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VALUE THEORY WITHOUT EFFICIENCY?

by

Pradeep Dubey,l Abraham Neyman2 and Robert James Weber1

0. Introduction

Recently attention has been focused on generalizations and analogues
of the Shapley value that do not enjoy the efficiency, or Pareto optimality,
property ([7], [9]). This has stemmed from the search for value functions
that describe the prospects of playing different reles in a game (instead
of describing fair division, in which case efficiency is a natural require-
ment). The purpose of this paper i1s to treat the subject from an axioma-
tic viewpoint, i.e., to chafacterize the class of operators that is obtained
by comitting the efficiency axiom from the axioms defining the Shapley value.
We consider both finite-player and nonatomic games. In the finite case,

a complete solution is given; in the nonatomic case, a complete sclution

is given for the important space pRA .

1. The Finite Case

let U be an infinite set, the universe of players. A game on
U is a set function v : 2U + R with v(#) = 0 . We interpret the mem-

bers of U as players and the members of 2U as coalitions. A set NCU
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is a support of v if, for each S CU , v(S) = v(S ANy . A finite

ame is a game which has a finite support. We denote by G the vector
space of all finite games, and by ¢" the subspace of G consisting of
games with support N . Let AG (respectively, AGN ) be the subspace

of G (respectively, GN )} of additive games. (Note that for N finite,

I N

AG ‘

is isomorphic to R , the Euclidean space of dimension IN; whose
axes are indexed by the elements of N . For convenience we shall often
use RN for AGN o)
Given a permutation & of U (i.e., a 1-1 mapping from U onto
itself) define the game 6%*v by (8%v)(S) = v(£S) . Finally define v
to be monotonic if v(S) > v(T) whenever 5 DT .
A semivalue on G is a function ¥ : G - AG such that:
(1) ¥ 4is linear,
(2) vwe* = 8*?_, for each permutation & of U,
(3) 1if v is monotenic, then Vv is monotonic,
(4 4if v £ AG, then VY¥v =v .
These are the linearity, symmetry, monotonicity and projection axicms
({1}, pp. 15-16). The projection axiom is an easy consequence of the more
familiar dummy axiom, which says that if 1 dis a dummy player in v
(i.e., v{(S u i) = v(8) + v(i) whenever i ¢ S ) then (¥v)(i) = v(i)
(We conventionally omit the braces when indicating one-element sets.)
The quantity (¥v)(i) , for i ¢ U, 1is a measure (according to VY )}
of the prospect of having role i in the game v .
Let £ be a probability measure on [0,1] . For any i ¢ U and

any v ¢ G with finite support N , define ng e AG by

(1.1) (¥, = ] pplv(sU 1) - v(s)H] ,
seN\L



where

ol 1 s n-s-1
p, = j t (I-t) az {t)
s
0
(The symbols n and s generically denote the cardinalities of the sets
N and S .) Note that the right-hand side of (1.1) is independent of

the choice of N , so the definition makes sense.

We now come to our characterization of semivalues on G .

Theorem la. For each probability measure £ on [0,1] , ¥ is a semi-

2

value. Moreover, every semivalue on G 1is of this form, and the mapping

£ - Wg is 1-1.

To prove this theorem we first characterize the semivalues on the
vector space of games on a fixed finite-player set. This characterization
has appeared elsewhere (see, for example, {9]). For the sake of complete-
ness, we present an alternative derivation here. Then we proceed with
two different proofs which shed light on Theorem la from different view-
points, Let N CU be a finite set. A semivalue on GN is a function

oY - adt satisfying (1), (2%, (3), (4), where (2%) requires that

?he* = 8*?h for every N-preserving permutation 8 of U .

n n n-lin-1 n
Let pn = (P.y «+ss P_ .} be a vector such that Z p. =1
0 n-1 s
s=0| s
and p" > 0 . Define VNn : GN -+ AG by
P
N . n .
(1.2) (@ = ) p v UL - v(S))
p seN\i

for all i e N and v ¢ GN .



n N . .
Lemma. For each vector p , ¥ n is a semivalue on GN . Moreover,
P
. \ N . . n N .
every semivalue on G is of this form, and the mapping p = ¥ o s

P
1-1.

