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[1] While the fractal dimension of suspended flocs of cohesive sediment is known to vary
with the shear rate, electrochemical properties of the sediment and environment,
geometrical restructuring, and presence of organic matter, experimental data presented in
this work suggest changes in fractal dimension also during floc genesis at constant
sedimentological and hydraulic conditions. A power law function is proposed to describe
these changes in floc fractal dimension during floc growth and is used to analyze its
impact on floc structural parameters, settling velocity, and kinematics of aggregation and
breakup. An analysis of this model for the fractal dimension highlights changes of
approximately a factor of 2 or more in floc porosity and aggregation and breakup
frequencies and of approximately 1 order of magnitude in floc excess density and settling
velocity compared to values estimated with constant fractal dimension. The results from
this model compare well with prior experimental data collected in situ (Khelifa and
Hill, 2006; Manning and Dyer, 1999).
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1. Introduction

[2] Flocculation of suspended cohesive sediment plays a
role in the mesoscale and large-scale morphodynamic
changes of estuarine environments, coastlines, riverine
zones, canals, water basins, etc., through the processes of
sediment transport and deposition, which are related to the
vertical fluxes of sediment, hence to the floc size and
settling velocity distributions. Despite the distributions of
size and settling velocity in natural conditions being regu-
lated by many climatological, hydrogeological, biochemi-
cal, and physical processes that have an impact on the
overall sedimentological behavior of the suspended sedi-
ment at manifold time and length scales, one important
aspect for the sediment dynamics is represented by the
geometrical characteristics of individual flocs. These char-
acteristics, resulting from the small-scale kinematic pro-
cesses of particle interaction, contribute to determine the
shape of the floc size and settling velocity distributions
(for example, mode, skewness, etc.), hence the fraction of
sediment that is deposited or transported.
[3] Morphological parameters of flocs such as porosity

and excess density, as well as the settling velocity, and the
kinematic processes of particle aggregation and breakup can
be related to their fractal properties. Among many estima-

tors of fractality, for example, the two-dimensional capacity
dimension and the perimeter-based fractal dimension, the
three-dimensional capacity dimension is the most represen-
tative because it describes the space-filling ability of real
flocs and can be used in modeling floc morphological
parameters, settling velocity, and aggregation and breakup
kinematics. The three-dimensional capacity dimension d3 of
floc relates the number of primary particles k to the floc size
L as [e.g., Meakin, 1998]

k ¼ ðL=LpÞd3 ; ð1Þ

with Lp the primary particle size. While d3 is known to vary
with the shear rate [Stone and Krishnappan, 2003],
electrolyte concentration [Van Leussen, 1994; Berka and
Rice, 2005], presence of microbial biomass [Van Leussen,
1994; Manning and Dyer, 2002], and with processes of
geometrical restructuring from mid to high shear rates [Thill
et al., 2001; Spicer et al., 1998; Oles, 1992; Jullien and
Meakin, 1989], a unique value of d3 is assumed to collectively
describe the entire floc population at constant sedimentolo-
gical and hydraulic conditions, meaning that all flocs have an
invariant value of d3 regardless of their growth stage. Despite
this is widely accepted because of the capability to describe
self-similar structures resulting from aggregation of fine
particles with a constant d3 [Meakin, 1991], statistical self-
similarity has experimentally been observed to hold over a
floc size range of approximately 1 order only [Spicer et al.,
1998; Johnson et al., 1996; Neimark et al., 1996; Burd and
Jackson, 1997]. It appears therefore questionable whether
flocs can be modeled with an invariant scaling within the
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entire size spectrum, which spans about 3 orders of
magnitude from the size of the primary particle (micron) to
the one of fully developed flocs (millimeter). In addition, as
kaolinite minerals and primary particles are crystalline and
massive bodies with d3 ’ 3, while suitably large flocs are
porous and irregularly structured bodies with d3 < 3, floc
geometry is supposed to experience a transition during
growth from Euclidean to fractal.
[4] Data from settling velocity measurements as well as

