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ABSTRACT

Although nucleaticn phenomena are among the most wide-
spread of all naturally occanring phenomera, even the simplest
of nuclcation processes, homogeneous nucleation, is poorly
understood, particularly the homogene&us nucleation of liquid
droplets from water vapor. Homogeuneous nuclecation involves
only molecules of a single substance and does not include the
complicating effects due to a substrate or piece of foreign
matter. The semirhenomcaological liquid drop thaeories devel-
oved nearly three decades ago differ in relatively minor
details, wvith the crucial element of the theory being the
derivation of the free energy of formation cf the clusters.
The clustcrs are viewed as well-defincd incompressible
spherical droplets which possess bulk properties. Such
considerations do not take into account the details of the
transition region at the interface between the two phases.
Receat quentum statistical correctiorns to the theory are
merely attempts to forrnulatc a hybrid theory containing both
bulk thermodyaanic and quantum statistical consicderations.
This apprcach Zzils to relieve the basic inadequacies arising
from the use of Giltb's ieistion in determining tle free erergy
of formation of a vcry small ciuster.

Extensive oxgerinental observations in the Graduate
Center for Cloud Phvsicy Rescarch have indicated that the

nucloction rave of water droplets from the vapor is nearly
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ten times greater in argon than in helium indicating an
influence of the noncondensiblec gas on the clustering.

Purthermore, this laboratory has found that a charac-
teristic heterogeneous compcnent appears.to be due to the
presence of a few impurity molecules per cubic ccentimetcr;
presumably the presence of a single molecule in a clustav may
increase the probability cf the cluster reaching the critical
size by as much as s factor of 105, Since the heterogeneous
nucleation rate agrees well with the classical Becker-Dering
theory, actual homogencous nucleation of water vapor mzay
well be 10'5 below the predictiorns of the urncorrected class-
ical theory and all the receat quantim statistical ccrrection
" factors to the theory tsnd tc raise the predicted rate by at
least three orders of magnitude. Thus, any agreement between
theory and oxperiment appears to be shattered. Only a mole-
cular theory possosses the capability of dealing progerly
with the macromolecular properties of clusters, especially
clusters containing a few foreign molecules.

In this dissertation, a statistical mecchanical technique
is develnped from which the equilibrium concentrations of
clusters of varicus sizes may be calculated if the hoanding
structure of the clusters can be predicted and the energy
associated with the various ;tructures.are known. A cluster-
ing model for water in the vapor phase is developed by post-

ulating the msintainance of the tetrahedral ccordinaticn of
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hydrogen bonding as observed in ice I. Thec encrgy states
are approximated through the use of estimated stretching and
bending force constants for the bonds as obtained from the
infrared and Raman spectra of ice I. It is hoped that an
exfension of this mcdel will enable one to estimate the
equilibrium distribution of clusters enabling the determin-
ation of the critical nucleus for the homogenecus nucleatiocn
rate theory.

The cluster models presented satisfy the conditions that
the noncondensible gas is able to participate in the cluster-
ing process and an impurity such as hydirogen peroxide is
capable of replacing two water molccules in the cluster,
replacing a single hydrogen bond with the covaleat bond of
the peroxide, enabling the theory to consider quasi-howogerecus
nucleation processes. Such advances constitute only one step
toward handling real nucleation processes such as occur in

nature.
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CHAPTER 1
INTRODUCTION

I-1. Introductory Remarks. Scientists have long been

involved in the study of the formation and growth of liquid
droplets from the vapor phase.1 The physics of droplet
formation is concerned with a number of nucleation processes,
most of which may be identified as heterogeneous nucleation,

in which the droplet is formed on a fragment of particulate
matter which is present in the system. This study is concerncd
with homogeneocus nucleation, nucleation in a system with no
impurities present, and quasi-homogeneous nucleation in which
only a few foreign molecules participate in the clustering
process in addition tc molecules of the parent phase.

Various workers at the Graduate Center for Cloud Physics
Research, University of Missouri - Rolla, have developed
expansion cloud chamber technique to such an extent that more
experimental detail is now available concerning the nucleation
of liquid droplets from very pure water vapor. Allen? has
noted the apgcarance of two distinct aspects cf the nucleation
process. The first he identifies as a form of heterogeneous
nuclzation which occurs on a neutrai center {presumably
individual molecules of scme .reactive substance) and is
supsrimposed on the homogencous nucleation process. Since
this type of nucleation is closely related to the homogeneous

nucleation process, i.e.. no parciculate matter is iavolved,
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it is proposed to refer to this as quasi-homezencous nucle-
ation.

The results of Allen's work cre reproduced in #Figure 1.
1t was expected that for a given starting temperaturc, the
total nucleation occurring for a given sensitive time should
increase more or less exponentially with increasing peak
supersaturation. However, the incrcasec in number of droplets
forned with increasing supersaturation appcars to indicate
two separate nucleation processes. The initial type of
nucleation cannot be sustained in time if a linited number
of centcrs are initially present; the nucleation rate would
decay out with increasing time. This assumption is borac
out in Allen's experiments where the nuclesation was mcasured
as a function of increasing scnsitive time, Figure 2. At
higher supersaturations the effect of the initial quasi-
homogeneous form of nucleation is apparently swampcd by
homogeneous nucleation. In betwcen therc is a transiticn
region. In Figure 3, it can be seen that tae uuclcation rate
agrees closely with the predictinns of the Becker-Doring
theory at cnly one point which lies well within the region
of the quasi-homogeneous form of nucleation. If this inter-
pretation is correct, the actuzl aomogeneovs nucleation rate
for liquid water dropiets from the vapor is at least 10 4 to
10 ° swmaller than that predicted ty the classical thcory.

Allen suggested that the presence cf a neutral mcleculaer
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nucleating center such as hydrogen peroxide may be capable
of participating in the clustering process through hydregen
bonding.

Allen alsc otserved a definite effect due to the non-
condensible gas used in the cloud chamber as indicatedld in
Figure 3. These observations indicate a probable hydration
of the non-condensible gas in the structure of the clusters.
Parungo &and Lodge3 have reported a2 definite influence of
helium and argon on the freezing point of supercooled water.
Thus, the nucieation of water vaper is much more complex
then has been previously supposed.

The problem preserted here is to develop a model for the
clustering of water moliecules in the vapor phase wiich has
the potential for explaining the nuclecation data from the
cloud chamber experiments such as those mentioned above. The
clustering model should be compatible with the liquid and
solid structures and with various physical propertics sucu as
surface tension, capillary behaviour, and transport properties.
The model must be consistent with allied theories for the
properties of water in all three phases if it is to be of any
practical value in understending the nucleation process from
a molecular point of view. Moreover, it is hoped that this
work will provide further insight into the structure of liquid

water.



I-2. Historical Background. Before 1875, there was

general agreement among scientists that foreign particles nmust
be present before condensation could occur. The concept of
homogeneous (or spontaneous) nucleation was not an acceptable
explanation. C. T. R. wilson4 demonstrated experimentally
that homogeneous nucleation existed and that it was definitely
distinct from heterogeneous nucleation. Gibbs® pointed out
the impertance of the idea of the work of formation of a drop
of a new phase within a parent phase. The work of formation
is now commonly called the free energy of formation. Volrer
and Weber.6 following Boltzmann's statistics associated the
number of nuclei present in a system with the exporential
function of the work of formation, and Farkas7 laid the
foundations for the kinetics of nucleation. These ideas were
further developed by V'olmer,8 Kaischew and Stranski,g and
Becker and Doringlo; the latter gave the first kinetic

formula which contained no unknown constart, and which agreed
particularly well with experimental oﬁservation. In 1939,
Volmer!! published his important work Kinctik der Phasenbiléung

and Frenkellz perfected the thermedynamics of embryos, while

the thesis of 313113 developed similar idess.
Several reviews of the classical theory of nucleation

have been written and the general agrezment is that much

14-22

work remains to be done in this area. All of the present

nucleation theory which is in a form suitable for quantitive



comparison with experimental data contains the assumption
that macroscopic thermodynamic quantities may be assigned to
clusters containing only a few molecules. Such treatments

have been characterized as semiphenomenological in contrast

20,23-27

to a truly molecular approach. Various workers have

included the free energy of translation and rotation of the

free gasified cluster and concluded that theoretical nucleation

49 times faster than predicted by the

28,29

rates were abtout 10
classical theory. Other workers also included cluster
translation and rotation but concluded that the correction
factor was only about 104. Courtney22 demonstrates that
monomer loss to the clusters introduces a significant error in
the simplifying assumption of the classical thecory that the

change'in the monomer concentration is negligible. As indicated

in the preceding discussion, the classical theory fails to
give satisfactory agreement with the details of the experiment
so that one might 2xpect that more is involved thar a simple

18 4

factor of 10 or 10" as the case may.be.

Steady state theories as developed by Volmer,8 Weber,6

and Becker aad Doring10 treat the growth of clusters from a
supersaturated vipor of monomers by a series of bimolecular
-reactions in which the clusters grow by the additicn of a
single molecule per reaction. Growth through collisions
between clusters is considered highly improbable because

of the low relative concentration of clusters as compared to



monomers. The clusters develop initially with an increcase
in free energy until a critical size is attainecd, after
which further growth results in a decrease in freec energy.
The nucleation rate is evaluated by introducing the mathe-
matical artifice of breaking down the clusters larger than
the critical size and returning them to the monoma2r state.

Subject to the assumpticn that macroscopic propertics
may be applied to the clusters, the surface and volunme

contributions to the free energy of formation10 are shown

to be
(] . 3 |
AG (r) = &nar° -(dnr kT/3vm)1n S

where r is the radius of a spherical embryo; ¢ is the specific
interfacial free energy; Vv, molecular volume in the liquid;
and S =p/p_ the supersaturation. The actual vapor pressure
is represcnted by p while gw_is the vapor pressure over the
bulk liquid at equilibrium. Figure 4 shows the pehavior of
AGo(r) as a function of droplet radius. Ciusters smaller
than the critical radius, r* are referred to as embryos

while larger dreoplets are termed nuclei of the liquid phase.

Embryos tend to break up into smaller units while nuclei tend

to grow.
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Figure 4. FPree Energy of Formation, Ac°(r) of a Cluster
of Radius r.

The critical radius and free energy of formation of the

critical cluster are found to be
r* = (25vy)/ (kT 1n S)
a6* = (16%av_2)7(3k%r? 1’ )
g* = (3213 5v_2)/(3%°T° 1n 5)

where g* is the number of molecules in the critical cluster.

These results were first obtained by Gibbss who limited their

apnlication to large drops only. Their use for clusters

containing 100 molecules or less is questionable, especially

due to the use of bulk properties in the evaluation of the
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free energy of formation of the clusters. The size of the
critical cluster decreases with increasing supersaturation
-so that the use cof the bulk values becomes even more
questionable at the higher supersaturations associated with
large nucleation rates.

Frenkel12 and Bijll3

applied the law of mass action
(expressed in mole fractions) in order to determine the
equilibriuvm concentrations of the various cluster sizes,

xg = xlg exp(-AGE/kT)

-

where

-
xg’ng/%‘ng 5

and obtained a Boltzmann-type concentration distribution,

o
ng = ng exp(-AGg/kT) o

This is the expression that has been involved in much of the
controversy mentioned on the previous pages. The basic

. o
question is how to properly evaluate AGg.

Volmer and Wbber6 established the nucleation rate, J, in

terms of the rate of collision of a critical nucleus with the

monomers, i.e.,

J = 4wr*2wng*

where », the collision frequeacy, may be detecrmined from

kinetic thecry. The resulting cxpression 1S
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J = a_(4rr*®)[p/ (2vnkT) /2] (p/KT) exp (-4G24/KT)

where m represents .the mass of a single water molecule. The
probability that a collision results in growth (sticking
coefficient) is ekpressed by the factor a.. Becker and

10 and Zeldovichso refined the treatment by considering

Doring
a steady-state cluster distribution and determining the
unimolecular reactions for rate of growth of the clusters

and obtained the relationship

3 = o (p/okT) 2om/n)/2 n_,

in which o is the liquid density and-o is the specific

interfacial free energy. This is the nucleation rate

exhibited in Pigure 3 as the Becker-Doring theory.

