❡✐❣❤t ❛❢t❡r ❜❡✐♥❣ ❝❧❛ss✐✜❡❞ ✐♥t♦ ❞✐✛❡r❡♥t ❜✐♥s ❜❛s❡❞ ♦♥ t♦t❛❧
✇✐♥❞ s♣❡❡❞✳✭❝✮ P❧♦ts ♦❢ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ ε ✈❛❧✉❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ✇✐♥❞
s♣❡❡❞ ❢♦r ✸ ❞✐✛❡r❡♥t r❛❞❛rs✱ s✉♠♠❡❞ ♦✈❡r ❛❧t✐t✉❞❡s ❢r♦♠ ✷✲✶✵ ❦♠✳ ❲❛❧s✐♥❣❤❛♠ ❤❛s ❛
♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ♦❢ ✷✳✸ ❞❡❣r❡❡s✱ ❍❛rr♦✇ ❤❛s ❛ ✈❛❧✉❡ ♦❢ ✷✳✼✺ ❞❡❣r❡❡s ❛♥❞
◆❡❣r♦ ❈r❡❡❦ ✸✳✸ ❞❡❣r❡❡s✳ ◆❡❣r♦ ❈r❡❡❦ ❤❛❞ ♥♦t ❜❡❡♥ ❜✉✐❧t ✐♥ ✷✵✵✼✱ s♦ ✇❡ s❤♦✇ ❏✉❧②
✷✵✵✾ ❛s ❛ s✉❜st✐t✉t❡✱ ♣❧✉s ❤❛✈❡ ❛❞❞❡❞ ❙❡♣t❡♠❜❡r ✷✵✵✽ ✐♥ ♦r❞❡r t♦ ❝♦♥✜r♠ t❤❛t t❤❡
◆❡❣r♦ ❈r❡❡❦ r❛❞❛r ❣❡♥❡r❛❧❧② ❤❛s t❤❡ ❧❛r❣❡st ♣❡r❝❡♥t ♦❢ ♥❡❣❛t✐✈❡s✳
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❛♥❞ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❛t ♣❤②s✐❝❛❧❧② ❞✐st✐♥❝t ❧♦❝❛t✐♦♥s✱ s❡♣❛r❛t❡❞ ❜② t②♣✐❝❛❧❧② ✷✲✸

❦♠ ♦r ♠♦r❡✳ ❚❤❡ ✇✐♥❞ ✜❡❧❞ ✐s ❛❧s♦ s❛♠♣❧❡❞ ❛t ❞✐✛❡r❡♥t t✐♠❡s ✐♥ t❤❡s❡ t✇♦ ❜❡❛♠s✳ ❇②

❝♦♠❜✐♥✐♥❣ t❤❡ t✇♦ r❛❞✐❛❧ ✈❡❧♦❝✐t✐❡s✱ ❛ ❝♦♠♣♦s✐t❡ ✏♠❡❛♥ ✇✐♥❞✑ ✐s ❞❡t❡r♠✐♥❡❞✱ ❜✉t ✐t

♠❛② ♥♦t ❜❡ ❛ tr✉❡ r❡✢❡❝t✐♦♥ ♦❢ t❤❡ r❡❛❧ ✇✐♥❞ ✖ t❤❡r❡ ♠❛② ♥❡✈❡r r❡❛❧❧② ❜❡ s✉❝❤ ❛ t❤✐♥❣

❛s ❛ tr✉❡ ✏♠❡❛♥ ✇✐♥❞✑✳ ❚❤❡ ✇✐♥❞ ❝❛❧❝✉❧❛t❡❞ ✐s ♦♥❧② ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ t❤❡ ✇✐♥❞ ✜❡❧❞

❛t t❤❛t t✐♠❡ ✖ ❛❧❜❡✐t ❣❡♥❡r❛❧❧② q✉✐t❡ ❛ ❣♦♦❞ ♦♥❡✳ ❇✉t ✐❢ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡

✐s ❞❡t❡r♠✐♥❡❞ ❢♦r ❛ ♣❛rt✐❝✉❧❛r ❜❡❛♠ ❛t ❛ ♣❛rt✐❝✉❧❛r ❤❡✐❣❤t ❛♥❞ t✐♠❡✱ ②❡t t❤❡ ♠❡❛♥

✇✐♥❞ ✉s❡❞ ❢♦r t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❡✛❡❝t ✐s ❛♥ ❤♦✉r❧② ♠❡❛♥✱ t❤❡♥

t❤❡r❡ ✐s ❛ ❣♦♦❞ ❝❤❛♥❝❡ t❤❛t t❤❡ tr✉❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr✉♠ r❡❧❡✈❛♥t ❛t t❤❡ t✐♠❡

♠❛② ❤❛✈❡ ❞✐✛❡r❡❞ ❢r♦♠ t❤❡ ♦♥❡ ❞❡t❡r♠✐♥❡❞ ✉s✐♥❣ t❤❡ ❛ss✉♠❡❞ ✇✐♥❞ ♣r♦✜❧❡✳ ❚❤✉s t❤❡

❜❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr✉♠ ✉s❡❞ ❢♦r t✉r❜✉❧❡♥❝❡ ❡①tr❛❝t✐♦♥ ♠❛② ❜❡ ✇✐❞❡r t❤❛♥ t❤❡ tr✉❡

♦♥❡✱ r❡❞✉❝✐♥❣ f 2
turb ✐♥ ❊q✉❛t✐♦♥ ✭✶✳✸✸✮✱ ❛♥❞ ♣♦ss✐❜❧② ♠❛❦✐♥❣ ✐t ❡✈❡♥ ♥❡❣❛t✐✈❡✳ ■t ✐s

❛❧s♦ ♣♦ss✐❜❧❡ t❤❛t t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❝♦♠♣♦♥❡♥t ♠❛② ❜❡ ✉♥❞❡r✲❡st✐♠❛t❡❞✱ s♦ t❤❛t

ε ✐♥❝r❡❛s❡s✳ ❚❤✐s ♣♦ss✐❜✐❧✐t② ❤❛s ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❜✉t ♥♦t ❣❡♥❡r❛❧❧②

q✉❛♥t✐✜❡❞✳

❆♥♦t❤❡r ♣♦ss✐❜❧❡ s♦✉r❝❡ ♦❢ ❡rr♦r ✐s ✐♥ t❤❡ ❛❝❝✉r❛❝② ♦❢ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧

✈❛r✐❛♥❝❡ ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤✮✳ ❚❤✐s q✉❛♥t✐t② ✐s ❧✐♠✐t❡❞ ❜② ❛ ✈❛r✐❡t②

♦❢ ❡✛❡❝ts✱ ✐♥❝❧✉❞✐♥❣ t❤❡ s②st❡♠ r❡s♦❧✉t✐♦♥✳ ❙❤♦rt❡r ❞❛t❛ s❛♠♣❧❡s ✇✐❧❧ ❤❛✈❡ ✇♦rs❡

r❡s♦❧✉t✐♦♥ ✖ ❛ ✶✵ s❡❝♦♥❞ ❞❛t❛✲s❡t ✇✐❧❧ ❤❛✈❡ ❛ r❡s♦❧✉t✐♦♥ ♦❢ ♦♥❧② ✵✳✶ ❍③✳ ◆♦✐s❡ ♠❛②

❢✉rt❤❡r ✇♦rs❡♥ t❤❡ ❝❛❧❝✉❧❛t✐♦♥✳ ❆s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✱ t❤❡ ✈❛r✐❛♥❝❡ ❞❡t❡r♠✐♥❡❞ ❜②

✇❡✐❣❤t❡❞ ♠♦♠❡♥ts t❡♥❞s t♦ ♦✈❡r❡st✐♠❛t❡ t❤❡ tr✉❡ ✈❛❧✉❡ ✉♥❧❡ss ❞♦♥❡ ✈❡r② ❝❛r❡❢✉❧❧②✳

❆♥♦t❤❡r ✐ss✉❡ t❤❛t ❝♦✉❧❞ ❜❡ ✐♠♣♦rt❛♥t r❡❧❛t❡s t♦ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥

♦❢ t❤❡ ✏❜❡❛♠✲❜r♦❛❞❡♥❡❞✑ ❝♦♠♣♦♥❡♥t✳ ❆❧t❤♦✉❣❤ ❋✐❣✉r❡ ✷✳✷ s✉❣❣❡st❡❞ t❤❛t ♠♦❞❡❧s ✏◆✑

❛♥❞ ✏▲❙✑ ♣r♦❞✉❝❡❞ s✐♠✐❧❛r r❡s✉❧ts✱ ❋✐❣✉r❡ ✷✳✹✭❛✮ s❤♦✇❡❞ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ❞❡t❛✐❧s✱

✇✐t❤ t❤❡ ✏▲❙✑ ♠❡t❤♦❞ s❤♦✇✐♥❣ ❤✐❣❤❡r ♣❡r❝❡♥t❛❣❡s ♦❢ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s t❤❛♥ ♠♦❞❡❧ ✏◆✑✳

■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❡❛❝❤ ♦❢ t❤❡s❡ ♣♦ss✐❜✐❧✐t✐❡s ✐♥ t✉r♥✳ ❚❤❡

✜rst ✐t❡♠ ❢♦r ❞✐s❝✉ss✐♦♥ ✇✐❧❧ ❜❡ t❤❡ ❧❛st ♦♥❡ ❞✐s❝✉ss❡❞✱ ♥❛♠❡❧② t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡

❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ✏❜❡❛♠✲❜r♦❛❞❡♥❡❞✑ ✈❛r✐❛♥❝❡✳

✷✳✷ ❈♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ❉✐✛❡r❡♥t ✏❇❡❛♠✲❜r♦❛❞❡♥✐♥❣✑

▼♦❞❡❧s

❊q✉❛t✐♦♥ ✭✶✳✸✽✮ ✇❛s ❞❡✈❡❧♦♣❡❞ ❜② ◆❛str♦♠ ✭✶✾✾✼✮ ❛s ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r

❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ✈❛r✐❛♥❝❡ ❞✉❡ t♦ ❛ ♠❡❛♥ ✇✐♥❞ ❛♥❞ ❛ ✇✐♥❞ s❤❡❛r✱ ❛s ❛ ❢✉♥❝t✐♦♥

♦❢ ✈❛r✐♦✉s r❛❞❛r✲r❡❧❛t❡❞ t❡r♠s✳ ❚❤❡ ♠♦❞❡❧ ♠❛❞❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿



✹✷

✭✐✮ ❚❤❡ ♠♦❞❡❧ ✐s t✇♦ ❞✐♠❡♥s✐♦♥❛❧✱ ❛♥❞ ❛ss✉♠❡s ♦♥❧② ❛♥ ①✲③ ✈❡rt✐❝❛❧ ♣❧❛♥❡✳

✭✐✐✮ ❚❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ s❤❛r♣ ❡❞❣❡s ❛t ±v✱ ✇❤❡r❡ v ✐s t❤❡

♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r ✇✐❞t❤ ♦❢ t❤❡ ❜❡❛♠✳

✭✐✐✐✮ ❚❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❝♦♥st❛♥t ❣❛✐♥ ✇✐t❤✐♥ t❤❡ r❡❣✐♦♥

❜❡t✇❡❡♥ −v ❛♥❞ +v✱ ❛♥❞ ❝❤❛♥❣❡s ❛❜r✉♣t❧② t♦ ③❡r♦ ❣❛✐♥ ❢✉rt❤❡r ❢r♦♠ t❤❡

❜❡❛♠✲❝❡♥tr❡✳

✭✐✈✮ ❆❧❧ ❝❛❧❝✉❧❛t✐♦♥s ❛r❡ ♣❡r❢♦r♠❡❞ ✇✐t❤ t❤❡ ♦♥❡✲✇❛② ❜❡❛♠ ♦♥❧②✳

✭✈✮ ❚❤❡ ♣✉❧s❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❛ sq✉❛r❡ ❢✉♥❝t✐♦♥✳

✭✈✐✮ ❚❤❡ r❡t✉r♥❡❞ ♣♦✇❡r ✐s ❝❛❧❝✉❧❛t❡❞ ❜② ❛ss✉♠✐♥❣ t❤❡ ♣✉❧s❡ ✐s ❝❡♥tr❡❞ ❛t

❛ ✜①❡❞ r❛♥❣❡ R0✱ ❛♥❞ ❞♦❡s ♥♦t ❝♦♥s✐❞❡r t❤❛t t❤❡ r❡t✉r♥❡❞ ♣♦✇❡r ✐s ❛

❝♦♥✈♦❧✉t✐♦♥ ❜❡t✇❡❡♥ t❤❡ s❝❛tt❡r✐♥❣ ❢✉♥❝t✐♦♥ ❛♥❞ t❤❡ ♣✉❧s❡✳

✭✈✐✐✮ ◆♦ ❝♦♥s✐❞❡r❛t✐♦♥ ✐s ♠❛❞❡ ❢♦r ❞❡♣❡♥❞❡♥❝❡ ♦❢ ❜❛❝❦s❝❛tt❡r❡❞ ♣♦✇❡r ♦♥ r❛♥❣❡

✇✐t❤✐♥ t❤❡ ♣✉❧s❡✳

✭✈✐✐✐✮ ❚❤❡ r❡❝❡✐✈❡r ✐s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛♥ ✐♥✜♥✐t❡ ❜❛♥❞✲✇✐❞t❤✳

✭✐①✮ ■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❜❡❛♠✲✇✐❞t❤ ✐s ✉♥❝❤❛♥❣❡❞ ❛s t❤❡ ❜❡❛♠ ♠♦✈❡s t♦

♦✛✲③❡♥✐t❤ ❛♥❣❧❡s✳

❋✐❣✉r❡ ✷✳✺✭❛✮ s❤♦✇s t❤❡ ❛ss✉♠❡❞ s✐t✉❛t✐♦♥✳ ❘❛❞❛r s❝❛tt❡r ❛t ❛ ♣❛rt✐❝✉❧❛r r❛♥❣❡ ✐s

❛ss✉♠❡❞ t♦ ❝♦♠❡ ❢r♦♠ ✇✐t❤✐♥ t❤❡ ❞❛r❦❡st s❤❛❞❡❞ s❡❝t✐♦♥✱ ❛♥❞ ❢r♦♠ ♥♦✇❤❡r❡ ❡❧s❡✳

❚❤❡ ❞✐st❛♥❝❡ ❛❝r♦ss t❤❡ ❞❛r❦ ❛r❡❛ ❛❧♦♥❣ t❤❡ ❜❡❛♠ ✐s t❤❡ ❡✛❡❝t✐✈❡ ♣✉❧s❡ ❧❡♥❣t❤✱ ❛♥❞

t❤❡ ❞✐st❛♥❝❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ r❛❞✐❛❧ ❞✐r❡❝t✐♦♥ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❜❡❛♠✲✇✐❞t❤✳

❚❤❡ ❜❡❛♠ ❞♦❡s ♥♦t t❛♣❡r ♦✛ ✇✐t❤ ③❡♥✐t❤ ❛♥❣❧❡ ✐♥ t❤❡ ✇❛② t❤❛t ❛ r❡❛❧ r❛❞❛r ❜❡❛♠

❞♦❡s✱ ❛♥❞ t❤❡ ♣✉❧s❡ st❛rts ❛♥❞ st♦♣s ❛❜r✉♣t❧②✳ ❚❤✐s ✐s ❛❝t✉❛❧❧② ✉♥r❡❛❧✐st✐❝✱ s✐♥❝❡ ❡✈❡♥

❛ sq✉❛r❡ ♣✉❧s❡ ✇✐❧❧ ❜❡ s♠♦♦t❤❡❞ ❜② t❤❡ r❡❝❡✐✈❡r ✉♣♦♥ r❡❝❡♣t✐♦♥✱ ✉♥❧❡ss t❤❡ r❡❝❡✐✈❡r

❤❛s ❛♥ ✐♥✜♥✐t❡ ❜❛♥❞✇✐❞t❤✳ ❋♦r ❤❡❧♣ ✇✐t❤ ❢✉t✉r❡ ❞✐s❝✉ss✐♦♥s✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❛❞❞❡❞ s♦♠❡

❦❡② s❝❛❧❡s ♦♥ t❤❡ ❞✐❛❣r❛♠❀ ♥♦t✐❝❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❧❡♥❣t❤s ∆R cosα ❛♥❞ ζ✱ ✇❤✐❝❤

r❡♣r❡s❡♥t t❤❡ ✈❡rt✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ♣✉❧s❡✱ ❛♥❞ t❤❡ ✈❡rt✐❝❛❧ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❧♦✇❡r

♣♦✐♥t ♦❢ t❤❡ ❜❡❛♠ ❛t ▲ t♦ t❤❡ ✉♣♣❡r ♣♦✐♥t ❛t ❯✳ ❇♦t❤ t❤❡s❡ s❝❛❧❡s ❛r❡ ✐♠♣♦rt❛♥t ✐♥

r❡❣❛r❞ t♦ ✇✐♥❞ s❤❡❛r✱ ❛s ✇✐❧❧ ❜❡ s❡❡♥ ✐♥ ❞✉❡ ❝♦✉rs❡✳ ❆♥♦t❤❡r s♦♠❡✇❤❛t ✐♠♣♦rt❛♥t

s❝❛❧❡ ✐s t❤❡ ✈❡rt✐❝❛❧ ♣r♦❥❡❝t✐♦♥ ♦❢ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ ❯ t♦ ❈✱ ✇❤✐❝❤ ✐s ♦❢ t❤❡ ♦r❞❡r ♦❢
√

[

(2R0v)
2 + (∆R)2

]

✳ ❍♦✇❡✈❡r✱ t❤✐s t❡r♠ ✇✐❧❧ ❜❡ ❝♦✈❡r❡❞ ❜② ♦t❤❡r t❡r♠s ✐♥✈♦❧✈✐♥❣

∆R ❛♥❞ ζ✱ ❛♥❞ s♦ ✇❡ ❝♦♥s✐❞❡r ζ ❛♥❞ ∆R ❛s t❤❡ ♠❛✐♥ ❜❛s✐❝ ✈❡rt✐❝❛❧ ❧❡♥❣t❤ ✉♥✐ts✳
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❋✐❣✉r❡ ✷✳✺✿ ✭❛✮ ❉✐❛❣r❛♠ ♦❢ t❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ❛ss✉♠❡❞ ❢♦r ♠♦❞❡❧ ✏◆✑ ✐♥ t❤❡ t❡①t✳
❉❡s♣✐t❡ ♦❢ ❛♥ ♦✈❡rs✐♠♣❧✐✜❝❛t✐♦♥ ♦❢ t❤❡ tr✉❡ ♣♦❧❛r ❞✐❛❣r❛♠✱ ✐t ✐s ✉s❡❢✉❧ ❢♦r ❞❡s❝r✐♣t✐✈❡
♣✉r♣♦s❡s✳ ◆♦t❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ t✇♦ ❝r✐t✐❝❛❧ s❝❛❧❡s ζ ❛♥❞ ∆R cosα ✳ ✭❜✮ ❉❡♠♦♥str❛✲
t✐♦♥ ♦❢ ❜❡❛♠ ❛♥❞ s❤❡❛r✲❜r♦❛❞❡♥✐♥❣ ✉s✐♥❣ t✇♦ s❛♠♣❧❡s s❝❛tt❡r✐♥❣ ♣♦✐♥ts✱ ❯ ❛♥❞ ▲✳ ❙❡❡
t❡①t ❢♦r ❞❡t❛✐❧s✳
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❆s ♥♦t❡❞✱ ♠❛♥② ♦❢ t❤❡ ❛ss✉♠♣t✐♦♥s ❧✐st❡❞ ❛❜♦✈❡ ❛r❡ ♥♦t ✈❛❧✐❞ ❢♦r ❛ r❡❛❧ r❛❞❛r✳ ❚❤❡

❛ss✉♠♣t✐♦♥s ❛❧s♦ r❡s✉❧t ✐♥ ✉♥r❡❛❧✐st✐❝ s♣❡❝tr❛❀ ❋✐❣✉r❡ ✷✳✻ s❤♦✇s t❤❡ s♣❡❝tr✉♠ ♣r♦❞✉❝❡❞

❢♦r ❛ ♠❡❛♥ ✇✐♥❞ ❛♥❞ ✇✐♥❞ s❤❡❛r ❢♦r t❤❡ ◆❛str♦♠ ♠♦❞❡❧✱ ❛♥❞ ❢♦r ❛ ♠♦r❡ r❡❛❧✐st✐❝

❜❡❛♠✳ ❚❤❡ s❤❛r♣ ❝♦r♥❡rs ♦♥ t❤❡ s♣❡❝tr✉♠ ♣r♦❞✉❝❡❞ ✉♥❞❡r t❤❡ ❛❜♦✈❡ ❛ss✉♠♣t✐♦♥s

❛r❡ ❡s♣❡❝✐❛❧❧② ♥♦t✐❝❡❛❜❧❡ ❛♥❞ ♥♦t r❡❛❧✐st✐❝✳ ❚❤❡ s♠♦♦t❤❡r s♣❡❝tr✉♠ ✇❛s ♣r♦❞✉❝❡❞ ❜②

t❤❡ ♠♦❞❡❧ ❞✐s❝✉ss❡❞ ✐♥ r❡❣❛r❞ t♦ ❊q✉❛t✐♦♥s ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮ ❡❛r❧✐❡r✳

❍♦✇❡✈❡r✱ ❜② ❝❤♦♦s✐♥❣ s✉❝❤ ❛ s✐♠♣❧❡ ♠♦❞❡❧✱ ✐t ✇❛s ♣♦ss✐❜❧❡ ❢♦r t❤❡ ❛✉t❤♦r ✭◆❛s✲

tr♦♠✮ t♦ ❛❝❤✐❡✈❡ ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ❜❡❛♠ ❞✉❡ t♦

♥♦♥✲t✉r❜✉❧❡♥t ❡✛❡❝ts✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ✐s t❤❛t ✐t ❤✐❣❤❧✐❣❤ts t❤❡ ❦❡② t❡r♠s t❤❛t ♠✐❣❤t

❜❡ ✐♠♣♦rt❛♥t ✐♥ ❡✈❡♥ ❛ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✱ ❡✈❡♥ ✐❢ t❤❡✐r ♣r♦♣♦rt✐♦♥❛❧ ❝♦♥tr✐❜✉✲

t✐♦♥s ♠✐❣❤t ❜❡ ✐♥ ❡rr♦r✳ ❚❤❡ s✐♠♣❧❡ ❞✐❛❣r❛♠ ❛❧s♦ ❤❡❧♣s ✈✐s✉❛❧✐③❡ s♦♠❡ ♦❢ t❤❡ ❡✛❡❝ts✳

❋♦r ❡①❛♠♣❧❡✱ ❋✐❣✉r❡ ✷✳✺✭❜✮ ❤✐❣❤❧✐❣❤ts t❤❡ ❝❛✉s❡ ♦❢ t❤❡ ❜r♦❛❞❡♥✐♥❣✳ ❚❤❡ ❣r❡② ❧✐♥❡s ❛t

f❯ ❛♥❞ fL r❡♣r❡s❡♥t s♣❡❝tr❛❧ ❧✐♥❡s ♣r♦❞✉❝❡❞ ❜② s❝❛tt❡r❡rs ♠♦✈✐♥❣ ❤♦r✐③♦♥t❛❧❧② ❛t t❤❡

s❛♠❡ s♣❡❡❞ ❛t t❤❡ ♣♦✐♥ts ❯ ❛♥❞ ▲ ✐♥ ❋✐❣✉r❡ ✷✳✺✭❛✮✳ ❚❤❡ ❞✐✛❡r❡♥t ❢r❡q✉❡♥❝✐❡s ❛r✐s❡ ❞✉❡

t♦ t❤❡ ❞✐✛❡r❡♥t ③❡♥✐t❤ ❛♥❣❧❡s ♦❢ t❤❡ t✇♦ ♣♦✐♥ts✳ ❲❤❡♥ s❝❛tt❡r❡rs ❢r♦♠ t❤r♦✉❣❤♦✉t t❤❡

❜❡❛♠ ❛r❡ ❝♦♥s✐❞❡r❡❞✱ t❤❡ s♣❡❝tr✉♠ ✜❧❧s ✐♥ ❛♥❞ ❤❛s ✜♥✐t❡ ✇✐❞t❤✳ ■❢ t❤❡ ✇✐♥❞ s♣❡❡❞ ❛t

❯ ✐s ✐♥❝r❡❛s❡❞✱ ❛♥❞ ❛t ▲ ✐s ❞❡❝r❡❛s❡❞✱ ❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✭✷✳✺❛✮✱ t❤❡♥ f❯ ♠♦✈❡s t♦ f❯✬

✭❞✉❡ t♦ ✐ts ✐♥❝r❡❛s❡❞ r❛❞✐❛❧ ✈❡❧♦❝✐t②✮ ✐♥ ❋✐❣✉r❡ ✷✳✺✭❜✮✱ ❛♥❞ f▲ ♠♦✈❡s t♦ f▲✬✱ ✭❞✉❡ t♦ ✐ts

❞❡❝r❡❛s❡❞ r❛❞✐❛❧ ✈❡❧♦❝✐t②✮✱ ❛♥❞ t❤❡ ♦✈❡r❛❧❧ s♣❡❝tr✉♠ ✇✐❧❧ ♥❛rr♦✇✳ ❚❤✐s ✐❧❧✉str❛t❡s t❤❡

♣❤❡♥♦♠❡♥♦♥ ♦❢ ✇✐♥❞✲s❤❡❛r s♣❡❝tr❛❧ ♥❛rr♦✇✐♥❣ ✭❡✳❣✳ ❍♦❝❦✐♥❣✱ ✶✾✽✸❀ ▼❛② ❡t ❛❧✱ ✶✾✽✽❀

◆❛str♦♠ ❡t ❛❧✳✱ ✶✾✾✼✮✳

◆❛str♦♠ ✭✶✾✾✼✮ ❣✐✈❡s ❜♦t❤ ❛♥ ✏❡①❛❝t✑ s♦❧✉t✐♦♥ ❛♥❞ ❛♥ ❛♣♣r♦①✐♠❛t❡ ♦♥❡✳ ❊q✉❛t✐♦♥

✭✶✳✸✽✮ ✇❛s t❤❡ ✏❛♣♣r♦①✐♠❛t❡✑ ❡①♣r❡ss✐♦♥✱ ❜✉t ✐♥ ✈✐❡✇ ♦❢ t❤❡ ✈❛r✐♦✉s ❛ss✉♠♣t✐♦♥s ✇❤✐❝❤

✇❡r❡ ♠❛❞❡ ✐♥ ❞❡r✐✈✐♥❣ t❤❡ ✏❡①❛❝t✑ ❡①♣r❡ss✐♦♥✱ ✐t ❤❛s ♥♦ ❣r❡❛t❡r ❝❧❛✐♠ t♦ ❛❝❝✉r❛❝② t❤❛♥

t❤❡ ❛♣♣r♦①✐♠❛t✐♦♥✳ ❚❤❡ ❛♣♣r♦①✐♠❛t✐♦♥ ❝♦♥t❛✐♥s ♠♦st ♦❢ t❤❡ ♣❡rt✐♥❡♥t t❡r♠s ♥❡❡❞❡❞

t♦ ❞❡s❝r✐❜❡ t❤❡ s♣❡❝tr❛❧ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝t✳

●✐✈❡♥ t❤❡ ✈❛r✐♦✉s ❛ss✉♠♣t✐♦♥s r❡❧❛t✐♥❣ t♦ t❤✐s ♠♦❞❡❧✱ ✐t s❤♦✉❧❞ ❝♦♠❡ ❛s ♥♦ s✉r✲

♣r✐s❡ ✐❢ t❤❡ tr✉❡ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤❡ ✈❛r✐♦✉s t❡r♠s ✇❡r❡ t♦ ❞✐✛❡r ❢r♦♠ t❤❡ ♠♦❞❡❧

r❡♣r❡s❡♥t❛t✐♦♥s✳ ❆♥ ❡①❛♠♣❧❡ ✐s t❤❡ ✜rst t❡r♠✱ ✇❤✐❝❤ ✐♥✈♦❧✈❡s ❞✐✈✐s✐♦♥ ❜② ✸✱ ❜✉t ❛❧❧

♦t❤❡r ❝❛❧❝✉❧❛t✐♦♥s ♦❢ t❤✐s t❡r♠ ❜② ♦t❤❡r ❛✉t❤♦rs ✐♥✈♦❧✈❡ ❞✐✈✐s✐♦♥ ❜② ✹❧♥✷✱ ❛s ✇✐❧❧ ❜❡

s❡❡♥ s❤♦rt❧②✳

❍♦✇❡✈❡r✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❦❡② s❝❛❧❡s ✐♥❞✐❝❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✺✱ ✇❡ ✇✐❧❧ ♠♦❞✐❢② ❊q✉❛t✐♦♥

✭✶✳✸✽✮ ❜② ✉s✐♥❣ t❤❡ ❡①♣r❡ss✐♦♥ ζ = 2vR0 sinα✱ ❛s ❞✐s❝✉ss❡❞ ✐♥ r❡❣❛r❞ t♦ t❤❛t ✜❣✉r❡✳

❲❡ ✇✐❧❧ ❛❧s♦ ❣r♦✉♣ t❤❡ t❡r♠s ∆R ❛♥❞ cosα ✇❤❡r❡ ♣♦ss✐❜❧❡✳ ❲❡ ✇✐❧❧ ❛❧s♦ ✉s❡ t❤❡

✭✈❡r② ❛❝❝✉r❛t❡✮ ❛♣♣r♦①✐♠❛t✐♦♥ t❤❛t (3 + cos 4α − 4 cos 2α) = 8α4 ✭❡❛s✐❧② ✈❡r✐✜❡❞ ❜②

❡①♣❛♥❞✐♥❣ t❤❡ ❝♦s✐♥❡ t❡r♠s ❛s ❚❛②❧♦r ❡①♣❛♥s✐♦♥s t♦ t❤❡ t❤✐r❞ t❡r♠✮✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧
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Full Integration
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Frequency (Hz)

0.0

0.2 1.80.6 1.0 1.4

1.0

Range = 10km
Tilt = 7.0
HPHW (1-way) = 2.5
Pulselength = 500m
Mean Wind = 20m/s
Shear = -0.005s
Radar Freq = 50 MHz

o

o

-1

❋✐❣✉r❡ ✷✳✻✿ ❙♣❡❝tr❛ ❞❡❞✉❝❡❞ ✉s✐♥❣ ♠♦❞❡❧ ◆ ❛♥❞ ❛ ❢✉❧❧ ✐♥t❡❣r❛t✐♦♥✱ ❢♦r ✐❞❡♥t✐❝❛❧ ✇✐♥❞✱
✇✐♥❞✲s❤❡❛r ❛♥❞ ♠❛t❝❤✐♥❣ r❛❞❛r ♣❛r❛♠❡t❡rs✳

✇r✐t❡ ❛s 8 sin4 α✳ ❲❡ ❛❧s♦ ✇✐❧❧ ✉s❡ t❤❡ ❢❛❝t t❤❛t t❤❡ ✜rst t❡r♠ ✐♥s✐❞❡ t❤❡ ✜rst s❡t ♦❢

❜r❛❝❦❡ts ✐♥ t❤❡ ❧❛st ♣❛rt ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s ♥❡❣❧✐❣✐❜❧❡✱ ✈✐③✳
(

v3

3

)

cos 4α ≪ sin2 α cos2 α✳

❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ r❡❧❛t✐✈❡❧② ❡①tr❡♠❡ ❡①❛♠♣❧❡✳ ■❢ ✇❡ ❛ss✉♠❡ ❛ ✈❛❧✉❡ ♦❢

v = 3◦✱ ❛♥❞ α = 5◦ ✭✇❤✐❝❤ ✇♦✉❧❞ ♥♦r♠❛❧❧② ❜❡ ✐❧❧✲❛❞✈✐s❡❞✱ s✐♥❝❡ t❤❡ ❜❡❛♠ t✐❧t ✐s ♦♥❧②

❥✉st ❣r❡❛t❡r t❤❛♥ t❤❡ ❜❡❛♠✲✇✐❞t❤✮✱ t❤❡♥
(

v2

3

)

cos4 α = 8.59×10−4✱ ✇❤✐❧❡ sin2 α cos2 α

✐s ✽✳✼ t✐♠❡s ❜✐❣❣❡r✱ ♦r ❛❧♠♦st ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❧❛r❣❡r✳ ■❢ α ✐s 7◦✱ t❤❡ r❛t✐♦ ✐s

✶✽✱ ❛♥❞ ❢♦r ❧❛r❣❡r t✐❧ts ❛♥❞ ♥❛rr♦✇❡r ❜❡❛♠s✱ ❡✈❡♥ ❧❛r❣❡r✳ ❈♦♥s✐❞❡r✐♥❣ t❤❛t t❤✐s ❧❛st

❛❞❞✐t✐✈❡ t❡r♠ ✐s ❛❧r❡❛❞② ❛ s♠❛❧❧ ❝♦♥tr✐❜✉t♦r✱ ❡①❝❡♣t ❢♦r ❡①tr❡♠❡ ♣✉❧s❡✲❧❡♥❣t❤s✱ t❤❡♥

❛ s✉❜✲❝♦♥tr✐❜✉t♦r ✇❤✐❝❤ ✐s ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ s♠❛❧❧❡r t❤❛♥ t❤❡ sin2 α cos2 α t❡r♠

❝❛♥ r❡❛❞✐❧② ❜❡ ✐❣♥♦r❡❞✳ ■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ♠✉st ❛❧s♦ ❞✐✈✐❞❡ t❤❡ ✇❤♦❧❡ ❡q✉❛t✐♦♥ t❤r♦✉❣❤

❜② cosα✱ s✐♥❝❡ ✐♥ ❛ r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥ t❤❡ ❜❡❛♠ ❜r♦❛❞❡♥s ✐♥✈❡rs❡❧② ♣r♦♣♦rt✐♦♥❛❧❧② t♦

cos2 α ❛s ✐t t✐❧ts✳ ❍❡♥❝❡✱ ❛❞❛♣t✐♥❣ ❊q✉❛t✐♦♥ ✭✶✳✸✽✮✱ ✇❡ ♥♦✇ ✇r✐t❡✿

σ2 ≈ v2

3
u2
0 cosα− v

3
sinα

(

u0
∂u

∂z
ζ

)

+
2 sin2 α

24
cosp α

(

∂u

∂z
ζ

)2

✭✷✳✶✮

+
(

sin2 α
)

cosq α

(

∂u

∂z

)2
(∆R cosα)2

12
.

❍❡r❡✱ p ❛♥❞ q ❛r❡ ♥♦♠✐♥❛❧❧② ❡❛❝❤ ❡q✉❛❧ t♦ ✲✶✳ ❚❤❡ t❡r♠s ❡❛❝❤ ✐♥✈♦❧✈❡ u0,
du
dz
✱ ζ ❛♥❞

∆R✱ s♦ ✐♥ ♣r✐♥❝✐♣❧❡ t❤❡ ❡①♣r❡ss✐♦♥ ❢♦r σ2 s❤♦✉❧❞ ❞❡♣❡♥❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✿
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✭✐✮ u2
0, ✭✐✐✮ u0 [du/dz] ζ, ✭✐✐✐✮ u0 [du/dz] (∆R cosα) ✭✷✳✷✮

✭✐✈✮ [du/dz]2 ζ, ✭✈✮ [du/dz]2 (∆R cosα)2 , ✭✈✐✮ [du/dz]2 ζ (∆R cosα) .

❖✉r ✐♥t❡♥t ✐s t♦ ✉s❡ t❤❡s❡ t❡r♠s t♦ ❞❡✈❡❧♦♣ ❛ ♥❡✇ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❜❡❛♠✲

❜r♦❛❞❡♥✐♥❣ t❡r♠ ✇❤✐❝❤ ♠♦r❡ ❛❝❝✉r❛t❡❧② ♠❛t❝❤❡s t❤❡ ✸✲❉ ♠♦❞❡❧ ❞❡s❝r✐❜❡❞ ❜② ❊q✉❛✲

t✐♦♥s ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮✳ ❲❡ ❡①♣❡❝t t❤❡s❡ t❡r♠s t♦ ❜❡ t❤❡ ♠❛✐♥ t❡r♠s ❡✈❡♥ ❢♦r ❛ ♣r♦♣❡r

✸✲❉ ♠♦❞❡❧✳ ❚❡r♠ ✭✐✮ ♦❢ ✭✷✳✷✮ ❛♣♣❡❛rs ✐♥ t❤❡ ✜rst t❡r♠ ♦❢ ❊q✉❛t✐♦♥ ✭✷✳✶✮✱ t❡r♠ ✭✐✐✮

❛♣♣❡❛rs ✐♥ t❤❡ s❡❝♦♥❞ t❡r♠ ♦❢ ❊q✉❛t✐♦♥ ✭✷✳✶✮✱ t❡r♠ ✭✐✈✮ ❛♣♣❡❛rs ✐♥ t❤❡ t❤✐r❞ t❡r♠

♦❢ ✭✷✳✶✮✱ ❛♥❞ t❡r♠ ✭✈✮ ❛♣♣❡❛rs ✐♥ t❤❡ ❧❛st t❡r♠ ♦❢ ✭✷✳✶✮✳ ❚❤❡ t❡r♠s ✭✐✐✐✮ ❛♥❞ ✭✈✐✮ ❞♦

♥♦t ❛♣♣❡❛r ✐♥ t❤❡ ✷✲❉ s♦❧✉t✐♦♥✳ ■t ♠❛② ♥♦t ❜❡ s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ❧❛st t❡r♠ ❞♦❡s ♥♦t

❛♣♣❡❛r✱ s✐♥❝❡ ✐t ✐♥✈♦❧✈❡s ❛ ❝r♦ss✲t❡r♠ ✐♥ t❤❡ t✇♦ ❧❛r❣❡❧② ✐♥❞❡♣❡♥❞❡♥t ❧❡♥❣t❤ s❝❛❧❡s✳

❍♦✇❡✈❡r✱ ✇❡ ♠✐❣❤t ❡①♣❡❝t t❡r♠ ✭✐✐✐✮ t♦ ♣❧❛② ❛ r♦❧❡ ✐♥ ❛ ✸✲❉ s✐t✉❛t✐♦♥✳

■t ✐s ❛❧s♦ ❡①♣❡❝t❡❞ t❤❛t ✇✐t❤ ❛ ♠♦r❡ r❡❛❧✐st✐❝ ♠♦❞❡❧✱ t❤❡ r❡❧❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s

♦❢ t❤❡ t❡r♠s ♠❛② ❝❤❛♥❣❡✳ ❖✉r ✐♥t❡♥t ✐s t♦ ❞❡✈❡❧♦♣ ❛♥ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r ❛

t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧✱ s♦ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ s❛♠❡ t❡r♠s ❛s t❤♦s❡ ✐♥ ❊q✉❛t✐♦♥ ✭✷✳✶✮✱

❜✉t ❛❧❧♦✇ ❡❛❝❤ t♦ ❤❛✈❡ ❛ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ❝♦♥st❛♥t✱ ✇✐t❤ ♦♥❡ ❡①❝❡♣t✐♦♥✳ ❚❡r♠✶ ✐s ❣✐✈❡♥

❛s
(

v2

3

)

u0 cosα ❜✉t ♠♦st ❞❡r✐✈❛t✐♦♥s ✐♥ t❤r❡❡✲❞✐♠❡♥s✐♦♥s ♣r♦❞✉❝❡ ❛ ❝♦♥st❛♥t ❡q✉❛❧

4 ln 2 ✐♥ ♣❧❛❝❡ ♦❢ t❤❡ ❝♦♥st❛♥t ✸✳ ❚❤✐s ✇❛s ❞✐s❝✉ss❡❞ ❜② ◆❛str♦♠ ✭✶✾✾✼✮ ❛♥❞ ✈❛r✐♦✉s

r❡❢❡r❡♥❝❡s t❤❡r❡✐♥ ✭❆t❧❛s✱ ✶✾✻✹❀ ❙❧♦ss ❛♥❞ ❆t❧❛s✱ ✶✾✻✽❀ ❆t❧❛s ❡t ❛❧✳✱ ✶✾✻✾❀ ●♦ss❛r❞

❡t ❛❧✳✱ ✶✾✾✵✮✳ ❚❤❡ s❛♠❡ ✐s tr✉❡ ❢♦r t❤❡ ♠♦❞❡❧ ♦❢ ❍♦❝❦✐♥❣ ✭✶✾✽✸✱ ✶✾✽✺✮✱ ✇❤♦ s❤♦✇❡❞

t❤❛t t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ t❡r♠ s❤♦✉❧❞ ❜❡ fB = 1.0
(

2
λ

)

u0θ1/2✱ ✇❤❡r❡ λ ✐s t❤❡ r❛❞❛r

✇❛✈❡❧❡♥❣t❤ ❛♥❞ θ1/2 ✐s t❤❡ t✇♦✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ✇❤✐❝❤ ❡q✉❛❧s v/
√
2✳ ■❢

✇❡ ♠✉❧t✐♣❧② t❤r♦✉❣❤ ❜② λ/2 t♦ ❝♦♥✈❡rt t♦ ✈❡❧♦❝✐t② ✐♥st❡❛❞ ♦❢ ❢r❡q✉❡♥❝②✱ ❛♥❞ ❞✐✈✐❞❡

t❤r♦✉❣❤ ❜②
√
2 ln 2 t♦ ❝♦♥✈❡rt t❤❡ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ t♦ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥

✭✈❛❧✐❞ ❢♦r ❛ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥✮✱ ❛♥❞ t❤❡♥ sq✉❛r❡✱ ✇❡ ♦❜t❛✐♥ σ2 = u2
0v

2/κ✱ ✇❤❡r❡

κ = 4 ln 2✳

❲❡ ✇✐❧❧ t❤❡r❡❢♦r❡ ✇r✐t❡ t❤❛t t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥ ❢♦r σ2 ✐s

❛s ❢♦❧❧♦✇s✿

σ2 ≈ v2

κ
u2
0 cosα− a0

v

κ
sinα

(

u0
∂u

∂z
ζ

)

+ b0
2 sin2 α

8κ
(cosp α)

(

∂u

∂z
ζ

)2

✭✷✳✸✮

+c0
(

coss α sint α
)

(u0ξ) + d0
(

cos2 α sin2 α
)

(cosq α) ξ2,
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✇❤❡r❡ ✇❡ ❤❛✈❡ ❞❡✜♥❡❞ ζ = [du/dz] ∆R/
√
12 ❢♦r ❝♦♥s✐st❡♥❝② ✇✐t❤ ❊q✉❛t✐♦♥ ✭✷✳✶✮✳ ❚❤❡

❝♦♥st❛♥ts a0✱ b0✱ c0✱ p✱ s✱ t ❛♥❞ q ♥❡❡❞ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ◆♦t❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛

♥❡✇ t❡r♠ ✐♥✈♦❧✈✐♥❣ u0ξ ∝ u0 [du/dz] ∆R ✇❤✐❝❤ ❞✐❞ ♥♦t ❡①✐st ✐♥ ❊q✉❛t✐♦♥s ✭✶✳✸✽✮ ❛♥❞

✭✷✳✶✮✳

❚❤❡ ❢✉❧❧ ✸✲❉ ❝♦♠♣✉t❡r ♠♦❞❡❧ ❞❡✜♥❡❞ ❜② ❊q✉❛t✐♦♥s ✭✶✳✸✾✮ ❛♥❞ ✭✶✳✹✵✮ ✇❛s t❤❡♥

r✉♥ ❢♦r ♦✈❡r ✸✵✵✵ ❝♦♠❜✐♥❛t✐♦♥s ♦❢ ♣✉❧s❡ ❧❡♥❣t❤✱ ❜❡❛♠ ✇✐❞t❤✱ ❜❡❛♠ t✐❧t✱ r❛♥❣❡✱ ✇✐♥❞

s♣❡❡❞ ❛♥❞ ✇✐♥❞ s❤❡❛r✳ P✉❧s❡s ✉s❡❞ ✇❡r❡ ✷✵✵ ♠✱ ✺✵✵ ♠✱ ✽✵✵ ♠✱ ❛♥❞ ✶ ❦♠✱ ❛♥❞ ❜❡❛♠

t✐❧ts ✇❡r❡ 7◦✱ 10.9◦ ❛♥❞ 15◦✳ ❖♥❡✲✇❛② ❜❡❛♠ ✇✐❞t❤s ✉s❡❞ ✇❡r❡ 1.5◦✱ 2.3◦✱ 2.5◦✱ 2.75◦✱

❛♥❞ 3.0◦✳ ❘❛♥❣❡s ✉s❡❞ ✇❡r❡ ✺✱ ✶✵✱ ✶✺ ❛♥❞ ✷✵ ❦♠✱ ❛♥❞ ✇✐♥❞ s♣❡❡❞s ✇❡r❡ ✹✵✱ ✷✵✱

✶✵ ❛♥❞ ✺ ♠✴s✳ ❲✐♥❞ s❤❡❛rs ✉s❡❞ ✇❡r❡ ✲✵✳✵✶✱ ✲✵✳✵✵✽✱ ✲✵✳✵✵✺✱ ✲✵✳✵✵✷✱ ✵✱ ✵✱✵✵✷✱ ✵✳✵✵✺✱

✵✳✵✵✽ ❛♥❞ ✵✳✵✶ ♠✴s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠♦❞❡❧ ❤❛❞ t❤❡ ❝❛♣❛❜✐❧✐t② t♦ ❛ss✉♠❡ t❤❛t t❤❡

s❝❛tt❡r❡rs ♦❝❝✉rr❡❞ ✐♥ ❞✐s❝r❡t❡ ❧❛②❡rs✱ r❛t❤❡r t❤❛♥ ❜❡✐♥❣ ❤♦♠♦❣❡♥❡♦✉s❧② ❞✐str✐❜✉t❡❞

t❤r♦✉❣❤♦✉t t❤❡ ❛t♠♦s♣❤❡r❡✳ ❚❤❡ ❧❛②❡r ❞❡♣t❤ ❝♦✉❧❞ ❜❡ ✈❛r✐❡❞✱ ❜✉t ❢♦r ♦✉r ❝❛❧❝✉❧❛t✐♦♥s