direct observations of floc structure suggest the two- and three-
dimensional capacity dimensions decrease as flocculation
proceeds in time, i.e., with increasing floc size, also at constant
sedimentological and environmental conditions [Chakraborti
et al., 2003; Gardner et al., 1998; Khelifa and Hill, 2006]. A
changing fractal dimension can have a profound consequence
onmodels for floc morphological quantities and on models for
flocculation used to determine the floc size and settling
velocity distributions. However, the way in which the capacity
dimension changes with the floc size during flocculation is not
clearly understood and modeled yet, and an analysis of its
implications in flocculation models is needed to understand
geophysical processes of sediment transport and deposition
occurring al large time and length scales.
[5] The aim of this paper is to observe the evolution of

kaolinite flocs produced in a turbulent field within a settling
column and to assess with imaging techniques how their
three-dimensional capacity dimension evolves with the size.
These experimental data are used to derive an empirical
model for d3 that is next used to analyze its impact on floc
porosity, excess density and settling velocity, and on the
kinematics of particle aggregation and breakup.

2. Experiment

2.1. Facility

[6] For the experimental activity, we have used the
settling column depicted in Figure 1 with kaolinite mineral
of density rs � 2650 kg/m3. The minerals size is in the
range 0.1–5 mm while stable primary particles have sizes
Lp � 5–20 mm.
[7] A highly concentrated suspension of kaolinite, contin-

uouslymixed in the storage tank, is injected into the buffer tank
mounted on top of the settling column and is diluted to the test
concentration cd via a controlled system which activates the
injection pump when the measured mass concentration in the
buffer tank is lower than cd. Sediment is stirred in the buffer
tank with two counter-rotating vanes that produce a recirculat-
ing flow and distribute the particles uniformly when entering
the settling column, which is 4 m high and 300 mm in
diameter. Herein a homogeneous turbulence field, produced
by a 4-meter-high oscillating grid consisting of meshes of
75-mm size with square cross-sectioned rods and deck dis-
tance of 75 mm, induces flocculation. Flocs pass through the
turbulence field and reach the underneath measuring section,
where optical recordings are collected with a particle image
system consisting of a digital camera that records 8-bit gray
scale digital images of 720 � 512 pixel size and a laser diode
that illuminates flocs from the side with a light sheet. The
camera, focusing a window of about 3� 2mm, returns images
with 4.16 mm/pixel resolution, where the pixel size � =
4.16 mm approximately corresponds to the smallest primary
particle size Lp � 5 mm. The whole settling column is housed

inside a climatized room at T = 18�C to minimize temperature
gradients and convective flows. The experiment is performed
with sediment concentration cd = 0.5 g/l, while the grid is set to
oscillate with an amplitude of 84 mm and with frequency
calibrated to yield low shear rate G = 20 s�1. Finally, the
experiment started with no sediment in the column but with a
stationary turbulent field.

2.2. Data Collection and Treatment

[8] Flocs are recorded on digital tapes in a series of
movies, each of the duration of 7 minutes, repeated every
3 hours for 7 days. Individual frames are extracted from
each movie in a way such to not count more than once the
same flocs in the camera view and to have statistically
representative floc populations within each movie. In this
way, a sequence of floc size distributions is produced at
times t = {0,3, 6,. . .} hours and used to study changes of the
fractal dimension of flocs in time.
[9] Frames selected from these movies are converted into

black-and-white with the procedure already used in the
work of Maggi et al. [2006]. From these, the size L of
every floc is computed as the length of the smallest square
embedding the floc shape, while the two-dimensional
perimeter-based fractal dimensions

dP ¼ 2 � logðPÞ= logðAÞ;

is calculated from the dimensionless floc perimeter P and
area A, with 1 	 dP 	 2. The three-dimensional capacity
dimension d3* of individual flocs is assessed from dp as
[Maggi and Winterwerp, 2004]

d*3 ¼ að‘Þ
dP � bð‘Þ

� �1=2

; ð2Þ

where ‘ = L/� � L/Lp is the dimensionless floc size, with the
primary particle size Lp � �. The functions a(‘) and b(‘) are
used to take into account the resolution at the detector and
are known for any ‘

