




Variable Thickness Transient 
Groundwater Flow Model 
Theory and Numerical 
Implementation 

by 
K. L Kipp 
A. E. Reisenauer 

C. R. Cole 
C. A. Bryan 

1972 
(Updated 1976) 

This report i s  based on work sponsored by 
the Atlantic Richfield Hanford Company 
under Energy Research and Development 
Administration Contract AT(45-I)-2130 



N O T I C E  

This report was prepared as an account of work sponsored by the United States Government. Neither the 

United Stater nor the Energy Research and Development Administration, nor any of their employees, nor any of their 

contractors, subcontractors, or their employees, makes any warranty, express or implied, or assumes any legal liability 

or responsibility for the accuracy, completeness or usefulness of any imformation, apparatus, product or process 

disclosed, or represents that its use would not infringe privately owned rights. 

PACIFIC NORTHWEST LABORATORY 

operated by 
BATTELLE 

for the 
ENERGY RESEARCH AND DEVELOP.MENT ADMINISTRATION 

Under Contract E(45-1)-1830 

Printed in the United States of America 
Available from 

National Technical Information Service 

U.S. Department of Commerce 
5285 Port Royal Road 

Spring!ield, Virginia 22151 
Price: Printed Copy U.50; Microfiche $225 



VARIABLE THICKNESS TRANSIENT GROUNDWATER FLOW MODEL 

THEORY AND NUMERICAL IMPLEMENTATION 

K. L .  K i p p * *  
A.  E .  R e i s e n a u e r  

C .  R.  C o l e  
C.  A. B r y a n *  

Water and L a n d  R e s o u r c e s  D e p a r t m e n t  

* U n i v e r s i t y  of M o n t a n a ,  M i s s o u l a ,  Montana 
. **AERE H a r w e l l ,  O x f o r d s h i r e ,  E n g l a n d  

1 9 7 2  

( U p d a t e d  1 9 7 6 )  

T h i s  r epo r t  i s  based on w o r k  sponsored by t h e  
A t l a n t i c  R i c h f i e l d  H a n f o r d  C o m p a n y  under U n i t e d  

States  E n e r g y  R e s e a r c h  and D e v e l o p m e n t  A d m i n i s t r a t i o n  

C o n t r a c t  AT ( 4 5 - 1 )  - 2 1 3 0  

BATTELLE 
P A C I F I C  NORTHWEST LABORATORIES 

RICHLAND, WASHINGTON 9 9  3 5 2  



SUMMARY 

lb,lodeling of radionuclide movement in the grounclwater system 
beneath the Hanford Reservation requires mathematical simula- 
tion of the two-dimensional flow in the unconfined aquifer. 
This was accomplished using the nonlinear, transient 
Boussinesq equation with appropriate initial and boundary 
conditions, including measured Columbia River stages and 
rates of wastewater disposal to the ground. The hetero- 
geneous permeability (hydr'aulic conductivity) distribution 
was derived by solution of the Boussinesq equation along 
instantaneous streamtubes of flow employing a measured 
water table surface and a limited number of field-measured 
hydraulic conductivity values. Use of a successive line 
over-relaxation technique with unequal time steps resulted 
in a more rapid convergence of the numerical solution than 
with previous techniques. The model was used to simulate 
the water table changes for the period 1968 through 1973 
using known inputs and boundary conditions. A comparison 
of calculated and measured water table elevations was made 
at specific well locations and the quality of the verifica- 
tion simulation was evaluated using a data retrieval and 
display system. Agreement between the model results and 
measured data was good over two-thirds of the Hanford Reserva- 
tion. The capability of the model to simulate flow with 
time-varying boundary conditions, complex boundary shapes 
and a heterogeneous distribution of aquifer properties was 
demonstrated. 
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SYMBOLS AND DIMENSIONS 

h h y d r a u l i c  p o t e n t i a l ,  f t  

q i n f i l t r a t i o n  f l u x ,  ( f  t3 /day)  / f t  
2 

R r e g i o n  o f  t h e  f low system 

r . e l e m e n t a l  s q u a r e  w i t h i n  r e g i o n  R a t  
' i ndex  i , j  

t t i m e  v a r i a b l e ,  days  

K h y d r a u l i c  c o n d u c t i v i t y ,  f t / d a y  

x , y , z  C a r t e s i a n  c o o r d i n a t e  sys tem,  f t  

I' boundary o f  ri a t  node i , j  
I j 

b i  
s t e a d y  term i n  t h e  t r a n s m i s s i v i t y  
c a l c u l a t i o n  a t  s t e p  i 

t r a n s i e n t  t e r m  i n  t h e  t r a n s m i s s i v i t y  
c a l c u l a t i o n  a t  s t e p  i 

0 s t o r a g e  coefficient,(dimensionless) 

p d e n s i t y  of  w a t e r ,  l b s / f t  
3 

V g r a d i e n t  o p e r a t o r  - 

A - a m a t r i x  



SYMPOLS AND DIMENSIONS (continued) 

a vector 

water boundary potential, ft 

discretized potential at time plane n, 
node i , j ,  ft 

aquifer .bottom surface at node i , j ,  ft 

outward vector normal to surface 

pressure, lb/ft 
2 ' 

Darcy velocity, ft/day 

3 2 
infiltration or accretion flux, (ft /day)/ft 

volumetric infiltration flow rate at 
node i, j  , f t3/day 

pore velocity, ft/day 

relaxation factor 

specific weight of water, lb/ft 
3 

2 
potential function for Darcy flow, ft /day 

free surface position, ft 

nodal spacing, ft 



VARIABLE THICKNESS TRANSIENT GROUNDWATER FLOW MODEL 
THEORY AND NUMERICAL IMPLEMENTATION* 

INTRODUCTION 

The saturated groundwater flow model for the unconfined aquifer 
described in this report was developed as part of the Radio- 
nuclides in Soils program, a study of the potential movement 
of radionuclides in the hydrogeologic system of the Hanford 
Reservation. The output of this model is the transient 
groundwater flow potential distribution for the area simulated 

from which seepage velocities can readily be computed. 