✇❡ ❤❛✈❡ ✉s❡❞ ❛ ✜①❡❞ ❞❡♣t❤ ♦❢ ✶ ❦♠✱ s✐♥❝❡ t❤✐s ✐s ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❜✉♦②❛♥❝② s❝❛❧❡

♦❢ t✉r❜✉❧❡♥❝❡✳

❚❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ❛ss✉♠❡❞ t♦♦❦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✳ ❚❤❡ ♣♦✇❡r tr❛♥s♠✐tt❡❞ ♦r

r❡❝❡✐✈❡❞ ❛t ③❡♥✐t❤ ❛♥❣❧❡ θ ❛♥❞ ❛③✐♠✉t❤ φ ✇❛s ❣✐✈❡♥ ❜②✿

P (θ, φ) = A0 exp
{

−
(

y21 + y22
)

/θ20
}

, ✭✷✳✹✮

✇❤❡r❡ y1 = sin θ sinφ−sinα sinϕ0✱ y2 = sin θ cosφ−sinα cosϕ0 ❛♥❞ θ0 ✐s t❤❡ t✇♦✲✇❛②

✶✴❡ ❤❛❧❢ ❜❡❛♠✲✇✐❞t❤✳ ❚❤✐s ❣✐✈❡s ❛ ●❛✉ss✐❛♥ ♣♦❧❛r ❞✐❛❣r❛♠ ♣❡❛❦✐♥❣ ❛t (α, ϕ0)✱ ❛♥❞

❜r♦❛❞❡♥s ♣r♦♣♦rt✐♦♥❛❧❧② t♦ cosα ❛s t❤❡ ❜❡❛♠ t✐❧ts ❢r♦♠ ✈❡rt✐❝❛❧ ✭✐✳❡✳ ❛s α ❝❤❛♥❣❡s✮✳

✭❚❤❡ ♣♦❧❛r ❞✐❛❣r❛♠ ✐s t❤❡ ✷✲❉ ❋♦✉r✐❡r tr❛♥s❢♦r♠ ♦❢ t❤❡ ❛♣❡rt✉r❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

❛♥t❡♥♥❛ ✜❡❧❞ ✇✐t❤ ♣❤❛s❡ ❛❞❥✉st♠❡♥t✱ ❛♥❞ t❤❡ ❛❜♦✈❡ ❡①♣r❡ss✐♦♥ ❡✛❡❝t✐✈❡❧② ❡①♣r❡ss❡s

✐t ✐♥ t❡r♠s ♦❢ ❞✐r❡❝t✐♦♥ ❝♦s✐♥❡s✱ ✇❤✐❝❤ ✐♥❝♦r♣♦r❛t❡s ❛ ❜r♦❛❞❡♥✐♥❣ ♦❢ t❤❡ ❜❡❛♠ ❛s ✐t

t✐❧ts✮✳

❚❤❡ r❡s✉❧t ♦❢ t❤❡ ✜tt✐♥❣ ❣❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❛❧✉❡s ❢♦r t❤❡ ✈❛r✐❛❜❧❡s ✉s❡❞✿ a0 = 0.945✱

b0 = 1.50✱ c0 = 0.03✱ p❂✵✱ s❂✷✱ t❂✷ ❛♥❞ q❂✵✳ ■♥t❡r❡st✐♥❣❧②✱ t❤❡ s❡❝♦♥❞ t❡r♠s ✐♥

❊q✉❛t✐♦♥s ✭✶✳✸✽✮ ✭♦r ✷✳✶ ✮ ❛♥❞ ✭✷✳✸✮ ❛❝t✉❛❧❧② ❛❣r❡❡ t♦ ❛❜♦✉t ✹✪✳ ❚❤❡ ♦t❤❡r t❡r♠s s❤♦✇

❜✐❣❣❡r r❡❧❛t✐✈❡ ❞✐✛❡r❡♥❝❡s✳ ❖♥❡ ♠♦❞✐✜❝❛t✐♦♥ ✇❛s r❡q✉✐r❡❞ t♦ ❊q✉❛t✐♦♥ ✭✷✳✸✮✱ ❤♦✇❡✈❡r✳

❆ ♥❡✇ t❡r♠ ✐♥✈♦❧✈✐♥❣ u0ξ ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❡q✉❛t✐♦♥ ✭✷✳✸✮✱ ❜✉t ❡①t❡♥s✐✈❡ st✉❞✐❡s

s❤♦✇❡❞ t❤❛t t❤❡ t❡r♠ ♣r♦❞✉❝❡❞ ❜❡tt❡r ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠♦❞❡❧ ✐❢ t❤❡ ♠♦❞✉❧✉s ♦❢

t❤❡ q✉❛♥t✐t② ✇❛s ✉s❡❞✳ ❚❤❡ ✜♥❛❧ ♠♦❞❡❧ ❢♦r♠✉❧❛ ✇❛s✿
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σ2 ≈ v2

κ
u2
0 cosα− a0

v

κ
sinα

(

u0
∂u

∂z
ζ

)

+ b0
2 sin2 α

8κ

(

∂u

∂z
ζ

)2

✭✷✳✺✮

+c0
(

coss α sint α
)

|u0ξ|+ d0
(

cos2 α sin2 α
)

ξ2,

❚❤✐s ❡q✉❛t✐♦♥ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ♠♦❞❡❧ ✏❈✑ ✭❢♦r ✏❝✉rr❡♥t✑✮ ✐♥ t❤✐s t❡①t✱ ✇❤✐❧❡

❊q✉❛t✐♦♥s ✭✶✳✸✽✮ ❛♥❞ ✭✷✳✶✮ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ♠♦❞❡❧ ✏◆✑✳ ❚❤❡ ❢✉❧❧ ✐♥t❡❣r❛❧ ✭❊q✉❛✲

t✐♦♥ ✭✶✳✸✾✮✮✱ ✇❤✐❝❤ ✐s ✉s❡❞ ❛s ❛ r❡❢❡r❡♥❝❡✱ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡ ✏❢✉❧❧ ♠♦❞❡❧✑✳ ■❢ t❤❡

❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ♠♦❞❡❧ ❛♥❞ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✐s ❢♦✉♥❞ ✭❛❜s♦❧✉t❡

✈❛❧✉❡ ♦♥❧②✮✱ ❛♥❞ ✐s ❞✐✈✐❞❡❞ ❜② t❤❡ ✈❛r✐❛♥❝❡ ❢r♦♠ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✐♥ ❡❛❝❤ ❝❛s❡✱ t❤❡ ♠❡❛♥

❞✐s♣❧❛❝❡♠❡♥t ✐s ❢♦✉♥❞ t♦ ❜❡ ✶✷✳✹✺ ✪ ❢♦r ▼♦❞❡❧ ◆✳ ■❢ t❤❡ ✜rst t❡r♠ ♦❢ ❊q✉❛t✐♦♥ ✭✶✳✸✽✮

✐s ❛❞❥✉st❡❞ t♦ ✉s❡ ❛ ❞✐✈✐s✐♦♥ ❜② ✹❧♥✷ ✐♥st❡❛❞ ♦❢ ✸✱ t❤❡ ❡rr♦r ✐♥ ♠♦❞❡❧ ◆ r❡❞✉❝❡s t♦ ✻✳✾

✪✳ ❋♦r ♠♦❞❡❧ ❈✱ t❤❡ ❞✐✛❡r❡♥❝❡ r❡❞✉❝❡s t♦ ✺✳✼ ✪✳

❋✉rt❤❡r ✐♠♣r♦✈❡♠❡♥t t♦ ♠♦❞❡❧ ❈ ♠❛② ❜❡ ❛❝❤✐❡✈❡❞ ❜② s♦♠❡ ♠♦❞❡st ❛❞❥✉st♠❡♥ts

❛t ❝r✐t✐❝❛❧ ♣♦✐♥ts✳ ❚❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ✐♥✈♦❧✈❡s ✐♥❝♦r♣♦r❛t✐♦♥ ♦❢ ❛ s❡t ♦❢ ●❛✉ss✐❛♥ ❛♥❞

❤②♣❡r❜♦❧✐❝ t❛♥❣❡♥t ❝♦rr❡❝t✐♦♥s✱ ❛♥❞ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ♠♦❞❡❧ ✏❈❝✑ ❢♦r ✏❈✉rr❡♥t✲

❝♦rr❡❝t❡❞✑✳ ❲✐t❤ ♠♦❞❡❧ ❈❝ ✭t❤❡ ♥✉♠❡r✐❝❛❧ ❝♦❞❡ ✐s ❣✐✈❡♥ ✐♥ ❆♣♣❡♥❞✐① ❈✮✱ t❤❡ ♠❡❛♥

❡rr♦r r❡❞✉❝❡s t♦ ✹✳✶ ✪✱ r❡❧❛t✐✈❡ t♦ ❛ ❢✉❧❧ ♠♦❞❡❧✳

❋✐❣✉r❡ ✷✳✼✭❛✮ s❤♦✇s ❛ ❤✐st♦❣r❛♠ ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ♠♦❞❡❧s ◆✱ ❈ ❛♥❞ ❈❝

❝♦♠♣❛r❡❞ t♦ t❤❡ ❢✉❧❧ ♠♦❞❡❧✳ ◆♦t❡ t❤❛t ♠♦❞❡❧ ◆ ✐s s❤✐❢t❡❞ t♦ t❤❡ ❧❡❢t✳ ❚❤✐s ♦✛s❡t

❝❛♥ ❜❡ r❡♠♦✈❡❞ ❜② r❡♣❧❛❝✐♥❣ t❤❡ ✏✸✑ ✐♥ t❤❡ ✜rst t❡r♠ ♦❢ ✭✶✳✸✽✮ ❜② ✹❧♥✷✳ ❍♦✇❡✈❡r✱ ❛♥

❛❞❞✐t✐♦♥❛❧ ♣♦✐♥t ♦❢ ♥♦t❡ ✐s t❤❡ ❜✉❧❣❡ ✐♥ ✈❛❧✉❡s ❛t t❤❡ ♣♦✐♥t ❳✳ ❚❤✐s ❜✉❧❣❡ ❛❧s♦ ❛♣♣❡❛rs

✐♥ ♠♦❞❡❧s ❈ ❛♥❞ ❈❝ ✐❢ t❤❡ ♥❡✇ t❡r♠ ✐♥✈♦❧✈✐♥❣ |u0ξ| ✐s ♥♦t ✐♥❝❧✉❞❡❞✳ ❲✐t❤♦✉t t❤✐s

t❡r♠✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ❡rr♦r ❢♦r ♠♦❞❡❧ ❈ ✐♥❝r❡❛s❡s ❢r♦♠ ✺✳✼✪ t♦ ✼✳✸✪✳ ❚❤❡ ❜✉❧❣❡ ✐s

♠❛✐♥❧② ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❧❛r❣❡ ♣✉❧s❡ ❧❡♥❣t❤s ❛♥❞ ❧❛r❣❡ ✇✐♥❞✲s❤❡❛rs✱ ❛♥❞ ✐♥❝♦r♣♦r❛t✐♦♥

♦❢ t❤❡ t❡r♠ ✐♥✈♦❧✈✐♥❣ |u0ξ| ✐s ♥❡❝❡ss❛r② t♦ ♦❜t❛✐♥ ♦♣t✐♠✉♠ ❛❣r❡❡♠❡♥t✳

❚❤❡ ❛❜♦✈❡ ❞✐s❝✉ss✐♦♥s ❤❛✈❡ ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ✉s❡ ♦❢ ♣❡r❝❡♥t❛❣❡ ❡rr♦rs✱ ❜✉t ✐♥ s♦♠❡

✇❛②s t❤❡ ❛❜s♦❧✉t❡ ❡rr♦rs ❛r❡ ♠♦r❡ ✐♠♣♦rt❛♥t✳ ❚❤❡ ♠❡❛♥ ❞✐s♣❧❛❝❡♠❡♥t ♦❢ ▼♦❞❡❧ ◆ ✐s

✲✵✳✵✻ ♠2/s2✳ ❇② ❝♦♥tr❛st✱ ♦✈❡r ✾✵✪ ♦❢ ❛❧❧ ♦❢ t❤❡ ✈❛❧✉❡s ❢♦r ♠♦❞❡❧ ❈❝ ❛r❡ ✇✐t❤✐♥ ±0.05

♠2/s2 ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✈❛r✐❛♥❝❡ ❢♦r t❤❡ ♥✉♠❡r✐❝❛❧ ✐♥t❡❣r❛t✐♦♥✳ ❚❤❡ q✉❡st✐♦♥ ♥♦✇

❛r✐s❡s ❛s t♦ t❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ❛♥ ♦✛s❡t ♦❢ ✵✳✵✺ ♠2/s2✳ ❙✐♥❝❡ ε = 1.7 (σ2
t /TB)✱ ✐❢ ✇❡

t❛❦❡ ❛ ❇r✉♥t✲❱❛✐s❛❧❛ ♣❡r✐♦❞ ♦❢ ✻✵✵ s✱ t❤❡♥ ❛♥ ♦✛s❡t ✐♥ ε ♦❢ δε ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s

δε = 0.0028δ (σ2)✱ s♦ ❛♥ ❡rr♦r δ (σ2) = 0.05 ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡rr♦r ✐♥ ε ♦❢ 1.4× 10−4

❲✴❦❣✳

❲❡ ❤❛✈❡ ❛❧s♦ ❛❞♦♣t❡❞ ♦♥❡ ❡①tr❛ ❛❧❣♦r✐t❤♠✱ ❞❡s❝r✐❜❡❞ ❜② ❋✐❣✉r❡ ✷✳✽✱ ✇❤✐❝❤ ♣❛r❛♠❡tr✐③❡s

t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✐♥ ❛ ❞✐✛❡r❡♥t ✇❛②✳ Pr❡✈✐♦✉s ❛♥❛❧②s❡s ✇✐t❤ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ❤❛✈❡ ❜❡❡♥ ✉s❡❞
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❋✐❣✉r❡ ✷✳✼✿ ✭❛✮ ❍✐st♦❣r❛♠s ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡s ✐♥ t❤❡ ✈❛r✐❛♥❝❡ ❡①♣❡❝t❡❞ ❞✉❡ t♦ ❣❡♦♠❡tr✐❝
❡✛❡❝ts ❛❧♦♥❡ ✭✧❜❡❛♠✲❜r♦❛❞❡♥✐♥❣✧✮ ❢♦r ✈❛r✐♦✉s ❛♥❛❧②t✐❝ ♠♦❞❡❧s✱ r❡❧❛t✐✈❡ t♦ ❛ t❤r❡❡✲
❞✐♠❡♥s✐♦♥❛❧ ♥✉♠❡r✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥✳ ❆ s❡❧❡❝t✐♦♥ ♦❢ ❜❡❛♠ t✐❧ts✱ ❜❡❛♠✲✇✐❞t❤s✱ ♣✉❧s❡✲
❧❡♥❣t❤s✱ r❛♥❣❡s ❛♥❞ ✇✐♥❞ s♣❡❡❞s ❤❛✈❡ ❜❡❡♥ ❝❤♦s❡♥✱ ❛s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ t❡①t✳ ▼♦❞❡❧
◆ r❡❢❡rs t♦ ◆❛str♦♠ ✭✶✾✾✼✮✱ ❛♥❞ ♠♦❞❡❧ ❈ r❡❢❡rs t♦ t❤❡ ♥❡✇ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ✐♥
t❤✐s ♣❛♣❡r✳ ▼♦❞❡❧ ❈❝ r❡❢❡rs t♦ ♠♦❞❡❧ ❈ ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ ❛❞❥✉st♠❡♥ts✳ ❚❤❡ ♠❡❛♥
❞✐s♣❧❛❝❡♠❡♥t ♦❢ ♠♦❞❡❧ ◆ ✐s ✲✵✳✵✻ ♠2/s2✱ ✇❤✐❧❡ ❢♦r ♠♦❞❡❧s ❈ ❛♥❞ ❈❝ ✐t ✐s ✲✵✳✵✵✶ ❛♥❞
✵✳✵✵✹ ♠2/s2 r❡s♣❡❝t✐✈❡❧②✳ ✭❜✮ ❇❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr❛❧ ✈❛r✐❛♥❝❡s ❞❡❞✉❝❡❞ ✇✐t❤ t❤❡
t❤r❡❡ ♠♦❞❡❧s ❢♦r r❡❛❧✐st✐❝ ✇✐♥❞s✱ t❛❦❡♥ ❢r♦♠ t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ❏✉❧② ✶✲✸✶✱ ✷✵✵✼✳
◆♦t❡ t❤❛t t❤❡ s❤❛❞❡❞ ❛r❡❛s ✐♥ ✜❣✉r❡s ✭❛✮ ❛♥❞ ✭❜✮ ❛r❡ ♥♦t ❢♦r t❤❡ s❛♠❡ ♠♦❞❡❧ ✖ t❤❡
s❤❛❞✐♥❣ ✐s ❝❤♦s❡♥ s✐♠♣❧② t♦ ✐♠♣r♦✈❡ t❤❡ ✈✐s✉❛❧ ❝♦♥tr❛st ❜❡t✇❡❡♥ t❤❡ ♠♦❞❡❧s✳
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t♦ ♣r♦❞✉❝❡ ♠♦❞❡❧ s♣❡❝tr❛✱ ❡①♣r❡ss❡❞ ❛s ●❛✉ss✐❛♥s✱ ❢♦r t❤✐♥ ❧❛②❡rs ♦❢ t❤❡ ❛t♠♦s♣❤❡r❡✳

❚❤❡ ✇✐❞t❤s✱ ♦✛s❡ts ❛♥❞ s♣❡❝tr❛❧ ✇✐❞t❤s ❤❛✈❡ ❜❡❡♥ ❡①♣r❡ss❡❞ ❛♥❛❧②t✐❝❛❧❧② ❛s ❢✉♥❝t✐♦♥s

♦❢ r❛♥❣❡✱ ♣✉❧s❡✲✇✐❞t❤✱ ♦✛s❡t ♦❢ t❤❡ ❧❛②❡r ❢r♦♠ t❤❡ ❝❡♥t❡r ♦❢ t❤❡ ♣✉❧s❡✱ ❜❡❛♠✲✇✐❞t❤✱

③❡♥✐t❤ t✐❧t ❛♥❞ s♦ ❢♦rt❤✱ ❛♥❞ st♦r❡❞ ✐♥ ❛ s✉❜r♦✉t✐♥❡✳ ❚❤❡ ✜♥❛❧ s♣❡❝tr✉♠ ✐s ❞❡t❡r✲

♠✐♥❡❞ ❜② ❡✈❛❧✉❛t✐♥❣ t❤❡ ●❛✉ss✐❛♥ s♣❡❝tr❛ ❢♦r ❡❛❝❤ ❧❛②❡r ✉s✐♥❣ t❤❡s❡ ♣❛r❛♠❡t❡rs✱ ❛♥❞

s✉♠♠✐♥❣ t❤❡ r❡s✉❧t❛♥t s♣❡❝tr❛ ❢r❡q✉❡♥❝② ❜② ❢r❡q✉❡♥❝②✳ ❚❤✐s ♠❡t❤♦❞ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞

t❤❡ ✏▲❙✑ ♠❡t❤♦❞ ✭❢♦r ✏▲❛②❡r✲❙✉♠♠❛t✐♦♥✑ ♠❡t❤♦❞✮✳ ❚❤❡ ❛❞✈❛♥t❛❣❡ ♦❢ t❤✐s ♠❡t❤♦❞

✐s t❤❛t ✐t ❛❧❧♦✇s ❛❝❝✉r❛t❡ ❝♦♠♣✉t❛t✐♦♥ ❛♥❞ ❞✐s♣❧❛② ♦❢ t❤❡ ❛❝t✉❛❧ s♣❡❝tr❛✱ ✇❤❡r❡❛s t❤❡

♠❡t❤♦❞s ◆✱ ❈ ❛♥❞ ❈❝ ♦♥❧② ♣r♦❞✉❝❡ ❛ ♥✉♠❜❡r ❢♦r σ2✳ ❙♣❡❝tr❛ ❝❛♥ ❜❡ ❛s②♠♠❡tr✐❝ ✐♥

t❤❡ ❝❛s❡ ♦❢ str♦♥❣ s❤❡❛rs✱ ❛♥❞ ✐t ✐s ♦❢t❡♥ ✉s❡❢✉❧ t♦ s❡❡ t❤❡ s❤❛♣❡s ♦❢ t❤❡ s♣❡❝tr❛✱ ✇❤✐❝❤

▲❙ ❝❛♥ ♣r♦❞✉❝❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❝❛♥ ❞❡❛❧ ✇✐t❤ ❛♥② ❢♦r♠ ♦❢ ✇✐♥❞ ♣r♦✜❧❡✱

✐♥❝❧✉❞✐♥❣ ♦♥❡s ✇✐t❤ ♠♦r❡ ❝♦♠♣❧❡① ♣r♦✜❧❡s t❤❛♥ ❛ s✐♠♣❧❡ ✇✐♥❞ s❤❡❛r✳ ■t ❝❛♥ ❞❡❛❧ ✇✐t❤

s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤ t❤❡ ✇✐♥❞ ♣r♦✜❧❡ s❤♦✇s ❝✉r✈❛t✉r❡ ✭♥♦♥❡✱ ③❡r♦✱ s❡❝♦♥❞✱ ❛♥❞ ❤✐❣❤❡r

❞❡r✐✈❛t✐✈❡s✮✱ ❛♥❞ ✐s ❜❡tt❡r s✉✐t❡❞ t♦ ❝❛s❡s ❢♦r ✇❤✐❝❤ t❤❡ ✇✐♥❞ ♣r♦✜❧❡ s❤♦✇s ❝♦♠♣❧❡①

str✉❝t✉r❡ ✭s✉❝❤ ❛s ❛ ♠✐①t✉r❡ ♦❢ r♦t❛t✐♦♥❛❧ ❛♥❞ ❧✐♥❡❛r ✇✐♥❞ s❤❡❛rs✮✳

❋✐❣✉r❡ ✷✳✼✭❜✮ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ✈❛r✐❛♥❝❡ σ2 ✭❜❡❢♦r❡ ✐♥❝❧✉s✐♦♥

♦❢ t✉r❜✉❧❡♥❝❡✮ ❢♦r ❛❧❧ ♦❢ t❤❡ ✇✐♥❞ ♣r♦✜❧❡s r❡❝♦r❞❡❞ ✇✐t❤ t❤❡ ❍❛rr♦✇ r❛❞❛r ✐♥ ❏✉❧② ✷✵✵✼✳

❚❤❡ ♣r❡✈✐♦✉s ♠♦❞❡❧s ❞❡❛❧t ♦♥❧② ✇✐t❤ ✇✐♥❞ s❤❡❛rs ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠✱ ❜✉t ✐♥ t❤❡ r❡❛❧

s✐t✉❛t✐♦♥✱ s❤❡❛rs ♠❛② ❡①✐st ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❜❡❛♠ ❛s ✇❡❧❧✳ ❲❡ ❤❛✈❡ ❞❡❛❧t ✇✐t❤

t❤❡s❡ ✐♥ t❤❡ s❛♠❡ ✇❛② t❤❛t ◆❛str♦♠ ❛♥❞ ❚s✉❞❛ ✭✷✵✵✶✮ ❞✐❞✳ ❲❡ ❤❛✈❡ ❞❡t❡r♠✐♥❡❞

t❤❡ ✈❛❧✉❡ ❢♦r σ2 ✉s✐♥❣ t❤❡ ✇✐♥❞ ❝♦♠♣♦♥❡♥ts ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠✱ ❛♥❞ t❤❡♥ ❢♦r t❤❡

❝❛s❡ ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❜❡❛♠✳ ❋♦r t❤❡ ♣❡r♣❡♥❞✐❝✉❧❛r ❝❛s❡✱ ✇❡ ✐❣♥♦r❡ ❛♥② tr❛♥s✈❡rs❡

✇✐♥❞ s❤❡❛rs ❛♥❞ ✉s❡ ♦♥❧② t❤❡ ✜rst t❡r♠ ✐♥ ❊q✉❛t✐♦♥s ✭✶✳✸✽✮✱ ✭✷✳✶✮ ♦r ✭✷✳✺✮✳ ❲❡ ❤❛✈❡

t❤❡♥ ❛❞❞❡❞ t❤❡ t✇♦ t❡r♠s✳

▼♦❞❡❧ ▲❙ ✐s ✐♥❝❧✉❞❡❞ ✐♥ t❤✐s ❝❛s❡✱ ❜✉t ♥♦t ♠♦❞❡❧ ❈✱ s✐♥❝❡ ❛❞❞✐t✐♦♥ ♦❢ ♠♦❞❡❧ ❈

s✐♠♣❧② ♠❛❦❡s t❤❡ ❣r❛♣❤ ❤❛r❞❡r t♦ r❡❛❞✳ ■t ♣r♦❞✉❝❡s ❛ ❤✐st♦❣r❛♠ s✐♠✐❧❛r t♦ ♠♦❞❡❧s

▲❙ ❛♥❞ ❈❝✳ ❚❤❡ ♠♦st ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t ♠♦❞❡❧ ◆ ♣r♦❞✉❝❡s ❛ ❧❛r❣❡r ♥✉♠❜❡r

♦❢ s♠❛❧❧ ✈❛❧✉❡s ♦❢ σ2✱ ❛r♦✉♥❞ ✵✳✵✻ t♦ ✵✳✵✽ ♠2/s2✳ ❍❡♥❝❡ ✐♥ t❤❡ ❡✈❡♥t ♦❢ t✉r❜✉❧❡♥❝❡ ♦❢

t❤❡ ♦r❞❡r ♦❢ 10−4 ❲✴❦❣✱ ♠♦❞❡❧ ◆ ♠❛② ♣r♦❞✉❝❡ ❡rr♦rs ♦❢ t❤❡ ♦r❞❡r ♦❢ ❛ ❢❛❝t♦r ♦❢ ✷ ♦r

s♦✳ ❍♦❝❦✐♥❣ ❛♥❞ ▼✉ ✭✶✾✾✼✮✱ s❤♦✇ t❤❛t s✉❝❤ ✈❛❧✉❡s ❛r❡ r❡❧❛t✐✈❡❧② ❝♦♠♠♦♥✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ t✉r❜✉❧❡♥❝❡ ✐s ❛ ❤❛r❞ ♣❛r❛♠❡t❡r t♦ ♠❡❛s✉r❡✱ ❛♥❞ ❛♥ ❡rr♦r ♦❢ ❛ ❢❛❝t♦r ♦❢ ✷

♠✐❣❤t ❜❡ ❝♦♥s✐❞❡r❡❞ r❡❧❛t✐✈❡❧② s♠❛❧❧ ✐♥ t❤❡ ♦✈❡r❛❧❧ ♣✐❝t✉r❡✳ ❚❤❡ ♦❝❝✉rr❡♥❝❡ ♦❢ s♠❛❧❧❡r

t❤❡♦r❡t✐❝❛❧ ✈❛❧✉❡s ♦❢ σ2 ✇✐❧❧ ❛❧s♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ♦❝❝✉rr❡♥❝❡s ♦❢ ε✱ ❛s

s❡❡♥ ✐♥ ❋✐❣✉r❡ ✷✳✹✭❛✮✳ ❚❤✐s ❞♦❡s ♥♦t ♠❛❦❡ ✐t ❛ ❜❡tt❡r ♠♦❞❡❧✱ ❤♦✇❡✈❡r✳

❉❡s♣✐t❡ t❤❡ ♣♦t❡♥t✐❛❧ ✐♥❤❡r❡♥t ❛❞✈❛♥t❛❣❡s ♦❢ t❤❡ ▲❙ ♠♦❞❡❧✱ ✐t ❞♦❡s ♥♦t s❡❡♠ t♦

♣r♦✈✐❞❡ ❛♥② r❡❛❧ ❛❞✈❛♥t❛❣❡ ♦✈❡r ♠♦❞❡❧ ❈❝ ✐♥ ❛ ♣r❛❝t✐❝❛❧ s✐t✉❛t✐♦♥✱ ❛♥❞ ✇❡ ✇✐❧❧ ✉s❡
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Wind profile Layers
Spectra

Resultant Spectrum - 

❋✐❣✉r❡ ✷✳✽✿ ■❧❧✉str❛t✐♦♥ ♦❢ t❤❡ ✐♥t❡❣r❛t✐♦♥ s❝❤❡♠❡ ♣r♦♣♦s❡❞ ❜② ❍♦❝❦✐♥❣ ✭✷✵✵✸✮✳ ❖♥❧② ❛
♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ♣r♦✜❧❡ ✐s s❤♦✇♥✱ ❢♦r s✐♠♣❧✐❝✐t②✳ ❙♣❡❝tr❛ ❛r❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ s♠❛❧❧✱ t❤✐♥
s✉❜❧❛②❡rs✳ ❇❛❝❦s❝❛tt❡r❡❞ ♣♦✇❡rs ❢r♦♠ ❡❛❝❤ s✉❜✲❧❛②❡r ❛r❡ s❤♦✇♥ ❛s ❛ ❣r❡②✲s❝❛❧❡✳ ❚❤❡
s♣❡❝tr❛✱ ✇❡✐❣❤t❡❞ ❛❝❝♦r❞✐♥❣ t♦ ❜❛❝❦s❝❛tt❡r❡❞ ♣♦✇❡r ❢♦r ❡❛❝❤ s✉❜✲❧❛②❡r✱ ❛r❡ s✉♠♠❡❞
t♦ ♣r♦❞✉❝❡ ❛ ✜♥❛❧ s♣❡❝tr✉♠✳

t❤❡ t✇♦ ♠♦❞❡❧s ✐♥t❡r❝❤❛♥❣❡❛❜❧② t❤r♦✉❣❤♦✉t t❤❡ r❡st ♦❢ t❤✐s t❡①t✳

❋✐❣✉r❡ ✷✳✾ s❤♦✇s t❤❡ r❡s✉❧ts ♦❢ ❛♣♣❧②✐♥❣ t❤❡ ✈❛r✐♦✉s ♠♦❞❡❧s t♦ r❡❛❧ ❞❛t❛✱ ❛❣❛✐♥

✉s✐♥❣ ❞❛t❛ ❢r♦♠ ❍❛rr♦✇ ❢♦r ❏✉❧② ✷✵✵✼✳ ❆❧❧ ❞❛t❛ ✐♥ t❤❡ ❤❡✐❣❤t r❛♥❣❡ ♦❢ ✶✳✺ t♦ ✶✵ ❦♠

❤❛✈❡ ❜❡❡♥ ✉s❡❞✳ ❍❡r❡✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ♠❡❛s✉r❡❞ t✉r❜✉❧❡♥❝❡ ✈❛❧✉❡s ❛r❡ s❤♦✇♥ ❢♦r

♠♦❞❡❧ ❈❝ ❛♥❞ ♠♦❞❡❧ ◆✱ ❛♥❞ ❢♦r ✸ ❞✐✛❡r❡♥t ❛③✐♠✉t❤❛❧ ❜❡❛♠ ❞✐r❡❝t✐♦♥s✳ ❘❡s✉❧ts ❛r❡

❛❧❧ q✉✐t❡ s✐♠✐❧❛r✱ ❛♥❞ t❤❡ ♦♥❧② ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ✐s ❛ s❧✐❣❤t t❡♥❞❡♥❝② ❢♦r ♠♦❞❡❧ ◆

t♦ ❜❡ s❤✐❢t❡❞ t♦ ♠♦r❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱ ❛s ✇♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❋✐❣✉r❡

✷✳✼✭❜✮ s❤♦✇s ❛♥ ❡①❝❡ss ♦❢ s♠❛❧❧❡r t❤❡♦r❡t✐❝❛❧ ♥♦♥✲t✉r❜✉❧❡♥t s♣❡❝tr❛❧ ✇✐❞t❤s✳ ❚❤❡r❡

✐s ♥♦ ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❜❡❛♠s✱ ❛♥❞ t❤❡ ❢♦✉rt❤ ❜❡❛♠ s❤♦✇s s✐♠✐❧❛r

✈❛❧✉❡s ✭♥♦t ♣❧♦tt❡❞ ✐♥ ♦r❞❡r t♦ ❛✈♦✐❞ ❝♦♥❣❡st✐♦♥✮✳

❖✈❡r❛❧❧✱ t❤❡ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ t❤❡ ✈❛r✐♦✉s ♠♦❞❡❧s ❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ q✉✐t❡

❣♦♦❞✳ ■t ✐s ✐♥t❡r❡st✐♥❣ ✭❛♥❞ ❡✈❡♥ ❝✉r✐♦✉s✮ t❤❛t ♠♦❞❡❧ ✏◆✑ s❤♦✇s ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇❤❡♥

t❤❡ ♦♥❡✲✇❛② ✷✲❉ ♣♦❧❛r ❞✐❛❣r❛♠ ✐s ✉s❡❞ t♦ r❡♣r❡s❡♥t t❤❡ t✇♦✲✇❛② ✸✲❉ ♣♦❧❛r ❞✐❛❣r❛♠✳

❉❡s♣✐t❡ t❤❡ ✈❛r✐♦✉s ❛♣♣r♦①✐♠❛t✐♦♥s ♦❢ t❤❡ ♠♦❞❡❧✱ t❤♦✉❣❤✱ t❤❡ ❛❣r❡❡♠❡♥t ♦❢ ♠♦❞❡❧ ◆

✇✐t❤ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ✐s ❣❡♥❡r❛❧❧② ❢❛✐r✱ ❛❧t❤♦✉❣❤ ✐t ✐s ♣r♦♥❡ t♦ s❧✐❣❤t❧② ✉♥❞❡r❡st✐♠❛t❡

t❤❡ tr✉❡ ♥♦♥✲t✉r❜✉❧❡♥t ✇✐❞t❤✳ ❚❤✐s ♠❛② ❜❡ ♦❢ s♦♠❡ ❝♦♥s❡q✉❡♥❝❡ ❢♦r ❝❛s❡s ✇❤❡r❡

t✉r❜✉❧❡♥❝❡ ✐s ✇❡❛❦ t♦ ♠♦❞❡r❛t❡✱ ❜✉t ✐s ♦❢ ❧✐tt❧❡ ❝♦♥s❡q✉❡♥❝❡ ✇❤❡♥ t✉r❜✉❧❡♥❝❡ ✐s str♦♥❣✳

❲❡ ❞♦ r❡❝♦♠♠❡♥❞ ✉s❡ ♦❢ t❤❡ ♠♦r❡ ❡①❛❝t ❡①♣r❡ss✐♦♥s ❢♦r σ2✱ ❜✉t ❝♦♥❝❧✉❞❡ t❤❛t t❤❡
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❋✐❣✉r❡ ✷✳✾✿ ❍✐st♦❣r❛♠s ♦❢ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♣r♦❞✉❝❡❞ ❢♦r t❤❡ ♠♦♥t❤
♦❢ ❏✉❧②✱ ✷✵✵✼✱ ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ✉s✐♥❣ ♠♦❞❡❧s ❈❝ ❛♥❞ ◆ ❢♦r t❤❡ ✐♥str✉♠❡♥t❛❧
❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❝❛❧❝✉❧❛t✐♦♥s✳ ❚❤❡ ❣r❛♣❤s ❝♦✈❡r ❛❧❧ ❤❡✐❣❤ts ❢r♦♠ ✶✲✶✵ ❦♠✳
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❝❤♦✐❝❡ ♦❢ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ♠♦❞❡❧ ✉s❡❞ ✐s ♦♥❧② ❛ ♠♦❞❡st ❝♦♥tr✐❜✉t♦r t♦ ❡rr♦rs ✐♥ t❤❡

♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ t✉r❜✉❧❡♥❝❡ ❡st✐♠❛t❡s✳

✷✳✸ ❆♥✐s♦tr♦♣✐❝ ❚✉r❜✉❧❡♥❝❡

■♥ t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤ ♠❡t❤♦❞ ♣r❡s❡♥t❡❞ t♦ ❞❛t❡✱ ✐t ❤❛s ❜❡❡♥ ❛ss✉♠❡❞ t❤❛t t✉r❜✉❧❡♥❝❡

✐s ✐s♦tr♦♣✐❝✳ ❲❤❡♥ t✉r❜✉❧❡♥❝❡ ✐s ❛♥✐s♦tr♦♣✐❝✱ t❤❡ ❤♦r✐③♦♥t❛❧ ✇✐♥❞ s♣❡❡❞ ✐s ✉♥❞❡r❡st✐✲

♠❛t❡❞ ❜② t❤❡ r❛❞❛r ❜② ❛ ❢❛❝t♦r✱ R1 ✭❍♦❝❦✐♥❣✱ ✶✾✽✾✮✱ ✇❤❡r❡

R1 =

[

1 +
θ20
θ2s

]

. ✭✷✳✻✮

❍❡r❡ θ0 ✐s t❤❡ ✶✴❡ ❤❛❧❢✲✇✐❞t❤ ♦❢ t❤❡ t✇♦✲✇❛② r❛❞❛r ❜❡❛♠ ❛♥❞ θs ✐s t❤❡ ❛♥✐s♦tr♦♣②

❛♥❣✉❧❛r ❢❛❝t♦r ♦❢ t❤❡ ❜❛❝❦s❝❛tt❡r❡rs ✭❡✳❣✳ ❛s ❞❡✜♥❡❞ ✐♥ ❍♦❝❦✐♥❣ ✶✾✽✼✱ ♦r ❍♦❝❦✐♥❣✱

✶✾✽✽✱ ❆♣♣❡♥❞✐① ❆✮✳ ❚❤❡ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ♦❢ t❤❡ r❛❞❛r ❜❡❛♠ ❛❧s♦ ♥❡❡❞s t♦ ❜❡

❝♦rr❡❝t❡❞ ❜② t❤❡ ❢❛❝t♦r✱ ✇❤❡r❡✿

R2 =

[

1 +
θ20
θ2s

]−1/2

. ✭✷✳✼✮

✭❛❧s♦ s❤♦✇♥ ✐♥ ❍♦❝❦✐♥❣✱ ✶✾✽✽✱ ❆♣♣❡♥❞✐① ❆✮✳

❚❤❡ ♣❛r❛♠❡t❡r θs ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ♣♦✇❡rs ♦♥ t❤❡ ✈❡rt✐❝❛❧ ❛♥❞

♦✛✲✈❡rt✐❝❛❧ ❜❡❛♠s✱ ✉s✐♥❣ t❤❡ r❡❧❛t✐♦♥ ✭❍♦♦♣❡r ❛♥❞ ❚❤♦♠❛s✱ ✶✾✾✺✮✿

θs = arcsin

√

sin2 θ2 − sin2 θ1
ln [P (θ1)/P (θ2)]

− sin2 θ0 ✭✷✳✽✮

✇❤❡r❡ P (θ1) ❛♥❞ P (θ2) ❛r❡ t❤❡ r❡❝❡✐✈❡❞ ❜❛❝❦s❝❛tt❡r ♣♦✇❡r ❢♦r t✇♦ ③❡♥✐t❤ ❛♥❣❧❡s ♦❢ θ1

❛♥❞ θ2✱ ❛♥❞ θ0 ✐s t✇♦ ✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ♦❢ r❛❞❛r ❜❡❛♠✳ ❱❛❧✉❡s ❢♦r θs ❤❛✈❡

❜❡❡♥ ♠❡❛s✉r❡❞ ♠❛♥② t✐♠❡s ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ❛♥❞ ❣❡♥❡r❛❧❧② ❧✐❡ ❜❡t✇❡❡♥ 3◦ ❛♥❞ 15◦

✭❍♦❝❦✐♥❣ ❡t ❛❧✳✱ ✶✾✽✻✮✳ ❲❡ ❛❧s♦ ♠❡❛s✉r❡ t❤✐s ♣❛r❛♠❡t❡r r♦✉t✐♥❡❧② ✇✐t❤ ♦✉r r❛❞❛rs ❡✳❣✳

s❡❡ ❍♦❝❦✐♥❣ ❛♥❞ ❍♦❝❦✐♥❣ ✭✷✵✵✼✮✳

■t ✐s ✐♠♣♦rt❛♥t t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡✛❡❝ts ♦❢ θs ♦♥ ♦✉r ❡st✐♠❛t❡s ♦❢ t✉r❜✉❧❡♥❝❡✳ ❚✇♦

♣♦ss✐❜❧❡ s❝❡♥❛r✐♦s ❡①✐st ✐♥ ❛ r❡❛❧✐st✐❝ s✐t✉❛t✐♦♥✳ ❋✐rst✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡ ✉s❡r

❞♦❡s ♥♦t ❝♦rr❡❝t ❢♦r t❤❡ ✇✐♥❞ s♣❡❡❞ ❡✛❡❝t ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✷✳✻✮✳ ❚❤✐s ✐s t❤❡ ♠♦st

❝♦♠♠♦♥ ❝❛s❡✳ ❙❡❝♦♥❞✱ ✐t ✐s ♣♦ss✐❜❧❡ t❤❛t t❤❡ ♠❡❛♥ ✇✐♥❞ ✐s ❝♦rr❡❝t❡❞ ❢♦r t❤❡ ✇✐♥❞

s♣❡❡❞✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ✇✐❞t❤ ✇✐❧❧ ❜❡ t♦♦ ♥❛rr♦✇

❜② ❛♥ ❛♠♦✉♥t ❣✐✈❡♥ ❜② R1R2✱ ✇❤❡r❡ t❤❡ ✜rst t❡r♠ ❛r✐s❡s ❜❡❝❛✉s❡ t❤❡ ♠❡❛♥ ✇✐♥❞

✉s❡❞ ✐s t♦♦ s♠❛❧❧✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❛r✐s❡s ❜❡❝❛✉s❡ t❤❡ ❛s♣❡❝t s❡♥s✐t✐✈✐t② t❡r♠ ❤❛s ❜❡❡♥
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✐❣♥♦r❡❞✳ ❚❤❡ ♥❡t r❡s✉❧t ✐s t❤❛t t❤❡ t❤❡♦r❡t✐❝❛❧❧② ❞❡t❡r♠✐♥❡❞ s♣❡❝tr❛❧ ✇✐❞t❤ ✇✐❧❧ ❜❡ t♦♦

♥❛rr♦✇ ❜② ❛♥ ❛♠♦✉♥t
√

(1 + θ20/θ
2
s) ❛♥❞ σ2 ✇✐❧❧ ❜❡ t♦♦ s♠❛❧❧ ❜② ❢❛❝t♦r ♦❢ (1 + θ20/θ

2
s)✳

❍❡♥❝❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ε ✇✐❧❧ r❡s✉❧t ✐♥ ✈❛❧✉❡s t❤❛t ❛r❡ t♦♦ ❧❛r❣❡✱ r❛t❤❡r t❤❛♥ ✈❛❧✉❡s

t❤❛t ❛r❡ t♦♦ s♠❛❧❧✱ s♦ t❤❡s❡ ❝❛♥♥♦t ❝♦♥tr✐❜✉t❡ t♦ t❤❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❢♦r ε✳ ■❢✱ ♦♥

t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♠❡❛♥ ✇✐♥❞ ❤❛s ❛❧r❡❛❞② ❜❡❡♥ ❝♦rr❡❝t❡❞ ❢♦r t❤❡ ❛♥✐s♦tr♦♣②✱ t❤❡♥

t❤❡ ♦♥❧② ♠✐ss✐♥❣ t❡r♠ ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ s♣❡❝tr❛❧ ✇✐❞t❤ ✐s t❤❡

❛♥✐s♦tr♦♣② ❢❛❝t♦r✱ s♦ ✐♥ t❤✐s ❝❛s❡ σ2 ✇✐❧❧ ❜❡ t♦♦ ✇✐❞❡ ❜② ❛♥ ❛♠♦✉♥t R−2
2 ✱ ♦r ❜② ❛

❢r❛❝t✐♦♥ [1 + (v2/θ2s2 ln 2)]✱ s✐♥❝❡ θ0 = Θ1/2/
√
ln 2 ✱ ❛♥❞ t❤❡ t✇♦✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲

✇✐❞t❤ ✐s ❡q✉❛❧ t♦ v/
√
2✳ ❚❤✐s ✇✐❧❧ r❡s✉❧t ✐♥ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♥❡❣❛t✐✈❡ ε✳ ❋♦r ❡①❛♠♣❧❡✱ ✐❢

θs = 5◦✱ ❛♥❞ v = 2.5◦✱ t❤❡ ❝♦rr❡❝t✐♦♥ ✐s ✶✽✪✳ ❆❧t❤♦✉❣❤ ✈❛❧✉❡s ♦❢ θs ❧❡ss t❤❛♥ 5◦ ♦❝❝✉r✱

t❤❡② ❣❡♥❡r❛❧❧② ❞♦♠✐♥❛t❡ t❤❡ ✈❡rt✐❝❛❧ ❜❡❛♠✱ ❛♥❞ ♥♦t t❤❡ ♦✛✲✈❡rt✐❝❛❧ ❜❡❛♠s✳ ❍❡♥❝❡ t❤✐s

♠❛② ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❛♥ ✉♣♣❡r ❧✐♠✐t ♦♥ t❤❡ ❝♦rr❡❝t✐♦♥ t❡r♠ ❢♦r ♠♦st r❛❞❛rs✳ ❚❤✐s

❝♦rr❡❝t✐♦♥ ✐s ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ♣❡r❝❡♥t❛❣❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ♠♦❞❡❧ ◆ ❛♥❞ t❤❡ ❢✉❧❧

♥✉♠❡r✐❝❛❧ ♠♦❞❡❧ ❞✐s❝✉ss❡❞ ✐♥ ❋✐❣✉r❡s ✷✳✼✭❛✮ ❛♥❞ ✷✳✼✭❜✮✱ ✇❤✐❝❤ ✇❛s ✶✷✳✺✪✳ ❍❡♥❝❡ ✐♥

s✉❝❤ ❛ s✐t✉❛t✐♦♥✱ t❤❡ ❡✛❡❝t ♦❢ ❛♥✐s♦tr♦♣② s❤♦✉❧❞ ❜❡ ❛t ❛❜♦✉t t❤❡ s❛♠❡ ❧❡✈❡❧ ♦❢ t❤❛t

s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✼✭❜✮✳ ❚❤✐s ✇♦✉❧❞ ❜❡ ❛ ✇♦rst✲❝❛s❡ s❝❡♥❛r✐♦✱ ❛♥❞ t❤❡ ❡✛❡❝t r❛♣✐❞❧②