að‘Þ ¼ 9½zð‘Þ � bð‘Þ�; bð‘Þ ¼ 2½kð‘Þ�2 � 9zð‘Þ
½kð‘Þ�2 � 9

;

with k(‘) = z(‘)[z(‘) � 1] + 1 and z(‘) = log[4‘ � 4]/log[‘].
Equation 2 is valid in the full range 1 	 dP < 2, i.e., except
for projections having A � P, and can return values of d3 in
the range 1 	 d3 < 3. Because of this, equation 2 can
circumvent the rule [Falconer, 1990]

d*3

¼ d2 for d2 < 2;

 2 for d2 ¼ 2;

8<
: ð3Þ

which is limited to projections whose two-dimensional
capacity dimension is d2 < 2, hence to values of d3 in the
range 1 	 d3 < 2. Equation 2 was tested in the work of
Maggi [2005] in reconstructing the three-dimensional
capacity dimension of random fractal aggregates obtained
by diffusion-limited aggregation (DLA) and cluster-cluster
aggregation (CCA) processes from their two-dimensional
projections and was shown to return values of d3 with mean
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squares errors E = 0.004 compared with E = 0.018 and
E = 0.054, respectively, obtained using equation (3).

2.3. Experimental Results

[10] The three-dimensional capacity dimension is ana-
lyzed for flocs in nonequilibrium and in steady state
populations. While the nonequilibrium populations are
represented by flocs observed shortly after the initial sedi-
ment injection in the column, the time beyond which the
population can be considered at steady state is determined
experimentally from the variations of the floc size distribu-
tions between two sequential recordings and from the
flocculation timescale Tf in the settling column, estimated

to be Tf � 25 hours. We focus our analysis on four data sets
recorded at times t = {0, 3} hours (i.e., nonequilibrium floc
populations) and at times t = {162,165} (i.e., steady state
floc populations), respectively, whose floc size distributions
are depicted in Figure 2a.
[11] The values of d3* computed with equation (2), repre-

sented in the double-logarithmic plot of Figure 2b, decrease
with increasing dimensionless size ‘, meaning that flocs
appear increasingly clustered or filamentous as L increases.
Figure 2b suggests d3 to follow a power law of L

d3ðLÞ ¼ d‘x ¼ d L=Lp
� �x

; ð4Þ

Figure 1. Schematic view of the longitudinal cross section of the settling column used in our experimental
campaign. Functioning and characteristics are described in detail in the work of Maggi et al. [2002].
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where d and x are estimated by data fitting (Table 1). The
parameter d can be interpreted as the capacity dimension of
the primary particles, and it can be taken d = 3 (Table 1).
This value harmonizes with the fact that primary particles
have size L = Lp � � and are stacks of massive,
Euclidean crystals with d3 = 3. Therefore a pixel size
� � Lp does not compromise the information of fractality
of the primary particles at the detector and optimizes the
use of the optics for larger flocs. The parameter x, instead,
represents the rate at which d3 decreases for L > Lp and, as
suggested by Table 1, can be taken x =�0.1. These values of
d and x are valid for flocculated kaolinite minerals and
correlate to experimental data with an R2 = 0.859. Never-
theless, equation (4) allows to use other values of x to
describe better the decay in d3 for suspensions of different
nature, as well as x = 0 and d < 3 when all flocs and primary
particles are characterized by an identical capacity dimension
d3 = d < 3.
[12] It is note worthy that d and x are substantially

invariant in time, that is, they do not change during the
phase transition of the floc population from nonequilibrium
to steady state.
[13] Equation (4) is limited to the range of L/Lp for which