This report contains the 1) mathematical model and its assump- 
tions, 2) numerical formulation of the equations, 3) acquisi- 
tion and preparation of the boundary and initial conditions 
and source terms, 4) numerical solution techniques used in 
obtaining solutions or simulations of the flow field, and 
5) results of the verification simulation of a 6-year 
period. A separate document, BNWL-1706, The Transmissivity 
Iterative Calculation Routine - Theory and Numerical Imple- 
mentation, covers the derivation and preparation of the 
aquifer property values: hydraulic conductivity and storage 
coefficient. 

FORMULATION OF THE MATHEMATICAL VARIABLE 
THICKNESS TRANSIENT MODEL 

The Variable Thickness Transient (VTT) Model was developed 
using the Boussinesq equation with appropriate initial and 
boundary conditions. This equation is derived by vertically 
averaging the three-dimensional equation governing incom- 
pressible, Darcian groundwater flow. Thus the independent 
spatial variables are in the horizontal plane and the 
nonlinear, free-surface boundary condition is incorporated 
into the governing differential equation. Furthermore, in 
addition to that flow derived from the storage coefficient, 
any flux resulting from vertical infiltration from the 
partially saturated zone above the free surface appears as 
a source term in the Boussinesq equation. All aquifer 
properties are represented by their average value over the 
vertical thickness of saturated flow. A significant capa- 
bility of this numerical formulation of the mathematical 
model is its ability to handle heterogeneous distributions 
of hydraulic conductivity and storage coefficient. 

*This document has been reveiwed by Atlantic Richfield Hanford 
Company and authorized for publication by the Manager, Groundwater 
Management. 



Appropriate boundary conditions include impermeable 
boundaries through which no flow occurs and known potential 
boundaries where an open body of water joins directly to 
the aquifer. 

The model simulates the flow of an incompressible fluid that 
saturates a rigid, porous soil matrix. Compressibility 
effects of the fluid and matrix can safely be neglected 
under conditions of unconfined or free-surface flow. 

The hydraulic conductivity (K) is assumed to be isotropic 
but heterogeneous. Darcy's law is presumed to govern the 
flow. 

where @ = 2 + z .  
Y 

Applying continuity considerations for incompressible flow 
leads to 

whose solutions are potentials of the Poisson type. For 
heterogeneous, isotropic media with negligible soil and 
water compressibilities, the above equation becomes: 

Boundary Conditions 

1) Where the aquifer contacts a body of free water, the 
boundary is a surface along which the potential @ is known. 
In the general transient case with the water surface sloping 
in the direction of flow, such as along a river, 

where r locates a point on the boundary. This boundary is not 
an equzpotential surface and - V @  is not necessarily normal to 
it. 

2) An impermeable boundary has no flow across it and is 
usually fixed in space. Thus, 

along an impermeable boundary where n designates the outward 
normal to the boundary. 



3 )  A free surface is a boundary whose location in space 
and time is unknown before the problem is solved. By 
neglectinq capillary effects, it becomes a sharp interface. 
Therefore, two boundary conditions need to be imposed. Flow 
in the capillary fringe is neglected. Let z = ~~(x,y,t) 
designate the free surface. Since atmospheric pressure 
over the free surface is taken to be zero, the defining 
equation for 4  becomes 

The kinematic boundary condition comes from the fact that a 
particle initially on the free surface remains on it as the 
surface moves. Mathematically this means that the substan- 
tial derivative (or the derivative following the motion) of 
the equation defining the free surface must equal zero. 

1 

Thus, 

q - -9 where V = ;; - - u 0 .  

Substituting for the velocities qives the nonlinear, kinematic, 
free surface boundary condition: 

A free surface with accretion occurs when there is an infil- 

tration flux across that surface. 

34  2 34 
0 -  K )  + =(K + q') - q' = 0. 
at 

Equation 9 is the result of modifying Equation 8 to nclude the 3 rate of accretion or infiltration q u  , [units (L~/T/L ) referenced 
to a horizontal surface z = constant. 

4) A surface of seepage is a stationary surface, fixed in 
space, along which pressure is atmospheric (p = 0); here the 
water leaves the porous medium and enters free space outside 
the z2uifer. Thus, 

Initial Condition 

The initial distribution of the dependent variable $(r,t) 
must be known at time zero. 



The d e r i v a t i o n s  o f  t h e  above  d i f f e r e n t i a l  e q u a t i o n  and  bound- 
a r y  c o n d i t i o n s  c a n  b e  found  i n  a b a s i c  g roundwa te r  f l o w  

2 
r e f e r e n c e  s u c h  as B e a r ,  e t  a l . ,  o r  Po luba r inova -Koch ina .  

3 

O b t a i n i n g  a  s o l u t i o n  t o  t h e  f r e e  s u r f a c e  bounda ry  c o n d i t i o n  
( E q u a t i o n  9 above )  f o r  t h e  g e n e r a l  c a s e  i s  d i f f i c u l t  p r i m a r i l y  
b e c a u s e  o f  i t s  n o n l i n e a r  c h a r a c t e r i s t i c .  F u r t h e r m o r e ,  t h e  
knowledge o f  t h e  t h r e e - d i m e n s i o n a l  p o t e n t i a l  d i s t r i b u t i o n  
and t h r e e - d i m e n s i o n a l  d i s t r i b u t i o n  o f  a q u i f e r  p r o p e r t i e s  i s  
u s u a l l y  i n s u f f i c i e n t .  T h e r e f o r e ,  a n  a p p r o x i m a t e  method h a s  
b e e n  a d o p t e d  which  f a c i l i t a t e s  t h e  m a t h e m a t i c a l  t r e a t m e n t  o f  
t h e  g roundwa te r  f l o w  problem.  