❞✐♠✐♥✐s❤❡s ❢♦r ♥❛rr♦✇❡r ❜❡❛♠s✳

■♥ ♦✉r ❝❛s❡✱ ✇❡ ❤❛✈❡ ♥♦t ❝♦rr❡❝t❡❞ ❢♦r t❤❡ ♠❡❛♥ ✇✐♥❞✱ s♦ t❤❛t ❛s♣❡❝t s❡♥s✐t✐✈✲

✐t② s❤♦✉❧❞ ❛❝t✉❛❧❧② ✐♥❝r❡❛s❡ ε✱ r❛t❤❡r t❤❛♥ ♣r♦❞✉❝✐♥❣ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❚❤✐s s❤♦✉❧❞

t❤❡r❡❢♦r❡ ♥♦t ❜❡ ❛ ❝♦♥tr✐❜✉t♦r t♦ ♦✉r ♦❜s❡r✈❡❞ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳

✷✳✹ ❚❤❡ Pr✐♠❛r② ❊rr♦r ❚❡r♠s

❚❤❡ ♣♦ss✐❜❧❡ s♦✉r❝❡s ♦❢ ❡rr♦r ❞✐s❝✉ss❡❞ t♦ ❞❛t❡ ❤❛✈❡ ❜❡❡♥ ♦♥❧② ♠♦❞❡st ❝♦♥tr✐❜✉t♦rs✳

❲❡ ♥♦✇ t✉r♥ t♦ t❤❡ ✐ss✉❡s ♦❢ ✇✐♥❞ ✈❛r✐❛❜✐❧✐t② ❛♥❞ s♣❡❝tr❛❧ ✜tt✐♥❣ ❛❝❝✉r❛❝②✱ ❛s t❤❡②

t✉r♥ ♦✉t t♦ ❜❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t t❡r♠s✳

✷✳✹✳✶ ❊✛❡❝t ♦❢ ❱❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ✏▼❡❛♥ ❲✐♥❞✑

❖❢ t❤❡ s❡❧❡❝t✐♦♥ ♦❢ r❡❛s♦♥s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✱ ✇❡ ❛r❡ ♥♦✇ ❧❡❢t ✇✐t❤ ✭✐✮ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡

♠❡❛♥ ✇✐♥❞ ❛♥❞ ✭✐✐✮ ❡rr♦rs ✐♥ ❡st✐♠❛t❡s ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s♣❡❝tr❛❧ ✇✐❞t❤✳ ❇♦t❤ ❛r❡

❡①♣❡❝t❡❞ t♦ ❜❡ ✐♠♣♦rt❛♥t ✐♥ ❛ q✉❛❧✐t❛t✐✈❡ s❡♥s❡✱ ❜✉t ✐t ✐s ♥❡❝❡ss❛r② t♦ q✉❛♥t✐❢② t❤❡✐r

✐♠♣❛❝t✳

■♥ ❋✐❣✉r❡ ✷✳✹✱ t❤❡ ♣❡r❝❡♥t❛❣❡s ♦❢ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ✇❡r❡ ♣r❡s❡♥t❡❞ ✐♥ ✈❛r✐♦✉s ❢♦r♠s✱

❛♥❞ t❤❡r❡ ✇❛s str♦♥❣ ❡✈✐❞❡♥❝❡ t❤❛t t❤❡ ♣❡r❝❡♥t❛❣❡ ✇❛s ❛ ❢✉♥❝t✐♦♥ ♣r✐♠❛r✐❧② ♦❢ t❤❡

♠❡❛♥ ✇✐♥❞ ✭✜❣✉r❡ ✷✳✹✭❜✮✮✳ ■♥ ❋✐❣✉r❡ ✷✳✾✱ ✇❡ s❤♦✇❡❞ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛❧✉❡s ❢♦r ❛❧❧



✺✺

❤❡✐❣❤ts ❛♥❞ ❛❧❧ ✇✐♥❞ s♣❡❡❞s✳ ■♥ ❋✐❣✉r❡ ✷✳✶✵✱ ✇❡ s❤♦✇ ❤✐st♦❣r❛♠s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢

✈❛❧✉❡s ❢♦r ✷ ❞✐✛❡r❡♥t ❤❡✐❣❤t r❡❣✐♦♥s ✭✶✲✺ ❛♥❞ ✺✲✶✵ ❦♠✮✱ t✇♦ ❞✐✛❡r❡♥t r❛❞❛rs ✭❍❛rr♦✇

❛♥❞ ❲❛❧s✐♥❣❤❛♠✮ ❛♥❞ ❢♦r ✹ ❞✐✛❡r❡♥t ❜❛♥❞s ♦❢ ♠❡❛♥ ✇✐♥❞ s♣❡❡❞s ✭✺✲✶✵ ♠✴s✱ ✶✵✲✶✺

♠✴s✱ ✶✺✲✷✵ ♠✴s ❛♥❞ ✷✵✲✷✺ ♠✴s✮✳ ❚❤❡ ❜r♦❛❞❡r ♥❛t✉r❡ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ❢♦r ✐♥❝r❡❛s❡❞

✇✐♥❞ s♣❡❡❞s ✐s q✉✐t❡ ❛♣♣❛r❡♥t✳ ❚❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ ❡❛❝❤ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s

❛r❡ ✐♥❞✐❝❛t❡❞ ♦♥ t❤❡ ✜❣✉r❡s✳

■♥ ♦r❞❡r t♦ ❤❡❧♣ q✉❛♥t✐❢② t❤❡ ❡✛❡❝t✱ ❋✐❣✉r❡ ✷✳✶✶ s❤♦✇s t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢

t❤❡ ❤♦✉r❧② ✇✐♥❞ ❞❛t❛✳ ❚❤❡ ✈❛r✐❛♥❝❡ ✐♥ t❤❡ ♥♦rt❤✲s♦✉t❤ ❝♦♠♣♦♥❡♥ts✱ ❛♥❞ t❤❡ ❡❛st✲✇❡st

❝♦♠♣♦♥❡♥ts✱ ✇❡r❡ ❡❛❝❤ ❝❛❧❝✉❧❛t❡❞ s❡♣❛r❛t❡❧② ❢♦r ❡❛❝❤ ❤♦✉r ♦❢ t❤❡ ♠♦♥t❤ ♦❢ ❏✉❧②✱ ✷✵✵✼✱

❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ❛♥❞ t❤❡♥ t❤❡ t✇♦ ❝♦♠♣♦♥❡♥ts ✇❡r❡ ❛❞❞❡❞ ❢♦r ❡❛❝❤ ❤♦✉r✳ ❚❤❡

sq✉❛r❡ r♦♦t ✇❛s t❤❡♥ t❛❦❡♥✱ ❛♥❞ ♣❧♦tt❡❞ ❛❣❛✐♥st t❤❡ ✇✐♥❞ s♣❡❡❞✳ ❚❤❡ ♣r♦❝❡ss ✇❛s

♣❡r❢♦r♠❡❞ ❢♦r ❞✐✛❡r❡♥t ❤❡✐❣❤t ❜✐♥s✱ ❜✉t t❤❡ ❘▼❙ ✈❛❧✉❡s ❞✐❞ ♥♦t ✈❛r② s✉❜st❛♥t✐❛❧❧② ✇✐t❤

❤❡✐❣❤t✱ s♦ ✇❡ ❤❛✈❡ ❧✉♠♣❡❞ ❛❧❧ ❤❡✐❣❤ts t♦❣❡t❤❡r ❛♥❞ ♣r♦❞✉❝❡❞ ❋✐❣✉r❡ ✷✳✶✶✭❛✮✳ ❚❤❡r❡ ✐s

❛ ❧❛r❣❡ ❝❧✉st❡r ♦❢ ♣♦✐♥ts ✇❤✐❝❤ ✐s ❝❧❡❛r❧② s❡❡♥✱ ♣❧✉s s♦♠❡ ❛♣♣❛r❡♥t ♦✉t❧✐❡rs✳ ❲❡ ❛♣♣❧②

s✉❜st❛♥t✐❛❧ q✉❛❧✐t② ❝♦♥tr♦❧ t♦ ♦✉r ❞❛t❛✱ ✉s✐♥❣ ❛ ❲❡❜❡r✲❲✉❡rt③✲t②♣❡ ❛❧❣♦r✐t❤♠ ❛t t❤❡

♠✐♥✉t❡✲❜②✲♠✐♥✉t❡ s❝❛❧❡✱ t♦ r❡❥❡❝t ♦✉t❧✐❡rs ❛t t❤❡ ❡❛r❧✐❡st st❛❣❡s ♦❢ ❛♥❛❧②s✐s ✭❲❡❜❡r

❛♥❞ ❲✉❡rt③✱ ✶✾✾✶✮✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝♦♠♣❛r❡s t❤❡ ♦❜s❡r✈❡❞ ✈❛❧✉❡✱ ❱ ✇✐t❤ t❤❡ ♠❡❞✐❛♥

♦❢ s✉rr♦✉♥❞✐♥❣ ♦❜s❡r✈❛t✐♦♥s✱ ❱♠✳ ■❢ t❤❡ ❞✐✛❡r❡♥❝❡ ✭❱✲Vm) ❡①❝❡❡❞s t❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡✱

❱c✱ t❤❡♥ ❱ ✐s ❛♥ ♦✉t❧✐❡r✳ ❚❤❡ ❝r✐t✐❝❛❧ ✈❛❧✉❡ ✐♥ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❣✐✈❡♥ ❜② ✭▲❛♠❜❡rt

❛♥❞ ❚❛②❧♦r✱ ✶✾✾✽✮✿

❱c = max (V1✱V2) ✭✷✳✾✮

❱1 = 0.2 | ❱✰Vm |
❱2 = ❛.

(

❆❤2✰❇❤✰❈
)

,

✇❤❡r❡ ❛✱ ❆✱ ❇✱ ❈ ❛r❡ ❝♦♥st❛♥ts ❛♥❞ ❤ ✐s t❤❡ ❤❡✐❣❤t ❛t ✇❤✐❝❤ t❤❡ ♠❡❛s✉r❡♠❡♥t ✐s ❞♦♥❡✳

■♥ ❛❞❞✐t✐♦♥✱ ❛t ❧❡❛st ✽ ♣♦✐♥ts ✇❡r❡ r❡q✉✐r❡❞ ♣❡r ❤♦✉r ❜❡❢♦r❡ ❛ ❞❛t❛ ♣♦✐♥t ✇❛s

♣❧♦tt❡❞ ♦♥ t❤✐s ❣r❛♣❤✳ ❙♦ t❤❡s❡ ❛♣♣❛r❡♥t ♦✉t❧✐❡rs ❛r❡ ❛❧s♦ r❡❛❧ ❞❛t❛✱ ❛♥❞ ♥♦t ❛rt✐❢❛❝ts✱

❛♥❞ ❛r✐s❡ ❞✉❡ t♦ t❤❡ ♣❛ss❛❣❡ ♦❢ ❢r♦♥t❛❧ s②st❡♠s ❛♥❞ ♦t❤❡r ❡✈❡♥ts t❤❛t ♣r♦❞✉❝❡ r❛♣✐❞

❝❤❛♥❣❡s ✐♥ t❤❡ ❧❛r❣❡✲s❝❛❧❡ ✇✐♥❞s✱ ❣✐✈✐♥❣ r✐s❡ t♦ ❧❛r❣❡ ❘▼❙ ✢✉❝t✉❛t✐♦♥s✳ ❚❤❡ ❞❛t❛ ❤❛✈❡

❛❧s♦ ❜❡❡♥ ❜✐♥♥❡❞ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ♠❡❛♥ ✇✐♥❞✱ ❛♥❞ t❤❡ ♠❡❞✐❛♥s ❛♥❞ ✻✽t❤ ♣❡r❝❡♥t✐❧❡

❞❡t❡r♠✐♥❡❞ ❢♦r ❜✐♥s ♦❢ ✺✲✶✵✱ ✶✵✲✶✺✱ ✶✺✲✷✵✱ ✷✵✲✷✺ ❛♥❞ ✷✺✲✸✵ ♠✴s ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡

✭✷✳✶✶✮✳ ❚❤❡s❡ ❛r❡ ♣❧♦tt❡❞ ❛s ❞❛r❦ ✜❧❧❡❞ ❝✐r❝❧❡s ❛♥❞ sq✉❛r❡s ✭r❡s♣❡❝t✐✈❡❧②✮ ♦♥ t❤❡

❣r❛♣❤s✳ ❆♥ ❛♣♣r♦①✐♠❛t❡ ❧✐♥❡ ❤❛s ❜❡❡♥ ❞r❛✇♥ t❤r♦✉❣❤ t❤❡ ♠❡❞✐❛♥s✳ ❋✐❣✉r❡ ✷✳✶✶✭❜✮

s❤♦✇s t❤❡ s❛♠❡ t②♣❡ ♦❢ ❞✐s♣❧❛② ❢♦r t❤❡ ❲❛❧s✐♥❣❤❛♠ ❞❛t❛✱ ❜✉t ❢♦r ✺✲✶✵ ❦♠ ❛❧t✐t✉❞❡✳
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❋✐❣✉r❡ ✷✳✶✵✿ ❍✐st♦❣r❛♠s ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s
❢♦r t❤❡ ❍❛rr♦✇ ❛♥❞ ❲❛❧s✐♥❣❤❛♠ r❛❞❛rs ❢♦r ❏✉❧②✱ ✷✵✵✼✳ ❚❤❡ ❤✐st♦❣r❛♠s ❛r❡ s❡♣❛r❛t❡❧②
♣r♦❞✉❝❡❞ ✇✐t❤✐♥ ❡❛❝❤ s❡t ♦❢ ❣r❛♣❤s ❢♦r ✇✐♥❞✲s♣❡❡❞ ❜✐♥s ♦❢ ✺✲✶✵✱ ✶✵✲✶✺✱ ✶✺✲✷✵ ❛♥❞
✷✵✲✷✺ ♠✴s✳ ❋✐❣✉r❡s ✭❛✮ ❛♥❞ ✭❜✮ s❤♦✇ ❞✐str✐❜✉t✐♦♥s ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ✶✲✺ ❛♥❞
✺✲✶✵ ❦♠ ❛❧t✐t✉❞❡ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ ✭❝✮ ❛♥❞ ✭❞✮ s❤♦✇ t❤❡ s❛♠❡ ❢♦r t❤❡ ❲❛❧s✐♥❣❤❛♠
r❛❞❛r✳ ❙t❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ❢♦r ❡❛❝❤ ❞✐str✐❜✉t✐♦♥ ❛r❡ s❤♦✇♥ ✐♥ t❤❡ ❜♦①❡s t♦ t❤❡ r✐❣❤t✳
▼❡❛♥ ✈❛❧✉❡s ❛r❡ ✐♥❞✐❝❛t❡❞ ❜② t❤❡ ✈❡rt✐❝❛❧ ❛rr♦✇s✱ ❛♥❞ ♥✉♠❡r✐❝❛❧ ✈❛❧✉❡s ❢♦r t❤❡ ♠❡❛♥s
❛♣♣❡❛r ✐♥ ❚❛❜❧❡s ✷✳✶ ❛♥❞ ✷✳✷✳
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Harrow, 1-10 km altitude.

Walsingham, 5-10km altitude

❋✐❣✉r❡ ✷✳✶✶✿ ❍♦✉r❧② st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♦❢ ✇✐♥❞ ✢✉❝t✉❛t✐♦♥s ♣❧♦tt❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
✇✐♥❞ s♣❡❡❞ ❢♦r t❤❡ ✭❛✮ ❍❛rr♦✇ ❛♥❞ ✭❜✮ ❲❛❧s✐♥❣❤❛♠ r❛❞❛rs✳ ▼❡❞✐❛♥ ✈❛❧✉❡s ❤❛✈❡ ❜❡❡♥
❝❛❧❝✉❧❛t❡❞ ✐♥ ✺ ♠✴s✲✇✐❞❡ ✇✐♥❞✲s♣❡❡❞ ❜✐♥s ✭✺✲✶✵✱ ✶✵✲✶✺✱ ✶✺✲✷✵✱ ✷✵✲✷✺✱ ✷✺✲✸✵ ♠✴s✮✱ ❛♥❞
♣❧♦tt❡❞ ❛s s♦❧✐❞ ❝✐r❝❧❡s✳ ❚❤❡ s♦❧✐❞ sq✉❛r❡s r❡♣r❡s❡♥t t❤❡ ✻✽t❤ ♣❡r❝❡♥t✐❧❡s ❢♦r t❤❡ s❛♠❡
❜✐♥s✳ ❚♦t❛❧ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ✉s❡❞✱ ❛♥❞ ❝♦rr❡❧❛t✐♦♥ ❝♦❡✣❝✐❡♥ts✱ ❛r❡ s❤♦✇♥ ❛s ◆ ❛♥❞
ρ✳ ❇♦t❤ ❞❛t❛ s❡ts ❛r❡ ❢♦r ❏✉❧② ✷✵✵✼✱ ❛♥❞ ❢♦r t❤❡ ❤❡✐❣❤ts ✐♥❞✐❝❛t❡❞✳
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❲❤✐❧❡ t❤❡ ❤♦✉r❧② st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ❞♦ ✐♥❝r❡❛s❡ ✇✐t❤ ✐♥❝r❡❛s✐♥❣ ♠❡❛♥ ✇✐♥❞

s♣❡❡❞✱ t❤❡ ✐♥❝r❡❛s❡ ✐s ♦♥❧② ♠♦❞❡st✱ ❡s♣❡❝✐❛❧❧② ❛❜♦✈❡ ✷✵ ♠✴s✳ ■♥ ♦r❞❡r t♦ ❢✉rt❤❡r

✐♥t❡r♣r❡t t❤❡ ❞❛t❛✱ ✇❡ ♥❡❡❞ t♦ ❞❡✈❡❧♦♣ ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ t❤❡♦r② ❛❜♦✉t t❤❡ ❡rr♦rs✱

✇❤✐❝❤ ✇❡ ❞♦ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

✷✳✹✳✷ ❊rr♦r ❞✉❡ t♦ ✈❛r✐❛❜✐❧✐t② ♦❢ ❧❛r❣❡✲s❝❛❧❡ ✇✐♥❞ s♣❡❡❞

❚❤❡ ♠❛✐♥ t❡r♠ ✐♥ t❤❡ ❡q✉❛t✐♦♥ ❢♦r σ2 ✐s t❤❡ ✜rst t❡r♠ ✐♥ ❊q✉❛t✐♦♥ ✭✷✳✺✮✱ s♦ ❢♦r

♣✉r♣♦s❡s ♦❢ ❡rr♦r ❝❛❧❝✉❧❛t✐♦♥s ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤✐s t❡r♠✳ ❚❤❡♥ ✇❡ ✉s❡

σ2 = (4 ln 2)−1 θ21/2(1)u
2, ✭✷✳✶✵✮

δ(σ2) = (4 ln 2)−1 θ21/2(1)2uδu, ✭✷✳✶✶✮

✇❤❡r❡ δ(σ2) ✐s t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ σ2 ✭t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❝♦♥tr✐❜✉t✐♦♥ t♦ t❤❡ ✈❛r✐❛♥❝❡✮✱

✇❤✐❝❤ ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r ❤❡r❡ t♦ ❜❡ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥ ♦❢ σ2✳ ❍❡r❡✱ u ✐s t❤❡ ❧❛r❣❡

s❝❛❧❡ ✇✐♥❞ s♣❡❡❞✱ ❛♥❞ θ1/2(1) ✐s t❤❡ ♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ♦❢ t❤❡ ♣♦❧❛r ❞✐❛❣r❛♠✳

❙✐♥❝❡ σ2
t = σ2

e − σ2✱ ❛♥❞ ε = 1.7(σ2
t /TB)✱ ✇❡ ♠❛② ♠✉❧t✐♣❧② t❤r♦✉❣❤ ❜② 1.7/TB ❛♥❞

t❛❦❡ ❡rr♦rs ♦❢ ❡❛❝❤ t❡r♠✱ sq✉❛r❡ ❛♥❞ ❛❞❞ t♦ ❣✐✈❡ (δε)2 = (δε2)
2 + (δε1)

2✱ ✇❤❡r❡ δε2 ✐s

t❤❡ ❡rr♦r ✐♥ t❤❡ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧

s♣❡❝tr❛❧ ✇✐❞t❤✱ ❛♥❞ δε1 ✐s t❤❡ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ t❡r♠✱ ❛s

❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ t❤❡r❡❢♦r❡✿

δε1 = 1.7 (4 ln 2)−1 T−1
B θ21/2(1)2uδu. ✭✷✳✶✷✮

❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s t❤❡ ✜rst ❡rr♦r t❡r♠✱ s✐♥❝❡ ✇❡ ❤❛✈❡ ❞✐s❝✉ss❡❞ ✐t ✜rst✳ ❋♦r ❛ ❤❛❧❢✲

♣♦✇❡r ♦♥❡✲✇❛② ❤❛❧❢✲✇✐❞t❤ ♦❢ 2.75◦✱ ❛♥❞ ❛ss✉♠✐♥❣ ❛ ❇r✉♥t✲❱❛✐s❛❧❛ ♣❡r✐♦❞ ✭TB✮ ♦❢ ✶✵

♠✐♥s✳✱ ❛s ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ❣✐✈❡s δε1 = 4.71 × 10−6uδu✳ ❋♦r ❲❛❧s✐♥❣❤❛♠✱ δε1 =

3.29× 10−6uδu✳ ❲❡ ✇✐❧❧ ❞✐s❝✉ss ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s ❢♦r♠✉❧❛ s❤♦rt❧②✱ ❜✉t ✜rst ✇❡ ✇✐❧❧

❞❡✈❡❧♦♣ ❛♥ ❡①♣r❡ss✐♦♥ ❢♦r t❤❡ ❡rr♦r ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧

s♣❡❝tr❛❧ ✇✐❞t❤✱ ❞❡♥♦t❡❞ ❛s δε2 ❛❜♦✈❡✳

✷✳✹✳✸ ❊rr♦rs ✐♥ ❡st✐♠❛t✐♦♥ ♦❢ s♣❡❝tr❛❧ ✇✐❞t❤

❆♥ ❛❧t❡r♥❛t✐✈❡ r❡❛s♦♥ ❢♦r ❡rr♦rs ♠❛② r❡❧❛t❡ t♦ t❤❡ ❛❝❝✉r❛❝② ✇✐t❤ ✇❤✐❝❤ t❤❡ ❡①♣❡r✐✲

♠❡♥t❛❧ s♣❡❝tr❛❧ ✇✐❞t❤ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞✳ ❚❤❡r❡ ❛r❡ ✈❛r✐♦✉s r❡❛s♦♥s ✇❤② t❤✐s ✇✐❞t❤

♠❛② ❜❡ ✐♥ ❡rr♦r✳ ◆♦✐s❡ ♥❛t✉r❛❧❧② ❝♦♥tr✐❜✉t❡s✱ ❛♥❞ ✐ts ❡✛❡❝t ✐s ✇♦rs❡ ✐❢ t❤❡ ✏✇✐❞t❤✑ ♦❢

t❤❡ s♣❡❝tr✉♠ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ✉s✐♥❣ ❛ ✇❡✐❣❤t❡❞ ✐♥t❡❣r❛❧ ❢♦r t❤❡ ✈❛r✐❛♥❝❡✳ ❆ s✉♣❡r✐♦r
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❍❡✐❣❤t
✭❦♠✮

❙♣❡❡❞
✭ ♠✴s✮

δu
✭♠✴s✮

δε1
×10−4

(η = 1)

δε2
×10−4

(η = 1)

δεtotal
×10−4

(η = 1)

δεexperiment

×10−4

∆ε
×10−4

ε
×10−4

✶✲✺ ✺✲✶✵ ✶✳✾✷ ✵✳✻✼ ✶✳✸ ✶✳✹✻ ✷✳✵✸ ✶✳✹✶ ✶✳✾
✶✵✲✶✺ ✷✳✷✺ ✶✳✸✷ ✷✳✶ ✷✳✹✽ ✷✳✾✸ ✶✳✺✺ ✶✳✽
✶✺✲✷✵ ✷✳✽✶ ✷✳✸✺ ✸✳✵ ✸✳✽✶ ✹✳✹✼ ✷✳✸✹ ✶✳✺

✺✲✶✵ ✺✲✶✵ ✶✳✾✷ ✵✳✻✼ ✶✳✸ ✶✳✹✻ ✸✳✷✷ ✷✳✽✼ ✷✳✹
✶✵✲✶✺ ✷✳✷✺ ✶✳✸✷ ✷✳✶ ✷✳✹✽ ✸✳✺✵ ✷✳✹✼ ✷✳✶
✶✺✲✷✵ ✷✳✽✻ ✷✳✸✺ ✸✳✵ ✸✳✽✶ ✺✳✶✻ ✸✳✹✽ ✶✳✻
✷✵✲✷✺ ✸✳✺✵ ✸✳✼ ✸✳✽ ✺✳✸ ✼✳✹✵ ✺✳✶✻ ✶✳✻

❚❛❜❧❡ ✷✳✶✿ ❚❛❜❧❡ ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛♥ ❛♥❞ ❡rr♦rs ✐♥✈♦❧✈❡❞
✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡ ❢♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✳ ❚❤❡ t❡r♠ δu
r❡❢❡rs t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✻✽t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❘▼❙ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ t♦t❛❧ ♠❡❛♥
✇✐♥❞ ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✶✮✳ ❙❡❡ t❤❡ t❡①t ❢♦r t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠s δε1 ❛♥❞ δε2✳ δεtotal
r❡♣r❡s❡♥ts t❤❡ sq✉❛r❡✲r♦♦t ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡s ♦❢ t❡r♠s δε1 ❛♥❞ δε2✳ δεexperiment

✇❛s t❛❦❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✶✵✱ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♣r♦✈✐❞❡❞ t❤❡r❡✳ ∆ε ✐s
❝❛❧❝✉❧❛t❡❞ ❛s

√

(δεexperiment)2 − (δεtotal)2✳ ❚❤❡ ✜♥❛❧ ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♠❡❛♥ ✈❛❧✉❡s✱
❛❧s♦ t❛❦❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✶✵✳

♠❡t❤♦❞ ✐s s♣❡❝tr❛❧ ✜tt✐♥❣✱ ❛s ❞✐s❝✉ss❡❞ ❡❛r❧✐❡r✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ✐❢ t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤ ✐s

♦✈❡r✲❡st✐♠❛t❡❞ ✭❛s ✐♥ t❤❡ ❝❛s❡ ♦❢ ✉s✐♥❣ ✇❡✐❣❤t❡❞ s♣❡❝tr❛❧ ♠♦♠❡♥ts✮✱ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢

♥❡❣❛t✐✈❡ ❡st✐♠❛t❡s ♦❢ ✇✐❧❧ ❜❡ r❡❞✉❝❡❞✱ ❣✐✈✐♥❣ t❤❡ ♠✐s❧❡❛❞✐♥❣ ❛♣♣❡❛r❛♥❝❡ ♦❢ ✐♠♣r♦✈❡❞

❞❛t❛✳

■♥ t❤❡ ❝❛s❡ ♦❢ ♥♦ ♥♦✐s❡✱ t❤❡ ✇✐❞t❤ ✐s st✐❧❧ ❧✐♠✐t❡❞ ❜② t❤❡ s❛♠♣❧✐♥❣ r❛t❡ ♦❢ t❤❡ ❞❛t❛✳

❚❤❡ s♣❡❝tr❛❧ r❡s♦❧✉t✐♦♥ ✇✐❧❧ ❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❢r❡q✉❡♥❝② r❡s♦❧✉t✐♦♥✱ ✇❤✐❝❤ ✇✐❧❧

❜❡ ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ✐♥✈❡rs❡ ♦❢ t❤❡ ❞❛t❛ ❧❡♥❣t❤✳

❋♦r ❝♦♥✈❡♥✐❡♥❝❡✱ ✇❡ ✇✐❧❧ ✇r✐t❡ t❤❛t t❤❡ ❡rr♦r ✐♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❡①♣❡r✐✲

♠❡♥t❛❧ ✈❛❧✉❡ ♦❢ σe✱ ❞❡t❡r♠✐♥❡❞ ❜② ✇❤❛t❡✈❡r ♠❡❛♥s✱ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ 1/τ ✱ ✇❤❡r❡ τ ✐s

t❤❡ ❞❛t❛✲❧❡♥❣t❤ ♦❢ t❤❡ s❛♠♣❧❡✳ ❲❡ ✇✐❧❧ ❜❡❣✐♥ t❤❡ ❞❡r✐✈❛t✐♦♥ ✐♥ t❡r♠s ♦❢ t❤❡ ♠❡❛s✉r❡❞

s♣❡❝tr❛❧ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ fh✱ ✇❤✐❝❤ ❤❛s ✉♥✐ts ♦❢ ❍③✱ ♠❛❦✐♥❣ ✐t ❝♦♠♣❛t✐❜❧❡ ✇✐t❤

1/τ ✳ ❚❤❡ q✉❛♥t✐t② σe ✐s ♦❢ ❝♦✉rs❡ r❡❧❛t❡❞ t♦ fh ❜② σe = (λ/2)fh/
√
2 ln 2✱ ✇❤❡r❡ λ ✐s

t❤❡ r❛❞❛r ✇❛✈❡❧❡♥❣t❤✳ ❲❡ ✇✐❧❧ ❧❡t t❤❡ ❡rr♦r ✐♥ fh✱ δfh✱ ❜❡ ✇r✐tt❡♥ ❛s η/τ ✳ ■♥ t❤❡ ❜❡st

❝❛s❡✱ η ✇✐❧❧ ❜❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ✉♥✐t②✱ ❜✉t ✐t ♠❛② ❜❡ s❡✈❡r❛❧ t✐♠❡s ❤✐❣❤❡r✱ ❡s♣❡❝✐❛❧❧② ✐❢

σe ✐s ❢♦✉♥❞ ❜② ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts✱ ♦r ✐❢ ♥♦✐s❡ ❧❡✈❡❧s ❛r❡ ❤✐❣❤✳

❚❤❡ ♠❡❛s✉r❡❞ s♣❡❝tr❛❧ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ✐s t❤❡r❡❢♦r❡ fh ± δfh✱ ❜✉t t❤❡ q✉❛♥✲

t✐t② t❤❛t ✐s ♥❡❡❞❡❞ ❢♦r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ε ✐s f 2
h ✱ ❛♥❞ t❤❡ ❛❝t ♦❢ sq✉❛r✐♥❣ ✐♥❝r❡❛s❡s

t❤❡ ❡rr♦r ❢♦r ❧❛r❣❡ ✈❛❧✉❡s ♦❢ fh ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❧❛r❣❡ ✇✐♥❞ s♣❡❡❞s✮ s✉❜st❛♥t✐❛❧❧②✱

s✐♥❝❡ δ(fh)
2 = 2fhδfh = 2fhη/τ ✳ ❯s✐♥❣ σe = (λ/2) fh/

√
2 ln 2 t❤❡♥ ❣✐✈❡s δ(σ2

e) =

(λ/2)2 2fhη/(τ2 ln 2)✱ ♦r



✻✵

❍❡✐❣❤t
❦♠

❙♣❡❡❞
✭ ♠✴s✮

δu
✭♠✴s✮

δε1
×10−4

(η = 1)

δε2
×10−4

(η = 1)

δεtotal
×10−4

(η = 1)

δεexperiment

×10−4

∆ε
×10−4

ε
×10−4

✶✲✺ ✺✲✶✵ ✷✳✵✾ ✵✳✺✷ ✵✳✾✽ ✶✳✶✶ ✷✳✻✵ ✷✳✸✺ ✷✳✸
✶✵✲✶✺ ✷✳✷✶ ✵✳✾✶ ✶✳✻✸ ✶✳✽✼ ✷✳✽✵ ✷✳✵✽ ✷✳✶
✶✺✲✷✵ ✷✳✸✽ ✶✳✸✼ ✷✳✷✽ ✷✳✻✻ ✹✳✶✸ ✸✳✶✹ ✶✳✼
✷✵✲✷✺ ✷✳✼✾ ✷✳✵✼ ✷✳✾✸ ✸✳✺✾ ✺✳✷✽ ✸✳✽✼ ✵✳✻✼

✺✲✶✵ ✺✲✶✵ ✶✳✾✾ ✵✳✹✽ ✵✳✾✽ ✶✳✵✾ ✷✳✺✸ ✷✳✷✽ ✷✳✹
✶✵✲✶✺ ✷✳✸✽ ✵✳✾✽ ✶✳✻✸ ✶✳✾✵ ✸✳✷✻ ✷✳✻✺ ✷✳✻
✶✺✲✷✵ ✷✳✼✷ ✶✳✺✻ ✷✳✷✽ ✷✳✼✻ ✺✳✵✺ ✹✳✷✸ ✷✳✹
✷✵✲✷✺ ✸✳✵✵ ✷✳✷✷ ✷✳✾✸ ✸✳✻✼ ✻✳✾✺ ✺✳✾✵ ✷✳✺

❚❛❜❧❡ ✷✳✷✿ ❚❛❜❧❡ ♦❢ ✈❛r✐♦✉s ♣❛r❛♠❡t❡rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♠❡❛♥ ❛♥❞ ❡rr♦rs ✐♥✈♦❧✈❡❞
✇✐t❤ ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡ ❢♦r t❤❡ ❲❛❧s✐♥❣❤❛♠ r❛❞❛r✳ ❚❤❡ t❡r♠
δu r❡❢❡rs t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ✻✽t❤ ♣❡r❝❡♥t✐❧❡ ♦❢ t❤❡ ❘▼❙ ✢✉❝t✉❛t✐♦♥s ✐♥ t❤❡ t♦t❛❧ ♠❡❛♥
✇✐♥❞ ✭s❡❡ ❋✐❣✉r❡ ✷✳✶✶✮✳ ❙❡❡ t❤❡ t❡①t ❢♦r t❤❡ ♠❡❛♥✐♥❣ ♦❢ t❤❡ t❡r♠s δε1 ❛♥❞ δε2✳ δεtotal
r❡♣r❡s❡♥ts t❤❡ sq✉❛r❡✲r♦♦t ♦❢ t❤❡ s✉♠ ♦❢ t❤❡ sq✉❛r❡s ♦❢ t❡r♠s δε1 ❛♥❞ δε2✳ δεexperiment

✇❛s t❛❦❡♥ ❢r♦♠ ❋✐❣✉r❡ ✷✳✶✵✱ ✉s✐♥❣ t❤❡ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥s ♣r♦✈✐❞❡❞ t❤❡r❡✳ ∆ε ✐s
❝❛❧❝✉❧❛t❡❞ ❛s

√

(δεexperiment)2 − (δεtotal)2✳ ❚❤❡ ✜♥❛❧ ❝♦❧✉♠♥ s❤♦✇s t❤❡ ♠❡❛♥ ✈❛❧✉❡s✱
❛❧s♦ t❛❦❡♥ ❢r♦♠ ✜❣✉r❡ ✷✳✶✵✳

δ(σ2
e) = λσeη/τ

√
2 ln 2. ✭✷✳✶✸✮

❆t t❤✐s st❛❣❡ σe ✐s t❤❡ ✏tr✉❡✑ ❡①♣❡r✐♠❡♥t❛❧ s✐❣♥❛❧ st❛♥❞❛r❞ ❞❡✈✐❛t✐♦♥✱ ❜✉t s✐♥❝❡

t❤✐s ✇✐❧❧ ❜❡ s✐♠✐❧❛r t♦ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ✈❛❧✉❡✱ ✇❡ ♠❛② r❡♣❧❛❝❡ ✐t ✇✐t❤ σ =
√

(4 ln 2)−1θ1/2(1)u✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❝♦♥✈❡rt t♦ ❛♥ ❡rr♦r ✐♥ ε ❜② ♠✉❧t✐♣❧②✐♥❣ ❜② 1.7/TB

❥✉st ❛s ✇❡ ❞✐❞ ✐♥ ❡q✉❛t✐♦♥ ✭✶✽✮✱ t♦ ❣✐✈❡✿

δε2 =
1.7

(

2
√
2
)

ln 2

[

θ1/2(1)ληu

τTB

]

. ✭✷✳✶✹✮

❋♦r t❤❡ ❍❛rr♦✇ r❛❞❛r✱ ✇✐t❤ λ ❂ ✸✵✵✴✹✵✳✻✽ ❂ ✼✳✸✼♠ ✱ θ1/2(1)❂ 2.75◦✱ ❛♥❞ τ ❂ ✸✵s✱ t❤✐s

❣✐✈❡s

δε2 = 1.704× 10−5ηu. ✭✷✳✶✺✮

❋♦r ❲❛❧s✐♥❣❤❛♠ t❤❡ ❝♦♥st❛♥t ✐s ✶✳✸✵✸×✶✵−5.

✷✳✹✳✹ ❙♣❡❝✐✜❝ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ❡rr♦r ❢♦r♠✉❧❛❡

❱❛❧✉❡s ❢♦r t❤❡ ❡rr♦r t❡r♠s ❞✐s❝✉ss❡❞ ❛❜♦✈❡✱ ❝♦♠♣❛r❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧ ❡rr♦rs✱ ❛r❡

s❤♦✇♥ ✐♥ ❚❛❜❧❡s ✷✳✶ ❛♥❞ ✷✳✷✱ ✇❤❡r❡ ✇❡ ❤❛✈❡ ❛ss✉♠❡❞ η❂✶✳ ■♥ t❤❡ ❍❛rr♦✇ ❝❛s❡✱ ✇❡



✻✶

❤❛✈❡ ❛ss✉♠❡❞ ✐❞❡♥t✐❝❛❧ ✈❛❧✉❡s ❢♦r ♠❡❛s✉r❡❞ ✈❛r✐❛♥❝❡s ❢♦r ✶✲✺ ❦♠ ❛♥❞ ✺✲✶✵ ❦♠✱ s✐♥❝❡

t❤❡ r❡s✉❧ts ❛t t❤❡ t✇♦ ❞✐✛❡r❡♥t ❤❡✐❣❤ts ✇❡r❡ ✈❡r② s✐♠✐❧❛r✳ ■♥ ❚❛❜❧❡ ✷✳✷✱ ✇❡ ❤❛✈❡ tr❡❛t❡❞

t❤❡ ❤❡✐❣❤ts ✐♥❞❡♣❡♥❞❡♥t❧②✱ ❜✉t ❛s ❝❛♥ ❜❡ s❡❡♥ t❤❡ ❞❛t❛ s❡ts ❣❛✈❡ ✈❡r② s✐♠✐❧❛r ✈❛r✐❛♥❝❡s

❛♥❞ ✇❡ ❝♦✉❧❞ ❤❛✈❡ tr❡❛t❡❞ t❤❡s❡ ❛s ✐❞❡♥t✐❝❛❧ t♦♦✳

❇♦t❤ ❡rr♦r t❡r♠s ❛r❡ ✐♠♣♦rt❛♥t✱ ❛♥❞ ❝♦♠♣❛r❛❜❧❡✱ ❛❧t❤♦✉❣❤ t❤❡ ❞✐❣✐t✐③❛t✐♦♥ ❡rr♦r

t❡♥❞s t♦ ❞♦♠✐♥❛t❡✳ ❍♦✇❡✈❡r✱ t❤✐s ❛ss✉♠❡s ❛ ❞❛t❛✲❧❡♥❣t❤ ♦❢ ✸✵ s✳ ■❢ ❛ r❛❞❛r ✉s❡s ❛ ❞❛t❛

❧❡♥❣t❤ ♦❢ ✶✵ s ✭❛s ✐s q✉✐t❡ ❝♦♠♠♦♥✮✱ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥❝r❡❛s❡ ✸ ❢♦❧❞✱ ✈❛st❧② ❞❡❣r❛❞✐♥❣

t❤❡ r❛❞❛r ♣❡r❢♦r♠❛♥❝❡ ❢♦r ♠❡❛s✉r❡♠❡♥t ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s✳ ■❢ η ✐s ❣r❡❛t❡r t❤❛♥

✶✱ ❛s ✐s ❧✐❦❡❧② ✭❛♥❞ ❡s♣❡❝✐❛❧❧② ❧✐❦❡❧② ✐❢ ✇❡✐❣❤t❡❞ ♠♦♠❡♥ts ❛r❡ ✉s❡❞✮✱ t❤❡ ❡rr♦rs ✭δε2✮

✐♥❝r❡❛s❡ ❡✈❡♥ ♠♦r❡✳

■♥ ❚❛❜❧❡s ✷✳✶ ❛♥❞ ✷✳✷✱ ∆ε ✐s ❝❛❧❝✉❧❛t❡❞ ❛s
√

(δεexperiment)2 − (δεtotal)2✳ ■❢ ✐t ✐s

tr✉❡ t❤❛t η = 1✱ t❤❡♥ ∆ε r❡♣r❡s❡♥ts t❤❡ tr✉❡ ♥❛t✉r❛❧ ✈❛r✐❛❜✐❧✐t② ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞

t✉r❜✉❧❡♥❝❡ str❡♥❣t❤✳ ❚❤✐s ✐s ❧✐❦❡❧② ❛♥ ✉♣♣❡r ❧✐♠✐t✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✇❡ ❝♦✉❧❞ ❛ss✉♠❡

η ✐s ❛♥ ❡rr♦r✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ✈❛❧✉❡s δεexperiment ❛♥❞ δε(2) ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣❧❛❝❡

❧✐♠✐ts ♦♥ η✳ ●✐✈❡♥ t❤❛t t❤❡ r❛t✐♦ δεexperiment/δε(2) ❧✐❡s ❜❡t✇❡❡♥ t②♣✐❝❛❧❧② ✶✳✺ ❛♥❞ ✸✱

✐t s✉❣❣❡sts η ✐s ❧❡ss t❤❛♥ ✶✳✼✳ ❚❤❡ tr✉t❤ ✐s s♦♠❡✇❤❡r❡ ❜❡t✇❡❡♥ ✶ ❛♥❞ t❤✐s ✈❛❧✉❡✱

✇✐t❤ t❤❡ r❡❧❛t✐✈❡ ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❡rr♦r ❜❡✐♥❣ ❞✐str✐❜✉t❡❞ ❜❡t✇❡❡♥ ❛

❝♦♥tr✐❜✉t✐♦♥ ❢♦r δε(2) ❛♥❞ ❛ tr✉❡ ♥❛t✉r❛❧ ✈❛r✐❛❜✐❧✐t②✳ ❱❛r✐❛t✐♦♥s ✐♥ TB ❝❛♥ ❛❧s♦ ❤❛✈❡

♠♦❞❡st ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❡rr♦r✳

❚❤❡ ♠❡❛♥ ✈❛❧✉❡s ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❛r❡ s❤♦✇♥ ❛s t❤❡ ❧❛st ❝♦❧✉♠♥s

♦❢ t❤❡ t❛❜❧❡s✳ ❚②♣✐❝❛❧ ✈❛❧✉❡s ❛r❡ ♦❢ t❤❡ ♦r❞❡r ♦❢ ✶✲✸×10−4 ❲✴❦❣✳ ❚❤❡s❡ ✈❛❧✉❡s

❛r❡ q✉✐t❡ ❝♦♥s✐st❡♥t ✇✐t❤ ❡①t❡♥s✐✈❡ ✐♥✲s✐t✉ ❞❛t❛ ♣r❡s❡♥t❡❞ ❜② ▲❡❡ ❡t ❛❧✳ ✭✶✾✽✽✮ ❛♥❞

s✉♠♠❛r✐③❡❞ ✐♥ ❍♦❝❦✐♥❣ ❛♥❞ ▼✉✱ ✭✶✾✾✼✮✳ ■t ♥❡❡❞s t♦ ❜❡ ❤✐❣❤❧✐❣❤t❡❞ t❤❛t t❤❡s❡ ❛r❡

❛✈❡r❛❣❡ ❜❛❝❦❣r♦✉♥❞ ✈❛❧✉❡s ✖ t✉r❜✉❧❡♥❝❡ ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② r❛r❡r ❜✉t ✐♥t❡♥s❡ ❜✉rsts

♦❢ ❡♥❡r❣② ✭❛s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳✷✮✱ ✇❤✐❝❤ ♠❛❦❡s t❤❡ ❞✐str✐❜✉t✐♦♥s ❛s②♠♠❡tr✐❝✱ ❛♥❞

r❛❞❛rs ❛r❡ ✇❡❧❧ s✉✐t❡❞ ❢♦r st✉❞②✐♥❣ s✉❝❤ ❡✈❡♥ts✳ ❍♦✇❡✈❡r✱ t❤✐s ❞♦❡s ♥♦t ♥❡❣❛t❡ ♦✉r

❡st✐♠❛t❡s ♦❢ t❤❡ ❜❛❝❦❣r♦✉♥❞ ❛✈❡r❛❣❡ ❧❡✈❡❧s ✇❤❡♥ s✉❝❤ ❜✉rsts ❛r❡ ♥♦t ♣r❡s❡♥t✳
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❈❤❛♣t❡r ✸

❈❧✐♠❛t♦❧♦❣② ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛

❋r❡q✉❡♥❝②

❚❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✐s t❤❡ ❢r❡q✉❡♥❝② ❛t ✇❤✐❝❤ ❛ ✈❡rt✐❝❛❧❧② ❞✐s♣❧❛❝❡❞ ❛✐r ♣❛r❝❡❧

✇✐❧❧ t❡♥❞ t♦ ♦s❝✐❧❧❛t❡ ❛❜♦✉t ✐ts ✐♥✐t✐❛❧ ♣♦s✐t✐♦♥✳ ❚❤✐s r❡q✉✐r❡s t❤❛t t❤❡ ❛t♠♦s♣❤❡r❡ ✐s

st❛t✐❝❛❧❧② st❛❜❧❡ ✭♦r st❛❜❧② str❛t✐✜❡❞✮✳ ❚❤❡ ✈❡rt✐❝❛❧❧② ❞✐s♣❧❛❝❡❞ ♣❛rt✐❝❧❡ ❡①♣❡r✐❡♥❝❡s ❛