Proof. It is straightforward to verify that each WNn is indeed a semi-
p

value. Without loss of generality take N = {1, ..., B}, and let N
be a semivalue on GN . Consider the vector space F of symmetric linear
functicons from GN and AGN . For any nonempty S C N, define the game

N

Vg £ G by vs(T) =1 if SCT, VS(T) = () otherwise. It is well-

known (see, for example, Appendix A of [1]) that {VS : P # S CN; is
a basis for GN ; therefore, every element f ¢ F is uniquely determined

by its values on the games in this basis. From the symmetry axiom {2y,

it is in fact sufficient to specify f£(v) for every v ¢ {VS(k) : 1 <k < n}

where S(k) = {1, ..., k} . Hence the dimension of F is at most n .
For each 0 < k < n-1 let W(k) = WE , as defined by (1.2) when
n—ZI.\_l
P = |k ] and p, = 0 for all £ # k . It is clear that each

W(k) £ F and {W(O)’ R w(n—l)} is linearly independent in F . Thus
this set is a basis for F .

Consider WN ¢ F . It can be uniquely written as

N

yoo= COV(O) + ...+ cn—lw(n—l) . Therefore we must only show that
n-1

c =1 and ¢ = (Chy «o.y C ) > 0 ; the desired result will then
o=0 s ¢ n-17 —

n-1

-1 N _ K
s ] Cg o yielding Y =Y 0" Suppose some

P
¢, <0 . Consider w e ¢V defined by w(T) =1 if IT| >k, w(T) =0

follow upon taking pz = [

, N N - :
otherwise. Then for any i e N, (¥ w) (i) ck(W(k)w)(l) =cp < 0

. . . . N
this contradicts the monotonicity axiom (3). Next consider v{ e G .

1}



1

Zocs = V{l}(l) =1 .[j

n
By the projection axiom (4), we must have (WNV{I})(I) =
g

Proof of Theorem la. It is straightforward to verify that each ¥, 1is

a semivalue. Consider any semivalue ¥ . For each finite NC U, ¥
induces a semivalue WN on GI\i . From the preceding lemma we know that

each ?N has the form

oy = U plvis U 1) - v(s)]

sen\i
. n-1, .y
where all pg > 0 and I nsljpi = 1 . Furthermore, it is a simple con~-
s=0

sequence of the symmetry axiom that there is a collection of constants

{p. + =0, ..., n-13 n=1, 2, ... } such that for all 1 ¢ N C U and

s
N N_ n
S C M1, P, = Pg

N

Consider the collection of games {V in G is

defined for any SCNCU by Glg(T) =1 if T?S , and 0 otherwise.

For any 1 ¢ N\S ,

N, -N.,.. . .N_ n
y (vs)(l) =P, = P -

N
For anv given player d ¢ U\N , the game vh can be viewed as a game

S
, Nud ; ,
in G . It is easily shown that for any 1 ¢ N\S ,

SN Nud Nud +1 +1
() = pg o +p, = 8L+ Py

Nud
¥ 8 s s+1

Since WN and WhUd are restrictions of the same operator Y , it fol-

lows that for any 1 € N\8 ,

NN, ,.y - n_ ntl n+l _  Nud N, .
(1.3) ¥ (vs)(l) =P, =P, Ftpr Y (vs)(l)



For notational ease, set @ = p2+l {(for n=20,1, 2, ... )
Obviously, pg determines {an}:=0 . Moreover, using (1.3) it can be

shown by induction that for any 0 £ s £ 1,

o
"

ntl (-l)n'-S o, - [n-s\a + {n-s}an_z + ... + (_1)n—sa

\I
1 J n-1 2 sj

(_l)n-san—sa

n 1

where A is the standard 'backwards difference" operator. Consequently,

we see that every seguence {&n} of real numbers uniquely defines a col-

lection {pg} . It can be shown by direct summation that, for each n,
n-1y n n-1 n
the numbers [ < ] < add to ay . Therefore, the collection {ps}
s=0
will define a semivalue if and only if aq = 1 and all pz >20.