1 	 d3 	 3, where the upper boundary is obvious for

physical reasons, and the lower boundary is due to the fact
that flocs with d3 < 1 would be two disjoint masses rather
than a unique floc. In the upper boundary, onset of floccu-
lation is characterized by flocs that experience a structural
crossover from Euclidean to fractal occurring as soon as ‘
becomes ‘ > 1. The Euclidean-to-fractal crossover at this
initial stage of growth may be characterized by a disconti-
nuity not taken into account by equation (4). Consider k
primary particles having d3 = d = 3 to attach to each other
forming a line-like chain with dimensionless linear size ‘ =
L/Lp = k; the capacity dimension of this newly formed floc
will be d3 = log[k]/log[k] = 1, which is smaller than d3 =
3k�0.1 for small k. However, the probability that all k
primary particles collide to form such structure is very low
for aggregates forming in turbulent fields. In addition, this

Figure 2. (a) Floc size distribution measured in the settling column of Figure 1 at times t = {0, 3, 162,
165} hours. (b) Relationship between the dimensionless size ‘ =L / Lp and the three-dimensional capacity
dimension d3 of the flocs at the same experimental times of data in Figure 2a (redrawn from the work of
Maggi [2005]).

Table 1. Values of d and x Resulting From Least Square Fitting to

the Data at Times t = {0, 3, 162, 165} Hoursa

Time t State 0 NE 3 NE 162 SS 165 SS

d 3.437 3.378 3.357 3.359
x �0.112 �0.079 �0.093 �0.092
R2 0.847 0.830 0.863 0.859

aNE and SS refer to non-equilibrium and steady state, respectively.
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‘‘jump’’ should be evident only for k = 2 and should vanish
quickly during the initial exponential growth phase, when
the number of primary particles in a floc increases rapidly.
Similarly, if we consider monosized primary particles with
Lp = 5 mm, the size L* corresponding to the lower boundary
(d3 = 1) is L* = Lp (1/d)

1/x = 5 � 5.9 � 10�2 m � 30 cm.
This is hardly reached by real sediment flocs in natural
conditions. Thereby, equation (4) can describe decreases in
d3 over a broad range of floc sizes in real conditions.
[14] Furthermore, it is generally observed for the modal

floc size to scale with the shear rate as eL / Gx with x < 0
[e.g., Lick et al., 1993], meaning that increases in G produce
smaller flocs. If we substitute this scaling into the power
scaling d3 / eLx of equation (4) where x < 0, we obtain the
new scaling d3 / Gxx with xx > 0. This predicts an average
increase in capacity dimension for flocs subject to increases
in G, the behavior which has been observed in the work of
Stone and Krishnappan [2003].
[15] While the physical process responsible for the for-

mation of fractal structure from Euclidean particles can be
related to shielding effects [Ball and Blunt, 1989], which is
internal throats of flocs are less accessible to particles than
the surface, the decrease in capacity dimension with increas-
ing floc size can be related to a gradual transition from
Brownian flocculation at initial states (i.e., when small
particles collide and attach prevalently because of Brownian
diffusivity), toward cluster-cluster flocculation (i.e., when
larger flocs collide and attach mainly because of shear flow
and differential settling) [Farley and Morel, 1986; Burd and
Jackson, 1997]. These two regimes can be associated to DLA
and CCA processes, respectively, which result in the forma-
tion of randomly structured fractal flocs well-known to be
characterized by three-dimensional capacity dimensions d3�
2.5 for DLA and d3 � 1.8 for CCA [Vicsek, 1992].
[16] A model for variable capacity dimension carries an

advantage in describing floc geometry and mass-density
distribution within the fractal theory. A detailed description
of this is beyond the purpose of this paper, but the main
directions are introduced in the following.
[17] While the capacity dimension is a measure of the

portion of a space of characteristic length L occupied by a
body, a rich description of how mass is distributed within
this space can be achieved by means of the generalized
dimensionality, which is represented through the multifrac-
tal spectrum f [Hentschel and Procaccia, 1983; Grassberger
and Procaccia, 1983; Chhabra and Jensen, 1989; Meakin,
1998]. The infinite number of fractal dimensions in f
describe the distribution of mass in nonhomogeneous com-
pact (close and finite) bodies over the infinite number of
length scales comprised within the cut offs [Argyris et al.,
1994]. Multifractal analysis, successfully used to study the
monoscale andmultiscale nature of DLA and CCA aggregates
[Meakin, 1998], was performed on floc shapes collected in the
settling column showing that growing flocs are marked by a
progressively widening spectrum f, and by sup{ f} decreasing
as the floc size increases [Maggi, 2005], where sup{ f }
corresponds to the capacity dimension [Grassberger and
Procaccia, 1983]. The use of d3 = const < 3 for all flocs,
therefore, does not add any specific information of the floc
mass-density distribution, i.e., of their monoscale or multi-
scale (multifractal) geometry. Conversely, a decreasing d3
implies an evolution of the mass-density distribution from