THE DUPUIT - BOUSSINESQ APPROXIMATION 

The D u p u i t  or h y d r a u l i c  t h e o r y  o f  g roundwa te r  f l o w  rests on 
t h e  a s s u m p t i o n s  t h a t  t h e  f r e e  s u r f a c e  h a s  o n l y  s m a l l  i n c l i -  
n a t i o n s  and  t h e  s l o p e  o f  t h e  a q u i f e r  b o t t o m  i s  s l i g h t .  
Thus ,  t h e  s t r e a m l i n e s  a r e  e s s e n t i a l l y  h o r i z o n t a l .  A s  a  
r e s u l t ,  v e r t i c a l  v e l o c i t i e s  c a n  b e  n e g l e c t e d  so t h a t  t h e  
e q u a t i o n s  o f  f l o w  c a n  b e  a v e r a g e d  i n  t h e  v e r t i c a l  d i r e c t i o n .  
S u r f a c e s  o f  s e e p a g e  a r e  n o t  c o n s i d e r e d  i n  t h i s  t h e o r y .  Flow 
r a t e s  a r e  e x a c t  b u t  t h e  f r e e  s u r f a c e  p r o f i l e  i s  i n  e r r o r ,  

4 e s p e c i a l l y  i n  a r e a s  o f  l a r g e  c u r v a t u r e .  The r e s u l t  of 
a v e r a g i n g  E q u a t i o n  2 i n  t h e  v e r t i c a l  d i r e c t i o n  f r o m  t h e  
a q u i f e r  b o t t o m ,  h O ,  t o  t h e  f r e e  s u r f a c e ,  h ,  and  i n c l u d i n g  
t h e  f ree  s u r f a c e  boundary  c o n d i t i o n s  on E q u a t i o n  2 r e s u l t s  i n  

where q '  > 0 i s  i n f i l t r a t i o n ,  t h e  p o t e n t i a l  head  @ ( x , y , z , t )  i s  
r e p l a c e d  by  t h e  e l e v a t i o n  o f  t h e  f r e e  s u r f a c e ,  h ( x t y , t ) ,  and  
V i s  t h e  two-d imens iona l  ( x , y )  g r a d i e n t  o p e r a t o r .  
7 

E q u a t i o n  11 i s  known a s  t h e  B o u s s i n e s q 5  e q u a t i o n  o f  u n s t e a d y  
f l o w . *  The number o f  s p a t i a l  d i m e n s i o n s  h a s  been  r e d u c e d  from 
3 t o  2 a n d  a l l  o f  t h e  a q u i f e r  p r o p e r t i e s  a r e  r e p r e s e n t e d  by  
t h e i r  a v e r a g e  o v e r  t h e  s a t u r a t e d  t h i c k n e s s  o f  t h e  a q u i f e r .  
The n o n l i n e a r  free s u r f a c e  bounda ry  c o n d i t i o n  h a s  made t h e  
d i f f e r e n t i a l  e q u a t i o n  n o n l i n e a r ,  b u t  t h e  unknown s u r f a c e  
c o n f i g u r a t i o n  i s  now i d e n t i c a l  t o  t h e  unknown d e p e n d e n t  
v a r i a b l e .  

Boundary and  I n i t i a l  C o n d i t i o n s  f o r  t h e  B o u s s i n e s q  E q u a t i o n  

1) Water  b o u n d a r i e s  a r e  a p p r o x i m a t e d  by  v e r t i c a l  s u r f a c e s  
t h a t  mus t  c o m p l e t e l y  p e n e t r a t e  t h e  e n t i r e  s a t u r a t e d  t h i c k n e s s  
o f  t h e  a q u i f e r .  Along them t h e  h y d r a u l i c  p o t e n t i a l  i s  
s p e c i f i e d  a s  

*Development  of t h i s  e q u a t i o n  i s  expanded  i n  Appendix D .  

4 



2)  Impermeable b o u n d a r i e s  a r e  a l s o  approximated  a s  v e r t i c a l  
s u r f a c e s  th rough  which no f low o c c u r s :  

3 )  A c c r e t i o n  caused  by i n f i l t r a t i o n  from above o r  seepage  
from below h a s  been imbedded i n t o  t h e  d i f f e r e n t i a l  e q u a t i o n  
i t s e l f  a s  t h e  t e r m  q '  i n  Equa t ion  11. 

I n f i l t r a t i o n  a c r o s s  t h e  l a t e r a l  b o u n d a r i e s  o f  t h e  r e g i o n  i s  
sometimes g i v e n  a s  a  s p e c i f i e d  f l u x  a c r o s s  such  v e r t i c a l  
boundary s u r f a c e s .  I n  t h i s  c a s e ,  t h e  boundary c o n d i t i o n  
t a k e s  t h e  form 

where fi d e n o t e s  t h e  outward normal t o  t h e  boundary aim q-f i  < 0 
means f l o w  i n t o  t h e  r e g i o n .  T h i s  c o n d i t i o n  i s  g e n e r a l l y  used  
i n  modeling an  open a q u i f e r  r e g i o n  when some v a l u e  o f  t h e  f l o w  
from r e g i o n s  o u t s i d e  t h e  s i m u l a t e d  p o r t i o n  i s  assumed. 

The f r e e  s u r f a c e  boundary c o n d i t i o n  w i t h  a c c r e t i o n  i s  a l s o  
i n c o r p o r a t e d  i n t o  t h e  d i f f e r e n t i a l  e q u a t i o n .  S u r f a c e s  o f  
seepage  had t o  b e  n e g l e c t e d  i n  o r d e r  t o  c a r r y  o u t  t h e  
a v e r a g i n g  i n  t h e  v e r t i c a l  d i r e c t i o n .  F i g u r e  1 shows a 
t y p i c a l  p o r t i o n  o f  an  a q u i f e r  w i t h  t h e  boundary c o n d i t i o n s  
i l l u s t r a t e d .  For  a p p l i c a t i o n  of  t h e  model t o  t h e  Hanford 
unconf ined  a q u i f e r ,  f low th rough  t h e  bot tom boundary was 
assumed t o  be  n e g l i g i b l e .  

The i n i t i a l  p o t e n t i a l s  a t  each  node,  h i ,  a r e  t h e  groundwater  
l e v e l s  o b t a i n e d  from i n t e r p o l a t i o n  between measurements.  I n  
p a r c t i c e  t h e  groundwater  l e v e l s  are measured a t  s e l e c t e d  w e l l  
s i tes  from which a c o n t o u r  map i s  p r e p a r e d .  The v a l u e s  o f  h i j  
a r e  o b t a i n e d  from t h e  c o n t o u r  map. 