I-3. Statistical Mechanical Treatments of Small Clusters.

More recent work has developed statistical mechanical treat-
ments of the thermodynamics of small clusters of monatomic
molecules with no internal structure.31'39 These methods
are of importance in thie present work; however, several
typicail assumptions are not of use to us btecausc of the
ordering introduced by the presence of the Lydrogen tending
in clusters of water molecules.

The cell model, decveleped by Raiss,36 raduces to the

©

computation of the multiple occupation, by molecules, of cells.

This is accomplished by the evaluation of the configuratior
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integral for a supersaturated assembly. The first fragments
of the stable phase are not considered to be spherical liquid
droplets. The volume V containing the gas is divided in%o

cubical cells each having the volume
t = nV/N

where n is a positive number greater or less than unity and
N is the total number of molecules in the system. The con-
figuration integral is then expressed as a sum of terms of

the type

exp (-W/kT) (dw)™

where W is the configurational potential energy and dw stands
for the translational volﬁme element of a single molecule in
configuration space. The series of terms belonging to a single
picture, ( a particular specification of the number of mole-
cules in each cell), are generated by arranging the molecules
differently within their cells or by permuting the N molecules
among the various cells without changing the number in each

cell. It is shown that the distribtution n(g), the number of

cells containing g molecules, is given by
n(g) = (N/n) expi-{kT(n - g + & In[23/ni) + <w(g)>Av]/kT}

where <w(g)>Av js the average mutual-intercell energy per
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g-cell averaged over the environments of all the g-cells in
the configuration picture. The main problem in this approach
is the evaluation of <w(g)>Av. Thesc calculations arc
fairly successful for molecules which are nonpolar and have
molecular interactions which are chiefly of the dispersion
type. The first step is to assume that the averagec distri-
bution of matter in a g-cell is uniform and that the ccll
is surrounded by gas of density N/V. These assumptions arc
not valid when one is concerned with hydrogen bonded, polar
molecules which form highly structured clustcrs.87
Another approach is to treat the gas as a mixturc of
physical clusters containing various numbers of molcculcs.20
The standard procedure in this apprcach is to assume the
clusters of molecules are bound together by their van der
Waals attractions and the mechanism of cluster formation
74

is due to elastic collision processes. The resulting

distribution ng of g-clusters is

n, = Q,(n/Q;)"

where Qg is the independent cluster partition function of a
g-cluster. The problem is to detcrmine the values of the
various Qg's. An approximation vwhich appears to zive
satisfactory results for monoatomic, non-polar gases is to
assume that the total vibrational encrgy of clusters is

distributed uniformly among the various jinternal degrees of
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frecdom so that the mean g-cluster vibrational encrgy, €, is
€ = X kT
. 8

where Xg represents the number of internal degrees of frecdem
of a g-cluster. This assumption wculd be expected to break
dowr if the cluster has interactions present which arc as
strong as the hydrogen bond. Considering the siﬁple harmonic
average energy expression measured with respect to the

ground state vibrational 1eve1,74

€; = ke;Cexp(oy/T) - 1)1

where o; = hvi/k is the characteristic temperature of the
oscillator, the average energy is = 0.9 kT when T = § e, so
the assumption is valid only if T>S5e. Characteristic tenp-
eratures for stretching and bending hydrogen bonds are of the
order of 100-400°K, so the internal modes cannct be assumed
to be completely activated. This requires a detailed know-

ledge of the cluster structure and the characteristic cluster

vibration frequencies.

I-4. Statement of the Problem. The general statist-

ical mechanical treatments of clustering in an imperfect gas
lead to configuration integrals which cannot be readily
evaluated except in a few simple cases. Therefore, little

headway can be made toward evaluating nucleation rates for



real vapors. Morcover, the usual ceil model procedures for
calculating the cluster energy neglect .cell structure and
assume that all the internal degrees of freedom are excited.

The structural coordination provided by aydrogen
bonding, in the case of water molecules, is assumed to provide
the simplification needed to make headway in a proper statist-
ical mechanical trestment of gas phase clustering in water
vapor. It is assumed that clustering proceeds in such a
ﬁanner that maximum symmetry is maintained and only the most
stable configurations of a given cluster size need be consid-
ered.

Physical models for the clusters are built maintaining
closely the tetrahedral coordination afforded by hydrogen
bonding. It would appear from these models that the vapor
phase clusters bear very little resemblance of the structure
found in bulk water. By evaluating the binding energy of
the cluster and by determining the average internal excitation
energy for each cluster under conditions such that the cluster
is in thermal equilibrium with the surroundings, it is
possible to evaluate the free energy of formation for each
cluster species and thereby determine its probability of
formation. Such calculations require 2 knowledge of the
energy of interaction between hydrogen bonded molecules and
information about the effective force constants for the various
modes of vibration. In the absence of reliable theoretical

information, it is necessary to resort to semiempirical
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determination of these parameters.

An attenpt is made to establish a set of empirical
parameters describing the interaction of water molecules in
various states of hydrogen bonding which can be applied in a
consistent fashion to the theoretical. description of water
in all threec phases. The vibration frequencies and libration
(torsion) frequencies of the hydrogen bonded species are
estimated from infrared and Raman $pectra and energy level
assignments are made from an empirical determination of the
hyédrogen bord energy in the water dimer and trimer, utilizing
a virial equation of state for water vapor and a standard
statistical mechanical theory of clustering. With this
information available, it is possible to extend the statistical
mechaniéal treatment to large clusters, determining their
free energy of formation and their equilibrium concentration
provided the very complex vibrational motions of large clusters
can be determined, see Figures 16 through 18. The low
frequency vibrations which possess charactsristic temperatures
in the range of interest contribute most strongly to the
partition function. In these cases it may be most conveniert
to determine these frequencies by experiment with physical
models where the spring constants bear a definite relation to
the molecular species.

In deterniring the free energy of formation of a cluster
there are two primary contributions (1) the negative binding

energy and (2) the positive equilibrium excitation energy.
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In general the magnitude of the equilibrium excitation
energy exceeds the binding energy slightly so that the free
energy of formation is slightly positive as depicted by the
‘classical theory in Figure 4. However, as depicted in
Figure 16, the completed ring structures might be expected
to be particularly stable because they maximize the number
of bonds which increases the binding energy and stiffens the
framework so that the characteristic temperatures of the
vibratien and libration motions are increased. Thus, the
statistical mechanical results would not provide a smcoth
curve for the free energy of formation as is the case of
classical theory, see Figure 4. 1In the case of nucleation,
the determination of the characteristics of the critical
cluster are all important since it determines the nucleation
rate.

Unfortunately, it has not been possible to carry this
ambitious project to completion. The work reported in this
dissertation comprises the determination of the empirical
form of the cluster interaction potential energy and the

development of the clustering model for water molecules in

the vapor phase.
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CHAPTER 11
STRUCTURE AND PROPERTIES OF WATER

In order to develop a clustering model for water in the
vapor phase, a complete understanding of the structure and
behaviour of water in the vapor, liquid, and solid phases is
necossary. The vapor clustering model must be compatible with
the liquid and solid structures if it is to be valid. The
purpose of this chapter is to present the known character-
istics of water in the three phases. This information is

then utilized in the calculation of the cluster binding

energies in Chapter III.

Ii-1. Structure of Liquid Water. Liquid water possesses

several unique prbpertles indicsting a basic difference
between water and most othor liquids. Included are the high
melting and hoiling points, high heat capacity, increase in
density upon melting, and the ability to suvercool. These
properties indicate extraordinary intermolecular interactions
leading to strong association of molecules within the liqﬁid
phase. A review of thcories prior to 1927 lIs presented by
Chadwell.4° The generally accepted explanation of this strong
association is that hydrogen bonding provides the interaction.
An excellent roview o€ the current coacepts cf hydrogern bonding
is presented by Pirentel and McClellan.4l There are two

distinct schools of thought conceruing the structure;42 one
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Figpure 5. The Tetrahedral Coordination of Hydrogen Zonding
as Observed in Ice I.

being the continuum model which best fits the infrared spectrun
of the liquidfzand the cluster mixture model. The continuum
model suggests a gradual weakening of hydrogen bonds by
stretching and bending, while the cluster mixture model supports
an increased number of broken bonds with increasing temperature
posing the problem that one must define when a bond is broken.
The water molecule can participate in four hydrcgen bonds,
two'of them involving the two hydrogens of the molecule and
two the lone pairs of electrons of the oxyzen with the hydrogens
of two neighboring molecules as shown in Figure 5. This

tetrahedral coordination is consistent with X-ray diffraction
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studies and has been assumed by most workers in 1liquid water.
Oster and Kirkwood43 used the tetrahedrally hydrogen bonded
model for water and assumed free rotation about rigid, directed

44

" hydrogen bonds. Pople ° postulated bendable hydrogen bonds

that could rotate and calculated the effect of the first three

4S,refined

shells of nearest neighbors. Harris and Alder
Pople's model to account for polarization resulting from the
distortion of the molecules in a field and obtained excellent
agreement with the observed temperatufe dependence for the
dielectric constant. Haggis, Hasted, and Buchanan46
incorporated a model allowing for some molecules to have no
hydrogen bonds, some having one hydrogen bond, others two,
three and four. 1In other respects, their model was similar
to that of Oster and Kirkwood. This model was also
successful in predicting the behaviour of the dielectric

constant.

TABLE 1

Temperature Dependence of Dielectric Constant, ¢, with
observed and calculated Values.

T 45* Ty a5% 16% obs.
0°C S4.2 71.9 90.7 89.0 §5.0
25 78.2 63.8 79.9 78.3 78.5
62 72.5 53.0 65.7 o 66.1
83 67.5 47.8 59.6 e §9.9

*rofereances.
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The model used by Haggis and co-werkers is the samc as

that utilized by Nemethy and Scheraga47 5

and Eadie in their
work. They obtained excellent agrcement with the experimental
"values of free energy, enthalpy, and entropy, but the
deviation from the specific heat at constant pressure is not
acceptable. Nemethy and Scheraga determined thc'thermodynamic
paraneters of liquid water by means of a simplified statistical
thermodynamic treatment, based on the "flickering cluster"”

48 This .model is satisfactory

model developed by Frank and Wen.
in accounting qualitatively for quantities such as density,
relaxation times, structural changes in solutions of nonpolar
substances, and the accompanying changes in the thermodynamic
parameters.

The X-ray diffraction studies of liquid water indicate
an increase in the number of nearest neighbors over that

49,50

observed in ice. The distance between nearest neighbors

increases from 2.90 A. at 1.5 °C to 3.05 A. at 83 °C. The

standard explanation is that in water the tetrahcdral
structure is partially broken down with near neighbors at
a variety of distances. This effectively increases the
number of near neighbors, and the increase in density due
to the "filling in" effect compensates for the decrease in
density due to the larger intermolecular distance. As the
temperature is incr2ased cbove € °C, two orpposing effects

ccur. The breaking down of the tetrahedral structure
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allows more neighboring mplequles, thus increasing the density.
The increase in molecular distancé tends to decrease the
density, so that at 4 °C the maximum density of water is the
regult of these two opposing effects.

This concept of the '"broken down ice structure" is
certainly very descriptive of the characteristics of liquid
water, and is basicaly the concept adopted by Nemethy and
Scheraga in their work. Cross, Burnham, and Leighton51
concluded from Raman spectra that the liﬁuid contains
considerable amounts of molecules with four, three, and two

2 related the Raman frequencies,

hydrogen bonds. Walrafen
polarizations, and infrared frequencies to a five-molecule

hydrogen-bonded model indicated in Figure 6.

