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Abstract

We provide necessary conditions on Euclidean domains for inclusions W70 (Q) <
L710)(Q) of variable exponent Sobolev spaces. The conditions on the exponent p(-)
are log-Holder and log-log-Holder continuity, while those on the domain 2 are the
measure and the log measure density conditions. Restrictions on the exponents g(-)
and p(-) appearing in Gérka et al. (J. Geom. Anal. 310: 7304-7319, 2021) are relaxed,
improving the results obtained in that work.
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1 Introduction

Variable exponent Lebesgue-Sobolev and Holder spaces are nowadays used in the
description of non-linear phenomena in elastic [23] and fluid mechanics [18, 20], and
in image restoration [14, 22], among other fields. Those situations are modelled in

B4 Przemystaw Gorka
przemyslaw.gorka@pw.edu.pl

Nijjwal Karak
nijjwal@gmail.com ; nijjwal @hyderabad.bits-pilani.ac.in

Daniel J. Pons
pons.dan@ gmail.com ; dpons @unab.cl
Department of Mathematics and Information Sciences, Warsaw University of Technology, P1.

Politechniki 1, 00-661 Warsaw, Poland

Department of Mathematics, Birla Institute of Technology and Science-Pilani, Hyderabad
Campus, Hyderabad 500078, India

Facultad de Ciencias Exactas, Departamento de Matemadticas, Universidad Andres Bello, Reptblica
498, Santiago, Chile

Published online: 17 May 2023 €\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s13163-023-00470-5&domain=pdf

P. Gorka et al.

domains of Euclidean space, whose shape or form becomes part of the phenomena
itself.

For classical Sobolev and Holder spaces, the study of conditions on domains in R”
relevant for the inclusions between these spaces of functions is a classical subject [1];
in turn, the importance of the shape and regularity of the domain is relevant in the
description of some models in engineering [9].

This work is a continuation of [5], where inclusions of variable exponent Sobolev
spaces on Euclidean domains are studied. In turn, some notions of continuity for the
exponent used in [5] are motivated by problems mentioned in [3, 11] concerning
the density of smooth functions in those spaces, where the interdependence between
some types of continuity of the variable exponent and the regularity of the domain is
addressed. In the same spirit as in [5], here we obtain conditions for the inclusions
between these function spaces in terms of the continuity of the exponent and the
regularity of the domain.

As highlighted in [5], an important progress concerning necessary conditions on the
regularity of the domain to obtain inclusions in classical Sobolev spaces was achieved
in [10]. Similar results have been obtained in fractional Slobodeckij-Sobolev spaces
[7, 24], in Triebel-Lizorkin and Besov spaces [15, 16], and in Hajtasz-Sobolev spaces
in metric-measure spaces [2, 6].

This paper is organized as follows. In Sect.2 we provide a brief description of
the spaces of functions,' of the continuity for the exponents, and of the regularity
for domains relevant in this work. With those preliminaries we are ready for Sect. 3,
where the main results are stated, and their proofs are provided. These results improve
those in [5]: the hypothesis on the range of values and continuity of the exponents
are weaker, as a conclusion less regularity on the domain is needed for the functional
inclusions to hold, see Sect. 3 for the deatils. We conclude in Sect. 4 with a couple of
questions that arose during this work.

2 Preliminaries

We denote by £" the n-dimensional Lebesgue measure, and 2 will be a Lebesgue
measurable subset of R”. If A is a £"-measurable subset of €2, to abbreviate we write
|A| instead of [ 4 dL"(x) = L"(A). A variable exponent, or simply an exponent, is a
bounded £"-measurable function p : Q@ — [1, oo, usually written as p(-). For such
a p(-), whenever A a £"-measurable subset of 2 define

P4 i=essinf {p(x) : x in A} and p:{ :=-esssup {p(x) : x in A}.
If A = Q, we simply write p~ and p™T, respectively.

The Lebesgue space LP) () is the vector space of measurable functions u : & —
R for which the functional

Py () = fQ () [PdL" (x)

1 For a detailed description of these spaces the reader can consult [4].
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is finite. The functional p(.) is convex, and L? () is a Banach space with the norm
||u||Lp(«)(Q) = inf{t >0: pp(.)(u/t) < 1}.