I n  o r d e r  t o  u s e  t h e  above se t  of  e q u a t i o n s  t o  s i m u l a t e  ground- 
w a t e r  f low,  i n f o r m a t i o n  i s  needed t o :  1) l o c a t e  t h e  imperme- 
a b l e  and w a t e r  boundary s u r f a c e s  i n  t h e  h o r i z o n t a l  c o o r d i n a t e  
sys tem of  t h e  problem; 2)  s p e c i f y  t h e  t i m e  v a r i a t i o n  of  t h e  
p o t e n t i a l  a l o n g  t h e  w a t e r  b o u n d a r i e s ;  3 )  d e t e r m i n e  i n f i l t r a t i o n  
f l u x  d i s t r i b u t i o n  o v e r  t h e  f low r e g i o n ;  4 )  d e r i v e  t h e  h o r i -  
z o n t a l  d i s t r i b u t i o n  of  t h e  he te rogeneous  h y d r a u l i c  conduc- 
t i v i t y  and s t o r a g e  c o e f f i c i e n t ;  5 )  s p e c i f y  t h e  i n i t i a l  
p o t e n t i a l  d i s t r i b u t i o n  a t  t i m e ,  t ;  and 6 )  l o c a t e  t h e  s u r f a c e  
t h a t  r e p r e s e n t s  t h e  impermeable a q u i f e r  bot tom. 



WATER TABLE 

WATER BOUNDARY 
h = H(t1 

FIGURE 1. Illustration of an Unconfined Aquifer 
With Boundary Conditions 



FIGURE 2 .  - Thc F i n i t e  D i f f e r e n c e  G r i d  With t h e  Nodal  

Numbcrincj Systcrn 

NUMERICAL FORMULATION OF THE SYSTEM EQUATIONS 

A h o r i z o n t a l  x-y c o o r d i n a t e  g r i d  s y s t e m  was a d o p t e d  w i t h  u n i -  
form n o d a l  s p a c i n g  o f  2000 f e e t .  R r e p r e s e n t s  t h e  r e g i o n  of  
f l o w  and  r i j  t h e  s u b - a r e a  a s s o c i a t e d  w i t h  node ij (see 
F i g u r e  2 ) .  

Then t h e  d i f f e r e n t i a l  e q u a t i o n  ( E q u a t i o n  11) i s  c o n v e r t e d  
t o  f i n i t e  d i f f e r e n c e  form by i n t e g r a t i n g  a round  t h e  node 
a r e a  r 

i j *  
Now 

ah  
K(h - h")vh - - $= + q' dxdy = 0  

i j  

by G r e e n ' s  theorem i n  t h e  f i r s t  form,  6 



where n denotes the outward pointing normal to the curve r 
which bounds the area rij. The line integral is taken in the anti- 
clockwise direction. Uslng Equation 15, Equation 14 reduces to 

In Figure 2 the corner points of the node area are at (i-1/21 
j-1/21 , (i+1/2, j-1/21 , (i+1/2 , j+1/2) , and (i-112 , j+1/2) . 
The area of rij is AxAy. The integrals of Equation 16 are 
approximated as follows with the integral along r divided 
into the integrals along the four sides of rij: 

ij 

r, 

where 

0 
= 1/2(K. . (hlj - h. . )  + Ki n c 

''Ah) i, j-112 
13 11 

(hi 
I j-1 

- h.,)), etc. 1 
,j-1 I J  

A fully implicit representation of the time derivative has been 
used in Equation 17e. Combining the above approximations 
results in the finite difference approximation to the 
Boussinesq equation for a square grid system, Ax = Ay: 



1) For nodes on boundaries along which the hydraulic poten- 
tial is specified, no calculation is needed: hyj = H ? ~ ,  (19) 
which is given. 

2) The impermeable boundaries of the region must be approxi- 
mated in the grid system by shapes selected from Figure 3. 
This avoids right angles which cause stagnation points and 
singularities in the mathematical solution of the ground- 
water flow equation. 

FIGURE 3. Schematic Showing Shapes and -- 
Rotation of Available Boundary 
Condition Types 



The boundary c o n d i t i o n s  a r e  p u t  i n t o  f i n i t e  d i f f e r e n c e  form 
by a p p l y i n g  t h e  t e c h n i q u e  d e s c r i b e d  above t o  a node a r e a  a t  
t h e  boundary o f  t h e  r e g i o n  R .  The boundary t y p e s  are 
i l l u s t r a t e d  i n  F i g u r e  3  and t h e  a s s o c i a t e d  noda l  area r i j  
can  be  e i t h e r  i n s i d e  o r  o u t s i d e  t h e  oc tagon .  The f i n i t e  
d i f f e r e n c e  e q u a t i o n s  a r e  d e r i v e d  by s e t t i n g  t h e  appro-  
p r i a t e  p o r t i o n s  o f  t h e  i n t e g r a l  on  r i j  i n  Equa t ion  1 5  t o  
z e r o  when t h e  segment i s  impermeable and by i n p u t t i n g  

q I i .  = q  n  when t h e  f l u x  a c r o s s  t h e  segment i s  s p e c i f i e d .  -i j 
I n  t i n i t e  d i f f e r e n c e  form, 24 d i f f e r e n t  e q u a t i o n s  c o r r e s -  
pond t o  e a c h  of  t h e  d i f f e r e n t  boundary p o i n t  s u b r e g i o n s  
i l l u s t r a t e d  i n  F i g u r e  3. E i t h e r  a  s p e c i f i e d  f l u x  o r  no 
f low c a n  be  imposed by each  o f  t h e  24 e q u a t i o n s .  

3 )  The a c c r e t i o n  t e r m ,  whether  i n f i l t r a t i o n  o r  w i thd rawa l ,  
i n  f i n i t e  d i f f e r e n c e  form becomes Qi = qi (Ax)2 ( u n i t s  L ~ / T )  

t o  be  s p e c i f i e d  a t  each  node.  ~ c c r e g i o n  a?  t h e  f r a c t i o n a l  
boundary nodes must  have  t h e  noda l  a r e a  p r o p e r l y  reduced  
from (0x12. 

I n  summary, t h e  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  and boundary 
c o n d i t i o n s  become a  set  of  N f i n i t e  d i f f e r e n c e  e q u a t i o n s ,  
one f o r  e ach  node of  t h e  r e g i o n  R b e i n g  modeled. The boun- 
d a r y  c o n d i t i o n s  have been e f f e c t i v e l y  absorbed  i n t o  t h e  
e q u a t i o n s  f o r  t h e i r  r e s p e c t i v e  boundary nodes .  