Figure 6. Five-molecule Cluster proposed by'Walrafen52 to

explain the Infrared and Raman Spectra of Liquid Water.
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has suggested a model for liquid water
which is similar in structurc to the clathrate structure
fopnd in a large number of crystalline hydrates. Typical
hyarates are Cl,°8H,0, Kr-6H20, CH,+ 6H,0, and CHC1,°18H,0.
X-ray investigation by von Stackelbs:rg.55'""’6 has indicated
cubic structures with edges of the unit celils be}ng 17 &
and 12 R. The unit cell of these structures was developed by

ClaussenS7

and they consist of pentagonal dodecahedra,
hydrOgeﬁ bonded in a three dimensional framework. Pauling's
model for liquid water is based on the 12 R clathrate
structure. It consists of pentagonal dodecahedra which fowm
eight hydrogen bonds with eight surrounding <cdecakedra.
There are six water molecules in positions (%,%,0), etc.,
each of which forms four hydrogen bonds with molecules of
the four surrounding dodecahedra in such a way that a
complete framework of 46 water molecules per unit cube is

achieved. This structure is shown in Figure 7.

There are two types of cavities; there are two positions
at the centers of the dodecahedra, in which molecules with
van der Waals' diameter not over 5 R may be placed, and there
are six positions where molecules not larger thax 6 R may be
found. Pauling suggests that water may have a structure
bascd on a ccmplex of 21 molecules, 20 of which lie at the

corners of a dedecahedron, each molecule forming three
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Fisure 7 - The Structure of Gas Hydrates Containing a
Hydrogen Bonded Framework of 46 Water Molecules (from
Pauling, reference 53).

hydrogen bonds with the adjacent neighbors in the dodecahedron,
and the 21st forming no hydrog=n bonds and occupying the
central position in the dodecahedron. He says it is not

Recessary that the Jdodccahedra retain the orientations found

in the hydrates. They can be arranged in closest packing
arrays resulting in a density of 1.00 gn/cms. This
particular structure corresponds to a breaking of 16.7% of
the hydrogen bonds as compared to ice. Danford and Levyso’s8

have found excellent agrecement for the radial distribution
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computed for a structure similar to Pauling's model when
compared with the X-ray data over the whole range of
a59

scattering angles. Haste has pointed out that there are

séveral small peaks in the data obtained by Danford and Lévy
that can be explained by a structure containing the pentagonal
rings present in Pauling's model.

Most of the recent experimental and theoretical work
has been concerned with clarification of the problem whether
the liquid state of irater is to be regarded as a mixture of
various structural states existing over distances greater
than molecular dimensions, or a continuous distribution of
variously fluctuating states of intermolecular bonding. A
number of criticisms of the "flickering cluster’” theories

have becn presentesd in the literature.42

The assumption of
equal spacing for the energy levels of the five species
utilized by Nemethy and Scheraga is an over-simplification
because the charge-separation effect in the hydrogen bonding
may cause the energy levels of the five different molecular
species to risc above the erergies of levels derived on the
assumption of equal spacing and a nonlinear increase in

nearest neighbors for each step of bonding may cause unequal
contributions to arise in the bonding energy.

Several two-state theories of water structurc have
been presented.éo'63 Some of these theories picture the

liguid as a mixture of two or more polymerically-bonded

structures where the degree of -polymerization in the
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60

component structures may be large or smqll.61 In others,

the two forms are regarded as either complctely bound or
completely unbound.%4 Pople's model explained the maximum
density observed at 4°C in terms of some "bending in" of
water molecules into the void regions of the ice-like

44

framework of water. His calculation of the radial

distribution curve up to 4.5 f gave results in good agree-

ment with experiment.49
The. treatment of the liquid as a mixture of tetrahedrally

bound molecules in equilibrium with free rotating monomers

64 is called the

such as that givén by Marchi and Eyring
theory of significant structures for liquids. Two approaches
are used, the first being a time-averaging of the effective
properties of one molecule and the other being a space-
averaging of the instantaneous properties exhibited by many
molecules over all the space they occupy. Various thermo-
dynamic parameters such as an "effective' characteristic
temperature are determined by fitting the averaged partition
function to the observed thermodynamic data.

The fact that nonlinear hydrogen bonds which are still
significantly bonded can exist is confirmed by the existence

of such bonds in compcunds such as acetic acid where the

intermolecular hydrogen tonds are linear and the intramolecular

hydrogen bonds are bent.?l The existence of beunt bonds in

known structures casts some doubt as to the accuracy of any



theory which does not allow bent bonds to exist. A
céntiruous listribution of states would seem to be possible
in a model s3llowing for a distribution of hydfogen bond
energios and geometries. This continuum model considers
the average strength of hydrogen bonds in the liquid to be
weaker than in ice as a result of irregular distortion and
elongation, both of which increase with temperature.

Falk and Ford64 present several conviuncing arguments
for a preference of the continuum model over the structerecd
cluster models. They utilize the behaviour of the (0-H)
stretching vibration frequencies with changing temperature
to determine the strength and extent of hydrogen bording in
the liquid. The frequency of (0-H) stretching vibrations is
known to decrease in a regular manner with the strength of
hydrogen bonding.6s Thus, the Raman and infrared spectra of
liquid water provide a means of identifying the propjer model.

The model presented by Sparhaay66 is an attempt to
rectify the various deficiencies of the above models. His
theory is actually a combination of the continuum model
of Pople and the cluster model of Nemethy and Scheraga.
Sparnaay allows bending of the bonds up to some definite
angle, and then defines the bond to be broken if the angle
of bending exceeds the maximum allowed angle. This model
considers liquid water as having a distorted ice structure

in clusters of various sizes.

ﬁeragin and co-worker567 have reported a number of
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anomalous properties of water condensed in quartz capillaries
from an incompletely saturated water vapor atmosphere. The
properties of this type of water include an equilibrium vapor
pressure smaller than that of normal water, pa=0.93ps, a
density of 1.2-1.3 gm/cms, a viscosity of about fiftecn

times that of normal water, and an average coefficient of
thermal expansion nearly 1.5 times the normal valus. The
values of the equilibrium vapor pressure are independent

of the radius of the capillaries indicating that the anomalous
behaviour is due to a voluﬁe phase differing from the normal
liquid phase. By subjecting the column of anomalous watecr
to evaporation, its anomalous character is increased, and

by heating the water to 400 - 500 °C in a sealed quart:z
capillary and then recondensing, the anomalous properties
are preserved. It has been suggested.g3 that this anomalous
form of liquid water might always be present at the surface
of the liquid phase; however, the fact that one is able to
fractionate the anomalous form from the normal form would
seem to disprove this postulate. Since the anomalous form
is more stable than normal water, one might wonder why all
liquid water is not of the anomglous form, unless the quartz
capillaries are directly involved as a catalyst in the
formation of anomalous water. Any theoretical treatment of

the water problem should allow for a unified treatment of

the anomalous water structure.
In sumnmary, the most attractive model of liquid water
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is one similar to that proposed by Sparnaay in which
clusters of various sizes may be present with hydrogen
bonding in various states of elongation and distortion
allowed to exist. Such a structure could be.descrited as

a continuum model, because the definition of exactly what
constitutes a '"broken'" hydrogen bond would dstermine the
size distribution of clusters. This is the type of bonding
to be assumed in the clustering of water molecules in the
vapor state, the-molecules will tend to hydrogen- bond to
one another in the tetrahedral coordination as observed in
ice, but they are allowed to bend as well as stretch in
order to maintain as much spherical symmetry as possible in

the clustering process.

11-2. The Structure of Ice. The crystal structure of

ice has been examined many times, yet there are still
unanswered questions concerning this commen solid. Detailed
reviews of the structure, electrical properties, X-ray
scattering, theoretical structure, and entropy have been

68 70

54
presented by Owston, Bjerrum,69 Lonsdale,

and Pauling.
Ice has scveral known crystal structures similar in character
to those of silica (Sioz). The form which is stable between
;80 “C and 0 °C is a hexagonal structure which is similar

to tﬁat observed in tridymite, a form of silica. Normally,
when one speaks of ice, the reference is to this hexagonal,
tridymits like, ice-I. The crystal structure is a hexagonal

lattice as shown in Figure 8, where each oxygen atom 1S
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surrounded tetrahedrally by four other oxygen atoms. The
hydrogen atoms are distributed randomly bétween the oxygens
even at low temperatures. The structure may be pictured as
a crinkled layer of hexagonal rings in the (001) planes
"separated by hydrogen bonds in the direction of the c-axis.
Another structure for ice I has been reported with a cubic
unit cell. This cubic structure is the same as that of
diamond. The proper identification of these two forms of
ice are ice Ih and ice Ic for the hexagonal and cubic forms
respectively. ‘Bertie and Whalley71 have investigated the
far-infrared spectra in the range 50-360 em ! of ice Ih and
ice Ic made from HZO and Dzo, and of vitreous ice made from
HZO' There is no detectable difference between the spectra
of ice Th and ice Ic. Giguere and Arraudeau72 likewise found
no difference between the spectra in the range 170-4000 cm'l.
Bertie and Whalley71 determined that the far-infrared
spectrum for these forms of ice can be interpreted as primarily
due to translational vibrations which can be represented by

replacing the hydrogen bond with a spring with a force constant
. dyn em 1. To obtain the best fit with the

of 1.74-1.90x10
observed spectral lines, they jantroduced a bending force
constant to represent the coupling hetween the librational
motion and the vibrations.

The librational zontribution is not as well understood.
A broad band with a maximum near 840 <:m'1 has generally.been

attributed to hindered rotations.71 Since this band is quite
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broad, thc resolution is not sufficient to separate the
different frequency components. Each molecule is surrounded
by four molccules with the dipoles tending to point in
nearly the same divection as that of the surrounded: mole-
cule (Figure S). It is shown in Appendix III that the
dipole-dinole interaction per pair of adjacent molecules
averages to -0.75 kcai/mole so that the total nearest
necighbor dipolec-dipole interaction energy in ice is

-3.00 kcal/mole. This suggests that the predominate
librations are probably about the molecuiar dipole axis.
Since no definite value for this librational frequency is
available, we choose to approximate the bonding scheme by

a two-dimensiovnal model with librations about an axis
perpeadicular to the plane containing the bonds. If the
ncarest neighbor molecules are held fixed, the net restering
torque due to 2 rotation through angle o is equal in
magnitude to 4keaze, where a is the intermolecular
separation and ke is the torsional force constant. The

equation of motion is then

2
18 = 4 ky22e
dt
or
naz dze-' = 4 k aze
atl o

The solutions tc this equation of motion are sinusoidal with

2 . . €
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the librational frequency is available, the peak value of
840 cm™l is used resulting in the value of 420 cm™! for the
bending frequency of a singly bonded molecule. This
corresponds to a value of 1.75 x 103 dyn em” L for ke. The

proper torsional force constant would be somewhat larger

due tc the non-planar configuration; however, since no reli-
able value for the librational frequency is available, the

above approximation is used in the present work.

II-3. The Structure of Water Vapor. Water vapor has

been considered to be primarily made up of monomers with
some association present. It is a mixture of molecular
Clusters consisting of moromers, dimers, trimers, etc. The
nonideal behaviour of the vapor may be accounted for by the
change in the total number of particles due to association.
One cannct gain information concerning the clusters in the
vapor because the cluster concentration is extremely small
in the undersaturated vapor. Hall and Dowling35 have been
successful in attributing the observed far-infrared spectrum
of water vapor to the pure rctational spectrum of monomers.
One cannot expect to gain information about dimers or trimers
from the infrared spectrum, because any lines present in the
spectrum would be hidden in the noise of the background.
Since water vapor is an associated gas, one might gaip
infcrmation about the clusters if the cluster structure and
bond energies were known. Fortunately, the hydrogen bonding
scheme of the water molecule provides simplification which is

needed to mazke possibkle a satisfactory theory for the clustering
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process in the vapor.