It is well-known (for example, Theorem 4.6 of [3]) that a sequence

{an} (with a., =1 ) and the successive differences (-l)kﬁkun of alil

0

orders are nonnegative if and only if o are the moments of a

Ggs Ops ee

uniquely-determined probability distribution & on (0,1] . Im this case,

1
since each a = f tndE(t) , it follows that each
0

Pt = [ ]e® - [“Is]ts+1 + .+ (DT de()
L

1
[ f@-0)" By . ]
0



Alternative Proof of Theorem la.

It suffices to establish that ¥ is of the form V¥, for a unique
A

probability measure & on ([0,1] . Let i e U be fixed. For each finite

. . ; . Nui
subset N of U\ , Vv induces a semivalue on G , and hence, by

Lemma 1, induces a probability measure ¢y om the subsets of N such

o+ —
that cN(S) = pn 1 . If NCN, then by considering the natural embedding

w

|

=

of GN into G, we have CN(S) = ECE(T) , where the summation runs

over all T for which SCTCYN and TAN=S5. Let {Nk} be an increas-
sing sequence of finite subsets of U\i . The measures on the subsets of
the variocus Nk are "'consistent," and therefore by Kolmogorov's consistency
theorem ([5], p. 94}, there is a sequence of (0,1)-valued random variables

{Yj : je Nk} such that ¢ (8) = Prob({j : Y, = 1} = 8§) . Thus {Yj}

K J

is an exchangeable sequence of random variables. De Finetti's theorem
({41, sec. 9.6.1) asserts that the distribution of every exchangeable in-
finite sequence of random variables is a unigque mixture of distributions

of sequences of independent identically-distributed random variables.

As Prob(Yj = (0 or 1) =1, there exists a unique probability measure

® on [0,1] such that for every finite sequence {Ej : 3 &N of 0O's
1 Esj n-ze,

and 1l's , Prob(Yj = Ej for all j ¢ N) = f t (1-t) JdE(t)
0

= cN({j ey = 1h

It is obvious from the axiom of symmetry that the mixing measure



depends neither on the particular player i , ner on the sequence Nk ,

and thus £ is uniquely determined by Y alone, I:]

This alternative proof provides another view of the theorem. Let
(:,B,P) be a probability space, and {Xi : 1 ¢ U} a familyv of independent
identicallv-distributed random variable distributed uniformly on [0,1]

If v 3 and t e [0,1], define the random variable Av{t) by

™m

Av(t) = v({i : Xi < tl) - v{ii ¢ Xi < t}) . We then have the following

restatement of Theorem la:

Theorem la'. For each probability measure £ on [0,1] there is z semi-

value ?g on G defined by

1
(v (@) = [ Bty |, = t)-de(t) .
0

Moreover, every semivalue on G is of this form and the mapping £ - ?E

is 1-1

The Shapley value [8) is defined as ¢ = L where » denotes

the Lebesque measure on [0,1] . This is the only semivalue which has

the efficiency property: for every N QU and v ¢ e s ¢v(N) = v(N)

Define the bounded-variation norm of a game v ¢ G with support X ,

as ||v|| = inf(v+(N) + v_(N)) , where the infimum is taken over all pairs
Vs V_ of monotonic games for which v = vy T V_ . With respect to this
norm on G , the Shapley value is a continuous linear operatcr of nerm

1. (For any monotonic Vo, V_ € GN such that v = v, T V_ o,

llovll = Tiev(i)| < LGv, (1) + ov_(4)) = v, (N) + v_(N) ; hence

llévl] < ||vil . But for any monotonic v ¢ N, lavl] = v = |v] )

We shall characterize the class of continuous semivalues on G .