✈❡rt✐❝❛❧ ❛❝❝❡❧❡r❛t✐♦♥ ✇❤✐❝❤ ✐s ❣✐✈❡♥ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

d2

dt2
(δz) = g

δ ln θp
δz

(δz) , ✭✸✳✶✮

✇❤❡r❡ δz ✐s t❤❡ ❞✐s♣❧❛❝❡♠❡♥t✱ g t❤❡ ❣r❛✈✐t② ❛❝❝❡❧❡r❛t✐♦♥✱ ❛♥❞ θp t❤❡ ♣♦t❡♥t✐❛❧ t❡♠✲

♣❡r❛t✉r❡ ✭s❡❡ ❊q✉❛t✐♦♥ ✭✶✳✼✮✮✳ ❊q✉❛t✐♦♥ ✭✸✳✶✮ ✐s t❤❡ ❡q✉❛t✐♦♥ ♦❢ ❤❛r♠♦♥✐❝ ♠♦t✐♦♥✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♠♦t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✭s❡❡ ❆♣♣❡♥❞✐① ❉✮✿

ω2
B = g

d ln θp
dz

, ✭✸✳✷✮

✇❤❡r❡ ωB ✐s t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②✳

❚❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✐s ❛ ♠❡❛s✉r❡ ♦❢ ❛t♠♦s♣❤❡r✐❝ st❛❜✐❧✐t②✳ ■❢ ω2
B > 0✱

t❤❡ ❛t♠♦s♣❤❡r❡ ✐s st❛❜❧❡✱ s✐♥❝❡ t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐s t♦✇❛r❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣♦s✐t✐♦♥✳

■❢ ω2
B = 0✱ t❤❡ ❛t♠♦s♣❤❡r❡ ✐s ♥❡✉tr❛❧ ❛♥❞ ✐❢ ω2

B < 0✱ t❤❡ ❛t♠♦s♣❤❡r❡ ✐s ✉♥st❛❜❧❡✱

✇❤✐❝❤ ♠❡❛♥s t❤❛t t❤❡ ❛✐r ♣❛r❝❡❧ ❞✐s♣❧❛❝❡♠❡♥t ✇✐❧❧ ✐♥❝r❡❛s❡ ❡①♣♦♥❡♥t✐❛❧❧② ✇✐t❤ ❤❡✐❣❤t

✭❍♦❧t♦♥✱ ✶✾✾✷✮✳ ❚❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✐s ❛ ❦❡② ♣❛r❛♠❡t❡r ✐♥ ❡st✐♠❛t✐♥❣ t❤❡

t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ❡ ✭s❡❡ ❡q✉❛t✐♦♥ ✭✶✳✸✷✮✮✳ ❋♦r ❛✈❡r❛❣❡ tr♦♣♦s♣❤❡r✐❝

❝♦♥❞✐t✐♦♥s✱ ωB ∼ 0.01 s−1 ❛♥❞ ✐t ❝❤❛♥❣❡s t♦ ❛❜♦✉t ✵✳✵✷ s−1 ✐♥ t❤❡ str❛t♦s♣❤❡r❡ ✭❡✳❣✳

❋❛✐r❛❧❧ ❡t ❛❧✳✱ ✶✾✾✶❀ ❑❛♥t❤❛ ❛♥❞ ❍♦❝❦✐♥❣✱ ✷✵✶✶✮✳ ❲❡ ❤❛✈❡ ✉s❡❞ t❤❡ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢

ωB ✭✵✳✵✶ s−1) ✐♥ t❤✐s ✇♦r❦✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❤❛♣t❡r ✇❡ ✇✐❧❧ ❧♦♦❦ ❛t t❤❡ ✈❛r✐❛t✐♦♥s ♦❢

ωB ❞✉r✐♥❣ ❞✐✛❡r❡♥t ❝♦♥❞✐t✐♦♥s✳ ◆♦t❡ t❤❛t ✇❡ ✇✐❧❧ ♠♦st❧② ❢♦❝✉s ♦♥ ♠❡❛s✉r❡♠❡♥ts ✐♥
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t❤❡ tr♦♣♦s♣❤❡r❡✱ s✐♥❝❡ ✐t ✐s t❤❡ ♣r✐♠❛r② r❡❣✐♦♥ ♦❢ ✐♥t❡r❡st✳

✸✳✶ ❙❛♠♣❧❡ ▼❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❋r❡✲

q✉❡♥❝②

❯s✐♥❣ ❊q✉❛t✐♦♥ ✭✸✳✷✮✱ ωB ✇❛s ❡st✐♠❛t❡❞ ❢r♦♠ r❛❞✐♦s♦♥❞❡ ❞❛t❛ ✇❤✐❝❤ ✇❛s ♠❡❛s✉r❡❞ ❛t

t❤❡ ❲❛❧s✐♥❣❤❛♠ ❛♥❞ ❍❛rr♦✇ r❛❞❛r s✐t❡s✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡s ✸✳✶ ❛♥❞ ✸✳✷✳

❋✐❣✉r❡ ✸✳✶✭❛✮ ✐s t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ ω2
B ✇✐t❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ✹✵ ♠ ❛t ❲❛❧s✐♥❣❤❛♠

❢♦r ▼❛r❝❤ ✷✵✵✼✳ ◆♦t❡ t❤❛t t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ tr♦♣♦s♣❤❡r❡ t♦ str❛t♦s♣❤❡r❡ ✐s ♦❜✈✐♦✉s

❛s ω2
B ✐♥❝r❡❛s❡s ❢r♦♠ t❤❡ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢ 10−4 ❍z2 ❜❡❧♦✇ ✶✵ ❦♠ t♦ ❛♣♣r♦①✐♠❛t❡❧②

4 × 10−4 ❍z2 ❛❜♦✈❡ ✶✵ ❦♠✳ ❚❤❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ ω2
B ❛r❡ ✐♥❞✐❝❛t✐✈❡ ♦❢ ✐♥st❛❜✐❧✐t②

✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ♠♦st ♦❢ t❤❡ t✐♠❡✱ t❤❡ ❛t♠♦s♣❤❡r❡ ✐s st❛❜❧❡

✭ω2
B > 0✮✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ ❛♥② ✉♥st❛❜❧❡ r❡❣✐♦♥s t❤❛t ❞❡✈❡❧♦♣ ❛r❡ q✉✐❝❦❧② st❛❜✐❧✐③❡❞ ❜②

❝♦♥✈❡❝t✐✈❡ ♦✈❡rt✉r♥✐♥❣ ✭❍♦❧t♦♥✱ ✶✾✾✷✮✳ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ t❡♠♣❡r❛t✉r❡ ✐♥ ❋✐❣✉r❡

✸✳✶✭❜✮ s❤♦✇s t❤❛t t❡♠♣❡r❛t✉r❡ ✐s ✐♥❝r❡❛s✐♥❣ ✇✐t❤ ❤❡✐❣❤t ❢r♦♠ t❤❡ s✉r❢❛❝❡ t♦ ✷ ❦♠

❛♥❞ ❞❡❝r❡❛s✐♥❣ ❢r♦♠ ✷ t♦ ❛❜♦✉t ✶✶ ❦♠ ❛t t❤❡ r❛t❡ ✭❧❛♣s❡ r❛t❡✮ ♦❢ ❛♣♣r♦①✐♠❛t❡❧② 6◦

❈/❦♠✳ ■♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ✐❢ ❛ ♣❛r❝❡❧ ♦❢ ❛✐r ✇❛r♠s ✭❡①♣❛♥❞s✮ ♦r ❝♦♦❧s ✭❝♦♠♣r❡ss❡s✮✱

✇✐t❤ ♥♦ ✐♥t❡r❝❤❛♥❣❡ ♦❢ ❤❡❛t ✇✐t❤ ✐ts ❡♥✈✐r♦♥♠❡♥t✱ t❤❡ ♣r♦❝❡ss ✐s ❝❛❧❧❡❞ ❛❞✐❛❜❛t✐❝✳ ❚❤❡

r❛t❡ ♦❢ ❛❞✐❛❜❛t✐❝ ❝♦♦❧✐♥❣ ♦r ✇❛r♠✐♥❣ ✐s ❝❛❧❧❡❞ ❛❞✐❛❜❛t✐❝ ❞r② ❧❛♣s❡ r❛t❡✱ ✇❤✐❝❤ ✐s ❛❜♦✉t

10◦ ❈/❦♠ ❢♦r ✉♥s❛t✉r❛t❡❞ ❛✐r ✭❡✳❣✳ ❆❤r❡♥s✱ ✷✵✵✵✮✳ ❚❤❡r❡❢♦r❡✱ ❜❡❝❛✉s❡ t❤❡ ❧❛♣s❡ r❛t❡

❛t ❲❛❧s✐♥❣❤❛♠ ✐s s♠❛❧❧❡r t❤❛♥ ❞r② ❛❞✐❛❜❛t✐❝ ❧❛♣s❡ r❛t❡✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡

tr♦♣♦s♣❤❡r❡ ✐s st❛t✐❝❛❧❧② st❛❜❧❡✳

❋✐❣✉r❡ ✸✳✷ s❤♦✇s t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ω2
B ❛♥❞ t❡♠♣❡r❛t✉r❡ ❛t ❍❛rr♦✇ ✐♥ ❏✉♥❡

✷✵✵✼✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ♠❡❛s✉r❡♠❡♥t r❡s✉❧ts ❛t ❲❛❧s✐♥❣❤❛♠ ✭❋✐❣✉r❡ ✸✳✶✮✳

❍♦✇❡✈❡r✱ t❤❡ ♣❡r❝❡♥t ♦❢ ♥❡❣❛t✐✈❡ ω2
B ✐s ❣r❡❛t❡r ❛t ❍❛rr♦✇✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡

❢❛❝t t❤❛t ❞✉r✐♥❣ s✉♠♠❡r ✭❏✉♥❡✮✱ ✐♥st❛❜✐❧✐t② ❝❛♥ ✐♥❝r❡❛s❡ ❞✉❡ t♦ ❝♦♥✈❡❝t✐♦♥✳ ❆♥♦t❤❡r

♣♦ss✐❜❧❡ r❡❛s♦♥ ❝♦✉❧❞ ❜❡ t❤❡ ❤✐❣❤❡r r❡s♦❧✉t✐♦♥ ♦❢ ♠❡❛s✉r❡♠❡♥ts ✭✶✺ ♠✮ ✐♥ t❤✐s ❝❛s❡✳

✸✳✷ ❆♥❛❧②s✐s ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❋r❡q✉❡♥❝② ✐♥ t❤❡

❚r♦♣♦s♣❤❡r❡

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ω2
B ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡✳ ❋✐❣✉r❡

✸✳✸ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ ω2
B ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡✳ ❚❤❡ ❞❛t❛

✇❡r❡ ♠❡❛s✉r❡❞ ❛t ❲❛❧s✐♥❣❤❛♠ ♦♥ ▼❛r❝❤ ✸✱ ✷✵✵✼ ❛♥❞ ❤❛✈❡ ❛ ❤❡✐❣❤t r❡s♦❧✉t✐♦♥ ♦❢ ✹✵ ♠✳

❋✐❣✉r❡ ✸✳✸✭❛✮ s❤♦✇s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ω2
B✳ ❊❛❝❤ ❜✐♥ ❤❛s ❛ ✇✐❞t❤ ♦❢ 10−4 ✇✐t❤ ❝❡♥t❡rs
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Walsingham, March 2007(a)

❋✐❣✉r❡ ✸✳✶✿ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ✭❛✮ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B ❛♥❞

✭❜✮ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡❞ ♦♥ ▼❛r❝❤ ✷✱ ✷✵✵✼ ❛t ❲❛❧s✐♥❣❤❛♠✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ✐s ✹✵ ♠✳
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Harrow, June 2007
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❋✐❣✉r❡ ✸✳✷✿ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ ✭❛✮ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B ❛♥❞

✭❜✮ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡❞ ♦♥ ❏✉♥❡ ✷✻✱ ✷✵✵✼ ❛t ❍❛rr♦✇✳ ❚❤❡ r❡s♦❧✉t✐♦♥ ✐s ✶✺ ♠✳



✻✻

❛t 1×10−4✱ 2×10−4 ❍z2 ❡t❝✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✹✼✪ ♦❢ t❤❡ ❡st✐♠❛t❡❞ ❇r✉♥t✲❱❛✐s❛❧❛

❢r❡q✉❡♥❝✐❡s ❤❛✈❡ ✈❛❧✉❡s ♦❢ 10−4 ❍z2 ✇✐t❤✐♥ ±0.5×10−4 ❍z2✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ✐♥❝r❡❛s❡s

t♦ ✽✵✪ ✐❢ ✇❡ ❝♦♥s✐❞❡r ω2
B ✇✐t❤ ✈❛❧✉❡s ♦❢ 10−4±(1.5×10−4) ❍z2✳ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢

ω2
B ✐♥ ❋✐❣✉r❡ ✸✳✸✭❜✮ ❛❧s♦ s❤♦✇s t❤❛t t❤❡ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢ ω2

B ✐s ❛r♦✉♥❞ 10−4 ❍z2 ❜❡❧♦✇

✶✵ ❦♠✳ ◆♦t❡ t❤❛t ❜❡❧♦✇ ✷ ❦♠✱ t❤❡ ✈❛❧✉❡ ♦❢ ω2
B ✐♥❝r❡❛s❡s t♦ ❛ ♠❛①✐♠✉♠ ♦❢ 1.7× 10−3

❍z2✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ t❡♠♣❡r❛t✉r❡ ✐♥✈❡rs✐♦♥ ✭✐♥❝r❡❛s❡ ♦❢ t❡♠♣❡r❛t✉r❡ ✇✐t❤

❤❡✐❣❤t ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡✮ ❜❡❧♦✇ ✷ ❦♠✱ s✐♥❝❡ t❤❡ ❛t♠♦s♣❤❡r❡ ✐s ✈❡r② st❛❜❧❡ ❞✉r✐♥❣ t❤❡

✐♥✈❡rs✐♦♥✳ ❚❤❡ ❤✐❣❤❡r ✈❛❧✉❡s ♦❢ ω2
B ❜❡❧♦✇ ✷ ❦♠ ❝❛♥ ❛✛❡❝t t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ ω2

B✳

❚❤❡ ❛✈❡r❛❣❡ ♦❢ ω2
B ❜❡❧♦✇ ✶✵ ❦♠ ✐s 1.6× 10−4 ❍z2✳ ❍♦✇❡✈❡r ✐❢ ❞♦ ♥♦t ✐♥❝❧✉❞❡ ✈❛❧✉❡s

❜❡❧♦✇ ✷ ❦♠✱ t❤❡ ❛✈❡r❛❣❡ ❝❤❛♥❣❡s t♦ 1.2 × 10−4 ❍z2✳ ❋✐❣✉r❡s ✸✳✸✭❝✮ ❛♥❞ ✸✳✸✭❞✮ ❛r❡

t❤❡ s❛♠❡ ❛s ❋✐❣✉r❡s ✸✳✸✭❛✮ ❛♥❞ ✸✳✸✭❜✮✱ ❡①❝❡♣t ❢♦r t❤❡ r❡s♦❧✉t✐♦♥ ✇❤✐❝❤ ❤❛s ❝❤❛♥❣❡❞

t♦ ✶✷✵ ♠✳ ❚❤✐s ✇✐❧❧ s♠♦♦t❤ ♦✉t t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ ω2
B ❛♥❞ s❧✐❣❤t❧② ❝❤❛♥❣❡s t❤❡

♣❡r❝❡♥t❛❣❡ ✐♥ ✇❤✐❝❤ ω2
B ✐s ✇✐t❤✐♥ ±0.5 × 10−4 ❍z2 t♦ ✹✽✪✳ ❋✐❣✉r❡ ✸✳✹ ♣r❡s❡♥ts t❤❡

❞✐str✐❜✉t✐♦♥ ❛♥❞ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ ω2
B ♠❡❛s✉r❡❞ ♦♥ ❏✉♥❡ ✷✸✱ ✷✵✵✼ ❛t ❍❛rr♦✇✳ ❚❤❡

r❡s✉❧ts ❛r❡ s✐♠✐❧❛r t♦ t❤♦s❡ ✐♥ ❋✐❣✉r❡ ✸✳✸✳ ◆♦t❡ t❤❛t t❤❡ r❡s♦❧✉t✐♦♥ ✭✶✺ ♠✮ ✐s ❤✐❣❤❡r ❛t

❍❛rr♦✇ ✭❋✐❣✉r❡s ✸✳✹✭❛✮ ❛♥❞ ✸✳✹✭❜✮✮✳ ❍♦✇❡✈❡r✱ t❤❡ ❞❛t❛ ❛r❡ s♠♦♦t❤❡❞ t♦ ❛ r❡s♦❧✉t✐♦♥

♦❢ ✶✷✵ ♠ ✐♥ ❋✐❣✉r❡s ✸✳✹✭❝✮ ❛♥❞ ✸✳✹✭❞✮✳ ❚❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ω2
B ❛t ❍❛rr♦✇ s❤♦✇s t❤❛t

✹✷✪ ❛♥❞ ✽✵✪ ♦❢ ❞❛t❛ ✇✐t❤ t❤❡ r❡s♦❧✉t✐♦♥ ♦❢ ✶✺ ♠✱ ❛♥❞ ✹✼✪ ❛♥❞ ✽✹✪ ♦❢ ❞❛t❛ ✇✐t❤ t❤❡

r❡s♦❧✉t✐♦♥ ♦❢ ✶✷✵ ♠ ❛r❡ ✇✐t❤✐♥ ±0.5× 10−4 ❛♥❞ ±1.5× 10−4 ❍z2 r❡s♣❡❝t✐✈❡❧②✳

✸✳✸ ❱❛r✐❛t✐♦♥s ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❋r❡q✉❡♥❝② ✐♥ t❤❡

❚r♦♣♦s♣❤❡r❡

■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❝❧✐♠❛t♦❧♦❣② ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②✱ ❞✐str✐❜✉t✐♦♥s ♦❢

t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ sq✉❛r❡❞✱ ω2
B ✇❡r❡ ❞❡t❡r♠✐♥❡❞ ❢♦r ❞✐✛❡r❡♥t ❞❛②s ❛♥❞ ♠♦♥t❤s ❞✉r✐♥❣

❋❡❜r✉❛r②✱ ▼❛r❝❤✱ ❏✉♥❡ ❛♥❞ ❏✉❧② ✷✵✵✼ ❛t ❲❛❧s✐♥❣❤❛♠ ❛♥❞ ❍❛rr♦✇✳ ❚❤❡♥✱ t❤❡ ♣❡r❝❡♥t✲

❛❣❡s t❤❛t ω2
B ✈❛❧✉❡s ❛r❡ ✇✐t❤✐♥ (1±0.5)×10−4 ✱ (1±1.5)×10−4 ❛♥❞ (0.25−4)×10−4

❍z2 ✇❡r❡ ❝❛❧❝✉❧❛t❡❞✳ ■♥ ❛❞❞✐t✐♦♥ t♦ t❤❛t✱ ♠❡❛s✉r❡♠❡♥t r❡s♦❧✉t✐♦♥s✱ ❛✈❡r❛❣❡s ❛♥❞ ♠❡✲

❞✐❛♥s ✇❡r❡ ❡st✐♠❛t❡❞✳ ❚❤❡ r❡s✉❧ts ❢♦r ❲❛❧s✐♥❣❤❛♠ ❛♥❞ ❍❛rr♦✇ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡s

✸✳✶ ❛♥❞ ✸✳✷ r❡s♣❡❝t✐✈❡❧②✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ ♠❡❛s✉r❡♠❡♥ts ♠♦st❧② ❛r❡

✇✐t❤✐♥ [1± 0.5]× 10−4 ❍z2✳ ❖♥ ❛✈❡r❛❣❡✱ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❛♥❞ ♠❡❞✐❛♥ ♦❢ ω2
B ✐s ❛❜♦✉t

1.65 × 10−4❛♥❞ 1.26 × 10−4 ❍z2 r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡r❡❢♦r❡✱ ✉s✐♥❣ t❤❡ ✈❛❧✉❡ ♦❢ 10−4 ❍③

❢♦r ω2
B ✐♥ ♦✉r ❝❛❧❝✉❧❛t✐♦♥ ✐s r❡❛s♦♥❛❜❧❡✳
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❋✐❣✉r❡ ✸✳✸✿ ✭❛✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✭❜✮ t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛
❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2

B ♠❡❛s✉r❡❞ ♦♥ ▼❛r❝❤ ✷✱ ✷✵✵✼ ❛t ❲❛❧s✐♥❣❤❛♠ ✇✐t❤ ❛ r❡s♦❧✉t✐♦♥
♦❢ ✹✵ ♠✳ ✭❝✮ ❛♥❞ ✭❞✮ t❤❡ s❛♠❡ ❛s ✭❛✮ ❛♥❞ ✭❜✮✱ ❜✉t ❞❛t❛ ❤❛✈❡ ❜❡❡♥ s♠♦♦t❤❡❞ t♦
r❡s♦❧✉t✐♦♥ ♦❢ ✶✷✵ ♠✳
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❋✐❣✉r❡ ✸✳✹✿ ✭❛✮ ❚❤❡ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ✭❜✮ t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛
❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2

B ♠❡❛s✉r❡❞ ♦♥ ❏✉♥❡ ✷✻✱ ✷✵✵✼ ❛t ❍❛rr♦✇ ✇✐t❤ ❛ r❡s♦❧✉t✐♦♥ ♦❢ ✶✺
♠✳ ✭❝✮ ❛♥❞ ✭❞✮ t❤❡ s❛♠❡ ❛s ✭❛✮ ❛♥❞ ✭❜✮✱ ❜✉t ❞❛t❛ ❤❛✈❡ ❜❡❡♥ s♠♦♦t❤❡❞ t♦ r❡s♦❧✉t✐♦♥
♦❢ ✶✷✵ ♠✳



✻✾

ω2
B ✇✐t❤✐♥

[1±0.5]×
10−4

✭❍z2✮ ✪

✇✐t❤✐♥
[1±1.5]×

10−4

✭❍z2✮ ✪

✇✐t❤✐♥
[0.25− 4]×
10−4 ✭❍z2✮

✪

r❡s♦❧✉t✐♦♥
✭♠✮

♠❡❛♥
×10−4

✭❍z2✮

♠❡❞✐❛♥
×10−4

✭❍z2✮

❋❡❜ ✷✺ ✸✸ ✼✹ ✼✸ ✸✻ ✷✳✵✶ ✶✳✸✺
❋❡❜ ✷✻ ✹✵ ✽✸ ✼✻ ✸✵ ✶✳✺✸ ✶✳✵✷
❋❡❜ ✷✼ ✹✸ ✼✽ ✽✻ ✹✹ ✶✳✽✻ ✶✳✷✺
❋❡❜ ✷✽ ✸✾ ✼✸ ✽✷ ✷✼ ✶✳✾✽ ✶✳✹✺
▼❛r ✶ ✸✵ ✼✻ ✻✽ ✷✽ ✶✳✽✵ ✶✳✵✾
▼❛r ✷ ✹✼ ✽✵ ✽✵ ✹✵ ✶✳✻✹ ✶✳✶✹
▼❛r ✸ ✸✸ ✼✵ ✼✷ ✸✽ ✷✳✷✹ ✶✳✹✷
▼❛r ✹ ✸✽ ✻✾ ✽✶ ✹✹ ✷✳✷✶ ✶✳✺✽

❚❛❜❧❡ ✸✳✶✿ ❙t❛t✐st✐❝❛❧ st✉❞✐❡s ♦❢ ω2
B ❛t ❲❛❧s✐♥❣❤❛♠ ✐♥ ❋❡❜r✉❛r② ❛♥❞ ▼❛r❝❤ ✷✵✵✼✱ ❞✉r✲

✐♥❣ ❡✈❡♥✐♥❣ ❤♦✉rs✳ ◆♦t❡ t❤❛t t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ❛ss✉♠❡s ❛♥ ❛s②♠♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥✳

ω2
B ✇✐t❤✐♥

[1±0.5]×
10−4

✭❍z2✮ ✪

✇✐t❤✐♥
[1±1.5]×

10−4

✭❍z2✮ ✪

✇✐t❤✐♥
[0.25− 4]×
10−4 ✭❍z2✮

✪

r❡s♦❧✉t✐♦♥
✭♠✮

♠❡❛♥
×10−4

✭❍z2✮

♠❡❞✐❛♥
×10−4

✭❍z2✮

❏✉♥ ✷✸ ✷✼ ✻✻ ✻✷ ✶✹ ✶✳✵✶ ✶✳✷✸
❏✉♥ ✷✻ ✸✾ ✽✵ ✼✵ ✶✻ ✶✳✸✵ ✶✳✷✶
❏✉♥ ✷✼ ✷✵ ✼✶ ✻✻ ✷✻ ✶✳✵✽ ✶✳✷✾
❏✉♥ ✷✽ ✶✷ ✼✻ ✻✷ ✷✶ ✶✳✺✼ ✶✳✺✼
❏✉♥ ✷✾ ✷✼ ✽✵ ✺✾ ✷✸ ✶✳✽✻ ✶✳✷✹
❏✉❧ ✸ ✷✹ ✽✷ ✻✹ ✷✺ ✶✳✻✹ ✵✳✾✽
❏✉❧ ✹ ✷✺ ✼✽ ✻✹ ✷✷ ✶✳✵✽ ✶✳✵✻

❚❛❜❧❡ ✸✳✷✿ ❙t❛t✐st✐❝❛❧ st✉❞✐❡s ♦❢ ω2
B ❛t ❍❛rr♦✇ ✐♥ ❏✉♥❡ ❛♥❞ ❏✉❧② ✷✵✵✼✱ ❞✉r✐♥❣ ♠♦r♥✐♥❣

❤♦✉rs✳ ◆♦t❡ t❤❛t t❤❡ t❤✐r❞ ❝♦❧✉♠♥ ❛ss✉♠❡s ❛♥ ❛s②♠♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥✳

✸✳✹ ❈♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❋r❡q✉❡♥❝② ❙t✉❞②

❚❤❡ ❡st✐♠❛t✐♦♥ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②✱ ωB ✐s ♥❡❡❞❡❞ ❢♦r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡

t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✳ ωB ✐s r❡❧❛t❡❞ t♦ ε t❤r♦✉❣❤ ε = CωBσ
2
t ✱ ✇❤❡r❡ C ✐s

❛ ❝♦♥st❛♥t ❛♥❞ σ2
t ✐s t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤✳ ❲❡ ❞✐s❝✉ss❡❞ ❡①t❡♥s✐✈❡❧② ❛❜♦✉t σ2

t ❛♥❞ ❡rr♦rs

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ♣❛r❛♠❡t❡r ✐♥ ❈❤❛♣t❡rs ✷ ❛♥❞ ✸✱ ❛♥❞ ✇❡ ❡①❛♠✐♥❡❞ t❤❡ ✈❛r✐❛t✐♦♥

♦❢ ωB ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡ ✐♥ t❤✐s ❝❤❛♣t❡r✳ ■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❤❛✈❡ ✉s❡❞ ωB = 10−2 ❍③

❢♦r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ ε✳ ■t ♠❛② ❜❡ s❡❡♥ t❤❛t ♦✉r st✉❞✐❡s ✐♥ t❤✐s ❝❤❛♣t❡r ❤❛✈❡ s❤♦✇♥ t❤❛t

t❤❡ ❡rr♦r ❞✉❡ t♦ ✈❛r✐❛t✐♦♥ ♦❢ ωB ✇✐❧❧ ❜❡ ♥♦ ✇♦rs❡ t❤❛♥ ❛❜♦✉t ❛ ❢❛❝t♦r ♦❢ ✷ ✭t❤❡ ❢♦✉rt❤

❝♦❧✉♠♥ ✐♥ ❚❛❜❧❡s ✸✳✶ ❛♥❞ ✸✳✷✮✳ ■♥ t❡r♠s ♦❢ ♦t❤❡r ❡rr♦rs ❛ss♦❝✐❛t❡❞ ✇✐t❤ ε✱ ❛ ❢❛❝t♦r ♦❢

✷ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ❛s ❧❛r❣❡ ❢♦r ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡✳



✼✵

❈❤❛♣t❡r ✹

❈♦♠♣❛r✐s♦♥s ♦❢ ❊♥❡r❣② ❉✐ss✐♣❛t✐♦♥

❘❛t❡s ▼❡❛s✉r❡❞ ❜② ❘❛❞❛r ❛♥❞

❆✐r❝r❛❢t

■♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts ♦❜t❛✐♥❡❞ ❢r♦♠ ♣r♦❜❡s ♠♦✉♥t❡❞ ♦♥ r❡s❡❛r❝❤ ❛♥❞ ❝♦♠♠❡r❝✐❛❧

❛✐r❝r❛❢t ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❤❛r❛❝t❡r✐③❡ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❧♦✇❡r ❛♥❞ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡✳

■t ✐s t❤❡ ❛✐♠ ♦❢ t❤✐s ❝❤❛♣t❡r t♦ ❝♦♠♣❛r❡ r❛❞❛r✲❡st✐♠❛t❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s

❜② ❝♦♠♣❛r✐♥❣ t❤❡♠ ✇✐t❤ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts✳ ❘❛t❤❡r t❤❛♥ tr② ❛♥❞ ❝♦♠♣❛r❡ t❤❡

❞❛t❛ ♦♥ ❛ ♣♦✐♥t✲❜②✲♣♦✐♥t ❜❛s✐s✱ ✇❤✐❝❤ ✐s ♥♦t♦r✐♦✉s❧② ❞✐✣❝✉❧t ❢♦r t✉r❜✉❧❡♥❝❡ ❞✉❡ t♦

✐ts ✐♥❤❡r❡♥t ✈❛r✐❛❜✐❧✐t②✱ ✇❡ ❝♦❧❧❡❝t ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞❛t❛ s❡ts ❛♥❞ ❝♦♠♣❛r❡ t❤❡ t✇♦

t❡❝❤♥✐q✉❡s ✐♥ ❛ st❛t✐st✐❝❛❧ s❡♥s❡✳ ❚❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞ ❤❛s ❜❡❡♥ ✉s❡❞ t♦

❡①tr❛❝t t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❢r♦♠ ✇✐♥❞ ❞❛t❛ ♠❡❛s✉r❡❞ ❜② ❚✇✐♥ ❖tt❡r

❛✐r❝r❛❢t✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s✱ ε ♠❡❛s✉r❡❞ ❜② ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t

✇❡r❡ ❡st✐♠❛t❡❞ ❞✉r✐♥❣ ✢✐❣❤t ✐♥s✐❞❡ t❤❡ ❛✐r❝r❛❢t✱ ❛♥❞ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ✇❛s ✉s❡❞ t♦

❡①tr❛❝t ε ❢r♦♠ ✇✐♥❞ s♣❡❡❞s✳ ❚❤❡ ❞❡t❛✐❧s ♦❢ ♠❡❛s✉r❡♠❡♥t t❡❝❤♥✐q✉❡s ❛♥❞ ♠❡t❤♦❞s

♠❡♥t✐♦♥❡❞ ❛❜♦✈❡ ❤❛✈❡ ❜❡❡♥ ❣✐✈❡♥ ✐♥ ❈❤❛♣t❡r ✷✳ ■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ❝♦♥❝❡♥tr❛t❡ ♦♥

t❤❡ ❛♥❛❧②s✐s ♦❢ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts ❛♥❞ ❝♦♠♣❛r✐s♦♥s ♦❢ ❞✐✛❡r❡♥t ♠❡t❤♦❞s✳

✹✳✶ ❚✇✐♥ ❖tt❡r ❉❛t❛ Pr♦❝❡ss✐♥❣

❚❤❡ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♦❜t❛✐♥❡❞ ❜② ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t ❞✉r✐♥❣ t❤❡ ❇♦r❞❡r

❛♥❞ ❆✐r ◗✉❛❧✐t② ❛♥❞ ▼❡t❡♦r♦❧♦❣② ❙t✉❞② ✭❇❆◗❙✲▼❡t✮ ❝❛♠♣❛✐❣♥ ❝♦♥❞✉❝t❡❞ ❜② ❛ ❝♦❧✲

❧❛❜♦r❛t✐♦♥ ♦❢ ✉♥✐✈❡rs✐t② ❛♥❞ ❣♦✈❡r♥♠❡♥t r❡s❡❛r❝❤❡rs ✭❡✳❣✳ ❍❡ ❡t ❛❧✳✱ ✷✵✶✶✮ ✐♥ ❏✉♥❡

✷✵✵✼✳ ❚❤❡ ❛✐r❝r❛❢t ✇❛s ✢♦✇♥ ♦✈❡r ❍❛rr♦✇ ✐♥ ❙♦✉t❤✇❡st❡r♥ ❖♥t❛r✐♦✳ ❚❤❡ t❤r❡❡ ❧❡✈❡❧s
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❋❧✐❣❤t ❧❡✈❡❧ ❉❛t❡ ❆❧t✐t✉❞❡
✭❦♠✮

❉✉r❛t✐♦♥
✭♠✐♥✮

❆✐r❝r❛❢t
s♣❡❡❞
✭♠✴s✮

❋❧✐❣❤t
❞✐st❛♥❝❡
✭❦♠✮

✼✵✸ ✷✸✲✵✻✲✷✵✵✼ ✶✳✹ ✹✻ ✻✽ ✶✽✽
✼✵✾ ✷✻✲✵✻✲✷✵✵✼ ✵✳✺ ✺✸ ✻✹ ✷✵✺
✼✶✸❛ ✷✼✲✵✻✲✷✵✵✼ ✵✳✺ ✶✾ ✻✹ ✼✸

❚❛❜❧❡ ✹✳✶✿ ❙✉♠♠❛r② ♦❢ ❧❡✈❡❧ ✢✐❣❤t s❡❣♠❡♥ts ♦❢ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t✳

♦❢ ✢✐❣❤t s❡❣♠❡♥ts s❡❧❡❝t❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❚❛❜❧❡ ✹✳✶✳

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❛♥❞ ❡♥❡r❣② s♣❡❝tr✉♠ ✭s❡❡ s❡❝t✐♦♥s

✶✳✻✳✶✶✳✶ ❛♥❞ ✶✳✹✮✱ t❤❡ ✜rst st❡♣ ✐s t♦ ✜♥❞ uL✱ t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t ❛❧♦♥❣

t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ✢✐❣❤t ♣❛t❤ ✭❧♦♥❣✐t✉❞✐♥❛❧✮✱ uN t❤❡ ❤♦r✐③♦♥t❛❧ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥t

♥♦r♠❛❧ t♦ t❤❡ ✢✐❣❤t ♣❛t❤ ✭tr❛♥s✈❡rs❡✮✱ ❛♥❞ w✱ t❤❡ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t②✳

❚❤❡s❡ r❡❧❛t❡ t♦ t❤❡ ❣❡♦❣r❛♣❤✐❝ ❝♦♠♣♦♥❡♥ts t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥s ✭❋r❡❤❧✐❝❤

❛♥❞ ❙❤❛r♠❛♥✱ ✷✵✶✵✮✿

uL = uEast sinΨ + uNorth cosΨ, ✭✹✳✶✮

uN = uEast cosΨ− uNorth sinΨ,

✇❤❡r❡ uEast ❛♥❞ uNorth ❛r❡ t❤❡ ❡❛st ❛♥❞ ♥♦rt❤ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ❛♥❞ Ψ ✐s t❤❡

❛✐r❝r❛❢t ❤❡❛❞✐♥❣✳

■♥ ♦r❞❡r t♦ ❡st✐♠❛t❡ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ❡ t❤❡ s❡❝♦♥❞✲♦r❞❡r str✉❝t✉r❡

❢✉♥❝t✐♦♥s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❢r♦♠ t✐♠❡ s❡r✐❡s ♦❢ ✈❡❧♦❝✐t② ❛s✿

DL (r) = [uL(t+ r/Va)− uL(t)]
2, ✭✹✳✷✮

DN (r) = [uN(t+ r/Va)− uN(t)]
2,

DW (r) = [uw(t+ r/Va)− uw(t)]
2,

✇❤❡r❡ DL✱ DN ❛♥❞ DW ❛r❡ t❤❡ ♣❛r❛❧❧❡❧✱ ♥♦r♠❛❧ ❛♥❞ ✈❡rt✐❝❛❧ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡

str✉❝t✉r❡ ❢✉♥❝t✐♦♥ r❡s♣❡❝t✐✈❡❧②✳ Va ✐s t❤❡ ❛✐r❝r❛❢t s♣❡❡❞ ❛♥❞ r t❤❡ s❡♣❛r❛t✐♦♥ ❞✐st❛♥❝❡✳

❆ss✉♠✐♥❣ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡✱ ε ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❊q✉❛t✐♦♥s ✭✶✳✹✸✮ ❛♥❞ ✭✶✳✹✹✮✳

❋✐❣✉r❡ ✹✳✶ s❤♦✇s t❤❡ ❡st✐♠❛t❡❞ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ♦❢ t❤r❡❡ ❝♦♠♣♦♥❡♥ts ♦❢ ✇✐♥❞ ❛s

❛ ❢✉♥❝t✐♦♥ ♦❢ r ❢♦r t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✵✾✳ ❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥s ✇❡r❡ ❝❛❧❝✉❧❛t❡❞ ❢♦r

❛♣♣r♦①✐♠❛t❡❧② ✾✵✲s❡❝♦♥❞ ✐♥t❡r✈❛❧s✱ r❡♣r❡s❡♥t✐♥❣ ✸✵✵✵ ❞❛t❛ ♣♦✐♥ts ♣❡r ✐♥t❡r✈❛❧✳

■♥ ❋✐❣✉r❡ ✹✳✶✱ t❤❡r❡ ❛r❡ t✇♦ r❡❣✐♦♥s ✇✐t❤ ❧✐♥❡❛r s❧♦♣❡s✳ ❚❤❡ ✜rst r❡❣✐♦♥ ♦❝❝✉rs ❛t
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❋✐❣✉r❡ ✹✳✶✿ ❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❢r♦♠ t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✵✾ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❡♣✲
❛r❛t✐♦♥ ❞✐st❛♥❝❡✳ ❚❤❡ ❞❛s❤❡❞✱ ❞♦tt❡❞ ❛♥❞ s♦❧✐❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ✈❡rt✐❝❛❧✱ ♥♦r♠❛❧
❛♥❞ ❧♦♥❣✐t✉❞✐♥❛❧ ✇✐♥❞ ❝♦♠♣♦♥❡♥ts r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r2/3✳
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s❝❛❧❡s s♠❛❧❧❡r t❤❛♥ ✶✵✵ ♠ ✐♥ ✇❤✐❝❤ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s s❤♦✇ ♣♦✇❡r✲❧❛✇ ❡①♣♦♥❡♥ts

❤✐❣❤❡r t❤❛♥ t❤❡ ❑♦❧♠♦❣♦r♦✈ ✷✴✸ ❡①♣♦♥❡♥t✳ ❚❤✐s ✐s ♥♦t ❞✉❡ t♦ t❤❡ s❤♦rt ❞✉r❛t✐♦♥ ♦❢

s❡❣♠❡♥ts✱ s✐♥❝❡ ✇❡ ❝❛♥ s❡❡ t❤✐s ❜❡❤❛✈✐♦r ❡✈❡♥ ✐♥ ❧♦♥❣❡r s❡❣♠❡♥ts✳ ❚❤✐s ✐s ❛❧s♦ ♥♦t

❞✉❡ t♦ ✈✐s❝♦s✐t②✳ ❚❤❡ ✈✐s❝♦✉s r❛♥❣❡ ♦❝❝✉rs ❛t s❝❛❧❡s s♠❛❧❧❡r t❤❛♥ ❛♣♣r♦①✐♠❛t❡❧② ❛ ❢❡✇

♠✐❧❧✐♠❡t❡rs✳ ◆♦t❡ t❤❛t ❛t t❤✐s r❛♥❣❡✱ DL✱ DN ❛♥❞ DW ❛r❡ s✐♠✐❧❛r ✐♥ ♠❛❣♥✐t✉❞❡ ❛♥❞

❢♦❧❧♦✇ t❤❡ s❛♠❡ s❤❛♣❡✳ ❍♦✇❡✈❡r✱ t❤❡② ❞❡✈✐❛t❡ ❛t ❧❛r❣❡r s❝❛❧❡s✳ ❚❤✐s ♠❛② ❜❡ ❞✉❡ t♦

t❤❡ ❢❛❝t t❤❛t ❧❛r❣❡r s❝❛❧❡ ♠♦t✐♦♥s ✭❜✉♦②❛♥❝② ❡✛❡❝ts✮ t❡♥❞ t♦ s✉♣♣r❡ss ✈❡rt✐❝❛❧ ♠♦t✐♦♥s

✭❛♥✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡✮✳ ❚❤❡ ♣❧❛t❡❛✉ s❤❛♣❡ ❛t ❧❛r❣❡r s❝❛❧❡ ✐s ❡①♣❡❝t❡❞ ❢♦r s❡♣❛r❛t✐♦♥

❞✐st❛♥❝❡s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ t❤❡ ❧❛r❣❡st ❡❞❞✐❡s ✭❲r♦❜❧❡✇s❦✐ ❡t ❛❧✳ ✷✵✶✵✮ ❛♥❞ ❝❧❡❛r❧②

s❤♦✇s s❡♣❛r❛t✐♦♥ ♦❢ s❝❛❧❡s✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♣❧❛t❡❛✉ ♦❝❝✉rs ❛t ❛♣♣r♦①✐♠❛t❡❧②

✶✺✵✵✱ ✶✵✵✵ ❛♥❞ ✸✵✵ ♠ ❢♦r DL✱ DN ❛♥❞ DW r❡s♣❡❝t✐✈❡❧② ✐♥ ❋✐❣✉r❡ ✹✳✶✳ ❚❤❡s❡ ✈❛❧✉❡s

❝❛♥ ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ✐♥❞✐r❡❝t ♠❡❛s✉r❡s ♦❢ ❧❛r❣❡st s❝❛❧❡ ❡❞❞✐❡s ✭❜✉♦②❛♥❝② s❝❛❧❡s✮✳ ❚❤❡

s❡❝♦♥❞ r❡❣✐♦♥ ✇✐t❤ t❤❡ ❧✐♥❡❛r s❧♦♣❡ ♦❝❝✉rs ❛t ✐♥t❡r♠❡❞✐❛t❡ s❝❛❧❡s ✭❜❡t✇❡❡♥ ✶✵✵ ♠

❛♥❞ ❜✉♦②❛♥❝② s❝❛❧❡✮ ❛♥❞ ❤❛s ❛ s❧♦♣❡ ♦❢ ✷✴✸ ✭❑♦❧♠♦❣♦r♦✈ ✷✴✸ ❧❛✇✮✳ ❚❤❡r❡❢♦r❡✱ ✇❡

❝❛♥ ❛ss✉♠❡ t❤❛t t❤✐s r❡❣✐♦♥ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s

r❡❣✐♦♥ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ❛♥❞ ❥✉st✐❢② t❤✐s ❛ss✉♠♣t✐♦♥ ❢✉rt❤❡r

s❤♦rt❧②✳

❚❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ✐♥ ✜❣✉r❡ ✹✳✷ s❤♦✇ ❛ s✐♠✐❧❛r ♣❛tt❡r♥ t♦ t❤♦s❡ ✐♥ ❋✐❣✉r❡ ✹✳✶✳

❚❤❡ ❑♦❧♠♦❣♦r♦✈ r❡❣✐♦♥ ♦❝❝✉rs ❛t s❝❛❧❡s ❜❡t✇❡❡♥ ✶✵✵ t♦ ✹✵✵ ♠✳ ❆ ♥♦t❛❜❧❡ ❢❡❛t✉r❡ t❤❛t

❝❛♥ ❜❡ s❡❡♥ ✐♥ ❋✐❣✉r❡ ✹✳✷ ❛t ❧❛r❣❡r s❝❛❧❡s ✐s t❤❛t t❤❡ s❧♦♣❡ ✐♥❝r❡❛s❡s s✐❣♥✐✜❝❛♥t❧② ❛❜♦✈❡

t❤❡ ❑♦❧♠♦❣♦r♦✈ r❛♥❣❡✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❞✉❡ t♦ t❤❡ ❛✐r❝r❛❢t tr❛❥❡❝t♦r② ❡✛❡❝t✳ ▲♦✈❡❥♦②

❡t ❛❧✳ ✭✷✵✵✹✮ s❤♦✇❡❞ t❤❛t str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❛✛❡❝t❡❞ ❜② ❛✐r❝r❛❢t tr❛❥❡❝t♦r✐❡s

❛t ❧❛r❣❡r s❝❛❧❡s✱ s✐♥❝❡ t❤❡ ❛✐r❝r❛❢t ♥♦ ❧♦♥❣❡r s♠♦♦t❤s ♦✉t ❛❧t✐t✉❞❡ ✢✉❝t✉❛t✐♦♥s✳ ❍♦✇✲

❡✈❡r✱ ❲r♦❜❧❡✇s❦✐ ❡t ❛❧✳ ✭✷✵✶✵✮ s❤♦✇❡❞ t❤❛t ♠❡❛s✉r❡♠❡♥ts ❛t s✉❜✲❦✐❧♦♠❡t❡r s❝❛❧❡s ❛r❡

