VALUATION SEMIGROUPS OF NOETHIERIAN LOCAL DOMAINS
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1. INTRODUCTION

Suppose that (R,mpg) is a Noetherian local domain, with quotient field K, and v is
a valuation of K which dominates R. Let I') be the value group of v. We consider the
problem of determining the valuation semigroup

SY(R) ={v(f) | f € R\ mg}.

We give some general results and examples, and give a complete discription in the case
of regular local rings of dimension 2. This generalizes the classification of valuation semi-
groups of regular local rings of dimension two with algebraically closed residue fields
obtained by Spivakovsky in [46].

This article presents recent results of the author, in joint work with Bernard Teissier,
Kia Dalili, Olga Kashcheyeva and Vinh An Pham. It is a write up of a lecture given at
the second international valuation theory conference.

2. VALUE GROUPS

Suppose that K is a field. A valuation of K is a surjective map v : K* — I'), where ',
is a totally ordered abelian group such that for a,b € K*,
1) v(ab) = v(a) + v(b)
2) v(a+b) > min{r(a),v(b)}.
Set v(0) = oo.
The valuation ring of v is V,, = {f € K | v(f) > 0}. The unique maximal ideal of V,, is
m, ={f € K [v(f)>0}.

We will consider valuations v which dominate a Noetherian local domain R whose
quotient field is K; that is R C V,, and m, N R = mpg.
There is a complete description of the groups I'), which are attained.

S ZS K
Theorem 2.1. (Maclane and Schilling ﬁqﬂ"l], Zariski @], Kuhlmann bﬁ}) The groups I',,

attained by such K and R are the ordered abelian groups of finite rational rank.

A totally ordered abelian group G has rational rank e if GQ = G ®z Q ha gi gusion
e as a rational vector space. A fundamental result is Abhyankar’s Inequality aﬁﬁr%ﬁ])

rat rank v + trdeggy, . Vo/my < dim R

If equality holds then I', = Z™!rank¥ (35 an unordered group) and V,/m,, is a finitely
generated field extension of R/mp.
The rank of v is defined as

r = rank v = length of the chain of primeidealsin V,,
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{0}=P1CPC---CPCV,.

We have an order preserving embedding I'), C (R")jex.
The Convex Subgroups of I';, are

®; =T, \{£v(f) | f € Piy1} = (0, x R)) NI,
where 0,_; is the zero vector of length r» — . We thus have a chain

{O}:(I)()C(I)1C"'C(I)TZFU.

3. EXTENSION OF VALUATIONS TO THE COMPLETION

Theorem 3.1. (William Heinzer and Judith Sally P[{B%]) Suppose that v is a valuation
dominating an analytically normal local domain R. Then either v extends uniquely to a
valuation dominating the completion R of R or there are infinitely many such extensions,
of at least two different ranks.

Suppose that K is a field, and V is a valuation ring of K. We say that the rank of
V increases under completion if there exists an analytically normal local domain 7" with
quotient field N such that V dominates T and there exists an extension of V' to a valuation
ring of the quotient field of T which dominates 7" and which has higher rank than the rank
of V.

Theorem 3.2. (C and Olga Kashcheyeva %6], Spivakovsky FZIG] in the case when R/mp is
algebraically closed) Suppose that V- dominates an excellent two dimensional local ring R.
Then the rank of V increases under completion if and only if V/my is finite over R/mpg
and V is discrete of rank 1.

Blowing up may be necessary to obtain an increase in rank.

This gives an interesting case which cannot occur for R with algebraically closed residue
field:

If the algebraic closure of the residue field ¢ = R/mp is not finite over ¢, then there
may exist valuations with value group Z and an algebraic residue field extension which
dominate R such that the rank does not increase under completion.

4. VALUATION SEMIGROUPS

The valuation semigroups

St(v) ={v(f) | f € R\ {0}}

are not so well understood, although they contain much information about the singularity
type of R and the ideal theory of R.

Question 4.1. Is it possible to characterize the semigroups which occur as valuation
semigroups of a valuation dominating a Noetherian domain?
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5. ZARISKI’S NECESSARY CONDITION

ZS
Theorem 5.1. (Zariski, in Appendiz 3 to Volume II of m]) Suppose that R is a noe-
therian local domain which is dominated by a valuation v of the quotient field of R. Then
the semigroup ST(v) is a well ordered subset of the positive part of the value group T, of

ordinal type at most w", where w is the ordinal type of the well ordered set N, and h is the
rank of v.