Let W be the subset of L _(0,1) of all nonnegative functions g with

1
Jog(t)dt =1
0

Theorem 1b. For each g £ W, the operator ¢g : G > AG defined by
1
¢ v(i) = [ B(v(t) X, = t)-g(t)dt
g 0 1

is a continuous semivalue. Moreover, every continuous semivalue on G

is of this form. The map g - ?g is a linear isometry (that is,

gl = el >

Proof. Consider any g ¢ W and define £ = fgdA . By Theorem la',

Wg = Y%¥ 1is a semivalue. For any v ¢ GN » and monotonic games Vs V_ with
vy s el = Dyl < Tl v, | +Ilve_ ] <

g '(Z~¢V+(i)l'+2l¢v_(i)1) = 1|g1'(v+(N)-+v_(N)) ; therefore,

[|Tgv” §_|]g . vH . Hence Wg is continuous, and il?g“ f_llg” .

Next, consider any continuous semivalue ¥_ ., Select any (rela-

£
tively) open interval J ¢ [0,1] , and assume that E(J) = M-3(J) . TFix

a player i ¢ U, and for each k > 0, select NkC: U such that 1 e N

N
£ G kK be defined by Vk(S) = x(fo, Eﬂ n J

k

1=
and 1hk‘ k . Let v,

M
By the law of large numbers, lim inf ngk(i) 2_%1£(J) =-E-A(J) . There-

fore ¥ vk!? = ZI¥£vk(i)[_3 M« A(J) , while each ilvkl|= 3(J) . Hence,

(AR}

11W€H > M . The continuity of V_ implies that ||W£H is finite. Con-

£
sequently, M = sup{¢(J)/A(J) : J is an interval in [0,1]} <« , and

the Radon-Nikodym derivative di/d3 =g 1is in W . Therefore Y¥_=vy_,

2 g
and HWgH j,ﬁ = HEH . [:
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2. The Infinite Case

All definitions and nctation are according to [1]. Let (I,0)
he & measure space isomorphic to ([0,1], B) , where B is the c-field
of Borel subsets of [0,1] . The members of T are called plavers, the
members of ( coalitions, and set functions are called games. Let BV
be the space of bounded-variation set functions on (I,() . The space of
all bounded, finitely-additive set functions is denoted FA , and its sub-
space of all nonatomic measures is denoted NA . Denote by G the group
of auvtomorphisms of (I,() . For each 6 e G, 6% : BV - BV is defined
by e*v(8) = v(38) . 1f QC BV then Q+ denotes the subset of Q of
all monotonic set functions. A subset Q of BV is symmetric if for
each 6 ¢ G, 8*Q€ Q. An operator ¥ : Q »~ BV is called positive if
W(d+)C: BV+ , and symmetric if for each 6 e G, B8*y = ve* .
Let Q be a linear s&mmetric subspace of BV . A semivalue on
Q@ is an operator ¥ from Q@ into FA such that:
(1) ¥ 1s linear,
(2) ¥ 1is symmetric,
(3) ¥ is positive,
(4) 4if v &£ Q[YFA then VYv = v
We will characterize the semivalues on pNA , the closed sub-
space of BV spanned by all powers of NA+ measures. This space plays
an important role in the theory of nonatomic games, and contains
many games of interest. For example, pNA contains all 'vector measure
games' satisfying appropriate differentiabilitv conditions, i.e., all set
functions of the form fop , where 1y = (pl, ey pn) is a nonatomic
finite-dimensional vector measure and f is an appropriately differentiable

real-valued function defined on the range of u , with £(0) =0 . As
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our main theorem in this section uses notation and terminology related to
the "extension" of a game, we restate here relevant definitions and results
from [1]. I denotes the family of all measurable functions from (I,{)

te ({0,%], B) . There is a partial order on 1 : f > g 1if £(s) > g(s)
for ali s e I . A real valued function w on I with w(0) = 0 1is

called an ideal set functien; it is called monotonic if £ > g implies

w(f) » w(g) . The characteristic function of a member § of ( is de-
noted hg - We will sometimes denote Xg by & and t-xI by t .