The equation of state may be developed in terms of
the concentration equilibrium constants. This sort of
development has been discussed many times; for example, the

results reported by Woolley92

include an expression for the
equation of state of the vapor in virial form. In this sort
of approach to the problem, the non-ideal behaviour of the
water vapor can be accounted for by considering the vapor as
an ideal mixture of molecular clusters Ag(g-l,z,s,...),

subject to a set of reactions74

>
(=5
+
S
[
44+ 44
>
N

Az + Al A3
Ag-l* A + Ag

which result in an equilibrium distribution of clysters
. with the g-cluster equilibrium constant, Kg = ngl(nl)g.
n_ is the equilibrium concentration for the g-clusters. The
tgtal number of molecules of the gas is related to the number

of g-clusters, N_, by

g’

N = ng‘lg

g

Since each g-cluster may exist in several differcnt config-
urations, Ng inciludes clusters of all configurations contain-

ing g molecules.
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If we assumie that the volume occupied by the clusters is
negligivle compared to the volume available and each subsystem
of g-clusters beohaves as an ideal gas, i.e. pg = nng, then

/KT = = K_(n,)% .
¥ 223 g :g: g1

Since

N/V=n= = K (n)% ,
n ‘2; gn, %; gk, (ny

dividing p/KkT by n, yields

p/nkT = [ 3 X, (n)E1/1 Egj 2K (n;)%]

g
or
. - 3 3
P/NkT = 1 - K,n; + (2K, - 2K n 2+ (4K, + TK;K5 - 3K,)ng
+...
By inversion of the series n = ngg(nl)g, a series for n,

is ecbtainad

. 2 . .3 -
n, = n - 21\2n2 + (8K,% - 3Kpn® + ... A

Substitution of this series for n, in the expression for p/nkT

yields an equation for p/KT in a power Serics of n,

2

2 .3 ; ) 4
P/ET = n - Knf 4 (4K,° - 2K 3+ (-20K,° + 18K K - 3K,)n

+

Inversion of this series gives

n = p/kv ¢+ Kz(p/k'l')2 + (-ZKZz + ZKs)(p/kT)3 ® s 3
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which may be used to obtain an expression for pV/NkT:74

PV/NKT = 1 - K,(p/kT) + (3K,% --2K;) (p/kT)? +(-10K,°

+12K,K, - 3K,) (p/kT)> + ... 5

This equation provides a means of estimating the concentration
equilibrium constants for an associated vapor.

' has determined the coefficients up to the

Keyes
third order in p/kT by terminating the series at (p,’kT)3 and
obtaining the best fit with the observed p-V-T characteristics
of undersaturated water vapor in the temperature range 0°C -
150°C. The values determined by Keyes should give good
values for the second equilibrium constant and fair resuits
for the third equilibrium constant, because errors in the Kz
coefficient will contribute .to errors in the calculation of
the third equilibrium constant since K2 is squared in
the third coefficient. If the fourth equilibrium were
~determined from Keyes' equation of state, it would not be very
accurate at all. Not only does K23 and K,K; occur, but the
termination of the series contributes to errors in the value
obtained for Ky- The results of Keyes' work are indicated in
Table IT. The values of the second, third, and fourth
equilibrium constants as calculated from Keyes' equation of
state for water vaper are given in Table III. The vapor
cluster model developed in this study must be capable of
Predicting these equilibrium constants which have been obtained

from experimental observation. In other words, this data
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TABLE II

The Coefficients of the Pressure Series for the Equation of

State of Water Vapor as Reported by Keyes.

73

PV/RT = 1 + B (p/RT) + B,(p/RT)? + B, (p/RT)"

) A e — e i - > —

T (°C) —Bl(cmsgm'l) -Bz(cmsgm'l)2 -Bs(cmsgm'l)3
0 102.93 2.89x10° 2.83x107
10 84.34 1.52x10° 1.20x10’
20 70.27 0.85x10° 0.55x10’
30 59.42 a.98x104 0.27x10°
40 50.89 3.04x104 0.14x10’
50 44.08 1.93x10* 7.28x10°
60 38.57 1.25x10% 4.06x10°
70 34.04 0.85x10* 2.37x10°
80 30.29 5.92x10° 1.42x10°
90 27.14 4.21x10° 0.88x10°
100 .24.48 3.06x10° 5.53x10%
110 22.20 2.27x10° 3.57x10"
120 20.24 1.71x10° 2.36x10%
130 18.54 1.31x10° 1.69x10%
140 17.06 1.02x10° 1.08x10%
150 15.75 0.81x10° 0.75x10?
The units of volume are expressed in cubic centimeters
per gram and the units of the gas constant, R, are in ergs
per gran per degrec Kelvin in‘Keyes' wozvk.
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TABLE III

The Values of the Second, Third, and Fourth Equilibrium
Constants as Determined from the Equation of State of Keyes *#

L
T (°C) K, (cm's) Ky (cm'6) K, (cm'g)
0 3.079x10°21 | 1.44x10740 1.93x10°90
10 2.523x10° %1 | 7.76x10"41 8.38x10 81
20 2.102x10°21 | 4.47x10741 3.94x10° 91
30 1.777x10°21 | 2.49x10°41 1.83x10°51
40 1.522x107%1 | 1.71x10°41 1.05x10° 81
50 1.319x10°%1 | 1.12x10741 5.80x10 82
60 1.154x10"21 | 7.50x107%2 3.36x10° 52
70 1.018x10" %1 | s5.36x10" %2 2.04x10° 52
80 0.906x10"21 | 3.88x10°42 1.29x16°52
90 0.812x10°21 | 2.87x10"%2 8.33x10° 93
100 0.732x10"21 | 2.17x107%42 5.54x10 %3
110 0.664x10"21 | 1.68x10742 3.81x10°93
120 0.605x10"21 | 1.31x10742 2.64x10° 83
130 0.555x10° 21 | 1.05x107%2 1.91x10°93
140 0.510x10" 21 | 8.46x10743 1.38x10°93
150 0.471x10"21 | 6.59x10743 9.61x10 %4
* The values of the concentration equilibrium cunstants
at the various temperatures are calculated using the
equation of state developed on Page 37 in conjuction with
the equation of state given in Table 1T.
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should provide a test of the theory for the first few clusters.

II-4. Summary of Concepts to be Utilized in This Study.
.The basic concept to be utilized in this work is the strong
tendency of water molecules to form hydrogen bonded clusters
as evidenced in the various physical properties of liquid
water. The vibrational frequerncies for stretching and bend-
ing of the hydrogen bonds are determined by using the force
constants which are supported by the infrarcd and Raman spectra
of ice I and liquid water. The prescence of actual physical
clusters in the vapor enables one to develop an cxpression for
the vapor partition function.

The empirical equation of statc developed by Kcyes73 in
conjunction with the above information provides the nccessary
information to estimate the temperature dependence of the
dimer and trimer binding energies. These binding ecnergies have
contributions due tc nearest and second nearest ncighbor

interactions enabling one to estimate the binding ercrgies

for larger clusters.
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CHAPTER 111

DEVELOPMENT OF STATISTICAL METHOD AND DLTERMINATION
OF HYDROGEN BOND ENERGIES

The partition function for a system of molecules involved
in chemical association or physical clustering in the vapor
phase can be evaluated if the cluster binding encrgies and
internal vibrational modes are known. In this chapter, the
expression for the partition function is developed and the
concentration equilibrium constants are found in terms of the
partition function. It is shown that the partition function
is strongly dependent on the cluster structure and encrgy.

In order to develop a clustering modcl and to determinc thc
cluster binding energies, the properties of water reviewcd
in Chapter II are utilized. A general expression for the
cluster interaction energy is developed and the vapor phasc
Clustering model is presented in Chapter IV.

Several approximations must be made in the development,
but the resulting values found for the dimer binding energy
provide excellent agreement with values calculated by various
workers79'81 using several different quantum mechanical
techniques. This agreement provides the necessary support
for the assunptions made in this calculation. There are
no known accurate calculations for the trirer interaction
energy, so no comparison with quantum mechanical theory is

available. It is hoped that such calculations will be
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available for comparison in the near future. Otherwise, one

must procecd assuming the trimer energy is correct.

III-1. Statistical Thermodynamic Considerations. The

equiiibrium constants, Kg, can be relgted to the cluster
partition functioa which, in turn, requires a detailed
knowledge c¢f the cluster structure and intermolecular forces.
This infermation may be determined for small clusters using
the equation of state for water vapor. In the undersaturated
vapor the exient of molecular association is relatively small
and contributions to the equation of state is due mostly to

small clusters.

The general expression for the partition function of a

; . 74
systein consisting of N particles 1s

"SN‘ -»> -> - -> ->
mlh / P [ exp[-E(i"l...?n,Bl...pN)/kT]drl...ledpl...de
- v

where h is Planck's constant, E is the total energy of the
system, ;i are the position coordinates of the molecules, and
Bi are the momenta. The integrations over the momenta are

from -=» to +» while the coordinates of position span the

volume V of the system. The energy, E, is separable in terms
g g . 74
of the momenta, but not in terms of the position coordinates,

re
E = Z piz/Zm cu(E .. T

1

In the physical cluster model, the interactions betwecn
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two molecules not in the same cluster are neglected, so that
the potential energy, U, may be separated into independent
terms, one for each cluster. The position coordinates in a
given term are thcse belonging to the molecules in the cluster
to which the teim corresponds. The energy may then be

written as a sum over the Ng clusters.74

g
2 -»> <+
{Ng[ji: Pig /2Zm + Ug(rlg"'rgg)]}

5

E =
or

E = N E .

g8

The N! in the denominator of the expression for the
partition function on page 42 is due to the fact that the
water molecules are not distinguishable, and the integration
is performed as if the molecules were distinguishable. The
number of ways N indistinguishable ﬁolecules may be
partitioned among a particular distribution of clusters

(Ng of size g) 1574

N!N
fg" (g1)"8 Ng!

where g! counts permutations within a g-cluster and Ng!

counts permutations of identical clusters. Since the

integrations in the partition function are performed over
all of these indistinguishable configurations, the proper
value is obtained by performing the integration once for

the distribution and then multiplying by the above factor,
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and sumaing over all possible distributions. The partition

function may ther be expressed as’4

Q=Z'ﬂ"‘;"_l.[__ / /exp(E/kT)dr ...dpgg]ug}
PR UV v RN N

8 g N

wvhere Qg is the single g-cluster partition function.

The individual cluster partition fuaction contains contri-

gt; bulk rotation,

internal vibrations and rotatiouns, Qgi; electronic

butions due to bulk cluster translation, Q

Qs
encrgy levels, Qge’ and nuclear energy levels, an; that is74

@ _g0
Q = QueQ,01QeQ, SxP(-E/KT) .
Here, Bg is the cluster binding energy measured with respect

to the energy when all molecules are completely separated.