The functionals || || »¢)(q) and pp(, () can be compared using the inequalities

. - + - +
min{ ,Op(.)(u)l/p , pp(.)(u)l/p } < ”u”LP(')(Q) < max{ ,Op(-)(“)l/p s ,Op(~)(“)l/p 1

and the unit ball property follows: ||u ||L,,<A)(Q) > lif and only if p,()(u) > 1.

The Sobolev space WwL-rO(Q) is the vector space of those functions « in LPO(Q)
for which their distributional gradient (that we denote by Vu if no confusion arises)
is also in LPO (). W20 (Q) is also a Banach space with the norm

||”||W1,p(»>(gz) = ”u”LP(')(Q) + ”VMHLP(*)(Q)~

As in the classical case, C%*0)(Q) is the Holder space of variable exponent o (-)
over €2, where now « : Q —]0, 1] is a measurable function: given a bounded and
continuous function u on €2 consider its seminorm

PP 16 Bt 160]
“ xX#yeQ |X—)’|“(x) ’

so that C%«() (£2) is the vector space made up of those u that are bounded, continuous,
and for which the seminorm [u].) is finite. C%20)(Q) is a Banach space for the norm

||u||C0JX(')(Q) = lulloo + [U]a()-

To describe the regularity or continuity of the exponent p(-), many moduli of conti-
nuity can be used: given a continuous function” ¢ : R, — R, withlim,_, o+ ¢(f) = 0,
the exponent p(-) : 2 — [1, oo is ¢-continuous if there exists a constant Cy such
that

Ip(x) — p(Y)| = Cy ¢(|x — y))
for every pair of points {x, y} in Q. If ¢1(t) < ¢2(¢) for ¢ near 0, then p(-) is ¢7-

continuous whenever p(-) is ¢1-continuous.
Distinguished notions of continuity for p(-) are:

(1) log-Holder continuity, where

¢ () :=1/log(e + 1/1),

and

27f ¢ is everywhere equal to zero, we recover the classical Sobolev spaces.
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(2) log-log-Holder continuity, with
¢(t) :=loglog(e + 1/t)/log(e + 1/1).

One verifies that log-log-Holder continuity is a weaker notion than log-Hoélder conti-
nuity. These notions are important in the study of the density of the smooth functions
in WHrO(Q) [3, 4, 11]: if the domain € has a Lipschitz boundary and p(-) is log-
Hoélder continuous, the smooth functions are dense in W1-P0) (€2); on the other hand,
if Q is the unit disk in R? and p(-) is log-log-Hélder continuous, such density does
not always occur [11]. Those results give a satisfactory but still partial answer to the
mentioned density problem.

Concerning domains’, the following notion of regularity was used in [5]: a subset
Q of R” satisfies the s-measure density condition for some s > 0, if there exists a
positive constant ¢ such that for every x in Q and each R in ]0, 1] one has

cR’ < |Br(x)N Q.

If s = n in the previous notion, one says that €2 satisfies the measure density condition.
In [5] some standard notions of regularity for domains in R” were mentioned, with

relations between them, including the notion of measure density condition. For the

purpose of clarifying those relations, a picture or diagram was drawn, where we wrote

A = B if whenever €2 is a domain with property A, then 2 also has property B.
Besides the measure density condition, we consider the following notions of regu-

larity (none of which appears in [5]) for domains in R":

(1) The (e, 0o)-condition,

(2) The (e, §)-condition,

(3) The John condition, and

(4) The log measure density condition.

The associated diagram for these notions is:

(€, 00)-condition

l

John condition (e, 8)-condition

I

Measure density condition

l

Log measure density condition
The first three notions in the list and the relationships between them and the measure
density condition are well known to experts, and are scattered in the literature as well.
The log measure density notion has been recently introduced in a different context
(see the comments after its definition below). To make this work accessible to more
readers, we spend some lines in the subject:

3 By a domain we understand an open and connected subset of R”.
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Definition 2.1 Assume that € € (0, 00) and § € (0, o¢]. A domain 2 C R” is said to
be an (¢, §)-domain if whenever x, y € Q and |x — y| < §, there is a rectifiable curve
y C 2 joining x to y satisfying

1
I(y) < =|x =yl ey
€

and

d(z, 9Q) > w forall z ey, @)
x—y

where /() denotes the length of y, and d(z, dS2) the Euclidean distance from z to the
boundary of .