♠♦r❡ ❧✐❦❡❧② ❝♦♥t❛♠✐♥❛t❡❞ ❜② tr❛❥❡❝t♦r② ❡✛❡❝ts✳ ❚❤❡ s❛♠❡ ❛✉t❤♦rs ❛❧s♦ s✉❣❣❡st❡❞ t❤❛t

t❤❡ ❞❡✈✐❛t✐♦♥ ❢r♦♠ t❤❡ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣ ❡①♣♦♥❡♥t ❝♦✉❧❞ ❜❡ ❛ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥

s♠❛❧❧❡r✲s❝❛❧❡ t✉r❜✉❧❡♥❝❡✱ ❛❞❥✉st✐♥❣ t♦ ❧❛r❣❡r s❝❛❧❡s✳ ❙tr♦♥❣ ❛♥✐s♦tr♦♣② ❝❛♥ ❛❧s♦ ❛✛❡❝t

t❤❡ s❝❛❧✐♥❣ ❡①♣♦♥❡♥t ♦❢ ✷✴✸✳ ❆♥♦t❤❡r ♣♦ss✐❜❧❡ r❡❛s♦♥ ✐s ❜✉rsts ♦❢ ❣r❛✈✐t② ✇❛✈❡s ✐♥t♦

t✉r❜✉❧❡♥❝❡ ✇❤✐❝❤ ♠❛② ✐♥❥❡❝t ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡♥❡r❣② t♦ s♠❛❧❧❡r s❝❛❧❡s ✭❡✳❣✳ ❨❛❣✉❡ ❡t ❛❧✳✱

✷✵✵✻✮ ❧❡❛❞✐♥❣ t♦ ❞❡✈✐❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ s❧♦♣❡ ❢r♦♠ t❤❡ ✐s♦tr♦♣✐❝ s❧♦♣❡✳

❆♥ ❛❧t❡r♥❛t✐✈❡ ♠❡t❤♦❞ ❢♦r ❡st✐♠❛t✐♥❣ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε, ❡♠♣❧♦②s s♣❡❝tr❛❧

❛♥❛❧②s✐s✳ ❆ss✉♠✐♥❣ t✉r❜✉❧❡♥❝❡ ✐s ✐s♦tr♦♣✐❝✱ ❡ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ❑♦❧♠♦❣♦r♦✈

✲✺✴✸ ❧❛✇ ❣✐✈❡♥ ❜② ❊q✉❛t✐♦♥ ✭✶✳✶✺✮✳ ❋✐❣✉r❡ ✹✳✸✭❛✮ s❤♦✇s ❛ ✈❡rt✐❝❛❧ ✈❡❧♦❝✐t② ❡♥❡r❣②

s♣❡❝tr✉♠ ❛♥❞ ❋✐❣✉r❡ ✹✳✸✭❜✮ s❤♦✇s t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ s❛♠❡ s❡t ♦❢ ❞❛t❛ ✉s❡❞

✐♥ ❋✐❣✉r❡ ✹✳✸✭❛✮✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡s ✐♥ ✜❣✉r❡ ✹✳✸✭❛✮ ❛♥❞ ✹✳✸✭❜✮ ❝♦rr❡s♣♦♥❞s t♦

r−5/3 ❛♥❞ r2/3 r❡s♣❡❝t✐✈❡❧②✳ ❇❛s❡❞ ♦♥ ❑♦❧♠♦❣♦r♦✈ ❧❛✇s✱ t❤❡ s♣❡❝tr✉♠ ♦❢ ✢✉❝t✉❛t✐♦♥s
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❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ ♣❛r❛❧❧❡❧ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❢r♦♠ t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✵✾ ❛s ❛ ❢✉♥❝t✐♦♥
♦❢ s❡♣❛r❛t✐♦♥ ❞✐st❛♥❝❡✳ ❚❤❡ ✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡s s❤♦✇ t❤❡ ❜❡❣✐♥♥✐♥❣ ❛♥❞ ❡♥❞ ♦❢
❑♦❧♠♦❣♦r♦✈ s❧♦♣❡✳



✼✺

❛♥❞ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ s❤♦✉❧❞ ❢♦❧❧♦✇ t❤❡ ✲✺✴✸ ❛♥❞ ✷✴✸ s❧♦♣❡s r❡s♣❡❝t✐✈❡❧② ❢♦r ✐s♦tr♦♣✐❝

t✉r❜✉❧❡♥t s❝❛❧❡s✳ ■t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❋✐❣✉r❡ ✹✳✸✭❛✮ t❤❛t t❤❡ s♣❡❝tr✉♠ ✐s ✐♥❤❡r❡♥t❧②

♥♦✐s✐❡r t❤❛♥ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ✇❤✐❝❤ ♠❛❦❡s ✐t ❞✐✣❝✉❧t t♦ ✜♥❞ t❤❡ ✐s♦tr♦♣✐❝ r❡❣✐♦♥s✳ ■♥

❛❞❞✐t✐♦♥ t♦ t❤✐s✱ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ❛ ♠♦r❡ str❛✐❣❤t ❢♦r✇❛r❞ ✇❛②✳

❚❤❡② ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ ❛♥② ❧❡♥❣t❤ ♦❢ ❞❛t❛ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♥❡❡❞ t♦ r❡♠♦✈❡ t❤❡ ♠❡❛♥

✈❡❧♦❝✐t②✳ ❆♥♦t❤❡r ❛❞✈❛♥t❛❣❡ ♦❢ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ✐s t❤❡ ❞✐r❡❝t ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ❵s❝❛❧❡s✬ ❛♥❞ t❤❡ r❡s✉❧t ♦❢ ♠❡❛s✉r❡♠❡♥ts ✭▲✐♥❞❜♦r❣✱ ✶✾✾✾✮ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ✐t ✐s

❡❛s✐❡r t♦ ✜♥❞ t❤❡ tr❛♥s✐t✐♦♥ ❢r♦♠ ❑♦❧♠♦❣♦r♦✈ s❝❛❧✐♥❣✳ ❚❤✉s✱ ✇❡ ✉s❡ t❤❡ str✉❝t✉r❡

❢✉♥❝t✐♦♥ ♠❡t❤♦❞ ❢♦r t❤✐s st✉❞②✳ ❍♦✇❡✈❡r✱ t❤❡ s♣❡❝tr✉♠ ❞♦❡s s❤♦✇ ❝❧❡❛r❧② t❤❡ ✐♠♣❛❝t

♦❢ ♥♦✐s❡✳ ❆s ❝❛♥ ❜❡ s❡❡♥✱ t❤❡ s♣❡❝tr✉♠ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡ t❡♥❞s

t♦ ✢❛tt❡♥✱ ❛♥❞ ❛❧s♦ t❤❡r❡ ❛r❡ s♦♠❡ ❝❧❡❛r ♣❡❛❦s✳ ❚❤❡s❡ ❡✛❡❝ts ❛r❡ ❞✉❡ t♦ ♥♦✐s❡ ❛♥❞

✐♥str✉♠❡♥t ✐♠♣❛❝t✱ ❝♦♥❝❧✉❞✐♥❣ t❤❛t ♥♦ ✉s❡❢✉❧ ❞❛t❛ ❝❛♥ ❜❡ ❡①♣❡❝t❡❞ ❛t ✐♥✈❡rs❡ s❝❛❧❡s

❣r❡❛t❡r t❤❛♥ 6×10−2 ♠−1 ✭✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✹✳✸✭❛✮✮ ♦r ♣❤②s✐❝❛❧ s❝❛❧❡s ❧❡ss

t❤❛♥ ❛❜♦✉t ✶✻ ♠✳ ❆ s❝❛❧❡ ♦❢ ✶✻ ♠ ✐s ❛❧s♦ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✸✭❜✮✳ ❋r♦♠ ❋✐❣✉r❡ ✹✳✸✭❜✮✱

❛ ✷✴✸ ❧❛✇ ❞♦❡s ♥♦t s❡tt❧❡ ✐♥ ✉♥t✐❧ ❛ s❝❛❧❡ ♦❢ ∼ 100 ♠✱ s♦ ❡✈❡♥ t❤❡ r❡❣✐♦♥ ❜❡t✇❡❡♥ ✶✻

❛♥❞ ✶✵✵ ♠ s❡❡♠s ✐♠♣❛❝t❡❞ ❜② ♥♦✐s❡ ❛♥❞ ✐♥str✉♠❡♥t ❡✛❡❝ts✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❝♦♥❝❧✉❞❡

t❤❛t ♥♦ ✉s❡❢✉❧ ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡s❡ ✐♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts ❛t s❝❛❧❡s

6✶✵✵ ♠✳ ❚❤✐s ✇✐❧❧ ❜❡ ✐♠♣♦rt❛♥t ❢♦r ♦✉r s✉❜s❡q✉❡♥t ❛♥❛❧②s✐s✳

❯s✐♥❣ ❊q✉❛t✐♦♥s ✭✶✳✹✸✮ ❛♥❞ ✭✶✳✹✹✮✱ ✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✇❡r❡ ❢♦✉♥❞

✉s✐♥❣ s❝❛❧❡s ❃ ✶✵✵ ✭♠✮✳ ❚❤❡ r❡s✉❧ts ❛r❡ s✉♠♠❛r✐③❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✺✳ ❊❛❝❤ ❡st✐♠❛t❡❞

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ❝♦rr❡s♣♦♥❞s t♦ ✾✵ s❡❝♦♥❞s ♦❢ ♠❡❛s✉r❡♠❡♥ts✳ ❚❤❡s❡ s❤♦rt

t✐♠❡ ❡st✐♠❛t❡s ❝❛♥ ♣r♦✈✐❞❡ ✉s ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ❧♦❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t✉r❜✉❧❡♥❝❡✳ ❚❤❡

✈❛r✐❛t✐♦♥s s❡❡♥ ✐♥ t✐♠❡ s❡r✐❡s ♦❢ ε ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ✐♥t❡r♠✐tt❡♥❝② ♦r ❜✉rst✐♥❣ ♥❛t✉r❡

♦❢ t✉r❜✉❧❡♥❝❡✳ ❚✉r❜✉❧❡♥❝❡ ✐s ✐♥t❡r♠✐tt❡♥t ❜♦t❤ t❡♠♣♦r❛❧❧② ❛♥❞ s♣❛t✐❛❧❧② ✐♥ t❤❡ ❛t✲

♠♦s♣❤❡r❡ ❛♥❞ ✐t ♦❢t❡♥ ♦❝❝✉rs ✐♥ t❤✐♥ ❧❛②❡rs ✇❤✐❝❤ ❛r❡ s❡♣❛r❛t❡❞ ❜② r❡❣✐♦♥s ♦❢ ✇❡❛❦❧②

t✉r❜✉❧❡♥t ♦r s❡♠✐✲❧❛♠✐♥❛r ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✳ ■t ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ t❤❛t ✐♥ ❣❡♥❡r❛❧✱ ε

✈❛❧✉❡s ❝♦✈❡r ❛ r❛♥❣❡ ♦❢ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❜❡t✇❡❡♥ 10−3 ❛♥❞ 10−7 ❲✴❦❣✳ ❍♦✇❡✈❡r✱

♦♥❧② ✈❛❧✉❡s ❣r❡❛t❡r t❤❛♥ 10−4 ❲✴❦❣ ❛r❡ r❡❧✐❛❜❧❡✳

❆♥ ε ✈❛❧✉❡ ♦❢ 10−4 ❲✴❦❣ ✐s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜✉♦②❛♥❝② s❝❛❧❡✱ LB ✭t❤❡ s❝❛❧❡ ❛t

✇❤✐❝❤ t❤❡ tr❛♥s✐t✐♦♥ ❜❡t✇❡❡♥ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ❛♥❞ ❜✉♦②❛♥❝② r❛♥❣❡s ❜❡❣✐♥s✮ ♦❢ ❛❜♦✉t

✶✵✵ ♠✳ ❚❤✐s ❝❛♥ ❜❡ ❡st✐♠❛t❡❞ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥✿

LB ≈ (2π/0.62)ε1/2ω
−3/2
B , ✭✹✳✸✮

✇❤❡r❡ ωB ✐s t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✭s❡❡ ❈❤❛♣t❡r ✹ ❢♦r ♠♦r❡ ❞❡t❛✐❧✮✳ ❆s ✇❡ ❤❛✈❡

❞✐s❝✉ss❡❞✱ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛r❡ ✉♥r❡❧✐❛❜❧❡ ❛t s❝❛❧❡s 6 100 ♠✱ s♦ ✐❢ t❤❡ ❜✉♦②❛♥❝②

s❝❛❧❡ ✐s ❧❡ss t❤❛♥ ✶✵✵ ♠✱ ✐t ✐s ✐♠♣♦ss✐❜❧❡ t♦ s❡❡ ❛ ❑♦❧♠♦❣♦r♦✈ s♣❡❝tr✉♠ ❚❤✐s ✐s ♣♦ss✐❜❧②



✼✻

❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛t ✸✵✵ P❡r❝❡♥t❛❣❡ ♦❢
str✉❝t✉r❡ ❢✉♥❝t✐♦♥s

❃ ✵✳✷ ♠2s−2

P❡r❝❡♥t❛❣❡ ♦❢
str✉❝t✉r❡ ❢✉♥❝t✐♦♥s
❃ ✵✳✷ ♠2s−2 t❤❛t
❤❛✈❡ ❛ ✷✴✸ s❧♦♣❡

❱❡rt✐❝❛❧ ✷✼ ✪ ✸✽ ✪
▲♦♥❣✐t✉❞✐♥❛❧ ✸✸ ✪ ✺✵ ✪

◆♦r♠❛❧ ✸✷ ✪ ✷✵ ✪

❚❛❜❧❡ ✹✳✷✿ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ r❡❧✐❛❜❧❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✉s✐♥❣
str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♠❡t❤♦❞✳

❞✉❡ t♦ ♥♦✐s❡ ♦r ✐♥✢✉❡♥❝❡ ♦❢ ❛♥✐s♦tr♦♣②✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛♥✐s♦tr♦♣②✱ ❡❞❞✐❡s ❤❛✈❡ ❤♦r✐✲

③♦♥t❛❧ s❝❛❧❡s ♠✉❝❤ ❣r❡❛t❡r t❤❛♥ t❤❡✐r ✈❡rt✐❝❛❧ s❝❛❧❡s✳ ❚❤❡r❡❢♦r❡✱ ❤♦r✐③♦♥t❛❧ s❝❛❧❡s ♠❛②

❜❡ ♠❡❛s✉r❡❞ ✇❤❡♥ ✈❡rt✐❝❛❧ ♦♥❡s ❝❛♥ ♥♦t✳ ❚❤✐s ❝❛♥ ❛✛❡❝t t❤❡ ❜❡❤❛✈✐♦r ♦❢ str✉❝t✉r❡

❢✉♥❝t✐♦♥✳ ❍❡♥❝❡✱ ✇❡ ✇✐❧❧ ♦♥❧② ❝♦♥s✐❞❡r ε ✈❛❧✉❡s ❣r❡❛t❡r t❤❛♥ 10−4 ❲✴❦❣ t♦ ❛✈♦✐❞ t❤❡

❡✛❡❝t ♦❢ ❛♥✐s♦tr♦♣② ❛♥❞ ♥♦✐s❡✳

❖♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t t❤❡ ♠✐ss✐♥❣ ❞❛t❛ ✐♥ ❋✐❣✉r❡ ✹✳✺ ❛r❡ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡

str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❞✐❞ ♥♦t ❡①❤✐❜✐t ✭❡✳❣✳ ❋✐❣✉r❡ ✹✳✹✮ t❤❡ ❡①♣❡❝t❡❞ r2/3 ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡✳ ❲❡ ♥♦t✐❝❡❞ t❤❛t ♦♥❧② ❢❡✇ ♣❡r❝❡♥t❛❣❡ ♦❢ ♠❡❛s✉r❡♠❡♥ts s❤♦✇

t❤❡ ✷✴✸ s❝❛❧✐♥❣ ❡①♣♦♥❡♥t✳

❆s ❛♥ ❡①❡r❝✐s❡✱ ✇❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ❛t ✸✵✵ ♠ ❢♦r ✸ ❝♦♠♣♦♥❡♥ts

♦❢ ✇✐♥❞ ❛♥❞ ❞❡t❡r♠✐♥❡❞ t❤❡ ♣❡r❝❡♥t❛❣❡ t❤❛t str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛r❡ ❣r❡❛t❡r t❤❛♥

✵✳✷ ♠2s−2 ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ ♦❢ 10−4 ❲✴❦❣✮✳ ❚❤✐s ❡st✐♠❛t✐♦♥

❝r✉❞❡❧② ❛❧❧♦✇s ✉s t♦ ♦♥❧② ❡①❛♠✐♥❡ ❝❛s❡s ♦❢ ❧❛r❣❡ ε ✭ε > 10−4 ✮✳

❲❡ t❤❡♥ ❢♦✉♥❞ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ✈❛❧✉❡s ❢♦r ✇❤✐❝❤ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛r❡ ❜♦t❤

❧❛r❣❡r t❤❛♥ ✵✳✷ ♠2s−2 ❛♥❞ ❤❛✈❡ ❛ ✷✴✸ s❧♦♣❡✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✹✳✷✳ ■t

✐s s❡❡♥ t❤❛t t②♣✐❝❛❧❧② ❧❡ss t❤❛♥ ❤❛❧❢ ♦❢ t❤❡ ♠❡❛s✉r❛❜❧❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ♠♦r❡ t❤❛♥

✵✳✷ ♠2s−2✱ ❡①❤✐❜✐t ❛ ❑♦❧♠♦❣♦r♦✈ s♣❡❝tr✉♠✳

✹✳✷ ❈♦♠♠❡r❝✐❛❧ ❆✐r❝r❛❢t ❞❛t❛ ❛♥❛❧②s✐s

❚❤❡ ❞❛t❛ ✉s❡❞ ❢♦r t❤❡ ❛♥❛❧②s✐s ✐♥ t❤✐s s❡❝t✐♦♥ ❛r❡ ♠❡❛s✉r❡❞ ❜② ❉❡❧t❛ ❛✐r❧✐♥❡ ❛✐r❝r❛❢t

♦✈❡r ❉❡tr♦✐t✳ ❚❤❡ ❛❧❣♦r✐t❤♠ ✉s❡❞ t♦ ❡st✐♠❛t❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε ♦♥ ❜♦❛r❞ ✇❛s

❞❡✈❡❧♦♣❡❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❈❡♥t❡r ❢♦r ❆t♠♦s♣❤❡r✐❝ ❘❡s❡❛r❝❤ ✭◆❈❆❘✮✳ ❚❤❡ ❞❡t❛✐❧s

♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ❛r❡ ❣✐✈❡♥ ✐♥ ❈❤❛♣t❡r ✷✳ ■♥ ❣❡♥❡r❛❧✱ s♣❡❝tr❛❧ ❛♥❛❧②s✐s ✇❛s ✉s❡❞ t♦

❡st✐♠❛t❡ ❛♥❞ r❡♣♦rt ε ✈❛❧✉❡s✳ t✇❡❧✈❡ s♣❡❝tr❛ ✇❡r❡ ♣r♦❞✉❝❡❞ ♣❡r ♠✐♥✉t❡ ❛♥❞ ε1/3 ✇❛s

❡st✐♠❛t❡❞ ❢r♦♠ ❡❛❝❤ s♣❡❝tr✉♠✳ ■♥ ♦r❞❡r t♦ s❛✈❡ ❝♦♠♠✉♥✐❝❛t✐♦♥ ❝♦sts✱ ε ✈❛❧✉❡s ✇❡r❡
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❋✐❣✉r❡ ✹✳✸✿ ✭❛✮ ❊♥❡r❣② s♣❡❝tr✉♠ ♦❢ ✈❡rt✐❝❛❧ ✇✐♥❞ ❛s ❢✉♥❝t✐♦♥ ♦❢ ✇❛✈❡ ♥✉♠❜❡r ✭k✮ ❢♦r
✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✶✸❛✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r−5/3✳ ✭❜✮ ❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥
♦❢ ♥♦r♠❛❧ ✇✐♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❡♣❛r❛t✐♦♥ ✭r✮ ❢♦r t❤❡ s❛♠❡ ❞❛t❛ ✐♥ ✭❛✮✳ ❚❤❡ ❞♦tt❡❞✲
❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r2/3✳ ■♥ ❜♦t❤ ✜❣✉r❡s✱ ✈❡rt✐❝❛❧ ❞❛s❤❡❞ ❧✐♥❡s r❡♣r❡s❡♥t t❤❡ ♥♦✐s❡ ❝✉t✲♦✛
s❝❛❧❡✳
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❋✐❣✉r❡ ✹✳✹✿ ❙tr✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♦❢ ❧♦♥❣✐t✉❞✐♥❛❧ ✇✐♥❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ s❡♣❛r❛t✐♦♥ ✭r✮ ❢♦r
✢✐❣❤t s❡❣♠❡♥t ♦❢ ✼✶✸❛✳ ❚❤❡ ❞♦tt❡❞✲❞❛s❤❡❞ ❧✐♥❡ s❤♦✇s r2/3✳
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❋✐❣✉r❡ ✹✳✺✿ ❚✐♠❡ s❡r✐❡s ♦❢ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε✱ ❡st✐♠❛t❡❞ ✉s✐♥❣ str✉❝t✉r❡
❢✉♥❝t✐♦♥s ❢♦r t❤❡ ✢✐❣❤t s❡❣♠❡♥t ♦❢ ✭❛✮ ✼✵✾✱ ✭❜✮ ✼✶✸❛ ❛♥❞ ✭❝✮ ✼✵✸✳



✽✵

❜✐♥♥❡❞ ❢r♦♠ ✵ t♦ ✵✳✵✷✱ ✵✳✵✷ t♦ ✵✳✵✹ ✭❲✴❦❣✮1/3 ❡t❝✳✱ ❛♥❞ r❡♣♦rt❡❞ t♦ t❤❡ ♦♣❡r❛t✐♦♥❛❧

✉s❡rs✳ ❚❤❡ r❡♣♦rt❡❞ ③❡r♦ ✈❛❧✉❡s ❛r❡ ♥♦t ♥❡❝❡ss❛r✐❧② ③❡r♦✱ ❜✉t t❤❡② ❛r❡ ❜❡❧♦✇ t❤❡

t❤r❡s❤♦❧❞ ✈❛❧✉❡ ✭❡✳❣✳✱ ✏♠♦❞❡r❛t❡✑ ♦r ✏❧✐❣❤t t♦ ♠♦❞❡r❛t❡✑✮✳ ❋✐❣✉r❡ ✹✳✻✭❛✮ s❤♦✇s t❤❡

❡st✐♠❛t❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s✱ ε ❢r♦♠ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ♠❡❛✲

s✉r❡♠❡♥t ❡✈❡♥t ♥✉♠❜❡r r❛t❤❡r t❤❛♥ t✐♠❡✱ s✐♥❝❡ t❤❡r❡ ✐s ♠♦r❡ t❤❛♥ ♦♥❡ ♠❡❛s✉r❡♠❡♥t

♣❡r ♠✐♥✉t❡ ❛♥❞ ✇❡ ❛r❡ ♠♦st❧② ✐♥t❡r❡st❡❞ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ♠❡❛s✉r❡❞ ε✳ ❚❤❡ ❣r❛♣❤ ❝♦✈❡rs

❛❧❧ ❤❡✐❣❤ts ❢r♦♠ ✶✺✵ ♠ t♦ ✶✷✳✺ ❦♠ ✭s❡❡ ✜❣✉r❡ ✹✳✼✭❛✮✮ ❢♦r ❏✉♥❡ ✷✵✵✾✳ ❋✐❣✉r❡ ✹✳✻✭❛✮

❛❧s♦ r❡✈❡❛❧s t❤❛t ♠♦st ♦❢ t❤❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ③❡r♦ ♦r ✈❡r② s♠❛❧❧✱ ❝♦rr❡s♣♦♥❞ t♦

✇❡❛❦ t✉r❜✉❧❡♥❝❡✳ ❖❝❝❛s✐♦♥❛❧❧② t❤❡② ❜❡❝♦♠❡ ✈❡r② ❧❛r❣❡ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ✐♥t❡♥s❡

t✉r❜✉❧❡♥❝❡✳ ❋✐❣✉r❡ ✹✳✻✭❜✮ ✐s t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❞❛t❛ ✉s❡❞ ✐♥ ❋✐❣✉r❡ ✹✳✻✭❛✮✱ ❤♦✇❡✈❡r✱

③❡r♦s ❛r❡ r❡♠♦✈❡❞✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ♠❛❥♦r✐t② ♦❢ ❡st✐♠❛t❡❞ ε ❤❛✈❡ ❛♥ ♦r❞❡r ♦❢

♠❛❣♥✐t✉❞❡ t❤❛t ❝❤❛♥❣❡s ❛♣♣r♦①✐♠❛t❡❧② ❢r♦♠ 10−5 t♦ 10−3 ❲✴❦❣✳

❋✐❣✉r❡ ✹✳✼✭❜✮ s❤♦✇s t❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡ ♦❢ ♣❡r❝❡♥t❛❣❡s ♦❢ ✏③❡r♦ ε✑ ♠❡❛s✉r❡❞ ❜②

❛✐r❝r❛❢t ❞✉r✐♥❣ ❏✉♥❡✱ ✷✵✵✾✳ ◆♦t❡ t❤❛t ❡❛❝❤ ♠❡❛s✉r❡♠❡♥t ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛✈❡r❛❣❡

♦✈❡r ✶ ❦♠✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♣❡r❝❡♥t❛❣❡ ❛t ✶ ❦♠ ✐s t❤❡ ❛✈❡r❛❣❡ ♦❢ ③❡r♦ ♣❡r❝❡♥t❛❣❡s

❢r♦♠ ✵✳✺ t♦ ✶✳✺ ❦♠ ❡t❝✳ ❩❡r♦s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❡r② ✇❡❛❦ ♦r ❧✐❣❤t t✉r❜✉❧❡♥❝❡ ❛♥❞

❋✐❣✉r❡ ✹✳✼✭❜✮ s❤♦✇s t❤❛t t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ③❡r♦s ❝❛♥ ❡①❝❡❡❞ ✾✵ ✪✱ ✐♥❞✐❝❛t✐♥❣ t❤❛t

✐♥t❡r♠✐tt❡♥❝② ✐s ❛ ❝♦♠♠♦♥ ❝❤❛r❛❝t❡r✐st✐❝ ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ✇❤✐❝❤ ✐s

❝❛✉s❡❞ ❜② s♣♦r❛❞✐❝ ❛♥❞ ❡♣✐s♦❞✐❝ ✐♥st❛❜✐❧✐t✐❡s ✭❡✳❣✳ ▼❛❤rt✱ ✶✾✽✾✮✳ ■♥ ♦r❞❡r t♦ ❝♦♠✲

♣❛r❡ t❤❡ ❛✐r❝r❛❢t✲❡st✐♠❛t❡❞ ε ❞✉r✐♥❣ ❞✐✛❡r❡♥t ♣❡r✐♦❞s ♦❢ ✷✵✵✾ ❛♥❞ ✷✵✶✵✱ ✇❡ ♣r♦❞✉❝❡❞

❝✉♠✉❧❛t✐✈❡ ❤✐st♦❣r❛♠s ♦❢ ε ❞❛t❛ ❢♦r ❛❧❧ ❤❡✐❣❤ts ✭❢r♦♠ ✶✺✵ ♠ t♦ ✶✷✳✺ ❦♠✮ ✉s✐♥❣ t❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ❛❜s❝✐ss❛ ✐s ❡①❝❡❡❞❡❞✳ ❚❤❡ r❡s✉❧ts ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳✽✳ ■t ❝❛♥

❜❡ s❡❡♥ t❤❛t t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ ♠❡❛s✉r❡❞ ε ❡①❝❡❡❞s 10−6 ✐s ✶✵✵ ✪ ❞r♦♣♣✐♥❣ t♦

❛♣♣r♦①✐♠❛t❡❧② ✶✵ ✪ ❢♦r 10−3 ❲✴❦❣ ❛♥❞ t♦ ❛❜♦✉t ✶ ✪ ❢♦r 10−2 ❲✴❦❣✳

✹✳✸ ❈♦♠♣❛r✐s♦♥s ♦❢ ❆✐r❝r❛❢t ❛♥❞ ❘❛❞❛r ▼❡❛s✉r❡✲

♠❡♥ts

■♥ ❋✐❣✉r❡ ✹✳✾✱ ✇❡ s❤♦✇ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡st✐♠❛t❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

r❛t❡✱ ❡✱ ✉s✐♥❣ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t✱ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t ❛♥❞ ♦✉r r❛❞❛r ❛t ❍❛rr♦✇✳ ❉❛t❛

❛r❡ t❛❦❡♥ ❛t ❞✐✛❡r❡♥t t✐♠❡s✱ ❜✉t ❛❧❧ ✇❡r❡ ♥❡❛r ❍❛rr♦✇✳ ◆♦t❡ t❤❛t t❤❡ ❧❡❛st ♣♦s✐t✐✈❡

✈❛❧✉❡ ♦❜t❛✐♥❡❞ ❜② r❛❞❛r ❤❛✈❡ ❛♥ ♦r❞❡r ♦❢ 10−8 ❲✴❦❣ ❛♥❞ t❤❡ ♠✐♥✐♠✉♠ ♥♦♥✲③❡r♦ ✈❛❧✉❡s

♦❢ ❡ ♠❡❛s✉r❡❞ ❜② ❝♦♠♠❡r❝✐❛❧ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t ❤❛✈❡ ❛♥ ♦r❞❡r ♦❢ 10−6 ❛♥❞ 10−8

❲✴❦❣ r❡s♣❡❝t✐✈❡❧②✳ ■♥ ♦r❞❡r t♦ ❝♦♠♣❛r❡ t❤❡s❡ ♠❡❛s✉r❡♠❡♥ts ♣r♦♣❡r❧②✱ ❞✐str✐❜✉t✐♦♥s

✐♥ ❋✐❣✉r❡ ✹✳✾ ❤❛✈❡ ❜❡❡♥ ♣r♦❞✉❝❡❞ ♦♥❧② ❢♦r ε ✈❛❧✉❡s ♦❢ ❣r❡❛t❡r t❤❛♥ 10−6 ❲✴❦❣✳ ❲❡
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✉s❡❞ ✐♥ ✭❛✮✳ ❩❡r♦s ✇❡r❡ ♥♦t ✐♥❝❧✉❞❡❞✱ s♦ ♣❡r❝❡♥t❛❣❡ ♦❢ ✏str♦♥❣✑ t✉r❜✉❧❡♥❝❡ ❡✈❡♥ts
✭> 10−3 ❲✴❦❣✮ ✐s ❡✈❡♥ ❧❡ss t❤❛♥ t❤❡ ❣r❛♣❤ ✐♥❞✐❝❛t❡s✳
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✽✹

✇✐❧❧ ❞✐s❝✉ss ❛❜♦✉t t❤❡ ❡✛❡❝t ♦❢ ③❡r♦s ❛♥❞ ♥❡❣❛t✐✈❡s ✐♥ ❋✐❣✉r❡ ✹✳✶✵✳

❚❤❡ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❜② ❉❡❧t❛ ❛✐r❧✐♥❡s ❛t ❉❡tr♦✐t ♦✈❡r ❛

r❛❞✐✉s ♦❢ ✻✵ ❦♠ ❢r♦♠ t❤❡ ❍❛rr♦✇ r❛❞❛r ❛♥❞ ✐t ❝♦✈❡rs ❛ r❛♥❣❡ ♦❢ ❛❧t✐t✉❞❡ ❜❡t✇❡❡♥ ✶✺✵

♠ t♦ ✶✷✳✺ ❦♠✳ ❚❤❡ ❚✇✐♥ ❖tt❡r ♠❡❛s✉r❡♠❡♥ts ✇❡r❡ ♣❡r❢♦r♠❡❞ ❛t ❍❛rr♦✇ ♦✈❡r t❤❡ ✵✳✺✲

✶✳✺ ❦♠ ❛❧t✐t✉❞❡ r❛♥❣❡✳ ❋♦r t❤❡ ♣✉r♣♦s❡s ♦❢ ❝♦♠♣❛r✐s♦♥s✱ ✇❡ ✇✐❧❧ ❝♦♥❝❡♥tr❛t❡ ♦♥ t❤❡

♣❡r✐♦❞ ♦❢ ❏❛♥✉❛r②✲❏✉♥❡ ✷✵✵✾ s✐♥❝❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡ ❜② r❛❞❛r ❛r❡ ❛✈❛✐❧❛❜❧❡

❢♦r ❛❧❧ t❤❡s❡ ♠♦♥t❤s✳ ❖♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t t❤❡ ❛✐r❝r❛❢t ❞❛t❛ ❛r❡ ❝♦♠♣✉t❡❞ ❞✉r✐♥❣

❡❛❝❤ ♠✐♥✉t❡ ❛♥❞ ✶✳✺ ♠✐♥✉t❡s ❢♦r ❝♦♠♠❡r❝✐❛❧ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t r❡s♣❡❝t✐✈❡❧②✳

❍♦✇❡✈❡r✱ t❤❡ r❛❞❛r ❞❛t❛ ❛r❡ ❤♦✉r❧② ❛✈❡r❛❣❡s✳ ❲❡ ♥❡❡❞ t♦ ✉s❡ ❤♦✉r❧② ❛✈❡r❛❣❡s ✐♥

♦r❞❡r t♦ ♣r♦✈✐❞❡ ❛ ♠❡❛♥ ✇✐♥❞ ♣r♦✜❧❡ ✇✐t❤ s✉✣❝✐❡♥t ♣r❡❝✐s✐♦♥ s♦ t❤❛t ✇❡ ❝❛♥ ♣r♦♣❡r❧②

r❡♠♦✈❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts ❢r♦♠ r❛❞❛r s♣❡❝tr❛❧ ✇✐❞t❤s✳

■t ❝❛♥ ❜❡ s❡❡♥ ❢r♦♠ ❋✐❣✉r❡ ✹✳✾ t❤❛t ♠❡❛s✉r❡♠❡♥ts ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❜②

❛✐r❝r❛❢t ❛❣r❡❡ ✇❡❧❧ ✇✐t❤ t❤❡ r❛❞❛r ♠❡❛s✉r❡♠❡♥ts ❢♦r t❤❡ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡s ♦❢ 10−6 t♦

❛♣♣r♦①✐♠❛t❡❧② 10−4 ❲✴❦❣✳ ❍♦✇❡✈❡r✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t t❤❡ r❛❞❛r ♠❡❛s✉r❡s ❧❛r❣❡r

✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ❞❡❝r❡❛s❡s ♠♦r❡ r❛♣✐❞❧② ❜❡②♦♥❞ t❤✐s ♣♦✐♥t✳ ❋♦r ❡①❛♠♣❧❡ t❤❡ ❝❤❛♥❝❡

♦❢ ❡①❝❡❡❞✐♥❣ ε = 10−3 ❲✴❦❣ ✐s ❛❜♦✉t ✶ ✪ ❢♦r t❤❡ r❛❞❛r✱ ✇❤❡r❡❛s t❤❡ ❝❤❛♥❝❡s ✐♥❝r❡❛s❡

t♦ ❛❜♦✉t ✶✷ ✪ ❛♥❞ ✼ ✪ ❢♦r ❉❡❧t❛ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t r❡s♣❡❝t✐✈❡❧②✳ ❚❤✐s ✐s ♣♦ss✐❜❧②

❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ❤♦✉r❧② ❛✈❡r❛❣❡s ♦❢ r❛❞❛r ❞❛t❛ ✇❡r❡ ✉s❡❞✳ ❚❤❡r❡❢♦r❡✱ ❧❛r❣❡r ✈❛❧✉❡s

❣❡t ❛✈❡r❛❣❡❞ ♦✉t t♦ ❧♦✇❡r ✈❛❧✉❡s ♦✈❡r t❤❡ ❝♦✉rs❡ ♦❢ ❛♥ ❤♦✉r✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ♠❡t❤♦❞

t❤❛t ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ❡st✐♠❛t❡ ε ❢r♦♠ r❛❞❛r ❞❛t❛ ❝❛♥ ❛✛❡❝t t❤❡ r❡s✉❧ts✳ ■❢ t❤❡ ✐♥t❡r❡st

✐s ♦♥❧② ✐♥ t❤❡ ❧❛r❣❡ ✈❛❧✉❡s ✭t❤❡ ❧❛r❣❡st ✈❛❧✉❡s ❝❛♥ ❝❛✉s❡ s❡✈❡r❡ ❛✐r❝r❛❢t ❞❛♠❛❣❡✮✱ ✇❡

❝❛♥ ✉s❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❛♣♣r♦❛❝❤✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝t ✐s ③❡r♦

s✐♥❝❡ ❢♦r t❤❡ ❧❛r❣❡st ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ t❤❡ ❡✛❡❝t ♦❢ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ✐s ♠✐♥♦r✳ ❚❤✐s

❛❧❧♦✇s ✉s t♦ ✉s❡ ❤✐❣❤❡r ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ ❞❛t❛✱ s✐♥❝❡ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ❦♥♦✇ t❤❡

❜❡❛♠✲❜r♦❛❞❡♥❡❞ s♣❡❝tr❛❧ ✇✐❞t❤✳ ❲❡ ❝❛♥ t❤❡♥ s❤♦✇ t❤❡ ♠❡❛s✉r❡❞ ✭✐♥st❛♥t❛♥❡♦✉s✮

s♣❡❝tr❛❧ ✇✐❞t❤s✳ ❚❤✐s ✇✐❧❧ s❤✐❢t ✉♣ t❤❡ r❛❞❛r ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ✭s♦❧✐❞ ❧✐♥❡ ✐♥

❋✐❣✉r❡ ✹✳✾✮ t♦ t❤❡ ❤✐❣❤❡r ♣❡r❝❡♥t❛❣❡s ✭❞♦tt❡❞ ❧✐♥❡ ✐♥ ❋✐❣✉r❡ ✹✳✾✮✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡

♣r♦❜❛❜✐❧✐t② t❤❛t ε ❡①❝❡❡❞s ❛ ✈❛❧✉❡ ♦❢ 10−3 ❲✴❦❣ ✐♥❝r❡❛s❡s t♦ ❛❜♦✉t ✼ ✪ ❝♦♠♣❛r❡❞ t♦

✶ ✪ ✇❤❡♥ ✇❡ r❡♠♦✈❡❞ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts✳

❋✐❣✉r❡ ✹✳✶✵ s❤♦✇s t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛✐r❝r❛❢t ❛♥❞ r❛❞❛r ❞❛t❛ ✇❤❡♥

③❡r♦ ❛♥❞ ✏♥❡❣❛t✐✈❡✑ ✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❛r❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡s❡ ♥❡❣❛t✐✈❡

❛♥❞ ③❡r♦ ✈❛❧✉❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ✈❡r② ✇❡❛❦ t✉r❜✉❧❡♥❝❡✳ ❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ♥♦t

❛✇❛r❡ ♦❢ t❤❡ ❡①❛❝t ✈❛❧✉❡s ♦❢ ε ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡s❡ r❡❣✐♦♥s ♦❢ ✇❡❛❦ t✉r❜✉❧❡♥❝❡✳ ❚❤✐s

♠❛❦❡s t❤❡ ❝♦♠♣❛r✐s♦♥s ❞✐✣❝✉❧t ❛♥❞ ♣r♦❜❛❜❧② t❤❡r❡ ✐s ♥♦t ❛ ♣r♦♣❡r ✇❛② t♦ ❞♦ ✐t✳

❍♦✇❡✈❡r✱ ✇❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✉♥❞❡rst❛♥❞✐♥❣ ❤♦✇ ✇❡❛❦ t✉r❜✉❧❡♥❝❡ ✇♦✉❧❞ ❛✛❡❝t ♦✉r

r❡s✉❧ts✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❛ss✉♠❡❞ t❤❛t ❛❧❧ t❤❡ ♥❡❣❛t✐✈❡ ❛♥❞ ③❡r♦ ✈❛❧✉❡s ❛♥❞ ❛❧❧ t❤❡ ✈❛❧✉❡s
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Harrow radar

Harrow radar

with zero beam-broadening effects

Delta airline

Twin Otter

❋✐❣✉r❡ ✹✳✾✿ ■♥✈❡rs❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♠❡❛s✉r❡❞ ❜②
❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✳ ❚❤❡ s♦❧✐❞ ❛♥❞ ❞♦tt❡❞ ❧✐♥❡s r❡♣r❡s❡♥t ♠❡❛s✉r❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥
r❛t❡ ❜② t❤❡ ❍❛rr♦✇ r❛❞❛r ❢♦r ❝❛s❡s ✇❤❡♥ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts ❛r❡ r❡♠♦✈❡❞ ❛♥❞
✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝ts ❛r❡ ③❡r♦✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡s
✇✐t❤ ❝✐r❝❧❡ ❛♥❞ sq✉❛r❡ ♠❛r❦s r❡♣r❡s❡♥t ❉❡❧t❛ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t✱ r❡s♣❡❝t✐✈❡❧②✳
❚❤❡ ❍❛rr♦✇ ❛♥❞ ❉❡❧t❛ ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❞✉r✐♥❣ ❏❛♥✉❛r②✲❏✉♥❡ ✷✵✵✾✱ ❛♥❞ ❚✇✐♥
❖tt❡r ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ✐♥ ❏✉♥❡ ✷✵✵✼✳
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Harrow radar

Delta airline

Twin Otter

❋✐❣✉r❡ ✹✳✶✵✿ ■♥✈❡rs❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ♠❡❛s✉r❡❞ ❜②
❞✐✛❡r❡♥t t❡❝❤♥✐q✉❡s✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ ❛♥❞ ❧✐♥❡s ✇✐t❤ ❝✐r❝❧❡ ❛♥❞ sq✉❛r❡ ♠❛r❦s r❡♣r❡s❡♥t
t❤❡ ❍❛rr♦✇✱ ❉❡❧t❛ ❛♥❞ ❚✇✐♥ ❖tt❡r ❛✐r❝r❛❢t ❞❛t❛ ✐♥❝❧✉❞✐♥❣ ✈❛❧✉❡s s♠❛❧❧❡r t❤❛♥ 10−6

r❡s♣❡❝t✐✈❡❧②✮✱ ♥❡❣❛t✐✈❡s ❛♥❞ ③❡r♦s✳ ❚❤❡ ❍❛rr♦✇ ❛♥❞ ❉❡❧t❛ ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ❞✉r✐♥❣
❏❛♥✉❛r②✲❏✉♥❡ ✷✵✵✾ ❛♥❞ ❚✇✐♥ ❖tt❡r ❞❛t❛ ✇❡r❡ ♠❡❛s✉r❡❞ ✐♥ ❏✉♥❡ ✷✵✵✼✳ ◆♦t❡ t❤❛t t❤❡
❉❡❧t❛ ❛✐r❧✐♥❡ ❞❛t❛ ❛r❡ ♠♦st❧② ❢♦r ✽✲✶✵ ❦♠✱ ✇❤✐❧❡ t❤❡ ❚✇✐♥ ❖tt❡r ❞❛t❛ ❛r❡ ❢♦r ✵✳✺✲✶✳✺
❦♠



✽✼

s♠❛❧❧❡r t❤❛♥ 10−6 ❲✴❦❣ ❤❛✈❡ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ 10−7 ❲✴❦❣✳ ❚❤✐s ✐s ♦❢ ❝♦✉rs❡

❛ ❝r✉❞❡ ❛♣♣r♦①✐♠❛t✐♦♥✱ ❜✉t ✐t ❡♥❛❜❧❡s ✉s t♦ ❞✐s♣❧❛② t❤❡ ❡✛❡❝ts ♦❢ ③❡r♦s ❛♥❞ ♥❡❣❛t✐✈❡s✳

❚❤❡ r❡s✉❧ts ✐♥ t❤❡ ✜❣✉r❡ s❤♦✇ t❤❛t ❛t s♠❛❧❧❡r ✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ t❤❡

♣r♦❜❛❜✐❧✐t② ❢♦r ❉❡❧t❛ ❛✐r❝r❛❢t ❞r♦♣s t♦ ❛ ♠❛①✐♠✉♠ ♦❢ ✷✺ ✪ ❝♦♠♣❛r❡❞ t♦ t❤❡ r❛❞❛r✳

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛ s♠❛❧❧❡r ❝❤❛♥❝❡ ❢♦r ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t t♦ ♠❡❛s✉r❡ ε ✈❛❧✉❡s ❜❡❧♦✇

❛♣♣r♦①✐♠❛t❡❧② 10−4 ❲✴❦❣✳ ❚❤✐s ✐s ♣r♦❜❛❜❧② ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t t❤❡ r❛❞❛r ❜❡❛♠ ❛♥❞

♣✉❧s❡ ❝♦✈❡r ❛ ✈♦❧✉♠❡ ♦❢ t②♣✐❝❛❧❧② ❢❡✇ ❦♠ ❛❝r♦ss✱ ❛♥❞ ✵✳✺ ❦♠ ❞❡❡♣✳ ❚❤❡r❡❢♦r❡✱ ❛❧❧

♣❛t❝❤❡s ♦❢ t✉r❜✉❧❡♥❝❡ ♣r♦❞✉❝❡ r❛❞❛r s✐❣♥❛❧✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛✐r❝r❛❢t ♠✉st

✢② t❤r♦✉❣❤ t❤❡ t✉r❜✉❧❡♥t ♣❛t❝❤ t♦ ♠❛❦❡ ❛ ♠❡❛s✉r❡♠❡♥t✳ ❚❤❡ ♣❡r❝❡♥t❛❣❡ ❞✐❞ ♥♦t

❞r♦♣ ❢♦r ❚✇✐♥ ❖tt❡r ❞❛t❛✱ ♣♦ss✐❜❧② ❜❡❝❛✉s❡ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❧✐♠✐t❡❞ t♦ ❛❜♦✉t ✷

❤♦✉rs ❛t ❧♦✇❡r ❛❧t✐t✉❞❡s ✭✇❤❡r❡ t✉r❜✉❧❡♥❝❡ ✐s ❧❡ss ✐♥t❡r♠✐tt❡♥t✮ ❛♥❞ ♦♥❧② ❢❡✇ s♠❛❧❧

✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✇❡r❡ ♠❡❛s✉r❡❞✳ ❆t ✈❛❧✉❡s ❣r❡❛t❡r t❤❛♥ ❛❜♦✉t 10−4

❲✴❦❣✱ t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛✐r❝r❛❢t ♠❡❛s✉r❡ ❧❛r❣❡r ✈❛❧✉❡s ♦❢ ε ✐s ❣r❡❛t❡r t❤❛♥ r❛❞❛r✳