; . g . . 74
The cluster translational contribution is given by

Qe = V' (2ngnkT) /%2 073,

where V' is the total volume available to the vapor. Fcr the
present study, the volume occupied by the clusters is con-
sidercd negligible comparsd to the volume of the system;
hence, V' = V. The zluster rotational contribution to the

partition function is given by '
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_ o 2 3/2 1/2 3
8 (2vkT) (AgB.Cp) /o h

Q LA

gT

where Ag’ Bg’ and Cg are the princiﬁal moments of inertia
and g is the rotational symmetry number of the g-cluster.
This expression is valid for the temperature range of interest
in this study. The internal vibrational and rotational
contribution is expressed as

Q; = &/ TT XDry 1;)‘ Ya 8
where rg represents the number of dif{ferent orientations
possible for the molecules in the g-cluster. This factor is
necessary because the hydrogen atéms have four sites
available and one would expect a random distribution for these
positioﬁs subject to the particular structure considered. The
factor (g!/ f?‘ixsl) is the number of permutations of the
g molecules dgstributed among indistinguishable positions in the
" cluster, hhere g = Z X ,and Xg is the number of molecules in
the equlvalent pos1t10ns s (see F1gure 10). The terms fgm
.are the internal vibrational and rotational contributions to
the cluster partition function, given by74

(8~ Igka)k/a hz,(free rotation about a

£ single hydrogen bond)
- N

m
e Zm_ exp(-E:m/kT), (vibrations and/or
n

librations)

where n is the quantum number identifying the energy levels
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allowed in tﬁe vibrational and librational states, I 0 is the
moment cf inertia of a molecular group about a single hydrogen
bond. The nuclei are assumed to be in the same ground states
as ‘the separate molecules and the shift in electronic ground
states is accounted for in the interaction potential energy
such that.an = (Qm)g and Qge= (Qle)g. Earlier statistical
calculations have ngglectéd the electronic shift completely,22
this work considers the influence of bond strength on the

(0-H) vibrational levels accounting for part of this shift,

Letting
; 0
ag = (QgeQuQqy/Ve!) exp(-Eg/¥T)

and using the expressions for Q and Qg above, the partition

function for the system can be written

Q= Y, @ [T waplers - P IE”

N
Ng 8 . g
The equilibrium distribution among the clusters is determined

by finding the maximum term in the above series subject tc

the condition that the total number of molecules, N, be

74

conserved. This may be accomplished by maximizing 1ln Zy ,

g

_ 9ln = = Z rve v 0 1n(N _I_I.]AN =0
4 lInz = 5—N; AN, ® ; [In{Vag) y—”NES 5
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or, applying Stirling's approximation, In(X!) =X 1n X - X,

Z[lnw)-lnu' AN-El A =

: g gl Vg s (n(Vag/Ng) aNg =0 .
To determine the equilibrium concentration of the g-clusters
as a function of the number of monomers, onc inserts AN, = -g

and ANg = +1 into the above expression with all other

A Ng = 0, and obtain

-g In{q,V/N,) + 1 -

g 1n(q,V/N;) n(qgV/N;) = 0
or, since ng=Ng/V and Kg=ng/n1g,

- g
Kg qg/ (ql) .

This expression is valid if one may represent the vapor
as a systea of physical clusters and the total volume occunied
by the clusters is negligible when compared to the volume of
the system under consideration. For cloud chamber experiments
this should be a fair approximation until catastrophic
condensation is initiatéd. The errors introduced by these
approximations arc certainly smaller than those introduced
by assuming bulk liquid properties for small clusters. The
statistical mcchanics of the molecular clustering process
shbatd be able to overcome the difficulties of the current

nucléation theories in spite of these small errors.
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Thus, one has an expression for the concentration equilibrium
constant which requires the detailed knowledge of the struc-
ture, binding energy, and Qxcitation energy levels of the
various g-clusters.

1I1-2. Assignment of Internal Energy Levels. The

empiricel Jdata needed to calculate the equilibrium constants,

K , includes the cluster binding energy, E%; the vibrational

g . 8
energy levels, Bgm’ B1 Bg, the cluster moments of inertia,
Ag’ Bg, Cg; and the moments of inertia for internal rotations,

Igm. These quantities are strongly dependent'on the config-
uration characteristics of each type of cluster.

The cluster binding energy provides the initial
difficulty, because there has been some disagreement among
the various published calculations of the dimer bond energy.
The larger clusters will include energy terms due to the
coupling through multiply bonded molecules, and the second
nearest neighbor interaction energy in directions away from
the direction of the hydrogen bond is not available.

The procedvre in this work is to determine the dimer and
trimer binding energies through the use of the empirical
concentration equilibrium constants of Table III, page 39.
In order to accomplish this, one solves for Bg in the

expression defining qg on page 47 and utilizes the fact
that Kg-q'/(ql)g to obtain

EQ = kT 1n[Qu,Q,,Qu:/VK (a))? g!] :

thgr
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The cluster librational and vibrational energy levels,

Ezm, can be estimated from the observed frequencies in the
infrared and Raman spectrum of ice I. The stretching force

1 s 1.74-1.90x10%

4 1

constant reported by Bertie and Whalley

dyn cm'l. Calculations based on both 1.74x10" dyn cm ~ and
1.90x104 dyn cm™l are made and the deviation between the
results is smaller than the experimental error in the
empirically determined equilibrium constants. As indicated
.in section II-2, the libretional freqpengies have not been
resolved well enough to assign an accurate value to the
bending force constant. The approximate value of 1.75x10°

1 is used in the calculations, and this is certainly

dyn cm”~
the most questionable quantity used in this work. Even the
neglect of coupling between stretching and bending vibrations

probably introduces a smaller error. The cluster bending ané

] ; p 71
stretching potential energy is written

: 2
V= (1/2)k, ‘1:, ;0 ¢+ (1/2)kya’ %: 055°
where Tij is the change in the distance between nearest
neighbors i and j, o is the equilibrium nearest neighbor
distance, and 3ij is the net bending angle for the hydrogen
bond. The amplitude of vibration is assumed sufficiently
small so that the ccupling between the translational
vibrations and librations can be neglected. Free rotation
is allowed about a single hydrogen bond.

The coordinates nccessary for the dimer are indicated
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in Figure 9a. Using the approximate general expression for
the stretching and bending potential energy, the Lagrangian

for the dimer is written
L= e 7 v malG2 4% -k (x ¢+ 92 - nkgal(e ¢ ¢)2

with the resulting equations of motion

mx + kr(x +y)

my + k_(x +y)
-mé + k (o + ¢)

L
o o O o

m$ + k(e + ¢)
The solutions to this set of equations are w. = (Zk /m)k
and wy = (Zk /m)& for the stretching and bending modes
respectively. The energy levels are approximated by the

simple harmonic energy levels, giving

Brg'm=‘limm (3+n); n=0,1,2,... i

The trimer energy levels may be estimated by the same

technique. The necessary coordinates are indicated in

Figure 9b. The approximate trimer stretching and bending

potential energy is

V = ’skr(x1 + x,cosko + yzcos&a)2 + kkr(-xzsin&a + y,sinka +

: 2 - -
#xg)® v wkgal(o) - 0p) "+ ukga®(ey, - 85)

where o = @y * 855 - 0y and a  is the equilibrium angle

between hydrogen bond directions, 109.5°.
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a. Internal Coordinates of the Watetr Dimer.

b. Internal Coordinates of the Water Trimer.

Figure 9. The Internal Coordinates of the Water Trimer and
Dimer.
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The Lazrangian is then

2 o 2 o ° '}
i vilkay  * fyg

--’skr(xl + xzcoslsa + yzcoslm)z . l,kr(-xzs'inlm +yzsjnlm +
2 2

2 2 2

L = sm(%, + %) + ama?(§ 2 + 852

resulting in the equations of motion (neglecting the coupling

terms; i.e., Por 959 %< L and X1s X35 Yps X5. < a Yo

mil + ko(x; + X,coska  +y,coska ) = 0

mfz + kr(xlcoskao *X; - Xgsinka ) = 0

sz + kr[xlcoskao + xz(coszkao - sinz&ao) *y, ¢+ xssingap?
=0

mfs *+ k. (-x,sinka  + y,sinka +.x3) =0

m'e"1 + ky(0; - 8,9) =0

m821 - ky(e; - 859) =0

miyp *+ ky(0gp - 83) = 0

m83 - k(6,5 - 85) =10 y

In Appendix I, the above set of equations is sclved with the
result that the solutions for the vibration fregquencies yield
(kr/m);i for the four translational vibration frequencies and

(Zké/m)% for the four librational frequencies.

The ground state vibrational levels, Eg and Eg, include
the contributions due to the internal vibrations of the water
molecules. The frequencies of these vibrations are dependent
on the strength of the hydroger bonds in which each molecule

Participates. Consequently, the two stretching modes, v,
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and Vg, Lhave been observed to shift downward and the bending

mode, v,, upward, with respect to monomeric molecules in the
vapor state. The values of the frequencies of a monomer

are, respectively, v, = 3652 em™1 1

> Vo = 1592 cm” , and vy =
3756 cm”! while the corresponding values in ice I are vy =
3210 cm'l, v, = 1640 cm'l, and v, = 3302 em 1, Furthermore,
hydrogen bornd lengths ranging from 2.49 R to 3.36 R have
been reported in various compounds and experimcntal evidence
implies that a hydrcgen bond length determincd in one phasec
cannct, in general be assumed to apply in other phases.
Consequently, since the internal vibration frequencies depend
directly on the bond strength which, in turn, is a function
of the bond length, and due to the lack of experimental data
of the actual bond length for the water dimer and trimer in
the vapor phase, calculations for the dimer are made for
several values of the intermolecular separation. The
dependence of the intramolecular vibrational frequencies on
the bond distance can further be demonstrated by examining
the variation of the (0-H) stretching frequency with kaown
hydrogen bond lengths, R(0-H...0), in various hydroxides,

as given in Table IV. For ice I, the frequencies of

3210 cm” ! and 332 cm™! at bond length, 2.76 R, fit well

in the general trend indicafed by the tablc. Using the
average value of 3256 cn ! for ice I and the other data of

Table IV, the following empirical relationship for the

shift in the (0-H) stretching freguency is obtained by
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means of a graphical fit,
dvg = -(1.46 x 10%) r"14-8 p°1 |

' Various values of dv,, calculated from this equation are
also listed in Table IV. In the clusters, the stretching
frequencics of the molecules bonded through an electron pair
are assumed to be 3704 cn'l, while those of a molecule bonded
.through a proton are assumed to be (3704 + Avs) cn'l.

, and C_ also

l"Bl 2
depend upon the length of the hydrogen bond, according to

The clustor moments of inertia, A

the following relations which are developed in Appendix II,

A, = B, = 5.97 x 10739 R? (g ca?)

C, =3.41 x 1074 (g cn®),
where Az and B, are the moments of inertia about axes
perpendicular to the hydrogen bond axis and C2 is that about
the bond axis. The internal moments of inertia about the
bond axis are 1.44 x 10°%0 g ca? and 1.97 x 10749 g ca?.
In the trimer, the factor CASBSCSJk is equal to 8.10xR3x10°59
while there are internal rotations present also.

There is only one way the molecules can be oriented in
the dimer so that ra= 1. In the trimer, there are three
possible orientations allowed as indicated in Figure 9
resulting in r; = 3.

III-3. calculation of Dimer and Trimer Bond Emergies.

The dimor and trimer potential energies are calculated

using the parameters in Table V. The dimer hydrogen



TABLE IV

5S

Variation cf the (0-H) Stretching Frequencies with the

Hydrogen Bond Length in Various Hydroxides as Reported by

Glemser and Hartert75 and as Calculated by the Empirical

Equation, v = 3704 - (1.46 x 109) p-14.8 (cm'l).

Compound v (0-H), em” Y| v (0-H), em™! |R(O-H...0), R
'Observed75 Calculated

a-FeQOH 3049 3022 2.68

vy -FeO0H 3125 3102 2.70

Ice I 3256 3269 2.76

Y-AI(OH)3 3312 3313 2.78

Nd—(Ol-!)3 3473 3494 - 2.90

La—(OH)3 3473 3494 2.90
3473 3494 2.90

[¥-comyq
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Pigure10. The Three Possible Orientations for the Water
Molecules in the Trimer.