6. REGULAR LOCAL RINGS OF DIMENSION TWO

We obtain the following necessary and sufficient condition for a semigroup and field
extension to be the semigroup and residue field extension of a valuation dominating a
complete regular local ring of dimension two in the following theorem.

Theorem 6.1. (C and Pham An Vinh E,‘Z]) Suppose that R is a complete reqular local
ring of dimension two with residue field R/mpr = €. Let S be a subsemigroup of the
positive elements of a totally ordered abelian group and L be a field extension of €. S is
the semigroup of a valuation v dominating R with residue field V,,/m, = L if and only if
there exist finite or countable sets of elements 3; € S and «; € L such that

1) The semigroup S is generated by {5;} and the field L is generated over € by {c;}.
2) Let
n; = [G(Bo, ..., 0Bi): G(Bo, ..., 0i—1)] and
di = [B(a1,...,q;)  B(ag,...,a-1)].
Then there are inequalities

Bit1 > idi i > B

with m; < oo and d; < oo.

Here G(fp, ..., ;) is the subgroup generated by [, ..., (.

The assumption that R is complete only appears in the above theorem in the case when
the value group is Z and the residue field extension is finite. This case cannot occur when
R is complete, but may appear if R is not complete.

We give a necessary and sufficient condition for a semigroup to be the semigroup of a
valuation dominating a regular local ring of dimension two in the following theorem.

Theorem 6.2. (C and Vinh An Pham %2], Spivakovsky %16] when R/mpg is algebraically
closed) Suppose that R is a regular local ring of dimension two. Let S be a subsemigroup
of the positive elements of a totally ordered abelian group. Then S is the semigroup of a
valuation v dominating R if and only if there exists a finite or countable index set I, of
cardinality A = |I| — 1 > 1 and elements 3; € S for i € I such that

1) The semigroup S is generated by {f;}ier-
2) Let

ni = [G(Bo, - - -, Bi) : G(Bo, - .-, Bi-1)]-
There are inequalities
Bit1 > 1B
with m; < oo for 1 <i < A. If A < oo then mp < 0.
We deduce from the above theorem a generalization of a result of Noh %45].
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Corollary 6.3. Suppose that R is a reqular local ring of dimension two and v is a valuation
dominating R such that v is discrete of rank 1. Then ST(v) is symmetric.

Example 6.4. (C and Vinh An Pham %?]) There exists a semigroup S which satisfies the
sufficient conditions 1) and 2) of the above theorem, such that if (R, mp) is a 2-dimensional
regular local ring dominated by a valuation v such that ST(v) = S, then R/mgr =V, /m,;
that is, there can be no residue field extension.

The proof of the above theorem gives an algorithm to construct a generating sequence
of v in the two dimensional regular local ring R, and it gives an algorithm to expand a
given element of R in terms of the generating sequence, and thus compute it’s value.

Suppose that v is a valuation dominating a noetherian local ring R. For ¢ € '), define
valuation ideals

Po(R) ={f € R|v(f) = ¢},
and
Py(R)={f€R|v(f) >}
The associated graded ring of v on R is
= P P.(R)/PL(R).
pely

Suppose that f € R and v(f) = ¢. Then the initial form of f in gr,(R) is

in, (/) = f + P} (R) € [ax,(R), = Po(R)/P(R).

A set of elements {F;} such that {in,(F;)} generates gr, (R) as a t-algebra is called a
generating sequence of v in R.

Corollary 6.5. (C, Kia Dalili and Olga Kashcheyeva %}, C and Vinh An Pham) Suppose
that R is a regular local ring of dimension two and v is a rank 1 valuation dominating R.
Embed the value group of v in Ry so that 1 is the smallest nonzero element of S®(v). Let
o(n) = [SEw) N (0,n)| forn € Zy. Then

i P

n— o0 n2

exists. The set of limits which are obtained by such valuations v dominating R is the real
half open interval [0, 1).