❍❡♥❝❡✱ ✐♥❝❧✉❞✐♥❣ ✇❡❛❦ ✈❛❧✉❡s ❞✐❞ ♥♦t ❛✛❡❝t t❤❡ ❞✐str✐❜✉t✐♦♥s ❛t ❧❛r❣❡r ✈❛❧✉❡s✳ ■♥

❣❡♥❡r❛❧✱ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ✐♥ ❋✐❣✉r❡s ✹✳✾✲✹✳✶✵ ❛r❡ ❝♦♥s✐st❡♥t ✇✐t❤ ✜❣✉r❡ ✶✹

♦❢ ❍♦❝❦✐♥❣ ❛♥❞ ▼✉ ✭✶✾✾✼✮ ✐♥ ✇❤✐❝❤ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ r❛❞❛r ❛♥❞ ✐♥✲s✐t✉ ❞❛t❛ ❤❛✈❡

❜❡❡♥ ♣r❡s❡♥t❡❞✳
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❈❤❛♣t❡r ✺

❉✐s❝✉ss✐♦♥✱ ❈♦♥❝❧✉s✐♦♥s ❛♥❞

❙✉❣❣❡st✐♦♥s ❢♦r ❋✉t✉r❡ ❲♦r❦

✺✳✶ ❉✐s❝✉ss✐♦♥

❚❤✐s r❡s❡❛r❝❤ ✇❛s ❢♦❝✉s❡❞ ♦♥ st✉❞②✐♥❣ t❤❡ ❢❛❝t♦rs t❤❛t ❛✛❡❝t t✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡✲

♠❡♥ts ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡ ✉s✐♥❣ r❛❞❛rs✳ ❚❤❡ ❞❛t❛ ✉s❡❞ ✇❡r❡ ❝♦❧❧❡❝t❡❞ ✇✐t❤ t❤❡ ❲❛❧s✲

✐♥❣❤❛♠✱ ❍❛rr♦✇✱ ❛♥❞ ◆❡❣r♦ ❈r❡❡❦ r❛❞❛rs ❧♦❝❛t❡❞ ✐♥ ❙♦✉t❤✇❡st❡r♥ ❖♥t❛r✐♦✳ ■♥ ♦r❞❡r

t♦ ❡st✐♠❛t❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ t❤❡ s♣❡❝tr❛❧✲✇✐❞t❤ ♠❡t❤♦❞ ✇❛s ❛♣♣❧✐❡❞ t♦ r❛❞❛r

s♣❡❝tr❛✳ ❚❤❡ s♣❡❝tr❛❧✲✇✐❞t❤ ♠❡t❤♦❞ ✉t✐❧✐③❡s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❡❛s✉r❡❞

s♣❡❝tr❛❧✲✇✐❞t❤ ❛♥❞ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ✇✐❞t❤ ✭♥♦♥✲t✉r❜✉❧❡♥t✮✳ ❚❤❡ ♠❛✐♥ ❜♦❞② ♦❢ t❤✐s

r❡s❡❛r❝❤ ❝❛♥ ❜❡ ❞✐✈✐❞❡❞ ✐♥t♦ ✹ ♣❛rts✿ ✭✶✮ t❤❡ st✉❞② ♦❢ ♣♦ss✐❜❧❡ r❡❛s♦♥s ❢♦r ♥❡❣❛t✐✈❡

t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s ❛s ❛ r❡s✉❧t ♦❢ ✉s✐♥❣ t❤❡ s♣❡❝tr❛❧✲✇✐❞t❤ ♠❡t❤♦❞❀ ✭✷✮ ❞❡✈❡❧♦♣✐♥❣

❛ ♠♦❞❡❧ ❢♦r ♠♦r❡ r❡❧✐❛❜❧❡ ❡st✐♠❛t✐♦♥s ♦❢ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ✇✐❞t❤s❀ ✭✸✮ ❝❛❧❝✉❧❛t✐♥❣ ♦❢

❡rr♦rs ✐♥ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥❝❡❀ ✭✹✮ ✈❡r✐❢②✐♥❣ t❤❡ r❛❞❛r✲❡st✐♠❛t❡❞ t✉r❜✉❧❡♥❝❡

❜② ❝♦♠♣❛r✐♥❣ t♦ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♥✲s✐t✉ ♠❡❛s✉r❡♠❡♥ts✳

■t ✐s ❝❧❡❛r ❢r♦♠ t❤✐s st✉❞② t❤❛t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❢♦r ε ❛r❡ ♥♦t ♦♥❧② ❧✐❦❡❧②✱ ❜✉t ❛r❡ ❡①✲

♣❡❝t❡❞ ❛♥❞ ❛r❡ ♠❛✐♥❧② ❝❛✉s❡❞ ❜② ❡rr♦rs ✐♥ ❡st✐♠❛t✐♦♥ ♦❢ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ t❤❡♦r❡t✐❝❛❧

✭❜❡❛♠✲❜r♦❛❞❡♥✐♥❣✮ ✇✐❞t❤✳ ■♥ r❡❣❛r❞ t♦ r❡❞✉❝✐♥❣ ❡rr♦rs r❡❧❛t❡❞ t♦ ❡①♣❡r✐♠❡♥t❛❧ ✇✐❞t❤

♠❡❛s✉r❡♠❡♥ts✱ s❡✈❡r❛❧ ♣♦ss✐❜✐❧✐t✐❡s ❡①✐st✳ ❈❧❡❛r❧②✱ ❧♦♥❣❡r ❞❛t❛ s❡ts ❛r❡ ❛❞✈✐s❛❜❧❡✱ ❜✉t

✐❢ t❤❡② ❜❡❝♦♠❡ t♦♦ ❧♦♥❣✱ t❤❡ ❛❞✈❛♥t❛❣❡ ✐s ♦✛s❡t ❜② t❤❡ ❢❛❝t t❤❛t t❤❡ t✉r❜✉❧❡♥t s❝❛tt❡r✲

❡rs ♠❛② ♣❤②s✐❝❛❧❧② ❡✈♦❧✈❡ ❞✉r✐♥❣ t❤❡ s❛♠♣❧✐♥❣ t✐♠❡✳ ❆ ❞❛t❛✲❧❡♥❣t❤ ♦❢ ✸✵✲✹✵ s ✐s ❛❜♦✉t

♦♣t✐♠✉♠✳ ■t ✐s ❛❧s♦ ♣♦ss✐❜❧❡ t♦ r❡❞✉❝❡ t❤❡ ❡rr♦rs ❜② ✉s✐♥❣ ❤✐❣❤❡r r❛❞❛r ❢r❡q✉❡♥❝✐❡s✳ ■♥

♦r❞❡r t♦ r❡❞✉❝❡ t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣ ❡✛❡❝t✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ r❡❞✉❝❡ δ✉ ✐♥ ❊q✉❛t✐♦♥

✭✷✳✶✷✮✳ ❚❤✐s ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ✐❢ t❤❡ r❛❞❛r ❝♦✉❧❞ ♠❡❛s✉r❡ ❜♦t❤ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡
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✇✐♥❞ ❛t t❤❡ ❧♦❝❛t✐♦♥ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❲✐t❤ ❛ ❉♦♣♣❧❡r s②st❡♠✱ t❤✐s

✐s ♥♦t ❢❡❛s✐❜❧❡✱ s✐♥❝❡ t❤❡ ❜❡❛♠ ✉s❡❞ t♦ ♠❡❛s✉r❡ ♦♥❡ ❝♦♠♣♦♥❡♥t ✐s ♣❤②s✐❝❛❧❧② ❞✐st✐♥❝t

❢r♦♠ t❤❡ ♦rt❤♦❣♦♥❛❧ ♣❛rt♥❡r✭s✮✳ ■♥ ♦✉r ❛♥❛❧②s✐s✱ ✇❡ ❤❛✈❡ r❡♣r❡s❡♥t❡❞ t❤❡ ♠❡❛♥ ✇✐♥❞

❜② ❤♦✉r❧② ❛✈❡r❛❣❡❞ ♣r♦✜❧❡s✳ ❚❤❡r❡ ♠❛② ❜❡ ❛❞✈❛♥t❛❣❡♦✉s ✐❢ t❤❡ ✇✐♥❞ ♠❡❛s✉r❡❞ ❛t

t❤❡ t✐♠❡ ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡♠❡♥t ✇❡r❡ ✉s❡❞✱ ❜✉t s✐♥❝❡ ❛t ❧❡❛st ♦♥❡ ❝♦♠♣♦♥❡♥t

♦❢ t❤❡ ✇✐♥❞ ✜❡❧❞ ✐s ♠❡❛s✉r❡❞ s♦♠❡ ❞✐st❛♥❝❡ ❛✇❛②✱ t❤✐s ❞♦❡s ♥♦t ❤❡❧♣ ❛ ❧♦t✳ ■❢ t❤❡

❜❡❛♠s ❛r❡ t✐❧t❡❞ ❛t 10.9◦ ♦✛✲✈❡rt✐❝❛❧✱ t❤❡♥ ❛t ❛♥ ❛❧t✐t✉❞❡ ♦❢ ✺ ❦♠✱ ❡❛❝❤ ✐s ❛♣♣r♦①✲

✐♠❛t❡❧② ✶ ❦♠ ❢r♦♠ t❤❡ ♣♦✐♥t ✐♠♠❡❞✐❛t❡❧② ❛❜♦✈❡ t❤❡ r❛❞❛r✱ ❛♥❞ t❤❡ t✇♦ s❝❛tt❡r✐♥❣

r❡❣✐♦♥s ❛r❡ s❡♣❛r❛t❡❞ ❜② ❛t ❧❡❛st ✶✳✺ ❦♠✳ ❉✐st❛♥❝❡s ❞♦✉❜❧❡ ❛t ✶✵ ❦♠ ❛❧t✐t✉❞❡✳ ■♥

t❤✐s r❡❣❛r❞✱ t❤❡ s♣❛❝❡❞ ❛♥t❡♥♥❛ ♠❡t❤♦❞ ♠❛② ❤❛✈❡ ❛❞✈❛♥t❛❣❡s✱ s✐♥❝❡ ✐t ❞♦❡s ♠❡❛s✉r❡

❜♦t❤ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ✇✐♥❞ ❛t t❤❡ s❛♠❡ ♣♦✐♥t ✐♥ s♣❛❝❡✱ ❜✉t t❤❡♥ t❤❡ s♣❛❝❡❞ ❛♥✲

t❡♥♥❛ r❡✢❡❝t✐♦♥s ❛r❡ ♦❢t❡♥ ❞♦♠✐♥❛t❡❞ ❜② s♣❡❝✉❧❛r r❡✢❡❝t♦rs✱ ♠❛❦✐♥❣ t❤❡ r❡s✉❧ts ♦❢t❡♥

✉♥r❡❧❛t❡❞ t♦ t✉r❜✉❧❡♥❝❡✳

❍♦✇❡✈❡r✱ ❡✈❡♥ ✐❢ s❤♦rt❡r ❛✈❡r❛❣✐♥❣ t✐♠❡s ❛r❡ ✉s❡❞ ❢♦r t❤❡ ❣❡♥❡r❛t✐♦♥ ♦❢ t❤❡ ❜❛❝❦✲

❣r♦✉♥❞ ✇✐♥❞ ♣r♦✜❧❡✱ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ s♣❡❝tr❛❧ ✇✐❞t❤ st✐❧❧ s❡❡♠s t♦ ❜❡ t❤❡ ❞♦♠✐♥❛♥t

s♦✉r❝❡ ♦❢ ❡rr♦r✱ ❛♥❞ r❡❞✉❝✐♥❣ t❤❡ t❤❡♦r❡t✐❝❛❧ ❡rr♦rs ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ ❜❡❛♠✲❜r♦❛❞❡♥✐♥❣✮

✇✐t❤♦✉t ❢✉rt❤❡r r❡❞✉❝✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ❡rr♦rs ✭❛ss♦❝✐❛t❡❞ ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ✇✐❞t❤✮

❤❛s ❧✐tt❧❡ ❡✛❡❝t ♦♥ t❤❡ ♦✈❡r❛❧❧ ❡rr♦r✳ ❇♦t❤ s♣❡❝tr❛❧ ✇✐❞t❤s ❞❡♣❡♥❞ ♦♥ t❤❡ ❜❡❛♠ ✇✐❞t❤✱

s♦ ❝❧❡❛r❧② ✉s❡ ♦❢ ♥❛rr♦✇❡r ❜❡❛♠s ❤❡❧♣s✱ ❛s ✐s ✇❡❧❧ ❦♥♦✇♥ ✭❡✳❣✳ ❍♦❝❦✐♥❣✱ ✶✾✽✻✮✳ ❏✉❞❣✐♥❣

❢r♦♠ t❤❡ ❣r❛♣❤s ♣r❡s❡♥t❡❞ t♦ ❞❛t❡✱ t❤❡ ◆❡❣r♦ ❈r❡❡❦ r❛❞❛r✱ ✇✐t❤ ❛ ♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r

❤❛❧❢✲✇✐❞t❤ ♦❢ 3.3◦✱ r❡♣r❡s❡♥ts s♦♠❡t❤✐♥❣ ♦❢ ❛♥ ✉♣♣❡r ❧✐♠✐t ♦♥ ✉s❡❢✉❧ ❜❡❛♠ ✇✐❞t❤s ❢♦r

t✉r❜✉❧❡♥❝❡ ❛♣♣❧✐❝❛t✐♦♥s✳ ❚❤✐s ✐s ❜r♦❛❞❧② s✐♠✐❧❛r t♦ t❤❡ ❧✐♠✐t s✉❣❣❡st❡❞ ❜② ❍♦❝❦✐♥❣

✭✶✾✽✺✱ ✶✾✽✻✮✱ ✇❤♦ s✉❣❣❡st❡❞ t❤❛t ❛♥ ✐♥❞✐✈✐❞✉❛❧ ♠❡❛s✉r❡♠❡♥t ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤

✐s ♦♥❧② st❛t✐st✐❝❛❧❧② r❡❧✐❛❜❧❡ ✇✐t❤ r❡❛s♦♥❛❜❧❡ ❝♦♥✜❞❡♥❝❡ ✐❢ ✿

σ2 > 0.3Θ2
1/2u

2 ✭✺✳✶✮

✇❤❡r❡ Θ1/2 ✐s t❤❡ ❜❡❛♠ t✇♦✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ❛♥❞ u ✐s t❤❡ ♠❡❛♥ ✇✐♥❞✳ ❚❤❛t

❛✉t❤♦r ❛❧s♦ s✉❣❣❡st❡❞ t❤❛t 3◦ ✇❛s ❛ r❡❛s♦♥❛❜❧❡ ✉♣♣❡r ❧✐♠✐t ❢♦r t❤❡ r❛❞❛r ❤❛❧❢✲♣♦✇❡r

❤❛❧❢✲✇✐❞t❤ ✐❢ t❤❡ r❛❞❛r ✇❛s t♦ ❜❡ ✉s❡❞ t♦ ♠❡❛s✉r❡ t❤❡ str❡♥❣t❤ ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡

r❡❛❧ ❛t♠♦s♣❤❡r❡✳ ◆❡✈❡rt❤❡❧❡ss✱ ❣✐✈❡♥ t❤❛t t✉r❜✉❧❡♥❝❡ ♦❢t❡♥ ✐♥✈♦❧✈❡s ❜✉rsts ♦❢ s❡✈❡r❡

❛❝t✐✈✐t②✱ s❡♣❛r❛t❡❞ ✐♥ s♣❛❝❡ ❛♥❞ t✐♠❡ ❜② ♠✉❝❤ ✇❡❛❦❡r ❡✈❡♥ts✱ ❡✈❡♥ r❛❞❛rs ✇✐t❤ ✇✐❞❡r

❜❡❛♠s ❝❛♥ ❤❛✈❡ s♦♠❡ ✉s❡❢✉❧ ❛♣♣❧✐❝❛t✐♦♥ ✐♥ ✐❞❡♥t✐✜❝❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥t ♦❢ str♦♥❣

❡✈❡♥ts✳

❖♥❡ ✐♠♣♦rt❛♥t ♣♦✐♥t t❤❛t ❛r✐s❡s ✐s t❤❛t ✇❤❡♥ ❢♦r♠✐♥❣ ❛✈❡r❛❣❡s ♦r ♠❡❞✐❛♥s✱ ❜♦t❤

♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ ε ♥❡❡❞ t♦ ❜❡ ✐♥❝❧✉❞❡❞✳ ❚❤❡ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡

♣❛rts ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ✢♦✇ s♠♦♦t❤❧② ✐♥t♦ ❡❛❝❤ ♦t❤❡r✱ ❛♥❞ t❤❡r❡ ✐s ♥♦ ❡✈✐❞❡♥❝❡
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t❤❛t t❤❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s r❡❢❡r t♦ ❛ ❞✐✛❡r❡♥t ♣❤②s✐❝❛❧ ♣r♦❝❡ss✳ ■♥❞❡❡❞ ♦✉r t❤❡♦r❡t✐❝❛❧

❝❛❧❝✉❧❛t✐♦♥s s✉❣❣❡st t❤❛t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❛r❡ ❡①♣❡❝t❡❞ ❢♦r st❛t✐st✐❝❛❧ r❡❛s♦♥s✳

❚❤❡r❡❢♦r❡ ❛♥♦t❤❡r ♣♦✐♥t ✇❤✐❝❤ ♥❡❡❞s t♦ ❜❡ ❞✐s❝✉ss❡❞ ✐s t❤❡ ❛❝❝✉r❛❝② ✐♥✈♦❧✈❡❞ ✐♥

✉s✐♥❣ ♣♦s✐t✐✈❡✲♦♥❧② ❡st✐♠❛t❡s ♦❢ t✉r❜✉❧❡♥❝❡✳ ❋♦r ❡①❛♠♣❧❡✱ s♦♠❡ ❛✉t❤♦rs ❤❛✈❡ ❝❤♦s❡♥

t♦ ✐❣♥♦r❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✱ ❛♥❞ ❋✐❣✉r❡ ✷✳✷ ✐♥ t❤✐s ✇♦r❦ ♣r❡s❡♥ts ♣♦s✐t✐✈❡✕♦♥❧② ❞❛t❛

✭❢♦r ✈✐s✉❛❧✐③❛t✐♦♥ ♣✉r♣♦s❡s ♦♥❧②✮✳ ❚❤❡ q✉❡st✐♦♥ ❛r✐s❡s ✕ ❤♦✇ ♠✉❝❤ ❡rr♦r ♦❝❝✉rs ✐❢ ✇❡

✐❣♥♦r❡ t❤❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s❄ ■♥ ❋✐❣✉r❡ ✺✳✶✱ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ❞❡❞✉❝❡❞ ✉s✐♥❣

❛❧❧ ❞❛t❛ ✭✐♥❝❧✉❞✐♥❣ ♥❡❣❛t✐✈❡s✮✱ ❞✐✈✐❞❡❞ ❜② t❤❡ ✈❛❧✉❡ ❞❡❞✉❝❡❞ ✉s✐♥❣ ♣♦s✐t✐✈❡ ❞❛t❛ ♦♥❧②✱

✐s ♣r❡s❡♥t❡❞ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❉❛t❛ ❢r♦♠ ❛❧❧ ✸ ❣r❛♣❤s

s❤♦✇ ❛ ✈❡r② s✐♠✐❧❛r ❝✉r✈❡✳ ❚❤❡ ❞♦tt❡❞ ❧✐♥❡s s❤♦✇s ❛ t❤❡♦r❡t✐❝❛❧ ❝❛❧❝✉❧❛t✐♦♥ ♦♥ t❤✐s

r❛t✐♦✱ ❝❛❧❝✉❧❛t❡❞ ❛ss✉♠✐♥❣ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✳ ❲❡ ❤❛✈❡ ❝❛❧❝✉❧❛t❡❞ t❤❡ q✉❛♥t✐t②✿

Z =< x > /

[

(1/
√
2π)

ˆ ∞

0

exp(−(x− < x >)2/2)dx

]

✭✺✳✷✮

✇❤✐❝❤ ❣✐✈❡s t❤❡ r❛t✐♦ ♦❢ t❤❡ ♦✈❡r❛❧❧ ♠❡❛♥ t♦ t❤❡ ♠❡❛♥ < x > t❤❡ q✉❛♥t✐t② ❝❛❧❝✉❧❛t❡❞

✉s✐♥❣ ♦♥❧② ♣♦s✐t✐✈❡ ✈❛❧✉❡s✱ ❛♥❞ t❤❡♥ ❝❛❧❝✉❧❛t❡❞✿

P = (1/
√
2π)

ˆ 0

−∞

exp(−(x− < x >)2/2)dx ✭✺✳✸✮

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❛r❡❛ ✉♥❞❡r t❤❡ ♥❡❣❛t✐✈❡ ♣❛rt ♦❢ ❛ ●❛✉ss✐❛♥ ❢✉♥❝t✐♦♥ ✇✐t❤ ♦✛s❡t < x >✱

❛♥❞ t❤❡♥ ✇❡ ❤❛✈❡ ♣❧♦tt❡❞ t❤❡ ✜rst ❛❣❛✐♥st t❤❡ s❡❝♦♥❞✳ ❚❤❡ ✐♥t❡❣r❛♥❞ ✐s ❝❤♦s❡♥ s♦

t❤❛t t❤❡ t♦t❛❧ ❛r❡❛ ✉♥❞❡r t❤❡ ❝✉r✈❡ ❢r♦♠ ✲∞ t♦ ∞ ✐s ✉♥✐t②✳

❆ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡s ♦❢ ❛❜♦✉t ✸✸ ✪ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❡rr♦r ✐♥ t❤❡ ♠❡❛♥ ♦❢

❛ ❢❛❝t♦r ♦❢ ✷✱ ❛♥❞ ❛ ❢❛❝t♦r ♦❢ ✸ ✐♥ ❡rr♦r ❝♦rr❡s♣♦♥❞s t♦ ❛ ♣❡r❝❡♥t❛❣❡ ♦❢ ❥✉st ♦✈❡r ✹✵

✪✳ ■t ♠❛② s❡❡♠ t❤❛t t❤❡s❡ ❛r❡ ❧❛r❣❡ ✈❛❧✉❡s✱ ❜✉t t✉r❜✉❧❡♥❝❡ ✐s ❛ ♣❤❡♥♦♠❡♥♦♥ ✇✐t❤ ❛

❧❛r❣❡ ❞②♥❛♠✐❝ r❛♥❣❡✱ ❛♥❞ ❛ ❢❛❝t♦r ♦❢ ✷ ✐s ♥♦t ❝♦♥s✐❞❡r❡❞ ❛ ❧❛r❣❡ ❛♠♦✉♥t ✇❤❡♥ ♠❛❦✐♥❣

♠❡❛s✉r❡♠❡♥ts ✇✐t❤ ❛ r❛❞❛r✳ ❙♦ ❡✈❡♥ ✐❢ t❤❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ♥❡❣❛t✐✈❡s ✐s ✸✵✲✹✵ ✪✱ ✉s✐♥❣

❛✈❡r❛❣❡s ✇✐t❤ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦♥❧②✱ st✐❧❧ ❣✐✈❡s ✐♥❢♦r♠❛t✐♦♥ ♦❢ ♠♦❞❡r❛t❡ ✉s❡❢✉❧♥❡ss✱ s♦

❞✐❛❣r❛♠s ❧✐❦❡ ❋✐❣✉r❡ ✷✳✸ ❛r❡ st✐❧❧ ♦❢ ✉s❡ ✐♥ ❛ q✉❛❧✐t❛t✐✈❡ s❡♥s❡✳ ❙t✉❞✐❡s ✇❤✐❝❤ ❤❛✈❡

✉s❡❞ ♣♦s✐t✐✈❡✲♦♥❧② ❞❛t❛ ♠❛② ❜❡ ✉s❡❢✉❧ t♦♦✱ ❜✉t ❛r❡ ✉♥r❡❧✐❛❜❧❡ ✇❤❡♥ t❤❡ ♣❡r❝❡♥t❛❣❡s

♦❢ ♥❡❣❛t✐✈❡s ❛r❡ ✐♥ ❡①❝❡ss ♦❢ ❛❜♦✉t ✸✺✪✱ ❛♥❞ ❝❡rt❛✐♥❧② ♦❢ ❧✐tt❧❡ t♦ ♥♦ ✈❛❧✉❡ ✇❤❡♥ t❤❡

♣❡r❝❡♥t❛❣❡ ❡①❝❡❡❞s ✹✸ ✪✳

❖♥❡ ❛❞❞✐t✐♦♥❛❧ ♣♦✐♥t ♠✉st ❜❡ ♠❛❞❡✳ ❚❤❡ r❛❞❛r ♥❛t✉r❛❧❧② s❡❧❡❝ts r❡❣✐♦♥s ♦❢

str♦♥❣❡st ❜❛❝❦s❝❛tt❡r✳ ❍❡♥❝❡ ❛❧❧ ♦✉r ❡st✐♠❛t❡s ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s ❛r❡ ❜✐❛s❡❞

t♦ r❡❣✐♦♥s ♦❢ str♦♥❣ s❝❛tt❡r✳ ■♥ t❤❡ ✉♣♣❡r ❛t♠♦s♣❤❡r❡✱ t✉r❜✉❧❡♥❝❡ ❝❛♥ ❜❡ q✉✐t❡ ✇❡❛❦

♦✈❡r ♠✉❝❤ ♦❢ t❤❡ s♣❛❝❡✱ ❛♥❞ s♣❛t✐❛❧❧② ✐♥❤♦♠♦❣❡♥❡♦✉s✳ ❙tr♦♥❣ ❜✉rst ♦❢ t✉r❜✉❧❡♥❝❡

❝❛♥ ♦❝❝✉r ✇❤✐❝❤ ✇✐❧❧ ❜❡ ❞❡t❡❝t❡❞ ❜② t❤❡ r❛❞❛r✱ ✇❤✐❧❡ r❡❣✐♦♥s ♦❢ r❡❧❛t✐✈❡ ❝❛❧♠ ✇✐❧❧ ❜❡
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❋✐❣✉r❡ ✺✳✶✿ P❧♦ts ♦❢ t❤❡ r❛t✐♦ ♦❢ t❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢ t✉r❜✉❧❡♥❝❡ ❞❡❞✉❝❡❞ ✉s✐♥❣ ❛❧❧ ❞❛t❛
✭♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡✮ r❡❧❛t✐✈❡ t♦ t❤❡ ✈❛❧✉❡ ♠❡❛s✉r❡❞ ✉s✐♥❣ ♣♦s✐t✐✈❡ ✈❛❧✉❡s ♦♥❧②✱ ❢♦r
t❤❡ ✸ r❛❞❛rs ❛t ❲❛❧s✐♥❣❤❛♠✱ ❍❛rr♦✇ ❛♥❞ ◆❡❣r♦ ❈r❡❡❦✳ ❚❤❡ ❍❛rr♦✇ ❛♥❞ ❲❛❧s✐♥❣❤❛♠
❞❛t❛ ✇❡r❡ ❢♦r ❏✉❧②✱ ✷✵✵✼✱ ✇❤✐❧❡ t❤❡ ◆❡❣r♦ ❈r❡❡❦ ❞❛t❛ ✇❡r❡ ❢♦r ❏✉❧② ✷✵✵✾ ❛♥❞ ❙❡♣t❡♠❜❡r
✷✵✵✽✳ ❚❤❡ t❤❡♦r❡t✐❝❛❧ ❣r❛♣❤ ❡①♣❡❝t❡❞ ❢♦r ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ✐s ❛❧s♦ s❤♦✇♥ ❢♦r
r❡❢❡r❡♥❝❡✳ ■t s❧✐❣❤t❧② ✉♥❞❡r❡st✐♠❛t❡s t❤❡ ❝♦rr❡❝t r❛t✐♦ ❛t ❧❛r❣❡r ♣❡r❝❡♥t❛❣❡s ❞✉❡ t♦ t❤❡
❡①❝❡ss ♦❢ ❧❛r❣❡ ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ♣♦s✐t✐✈❡ t❛✐❧ ♦❢ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞✐str✐❜✉t✐♦♥s
✭✇❤✐❝❤ ❛r❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ✈❛❧✉❡s ❢r♦♠ t❤❡ ♣❡rs♣❡❝t✐✈❡ ♦❢ ❛t♠♦s♣❤❡r❡ ♠✐①✐♥❣ ❛♥❞
❛✐r❝r❛❢t s❛❢❡t②✮✳
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✐❣♥♦r❡❞✳ ❚❤❡r❡ ✐s ❧✐tt❧❡ t❤❛t ❝❛♥ ❜❡ ❞♦♥❡ t♦ ♠✐t✐❣❛t❡ t❤✐s✱ ❛♥❞ t❤✐s ❢❛❝t ♥❡❡❞s t♦ ❜❡

❜♦r♥❡ ✐♥ ♠✐♥❞ ❞✉r✐♥❣ ❛♥② ✐♥t❡r♣r❡t❛t✐♦♥✳

❲❡ ❛❧s♦ st✉❞✐❡❞ t❤❡ ❞❛✐❧② ❛♥❞ ♠♦♥t❤❧② ✈❛r✐❛t✐♦♥s ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②

♠❛✐♥❧② ✐♥ t❤❡ tr♦♣♦s♣❤❡r❡✳ ❚❤❡ ✈❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②✱

s❤♦✇❡❞ t❤❛t t❤❡ ❛✈❡r❛❣❡ ✈❛❧✉❡ ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② sq✉❛r❡❞✱ ω2
B ✐s 1.65 ×

10−2 ❍③✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❞✐str✐❜✉t✐♦♥s ♦❢ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ✐♥❞✐❝❛t❡❞ t❤❛t

✐t ✐s ♠♦r❡ ❧✐❦❡❧② t❤❛t t❤❡ ✈❛❧✉❡s ♦❢ ωB = 1 × 10−2 ❍③ ✇✐t❤✐♥ ❛ ❢❛❝t♦r ♦❢ ✷ ✐♥ t❤❡

tr♦♣♦s♣❤❡r❡✳

❋✐♥❛❧❧②✱ s❤♦rt✲t✐♠❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ❛♥❞ s♣❡❝tr❛❧ ❛♥❛❧②s❡s ✇❡r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡

❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❢r♦♠ t❤❡ ❚✇✐♥ ❖tt❡r ❛♥❞ ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t✳ ❆♥❛❧②s✐s ♦❢

❛✐r❝r❛❢t ❞❛t❛ s✉❣❣❡st❡❞ t❤❛t t✉r❜✉❧❡♥❝❡ ✐s ✐♥t❡r♠✐tt❡♥t ✐♥ t❤❡ ❛❧t✐t✉❞❡ r❛♥❣❡ ♦❢ ✵✳✺✲

✶✵ ❦♠✱ s♣❡❝✐❛❧❧② ❛❜♦✈❡ ✶✳✺ ❦♠✳ ❚❤❡ ❛✐r❝r❛❢t✲❡st✐♠❛t❡❞ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ✇❡r❡

❝♦♠♣❛r❡❞ t♦ r❛❞❛r ♠❡❛s✉r❡♠❡♥ts ✉s✐♥❣ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s✳ ❚❤❡ ❝♦♠♣❛r✐s♦♥s

s❤♦✇❡❞ t❤❛t t❤❡r❡ ✐s ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ r❛❞❛r ❛♥❞ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts ❛t

❧♦✇❡r ✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✭10−6 − 10−4 ❲✴❦❣✮ ✇❤❡♥ t❤❡ ♠❡❛s✉r❡❞ ③❡r♦s

❜② ❛✐r❝r❛❢t ❛♥❞ ♠❡❛s✉r❡❞ ♥❡❣❛t✐✈❡s t❤❡ r❛❞❛r ✇❡r❡ ♥♦t ✐♥❝❧✉❞❡❞ ✭❋✐❣✉r❡ ✷✳✶✶✮✳ ❩❡r♦

❛♥❞ ♥❡❣❛t✐✈❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❛r❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ r❡❣✐♦♥s ♦❢ ✇❡❛❦ t✉r❜✉❧❡♥❝❡✳

❲❤❡♥ ✇❡ ✐♥❝❧✉❞❡ ③❡r♦s ❛♥❞ ♥❡❣❛t✐✈❡s ✐♥ t❤❡ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥s ✭❋✐❣✉r❡ ✹✳✶✵✮✱

t❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❝♦♠♠❡r❝✐❛❧ ❛✐r❝r❛❢t ♠❡❛s✉r❡ s♠❛❧❧ ✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥

r❛t❡ ❞r♦♣s ✷✺ ✪✳ ❚❤✐s ❝❛♥ ❜❡ ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t t❤❛t ❛ r❛❞❛r ❜❡❛♠ ❝♦✈❡r ❛ ✈♦❧✉♠❡

✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ❛♥❞ r❡❝❡✐✈❡ s✐❣♥❛❧s ❢r♦♠ ❛♥② s♠❛❧❧ t✉r❜✉❧❡♥t ♣❛t❝❤❡s ✐♥s✐❞❡ t❤❡

✈♦❧✉♠❡✳ ■♥❝❧✉❞✐♥❣ t❤❡ ✇❡❛❦ ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥s ❞✐❞ ♥♦t ❛✛❡❝t

t❤❡ r❡s✉❧ts ❢♦r t❤❡ ❚✇✐♥ ❖tt❡r s✐❣♥✐✜❝❛♥t❧②✳ ❆t ❧❛r❣❡r ✈❛❧✉❡s✱ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s

❛r❡ ❛✈❡r❛❣❡❞ ♦✉t ❜② s♠❛❧❧❡r ✈❛❧✉❡s ✇❤❡♥ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ♠❛❞❡ ❜② r❛❞❛r✳ ❚❤✐s

❡①♣❧❛✐♥s ✇❤② ❛t ❧❛r❣❡r ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♠❡❛s✉r❡♠❡♥ts ✐s ❤✐❣❤❡r

❢♦r ❛✐r❝r❛❢t✳

✺✳✷ ❈♦♥❝❧✉s✐♦♥s

❲❡ ❤❛✈❡ st✉❞✐❡❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡ str❡♥❣t❤s ✉s✐♥❣ ✸ ❞✐✛❡r❡♥t r❛❞❛rs✱ ❛♥❞

❝♦♠♣❛r❡❞ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❝❧✉s✐♦♥s r❡s✉❧t✳

✶✳ ❲❤✐❧❡ ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ♥❛rr♦✇❡r ❜❡❛♠✲✇✐❞t❤s ❛r❡ ♣r❡❢❡r❛❜❧❡ ❢♦r t✉r❜✉❧❡♥❝❡

♠❡❛s✉r❡♠❡♥ts✱ ✇❡ ❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ♠❛❦❡ r❡❝♦♠♠❡♥❞❛t✐♦♥s ❛❜♦✉t t❤❡ ✇✐❞❡st

❜❡❛♠s s✉✐t❛❜❧❡ ❢♦r s✉❝❤ st✉❞✐❡s✳ ❆ ♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤ ❢♦r t❤❡ r❛❞❛r

❜❡❛♠ ♦❢ ❧❡ss t❤❛♥ 2.5◦ ✐s ❤✐❣❤❧② ❞❡s✐r❛❜❧❡✳ ❇❡❛♠ ♦♥❡✲✇❛② ❤❛❧❢✲♣♦✇❡r ❤❛❧❢ ✇✐❞t❤s

✇❤✐❝❤ ❡①❝❡❡❞ 3.5◦ ❛r❡ ♥♦t ❛❞✈✐s❡❞ ❢♦r ❉♦♣♣❧❡r✲r❛❞❛r t✉r❜✉❧❡♥❝❡ st✉❞✐❡s✳
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✷✳ ◆❡❣❛t✐✈❡ ✈❛❧✉❡s ♦❢ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❝❛♥ ♦❝❝✉r✱ ❛♥❞ ✐♥❞❡❡❞

♠✉st ♦❝❝✉r✳ ❚❤❡s❡ ❛r✐s❡ ❞✉❡ t♦ st❛t✐st✐❝❛❧ ✢✉❝t✉❛t✐♦♥s ♦❢ t❤❡ ♠❡❛♥ ✇✐♥❞ ♦♥ s❝❛❧❡s

♦❢ ♠✐♥✉t❡s t♦ ❤♦✉rs✱ ✇✐t❤✐♥ t❤❡ ❛✈❡r❛❣✐♥❣ ✐♥t❡r✈❛❧✳ ❚❤❡ ♠❛✐♥ ❝❛✉s❡s ♦❢ ♥❡❣❛t✐✈❡

✈❛❧✉❡s ♦❢ ε ❛r❡ ✭✐✮ ❡rr♦rs ✐♥ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ s♣❡❝tr❛❧ ✇✐❞t❤ ❛♥❞ ✭✐✐✮ ❝❤♦✐❝❡

♦❢ t❤❡ ♠❡❛♥ ✇✐♥❞ ♣r♦✜❧❡ ✉s❡❞ ❢♦r ❝❛❧❝✉❧❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❜❡❛♠✲❜r♦❛❞❡♥❡❞

✇✐❞t❤✳ ❲❤✐❧❡ t❤❡s❡ ❢❛❝t♦rs ❤❛✈❡ ❜❡❡♥ ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♣r❡✈✐♦✉s❧②✱ ✇❡

❤❛✈❡ ❜❡❡♥ ❛❜❧❡ t♦ ❞❡✈❡❧♦♣ ❡①♣r❡ss✐♦♥s ❢♦r q✉❛♥t✐❢②✐♥❣ t❤❡✐r ✐♠♣❛❝t✱ ❛♥❞ ❤❛✈❡

❜❡❡♥ ❛❜❧❡ t♦ q✉❛♥t✐❢② t❤❡ ❡✛❡❝t ✇✐t❤ ♦✉r r❛❞❛rs✳

✸✳ ❚❤❡ ✐♠♣❛❝t ♦❢ s❝❛tt❡r❡r ❛♥✐s♦tr♦♣② s❡❡♠s t♦ ❜❡ ❛ s❡❝♦♥❞❛r② ❝♦♥❝❡r♥ ✐♥ ❡st✐♠❛t✲

✐♥❣ ε✳

✹✳ ❙❡✈❡r❛❧ ❢♦r♠✉❧❛s ❛♥❞ ♠❡t❤♦❞s ✇❡r❡ ♦✛❡r❡❞ ❢♦r ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧

s♣❡❝tr❛❧ ✇✐❞t❤✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ t❤❡ ✈❛r✐❛♥❝❡ σ2✳ ❲❤✐❧❡ ❛❧❧ ✇❡r❡ ❣❡♥❡r❛❧❧② s✐♠✐✲

❧❛r✱ t❤❡ ♠♦st ❛❝❝✉r❛t❡ ✇❛s ❛ ♠♦❞❡❧ ❞❡♥♦t❡❞ ❛s ❈❝✳ ❆ ❣❡♥❡r❛❧ ❝♦♠♣✉t❡r ♠♦❞❡❧

✭▲❙ ♠♦❞❡❧✮ ✐s st✐❧❧ ❛❞✈✐s❡❞ ❢♦r ❞❡❛❧✐♥❣ ✇✐t❤ ❝❛s❡s ♦❢ ❧❛r❣❡ ❛♥❞ ❝♦♠♣❧✐❝❛t❡❞ s❤❡❛r✳

❍♦✇❡✈❡r✱ t❤❡ ♠♦❞❡❧ ✇♦r❦s ✇❡❧❧ ✐♥ t❤❡ ❧❛r❣❡ ♣❡r❝❡♥t❛❣❡ ♦❢ ❝❛❧❝✉❧❛t✐♦♥s✳ ❆ ♣r❡✲

✈✐♦✉s❧② ❛❞✈♦❝❛t❡❞ ♠♦❞❡❧✱ ❞❡♥♦t❡❞ ❛s ♠♦❞❡❧ ◆✱ ✐s s❤♦✇♥ t♦ ❜❡ ❛ r❡❛s♦♥❛❜❧❡

❛♣♣r♦①✐♠❛t✐♦♥ t♦ t❤❡ tr✉❡ ♠♦❞❡❧✱ ❜✉t ♠❛② ✉♥❞❡r❡st✐♠❛t❡ t❤❡ tr✉❡ ✈❛r✐❛♥❝❡ ❜②

t②♣✐❝❛❧❧② ✶✺ ✪✳ ❆ ♥❡✇ t❡r♠ ❤❛s ❜❡❡♥ ❛❞❞❡❞ t♦ t❤❡ ♠♦❞❡❧ ◆ ✇❤✐❝❤ ✐♠♣r♦✈❡s ✐ts

❛❝❝✉r❛❝②✳

✺✳ ■♥ ❝❛❧❝✉❧❛t✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ ✇✐❞t❤s✱ ❛ ✜tt✐♥❣ ❛❧❣♦r✐t❤♠ ✐s ❤✐❣❤❧② ❛❞✈✐s❡❞✱ s✐♥❝❡

❝❛❧❝✉❧❛t✐♦♥ ♦❢ ✇❡✐❣❤t❡❞ s❡❝♦♥❞ ♦r❞❡r ♠♦♠❡♥ts ❝❛♥ ❧❡❛❞ t♦ ♦✈❡r❡st✐♠❛t❡s✱ ❛♥❞

❜✐❛s t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ✈❛❧✉❡s t♦ ♠♦r❡ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✳

✻✳ ❚❤❡ ❞❛✐❧② ❛♥❞ ♠♦♥t❤❧② ❛♥❛❧②s✐s ✐♥❞✐❝❛t❡s t❤❛t ✉s✐♥❣ t❤❡ t②♣✐❝❛❧ ✈❛❧✉❡ ♦❢ ωB =

1× 10−2 ❍③ ✐s r❡❛s♦♥❛❜❧❡✳

✼✳ ❚❤❡r❡ ✐s ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t ❜❡t✇❡❡♥ r❛❞❛r ❛♥❞ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts ❛t s♠❛❧❧❡r

✈❛❧✉❡s ♦❢ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✇❤❡♥ ③❡r♦ ❛♥❞ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤

✈❡r② ✇❡❛❦ t✉r❜✉❧❡♥❝❡ ❛r❡ ♥♦t ✐♥❝❧✉❞❡❞✳

✽✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② t❤❛t ❛✐r❝r❛❢t ♠❡❛s✉r❡ ❧❛r❣❡r ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡✱ ❛❣r❡❡s r❡❛✲

s♦♥❛❜❧② ✇❡❧❧ ✇✐t❤ r❛❞❛rs ✇❤❡♥ ✐♥st❛♥t❛♥❡♦✉s ✈❛❧✉❡s ♦❢ t✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡❞

❜② r❛❞❛rs ✭✉s✐♥❣ ❡①♣❡r✐♠❡♥t❛❧ s♣❡❝tr❛❧ ✇✐❞t❤ ♦♥❧②✱ ❛❧❧♦✇s ✉s t♦ ♠❡❛s✉r❡ ♥❡❛r✲

✐♥st❛♥t❛♥❡♦✉s ✈❛❧✉❡s ♦❢ ❡♣s✐❧♦♥ r❛t❤❡r t❤❛♥ ❤♦✉r❧② ❛✈❡r❛❣❡s✮ ❛r❡ ❜❡✐♥❣ ✉s❡❞✳

✾✳ ❘❡❣✐♦♥s ♦❢ ✐♥t❡♥s❡ t✉r❜✉❧❡♥❝❡ r❛r❡❧② ♦❝❝✉r ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ❛♥❞ ❛♣♣❡❛r ❛s ❛

s✉❞❞❡♥ ❜✉rst ♦❢ t✉r❜✉❧❡♥❝❡ ❢♦❧❧♦✇❡❞ ❜② r❡❣✐♦♥s ♦❢ ✇❡❛❦ t✉r❜✉❧❡♥❝❡✳



✾✹

✺✳✸ ❋✉t✉r❡ ❲♦r❦

❋✉t✉r❡ ✇♦r❦ ♠❛② ✐♥❝❧✉❞❡ st✉❞②✐♥❣ t❤❡ ✐♠♣❛❝t ♦❢ ✉s✐♥❣ ♠♦r❡ r❡❧✐❛❜❧❡ t✉r❜✉❧❡♥❝❡ ❞❛t❛ ✐♥

❢♦r❡❝❛st ❛♥❞ ❝❧✐♠❛t❡ ♠♦❞❡❧ r❡s✉❧ts✳ ❚❤✐s ✐s s♣❡❝✐❛❧❧② ✐♠♣♦rt❛♥t ❢♦r ❛✈✐❛t✐♦♥ ❢♦r❡❝❛sts✳

■♥ r❡❣❛r❞ t♦ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ r❛❞❛rs ✐♥ ♠❡t❡♦r♦❧♦❣②✱ ✐t ✐s ✐♥t❡r❡st✐♥❣ t♦ st✉❞② t❤❡

♣❛tt❡r♥s ❛♥❞ ✐♥t❡♥s✐t② ♦❢ ✇✐♥❞ s♣❡❡❞ ❛♥❞ t✉r❜✉❧❡♥❝❡ ❞✉r✐♥❣ s❡✈❡r❡ ✇❡❛t❤❡r ❝♦♥❞✐t✐♦♥s✱

✐♥❝❧✉❞✐♥❣ t♦r♥❛❞♦❡s✳

■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡✛❡❝ts ♦❢ ❢r♦♥t❛❧ s②st❡♠s ♦♥ t✉r❜✉❧❡♥❝❡✳

❚❤✐s ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② ❧♦♦❦✐♥❣ ❛t t❤❡ ❧♦❝❛t✐♦♥s ♦❢ ❢r♦♥t❛❧ s②st❡♠s ♦♥ ✇❡❛t❤❡r

♠❛♣s ❛♥❞ ❡st✐♠❛t✐♥❣ st❛t✐st✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ t✉r❜✉❧❡♥❝❡✳

❖♥❡ ♣♦✐♥t ♦❢ ❝♦♥s✐❞❡r❛❜❧❡ ♥♦t❡ ✐s t❤❛t ❛ s✐❣♥✐✜❝❛♥t ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡ s♣❡❝tr❛

❛♥❞ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ♠❡❛s✉r❡❞ ❜② ❛✐r❝r❛❢t✱ s❤♦✇ ♥♦♥✲❑♦❧♠♦❣♦r♦✈ ❜❡❤❛✈✐♦r✳ ❚❤❡

r❡❛s♦♥s ❢♦r t❤✐s ♥❡❡❞ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞✱ ❛♥❞ ✐ss✉❡s ❧✐❦❡ t❤❡ ❝❛✉s❡s ♦❢ t❤❡ t✉r❜✉❧❡♥❝❡