monoscale to multiscale that can be associated to, and
modeled with, a widening spectrum f. This will be part of
a future mathematical analysis of the evolution of floc
geometry, while in the present study we focus on the
impact of a changing d3 on hydraulic and geometric floc
quantities.

3. Structural and Hydraulic Parameters of
Flocs for Variable Fractal Dimension

[18] The impact of a changing capacity dimension d3 on
structural parameters and settling velocity of flocs is
explored for various values of the primary particle capacity
dimension d and exponent x of the power law in equation (4).
[19] Upon substitution of equation (4) into equation (1)

we obtain the scaling law

k ¼ ðL=LpÞd3ðLÞ ¼ ðL=LpÞdðL=LpÞ
x

; ð5Þ

which allows to determine the size L of a floc given k, Lp, x,
and d. Figure 3a shows that increases in x determine a more
rapid increase in L for increasing primary particle number k,
whereas decrease in x, vice versa, determine a less rapid
increase in L. The effect of a decreasing capacity dimension
d of the primary particles always determines more rapid
increases in L than with d = 3 (Figure 3b), hence with an
overall effect similar to decreases in x. For this reason, we
limit the following analyzes to variations in the rate of
change x.
[20] Consider a massive floc of size L with d3 = 3 and

made of n = (L/Lp)
3 primary particles; consider also a

fractal floc of the same size but with d3(L) < 3 made of
k = (L/Lp)

d3(L) < n primary particles. The porosity e, given by
the ratio e = (n � k)/n with (n � k) the dimensionless
measure of voids, can be written in terms of capacity
dimension

e ¼ 1� ðL=LpÞd3ðLÞ�3; ð6Þ

and can be used to determine the floc excess (effective)
density Dre [Kranenburg, 1994; Sterling et al., 2005]

Dre ¼ rf � rw ¼ ðrs � rwÞ
Lp

L

� �3�d3ðLÞ
¼ ðrs � rwÞð1� eÞ; ð7Þ

with rf, rs = 2500 kg/m3, and rw = 1000 kg/m3 the floc,
sediment and water densities, respectively. If we take d3 =
const = 2 as the reference value averagely used in modeling
fractal flocs [e.g., Flesch et al., 1999; Zhang and Li, 2003;
Kunster et al., 1997], the effect of a changing d3 on e is
especially evident on flocs with L < 100 mm, which show a
lower porosity compared to those with d3 = 2 (Figure 4a).
This is in agreement with the fact that e increases with L for
fractal flocs and has the advantage to circumvent single or
multiple discontinuities introduced by ‘‘core-shell’’ models
that conceptualize flocs as massively packed in the center
and open near surface [Kunster et al., 1997; Wu et al., 2002;
Veerapaneni and Wiesner, 1996; Li and Logan, 2001].
Decreasing values of x tend to produce more porous flocs
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(Figure 4a). Decreases in d have a similar effect on e (data
not shown).
[21] Analogously, a variable d3(L) has the effect of

causing a more gentle decrease in effective density Dre at

small floc sizes (L < 30 mm) with respect to the one
computed with d3 = 2, and a more rapid decrease for L >
30 mm (Figure 4b). Decreases in x accentuate further this
behavior. These modeling data resemble with good agree-

Figure 3. Analytical relationship between primary-particle number k and floc size L for various values
of the (a) exponent x of equation (4) and (b) primary particle capacity dimension d.