7. NORMAL SURFACE SINGULARITIES

At this point we ask if some variation of our necessary and sufficient conditions 1) and
2) for a semigroup to be the valuation semigroup of a regular local ring of dimension two
holds for the local ring R of a normal surface singularity. For instance, if

ap<a <---<aq <
is the minimal set of generators of the semigroup S¥(v) of a rational valuation v, is
aj+1 > 2a; for ¢ > 07

Do the minimal generators (at least) become further apart as ¢ increases?
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Example 7.1. (C and Vinh An Pham EZ?]) Suppose that € is a field and R is the local-
ization of €[u,v,w]|/uv — w? at the maximal ideal (u,v,w). Then there exists a rational
valuation v dominating R such that if

ag < ap < ---

is the sequence of minimal generators of ST(v), then given n € N, there exists i > n such
that

ag
aiy1 = a; + 3
and a;11 s in the group generated by ag,as, ..., a;.

So the minimal generators can be close together, although they must differ by at least
ag
3

Lemma 7.2. Let £ be an algebraically closed field, and let A = €[x?, zy,vy?], a subring of

the polynomial ring B = €[z,y]. Let m = (22, zy,y?)A and n = (z,y)B. Suppose that v is

a rational valuation dominating By, such that v has a generating sequence
Ph=xz,Pr=y,P>...

in €[x,y] such that each P; is a t-linear combinations of monomials in x and y of odd
degree, and

Bo=v(z), 1 =v(y), B2 = v(P),...
is the increasing sequence of minimal generators of S¥(By), with Biy1 > nif; for i > 1,

where n; = [G(Po, ..., Bi) : G(Bo, ..., Bi—1)]. Then

S (An) = aofo +aif +---+aifi|i € Nyag,...,a; €N
m and ag +ay---+a; =0 mod 2 ‘

We define the desired valuation v on B = €[z, y| by constructing a generating sequence:

POZ-%'?PI:y7P2:yg_x5ap3:P23_$18ya"'

where
Py =P} —a% P
with a; an even positive integer, and Sy = v(z) =1, /1 = v(y) = g, Bi =v(P) =b; + %
with b; € Z,, for ¢ > 2, by requiring that 3 divides a; + b;—1 and
4p
b = % > 3b;_1

for ¢ > 2. a;, b; satisfying these relations can be constructed inductively from b;_1.

8. EXTENSION OF VALUATION SEMIGROUPS UNDER A FINITE EXTENSION

In a finite field extension, the quotient of the valuation group of an extension of a
valuation by the value group is always a finite group. This raises the following question:
Suppose that R — T is a finite extension of regular local rings, and v is a valuation which
dominates R. Is S”(v) a finitely generated module over the semigroup S®(v)?

The answer is no.

v
Example 8.1. (C and Vinh An Pham %.72]) There ezists a finite extension R — T of two
dimensional reqular local rings and a valuation v dominating T such that ST (v) is not a
finitely generated ST(v) module.



9. EXTENSION OF VALUATION SEMIGROUPS UNDER A QUADRATIC TRANSFORM
Finite generation also fails under a quadratic transform.

T1
Example 9.1. (C and Bernard Teissier EZU]) There exists a quadratic transform A — B
of regular local rings of dimension two and a valuation v dominating B such that SP(v)
is not a finitely generated S4(v) module.

10. REGULAR LOCAL RINGS OF DIMENSION 3

The semigroups attainable on a regular local ring of dimension 3 are even more com-
plicated.

DK
Example 10.1. (C, Kia Dalili and Olga Kashcheyeva EI?]) There exists a rational valu-
ation v dominating a regular local ring R of dimension 3 such that if

ap < ap < ---

is the sequence of minimal generators of SE(v), then given € > 0, there exists i > n such
that
Qi1 —a; < E.

In this example new generators get closer and closer together.

11. AN UPPER BOUND FOR GROWTH OF REAL (RANK 1) VALUATIONS

DK T2
Theorem 11.1. (C, Olga Kashcheyeva and Kia Dalili Fffi{], C and Bernard Teissier EZT])
Suppose that R is a local domain which is dominated by a real valuation, and suppose that
ag is the smallest element of ST (v). Then forn € Z,

1SE () N (0,na0)| < L(R/ml).
In particular, for n > 0,
|57 (v) N (0,na0)| < pr(n)
where pr(n) is the Hilbert polynomial of R. Thus growth is bounded above by a polynomial
of degree d = dim R.
12. ZARISKI’S NECESSARY CONDITION IS NOT SUFFICIENT

DK T2
Corollary 12.1. (C, Kia Dalili and Olga Kashcheyeva Ffvlg], C and Bernard Teissier EZT])
There exists a well ordered subsemigroup U of Q4 such that U has ordinal type w and
U # SE(v) for any valuation v dominating a local domain R.