Definition 2.2 We say that 2 is a John domain if there is a constant A > 1 such that
for every pair of points x, y € 2 there exists a rectifiable curve y joining them with

min{l(y (x,2)), I(y(y,2))} < Ad(z,0Q) forall z €y, 3)

where y (x, z) is the part of y between x and z, and y (y, z) is the part between y and z.

John domains were first introduced by F. John in his work on elasticity [13], and
the name was coined by Martio and Sarvas [17]. Our definition also includes the case
of unbounded John domains, which is due to [19]. The class of John domains includes
all smooth domains, Lipschitz domains and certain fractal domains (for instance
snowflake-type domains).

Lemma 2.1 and Lemma 2.2 below show that (¢, §)-domains and John domains
satisfy the measure density condition.

Lemma 2.1 Let 2 C R” be an (e, §)-domain for some € > 0 and § > 0. Then it
satisfies the measure density condition.

Proof Fix x € Qand* r < 1. Note that it is enough to assume that r < min{l, §/2}. If
Q C B, (x), then there is nothing to prove; so we assume that Q\ B, (x) # 0. Choose’
y € QN (B (x)\ Br(x)), and let y be a curve joining x to y, and pick z € y such
that |x — z| = r/4. Then

erly —z|
d(z) > ——,
4lx — y]

where d(z) = dist(z, 0€2). The triangle inequality gives

-
Iy—zIZIX—yI—Ix—zlzr—Z=—-

4 The case when x € 9% follows easily from the case x € Q. Indeed, if x € d€2 there exists X € Q such
that Bg2(¥) C Bg(x) and then |Bg(x) N Q| > C(R/2)".

5 Since € is connected, N (B (x) \ Br(x)) is not the empty set.
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Therefore d(z) > g—gr and Bmin{d(z),3r/4)(z) C N B, (x). Hence | B, (x) N Q2| > Cr",
and the measure density condition follows. O

Lemma2.2 Let Q@ C R" be a John domain. Then it satisfies the measure density
condition.

Proof Let x € Q and r < 1. Note that if Q2 C B, (x), then there is nothing to prove;
so we assume that Q\ B, (x) # @. Take y € Q\B,(x), let y be the curve joining x to
v, and choose z € y such that |x — z| = r/4. Then from the John condition

1 . r
d(z) > Xmm{l()/(x,z)),l(y(y,Z))} > i

On the other hand, we have Bmin{d(z),3r/4}(z) C 2 N By (x). Therefore | B, (x) N 2| >
Ccr’. m]

The weakest notion in the diagram is the next one:
Definition 2.3 A subset Q2 of R” is said to satisfy the log s-measure density condition

if there exists two positive constants ¢ and « such that for every x in Q and each R in
10, 1/2] one has

' 1
cR’ (10g(E))*°‘ < [Br(x) N L.

If s = n, one says that Q satisfies the log measure density condition.

The notion appears in [12] (see Theorem 1.1 and Remark 1.2(c)) as a necessary
condition for certain Orlicz-Sobolev embeddings. It is obvious that if €2 satisfies the
s-measure density condition, then €2 satisfies the log s-measure density condition. The
next example shows that the converse is not true.

Example 2.1 Fix some « > 1, and consider the function f : [0, 1/ ﬁ] — R given by

Fr) = r {«/501 — ny/21log(v/2r)

1
T £0) = 0.
(—log(x/2r))o+! ] 7O

Note that there exists some rg < 1 /ﬁ such that f(r) is increasing and f(r) < r
whenever r < ry.