It is shown in [1; Theorem G] that there is a unique monotonicity-
preserving linear mapping which associates with each v £ pNA an ideal

set function wv* , such that (v:w)* = v¥w* for all v, w ¢ pNA , and

Wk (f) = [ fedy for all v e NA and £ e I .
1

Denote 3v*(t,8) = (d/dT)-v*(tXI-+r-xs) =0 ° Bv Theorem H of [1]
we know that for each v € pNA and each S & €, the derivative 3v#*(t,8)
exists for almost all t in {0,1] , and is integrable over [0,1] as
a function of ¢t .

Recall that W is the set of nonnegative functions g e L_(0,1)

1
such that f g(t)dt = 1 .
0

Theorem 2, For each g & W the operator ?g : pNA + FA defined by

1
¥ v(s) = [ svx(r,8).g(t)de
& 0
is a semivalue. Moreover, every semivalue on pNA dis of this form., The

map g * Wg cof W onto the family of semivalues on pNA is a linear iso-

metry.
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Proof. Let g € W be given. For v € pNA , Lemma 23.1 of [1] asserts

1 1
that [ |av*(t,8)|+dt < |ivi . Hence i?gv(s)l = | av*(t,$)g()dt] < llg|
0 0

this proves that ‘-}'gv is bounded. If S8, TC€I with SN T =98 then
>vi(t, TusS) = ovx(t,T) + 9v*(t,S) for almost all t . Therefore
?gv(SLJT) = ?gv(S) + Wg(T) , which proves that Wg .takes pNA into TFA .
Linearity of Wg follows from the linearity of the extension as well as
that of the derivative. Symmetry of wg follows from the fact that
a{e#sv)*(t,8) = 3v*(t,88) and thus B*wgv(s) = fav*(t,es)-g(t)dt
= fa(e*v)*(t,S)-g(t)dt = ?g(e*v)(s) . Let v g pNA+ . Then v* 1is also
monotonic and 8v*(t,S5) > 0 ; thus ng is monotonic, which proves the
positivity of Wg . Finally, any u e pNAMN FA is in NA (Corollary
5.3 of [1], and the continuity of the elements of the space AC ([1],
page 205), imply that u isg countably additive). Hence 3u*(t,8) = u(8)
and consequently ?gu = u . This completes the proof that Wg is a semi-
value.

Now, let V¥ be a semivalue on pNA . Let p be a fixed probability

measure in XA . Each £ ¢ Ll induces a game Ve defined by

u(s)
ve(s) = [ f£(o)de .
0

s
In other words, f defines a function T : [0,1] - R by F(s) = f f(t)de ,
0

and Ve = Feu . As f ¢ Ll , F 1is absolutely continuous and therefore
Ve € PNA In analogy with the proof of Proposition 6.1 of [1] it follows
that va = C(f)+*p , where C(f) is a constant independent of u . O0b-
serve that vf+g = ve + vg : thus the linearity of Y implies that C

ig linear. We now proceed to show that C is continuous. Observe that

v

!
]
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]%fo = 1ifHL . Since pNA is internal ([1], Propesition 7.19), it is
1

a closad reproducing space and thus ([1l]}, Proposition 4.3) V¥ is contin-

uous on pNA . That is, there exists a comstant K with ||Wv1%_i K-{}vH .
which in particular implies that [C(£)] = [[C(£)-ull < Kellve]]l = K[
1
Hence C : L1 -+ R 1is a continuous linear functional and therefore is of
1
the form C{(f) = f f(t) g(t)dt for some g ¢ L - We shall show that
0