TABLE V

Parameters used in the Calculation of the Dimer and Trimer
Potential Encrgies.

r, =1 ry =3

o, = 4 o3 = 2

I,, = 1.44 x 10740 Iy, T~ 1.50 x 1074

I,, = 1.97 x 10740 Tgqo Igq= 1.53 x 107°°

wyy = 2 8 (2k /m)1/2 g = 4 € (kr/m)”j
1/2

2 @ (2k,/m)1/2 4 0 (2k,/m)
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bond energy is computed for various values of intermolecular
separation, R(O-H...0), and at temperatures ranging from 0°C
to 150°C. The results are listed in Table VI for R = 2.80 R,
2.85 &, and 2.90 . It is well known that the hydrogen bond
length of a dimer in the vapor phase is greater than that in
a condensed phase, such as in crystals. For example, the
hydrogen bond length for a vapor dimer of formic acid and
acetic acid is 2.73 & and 2.76 &, respectively, while in the
crystals, these distances are 2.58 R and 2.61 2,76'33 both
demonstrating a ratio of 1.06. There is, however, no
experimental data for the cluster bond lengths for water in
the vapor phase, but one would expect a similar behavior for
water vapor and ice. If use is made of the ratio 1.06, the
hydrogen bond length for the water dimer in the vapor phase
at 0 °C would be 2.92 R which is very nearly the nearest
neighbor distance observed in liquid water on the basis of
X-ray diffraction data.49’SO The distance between nearest
neighbors increases from 2.90 R at 1.5 °C to 3.05 R at 83 °C.
The calculations of cluster potential energy at 2.90 ! ‘should
be quite close to the correct values for water vapor.

For purposes of comparison, the hydrcgen bond energies
calculated by various workers have been listed in Table VII.
The calculations by Coulson and Danie{sson,79 McKinney and
Barrow,gp and Grahn81 are made without the (0O-H) ground
state vibrations present in the dimer so that their values

should compare favorably with ¢he present work if the



TABLE V1

Cluster Binding Energies for the Water Dimer in the Vapor

Phase, Eg, (kcal/mole).

e
T (°C) R =2.80 R R = 2.85 & R = 2.90 R
e -5.12 -5.22 -5.29
10 -5.12 -5.21 -5.28
20 -5.11 -5.20 -5.28
30 -5.11 -5.20 -5.27
40 -5.10 -5.20 -5.26
50 -5.10 -5.19 -5.26
60 -5.09 -5.19 -5.25
70 -5.09 -5.18 -5.24
80 -5.08 -5.17 -5.24
90 -5.08 -5.17 -5.23
100 -5.07 © -5.16 -5.22
110 -5.06 -5.15 -5.21
120 -5.05 -5.14 -5.20
130 -5.04 -5.13 -5.19
140 -5.03 -5.12 -5.18
150 -5.02 " -5.10 -5.16




TABLE VII
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Dimer Binding Energy as Calculated by Various Authors.

Author (s) R(0-H...0) Bond Energy Remarks
(K) (kcal/mole)
Coulson § 79
Danielsson 2.80 4.4 Pure p-orbitals
2.90 3.5
2.80 6.8 sp> hybridizati
2.90 5.3
McKinneg G
0 2.80 6.7 Valence-Bond
by Me thod
Grahns1 2.76 6.5 Electrostatic §
Polarization
Energies
Rowlinson82 2.68 4.4 Stockmayer
Method
Coulson®3 2.80 4.6-12.6 Electrostatic
Model
Morokuma §
Pedersen °% | 2.68 12.6 SCF-MO-LCAO
Method, using
Gaussian Orb.
This work 2.90 5.2-5.3

on
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technique is to prove useful in determining the cluster
interaction potential ene;gies.' When their results are
extrapclated to 2.90 R, excellent agreement is obtained,
with the exception of the results of Morokuma and Pedersen.84
it should be noted that Rowlinson's results82 are obtained
by assuming the Stockmayer potential and solving for the
necessary parameters to yield the observed virial coefficients.
Since a forn for the potential is assumed, the bond strength
‘and the position of the potential minimum is not necessarily
that of the actual potential.

The calculations for the trimer are made only at the
hydrogen bond length of 2.90 ) because of the excellent
agreement for the dimer calculation. These results are

indicated in Table VIII.

III-4. Dctermination of Depcndence of the Binding

Energy on the Number of Nearest and Second Nearest Neighbors.
The cluster Binding energies indicated in Tables VI and VIII
include the dipole-dipole interact: ns of the »earest neigh-
bors. Since the orientations of nearest neighbors will vary
from position to position, the dipole-dipcle interactions
will have to be removed from the trimer and dimer energies
in order to obtain the dependence of the energy on coupling
through nultiply bonded molecutes and the second neighbor
interactions. The average dipole-dipole interactions for
the dimer 'are calculated in Appendix III with the results

that the dimer dipole-dipole contribution to the éenergy is
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TABLE VIII

Trimer Binding Energies, Eg, Caculated Using the Parameters

Listed in Table V. The Hydrogen Bond Length, R(0-H...0), is

Assumed to be 2.90 R.

T (°C) -Bg (kcal/mole)
0 8.58
10 8.37
20 8.17
30 ©7.93
40 7.79
50 7.60
60 7.42
70 7.24
80 7.07
90 6.90
100 6.73
110 6.56
120 6.39
130 6.23
140 6.06
150 5.86

S —— - =




62

determined to be - 0.748 kcal/mole and the average trimer
dipole-dipole contribution is - 2.24 kcal/mole. TABLE IX
lists the dimer and trimer binding energies exclusive of
dipole-dipole contributions, Ey and ZEh.+ E'. The energy
E' includes all contributions due to coupling through the
molecule participating in two hydrogen bonds in the trimer
and the second neighbor interactions. The values of Eh and
E' may be represented quite well by linear functions of
temperature as indicated in Figure 11. The temperature

dependence thus determined is expressed as

E, = - 4.788 + (8.667x10" 4 T(%K) (kcal/mole)
and

E' = -1.680 + (1.640x10° %) T(°K) - (kcal/mole).

In order to obtain a workable expression for the cluster
binding energy, a linear dependence on the number of hydro-
gen bonds, a, and second nearest neighbor pairs, B8, is assumed,
resulting in

0 ' d-d
hg e E, +8 E' + Eg
where Eg"d represents the net dipole-dipole contribution to

the cluster binding energy in the g-cluster. For the dimer

and the trimer, the temperature dependence of the binding

energy is then

Eg = B * 0.748(kcal/mole)

or



TABLE IX

Dimer and Trimer B8inding Energies Exclusive of the
Dipole-Dipele contributions.

Dimer U S — Trimer -—%
-2 . 32 o - (o) i o - = (o] -
T (7€) hh Ez 0.75 ZEh £ E3 2.24
(kcal/mole) (kcal/mole)
0 4.54 6.34
10 4.53 6.13
20 ' 4.53 . ' 5.93
30 4.52 5.69
40 4.51 5.55
50 4.51 5.36
60 4.50 5.18
70 4.49 5.00
80 4.49 4.83
90 4.48 4.66
100 4.47 4.49
110 4.46 4.32
120 4.45 ' 4.15
130 4.44 4.00
140 4.43 3.82
150 4.41 3.62
E, is the single hydrogen bond 5inding energy exclusive of
the dipole-dipole energy.
E' is the second nearest neighbor binding energy exclusive
of the dipole-dipole energy.
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i; NEAREST NEIGHBOR BINDING ENERGY, Ep s
(DIPOLE-DIPOLE INTERACTION ENERGY
NOT INCLUDED)
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Figure 1i. Nearcsst Neighbor Binding Eneigy, Eh'

and the Sccond Nearest Neichbor Binding Energy,

E'. Thé A points represent values calculated from Table VIII
and the solid lines are the plots of Ey and E' as expressed on

page o2.
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EJ = - 4.040 + (8.667x10™%) T(°K)  (kcal/mole)

Eg = 2E, +E' - 2,24(kcal/mole)
or

EJ = - 13.496 + (1.735x107%) T(°K) (kcal/mole}.

The use cf these empirically developed cluster potential
energies will cnable one to extend the cluster concentration
distribution to temparatures below 0°c. The general
expression, EZ, will allow one to solve for an approximate
solution to the equilibrium distribution of clusters of any

size if a suitable model for clustering can be found.



CHAPTER 1V
VAPOR PHASE CLUSTERING MODEL

A vapor phase clustering model is developed using
pentagonal rings of water molecules which are hydrogen
bonded with the five oxygen atoms lying in a plane. The
rings extend in six directions from a single molecule and
result in a three-dimensional network with each ring form-
ing a common interface between adjacent dodecahedral cages.
The structure possesses a high degree of Symmetry and a large

number of hydrogen bonds per molecule with small angular
distortion of the free molecular (H-O-H) angle. The uni-
molecular growth of clusters is determined through the use
of the maximization of the number of hydrogen bonds and

the requirement that the symmetry be a meximum with minimum
distortion of the hydrogen bonds.

This vapor phase clustering model possesses character-
istics which provide possible explanations for several
physical properties of interfacial or surface liquid water.
The clusters contain a continuous distribution of hydrogen

bonds which have various degrees of distortion as are prob-
ably present in liquid water. The density and structure of

the clustering model is similar in several respects to the

model which has been proposed for bulk liquid water by

Pauling.53 We have attempted to establish a set of empirical

paramcters describing the interaction of water molecules in
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various states of hydrogen bonding which can b2 applied in
a consistent fashion to the theoretical description of water

in all three phases.

Iv-1. Description of Model. One of the critical phases

of the d2termination of the equilibrium concentration
distribution cf clusters is the development of a satisfactory
clustering model in the vapor phase. Thefe are many possible
configurations fbr a particular g-cluster, and the only way
the problem of calculating the system partition function can
be tractable is if there are only a few configurations
having a probability of occurence which is much larger than
other configurations. The hydrogen bonding of water molecules
provides the simplifying condition that there are a limited
number of geometrical configurétions which need to be
considered. Also, the results of the preceding chapter
indicate a positive contribution to the cluster pptential
energy for second nearest neighbors in a hydrogen bonded
network, so that an additional constraint on the model of
clustering is that the number of second nearest neighbors
be a minimum.

A model has been developed utilizing pentagonal rings
of water molecules which are hydrogen bonded with the five
oxygen atoms in one plane. Starting with an initial water
molecule the rings extend in six directions (see Figure 18),
and in the resulting three-dimensional network each ring forms

a common interfacs between dodecahcdral cages. These cages
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have five-fold symmetry which is incompatible with the
formation of a crystal lattice, and thus the structure can

be extended in three dimensions only to a very limited degree.
Extension of the clusters results in unavoidable stress

and distortional strain.

The planar pentagonal rings introduce very little
distortional strain in the hydrogen bonds as the pentagonal
angle of 108° differs only slightly from the tetrahedral
coordination angle of 109.5° or the (H-0-H) angle of the
free water molecule. Several semiempirical potentials
for the (0-i...0) bonding scheme lead to the result that the
hydrogen bonds will tend to accommodate themselves to keep
the covalent (0-H-0) bond angles close to the equilibrium

86-88

value of the free molecule. Hydrogen bonds in crystals

often show large deviations from linearity because of other
stabilizing influences of the crystal structure.91

Growth of this structure proceeds uniquely in six
directions from an initial water molecule to form a network
containing dodecahedral holes or cavities, each separated
from its twelve somewhat distorted neighboring cavities by
twelve planar interfaces of very slightly stressed pentagonal
rings. The structure possesses a high degree of symmetry
and a large number of hydrogen bends per mclecule with small
angular distortion of the free molecular (H-0-H) angle.

An important property of the model is its five-fold

symmetry. The interior dihedral angle of the pentagonal
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dodecahedron is 116.6°, nearly, but not quite, the 120°
angle that would permit the object to fill space solidly.