I t  s h o u l d  be  n o t e d  t h a t  t h e  f i n i t e  d i f f e r e n c e  e q u a t i o n s  c a n  
be  d e r i v e d  i n  t h e  same form by o t h e r  t e c h n i q u e s ,  such  a s  
T a y l o r  series e x p a n s i o n s .  The e q u a t i o n s  f o r  nodes  on imperme- 
a b l e  b o u n d a r i e s  a r e  e q u i v a l e n t  t o  t h o s e  o b t a i n e d  by i n t r o -  
d u c t i o n  o f  a  p o i n t  e x t e r n a l  t o  t h e  r e g i o n  f o r  pu rpose s  o f  
fo rming  t h e  normal d e r i v a t i v e .  

CALCULATION PROCEDURE 

The f i n i t e  d i f f e r e n c e  e q u a t i o n s  form a n  NxN m a t r i x  o f  e q u a t i o n s  
i n  t h e  form a h  = b  f o r  each  row o r  column o f  nodes t o  be  s o l v e d  
f o r  t h e  po te i iF ia lZ ,  h e j ,  a t  e ach  t i m e  s t e p ,  n ,  o f  t h e  s o l u t i o n .  
For  s o l u t i o n s  o f  l a r g e  sys tems  o f  e q u a t i o n s ,  some i t e r a t i v e  
t e c h n i q u e  i s  no rma l ly  used t o  s o l v e  t h e  sys tem o f  e q u a t i o n s .  

A s y s t e m a t i c  t r e a t m e n t  o f  i t e r a t i v e  t e c h n i q u e s  a c c o r d i n g  t o  
s m i t h 7  i s  p r e s e n t e d  i n  Appendix A.  

The f i n i t e  d i f f e r e n c e  r e p r e s e n t a t i o n  of  a  l i n e a r  p a r a b o l i c  
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n  on a n  nxm c o m p u t a t i o n a l  g r i d  
c s i n g  a  f u l l y  i m p l i c i t  method y i e l d s  a m a t r i x  A - o f  t h e  form 



where elements a ij Or Aij are zero if li-j( # 0 or 1. 

This matrix may be partitioned so that the diaqonal matrices 
are tri-diagonal nxn submatrices and the off diagonal 
ices are diagonal ma trices. The partitioned matrix 

equation is tri-diagonal in the submatrices with each sub- 
matrix relating to a given line of nodal points in the 
finite dif Eerence mesh. This means that only three lines 
have to be accessible at any given time in the computations, 
which enables many nodes to be used to cover a simulation 
area before exceeding computer storage capacity. The method 
of successive over-relaxation, called successive line over- 
relaxation, or S L O R  technique, can be applied to the parti- 
tioned matrix equation. 

The Boussinesq equation is nonlinear, which makes the elements 
of the matrix - functions of the values of hij 

The nonlinear S L O R  technique is represented by the following 
equation: 

where Q, U, L, h, b are the partitioned matrices and vectors. 
The equation-is-"lrnearized" by evaluating the components of 
D, U, and L with the new values of h as soon as they are 
available after a row Computation. i j 

The nonlinearity prevents the determination of an analytical 
optimum over-relaxation factor. An empi ri c-a1 factor may be 



c a l c u l a t e d  by f i t t i n g  a  p a r a b o l a  t o  t h r e e  computed v a l u e s  o f  
i t e r a t i o n s  r e q u i r e d  v e r s u s  r e l a x a t i o n  f a c t o r ,  t h e n  l o c a t i n g  
t h e  minimum. T h i s  r e q u i r e s  e q u a l l y  spaced  t i m e  s t e p s ,  
however.  

A f u l l y  i m p l i c i t  f o r m u l a t i o n  was used  f o r  t h e  f i n i t e  d i f -  
f e r e n c e  e q u a t i o n s  d e r i v e d  from t h e  Bouss inesq  e q u a t i o n  and 
boundary c o n d i t i o n s .  T h i s  d e t e r m i n e s  t h e  c o e f f i c i e n t s  o f  
t h e  e l e m e n t s  i n  A and b .  - - 

COLLECTION AND PREPARATION OF THE INPUT DATA 

A s  ment ioned i n  t h e  second  s e c t i o n  o f  t h i s  r e p o r t ,  t h e  f o l -  
lowing i t e m s  are  n e c e s s a r y  t o  s p e c i f y  a  p a r t i c u l a r  ground- 
water f l o w  s y s t e m  t o  b e  s i m u l a t e d :  

1) a d o p t i o n  o f  a  g r i d  sys t em,  s u b s e q u e n t  l o c a t i o n  
o f  l a t e r a l  b o u n d a r i e s ,  and t h e i r  t y p e s ;  

2 )  t h e  t i m e  v a r i a t i o n  o f  t h e  p o t e n t i a l  a l o n g  t h e  
water b o u n d a r i e s ;  

3 )  t h e  l o c a t i o n s  and  f l o w  rates  o f  i n f i l t r a t i o n  
and t h e i r  v a r i a t i o n s  w i t h  t i m e ;  

4 )  t h e  s u r f a c e  t h a t  r e p r e s e n t s  t h e  a q u i f e r  bo t tom;  

5 )  t h e  i n i t i a l  p o t e n t i a l  d i s t r i b u t i o n ,  t i m e  = 0 ,  
f o r  t h e  s i m u l a t i o n  (see Boundary and I n i t i a l  
C o n d i t i o n s ) ;  and 

6 )  h y d r a u l i c  c o n d u c t i v i t y  and s t o r a g e  c o e f f i c i e n t  

d i s t r i b u t i o n s .  

T h i s  s e c t i o n  w i l l  c o v e r  t h e  f i r s t  f i v e  i t e m s .  BNWL-1706, 
The T r a n s m i s s i v i t y  I t e r a t i v e  C a l c u l a t i o n  R o u t i n e  - Theory 
and Numerical  Implemen ta t ion ,  c o v e r s  i t e m  s i x .  