Figure 4. (a) Relationship of porosity e and (b) excess density Dre as functions of L for constant and
variable capacity dimensions d3. In both panels d3 = const = 2, while variable capacity dimension is
computed with d = 3 and various values of x. Differences from using equation (4) and d3 = 2 can be of a
factor of 2 in e and of 1 order of magnitude in Dre.
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ment several experimental data sets grouped together and
analyzed on a wider floc size range in the work of Manning
and Dyer [1999] showing that Dre becomes gradually more
sloped for increasing floc size (Figure 5).
[22] By substituting equation (7) into the Stokes’ law for

the settling velocity of spherical nonporous particles with a
Reynolds number smaller than 1, mathematically written as

v ¼ ðrf � rwÞg
18m

L2; ð8Þ

we obtain an expression for the settling velocity of fractal
flocs

v ¼ ð1� eÞ ðrs � rwÞg
18m

L2 ¼ ðrs � rwÞg
18m

L
3�d3ðLÞ
p

L1�d3ðLÞ
ð9Þ

[23] Data in Figure 6a show that a capacity dimension
decreasing with L can have a profound impact on the floc
velocity, which increases with L up to a maximum at a floc
size L*, beyond which, it decreases. This behavior of the
settling velocity can be explained in terms of porosity; in
fact, an increasing porosity e ! 1 (Figure 4) has the effect
to decrease Dre ! 0, hence to decrease also v ! 0 as
formulated via equation (9). A decreasing x causes L* to
move toward smaller sizes, thus resulting in a further
reduction of the falling velocity of large flocs compared
to midsized flocs. For primary particles with capacity
dimension d progressively smaller than 3, the settling
velocity becomes accordingly smaller, with L* less sensitive
to variations in d than to variations in x (Figure 6b).
[24] Single experimental observations that can charac-

terize in a general manner the behavior of the settling
velocity over a wide range of floc sizes are scarce. However,
a long history in measuring the floc settling velocity in

natural waters has resulted in an ample database detailedly
compiled in the work of Khelifa and Hill [2006]. In their
work, Khelifa and Hill have grouped together data from 20
published works giving an important picture of the settling
velocity over approximately 4 orders of magnitude in floc
size. Figure 7, taken from the work of Khelifa and Hill
[2006], shows that the curved behavior anticipated by
equation (9) for the settling velocity with increasing L finds
good agreement with experimental data.
[25] We do not rule out that different expressions to

account for variations in capacity dimension can equally
explain the behavior in excess density and settling velocity
discussed above. Yet, Figure 2b gives an underpinning clue
that this must depend on structural and geometric properties
of the flocs. Nonetheless, it is of surprising interest to note
that while our power law model of the three-dimensional
capacity dimension was derived from direct optical obser-
vation of the floc structure, Khelifa and Hill [2006] have
derived a power law function similar to equation (4) from
the data of Figure 7. It appears therefore meaningful to
consider the capacity dimension a variable quantity, which
changes as a power law function during floc growth, also at
constant sedimentological and environmental conditions.

4. Aggregation and Breakup Kinematics for
Variable Fractal Dimension

[26] The analyses of section 3 show that a variable
capacity dimension d3(L) largely impacts the structural
parameters and the settling velocity of flocs. As these
play a direct role in particle-particle interactions [e.g.,
Berka and Rice, 2005; Sato et al., 2004; Li and Logan,
2001; Winterwerp, 1998; Kunster et al., 1997; Veerapaneni
and Wiesner, 1996], a variable capacity dimension can in
turn impact the aggregation and breakup rates with an

Figure 5. Experimental effective density Dre for several sediment floc samples (labeled as A through
G) redrawn from the work of Manning and Dyer [1999]. This plot shows an overall trend well
reproduced by the model for variable fractal dimension of equation (4) represented in Figure 4b.
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Figure 6. Relationship between floc size L and settling velocity v for constant and variable capacity
dimensions d3 computed for various values of (a) x and (b) d. Difference from using equation (4) and d3 = 2
can be nearly of 1 order of magnitude for d = 3 or more for d < 3.