Consider the domain
Q={x=(@1,...,x,) € R" 0 <x, <rg and x%—i—...—i—xﬁ_l < f(n)?)

given by a rotation of the area below the graph of f around the x, axis, whose cusp is
at the origin.
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First we will show that €2 does not satisfy the measure density condition. Consider
the ball Br(0) centered at the origin with radius R < rg, and consider the positive
real number r = r(R) given by

R =r+ f(n%
since f(r) < r it follows that R2 < 2r2, therefore
R/V2<r <R. 4)

Note that

r R
Oni f FG)" N dxy < 120 BR(O)] < wnes / Fa) e, )
0 0

where wy is the volume of the k-dimensional unit ball, and compute

(V2R)"

_— 6)
(—log(v/2R))® (

R
/ )" dx, =
0

Now use (4), (5) and (6) to infer that

R" (V2R)"
] ————— < |QN Br(0)] < wy_j ————r
O Thog Ry = 18D BRO = o e

whose right hand side inequality says that €2 does not satisfy the n-measure density
condition.

Now we prove that the left hand side inequality also holds, up to a constant, for all
the balls B (x) centered at x € 2, withradius R < r(/4. For this purpose, it is enough
to consider the points x € €2 which are near the origin: if x = (x1,...,x,) € Qs
such that x,, < ro/4, it suffices to prove that Bg(0) N Q2 + x C Bgr(x) N 2, where
Br(O)NQ+x ={y+x:y e Br(0) N R} is the translation of Bg(0) N 2 by x.

Assume that y = (y1,...,¥,) € Br(0) N R, so that y + x € Br(x): we must
check that y + x € Q. Since

\/()’1 F X2+ Ot +xm1)? < \/y12+~-~+y,%,1 RV S SRR o
< f(yn) + f(xn),
we have that y + x € Q if for all s and ¢ in (0, ro/4]
FO + O < fls+D),
namely if f is superadditive. In particular, if f is convex and f(0) = O, then f is
superadditive.

The proof of the convexity of f requires some computations that are left to the
reader.
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3 Main results

As explained in Sect. 1, the results in this work can be seen as an improvement and as
an extension of the main results in [5]. Our first result in this section is the improvement
of:

Theorem 3.1 (Theorem 3.1 in [5]) Let 2 be an open subset of R", and suppose that
for some s > 1:

(1) The exponent p(-) is log Holder contmuous wzth pt < s.
(2) The exponent q(-) := is such that = < q+ + <

Y p()

(3) WhrO(Q) s LIO(Q), where ¢ (-) := S’fp)g_).

Conclusion: Q2 satisfies the s-measure density condition.

Such improvement consists in removing Hypothesis 2: this is achieved by modifying
the proof given in [5] (see below). We have:

Theorem 3.2 Let Q2 be an open subset of R", and suppose that:

(1) The exponent p(-) is log-Hoélder continuous, with p™ < s for some s > 1.

(2) WPO(Q) < LIO(Q), where q () := %

Conclusion: Q2 satisfies the s-measure density condition.

The next result is similar to Theorem 3.2, but involves the weaker modulus of
log-log-Holder continuity for the exponents, and the weaker notion of log s-measure
density condition for the domain (see Sect. 2 for the definitions).

Theorem 3.3 Let Q2 be an open subset of R", and suppose that:
(1) The exponent p(-) is log-log-Hélder continuous, with p™ < s for some s > 1.

(2) wl P()(Q)<—> Lq()(Q) where q(-) = s— P)€)

Conclusion: Q2 satisfies the log s-measure density condition.

Using the technique of Theorem 3.3 in [5], we also get the following result in the
supercritical case:

Theorem 3.4 Let Q2 be an open and connected subset of R", and suppose that:
(1) The exponent p(-) is log-log-Holder continuous, with p~ > s for some s > 0.
(2) WhrO(Q) — CO*O(Q), where a(-) := 1 —s/p(-).

Conclusion: Q2 satisfies the log s-measure density condition.