Proof. Take any subset T of Q4 such that ag = 1 is the smallest element of T and
n" <|T'N(0,n)| < oo for all n € N. For all positive integers r, let
rT'={a1+ - +ay|a,...,a, € T}

let U = wT = U2,rT be the semigroup generated by 7. U is well ordered of ordinal
type w. By the bound on the previous slide, U cannot be the semigroup of a valuation
dominating a local domain. O

Question 12.2. Suppose that S C Ry is a semigroup which contains a smallest element
ag. Suppose there exist ¢ > 0 and d € Ny such that

1SN (0, nag)| < en?

for alln € N. Is S the semigroup of a valuation dominating a noetherian local ring?
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Of course the dimension of R could be much larger than d.

A semigroup S satisfying the above condition satisfies Zariski’s necessary condition: S is
well ordered of ordinal type w and has rational rank < d.

Question 12.3. Suppose that v is a real valuation which dominates a local ring R of
dimension d. Let ag be the smallest element of S®(v). Does the limit

(1) iy 187 @) N (0, nag)|

n—oo nd
exist?

eR

D A
The limit exists if R is a regular local ring of dimension 2 by H and hQ'ZZ] In fact, the
limit exists quite generally for a domain which is a regular local ring or an excellent local
domain with an algebraically closed residue field, by a very recent result injﬁg].

13. HIGHER RANK VALUATIONS

Suppose that R is a regular local ring, and v is a rank 2 valuation dominating R. Let
®; C I', be the nontrivial convex subgroup of Iy, and let P; C V,, be the nontrivial, non
maximal prime ideal of V,,. Let v1 be the induced composite valuation with valuation ring
V., = (Vo) p,, and valuation group I'),, =T, /®;.

We have a natural surjection A : '), — T'),;. Given ¢ € S (R), define

¢ =min{v(f) | f € R and v1(f) = ¢}.
Suppose that R is a regular local ring of dimension 2, dominated by a rank 2 valuation
v. By Abhyankar’s Theorem, we have that '), & (Z?)}.,. We have that ST (v) is a finitely
generated semigroup, and the function ¢ is eventually linear.
However, the situation is much more complicated when R has higher dimension.

T1
Example 13.1. (C and Bernard Teissier EZU] ) There exists an example of a valuation v
dominating a regular local ring of dimension three, whose value group is T, = (Z?)1ex, and
the semigroup ST(v) is not a finitely generated semigroup.

Further, the function ¢ can be extremely wild, as shown in the following example.

Example 13.2. (C and Bernard Teissier %ﬁ) Suppose that f : N — Z is a decreasing
function, g : N — 7Z 1is an increasing function, and K is a field. Then there exists
a rank 2 valuation v of the five dimensional rational function field K(x,y,u,v,z) with
value group (H X Z)p,, where H = (5572 4 557V/2) C R, which dominates the regular
local ring R = K[x,y,u,v, 2| (3,yuv,z), Such that for any valuation w equivalent to v with
value group (H X Z)j,,, for all sufficiently large n € N, there exists Ay € H N [0,n]
such that (A1) < f(n) and there exists Ay € H N[0, n[ such that ma(Xs) > g(n), where
wo : H X Z — 7 is the second projection.

14. A POLYNOMIAL BOUND FOR GROWTH OF VALUATIONS OF RANK > 1.
Define prime ideals p; in R by
pi=PNR
and for ¢ € I',, define valuation ideals in R

Po={feR|v(f) =¥}
7
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and

P ={feR|v(f) >}

For a < b €T, define

[a,b] ={z €T, |a <z <b}.

T2
Theorem 14.1. (C and Bernard Teissier EZT]) Let R be a local domain and v a valuation
of R which is of rank n. There exist functions s,(€) and s;(&,Yit1, Yit2s---,Yn) for 1 <
i <n—1, such that

Zcpne[o,tnyn[ Zcpnq E[@n,@n"l‘tn;lynfl[
P1E[P2,P2+t1y1] €mg ((P<P1 /P<p1 )po)

II7 g em; (B/pis1)p) yyn, AI(R/pit1)p,
s (1+¢) ?zlo(dim(R/piﬂ)pi)! iy

Jor Yn,yn—1,-..,y1 € N satisfying

(1]

Yn 2 Sn(€)7yn—1 2 Sn—l(Evyn)’ RN 2 31(571927 o 7yn)'
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