Figure 7. Experimental floc settling velocity as a function of floc size from the work of Khelifa and Hill
[2006]. Solid and dashed lines represent best and boundary fitting from Khelifa and Hill’s model. These
experimental data are replicated well by the settling velocity model with variable capacity dimension in
Figure 6.
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important effect on the time evolution of the floc size
distribution. The equilibrium floc size and settling velocity
distributions, moreover, depend not only on the velocity of
the aggregation and breakup reactions but also on the balance
between the two. The way in which the scaling relationship
between floc mass and size changes during floc growth, and
the rate at which the reactions of aggregation and breakup
change with the floc size and capacity dimension, depends on
the exponent x and the parameter d of equation (4). The
following analysis is therefore aimed at indicatively showing
the impact of porous flocs modeled with variable fractal
dimension on the aggregation and breakup rates.
[27] In the population balance equations used to model

flocculation of cohesive sediment [e.g., Burban et al., 1989;
Lick et al., 1993; Flesch et al., 1999; Zhang and Li, 2003;
Kunster et al., 1997], the rate of particle aggregation is
normally modeled as the product aLi, j, with Li, j expressing
the frequency of collision between two particles and a
expressing the likelihood of these to attach after collision.
[28] The collision frequency Li, j can be expressed as

Li, j = Li, j
BM + Li, j

DS + Li, j
TS because of the contributions of

Brownian motion (BM), differential settling (DS), and
turbulent shear (TS), respectively [e.g., Hunt, 1980; Serra
and Casamitjana, 1998a, 1998b]

LBM
i;j ¼ 2KTðLi þ LjÞ2

3mLiLj
; ð10Þ

LTS
i;j ¼ G

6
ðLi þ LjÞ3; ð11Þ

LDS
i;j ¼ p

4
ðLi þ LjÞ2jvi � vjj: ð12Þ

[29] Despite not accounting for the Van der Waals and
electrostatic potentials resulting in the ‘‘double-layer barrier’’
(zeta potential), equations (11) and (12) have widely been
used in mechanistic models of flocculation in virtue of the
fact that, in aqueous media, the shear rate G and the settling
velocity v can become more important than electrochemical
potentials in particle collision. It is note worthy that, instead,
equations (10), (11), and (12) do not take into account
hydrodynamic interactions, which can become important for
same ranges of G, L, and e. For instance, the collision
frequency has experimentally been observed to decrease for
|Li � Lj| increasing because of hydrodynamic shielding
[Stolzenbach and Elimelech, 1993]. An increasing porosity,
instead, has been reported to diminish the hydrodynamic
shielding because of the flow through the porous structure
of two approaching flocs [Li and Logan, 1997; Kim and
Yuan, 2005]. Other more complicated (for example, curvi-
linear) models can be used to estimate the collision fre-
quencies taking into account electrochemical potentials but
require a larger number of parameters and still lack in
description of the hydrodynamic interaction of porous
fractal flocs [e.g., Li and Logan, 1997].
[30] The collision efficiency a, instead, is generally

assumed to be either a = 1 [e.g., Farley and Morel, 1986;
Krishnappan, 1990] or a calibration parameter for which
any collision between any two differently sized flocs will

occur with the same likelihood of success [e.g., Serra and
Casamitjana, 1998c; Lick and Lick, 1988]. Recently, also
the collision efficiency between porous flocs was observed
to not be constant for differently sized particles [Sterling et
al., 2005] and to increase with floc porosity [Kim and
Stolzenbach, 2004].
[31] In the following, we aim at writing an aggregation

rate ai, jLi, j that takes into account hydrodynamic effects
due to the size and porosity of flocs in a relatively simple
mathematical manner. Earlier works [e.g., Friedlander,
1957, 1965; McCave, 1984] have proposed formulations
of a as functions of L, but none led to a generalizable exact
solution. Arbitrarily, we examine the collision efficiency
proposed by Pruppacher and Klett [1978], ai,j = (Li/Lj)

2/
(2(1 + Li/Lj)