The b a s i c  g r i d  sys t em s e l e c t e d  was a C a r t e s i a n  x , y  c o o r d i n a t e  
sys t em w i t h  t h e  y  a x i s  o r i e n t e d  n o r t h - s o u t h  and a  2,000 f o o t  
s p a c i n g  be tween t h e  nodes  i n  e i t h e r  d i r e c t i o n .  The o r i g i n  w a s  
a t  69,000 f e e t  s o u t h  and  109,000 f e e t  w e s t  i n  t h e  Hanford R e s e r -  
v a t i o n  c o o r d i n a t e  g r i d .  The boundary p o i n t s  w e r e  c h o s e n  t o  b e  ' 

t h o s e  c l o s e s t  t o  t h e  Columbia and Yakima R i v e r  bank c o n t o u r s  
from t h e  U .  S. G e o l o g i c a l  Survey  t o p o g r a p h i c a l  maps, and 
t h e  e s t i m a t e d  o u t c r o p  c o n t o u r  b o u n d a r i e s  f o r  t h e  b a s a l t s  
t h a t  form t h e  R a t t l e s n a k e  H i l l s ,  Yakima Ridge ,  Umtanum 
Ridge ,  Gable  Mountain,  and Gable  B u t t e .  These  o u t c r o p  
b o u n d a r i e s  o c c u r  where t h e  bedrock  rises above  t h e  water 
t a b l e .  F i g u r e  4 shows t h e  b o u n d a r i e s  o f  t h e  Hanford 



PUMP TEST 
HYDRANIC CONDUCTIVITY VALUES 

USED FOR JANUARY 1914 K MAP 

FIGUFtE 4 .  Locations and Values of Measured Hydraulic 
Conductivities for the Hanford Unconfined 
Aquifer 



Reservation. The portion of the free surface aquifer which 
extends into the region between Yakima Ridge and Rattle- 
snake Mountain was not included in the model. 

Along the impermeable boundaries, the appropriate boundary 
condition types were selected from those shown in Figure 3. 
Along the Cold Creek Valley recharge boundary between 
bmtanum Ridge and Yakima Ridge, the inflow was approximated 
and held constant. Gable Mountain, Gable Butte and Yakima 
Ridge were assumed impermeable to flow. 

The time variation of the Columbia River elevation profile 
was predicted by a routine which used a fit curve of his- 
torical river stage versus flow rate values. Appendix C 
discusses the routine used to calculate elevations during 
years where data exist. This program is described in 
BNWL-1704,' Variable Thickness Transient Program User's 
Manual. Intermediate nodes were linearly interpolated. 
River flow rate data were obtained on a monthly basis for 
the period simulated. Thus, average elevations along the 
Columbia River for each month were employed. The Yakima 
River was held constant at an average elevation profile. 

The infiltration flows resulted from disposal of process water 
to various facilities near the 200 separations plants (200 East 
Area and 200 West Area, Figure 4). Each disposed site facility 
was assigned to a node or a group of nodes based on its location 
and extent. There was also infiltration from the cooling water 
systems at the reactor areas near 9-14. The quantities of 
flow from the 200 Areas were taken to be the reported discharge 
volumes on a monthly basis over the period of simulation. No 
attempt was made to take into account the time lag involved 
for flow from the ground. surface to the water table. This 
seems justified since the large volume discharges do not vary 
widely. 

The aquifer bottom surface was established by information 
from driller's logs, geological cross sections from those 
logs, and clay content analyses of certain soil samples. 
The aquifer bottom was assumed to be impermeable for the purposes 
of this simulation. Very little is known about locations and 
quantities of possible flow th~ough the unconfined aquifer 
bottom. In some areas the bottom was taken as the bedrock or 
basalt while in others a thick layer of low permeability clay 
forms the bottom. The information from the discrete well 
locations was contoured and then digitized to provide the 
aquifer bottom elevation at each computational node of the 

9 
system. The digitizer program is described in BNWL-1652, 
Use of a Graphic Digitizer Program to Interpolate Matrix 
Grid Values. 



Many of the wells on the Hanford Reservation do not reach the 
bottom of the unconfined aquifer, so much intuitive interpolation 
had to be done in preparing the aquifer bottom contour surface 
shown in Figure 5. Any new data collected will help improve 
the definition of this surface. 

An initial potential surface or groundwater table elevation 
surface for the test simulation was contoured from water 
level measurements at the wells shown in Figure 4. This 
March 1968 surface was also digitized for input to the VTT 
model program (Figure 6). 

The aquifer properties were determined by a fairly complex 
calculation procedure which is described in BNWL-1706. 1 0  

The Transmissivity Iterative Calculation Routine - Theory 
and Numerical Implementation. The hydraulic conductivity 
distribution (Figure 7) was digitized and input to the 
model. At this time the capability to calculate a storage 
coefficient distribution did not exist, so a constant value 
of 0.1 was assumed. 

With the above information in the proper format on the input 
data files, the Variable Thickness Transient Model was ready 
to simulate the groundwater flow for the Hanford Reservation 
for the period March 1968 through September 1973. The start- 
ing and ending times were dictated by availability of measured 
potential data for comparison and evaluation of the model's 
performance. The September 1973 potential map is shown in 
Figure 8. BNWL-1704, The VTT Program User's Manual describes 
the formats for all essential input data mentioned above. 

TESTING AND VERIFICATION OF THE VTT MODEL 

A test simulation of the groundwater flow under the Hanford 
Reservation was made for the period March 1968 through 
September 1973. The results were excellent where good field 
data exist and generally poorer in less well-known areas. 
Boundary and infiltration conditions were changed monthly 
to correspond with historical conditions. The following 
time sequence was used each month: first, second, third, 
fifth, and twentieth days. The shorter steps were used 
at the beginning of the month because conditions were 
changed on the first day of each month. This approach 
tended to equalize the number of iterations necessary for 
each time step calculation. The simulation was evaluated 
by comparison of the calculated with the potential surface 
interpreted for September 1973. The difference was calcu- 
lated node-by-node and the results grouped by class. Table 1 
shows the tabulated results for this comparison. ~ydrograph 
comparisons at specific wells were also made. 