❛♥❞ t❤❡ st❛❣❡ ♦❢ ❞❡✈❡❧♦♣♠❡♥t ✭❣❡♥❡r❛t✐♦♥✱ st❡❛❞②✲st❛t❡ ❛♥❞ ❞❡❝❛②✮ ♥❡❡❞ t♦ ❜❡ ❢✉rt❤❡r

✐♥✈❡st✐❣❛t❡❞✳

■t ✇✐❧❧ ❛❧s♦ ❜❡ ✉s❡❢✉❧ t♦ st✉❞② t❤❡ ❝❧✐♠❛t♦❧♦❣② ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ ♣❧❛❝❡s ✇✐t❤ ❞✐✛❡r❡♥t

❝❧✐♠❛t✐❝ ❝♦♥❞✐t✐♦♥s✳



✾✺

❆♣♣❡♥❞✐① ❆

❚✉r❜✉❧❡♥t ❊♥❡r❣② ❉✐ss✐♣❛t✐♦♥ ❘❛t❡

❚❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✱ ε ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣

❡q✉❛t✐♦♥ ✭❍♦❧♠❡s ❡t ❛❧✳✱ ✶✾✾✻✮✿

ε = 2ν < sijsij >=

{

<
∂ui

∂xj

+
∂uj

∂xi

><
∂ui

∂xj

+
∂uj

∂xi

>

}

, ✭❆✳✶✮

✇❤❡r❡ ν ✐s t❤❡ ❦✐♥❡♠❛t✐❝ ✈✐s❝♦s✐t② ❛♥❞ sij t❤❡ str❛✐♥ r❛t❡✳ ◆♦t❡ t❤❛t t❤❡ r❡♣❡❛t❡❞

✐♥❞✐❝❡s ✭i ❛♥❞ j✮ ❛r❡ s✉♠♠❡❞ ♦✈❡r ✶✱ ✷ ❛♥❞ ✸✳ ❖♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ ♥♦t

♠❡❛s✉r❡ t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ✉s✐♥❣ ❊q✉❛t✐♦♥ ✭❆✳✶✮✳

❚❤❡r❡❢♦r❡✱ ✇❡ ✉s❡ s♣❡❝tr❛❧ ❛♥❛❧②s✐s t♦ ❡st✐♠❛t❡ ε ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✳

■t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ♣❡r ✉♥✐t ✇❛✈❡ ♥✉♠❜❡r ❛t s❝❛❧❡ k✱ E (k) ✐s

✐♥❞❡♣❡♥❞❡♥t ♦❢ ❞✐r❡❝t✐♦♥✱ ❛♥❞ ❞❡♣❡♥❞❡♥t ♦♥❧② ♦♥ t❤❡ s❝❛❧❡ k ❛♥❞ t❤❡ r❛t❡ ♦❢ tr❛♥s❢❡r

ε✭ ♦r t❤❡ r❛t❡ ❛t ✇❤✐❝❤ ❡♥❡r❣② ✐s ❞✐ss✐♣❛t❡❞ t♦ ❤❡❛t ❛t t❤❡ ✈❡r② s♠❛❧❧❡st s❝❛❧❡s✮ ✇✐t❤✐♥

t❤❡ ✐♥❡rt✐❛❧ s✉❜r❛♥❣❡ ♦❢ t❤❡ ❡♥❡r❣② s♣❡❝tr✉♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❧❛t✐♦♥s❤✐♣

❜❡t✇❡❡♥ E (k)✱ k ❛♥❞ ε ❝❛♥ ❜❡ ✇r✐tt❡♥ ✭❍♦❝❦✐♥❣✱ ✷✵✵✻✮✿

E (k) ∝ εakb. ✭❆✳✷✮

❉✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s ❝❛♥ ❜❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ ✈❛❧✉❡s ♦❢ a ❛♥❞ b✳ E (k)✱ ε ❛♥❞ k

❤❛✈❡ ✉♥✐ts ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣❡r ✉♥✐t ♠❛ss ♣❡r ✇❛✈❡ ♥✉♠❜❡r ✭L3T−2✮✱ ❦✐♥❡t✐❝ ❡♥❡r❣②

♣❡r ✉♥✐t ♠❛ss ♣❡r ✉♥✐t t✐♠❡ ✭L2T−3✮ ❛♥❞ L−1 r❡s♣❡❝t✐✈❡❧②✳ ❍❡♥❝❡✱ ❊q✉❛t✐♦♥ ✭❆✳✷✮

❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s ✭❍♦❝❦✐♥❣✱ ✷✵✵✻✮✿

L3T−2 ≡ L2a−bT−3a. ✭❆✳✸✮

❚❤✐s ❣✐✈❡s a❂✷✴✸ ❛♥❞ b❂ ✲✺✴✸✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ✭ε) ❝❛♥ ❜❡

❡st✐♠❛t❡❞ t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❍♦❝❦✐♥❣✱ ✷✵✵✻✮✿



✾✻

E (k) = CEε
2/3k−5/3, ✭❆✳✹✮

✇❤❡r❡ CE ✐s ❛ ❝♦♥st❛♥t✳

❚❤❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❝❛♥ ❜❡ ❛❧s♦ ❡st✐♠❛t❡❞ ✉s✐♥❣ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s✳ ❆❝✲

❝♦r❞✐♥❣ t♦ ❑♦❧♠♦❣♦r♦✈ t❤❡♦r②✱ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ♦❢ t✉r❜✉❧❡♥t r❡❣✐♠❡✱ D ✐s ❞❡✲

♣❡♥❞❡♥t ♦♥❧② ♦♥ s❡♣❛r❛t✐♦♥ r ❛♥❞ ε✳ D✱ ε ❛♥❞ r ❤❛✈❡ ✉♥✐ts ♦❢ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣❡r ✉♥✐t

♠❛ss ✭L2T−2✮✱ ❦✐♥❡t✐❝ ❡♥❡r❣② ♣❡r ✉♥✐t ♠❛ss ♣❡r ✉♥✐t t✐♠❡ ✭L2T−3✮ ❛♥❞ L r❡s♣❡❝t✐✈❡❧②✳

❍❡♥❝❡✱ t❤❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✭❍♦❝❦✐♥❣✱ ✷✵✵✻✮✿

D (r) = CDε
srt, ✭❆✳✺✮

✇❤❡r❡✱ CD ✐s ❛ ❝♦♥st❛♥t✳ ❉✐♠❡♥s✐♦♥❛❧ ❛♥❛❧②s✐s s❤♦✇❡❞ t❤❛t s❂✷✴✸ ❛♥❞ t❂✷✴✸✳



✾✼

❆♣♣❡♥❞✐① ❇

❙♣❡❝tr❛ ❋♦r♠s ❢♦r ❱❡❧♦❝✐t② ▼❡❛s✉r❡♠❡♥ts

❚❤❡r❡ ❛r❡ ❞✐✛❡r❡♥t ❢♦r♠s ♦❢ s♣❡❝tr❛ t❤❛t ❝❛♥ ❜❡ ✉s❡❞ ❢♦r t✉r❜✉❧❡♥❝❡ st✉❞✐❡s✳ ❆ ♠♦r❡

❝♦♠♣❧❡① ❢♦r♠ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐s ❣✐✈❡♥ ❜② ✭❇❛t❝❤❡❧♦r✱ ✶✾✺✸✮✿

Φij =
E (k)

4πk4

(

k2δij − kikj
)

, ✭❇✳✶✮

✇❤✐❝❤ ❞❡s❝r✐❜❡s t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝r♦ss✲s♣❡❝tr✉♠ ❜❡t✇❡❡♥ t❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦✲

♥❡♥ts ✐♥ t❤❡ ✏i✑ ❞✐r❡❝t✐♦♥ ❛♥❞ t❤❡ ✏j✑ ❞✐r❡❝t✐♦♥✱ ✇❤❡r❡ ✏ i ♦r j ❂ ✶✑ ♠❡❛♥ t❤❡ x

❞✐r❡❝t✐♦♥✱ ✏i ♦r j ❂ ✷✑ ♠❡❛♥ t❤❡ ② ❞✐r❡❝t✐♦♥ ❛♥❞ ✏ i ♦r j ❂ ✸✑ ♠❡❛♥ t❤❡ ③ ❞✐r❡❝t✐♦♥✳ ■♥

❊q✉❛t✐♦♥ ✭❇✳✶✮✱ δ ✐s t❤❡ ❑r♦♥❡❝❦❡r ❞❡❧t❛✱ k t❤❡ ✇❛✈❡ ♥✉♠❜❡r ✭k2 = k2
1 + k2

2 + k2
3✮ ❛♥❞

E (k)✱ t❤❡ t♦t❛❧ ❡♥❡r❣②✳ E (k) ✐s ❣✐✈❡♥ ❜② ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

E (K) = 1.53ε2/3k−5/3, ✭❇✳✷✮

✇❤❡r❡ ε ✐s t❤❡ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡✳

❋♦r ❝❛s❡s ♦❢ ✐s♦tr♦♣✐❝ t✉r❜✉❧❡♥❝❡✱ Φij ❝❛♥ ❜❡ ✐♥t❡❣r❛t❡❞ ♦✈❡r ❛ s❤❡❧❧ ♦❢ r❛❞✐✉s k t♦

❣✐✈❡ ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

Ψij (k) = 4πk2Φij (k) . ✭❇✳✸✮

E (k) ✐s r❡❧❛t❡❞ t♦ Ψij t❤r♦✉❣❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡q✉❛t✐♦♥ ✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

E (k) =
1

2
(Ψ11 (k) + Ψ22 (k) + Ψ33 (k)) . ✭❇✳✹✮

❚❤❡ ✐♥❞✐✈✐❞✉❛❧ Ψij (k) ❛r❡ ❞✐✣❝✉❧t t♦ ♠❡❛s✉r❡ ❡①♣❡r✐♠❡♥t❛❧❧②✱ s✐♥❝❡ ❛ ❢✉❧❧ t❤r❡❡✲

❞✐♠❡♥s✐♦♥❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t✉r❜✉❧❡♥t ✜❡❧❞ ✐♥ ❛❧❧ t❤r❡❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ✐s

♥❡❡❞❡❞✳ ■❢ ❛ ♣r♦❜❡ ♠♦✈❡s ✐♥ ❛ str❛✐❣❤t ❧✐♥❡ t❤r♦✉❣❤ ❛ ♣❛t❝❤ ♦❢ t✉r❜✉❧❡♥❝❡✱ r❡❝♦r❞✐♥❣

t❤❡ ✈❡❧♦❝✐t② ❝♦♠♣♦♥❡♥ts ♣❛r❛❧❧❡❧ t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠♦t✐♦♥ ❛♥❞ t❤❡♥ t❤❡ r❡s✉❧ts ❛r❡

❋♦✉r✐❡r tr❛♥s❢♦r♠❡❞✱ t❤❡ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❢♦r♠ ♦❢ t❤❡ s♣❡❝tr✉♠ ✐s ♦❜t❛✐♥❡❞ t❤r♦✉❣❤



✾✽

✭❍♦❝❦✐♥❣✱ ✶✾✾✾✮✿

φp (k1) = α11ε
2/3|k1|−5/3. ✭❇✳✺✮

❖♥❡ s❤♦✉❧❞ ♥♦t❡ t❤❛t φp (k) ✐s ♥♦t t❤❡ s❛♠❡ ❛s Φ11✳ ❲❤✐❧❡ φp (k) ✐s t❤❡ s♣❡❝tr❛❧

❞❡♥s✐t② ❛t k1 ❞✉❡ t♦ ❝♦♥tr✐❜✉t✐♦♥s ♦❢ ✏✇❛✈❡s✑ ♦❢ ❛❧❧ ♦r✐❡♥t❛t✐♦♥s ✇❤✐❝❤ ❝r♦ss t❤❡ x ❛①✐s✱

Φ11 (k) ✐s t❤❡ s♣❡❝tr❛❧ ❞❡♥s✐t② ❞✉❡ t♦ ✏✇❛✈❡s✑ ✇✐t❤ ♣❤❛s❡✲❢r♦♥ts ❛❧✐❣♥❡❞ ♣❡r♣❡♥❞✐❝✉❧❛r

t♦ t❤❡ x ❛①✐s✳ ❚❤❡ s♣❡❝tr✉♠ ❢♦r t❤❡ ✈❡❧♦❝✐t② ♣❡r♣❡♥❞✐❝✉❧❛r t♦ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ ♠♦t✐♦♥

✐s s✐♠✐❧❛r t♦ ❊q✉❛t✐♦♥ ✭❇✳✺✮✱ ❤♦✇❡✈❡r✱ t❤❡ ❝♦♥st❛♥t α11 ✇✐❧❧ ❤❛✈❡ ❛ ❞✐✛❡r❡♥t ✈❛❧✉❡✳



✾✾

❆♣♣❡♥❞✐① ❈

❚❤✐s ❆♣♣❡♥❞✐① ❝♦♥t❛✐♥s ❛ ❋♦rtr❛♥ ❝♦❞❡ t❤❛t ❝❛❧❝✉❧❛t❡s t❤❡ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ✇✐❞t❤✳

s✉❜r♦✉t✐♥❡ ❜❜❡①♣r❡s✭❛❧♣❤❛✱♥✉✱❞❡❧r✱❘✵✱✉✵✱s❤r✱s✐❣♠✷♥✮

❝ ❋♦rtr❛♥ s✉❜r♦✉t✐♥❡ t♦ t❛❦❡ ❜❡❛♠ t✐❧t✱ ✶✲✇❛② ❜❡❛♠ ❤❛❧❢✲♣♦✇❡r ❤❛❧❢✲✇✐❞t❤✱

❝ ♣✉❧s❡ ❧❡♥❣t❤✱ r❛♥❣❡✱ ✇✐♥❞ ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠✱ ❛♥❞ ✇✐♥❞ s❤❡❛r✱ ❛♥❞

❝ ♣r♦❞✉❝❡ t❤❡ sq✉❛r❡❞ ❜❡❛♠✲❜r♦❛❞❡♥❡❞ ❛♥❞ s❤❡❛r✲❛❧t❡r❡❞ s♣❡❝tr❛❧ ✇✐❞t❤

❝ s✐❣♠❛❫✷ ❢♦r t❤❡ ❝♦♠♣♦♥❡♥t ♣❛r❛❧❧❡❧ t♦ t❤❡ ❜❡❛♠

r❡❛❧ ♥✉

❝ s♦♠❡ ❝♦♥st❛♥ts

❛✵ ❂ ✵✳✾✹✺

❜✵❂✶✳✺✵✵

❝✵❂✵✳✵✸✵

❞✵❂✵✳✽✷✺

❛❂✸✳✵

❜❂✺✵✵✳✵

❝❂✷✺✵✳✵

❞❂✶✳✺

❡❂✵✳✵✶✸

❢❂✽✵✵✳

❣❂✷✵✵✳

❝❛ ❂ ❝♦s✭❛❧♣❤❛✮

s❛ ❂ s✐♥✭❛❧♣❤❛✮

t✶❛♥❂♥✉✯♥✉✴✭✹✳✵✯❛❧♦❣✭✷✳✵✮✮✯✉✵✯✉✵✯❝❛

t✷❛♥❂✲✶✳✵✯❛✵✯♥✉✴✭✹✳✵✯❛❧♦❣✭✷✳✵✮✮✯s❛✯

✩ ✭s❛✯✷✳✵✯♥✉✯❘✵✮✯s❤r✯✉✵

t✸❛♥❂✩❜✵✴✭✽✳✵✯✹✳✵✯❛❧♦❣✭✷✳✵✮✮✯✭✷✳✵✯s❛✯s❛✮✯✭✷✳✵✯❘✵✯♥✉✯s❛✯s❤r✮✯

✩ ✭✷✳✵✯❘✵✯♥✉✯s❛✯s❤r✮

①ttt ❂s❤r✯❞❡❧r✴sqrt✭✶✷✳✵✮

t❡r♠✹❛ ❂ ❝✵✯✭s❛✯s❛✯❝❛✯❝❛✮✯✭❛❜s✭✉✵✮✯❛❜s✭①ttt✮✮



✶✵✵

t❡r♠✹❜ ❂ ❞✵✯✭s❛✯s❛✯❝❛✯❝❛✮✯✭①ttt✯①ttt✮

s✐❣♠✷♥ ❂ t✶❛♥✰t✷❛♥✰t✸❛♥✰t❡r♠✹❛✰t❡r♠✹❜

❝ ◆♦✇ ❛♣♣❧② ✜♥❛❧ ❝♦rr❡❝t✐♦♥✳

❝ ❧✐♠✐t ❝♦rr❡❝t✐♦♥ t❡r♠ t♦ ♣r❡✈❡♥t ✐t ❜❧♦✇✐♥❣ ✉♣✳

✉❝r✐t❂✽✳✵

✉r❡❢❂✉✵

✐❢✭✉✵✳❣❡✳✵✳✵✳❛♥❞✳✉✵✳❧t✳✉❝r✐t✮✉r❡❢❂✉❝r✐t

✐❢✭✉✵✳❧t✳✵✳✵✳❛♥❞✳✉✵✳❣t✳✭✲✶✳✵✯✉❝r✐t✮✮✉r❡❢❂✲✉❝r✐t

②s❤r ❂ s❤r✯✷✵✳✵✴✉r❡❢

❛②s❤r ❂ ❛❜s✭②s❤r✮

❝ ✐❣♥♦r❡ ❝♦rr❡❝t✐♦♥ ❢♦r s♠❛❧❧ ✇✐♥❞ s❤❡❛rs ✕ ♠♦r❡ ❛❝❝✉r❛t❡ t♦ ❝♦♥s✐❞❡r ♦♥❧②

❝ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♠❡❛♥ ✇✐♥❞✳✳

✐❢✭❛❜s✭②s❤r✮✳❧t✳✵✳✵✵✶✺✮s✐❣♠✷♥❂t✶❛♥

✐❢✭❛❜s✭②s❤r✮✳❧t✳✵✳✵✵✶✺✮r❡t✉r♥

❝ ❋■◆❆▲ ❈❖❘❘❊❈❚■❖◆ ❚❊❘▼ t♦ ♣r♦❞✉❝❡ ♠♦❞❡❧ ❈❝✳

s✐❣♠✷♥ ❂ s✐❣♠✷♥✯✭✶✳✵✰✵✳✵✷✺✯❡①♣✭✲✭✭s❛✲✵✳✶✾✮✴✵✳✵✺✮✯✯✷✮✮✯

✩ ✭✶✳✵✰❛✯s❛✯✯❞ ✯ ✭ ✩ ✵✳✼✺✯✭❡①♣✭✲✭✭❞❡❧r✲❜✮✴❝✮✯✯✷✮✯ t❛♥❤✭❛②s❤r✴❡✮ ✮

✩✲✭✵✳✷✺✯✭t❛♥❤✭✭❞❡❧r✲❢✮✴❣✮✰✶✳✵✮✯

✩✭✶✳✵✲t❛♥❤✭✭②s❤r✰✵✳✵✵✷✮✴✭✵✳✵✵✹✮✮✮✮

✩ ✰ ✭✶✶✳✺✯✭♥✉✯✯✶✳✺✮✯✭t❛♥❤✭✭❞❡❧r✲✷✽✵✳✵✮✴✼✵✳✵✮✲✶✳✵✮

✩✯✭t❛♥❤✭✭②s❤r✲✵✳✵✵✹✮✴✵✳✵✵✹✮✰✶✳✵✮✮

✩ ✰ ✭✷✳✵✯❡①♣✭✲✭✭❞❡❧r✲✻✵✵✳✵✮✴✶✺✵✳✵✮✯✯✷✮✯t❛♥❤✭②s❤r✴✵✳✵✺✮✮

✩ ✰ ✭✵✳✵✺✯❡①♣✭✲✭✭❞❡❧r✲✺✵✵✳✵✮✴✶✷✵✳✵✮✯✯✷✮

✩ ✯✭t❛♥❤✭✭✲✵✳✵✵✹✲②s❤r✮✴✵✳✵✵✶✮✰✶✳✵✮✮ ✮ ✮

r❡t✉r♥

❡♥❞



✶✵✶

❆♣♣❡♥❞✐① ❉

❇r✉♥t✲❱❛✐s❛❧❛ ❋r❡q✉❡♥❝②

❆❞✐❛❜❛t✐❝ ♦s❝✐❧❧❛t✐♦♥ ♦❢ ❛♥ ❛✐r ♣❛r❝❡❧ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡ ❛❜♦✉t ✐ts ❡q✉✐❧✐❜r✐✉♠ ❧❡✈❡❧

✐♥ ❛ st❛❜❧❡ ❛t♠♦s♣❤❡r❡ ✐s r❡❢❡rr❡❞ ❛s ❜✉♦②❛♥❝② ♦s❝✐❧❧❛t✐♦♥✳ ❚❤❡ ❢r❡q✉❡♥❝② ♦❢ s✉❝❤

♦s❝✐❧❧❛t✐♦♥s ✭❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝②✮ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛♥ ❛✐r ♣❛r❝❡❧ t❤❛t

✐s ❞✐s♣❧❛❝❡❞ ✈❡rt✐❝❛❧❧② s♠❛❧❧ ❞✐st❛♥❝❡ δz✳ ❇② ◆❡✇t♦♥✬s s❡❝♦♥❞ ❧❛✇ ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

D2

Dt2
(δz) = −g − 1

ρ

∂p0
∂z

, ✭❉✳✶✮

✇❤❡r❡ t❤❡ ✜rst t❡r♠ ✐♥ t❤❡ r✐❣❤t s✐❞❡ ♦❢ t❤❡ ❡q✉❛t✐♦♥ ✐s t❤❡ ❣r❛✈✐t❛t✐♦♥❛❧ ❛❝❝❡❧❡r❛t✐♦♥

❛♥❞ t❤❡ s❡❝♦♥❞ t❡r♠ ✐s t❤❡ ♣r❡ss✉r❡ ❣r❛❞✐❡♥t t❡r♠✳ ■❢ ✐t ✐s ❛ss✉♠❡❞ t❤❛t t❤❡ ❡♥✈✐✲

r♦♥♠❡♥t ✐s ✐♥ ❤②❞r♦st❛t✐❝ ❜❛❧❛♥❝❡✱ ρ0g = −dp0/dz✱ ✇❤❡r❡ ρ0 ❛♥❞ p0 ❛r❡ t❤❡ ❞❡♥s✐t②

❛♥❞ t❤❡ ♣r❡ss✉r❡ ♦❢ t❤❡ ❡♥✈✐r♦♥♠❡♥t✳ ❚❤❡r❡❢♦r❡✱ ❊q✉❛t✐♦♥ ✭❉✳✶✮ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

D2

Dt2
(δz) = −g(ρ− ρ0)/ρ. ✭❉✳✷✮

❯s✐♥❣ t❤❡ ✐❞❡❛❧ ❣❛s ❧❛✇ ✭p = ρRT ✱ ✐♥ ✇❤✐❝❤ R ✐s t❤❡ ❣❛s ❝♦♥st❛♥t✮✱ ❛♥❞ ❊q✉❛t✐♦♥

✭✶✳✼✮✱ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

D2

Dt2
(δz) = g(1− θp

θ0
), ✭❉✳✸✮

✇❤❡r❡ θp ✐s t❤❡ ♣♦t❡♥t✐❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❛✐r ♣❛r❝❡❧ ❛♥❞ θ0 t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧

✈❛❧✉❡ ♦❢ ♣♦t❡♥t✐❛❧ t❡♠♣❡r❛t✉r❡✳ ❚❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✭a (z) = D2

Dt2
(δz)✮ ✐s ③❡r♦ ❛t t❤❡

❡q✉✐❧✐❜r✐✉♠ ❤❡✐❣❤t z0✳ ❯s✐♥❣ ❛ ❚❛②❧♦r✬s ❡①♣❛♥s✐♦♥ ✇❡ ❝❛♥ ✇r✐t❡ ✭❍♦❧t♦♥✱ ✶✾✾✷✮✿

a (z) = (∂a/∂z)z=z0
(z − z0) . ✭❉✳✹✮

❚❤❡ ♣♦t❡♥t✐❛❧ t❡♠♣❡r❛t✉r❡ ♦❢ t❤❡ ❛✐r ♣❛r❝❡❧ ✐s ❝♦♥st❛♥t ❜❡❝❛✉s❡ t❤❡ ♣❛r❝❡❧ ❛❞❥✉sts

❛❞✐❛❜❛t✐❝❛❧❧②✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝❤❛♥❣❡ ✐♥ a (z) ✇✐t❤ ❤❡✐❣❤t ✐s ❞✉❡ t♦ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥



✶✵✷

θ0✇✐t❤ ❤❡✐❣❤t✳ ❚❤✉s ∂a/∂z = −(θp/θ
2
0)(dθ0/dz)❀ ❤♦✇❡✈❡r✱ ❛t z = z0✱ θp = θ0✱ s♦

t❤✐s r❡❞✉❝❡s t♦ ∂a/∂z = −(1/θ0)(dθ0/dz)✳ ❚❤✉s t❤❡ ❛❝❝❡❧❡r❛t✐♦♥ ✐s ❣✐✈❡♥ ❜② ✭❍♦❧t♦♥✱

✶✾✾✷✮✿

d2z/dt2 = −g [d(ln θ0)/dz] (z − z0). ✭❉✳✺✮

❚❤✐s ✐s t❤❡ ❡q✉❛t✐♦♥ ❢♦r t❤❡ ❤❛r♠♦♥✐❝ ♠♦t✐♦♥ ❛❜♦✉t t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❛t z0 ❛♥❞ t❤❡

❢r❡q✉❡♥❝② ♦❢ ♦s❝✐❧❧❛t✐♦♥ ✐s ❝❛❧❧❡❞ t❤❡ ❇r✉♥t✲❱❛✐s❛❧❛ ❢r❡q✉❡♥❝② ❛♥❞ ✐s ❣✐✈❡♥ ❜② ✭❍♦❧t♦♥✱

✶✾✾✷✮✿

ω2
B = g [d(ln θ0)/dz.] ✭❉✳✻✮



✶✵✸

❇✐❜❧✐♦❣r❛♣❤②

❆❤r❡♥s✱ ❈✳❉✳✱ ✷✵✵✵✳ ▼❡t❡♦r♦❧♦❣② t♦❞❛②✿ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ✇❡❛t❤❡r✱ ❝❧✐♠❛t❡✱ ❛♥❞

t❤❡ ❡♥✈✐r♦♥♠❡♥t✱ ❇r♦♦❦s✴❈♦❧❡✳

❆t❧❛s✱ ❉✳✱ ✶✾✻✹✳ ❆❞✈❛♥❝❡s ✐♥ r❛❞❛r ♠❡t❡♦r♦❧♦❣②✱ ✐♥✿ ▲❛♥❞s❜❡r❣✱ ❍✳✱ ✈❛♥ ▼✐❡❣❤❡♠✱

❏✳✭❊❞s✳✮✱ ❆❞✈❛♥❝❡s ✐♥ ●❡♦♣❤②s✐❝s✱ ✶✵✱ ❆❝❛❞❡♠✐❝ Pr❡ss✱ ■♥❝✳✱ ✸✶✼✲✹✼✽✳

❆t❧❛s✱ ❉✳✱ ❙r✐✈❛st❛✈❛✱ ❘✳❈✳✱ ❙❧♦ss✱ P✳❲✳✱ ✶✾✻✾✳ ❲✐♥❞ s❤❡❛r ❛♥❞ r❡✢❡❝t✐✈✐t② ❣r❛❞✐❡♥t

❡✛❡❝ts ♦♥ ❉♦♣♣❧❡r r❛❞❛r s♣❡❝tr❛✿ ■■✱ ❏✳ ❆♣♣❧✳ ▼❡t❡♦r♦❧✳✱ ✽✱ ✸✽✹✲✸✽✽✳

❇❛t❝❤❡❧♦r✱ ●✳❑✳✱ ✶✾✺✸✳ ❚❤❡ t❤❡♦r② ♦❢ ❤♦♠♦❣❡♥❡♦✉s t✉r❜✉❧❡♥❝❡✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✲

✈❡rs♦t② Pr❡ss✳

❇❛❧s❧❡②✱ ❇✳❇✳✱ ●❛❣❡✱ ❑✳❙✳✱ ✶✾✽✵✳ ❚❤❡ ▼❙❚ r❛❞❛r t❡❝❤♥✐q✉❡✿ P♦t❡♥t✐❛❧ ❢♦r ♠✐❞❞❧❡

❛t♠♦s♣❤❡✐❝ st✉❞✐❡s✱ P❆●❊❖P❍✱ ✶✶✽✱ ✹✺✷✲✹✾✸✳

❇❛❧s❧❡②✱ ❇✳❇✳✱ ❋r❡❤❧✐❝❤✱ ❘✳●✳✱ ❏❡♥s❡♥✱ ▼✳▲✳✱ ▼❡✐❧❧✐❡r✱ ❨✱ ✷✵✵✻✳ ❍✐❣❤✲r❡s♦❧✉t✐♦♥ ✐♥✲

s✐t✉ ♣r♦✜❧✐♥❣ t❤r♦✉❣❤ t❤❡ st❛❜❧❡ ❜♦✉♥❞❛r② ❧❛②❡r✿ ❊①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❙❇▲ t♦♣ ✐♥ t❡r♠s

♦❢ ♠✐♥✐♠✉♠ s❤❡❛r✱ ♠❛①✐♠✉♠ str❛t✐✜❝❛t✐♦♥✱ ❛♥❞ t✉r❜✉❧❡♥❝❡ ❞❡❝r❡❛s❡✱ ❆♠✳ ▼❡t❡♦r♦✳

❙♦❝✳✱ ✻✸✱ ✶✷✾✶✲✶✸✵✼✳

❇❛r❛t✱ ❏✳✱ ✶✾✽✷✳ ❙♦♠❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❝❧❡❛r✲❛✐r t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ♠✐❞❞❧❡ str❛t♦✲

s♣❤❡r❡✱ ❆♠✳ ▼❡t❡♦r♦✳ ❙♦❝✳✱ ✸✾✱ ✷✺✺✸✲✷✺✻✹✳

❇❛r❛t✱ ❏✳✱ ❇❡rt✐♥✱ ❋✳✱ ✶✾✽✹✳ ❖♥ t❤❡ ❈♦♥t❛♠✐♥❛t✐♦♥ ♦❢ str❛t♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡

♠❡❛s✉r❡♠❡♥ts ❜② ✇✐♥❞ s❤❡❛r✱ ❆♠✳ ▼❡t❡♦r♦✳ ❙♦❝✳✱ ✹✶✱ ✽✶✾✲✽✷✼✳

❇❡✈✐♥❣t♦♥✱ P✳❘✳✱ ✶✾✻✾✳ ❉❛t❛ ❘❡❞✉❝t✐♦♥ ❛♥❞ ❊rr♦r ❆♥❛❧②s✐s ❢♦r t❤❡ P❤②s✐❝❛❧ ❙❝✐✲

❡♥❝❡s✱ ▼❝●r❛✇✲❍✐❧❧✳

❈❛✉❣❤❡②✱ ❙✳❏✳✱ ❈r❡❛s❡✱ ❇✳❆✳✱ ❆s✐♠❛❦❛♣♦✉❧♦s✱ ❉✳◆✳✱ ❈♦❧❡✱ ❘✳❙✳✱ ✶✾✼✽✳ ◗✉❛♥t✐t❛t✐✈❡

❜✐st❛t✐❝ ❛❝♦✉st✐❝ s♦✉♥❞✐♥❣ ♦❢ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❜♦✉♥❞❛r② ❧❛②❡r✱ ◗✳ ❏✳ ❘✳ ▼❡t❡♦r♦❧✳ ❙♦❝✳✱

✶✵✹✱ ✶✹✼✲✶✻✶✳

❈♦r♥♠❛♥✱ ▲✳❇✳✱ ❈♦rr✐♥❡✱ ❙✳▼✳✱ ❈✉♥♥✐♥❣✱ ●✳✱ ✶✾✾✺✳ ❘❡❛❧✲t✐♠❡ ❡st✐♠❛t✐♦♥ ♦❢ ❛t✲

♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡ s❡✈❡r✐t② ❢r♦♠ ✐♥✲s✐t✉ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts✳ ❏✳ ❆✐r❝r❛❢t✱ ✸✷✱

✶✼✶✲✶✼✼✳

❉❡❤❣❤❛♥✱ ❆✳✱ ❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ✷✵✶✶✳ ■♥str✉♠❡♥t❛❧ ❡rr♦rs ✐♥ s♣❡❝tr❛❧✲✇✐❞t❤ t✉r❜✉✲

❧❡♥❝❡ ♠❡❛s✉r❡♠❡♥ts ❜② r❛❞❛rs✱ ❏✳ ❆t♠♦s✳ ❙♦❧❛r✲❚❡rr✳P❤②s✳✱ ✼✸✱ ✶✵✺✷✲✶✵✻✽✳
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❉♦✈✐❛❦✱ ❘✳❏✳✱ ❩r♥✐❝✱ ❉✳❙✳✱ ✶✾✽✹✱ ❉♦♣♣❧❡r r❛❞❛r ❛♥❞ ✇❡❛t❤❡r ♦❜s❡r✈❛t✐♦♥s✱ ❆❝❛✲

❞❡♠✐❝ Pr❡ss✱ ■♥❝✳

❋❛✐r❛❧❧✱ ❈✳❲✳✱ ▼❛r❦s♦♥✱ ❘✳✱ ❙❝❤❛❝❤❡r✱ ●✳❊✳✱ ❉❛✈✐❞s♦♥✱ ❑✳▲✳✱ ✶✾✽✵✳ ❆♥ ❛✐r❝r❛❢t

st✉❞② ♦❢ t✉r❜✉❧❡♥❝❡ ❞✐ss✐♣❛t✐♦♥ r❛t❡ ❛♥❞ t❡♠♣❡r❛t✉r❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ✉♥st❛✲

❜❧❡ ♠❛r✐♥❡ ❛t♠♦s♣❤❡r✐❝ ❜♦✉♥❞❛r② ❧❛②❡r✱ ❇♦✉♥❞❛r②✲▲❛②❡r ▼❡t❡♦r♦❧✳✱ ✶✾✱ ✹✺✸✲✹✻✾✳

❋❛✐r❛❧❧✱ ❈✳❲✳✱ ❲❤✐t❡✱ ❆✳❇✳✱ ❚❤♦♠s♦♥✱ ❉✳❲✳✱ ✶✾✾✶✳ ❆ st♦❝❤❛st✐❝ ♠♦❞❡❧ ♦❢ ❣r❛✈✐t②✲

✇❛✈❡✲✐♥❞✉❝❡❞ ❝❧❡❛r✲❛✐r t✉r❜✉❧❡♥❝❡✱ ❏✳ ❆t♠♦s✳ ❙❝✐✳✱ ✹✽✱ ✶✼✼✶✲✶✼✾✵✳

❋✉❦❛♦✱ ❙✳✱ ❨❛♠❛♥❛❦❛✱ ▼✳ ❉✳✱ ❆♦✱ ◆✳✱ ❍♦❝❦✐♥❣✱ ❲✳ ❍✳✱ ❙❛t♦✱ ❚✳✱ ❨❛♠❛♠♦t♦✱

▼✳✱ ◆❛❦❛♠✉r❛✱ ❚✳✱ ❚s✉❞❛✱ ❚✳✱ ❑❛t♦✱ ❙✳✱ ✶✾✾✹✳ ❙❡❛s♦♥❛❧ ✈❛r✐❛❜✐❧✐t② ♦❢ ✈❡rt✐❝❛❧ ❡❞❞②

❞✐✛✉s✐✈✐t② ✐♥ t❤❡ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡ ✿ ✶✳ ❚❤r❡❡✲②❡❛rs ♦❜s❡r✈❛t✐♦♥s ❜② t❤❡ ♠✐❞❞❧❡ ❛♥❞

✉♣♣❡r ❛t♠♦s♣❤❡r❡ r❛❞❛r✱ ❏✳ ●❡♦♣❤②s✳ ❘❡s✳✱ ✾✾✱ ✶✽✾✼✸✲✶✽✾✽✼✳

❋r❡❤❧✐❝❤✱ ❘✳✱ ❙❤❛r♠❛♥✱ ❘✳✱ ✷✵✶✵✱ ❈❧✐♠❛t♦❧♦❣② ♦❢ ✈❡❧♦❝✐t② ❛♥❞ t❡♠♣❡r❛t✉r❡ t✉r❜✉✲

❧❡♥❝❡ st❛t✐st✐❝s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ r❛❞✐♦s♦♥❞❡s ❛♥❞ ❆❈❆❘❙✴❆▼❉❆❘ ❞❛t❛✱ ❆♠✳ ▼❡✲

t❡♦r♦✳ ❙♦❝✳✱ ✹✾✱ ✶✶✹✾✲✶✶✻✾✳

●❛❣❡✱ ❑✳❙✳✱ ●r❡❡♥✱ ❏✳▲✳✱ ❱❛♥❩❛♥❞t✱ ❚✳❊✳✱ ✶✾✽✵✳ ❯s❡ ♦❢ ❉♦♣♣❧❡r r❛❞❛r ❢♦r t❤❡

♠❡❛s✉r❡♠❡♥t ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡ ♣❛r❛♠❡t❡rs ❢r♦♠ t❤❡ ✐♥t❡♥s✐t② ♦❢ ❝❧❡❛r✲❛✐r

❡❝❤♦❡s✱ ❘❛❞✐♦ ❙❝✐✳✱ ✶✺✱ ✹✵✼✲✹✶✻✳

●❛❣❡✱ ❑✳❙✳✱ ✶✾✾✵✳ ❘❛❞❛r ♦❜s❡r✈❛t✐♦♥ ♦❢ t❤❡ ❢r❡❡ ❛t♠♦s♣❤❡r❡✿ str✉❝t✉r❡ ❛♥❞ ❞②✲

♥❛♠✐❝s✱ ❆t❧❛s✱ ❉✳✭❊❞✳✮✱ ❘❛❞❛r ✐♥ ♠❡t❡♦r♦❧♦❣②✱ ✺✸✹✲✺✻✺✳

●❛✈r✐❧♦✈✱ ◆✳▼✳✱ ▲✉❝❡✱ ❍✳✱ ❈r♦❝❤❡t✱ ▼✳✱ ❉❛❧❛✉❞✐❡r✱ ❋✳✱ ❋✉❦❛♦✱ ❙✳✱ ✷✵✵✺✳ ❚✉r❜✉❧❡♥❝❡

♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥s ❢r♦♠ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❜❛❧❧♦♦♥ t❡♠♣❡r❛t✉r❡ ♠❡❛s✉r❡♠❡♥ts ♦❢ t❤❡

▼❯❚❙■✲✷✵✵✵ ❝❛♠♣❛✐❣♥✱ ❆♥♥✳ ●❡♦♣❤②s✐❝s✱ ✷✸✱ ✷✹✵✶✲✷✹✶✸✳

●♦ss❛r❞✱ ❊✳❊✳✱ ✶✾✾✵✳ ❘❛❞❛r r❡s❡❛r❝❤ ♦♥ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❜♦✉♥❞❛r② ❧❛②❡r✱ ❆t❧❛s✱

❉✳✭❊❞✳✮✱ ❘❛❞❛r ✐♥ ♠❡t❡♦r♦❧♦❣②✱ ✹✼✼✲✺✷✼✳

●✉♦✱ ▲✳✱ ▲❡❤♠❛❝❤❡r✱ ●✳ ❆✳✱ ❑✉❞❡❦✐✱ ❊✳✱ ❆❦❣✐r❛②✱ ❆✳✱ ❙❤❡t❤✱ ❘✳✱ ❈❤❛✉✱ ❏✳ ▲✳✱ ✷✵✵✼✳

❚✉r❜✉❧❡♥❝❡ ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❛♥❞ ❡❞❞② ❞✐✛✉s✐✈✐t✐❡s ✐♥ t❤❡ tr♦♣✐❝❛❧ ♠❡s♦s♣❤❡r❡

✉s✐♥❣ ❏✐❝❛♠❛r❝❛ r❛❞❛r ❞❛t❛✱ ❆❞✈✳ ❙♣❛❝❡ ❘❡s✳✱ ✹✵✱ ✼✹✹✲✼✺✵✳

❍❡✱ ❍✳✱ ❚❛r❛s✐❝❦✱ ❉✳❲✳✱ ❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ❈❛r❡②✲❙♠✐t❤✱ ❚✳❑✳✱ ❘♦❝❤♦♥✱ ❨✳✱ ❩❤❛♥❣✱

❏✳✱ ▼❛❦❛r✱ P✳❆✳✱ ❖s♠❛♥✱ ▼✳✱ ❇r♦♦❦✱ ❏✳✱ ▼♦r❛♥✱ ▼✳❉✳✱ ❏♦♥❡s✱ ❉✳❇✳❆✳✱ ▼✐❤❡❧❡✱ ❈✳✱

❲❡✐✱ ❏✳❈✳✱ ❖st❡r♠❛♥✱ ●✳✱ ❆r❣❛❧❧✱ P✳❙✳✱ ▼❝❈♦♥♥❡❧❧✱ ❏✳✱ ❇♦✉rq✉✐✱ ▼✳❙✳✱ ✷✵✶✶✳ ❚r❛♥s♣♦rt

❛♥❛❧②s✐s ♦❢ ♦③♦♥❡ ❡♥❤❛♥❝❡♠❡♥t ✐♥ ❙♦✉t❤❡r♥ ❖♥t❛r✐♦ ❞✉r✐♥❣ ❇❆◗❙✲▼❡t✱ ❆t♠♦s✳ ❈❤❡♠✳

P❤②s✳✱ ✶✶✱ ✷✺✻✾✕✷✺✽✸✳

❍✐♥❡s✱ ❈✳❖✳✱ ✶✾✾✶✳ ❚❤❡ s❛t✉r❛t✐♦♥ ♦❢ ❣r❛✈✐t② ✇❛✈❡s ✐♥ t❤❡ ♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡✳

P❛rt ■■■✿ ❋♦r♠❛t✐♦♥ ♦❢ t❤❡ t✉r❜♦♣❛✉s❡ ❛♥❞ ♦❢ t✉r❜✉❧❡♥t ❧❛②❡rs ❜❡♥❡❛t❤ ✐t✱ ❏✳ ❆t♠♦s✳

❙❝✐✳✱ ✹✽✱ ✶✸✽✵✲✶✸✽✺✳

❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ✶✾✽✸✳ ❖♥ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛t♠♦s♣❤❡r❡ t✉r❜✉❧❡♥❝❡ ♣❛r❛♠❡t❡rs
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❢r♦♠ r❛❞❛r ❜❛❝❦s❝❛tt❡r ❉♦♣♣❧❡r s♣❡❝tr❛✲■✳ ❚❤❡♦r②✱ ❏✳ ❆t♠♦s✳ ❚❡rr✳P❤②s✳✱ ✹✺✱ ✽✾✲✶✵✷✳

❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ✶✾✽✺✳ ▼❡❛s✉r❡♠❡♥t ♦❢ t✉r❜✉❧❡♥t ❡♥❡r❣② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ✐♥ t❤❡

♠✐❞❞❧❡ ❛t♠♦s♣❤❡r❡ ❜② r❛❞❛r t❡❝❤♥✐q✉❡s✱ ❘❛❞✐♦ ❙❝✐✳✱ ✷✵✱ ✶✹✵✸✲✶✹✷✷✳

❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ✶✾✽✻✳ ❖❜s❡r✈❛t✐♦♥ ❛♥❞ ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ♠✐❞❞❧❡

❛t♠♦s♣❤❡r❡ ✇✐t❤ ❛ ❱❍❋ r❛❞❛r✱ ❏✳ ❆t♠♦s✳ ❚❡rr✳P❤②s✳✱ ✹✽✱ ✻✺✺✲✻✼✵✳

❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ❘✉st❡r✱ ❘✳✱ ❈③❡❝❤♦✇s❦②✱ P✳✱ ✶✾✽✻✳ ❆❜s♦❧✉t❡ r❡✢❡❝t✐✈✐t✐❡s ❛♥❞

❛s♣❡❝t s❡♥s✐t✐✈✐t✐❡s ♦❢ ❱❍❋ r❛❞✐♦ ✇❛✈❡ s❝❛tt❡r❡s ♠❡❛s✉r❡❞ ✇✐t❤ t❤❡ ❙❖❯❙❨ r❛❞❛r✱ ❏✳

❆t♠♦s✳ ❚❡rr✳P❤②s✳✱ ✹✽✱ ✶✸✶✲✶✹✹✳

❍♦❝❦✐♥❣ ❲✳❑✳✱ ✶✾✽✼✳ ❘❛❞❛r st✉❞✐❡s ♦❢ s♠❛❧❧ s❝❛❧❡ str✉❝t✉r❡ ✐♥ t❤❡ ✉♣♣❡r ♠✐❞❞❧❡

❛t♠♦s♣❤❡r❡ ❛♥❞ ❧♦✇❡r ✐♦♥♦s♣❤❡r❡✱ ❆❞✈❛♥❝❡s ✐♥ ❙♣❛❝❡ ❘❡s✳✱ ✼✱ ✶✵✱ ✸✷✼✲✸✸✽✳

❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ✶✾✽✽✳ ❚✇♦ ②❡❛rs ♦❢ ❝♦♥t✐♥✉♦✉s ♠❡❛s✉r❡♠❡♥ts ♦❢ t✉r❜✉❧❡♥❝❡ ♣❛✲

r❛♠❡t❡rs ✐♥ t❤❡ ✉♣♣❡r ♠❡s♦s♣❤❡r❡ ❛♥❞ ❧♦✇❡r t❤❡r♠♦s♣❤❡r❡ ♠❛❞❡ ✇✐t❤ ❛ ✷✲▼❍③ r❛❞❛r✱

❏✳ ●❡♦♣❤②s✳ ❘❡s✳✱ ✾✸✱ ✷✹✼✺✲✷✹✾✶✱ ✶✾✽✽✳

❍♦❝❦✐♥❣✱ ❲✳❑✳✱ ❚❛r❣❡t ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✱ ✶✾✽✾✿ ❋✉❦❛♦✱ ❙✳ ✭❊❞✳✮✱ ▼✐❞❞❧❡ ❆t✲
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✶✾✾✽✲✷✵✼✾✵✻✳