In the rest of this Section we will prove Theorems 3.2, 3.3 and 3.4. We start with

the first one which is a modification of Theorem 3.1 in [5]; we give the details for the
sake of completeness:

Proof of Theorem 3.2 For a fixed x in Q define Ag := Bg(x) N €, and consider only
the case when |Agr| < 1, otherwise |Agr| > 1 > R® whenever R < 1, and there is
nothing to prove; moreover, it is enough to consider R < r¢ for some 0 < ry < 1/4.
For such an R, denote by R < R the smallest real number such that

1
|Agl = FIARl.
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At this point we recall from [5] the following Lemma:

Lemma 3.1 Use the same assumptions and notation as in Theorem 3.2. Then there
exists a constant ¢c1 > 0 such that for all x in 2 and every R in 10, 1] one has the
estimate

l 1 1

it af ‘N
R—R<ci|Agl’ "= “x.
To continue with the proof of Theorem 3.2, given x in Qand R in 10, ro], construct

the sequence {R;} by setting Ry := R, and then define R;; := R; inductively for
i > 0. It follows that

1
[ ARl = 57 14kl

with lim; . oo R; = 0.
With those ingredients in Lemma 3.1 one observes that

1
—++——— y L1 | AR

94 9A af a
Ri — Rip1 = cilAg | 7% TR <cllAr| AR AR =

(D

2inR

where the abbreviation ng := < + q— - q— has been used.
AR TAR
Now we would like to find a constant 7 > 0, independent of x and R, such that
< + q— — qL =:ngr = 1n > 0forall R < ry. Towards this end, first note that the
A AR
10g Hofder contlnuity of p gives the log-Holder continuity of 1/¢, probably with a

different constant, that we also denote by Cog: this means that for any z and y in Ag

1 1 Ciog

4@ a0 " Toset /=)

and taking the supremum over all pairs of points in Ag one gets

1 1 Ciog
— =% ®)
da,  da, log(l/(2R))
Clog

Suppose now that for some R < 1/4 we have that ng < 0. Then (8) gives % < 1 ( 1 ) s
ogl 5x
or R > %e‘sclog.
The previous discussion allows us to conclude that:

o If %e*ck’g > 4—1‘, then there isno R < 21; for which ng < 0.
o If %e“‘clog < %, then ng < 0 implies R > %e“chg.
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Therefore if we choose rg = % min{;lt, %e’sc"’g}, then n,, > 0, and also
1 Clog

5 7 log(l/ o)’ ©

But 7,, may depend on the point x fixed at the beginning of the proof. To obtain
the required 7, we apply again log-Holder continuity of 1/g on A, to obtain

1 1 Clog
— < 10)
4a,, 44, 1ogl/(2r0)

and (9) together with (10) give

1 n 1 1 - 1 Clog 0
My =—-—+—F"—— 2~~~ >
s an, an, s log(1/Cro))
Choosing 7 := % — log(lC/I%’ we get that ng > n,, > 1 > O for all R < ry. This is

our desired 7.
Since ng > i > 0, we deduce, from (7), that

o0 0
_ 1
R=) (Ri—Riy1) < cil Agl"™ Y 27" = e A" ——
i=0 i=0
< max{l, — -} |Ag|"™. (11)
- 1 —2-1
Moreover, since ¢ := 1/ max{l, 1_6217,.]} < 1 one has
|Ag| > C;/nRRl/VIR > cé/ﬁRl/UR — Cé/f?RSRl‘}R/*?R7 (12)

where Br ;=1 — sng.

From (12) one sees that if a positive lower bound for RP*/7% is provided, the proof
of Theorem 3.2 is finished. To achieve such a lower bound, the log-Holder continuity
of p(-) will be used: by the hypotheses on p(-) and g (-) one has that ¢ (-) is log-Holder
continuous as well, hence

Clog
—q)| = ;
log(e + 1/]z — y)

lg(2)

taking the supremum over pairs of points in Ag one gets

+ - < Clog
Tar = 948 = Yog(1/2R))’
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or
v -
log (1/@R)*r 1k ) < Ci,
therefore
— —Cio, —Cyo
Rz > i £ s €+ _ (13)
ZququR 2(qT—q7)
But
S@h =0 )
R% > RﬁTR — R r'ij{Rq;R > (Rq:{R—q;R)s/f;(q—)?’
hence using (13) the required bound
S —\2
BR e_clog S/’I(q )
R > —— =
- (z(cﬁq‘)) ¢3>0
follows, and the uniform estimate ¢ R® < |Br(x) N €2] is obtained, where ¢ := c;/ ﬁC3.
O

We continue with the proof of our second main result.