FIGU9.L 5 .  E l e v a t i o n  o f  t h e  Hanford  Unconfined 

A q u i f e r  Bottom Used i n  C a l c u l a t i n g  

the H y d r a u l i c  C o n d u c t i v i t y  ~ i s t r i b u t i o n  



FIGURE 6. Initial Potential Surface for 
Transient Simulation 



FIGGRL 7 .  Hydraul ic  Conduc t iv i ty  Ca lcu l a t ed  
Assuming a  T r a n s i e n t  Groundwater System 



FIGURE 8 .  Groundwater  P o t e n t i a l s  I n t e r p r e t e d  from %250 F i e l d  - 
Measurements  Used i n  C a l c u l a t i n g  t h e  H y d r a u l i c  
C o n d u c t i v i t y  D i s t x i b u t i o n  
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F i g u r e  9 i s  a  map o f  t h e  d i s t r i b u t i o n  o f  t h e  d i f f e r e n c e  
c l a s s e s  f o r  September 1973. The l e t t e r  c l a s s  d e s i g n a t i o n  i n  
Tab le  1 i s  p r i n t e d  on F i g u r e  9  t o  show t h e  d i s t r i b u t i o n  o f  
t h e  s i m u l a t i o n  q u a l i t y .  F i g u r e  9  a l s o  shows t h e  s i g n  o f  t h e  
d e v i a t i o n  between c a l c u l a t e d  and i n t e r p r e t e d  p o t e n t i a l s .  A 

p o s i t i v e  s i g n  means t h e  p r e d i c t e d  e l e v a t i o n  was above t h e  
i n t e r p r e t e d  e l e v a t i o n  i n  September 1973. From t h e  maps and 
t h e  s t a t i s t i c s ,  t h e  f o l l o w i n g  e v a l u a t i o n s  o f  t h e  s i m u l a t i o n ' s  
q u a l i t y  can  b e  made: 

1) The agreement  was e x c e l l e n t  i n  t h e  a r e a  s o u t h e a s t  of  
t h e  200 E a s t  Area ,  where t h e  a q u i f e r  p a r a m e t e r s  w e r e  known 
b e s t .  

2 )  The two a r e a s  o f  g r e a t e s t  d i s c r e p a n c y  a r e  t o  t h e  e a s t  o f  
Umtanum Ridge and t o  t h e  e a s t  o f  R a t t l e s n a k e  Mountain.  Are a s  3  
and 1 r e s p e c t i v e l y  i n  F i g u r e  9 .  Hydrau l i c  c o n d u c t i v i t i e s  w e r e  
e x t r a p o l a t e d  i n t o  t h e s e  a r e a s  and t h e  r e c h a r g e  f l ows  from t h e  
two b o u n d a r i e s  a r e  o n l y  e s t i m a t e s .  A t  t h e  e a s t  end o f  Gable 
Mountain (Area 5)  a  s m a l l  a r e a  o f  poor  f i t t i n g  a l s o  o c c u r s .  
T h i s  one  a p p e a r s  due  t o  a  bad e s t i m a t e  o f  t h e  a q u i f e r  bot tom.  
It  i s  c l e a r  t h a t  b o t h  t h e  r e c h a r g e  f l o w s ,  bot tom e l e v a t i o n s  
and t h e  c o n d u c t i v i t i e s  need t o  be  f i e l d  measured i n  t h e s e  a r e a s .  
The o t h e r  l a r g e  a r e a  o f  poor  model performance i s  i n  t h e  h i g h  
g r a d i e n t  a r e a  on t h e  e a s t  s i d e  o f  t h e  200 West Area mound 
( A r e a  4 ) .  The h y d r a u l i c  c o n d u c t i v i t y  a p p e a r s  t o  be  t o o  h i g h  
i n  t h i s  a r e a .  Other  minor a r e a s  o f  poor  agreement  o c c u r  n e a r  
Gable B u t t e  and Gable Mountain,  where hand e x t r a p o l a t i o n  o f  
t h e  h y d r a u l i c  c o n d u c t i v i t y  d i s t r i b u t i o n  w a s  n e c e s s a r y  beca use  
t h e  TIR c o u l d  n o t  b e  used i n  t h e s e  a r e a s .  

3 )  I n  g e n e r a l ,  mode l -p red ic ted  p o t e n t i a l s  w e r e  t o o  low i n  
t h e  n o r t h e r n  p a r t  o f  t h e  R e s e r v a t i o n .  

F i g u r e s  10A and B show t h e  c a l c u l a t e d  and hand-contoured 
p o t e n t i a l  s u r f a c e  u s i n g  f i e l d  d a t a  f o r  September 1973 i n  
i s o m e t r i c  v iews.  F i g u r e  11 shows t h e  c a l c u l a t e d  September 
1973 w a t e r  t a b l e  map. 

C e r t a i n  c o n t o u r i n g  e r r o r s  o f  i n t e r p r e t a t i o n  can  be p r e s e n t  
i n  t h e  d i g i t i z e d  v e r s i o n s  o f  t h e  measured p o t e n t i a l  s u r f a c e s .  
T h i s  w i l l  a f f e c t  t h e  q u a l i t y  o f  t h e  compar ison w i t h  t h e  VTT 
p r e d i c t e d  v a l u e s .  Comparison of  t h e  model s i m u l a t i o n  w i t h  
t h e  h i s t o r i c a l  hydrographs  a t  s e l e c t e d  w e l l  si tes  e l i m i n a t e s  
t h i s  problem a t  t h e  expense  o f  a r e a l  v i s u a l i z a t i o n  o f  t h e  
s i m u l a t i o n  q u a l i t y .  Lookimg a t  t h e  t i m e  h i s t o r y  o f  t h e  
rLteasured v e r s u s  s i m u l a t e d  w a t e r  t a b l e  e l e v a t i o n s  can  g i v e  
f u r t h e r  i n s i g h t  i n t o  t h e  VTT m o d e l ' s  b e h a v i o r .  The two 
t y p e s  o f  compar i sons ,  i n  s p a c e  and i n  t i m e ,  a r e  comple- 
menta ry .  
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FIGURE 9. D i f f e r e n c e  C l a s s e s  Comparing t h e  September 1973 
C a l c u l a t e d  Water Tab le  With t h e  Water Tab le  f o r  
t h e  Same Month I n t e r p r e t e d  From F i e l d  Measurements 



FIGURE 10A. Isometric plot of the Calculated Groundwater 

Potentials for the   an ford unconfined 
Aquifer, September 1973 

FIGURE 1GB. Isometric plot of the  and-Contoured 
Groundwater Potentials Data for the 

Hanford Unconzined Aquifer, 

September 1973 



FIGURE 11. C a l c u l a t e d  Water T a b l e  F r o m  VTT 

S i m u l a t i o n  f o r  S e p t e m b e r  1 9 7 3  



F i g u r e  12  shows a  sample  hydrograph  d i s p l a y  o f  a  measured 
and c a l c u l a t e d  w a t e r  e l e v a t i o n  a t  a r e p r e s e n t a t i v e  w e l l  on 
t h e  Hanford R e s e r v a t i o n .  The l i n e  segments  from 1968-1973 a r e  
VTT model r e s u l t s .  The i n t e r p r e t a t i o n s  o f  t h e  q u a l i t y  o f  t h e  
s i m u l a t i o n  g i v e n  above are amply i l l u s t r a t e d  by t h e s e  h y d r o g r a p h s .  