▲❡❡✱ ❨✳✱ P❛r❛❞✐s✱ ❆✳❘✳✱ ❑❧✐♥❣❧❡✲❲✐❧s♦♥✱ ❉✳✱ ✶✾✽✽✳ Pr❡❧✐♠✐♥❛r② r❡s✉❧ts ♦❢ t❤❡

✶✾✽✸ ❝♦♦r❞✐♥❛t❡❞ ❛✐r❝r❛❢t✲❉♦♣♣❧❡r ✇❡❛t❤❡r r❛❞❛r t✉r❜✉❧❡♥❝❡ ❡①♣❡r✐♠❡♥t✱ ❘❡♣♦rt ★

❉❖❚✴❋❆❆✴P▼✲✽✻✴✶✶ ✭❆✶✾✼✽✾✹✮



✶✵✼

▲✐♥❞❜♦r❣✱ ❊✳✱ ✶✾✾✾✳ ❈❛♥ t❤❡ ❛t♠♦s♣❤❡r✐❝ ❦✐♥❡t✐❝ ❡♥❡r❣② s♣❡❝tr✉♠ ❜❡ ❡①♣❧❛✐♥❡❞

❜② t✇♦✲❞✐♠❡♥s✐♦♥❛❧ t✉r❜✉❧❡♥❝❡❄ ❏✳ ❋❧✉✐❞ ▼❡❝❤✳✱ ✸✽✽✱ ✷✺✾✲✷✽✽✳

▲♦✈❡❥♦②✱ ❙✳✱ ❙❝❤❡rt③❡r✱ ❉✳✱ ❚✉❝❦✱ ❆✳❋✳✱ ✷✵✵✹✳ ❋r❛❝t❛❧ ❛✐r❝r❛❢t tr❛❥❡❝t♦r✐❡s ❛♥❞

♥♦♥❝❧❛ss✐❝❛❧ t✉r❜✉❧❡♥t ❡①♣♦♥❡♥ts✱ P❤②s❘❡✈❊✳✼✵✳✵✸✻✸✵✻✳

▲✉❝❡✱ ❍✳✱ ❋✉❦❛♦✱ ❙✳✱ ❉❛❧❛✉❞✐❡r✱ ❋✳✱ ❈r♦❝❤❡t✱ ▼✳✱ ✷✵✵✷✳ ❙tr♦♥❣ ♠✐①✐♥❣ ❡✈❡♥ts ♦❜✲

s❡r✈❡❞ ♥❡❛r t❤❡ tr♦♣♦♣❛✉s❡ ✇✐t❤ t❤❡ ▼❯ r❛❞❛r ❛♥❞ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❜❛❧❧♦♦♥ t❡❝❤♥✐q✉❡s✱

❆♠✳ ▼❡t❡♦r♦✳ ❙♦❝✳✱ ✺✾✱ ✷✽✽✺✲✷✽✾✻✳

▼❛❤rt✱ ▲✳✱ ✶✾✽✾✳ ■♥t❡r♠✐tt❡♥t ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡✱ ❏✳ ❆t♠♦s✳ ❙❝✐✳✱ ✹✻✱

✼✾✲✾✺✳

▼❛②✱ P✳❚✳✱ ❋✉❦❛♦✱ ❙✳✱ ❚s✉❞❛✱ ❚✳✱ ❙❛t♦✱ ❚✳✱ ❑❛t♦✱ ❙✳✱ ✶✾✽✽✳ ❚❤❡ ❡✛❡❝t ♦❢ t❤✐♥

s❝❛tt❡r✐♥❣ ❧❛②❡rs ♦♥ t❤❡ ❞❡t❡r♠✐♥❛t✐♦♥ ♦❢ ✇✐♥❞ ❜② ❉♦♣♣❧❡r r❛❞❛rs✱ ❘❛❞✐♦ ❙❝✐✳✱ ✷✸✱

✽✸✲✾✹✳

▼❡✐❧❧✐❡r✱ ❨✳P✳✱ ❋r❡❤❧✐❝❤✱ ❘✱●✳✱ ❏♦♥❡s✱ ❘✳▼✳✱ ❇❛❧s❧❡②✱ ❇✳❇✳✱ ✷✵✵✽✱ ▼♦❞✉❧❛t✐♦♥ ♦❢

s♠❛❧❧✲s❝❛❧❡ t✉r❜✉❧❡♥❝❡ ❜② ❞✉❝t❡❞ ❣r❛✈✐t② ✇❛✈❡s ✐♥ t❤❡ ♥♦❝t✉r♥❛❧ ❜♦✉♥❞❛r② ❧❛②❡r✱ ❆♠✳

▼❡t❡♦r♦✳ ❙♦❝✳✱ ✻✺✱ ✶✹✶✹✲✶✹✷✼✳

▼❡✐s❝❤♥❡r✱ P✳✱ ❇❛✉♠❛♥♥✱ ❘✳✱ ❍♦❧❧❡r✱ ❍✳✱ ❏❛♥❦✱ ❚✳✱ ✷✵✵✶✳ ❊❞❞② ❞✐ss✐♣❛t✐♦♥ r❛t❡s

✐♥ t❤✉♥❞❡rst♦r♠s ❡st✐♠❛t❡❞ ❜② ❉♦♣♣❧❡r r❛❞❛r ✐♥ r❡❧❛t✐♦♥ t♦ ❛✐r❝r❛❢t ✐♥✲s✐t✉ ♠❡❛s✉r❡✲

♠❡♥ts✱ ❆♠✳ ▼❡t❡♦r♦✳ ❙♦❝✳✱ ✶✽✱ ✶✻✵✾✲✶✻✷✼✳

◆❛♣♣♦✱ ❈✳❏✳✱ ✷✵✵✷✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❛t♠♦s♣❤❡r✐❝ ❣r❛✈✐t② ✇❛✈❡s✱ ❆❝❛❞❡♠✐❝

Pr❡ss✳

◆❛r❛②❛♥❛ ❘❛♦✱ ❉✳✱ ◆❛r❛②❛♥❛ ❘❛♦✱ ❚✳✱ ❱❡♥❦❛t❛r❛t♥❛♠✱ ▼✳✱ ❚❤✉❧❛s✐r❛♠❛♥✱ ❙✳✱ ❘❛♦✱

❙✳❱✳✱ ❙r✐♥✐✈❛s✉❧✉✱ P✳✱ ❘❛♦✱ P✳❇✳✱ ✷✵✵✶✱ ❉✐✉r♥❛❧ ❛♥❞ s❡❛s♦♥❛❧ ✈❛r✐❛❜✐❧✐t② ♦❢ t✉r❜✉❧❡♥❝❡

♣❛r❛♠❡t❡rs ♦❜s❡r✈❡❞ ✇✐t❤ ■♥❞✐❛♥ ♠❡s♦s♣❤❡r❡✲str❛t♦s♣❤❡r❡✲tr♦♣♦s♣❤❡r❡ r❛❞❛r✱ ❘❛❞✐♦

❙❝✐❡♥❝❡✱ ✸✻✱ ✶✹✸✾✲✶✹✺✼✳

◆❛str♦♠✱ ●✳❉✳✱ ✶✾✾✼✳ ❉♦♣♣❧❡r r❛❞❛r s♣❡❝tr❛❧ ✇✐❞t❤ ❜r♦❛❞❡♥✐♥❣ ❞✉❡ t♦ ❜❡❛♠✇✐❞t❤

❛♥❞ ✇✐♥❞ s❤❡❛r✱ ❆♥♥✳ ●❡♦♣❤②s✐❝s✱ ✶✺✱ ✼✽✻✲✼✾✻✳

◆❛str♦♠✱ ●✳❉✳✱ ❊❛t♦♥✱ ❋✳❉✳✱ ✶✾✾✼✳ ❚✉r❜✉❧❡♥❝❡ ❡❞❞② ❞✐ss✐♣❛t✐♦♥ r❛t❡s ❢r♦♠ r❛❞❛r

♦❜s❡r✈❛t✐♦♥s ❛t ✺✲✷✵ ❦♠ ❛t ❲❤✐t❡ ❙❛♥❞s ▼✐ss✐❧❡ ❘❛♥❣❡✱ ◆❡✇ ▼❡①✐❝♦✱ ❏✳ ●❡♦♣❤②s✳❘❡s✳✱

✶✵✷✱ ✶✾✹✾✺✲✶✾✺✵✺✳

◆❛str♦♠✱ ●✳❉✳✱ ❚s✉❞❛✱ ❚✳✱ ✷✵✵✶✳ ❆♥✐s♦tr♦♣② ♦❢ ❉♦♣♣❧❡r s♣❡❝tr❛❧ ♣❛r❛♠❡t❡rs ✐♥

t❤❡ ❱❍❋ r❛❞❛r ♦❜s❡r✈❛t✐♦♥s ❛t ▼❯ ❛♥❞ ❲❤✐t❡ ❙❛♥❞s✱ ❆♥♥✳ ●❡♦♣❤②s✐❝s✱ ✶✾✱ ✽✽✸✲✽✽✽✳

◆❛str♦♠✱ ●✳❉✳✱ ❊❛t♦♥✱ ❋✳❉✳✱ ✷✵✵✷✳ ❆ ❝❛s❡ st✉❞② ♦❢ ❛t♠♦s♣❤❡r✐❝ ❝♦♥❞✐t✐♦♥s ❛t

✹✲✶✾ ❦♠ ♦✈❡r ❱❛♥❞❡♥❜❡r❣ ❆✐r ❋♦r❝❡ ❇❛s❡ ❞✉r✐♥❣ ♣❛ss❛❣❡ ♦❢ ❛ ❝②❝❧♦♥❡✱ ❆♠✳ ▼❡t❡♦r♦✳

❙♦❝✳✱ ✹✷✱ ✹✻✼✲✹✼✺✳

P❛♥♦❢s❦②✱ ❍✳❆✳✱ ❉✉tt♦♥✱ ❏✳❆✳✱ ✶✾✽✹✳ ❆t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡✱ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✳

◗✉✐♥t❛r❡❧❧✐✱ ❋✳✱ ✶✾✾✸✳ ❆❝♦✉st✐❝ s♦✉♥❞❡r ♦❜s❡r✈❛t✐♦♥s ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡



✶✵✽

♣❛r❛♠❡t❡rs ✐♥ ❛ ❝♦♥✈❡❝t✐✈❡ ❜♦✉♥❞❛r② ❧❛②❡r✱ ❆♠✳ ▼❡t❡♦r♦✳ ❙♦❝✳✱ ✸✷✱ ✶✹✸✸✲✶✹✹✵✳

❘❡❡s✱ ❉✳✱ ❘♦♣❡r✱ ❘✳●✳✱ ▲❧♦②❞✱ ▲♦✇✱ ❈✳❍✳✱ ✶✾✼✷✳ ❉❡t❡r♠✐♥❛t✐♦♥ ♦❢ t❤❡ str✉❝t✉r❡

♦❢ t❤❡ ❛t♠♦s♣❤❡r❡ ❜❡t✇❡❡♥ ✾✵ ❛♥❞ ✷✺✵ ❦♠ ❜② ♠❡❛♥s ♦❢ ❝♦♥t❛♠✐♥❛♥ts r❡❧❡❛s❡s ❛t

❲♦♦♠❡r❛✱ ▼❛② ✶✾✻✽✱ P❤✐❧♦s♦♣❤✐❝❛❧ ❚r❛♥s❛❝t✐♦♥s ♦❢ t❤❡ ❘♦②❛❧ ❙♦❝✐❡t② ♦❢ ▲♦♥❞♦♥✱

✷✼✶✱ ✻✸✶✲✻✻✸✳

❘♦tt❣❡r✳ ❏✳✱ ✶✾✽✾✳ ❚❤❡ ✐♥str✉♠❡♥t❛❧ ♣r✐♥❝✐♣❧❡s ♦❢ ▼❙❚ r❛❞❛rs ❛♥❞ ✐♥❝♦❤❡r❡♥t

s❝❛tt❡r r❛❞❛rs ❛♥❞ t❤❡ ❝♦♥✜❣✉r❛t✐♦♥ ♦❢ r❛❞❛r s②st❡♠ ❤❛r❞✇❛r❡✱ ❋✉❦❛♦✱ ❙✳ ✭❊❞✳✮✱ ▼✐❞❞❧❡

❆t♠♦s♣❤❡r❡ Pr♦❣r❛♠✱ ❍❛♥❞ ❜♦♦❦ ❢♦r ♠❛♣✱ ✸✵✱ ✺✹✲✶✶✸✳

❙❛t♦✱ ❚✳✱ ✶✾✽✾✳ ❘❛❞❛r Pr✐♥❝✐♣❧❡s✱ ❚❛r❣❡t ♣❛r❛♠❡t❡r ❡st✐♠❛t✐♦♥✱ ❋✉❦❛♦✱ ❙✳ ✭❊❞✳✮✱

▼✐❞❞❧❡ ❆t♠♦s♣❤❡r❡ Pr♦❣r❛♠✱ ❍❛♥❞ ❜♦♦❦ ❢♦r ♠❛♣✱ ✸✵✱ ✶✾✲✺✸✳

❙❤❛✇✱ ❲✳❏✳✱ ▲❡▼♦♥❡✱ ▼✳❆✳✱ ✷✵✵✸✱ ❚✉r❜✉❧❡♥❝❡ ❞✐ss✐♣❛t✐♦♥ r❛t❡ ♠❡❛s✉r❡❞ ❜② ✾✶✺

▼❍③ ✇✐♥❞ ♣r♦✜❧✐♥❣ r❛❞❛rs ❝♦♠♣❛r❡❞ ✇✐t❤ ✐♥✲s✐t✉ t♦✇❡r ❛♥❞ ❛✐r❝r❛❢t ❞❛t❛✱ ❚✇❡❧❢t❤

❙②♠♣♦s✐✉♠ ♦♥ ▼❡t❡♦r♦❧♦❣✐❝❛❧ ❖❜s❡r✈❛t✐♦♥s ❛♥❞ ■♥str✉♠❡♥t❛t✐♦♥✱ ❆♠✳ ▼❡t❡♦r♦✳

❙♦❝✳✱ ❈❛❧✐❢♦r♥✐❛✳

❙✐♠♦♥✱ ❉✳✱ ✷✵✵✶✳ ❑❛❧♠❛♥ ✜❧t❡r✐♥❣✱ ❊♠❜❡❞❞❡❞ ❙②st❡♠s Pr♦❣r❛♠♠✐♥❣✱ ✶✹✱ ✷✵✲✸✷✳

❙❧♦ss✱ P✳❲✳✱ ❆t❧❛s✱ ❉✳✱ ✶✾✻✽✳ ❲✐♥❞ s❤❡❛r ❛♥❞ r❡✢❡❝t✐✈✐t② ❣r❛❞✐❡♥t ❡✛❡❝t ♦♥ ❉♦♣♣❧❡r

r❛❞❛r s♣❡❝tr❛✱ ❏✳ ❆t♠♦s✳ ❙❝✐✳✱ ✷✺✱ ✶✵✽✵✲✶✵✽✾✳

❙t✉❧❧✱ ❘✳❇✳✱ ✶✾✽✽✳ ❆♥ ✐♥tr♦❞✉❝t✐♦♥ t♦ ❜♦✉♥❞❛r② ❧❛②❡r ♠❡t❡♦r♦❧♦❣②✱ ❑❧✉✇❡r ❆❝❛✲

❞❡♠✐❝ P✉❜❧✐s❤❡rs✳

❙✉tt♦♥✱ P✳●✳✱ ✶✾✻✵ ✿❆t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡✱ ❲♦rs♥♦♣✱ ❇✳▲✳ ✭❊❞✮✳ ▼❡t❤✉❡♥ ✫ ❈♦✳

▲t❞✳✱ ❏♦❤♥ ❲✐❧❡② ✫ ❙♦♥s✱ ■♥❝✳

❚❛②❧♦r✱ ●✳■✳✱ ✶✾✷✷✳ ❉✐✛✉s✐♦♥ ❜② ❝♦♥t✐♥✉♦✉s ♠♦✈❡♠❡♥ts✱ Pr♦❝❡❡❞✐♥❣ ♦❢ t❤❡ ▲♦♥❞♦♥

▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✱ ✷✵✱ ✶✾✻✲✷✶✷✳

❚❛②❧♦r✱ ❘✳❏✳✱ ✶✾✼✷✳ ❆✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts ♦❢ ❞✐ss✐♣❛t✐♦♥ ♦❢ t✉r❜✉❧❡♥t ❦✐♥❡t✐❝ ❡♥✲

❡r❣②✱ ◗✉❛rt✳ ❏✳ ❘✳ ▼❡t✳ ❙♦❝✳✱ ✾✽✱ ✻✺✽✲✻✻✶✳

❱❛♥❩❛♥❞t✱ ❚✳❊✳✱ ●r❡❡♥✱ ❏✳▲✳✱ ●❛❣❡✱ ❑✳❙✳✱ ❈❧❛r❦✱ ❲✳▲✳✱ ✶✾✼✽✳ ❱❡rt✐❝❛❧ ♣r♦✜❧❡s ♦❢

r❡❢r❛❝t✐✈✐t② t✉r❜✉❧❡♥❝❡ str✉❝t✉r❡ ❝♦♥st❛♥t✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♦❜s❡r✈❛t✐♦♥s ❜② t❤❡ ❙✉♥s❡t

r❛❞❛r ✇✐t❤ ❛ ♥❡✇ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✱ ✶✸✱ ✽✶✾✲✽✷✾✳

❱✐♥♥✐❝❤❡♥❦♦✱ ◆✳❑✳✱ P✐♥✉s✱ ◆✳❩✳✱ ❙❤♠❡t❡r✱ ❙✳▼✳✱ ❙❤✉r✱ ●✳◆✳✱ ✶✾✼✸✳ ❚✉r❜✉❧❡♥❝❡ ✐♥

t❤❡ ❢r❡❡ ❛t♠♦s♣❤❡r❡✱ ❉✉tt♦♥✱ ❏✳❆✳ ✭❊❞✮✳ ❈♦♥s✉❧t❛♥ts ❇✉r❡❛✉✳

❲❡❜❡r✱ ❇✳ ▲✳✱ ❲✉❡rt③✱ ❉✳❇✳✱ ✶✾✾✶✳ ◗✉❛❧✐t② ❝♦♥tr♦❧ ❛❧❣♦r✐t❤♠ ❢♦r ♣r♦✜❧❡r ♠❡❛s✉r❡✲

♠❡♥ts ♦❢ ✇✐♥❞s ❛♥❞ t❡♠♣❡r❛t✉r❡s✳ ◆❖❆❆ ❚❡❝❤✳ ▼❡♠♦✳✱ ❊❘▲ ❲P▲✲✷✶✷✱ ✸✷♣♣✳

❲r♦❜❧❡✇s❦✐✱ ❉✳❊✳✱ ❈♦t❡✱ ❖✳❘✳✱ ❍❛❝❦❡r✱ ❏✳▼✳✱ ❉♦❜♦s②✱ ❘✳❏✳✱ ✷✵✶✵✱ ❱❡❧♦❝✐t② ❛♥❞

t❡♠♣❡r❛t✉r❡ str✉❝t✉r❡ ❢✉♥❝t✐♦♥s ✐♥ t❤❡ ✉♣♣❡r tr♦♣♦s♣❤❡r❡ ❛♥❞ ❧♦✇❡r str❛t♦s♣❤❡r❡

❢r♦♠ ❤✐❣❤✲r❡s♦❧✉t✐♦♥ ❛✐r❝r❛❢t ♠❡❛s✉r❡♠❡♥ts✱ ❆♠✳ ▼❡t❡♦r♦✳ ❙♦❝✳✱ ✻✼✱ ✶✶✺✼✲✶✶✼✵✳

❲②♥❣❛❛r❞✱ ❏✳❈✳✱ ✷✵✶✵✳ ❚✉r❜✉❧❡♥❝❡ ✐♥ t❤❡ ❛t♠♦s♣❤❡r❡✱ ❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t②



✶✵✾

Pr❡ss✳

❨❛❣✉❡✱ ❈✳✱ ❱✐❛♥❛✱ ❙✳✱ ▼❛q✉❡❞❛✱ ●✳✱ ❘❡❞♦♥❞♦✱ ❏✳ ▼✳✱ ✷✵✵✻✳ ■♥✢✉❡♥❝❡ ♦❢ st❛❜✐❧✐t② ♦♥

t❤❡ ✢✉①✲♣r♦✜❧❡ r❡❧❛t✐♦♥s❤✐♣s ❢♦r ✇✐♥❞ s♣❡❡❞✱ φm✱ ❛♥❞ t❡♠♣❡r❛t✉r❡✱ φh✱ ❢♦r t❤❡ st❛❜❧❡

❛t♠♦s♣❤❡r✐❝ ❜♦✉♥❞❛r② ❧❛②❡r✱ ◆♦♥❧✐♥✳ Pr♦❝❡ss❡s ●❡♦♣❤②s✳✱ ✶✸✱ ✶✽✺✲✷✵✸✳



✶✶✵

❈♦♣②r✐❣❤t ❛♥❞ ❘❡♣r✐♥t P❡r♠✐ss✐♦♥s

❉❡❛r ❆r♠✐♥ ❉❡❤❣❤❛♥

❲❡ ❤❡r❡❜② ❣r❛♥t ②♦✉ ♣❡r♠✐ss✐♦♥ t♦ r❡♣r✐♥t t❤❡ ♠❛t❡r✐❛❧ ❞❡t❛✐❧❡❞ ❜❡❧♦✇ ❛t ♥♦ ❝❤❛r❣❡

✐♥ ②♦✉r t❤❡s✐s s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ ■❢ ❛♥② ♣❛rt ♦❢ t❤❡ ♠❛t❡r✐❛❧ t♦ ❜❡ ✉s❡❞ ✭❢♦r ❡①❛♠♣❧❡✱ ✜❣✉r❡s✮ ❤❛s ❛♣♣❡❛r❡❞ ✐♥

♦✉r ♣✉❜❧✐❝❛t✐♦♥ ✇✐t❤ ❝r❡❞✐t ♦r ❛❝❦♥♦✇❧❡❞❣❡♠❡♥t t♦ ❛♥♦t❤❡r s♦✉r❝❡✱ ♣❡r♠✐ss✐♦♥ ♠✉st

❛❧s♦ ❜❡ s♦✉❣❤t ❢r♦♠ t❤❛t s♦✉r❝❡✳ ■❢ s✉❝❤ ♣❡r♠✐ss✐♦♥ ✐s ♥♦t ♦❜t❛✐♥❡❞ t❤❡♥ t❤❛t ♠❛t❡r✐❛❧

♠❛② ♥♦t ❜❡ ✐♥❝❧✉❞❡❞ ✐♥ ②♦✉r ♣✉❜❧✐❝❛t✐♦♥✴❝♦♣✐❡s✳

✷✳ ❙✉✐t❛❜❧❡ ❛❝❦♥♦✇❧❡❞❣♠❡♥t t♦ t❤❡ s♦✉r❝❡ ♠✉st ❜❡ ♠❛❞❡✱ ❡✐t❤❡r ❛s ❛ ❢♦♦t♥♦t❡ ♦r

✐♥ ❛ r❡❢❡r❡♥❝❡ ❧✐st ❛t t❤❡ ❡♥❞ ♦❢ ②♦✉r ♣✉❜❧✐❝❛t✐♦♥✱ ❛s ❢♦❧❧♦✇s✿

✏❚❤✐s ❛rt✐❝❧❡ ✇❛s ♣✉❜❧✐s❤❡❞ ✐♥ P✉❜❧✐❝❛t✐♦♥ t✐t❧❡✱ ❱♦❧ ♥✉♠❜❡r✱ ❆✉t❤♦r✭s✮✱ ❚✐t❧❡ ♦❢

❛rt✐❝❧❡✱ P❛❣❡ ◆♦s✱ ❈♦♣②r✐❣❤t ❊❧s❡✈✐❡r ✭♦r ❛♣♣r♦♣r✐❛t❡ ❙♦❝✐❡t② ♥❛♠❡✮ ✭❨❡❛r✮✳✑

✸✳ ❨♦✉r t❤❡s✐s ♠❛② ❜❡ s✉❜♠✐tt❡❞ t♦ ②♦✉r ✐♥st✐t✉t✐♦♥ ✐♥ ❡✐t❤❡r ♣r✐♥t ♦r ❡❧❡❝tr♦♥✐❝

❢♦r♠✳

✹✳ ❘❡♣r♦❞✉❝t✐♦♥ ♦❢ t❤✐s ♠❛t❡r✐❛❧ ✐s ❝♦♥✜♥❡❞ t♦ t❤❡ ♣✉r♣♦s❡ ❢♦r ✇❤✐❝❤ ♣❡r♠✐ss✐♦♥

✐s ❤❡r❡❜② ❣✐✈❡♥✳

✺✳ ❚❤✐s ♣❡r♠✐ss✐♦♥ ✐s ❣r❛♥t❡❞ ❢♦r ♥♦♥✲❡①❝❧✉s✐✈❡ ✇♦r❧❞ ❊♥❣❧✐s❤ r✐❣❤ts ♦♥❧②✳ ❋♦r

♦t❤❡r ❧❛♥❣✉❛❣❡s ♣❧❡❛s❡ r❡❛♣♣❧② s❡♣❛r❛t❡❧② ❢♦r ❡❛❝❤ ♦♥❡ r❡q✉✐r❡❞✳ P❡r♠✐ss✐♦♥ ❡①❝❧✉❞❡s

✉s❡ ✐♥ ❛♥ ❡❧❡❝tr♦♥✐❝ ❢♦r♠ ♦t❤❡r t❤❛♥ s✉❜♠✐ss✐♦♥✳ ❙❤♦✉❧❞ ②♦✉ ❤❛✈❡ ❛ s♣❡❝✐✜❝ ❡❧❡❝tr♦♥✐❝

♣r♦❥❡❝t ✐♥ ♠✐♥❞ ♣❧❡❛s❡ r❡❛♣♣❧② ❢♦r ♣❡r♠✐ss✐♦♥

✻✳ ❚❤✐s ✐♥❝❧✉❞❡s ♣❡r♠✐ss✐♦♥ ❢♦r t❤❡ ▲✐❜r❛r② ❛♥❞ ❆r❝❤✐✈❡s ♦❢ ❈❛♥❛❞❛ t♦ s✉♣♣❧②

s✐♥❣❧❡ ❝♦♣✐❡s✱ ♦♥ ❞❡♠❛♥❞✱ ♦❢ t❤❡ ❝♦♠♣❧❡t❡ t❤❡s✐s✳ ❙❤♦✉❧❞ ②♦✉r t❤❡s✐s ❜❡ ♣✉❜❧✐s❤❡❞

❝♦♠♠❡r❝✐❛❧❧②✱ ♣❧❡❛s❡ r❡❛♣♣❧② ❢♦r ♣❡r♠✐ss✐♦♥✳

❨♦✉rs s✐♥❝❡r❡❧②

❏❡♥♥✐❢❡r ❏♦♥❡s ❘✐❣❤ts ❆ss♦❝✐❛t❡

❊❧s❡✈✐❡r ▲✐♠✐t❡❞✱ ❛ ❝♦♠♣❛♥② r❡❣✐st❡r❡❞ ✐♥ ❊♥❣❧❛♥❞ ❛♥❞ ❲❛❧❡s ✇✐t❤ ❝♦♠♣❛♥② ♥✉♠✲

❜❡r ✶✾✽✷✵✽✹✱ ✇❤♦s❡ r❡❣✐st❡r❡❞ ♦✣❝❡ ✐s ❚❤❡ ❇♦✉❧❡✈❛r❞✱ ▲❛♥❣❢♦r❞ ▲❛♥❡✱ ❑✐❞❧✐♥❣t♦♥✱

❖①❢♦r❞✱ ❖❳✺ ✶●❇✱ ❯♥✐t❡❞ ❑✐♥❣❞♦♠✳

✖✕❖r✐❣✐♥❛❧ ▼❡ss❛❣❡✖✕ ❋r♦♠✿ ❛❞❡❤❣❤❛♥❅✉✇♦✳❝❛ ❬♠❛✐❧t♦✿❛❞❡❤❣❤❛♥❅✉✇♦✳❝❛❪ ❙❡♥t✿



✶✶✶

✷✾ ❆✉❣✉st ✷✵✶✶ ✷✵✿✶✽ ❚♦✿ ❘✐❣❤ts ❛♥❞ P❡r♠✐ss✐♦♥s ✭❊▲❙✮ ❙✉❜❥❡❝t✿ ❖❜t❛✐♥ P❡r♠✐ss✐♦♥

❚❤✐s ❊♠❛✐❧ ✇❛s s❡♥t ❢r♦♠ t❤❡ ❊❧s❡✈✐❡r ❈♦r♣♦r❛t❡ ❲❡❜ ❙✐t❡

❛♥❞ ✐s r❡❧❛t❡❞ t♦ ❖❜t❛✐♥ P❡r♠✐ss✐♦♥ ❢♦r♠✿

✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✖✲

Pr♦❞✉❝t✿ ❈✉st♦♠❡r ❙✉♣♣♦rt

❈♦♠♣♦♥❡♥t✿ ❖❜t❛✐♥ P❡r♠✐ss✐♦♥

❲❡❜ s❡r✈❡r✿ ❤tt♣✿✴✴✇✇✇✳❡❧s❡✈✐❡r✳❝♦♠

❆r♠✐♥ ❉❡❤❣❤❛♥

❚❤❡ ❯♥✐✈❡rs✐t② ♦❢ ❲❡st❡r♥ ❖♥t❛r✐♦

✶✶✺✶ ❘✐❝❤♠♦♥❞ str❡❡t

◆✻❆✸❑✼✱ ▲♦♥❞♦♥✱ ❈❛♥❛❞❛

❚♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛t❡r✐❛❧✿

■❙❙◆✴■❙❇◆✿ ✾✼✽✲✵✲✶✷✲✷✷✶✹✷✵✲✷

❚✐t❧❡✿ ❉♦♣♣❧❡r r❛❞❛r ❛♥❞ ✇❡❛t❤❡r ♦❜s❡r✈❛t✐♦♥s

❆✉t❤♦r✭s✮✿ ❉♦✈✐❛❦ ❛♥❞ ❩r♥✐❝

❱♦❧✉♠❡✿ ◆✴❆

■ss✉❡✿ ◆✴❆

❨❡❛r✿ ✶✾✽✹

P❛❣❡s✿ ✶✵

❆rt✐❝❧❡ t✐t❧❡✿ ◆✴❆

❍♦✇ ♠✉❝❤ ♦❢ t❤❡ r❡q✉❡st❡❞ ♠❛t❡r✐❛❧ ✐s t♦ ❜❡ ✉s❡❞✿

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ✉s❡ ✜❣✉r❡ ✷✳✸ ✭ ♦♥❧② ♦♥❡ ✜❣✉r❡✮ ♦❢ t❤✐s ❜♦♦❦ ✐♥ ♠② t❤❡s✐s✳

❆r❡ ②♦✉ t❤❡ ❛✉t❤♦r✿ ◆♦

❆✉t❤♦r ❛t ✐♥st✐t✉t❡✿ ◆♦

❍♦✇✴✇❤❡r❡ ✇✐❧❧ t❤❡ r❡q✉❡st❡❞ ♠❛t❡r✐❛❧ ❜❡ ✉s❡❞✿ ■♥ ❛ t❤❡s✐s ♦r ❞✐ss❡rt❛t✐♦♥

❉❡t❛✐❧s✿

■ ✇♦✉❧❞ ❧✐❦❡ t♦ ✉s❡ ✜❣✉r❡ ✷✳✸ ✭ ♦♥❧② ♦♥❡ ✜❣✉r❡✮ ♦❢ t❤✐s ❜♦♦❦ ✐♥ ♠② t❤❡s✐s✳

❉❡❛r ❆r♠✐♥✱

❚❤❛♥❦ ②♦✉ ❢♦r ②♦✉r ✐♥t❡r❡st ✐♥ r❡♣r♦❞✉❝✐♥❣ ❆●❯ ♣✉❜❧✐s❤❡❞ ♠❛t❡r✐❛❧✳ ❆●❯ ❞♦❡s

♥♦t r❡q✉✐r❡ t❤❛t ♣❡r♠✐ss✐♦♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❆●❯ ♦r t❤❡ ❛✉t❤♦r✭s✮ ❢♦r t❤❡ ✉s❡ ♦❢ t❛✲

❜❧❡s✱ ✜❣✉r❡s✱ ♦r s❤♦rt ❡①tr❛❝ts ♦❢ ♣❛♣❡rs ♣✉❜❧✐s❤❡❞ ✐♥ ❆●❯ ❥♦✉r♥❛❧s ♦r ❜♦♦❦s✱ ♣r♦✈✐❞❡❞

t❤❛t t❤❡ ♦r✐❣✐♥❛❧ ♣✉❜❧✐❝❛t✐♦♥ ❜❡ ❛♣♣r♦♣r✐❛t❡❧② ❝✐t❡❞✳

❚❤❡ st❛♥❞❛r❞ ❝r❡❞✐t ❧✐♥❡ ❢♦r t❤❡ ❝✐t❛t✐♦♥ ✐s✱ ✏❆✉t❤♦r✭s✮✱ t✐t❧❡✱ ♣✉❜❧✐❝❛t✐♦♥✱ ✈♦❧✉♠❡

♥✉♠❜❡r✱ ✐ss✉❡ ♥✉♠❜❡r✱ ❝✐t❛t✐♦♥ ♥✉♠❜❡r ✭♦r ♣❛❣❡ ♥✉♠❜❡r✭s✮ ♣r✐♦r t♦ ✷✵✵✷✮✱ ❞❛t❡✳

❈♦♣②r✐❣❤t ❬②❡❛r❪ ❆♠❡r✐❝❛♥ ●❡♦♣❤②s✐❝❛❧ ❯♥✐♦♥✳✑ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♠✉st ❛❧s♦ ❜❡ ✐♥❝❧✉❞❡❞✱

✏❘❡♣r♦❞✉❝❡❞✴♠♦❞✐✜❡❞ ❜② ♣❡r♠✐ss✐♦♥ ♦❢ ❆♠❡r✐❝❛♥ ●❡♦♣❤②s✐❝❛❧ ❯♥✐♦♥✳✑
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■❢ ❛♥ ❛rt✐❝❧❡ ✇❛s ♣❧❛❝❡❞ ✐♥ t❤❡ ♣✉❜❧✐❝ ❞♦♠❛✐♥✱ ✐♥ ✇❤✐❝❤ ❝❛s❡ t❤❡ ✇♦r❞s ✏◆♦t s✉❜❥❡❝t

t♦ ❯✳❙✳ ❝♦♣②r✐❣❤t✑ ❛♣♣❡❛r ♦♥ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✜rst ♣❛❣❡ ♦r s❝r❡❡♥ ♦❢ t❤❡ ❛rt✐❝❧❡✱ ♣❧❡❛s❡

s✉❜st✐t✉t❡ ✏♣✉❜❧✐s❤❡❞✑ ❢♦r t❤❡ ✇♦r❞ ✏❝♦♣②r✐❣❤t✑ ✐♥ t❤❡ ❝r❡❞✐t ❧✐♥❡ ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✳

❈♦♣②r✐❣❤t ✐♥❢♦r♠❛t✐♦♥ ✐s ♣r♦✈✐❞❡❞ ♦♥ t❤❡ ✐♥s✐❞❡ ❝♦✈❡r ♦❢ ♦✉r ❥♦✉r♥❛❧s✳ ❋♦r ♣❡r✲

♠✐ss✐♦♥ ❢♦r ❛♥② ♦t❤❡r ✉s❡✱ ♣❧❡❛s❡ ❝♦♥t❛❝t t❤❡ ❆●❯ P✉❜❧✐❝❛t✐♦♥s ❖✣❝❡ ❛t ❆●❯✱ ✷✵✵✵

❋❧♦r✐❞❛ ❆✈❡✳✱ ◆✳❲✳✱ ❲❛s❤✐♥❣t♦♥✱ ❉❈ ✷✵✵✵✾✳ ❙❤♦✉❧❞ ②♦✉ ♥❡❡❞ ❢✉rt❤❡r ❛ss✐st❛♥❝❡✱

♣❧❡❛s❡ ❢❡❡❧ ❢r❡❡ t♦ ❝♦♥t❛❝t ♠❡ ❛t ②♦✉r ❝♦♥✈❡♥✐❡♥❝❡✳

❘❡❣❛r❞s✱

❆♥t♦♥✐♦ ❈♦✈✐♥❣t♦♥

❆●❯ ▼❡♠❜❡r ❙❡r✈✐❝❡ ❘❡♣r❡s❡♥t❛t✐✈❡

❚❤✐s ✐s ❛ ▲✐❝❡♥s❡ ❆❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❆r♠✐♥ ❉❡❤❣❤❛♥ ✭✧❨♦✉✧✮ ❛♥❞ ❊❧s❡✈✐❡r ✭✧❊❧✲

s❡✈✐❡r✧✮ ♣r♦✈✐❞❡❞ ❜② ❈♦♣②r✐❣❤t ❈❧❡❛r❛♥❝❡ ❈❡♥t❡r ✭✧❈❈❈✧✮✳ ❚❤❡ ❧✐❝❡♥s❡ ❝♦♥s✐sts ♦❢

②♦✉r ♦r❞❡r ❞❡t❛✐❧s✱ t❤❡ t❡r♠s ❛♥❞ ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞❡❞ ❜② ❊❧s❡✈✐❡r✱ ❛♥❞ t❤❡ ♣❛②♠❡♥t

t❡r♠s ❛♥❞ ❝♦♥❞✐t✐♦♥s✳ ❆❧❧ ♣❛②♠❡♥ts ♠✉st ❜❡ ♠❛❞❡ ✐♥ ❢✉❧❧ t♦ ❈❈❈✳ ❋♦r ♣❛②♠❡♥t

✐♥str✉❝t✐♦♥s✱ ♣❧❡❛s❡ s❡❡ ✐♥❢♦r♠❛t✐♦♥ ❧✐st❡❞ ❛t t❤❡ ❜♦tt♦♠ ♦❢ t❤✐s ❢♦r♠✳

❙✉♣♣❧✐❡r ❊❧s❡✈✐❡r ▲✐♠✐t❡❞

❚❤❡ ❇♦✉❧❡✈❛r❞✱▲❛♥❣❢♦r❞ ▲❛♥❡ ❑✐❞❧✐♥❣t♦♥✱

❖①❢♦r❞✱❖❳✺ ✶●❇✱❯❑

❘❡❣✐st❡r❡❞ ❈♦♠♣❛♥② ◆✉♠❜❡r ✶✾✽✷✵✽✹

❈✉st♦♠❡r ♥❛♠❡ ❆r♠✐♥ ❉❡❤❣❤❛♥ ❈✉st♦♠❡r

❛❞❞r❡ss

❚❤❡ ❉❡♣❛rt♠❡♥t ♦❢ P❤②s✐❝s ❛♥❞ ❆str♦♥♦♠②

▲♦♥❞♦♥✱ ❖◆ ◆✻❆ ✸❑✼

▲✐❝❡♥s❡ ♥✉♠❜❡r ✷✼✸✽✸✾✶✵✾✺✹✷✹

▲✐❝❡♥s❡ ❞❛t❡ ❆✉❣ ✷✾✱ ✷✵✶✶

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ♣✉❜❧✐s❤❡r ❊❧s❡✈✐❡r ▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ♣✉❜❧✐❝❛t✐♦♥ ❏♦✉r♥❛❧ ♦❢ ❆t✲

♠♦s♣❤❡r✐❝ ❛♥❞ ❚❡rr❡str✐❛❧ P❤②s✐❝s ▲✐❝❡♥s❡❞

❝♦♥t❡♥t t✐t❧❡ ❖♥ t❤❡ ❡①tr❛❝t✐♦♥ ♦❢ ❛t♠♦s♣❤❡r✐❝ t✉r❜✉❧❡♥❝❡ ♣❛r❛♠❡t❡rs ❢r♦♠ r❛❞❛r

❜❛❝❦s❝❛tt❡r ❉♦♣♣❧❡r s♣❡❝tr❛✖■✳ ❚❤❡♦r② ▲✐❝❡♥s❡❞ ❝♦♥t❡♥t

❛✉t❤♦r ❲✳❑✳ ❍♦❝❦✐♥❣ ▲✐❝❡♥s❡❞

❝♦♥t❡♥t ❞❛t❡ ❋❡❜r✉❛r②✲▼❛r❝❤ ✶✾✽✸

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ✈♦❧✉♠❡ ♥✉♠❜❡r ✹✺

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ✐ss✉❡ ♥✉♠❜❡r ✷✕✸

◆✉♠❜❡r ♦❢ ♣❛❣❡s ✶✹ ❙t❛rt P❛❣❡ ✽✾ ❊♥❞ P❛❣❡ ✶✵✷

❚②♣❡ ♦❢ ❯s❡ r❡✉s❡ ✐♥ ❛ t❤❡s✐s✴❞✐ss❡rt❛t✐♦♥ ■♥t❡♥❞❡❞ ♣✉❜❧✐s❤❡r ♦❢ ♥❡✇ ✇♦r❦ ♦t❤❡r

P♦rt✐♦♥ ✜❣✉r❡s✴t❛❜❧❡s✴✐❧❧✉str❛t✐♦♥s ◆✉♠❜❡r ♦❢ ✜❣✉r❡s✴t❛❜❧❡s✴✐❧❧✉str❛t✐♦♥s ✶
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❋♦r♠❛t ❜♦t❤ ♣r✐♥t ❛♥❞ ❡❧❡❝tr♦♥✐❝

❆r❡ ②♦✉ t❤❡ ❛✉t❤♦r ♦❢ t❤✐s ❊❧s❡✈✐❡r ❛rt✐❝❧❡❄ ◆♦

❲✐❧❧ ②♦✉ ❜❡ tr❛♥s❧❛t✐♥❣❄ ◆♦

❖r❞❡r r❡❢❡r❡♥❝❡ ♥✉♠❜❡r

❚✐t❧❡ ♦❢ ②♦✉r t❤❡s✐s✴❞✐ss❡rt❛t✐♦♥ ❱❛❧✐❞❛t✐♦♥ ❛♥❞ ❆♣♣❧✐❝❛t✐♦♥ ♦❢ ❲✐♥❞ Pr♦✜❧❡r ▼❡❛✲

s✉r❡♠❡♥ts ♦❢ ❆t♠♦s♣❤❡r✐❝ ❚✉r❜✉❧❡♥❝❡ ❊①♣❡❝t❡❞ ❝♦♠♣❧❡t✐♦♥ ❞❛t❡ ❆✉❣ ✷✵✶✶

❊st✐♠❛t❡❞ s✐③❡ ✭♥✉♠❜❡r ♦❢ ♣❛❣❡s✮ ✶✷✵ ❊❧s❡✈✐❡r

❱❆❚ ♥✉♠❜❡r ●❇ ✹✾✹ ✻✷✼✷ ✶✷

P❡r♠✐ss✐♦♥s ♣r✐❝❡ ✵✳✵✵ ❯❙❉ ❱❆❚✴▲♦❝❛❧ ❙❛❧❡s ❚❛① ✵✳✵ ❯❙❉ ✴ ✵✳✵ ●❇P ❚♦t❛❧ ✵✳✵✵

❯❙❉ ❚❡r♠s ❛♥❞ ❈♦♥❞✐t✐♦♥s✳

❚❤✐s ✐s ❛ ▲✐❝❡♥s❡ ❆❣r❡❡♠❡♥t ❜❡t✇❡❡♥ ❆r♠✐♥ ❉❡❤❣❤❛♥ ✭✧❨♦✉✧✮ ❛♥❞ ❊❧s❡✈✐❡r ✭✧❊❧✲

s❡✈✐❡r✧✮✳ ❚❤❡ ❧✐❝❡♥s❡ ❝♦♥s✐sts ♦❢ ②♦✉r ♦r❞❡r ❞❡t❛✐❧s✱ t❤❡ t❡r♠s ❛♥❞ ❝♦♥❞✐t✐♦♥s ♣r♦✈✐❞❡❞

❜② ❊❧s❡✈✐❡r✱ ❛♥❞ t❤❡ ♣❛②♠❡♥t t❡r♠s ❛♥❞ ❝♦♥❞✐t✐♦♥s✳

▲✐❝❡♥s❡ ◆✉♠❜❡r ✷✼✸✻✺✹✵✻✾✼✹✸✸

▲✐❝❡♥s❡ ❞❛t❡ ❆✉❣ ✷✻✱ ✷✵✶✶

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ♣✉❜❧✐s❤❡r ❊❧s❡✈✐❡r ▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ♣✉❜❧✐❝❛t✐♦♥ ❏♦✉r♥❛❧ ♦❢ ❆t✲

♠♦s♣❤❡r✐❝ ❛♥❞ ❙♦❧❛r✲❚❡rr❡str✐❛❧ P❤②s✐❝s

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t t✐t❧❡ ■♥str✉♠❡♥t❛❧ ❡rr♦rs ✐♥ s♣❡❝tr❛❧✲✇✐❞t❤ t✉r❜✉❧❡♥❝❡ ♠❡❛s✉r❡✲

♠❡♥ts ❜② r❛❞❛rs

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ❛✉t❤♦r ❆r♠✐♥ ❉❡❤❣❤❛♥✱❲❛②♥❡ ❑✳ ❍♦❝❦✐♥❣

▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ❞❛t❡ ❏✉♥❡ ✷✵✶✶ ▲✐❝❡♥s❡❞ ❝♦♥t❡♥t ✈♦❧✉♠❡ ♥✉♠❜❡r ✼✸ ▲✐❝❡♥s❡❞
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