Proof of Theorem 3.3 For a fixed x in Q define Ag := Br(x) N Q. It is enough to

consider the case when |Ag| < 1, otherwise |[Ar| > 1 > R® whenever R < 1/2, and

there is nothing to prove; moreover, it is enough to consider R < ry, where r; < %'
Consider R < Tgit/2, with Ty := 1/(e — e) = 0.08 (< %) such that

¢ (1) =loglog(e + 1/1)/log(e + 1/1)

is increasing on (0, Teric].

Itis easy to see that the log-log-Holder continuity of p(-) entails the log-log-Holder
continuity of 1/¢(-), probably with a different constant, that we also denote by Ciog.10g-
Therefore
| . 1 l=C o )

— = — <1 = LClogl =Y
g qy T

taking the supremum over all pairs of points in Ar one gets

1 1
— T —F = Clog-log $(2R),
9Ag 9 A
hence
1 1
— — — = Clog-log loglog(e + 1/(2R))/log(1/(2R)).
9arp  9ag

@ Springer



P. Gorka et al.

Suppose now that ng := % + q+ — q% < 0 for some R < Tuit/2. Then
AR AR
1
7= Clog-log loglog(e + 1/(2R))/1og(1/(2R)), (14)
or
1
7R = (log(e + 1/(2R)) ", (15)

where C1 := s Clpg-10g- On the other hand
Aimo(log(e + 1/(2R)))Cl (2R)% =0. (16)

Combining (15) and (16) we see that there exists some rg, such that whenever R < rg

1 1?2
< | — ,
2R — \ 2R
and R > 1/2 follows. This contradicts our choice of R: however if we take R <
min{7Tcrit/2, ro} =: r1, then ng > n,; > 0. But ,, may depend on x, and our aim is

to obtain a positive lower bound of nr which is independent of x and R.

To get the desired lower uniform bound, we apply log-log-Holder continuity of
1/q(-) on A, , and

1 1

—— — —— = Clog-log loglog(e + 1/(2r1))/log(1/(2r1)) (17)
qArl qu

follows. Moreover, from (14) and the previous discussion we have

1
Pl Clog-log loglog(e +1/(2r1))/log(1/(2r1)). (18)

Therefore, using (17) and (18), we obtain

1 1 1 1
M =~ +—— — — = — — Clogilog loglog(e + 1/(2r1))/log(1/(2r1)) > 0.
S 4qx. da, S
Choosing
1 :=1/s — Cioglog loglog(e +1/(2r1))/log(1/(2r1)), (19)

we conclude that ng > n,, > 7 > Oforall R <ry.
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Consider now R < ry; for such an R, denote by R < R the smallest real number
such that

1
Al = §|AR|-

Given x in  and ~R < r1, construct the sequence {R;} by setting Ry := R, and
then define R; | := R; inductively for i > 0. It follows that

1
AR | = > |ARI,
with lim;_, oo R; = 0. Using the sequence {R;} in Lemma 3.1, one observes that

1 11 1 1 1
1 SPETaT AR

N - o -
AR 9Ap. STyt g
Ri — Riy1 < c1|AR,| Ri TR < c1]Ag| AR AR =y iR

’

where ng = 14 L L a5 before.

s q;{—R Aap
Note that ng > 7 > 0 for the 7 in (19), to deduce, thanks to the previous observa-
tions, that

o0 0
_ 1
R=) (Ri = Riy1) < cil Agl"™ Y 271" = e A ™ ——
i=0 i=0
Cl
< max({l, —1 |AR|"R. 20
< max{l, ==} |Axl 20)
Moreover, since ¢ := 1/ max{l, 1_“2]4} < 1 one has
|Ag| > C;/”RRl/VIR > Cé/ﬁRl/nR — Cé/;?RSRﬁR/VIR7 1)

where Bg := 1 — sng.