If one regular dodecahedron is attached on each face to
twelve other dodecahedra without distortion, none iq the
outer shell can touch any of its five neighbors. By radial
compression and tangential tension, these neighbors may

meet and the tangential tension in the peripheral bonds may
not be excessive for the first shell. The hydrogen bond is
the factor which would permit the growth in size of the
clusters by attachment of adjacent dod=cahedra, but the
distortions of the interior hydrogen bonds would cause break-
ing and reforming of bonds after the cluster reaches a part-
icular critical size. This is exactly the sort of behaviour
demonstrated by liquid water in that one has what appears

to be a continuous structure containing a distribution of
hydrogen bonds with various amounts of distortion.

Figures 12, 13, 14, and 15 are useful in visualizing
the arrangement of water molecules in the proposed vapor
clustering model. With dimensions bassd on the average
nearest neighbor distance, 2.90 R, as used in the dimer
and trimer energy calculations, an element or cage can be
inscribed in a sphere of 8.15 R diameter, and a sphere of
6.34 X diamster can be inscribed inside a cage. Only a
central cage of a cluster can be truly symmetrical. The
surrcunding dodecahedra have to be distorted in order to

connect with their neighbors.



70

Figurc 12 . Side View of Pentagonal Dodecahedron.

Figure 13. Top View of Pentagonal Dodecahedron.
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Figure 14, Dodecahedral Cluster of Twenty Water Molecules.
The van der Waals' Radii are used to Properly Represent the
Size of the Cavity.

|
E

Figure 15. Dodecahedral Cluster of Water Molecules with
Smaller Rgdii for the Atoms to Show the Structure.
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In order to obtain an estimate of the density of the
clusters, the distortion is neglected‘and'uniimited
continuity is assumed. There would be five water molecules
per dodecahedral unit (20 molecules in the dodecahedron with
stich shired by 4 dodecahedra), and the density is computed
from thc molecular weight of water and the cage dimensions

as

d_ = su/V = {5) (18.015)/(6.0225x1023) (7.6631) (2.9x10" %) 3
or

d =0.80 gncmn™ .

If one, two, or three molecules are able to be distributed
to each of the interior cavities of the various dodecahedra,

the resulting densities are, respectively,

d, = 0.96 gn cn”>
d, = 1.12 gm cn”3
dg = 1.28 gn cn”>.

These values of density are certainly»compatible with the
observed liquid water density.

The continuity assumed above cannot exist indefinitely
when the liquid is cooled telow the freezing point, because
of the five-fold symmetry and the iﬂheﬁent distortions of the
clusters. The very existence of this five-fold symnetry
does, however, provide an explanation for the ability of

liquid droplets to form in the vapor pl.asc below the normal

freezing point.
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v

. . 93 . ..
A recent article by llerne indicates propertics of

’

e

interfacial water which seem to support the possibility
that the structure of surface water may be similar to the
structure postulated in this work. The general problem of

Interfacial water could be attacked with the techniques

uscd 1n th

(@)

prescnt study, and extensive calculations might
determine the structure.

If the vapor phase clustering model as developed here
1s correct, the interfacial water between the bulk liquid
and the vapor phase would be expected to be similar in
nature to the cluster structure because this would be the
most stable form.  The water surface would appear to be

the concave =nd convex surfaces of the dodecahedral cages.

D

W

Each of the surface molecules would be participating in thr
or four distorted hydrogen bonds explaining the relatively
low vapor pressure at temperatures near 0°C. As the
temperature i1s increased, further distortion of the bonds
occurs to weaken the bonds cenabling more of the surface
molecules to escape to the vapor phase.

The primary concern in the present work is to determine
how the unimolecular growth occurs in the vapor phase
clusters, so that the most stable clusters may be used in

he calculation of the partition fuucticn of the system

of clusters of various sizes. This growth process 1s

i

discussed in the next section.
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Iv-2. Unimolecular Growth of Clusters. An important

consideration is the actual configuration of a particular
g-cluster. In this section, the growth process is postulated
through the use of the maximization of the number of bonds and
requiring the maximum symmetry with minimum distortion or
bending of the hydrogen bonds. The results of the calculation
of the second neighbor contribution to the cluster energy
indicate that a critical condition is that the number of second
nearest necighbors should be minimized. Cluster models
containing various numbers of molecules have been constructed
in this develgpment. The dimer and trimer arc indicated in
Figure 9, whiile various other clusters are pictured in

Figures 14 through 13,

$!

Figure 1¢. Water Clusters Containing Four, Five, Six,
Seven, Eight, and Mine Molecules.
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Figure 17. Water Clusters Containing Ten and Elecven
Molecules.

As an example of the procedure in selecting the proper
cluster model, consider a cluster containing five molecules.
The plane pentagonal ring contains five hydrogen bonds while
the tetrahedral cluster of Figure 6 has fcur hydrogen bonds.
In addition, the pentagonal ring has five second nearest
neighbor interactions while the tgtrahedral cluster has
six. Therefore, the pentagonal ring is the most favorable
under both conditions. The various sizes of cluster can be
built up in the manner indicated as far as one needs to go.
Figure 1¢ shows clusters containing seventeen, fifty-seven,
and seventy molecules, respectively. An interesting point
is that bowls or half completed cavities are formed during
the growth process, and these would seem to be capable of
trapping a mclecule of the noncondensible gas. The cluster
might thea grow around the trapped gaseous molecule,

enclosing it in a dodecahedral cage.
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Figure 13. Water Clusters Containing Seventeen, Fifty-seven,
and Seventy Molecules, Respectively..
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CHAPTER V
SUMMARY AND DISCUSSION

V -1. Summary of Results. Several important conclu-
sions can be drawn from this study of how one may determine
the equilibrium concentration of clusters of water molecules
in the vapor. The following is a summary of the results of
this work with comments on the validity of vari&us éssumptiens
used in the calculations.

A simple semiempirical method is developed for deter-
mining the hydrogen bond energy in dimers and trimers of
water in the vapor phase. The technique is based on a
general statistical mechanical theory of clustering in which
the partition function for a system of non-interacting
clusters is used ir conjunction with empirical values of the
concentration equilibrium constants of the dimer and trimer.
Estimated values of the stretching and bending force constants
are based on values rcported in the literature on infrared
and Raman spectral studies. The results fpr the dimer
agrece quite well with quantum mechanical calculations. The

general expression for the g-cluster interaction potential

energy is expresscd as

da-d
-0 . S5 o 2 E
B0 = oBy+ 8L+ Ep
where
E, = - 4.788 (8.567x10°4H T (kcal/mole)
and .
E' = - 1.680 + (1.640x107%) T (kcal/mole),
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and 4 is the number of nearest neighbors; g, the number of
d-d

P

interaction energy of the g-cluster.

second nearest neighbors; and » the total dipole-dipole

The results that the nearest hydrogen bonded neighbor
encrgy is negative and the second nearest neighbor energy .
is positive provide a means of selecting the probable
structures for the clusters in the vapor. To minimize the
potential energy, the number of hydrogen bonds in the cluster
should be a maximum. If two cluster structures have the
same number of hydrogen bonds, the clustef with the smaller
number of second nearest neighbor interactions would be the
preferable form.

The cluster model thus developed is made up of penta-
gonal rings of water molecules which are hydrogen bonded
into a network of pentagonal dodecahedral cages. These
cages have five-fold symmetry which is incompatible with the
formation of a crystal lattice, explaining the ability of
1iquid droplets to nucleate at temperatures below the normal
freezing point. '

Those results are compatible with the known properties
of liquid water as outlined in Chapter II. Various workers
have demonstrated that solid state-like oscillations of the
water molecules in liquid water are present and this suggests
the presence of firmly bonded aggregates.86 Indeed, the

model does provide a continuum structure with varying degrees

of distorticn of the hydrogen bonds.
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V -2. Sources of Errors. Many criticisms can be made
of scveral of the developments and calculations in this
study. The wajor problem, however, is how to overcome these
difficulties. The following is a summary of some of the
more important wecaknesses of the preseat work.

The first point of interest is in the development of
the statistical thecrmodynamic expression gor the concentration
equilibrium constants. The interactions between clusters
have becn completely ignored. This does eliminate the prob-
lem of atteupting to develop an expression for the interaction
potential between clusters, and Reisss7 has pointed out that
this is a good approximation as long:as the system is far
away from the critical temperature and pressure. Under these
conditious, the actual physical clusters with which this work
is concerncd correspond directly to the mathematical clusters
in the cell model presented by Reiss.88 The neglect of the
cluster-clustar interactions should be appropriate in the
vapor under the cloud chamber conditions, but major difficulties
are introduced if one attempts to extend the approach to the
bulk liquid phase.

The reliability of the values of the estimated force
constants for Jistorting the hydrogen bonds are questionable
cn scveral grounds. The geometry and effective force
constants for an isolated water molecule are well known,
but seeringly unsurmountable difficulties arise in attempting

to determine force constants in a crystalline structure
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such as ice. There is evidence that the molecular bond
angle may be 105° as it is in the isolated molecule, and
there may be some further disorder around the (0...0) lines.90
Hamilton and Ibers®l have pointed out that evidence from
infrared and Raman spectra suggest that a variety of
(0...0) distances exist in the ice sfructure, and each of
these different bond lengths will have associated with them
a different force constant, hence a different frequency.
In any case, it is not possible to account for the spectra
of ice and to determine force constants because of the many
factors complicating the situation. In a crystalline solid,
vibratiois occur such that molecules. or molecular groups
are oscillating relative to other similar groups making it
extremely difficult to identify exactly what the source of
a particulay vibrational frequency might be. The actual
potential energies are not symmetrical and the frequencies
are amplitude dependent. The librational potential energy
is coupled ta the stretching frequencies through the amplitude
of the stretching oscillations. Since all of these compli-
cations enter, onc might wonder whether the calculations in
this work have any validity whatsocver.

In order to justity the technique used, one must look
at previous work in clustering phenomena. A standard approach
is to assume that the (9g - 6) internal degrees of freedom

arc all completcly energy activated so that the total energy

contribution duc to the internal degrces of freedom is
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equal to (95 - 6)KT/2 for a g-cluster. This sort of
assumption is not at all realistic for the water clusters
becausc the complete excitation of a single vibrational
statc at thc temperatures of interest would be sufficient to
break up the cluster. This particular assumption has met
with fair success in the clustering of monatomic gases

at low tempevatures. In the case of water near 0°C, any
mode with a characteristic temperature more than four times
the temperature of the system would make only ground state
contributions to thke energy. The approximate approach used
herc is an attempt to get closer to reality, and the quantum
mechanical calculations indicated in Table VII seem to
indicate success in this regard.

Another question arises over the use of the equally
spaccd cnergy levels of a simple harmonic potential and
performing the summation over all levels, that is, letting
Nm appreoach a very large value in the expression

Ny

Z exp (-Eg/kT) .

n
Certainly, only a few states are possible in the actual
potential, and they are definitely not equally spaced but
appreich a continuum of levels as the amplitude of vibration
increases. Again, the justification of this approximation
must be taken froe¢ the agreement with theoretically calculated

binding energies for the dimer.
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The assumption that the dimer and trimer interaction
potentials exclusive of dipole-dipole contributions can be
accounted for by a simple linear combination of two single
hydrogen bond energies and a single second neighbor inter-
action cnergy might be called an oversimplification. There
does not seem to bc any other way to get around this problem
at this time, because there is no simple way available to
separate the coupling effect between the two hydrogen bonds
from the second neighbor interaction. Earlier calculations
in this study were made assuming the hydrogen bond length
was nearly the same in vapor clusters as gbserved in
ice and the strength of the hydrogen bonds were related to
the number of nearest neighbors via an empirically determined
exponent on the number of nearest neighbors. This procedure
cannot be used here because the bond lengths are not equal.

The varicus configurations for a particular g-cluster
model are not equally probable as assumed in the development;
however, in order to make the problem more tractable, an
average dipole-dipole energy is calculated and used in the
partition function. Again, this may not be exact, but it
seems to be a good first approximation.