y = Wg . As was shown in the beginning of the proof, ?g(pNA)CI FA and

}?gv(s)i < g v|| , which implies that Wg is continuocus. For each

fe Ll . sz(t,S) = f(t)+u(S) for almost all t , and thus

¥ v () = w(s) [f(t)g(tydt = C(£)“u(8) = ¥v.(8) and therefore Yvp = W
The linear symmetric subspace spanned by {vf A > Ll} is dense in pNA
(it contains allpowers of WA measures). The operators Y and V¥ are
linear and symmetric and thus coincide on this subspace; as they are also

continuous, they coincide on pNA . It remains for us to show that

geW. For ve NNCFAIpNA, it follows that 3av*(t,5) = v(S)

1 1

Thus ¥ v(S) = ([ g(t)dt)v(S) , which shows that [ g(t)dt = 1 . Let
0 0

B_={t : g(t) < -c} and let f be the characteristic function of B

Then f > 0 and hence Ve is monotonic. But as ?gvf(l) = ff(t)g(t)dt

i."E'X(BE) ( » denotes the Lebesgue measure on [0,1] ) and Wg =y

¥

is positive, it must be that A(BE) = (. As this holds for any ¢ > 0
g 1is nonnegative. This completes the proof that any semivalue ¥ 1is
of the form Wg for some g e W .

Now, forany geW and ¢ >0 there existsa nonnegative f ¢ Ll with

HfHL =1 and Jf(t)g(t)dt= llg|l -¢ . Observe that va|]= HfHL =1 andthat
i 1

levell = llgll-€ 5 nence |le Il > llell . oOn the other hand, for v e prat
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1
}!-e-gvu = ¥ v(D) = fave(t, D +glt)de < |lglif svx(r,1y-de = [Jgll-lvll .

0

In the general case, when Vv 1is not necessarily monotonic, let ¢ > O

+
be given. Set v = u-w , where u and w are in pHNA and

\!vl + ¢ 3_[hﬂ§ + Hw{t; such u and w exist because pNA 1is internal.

|
|
[

1A

Then ¥ vil < [lv ull + [lvgwll < [l clloll + fiwlD < Le!l Clivil + e,

g
and if we let ¢ = 0, \[ng“ :_L|g|' vl ; this completes the proof
of the equality |IW8H = |lgll . []

3. Remarks

Continuous semivalues are diagonal. (The proof in [6] that contin-
uwoue values are diagonal does not make use of the efficiency axiom and there-
fore the same proof works here.) Furthermore, semivalues on closed repro-
ducing spaces are diagonal.

The semivalues derived axiomatically on pNA can also be obtained
from a complementary, asymptotic point of view [2] which links the finite-

player and nonatomic approaches.



15

REFERENCES

R. J. Aumann and L. S. Shapley, Values of Nonatomic Games, Prince-
ton University Press, 1974.

P. Dubey, Asymptotic semivalues and a short proof of Kannai's theorem,
Math. of Oper. Res., to appear.

S. Karlin and W. J. Studden, Tchebycheff Systems, with Applications
in Analysis and Statistics, John Wiley & Sons, 1966.

B. de Finetti, Probability, Induction and Statistics, John Wiley
& Sens, 1972.

M. Lo&ve, Probability Theory, D. van Nestrand Co., 1955.

A. Neyman, Continuous values are diagonal, Math. of Oper. Res. 2
(1977), 338-342.

A. E. Roth, The Shapley value as a von Neumann-Morgenstern utility,
Econometrica 45 (1977), 657-664,

L. S. Shapley, A value for n-person games, Ann. Math. Study 28
(1953), 307-318.

R. J. Weber, Probabilistic values for games, Cowles Foundation Dis-
cussion Paper No. 471R, Yale University, 1978.