To obtain a lower bound for RPR/"k  we make use of the fact that p(-) is log-log-
Holder continuous. It is easy to see that the log-log-Holder continuity of p(-) entails
the log-log-Holder continuity of ¢(-), probably with a different constant, that we also
denote by Clog.10g. Therefore

lg(z) — q(¥)| < Cloglog (12 — ),

and taking the supremum over all pairs of points in Ar one gets

dh, —dx, < Cloglog loglog(e + 1/(2R))/log(1/(2R)),

or
o
log (1/2R)"5 & ) < Cioguog loglog(e + 1/(2R)),
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therefore

+ - 1 Clog-log 1
RqAR ar > <—> B —
log(e + 1/(2R)) YiAg i

1 Clog-log 1
- (log<e T 1/<2R)>) 2 22

But
S(ﬁR —q;R)
R%R; > RﬂTR —R ﬁqXRq;R > (Rq/JarR_q/;R )S/(fl(qf)z)’
hence using (21) and (22) we get

_ 1 Clog-logs/ (1)) 1
PV S (. — - -
-2 log(e + 1/(2R)) 2t —q7)s/(q)D)

1/ 1

— ncl h
2 Serwaan Ve cone ude that

If c3 := Clog—logs/(f](q_)z) and ¢y :=c

: ! “ o er ()"
stz ek (s am) =% (garm)

whenever R < rq, where the last inequality uses that r; < T¢;/2 < 1/(2e), and the
log s-measure density condition for the domain follows. O

Finally, we give the details of the proof of Theorem 3.4 which, as mentioned above,
uses the technique of Theorem 3.3 in [5] together with Theorem 3.3 in this work.

Proof of Theorem 3.4 We use the notations similar to that in Theorems 3.2 and 3.3. Fix
x in  and some R < Terit/2, with T := 1/(e¢ —e) = 0.08 (< %). We assume that
Q\Br(x) # @, since otherwise |Ar| = |R2|. Let u(y) := ¢(y — x) be a function of
y € Q, where ¢ is a cut-off function satisfying:
() ¢ :R*" — [0, 1],
(2) spt¢ C Bg(0),
3) ¢(0) =1, and
(4) |V¢| < c¢/R for some constant .

The hypothesis W17 < C%0) entails that whenever u € W1P() one has that

() = u (@1 = Cuopllull poly = 2 7/70 (23)

for every pair of points {y, z} in 2.In (23) choose y = x and z € (Q2\Bgr(x))NBar (x)0:
one gets

1< Coapllul o x = 2] =2/70. (24)

6 Since Q is connected we have (2\ Br(x)) N Byg(x) # 0.
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On the other hand
el o> = el oo + 190l 0 < l—jgc 1 Beoll oo < 1% ARl""4r (25)
and
= 21 7PW < @R)!S/PO) < R)! T P, (26)

Using (25) and (26) in (24)

1+¢

+ o/~ + o /p—
R |Al"Par QR)' TPAR <2 Cyp (14 6) [Ag|"/PAr R™/P1z

1 < Csop

follows, therefore

+ pj{R pj{R—p;R

1 Pag Sp, . pr

|AR| > 1C 110 R "r >CP R°R "4
sob c

where C = min{1, 1/(2 Csop (1 +¢))}. Finally, we use inequality (22) (from the proof
of Theorem 3.3) to obtain

PAR"PAR _ Cloa-loz s/p
RS p/:R > (R(pXR_pXR))X/p > —1 oo —1
- - log(e + 1/(2R)) 2pt=p7) ’

hence the desired estimate

s CTpe (LY
RY = s =p)/p log(1/R)

follows whenever R < Tii;/2. O

4 Remarks

Using the Lebesgue differentiation theorem one can prove that if & C R" satisfies the
n-measure density condition, then |2 \ 2| = 0, see [21]. We are led to:

Question 4.1 Assume that 2 C R" satisfies the log n-measure density condition. Is it
true that |2\ Q| =07

If a domain satisfies the cone condition, then it also satisfies the measure density
condition, see [5] for example. The standard example of a domain which satisfies
the measure density condition but not the cone condition is 2 =] — 10, 10 [2\K ,
where K is the von Koch snowflake curve with Hausdorff dimension log4/log 3.
Furthermore, it turns out there exists an open subset 2 in R” satisfying the n-measure
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density condition such that d€2 is a graph and €2 does not satisfy the cone condition
[8].7
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