To obtain exact results, all possible structures of
g-clusters should be considefed when calculating the part-
ition function. This is an impossibility, because the
interaction potential energy is not known as a function of

intermolecular separation and orientation. Since the
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probability of bonding in the tetrahedral coordination.is
large, as evidenced by 1liquid and solid spectra, use of the
hydrogen bonded scheme should give fairly reliable predic-
tioas of cluster structure.

The final consideration of this section is the effect
of changing various parameters in the expression for Kg,

the concentration equilibrium constant,
= e o 4 g
Ky = QqeQy,Qp;exp (-Eg/KT) / V g! (2)/V) :

The cluster translational contributions, Qgt’ and the

monomer partition functioen, Ql’ are known accurately. The
questionable contributions are the cluster rotational, Qgr’
and the cluster internal, Qgi’ contributions as well as the

cluster binding energy, Eg. That is to say, one needs to

consider effects of errors in these quantities.

TT £on exp(-EQ/KD) /oy 1:['xs:

" i
A C (AngCg) rg !

g

All of thcse quantities are strongly model dependént so that
the cluster structurc is of prime importancé. The agreement
of the dimer calculations with other work supports the linear
bond concept, so that this probably is a satisfactory assump-
tion in larger clusters.
The fractional variation in Kg may be approximated by

considering the differential of the ln(Kg), resulting in the
observation that, in all cases except the cluster potential

eneryy, 2, errors in the various parameters will result 1n
4
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comparable percentage errors in Kf The critical term is

the cluster potential energy, Eg;because'the percentage
error in Kg is proportional to'theerror in Eg. This

means the value of EZ as calculated for the aimer and

trimer is fairly reliable, because a 10% error in the
empirical value of K2 would resul: in an error of 0.05 kcal/
mole in E% if the other parameters are held fixed. On the
other hand, st 0°C, an error of 1B0% ir Kg would result from
an error of ¢.54 kcal/mole in theestimated value of Eg.

This points out the importance of having an extremely accurate
determination of the dependence ofﬁg on the temperature

and the structure. Until the calwmlations are extended to
larger clusters and the nucleatio: rate determined, the
reliability of the cluster potential energies cannot be

tested experimentally.

V -3. Suggestions for Furth:r Work. As more tirme is

devoted to this study, it seems tiat the actual end of the
development recedes further into the future. A molecular
approach is Jdefinitely necessary in nucleation theory, but
there are not any guide posts alotg the route of the develop-
ment. One must travel the path is the dark with only distant
reference points available such as knowledge of the properties
of liquid water and ice.

The current path should be peirsued until results are

- - . & . = = _ed
obtained for the equilibrium concentration of g clusters bas
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on the Jodecahedral clustering model. This would enable
the calculation of the nucleation rate for homogeneous
nucleation in pure water vapor. An attempt could then

be made to incorporate the non-condensible gas and hydrogen
peroxide into the clustering process to test the theory
with actual cloud chamber observations.

The next step would be to develop the theory on the
basis of a more realistic molecular interaction potential
than the simple harmonic potential. Tais will be extremely
difficult, but with the experience gained from the initial
development, it should be possible. The Morse potential
would probably be best for this second develcpment. A
method for determining normal modes of vibration would be
to construct actual physical clusters of springs and metal
sphercs. The basic problem with this approach is, again,
the actual force contants of the real clusters cannot be
represented by a simple spring. It would be impossible to
construct springs with the proper angular variatioms and
asymmetric stretching characteristics even if the proper
characteristics were known.

The current plan is to continue the work with the larger
clusters assuming the expressions obtained for Ep and E' are
accurate with the hope that satisfactory agreement with the

experimental obscrvations can be attained.
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APPENDIX 1
ESTIMATE OF TRIMER VIBRATION FREQUENCIES
The set of equations on page 53 for the internal
vibrational motion of the trimer is solved in this appendix.
The angle o, is assumed to be 109°, so that the set of

equations becomes
q

mxXy + k.( X, + 0.5807 x, + 0.5807 y, ) = 0

m¥X, + k_.( 0.5807 X3 + X, --0.8141 x5 ) = 0

m?z + k.(0.5807 x; - 0.3256 x, + 0.8141 Xg ) =0
m¥y + k_( -0.8141 x, + 0.8141 y, + x5z ) = 0

mg) + ky( 63~ 05 ) =0

moyy - kg ( 0; - 6375 -9

moy, +ky(0,, - 65 ) =0

mby -ky(8,, - 65 ) =0

The last four equations are independent of the first four
with the approximations that have been made in the developm=znt
presented in the text. In fact, we have three sects of

independent equations which may be written as

w 2%, + x; *+ 0.5807 x, + 0.5807 y, = 0
w 2%, + 0.5807 x; + x, - 0.8141 x5 = 0
w 2%, + 0.5807 x; - 0.3256 x, = v, + 0.8141 x5 = 0
w25 - 0.8141 x, + 0.8141 y, *+ x; = 0 ,
we-z'e.l + el = 921 = 0

.

wg 833 " 8) * 837 =0 ’
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~20e
”ezezz 022 ~ 63 =0
Ue 03 = 922 + 93 = 0 ’

where w_ (kr/m)l/z and o, = (ke/m)l/z.

A set of homogenecous second-order differential equations

x; * :g: bijxj =0 (i=1,...,N)

is known always to possess solutions of the form

o . . i
Xy = Xy exp(jot) (i= ly...,N)
where xg and y» arce constants. These solutions are now

substituted into the abovc equations in order to evaluate

the constants. The substitution yields

2

2 (o]
(1-°%Y®) x] + 0.5807 xJ + 0.5807 y5 = 0
2 3 (o}
0.5807 x] + (1 - w%/u ") x3 - 0.8141 x§ = 0
0.5807 x¥ - 0.3256 xJ + (1 - w’/u 2 ) y3 + 0.8141 x5 = 0

- 0.8141 x3 + 0.8141 yJ + (1 - i 1A el 4

(L - qz/wez ) 02 i 031 =0

2
P 6? # 4L - mz/we ) egl =0 ’
2 2 o o
(1"m/we )622‘03=0
; 2 2 o
- 43, * (1 -0 e," ) 63 =0 .

These simultancous equations only have solutions other

. (o] "
than the trivial ones xg = xg - =‘x3 = 0 if the
o

determinant formed from the coefficients of the S 's vanishes.
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2
(1 - wly “rz )  0.5807 0.5807 0
0.5807 (1-- mz/wrz ) 0 © - 0.8141
| 0
0.5807 -0.3256 (1 - mz/wrz) 0.8141
0 -0.8141 0.8141 (1 - mz/urz)
£ 1 - pzlwez ) 33
2, 2 = 0
1 (1 -0 /we)
2, 2
(1-w/u,?) =3 3 ®
-1 (1 - ﬁz/wez )

The last two equations yield the result that g= (Z)l’w9
as~was obtained in the case of the dimer. It is assumed that
each of the four coordinates has associated with it the
vibrational frequency, v = «/2w.

Upon expansion of the determinant of the first equation,

the fourth order equation in x(=w/mr)
x* - 2.0000x% + 0.1060x + 0.8940 = 0

is obtaincd. The roots to this equation are 1, 1, -0.755,
and -1.22., T7The twc negative roots indicate that we don't
have a stable configuration with the potentials as assumed
here. Hcwever, in order to perform the calculation cf the
trimer bond cnergy, it is assumed that the solution, x =1,

is valid and the four vibration frequencies are taken to be
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It is obvious that this determination of the
characteristic frequencies is very approximate for several
reasons. These sources of error arec discussed in Chapter V1
of (this dissertation. These include the complete nezlect
of coupling between the various vibrations; however, more
basic to this approximation is the fact that the true

potential energy is not known.
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APPENDIX II
ESTIMATE OF MOMENTS OF INERTIA

The cluster moments of inertia and internal mouients
of inertia are also model dependent, and depend upon the
leﬁgth of the hydrogen bond. The monomer values of the
principle mosents of inertia have been determined from

microwave spectroscopy41 and are equal to

9.96 x 16" gm cm?

-40

2.98. x 10°40 .

w >
[ n

= 1.908 x 10

O
"

For the dimer, the two moments of inertia about axes
perpendicular to the hydrogen bond are calculated by
assuming the two molecules to be point masses separated by

R(O-H...0), the hydrogen bond length. This yields

40 2

5.97 x 10”40 R (gm cm?)

A, =B

2 2

where R is in Rngstroms. The moment of inertia about the
: . 41
bond axis is calculated using the observed atomic separation

of the O-H bond. For one molecule, the rotation is about

one of the (0-H) axes (m\

so that the moment of inertia is due to a single hydrogen at

a distance of (0.96 x sin76°) = ,93 R, resulting in a value
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of

I, = 1.44 x 10740 gm cm?.

The oter molecule is oriented so that the hydrogen bond

nearly bisccts the HOH angle

N i
S

O

so that the moment of inertia is due to two hydrogens at a

distance of .96x sin53° Rngstroms from the axis of ratation.
I, = 1.97 x 10740 gm cm?

I, and I, correspond to the internal moments of inertia for
rotation about the single bond, and their sum is the value

of CZ’

C, = 3.41 x 19740 gm cm? g

In the trimer, the molecules are again considered as

point masses in the calculation of the cluster moment of

inertia. The values obtained are

Ag = 3.07 x 1 gm cm?
B, = 3.82 x 1039
C, = 5.45 x 10~ 40 .

The internal rotations include two at the values of I1 and I2

q -
which average to 1.50 x 10 40 gm cm“ and two with ‘the rotation

of a molecule about the hydrogen bond in which it is not



participating,
h 3
PRCe
This yields
I, = 1.53 x 10”38

3

92
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APPENDIX III
ESTIMATE OF DIPOLE-DIPOLE INTERACTION ENERGIES

In order to estimate the cluster interaction potential
accurately, it is best to separate as many known contributions
as possible. The net dipole-dipole energy is one contributicn
that can be removed if the cluster structure is known.

Because of the rotation about the single bond in the
dimer, the dimrer dipole-dipole contribution can be pictured as
the interaction between two dipoles u1(= ﬁcos?lo) and
u2{=ucos 54.S°) which are in the same direction along the

hydrogen bond axis and separated by R = 2.90 L.

&
— I..‘:f p Tri:“_\ y.r‘-—.
E: V v g
: ot
éﬁﬁ:: < s —
M 2.

. " g . 94
The genersl expression for the dipole-dipole energy is

"1"2 R'3(2 cos el cos e2 - sin e1 sine2 cos(¢2 - ¢1)1.

In the case cf{ the dinmer, 61 = 02 ol & e $o = 0, because of

-18
the rotation about the single bond. For water, p = 1.83x10

e.s.u.,94 resulting in a dipole-dipole energy of

gd-d _ _ 0.748 kcal/mole .

-
&
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In the trimer, we have the three configurations
indicated in Figure 9. The dipole-dipole interaction energy
is calculated for each configuration and then averaged to

obtain the effective trimer dipole-dipole term. In type I,

o

7

o
&
<?

the rotations about the two bonds give us the effective

configuration

&

so that the interaction between molecules 1 and 2 and that

between 2 and 3 are

- u2co0s54.5° R™> (2 cos54.5%) .

The dipole-dipole energy between 1 and 3 is

2 2

42 co0s?54.5° (2 R co0s35.5% "3(2 cos®35.5%-sin®35.5).

The net dipole-dipole energy of the type I trimer is

Egl = - 2.515 kcal/mole .

Similar calculations for types IT and ITL
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(4]
-4

O O,
™ -
o % o v
hag 7

yield

oll

E;

= - 1,582 kcal/mole
and

52111 = - 2.620 kcal/mole .

The average of thesc three values is

Eg = - 2.239 kcal/mole.
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