2) with Li 	 Lj, as this is simpler than and
essentially equivalent to the others in terms of overall
behavior. This formulation of a can be extended to include
hydrodynamic effects due to floc porosity via a factor
written as a function of the capacity dimension of the flocs.
In particular, a modified Pruppacher and Klett’s collision
efficiency can be written as

ai; j ¼
9

d3ðLiÞd3ðLjÞ
ðLi=LjÞ2

2ð1þ Li=LjÞ2
; with Li 	 Lj: ð13Þ

By using equations (10), (11), (12), and (13) to calculate the
effective aggregation rate ai, j Li, j, we introduce in a simple
and compact form the hydrodynamics effects of floc size
and porosity during aggregation.
[32] An inspection of ai, j, Figure 8, shows that for Lj �

Li, ai, j tends to decrease because of the ratio Li/Lj � 1 and
to increase because of a d3(Lj) < d3(Li) < 3. Moreover, ai, j

tends to generally increase when both flocs are large.
Equation (13) reproduces in a qualitative way the behavior
described in the works of Kim and Yuan [2005], Kim and
Stolzenbach [2004], Sterling et al. [2005], and Stolzenbach
and Elimelech [1993] and can be used as a first indication
for assessing the effective aggregation frequency. In addi-
tion, by using equation (4), a decreasing x increases the
overall sticking probability for both small and large collid-
ing flocs. A decreasing primary particle capacity dimension
d affects ai,j in a way similar to a decreasing x (data not
shown).
[33] Finally, the rate B at which flocs break up has been

related to L, Lp, G, floc strength, and other quantities via
various scaling relationships. Yet, none of them has been
shown to be universally valid. We use the model by
Winterwerp [1998] as this comprises a small number of
parameters and is expressed as a function of the floc size
and fractal dimension. By substituting d3(L) into Winter-
werp’s model we obtain

B ¼ E
m
Fy

� �1=2

G3=2L
L

Lp
� 1

� �3�d3ðLÞ
; ð14Þ

where E is a breakup parameter in the order 10�6 m�1, Fy =
10�10 Pa is an estimate floc strength, and d3(L) is as in
equation (4). Model results in Figure 9 show that the
frequency of breakup, low for small flocs, increases more
rapidly from floc sizes L ’ 40 mm because of a d3
decreasing with L compared to B computed with constant
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Figure 9. Breakup frequency as a function of L for constant and variable capacity dimensions d3, the
latter computed for various values of (a) x and (b) d. Difference from using equation (4) and d3 = 2 can be
of approximately 1 order of magnitude.

Figure 8. Collision efficiency computed for (a) the range of floc sizes Li = 4–200 mm with a floc of size
Lj = 200 and for (b) the range of floc sizes Li = 4–1000 mm with a floc of size Lj = 1000 for constant and
variable capacity dimensions d3, the latter computed for d = 3 and various values of x. Differences from
using equation (4) and d3 = 2 can be larger than a factor 2.
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capacity dimension. Decreasing values of x and d accentuate
further this behavior.

5. Conclusions

[34] Experimentally acquired data has shown that the
fractal dimension of suspended flocs changes within a floc
size ranging more than 2 orders of magnitude. A power law
function has been proposed to describe these changes.
Analysis of this description of floc structure has shown that
floc porosity, excess density, and settling velocity, as well as
the kinematics of aggregation and breakup, can change from
a factor of 2 up to 1 order of magnitude or more with respect
to models with constant fractal dimension. Hence a variable
fractal dimension is a major control for floc structure and
flocculation kinematics of suspended cohesive sediment.
This can in turn exert a substantial effect on larger time and
length scales of flocculation and, consequently, of geo-
physical flows such as sediment transport and deposition
in aqueous environments.
[35] In general terms, a wider experimental and mathe-

matical effort can shed further light to these aspects.
However, it is part of the author’s plan to make a specific
step forward into this direction by implementing this model
for variable fractal dimension in a population balance
equation based on Smoluchowski’s equation [e.g., Serra
and Casamitjana, 1998c; Lick and Lick, 1988; Flesch et al.,
1999] and assess its validity with the support of existing
data.
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