The s e n s i t i v i t y  o f  t h e  VTT model t o  t h e  v a r i o u s  p a r a m e t e r s  
i n  a h e t e r o g e n e o u s  sys t em i s  d i f f i c u l t  t o  d e t e r m i n e  d i r e c t l y  
b e c a u s e  t h e  p o t e n t i a l ,  h i j ,  a t  e a c h  node i s  a f u n c t i o n  o f  
t h e  p a r a m e t e r s  and  potentials a t  a l l  o f  t h e  n e i g h b o r i n g  
nodes .  However, s e v e r a l  s y n t h e t i c  t es t  cases w e r e  r u n  t o  
o b t a i n  a q u a l i t a t i v e  f e e l i n g  f o r  t h e  m o d e l ' s  s e n s i t i v i t y  
t o  t h e  v a r i o u s  p a r a m e t e r s .  These  cases are d e s c r i b e d  i n  
d e t a i l  i n  Appendix B. The c o n c l u s i o n s  r e a c h e d  w e r e  as 
f o l l o w s :  

F o r  t h e s e  l i m i t e d  cases, one  would c o n c l u d e  t h a t  a change 
o f  1 0  t i m e s  t h e  v a l u e  i n  K r e s u l t s  i n  a 2  f o l d  change  i n  
p o t e n t i a l .  A 100 p e r c e n t  change  i n  s t o r a g e  c o e f f i c i e n t  
r e s u l t s  i n  o n l y  a  10  p e r c e n t  change i n  p o t e n t i a l .  I n c r e a s -  
i n g  t h e  a q u i f e r  bot tom e l e v a t i o n  r e s u l t e d  i n  a o n e - f o u r t h  
t o  o n e - t h i r d  o f  t h a t  i n c r e a s e  i n  t h e  p o t e n t i a l  s u r f a c e .  
Thus ,  r e s u l t i n g  p o t e n t i a l s  w e r e  more s e n s i t i v e  t o  v a r i a t i o n s  
i n  h y d r a u l i c  c o n d u c t i v i t y  and a q u i f e r  bot tom e l e v a t i o n  t h a n  
t o  s t o r a g e  c o e f f i c i e n t  i n  t h e s e  s y n t h e t i c  c a s e s .  Because 
o f  t h e  d i f f u s i v e  n a t u r e  o f  t h e  g roundwate r  f l o w  sys tem,  
any  change  i n  t h e  i n p u t  p a r a m e t e r s  p r o d u c e s  a somewhat 
a t t e n u a t e d  change  i n  t h e  r e s u l t a n t  p o t e n t i a l s  ( w a t e r  t a b l e  
e l e v a t i o n s ) .  The magni tude  o f  any induced  change i s  h i g h l y  
d e p e n d e n t  on t h e  c u r r e n t  v a l u e s  o f  a l l  o f  t h e  o t h e r  param- 
eters.  No s i n g l e  g r o u p  o f  numbers c a n  q u a n t i f y  t h e  VTT 
m o d e l ' s  s e n s i t i v i t y  o v e r  t h e  h e t e r o g e n e o u s  Hanford Reserva-  
t i o n .  A more comple te  s e n s i t i v i t y  s t u d y  h a s  been  u n d e r t a k e n  
which s h o u l d  d e l i n e a t e  t h e  r e l a t i o n s h i p  o f  t h e  d i f f e r e n t  
p a r a m e t e r s .  

CONCLUSIONS 

The V a r i a b l e  T h i c k n e s s  T r a n s i e n t  Model o f  groundwater  f l o w  i n  
t h e  unconf ined  a q u i f e r  u n d e r l y i n g  t h e   anf ford R e s e r v a t i o n  h a s  
been  d e v e l o p e d ,  t e s t e d  and  v e r i f i e d .  The c a p a b i l i t y  of  t h e  
model t o  s i m u l a t e  h o r i z o n t a l  f low w i t h  t i m e  v a r y i n g  boundary 
c o n d i t i o n s ,  complex boundary s h a p e s  and a  h e t e r o g e n e o u s  d i s t r i -  
b u t i o n  o f  a q u i f e r  p r o p e r t i e s  h a s  been  d e m o n s t r a t e d .  



- WRTER LEVEL HISTORY 
WELL DkSIGNflTION - 639 15 26 

CRSINC ELEVATION - 5 2 3 . M  

CALENDAR YEAR 

FIGURE 12. Measured and Calculated Well Hydrograph 
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APPENDIX A 

A SYSTEMATIC TREATMENT OF ITERATIVE TECHNIQUES 



APPENDIX A 

The following systematic treatment of iterative techniques 
7 is according to Smith. For linear systems, Ax = b. (1) 

The basic technique is to write a as the difference of two 
matrices B - and C - where B is easify invertible. - 

fix = _Bx - C_x = b -- -- -- - (2) 

The iterative technique is to guess x0 for the solution and 
define x k+l = 8-I C_xk + B'~ b. k = a, 1, 2, . . . The pro- 
cess wiil converge-Ghenever Fhe eigenvalue of largest modulus 
of ~'l - C - has modulus less than 1. 

Elliptic and parabolic differential equations give finite dif- 
ference systems that can be written as fi = Q - - L where D 
is a diagonal matrix, U has non-zero enEries oniy on certain 
super-diagonals, and L-nas non-zero entries only on certain 

sub-diagonals. yquatzon 1 becomes (Q - L_ - = b so x 
satisfies x = Q- (L + PIX + Q-I b. The Jacobi metliod is de- 
fined by xR+1 I D-f(~ T 5)xk-+ b. This technique requires 
storage of both ;k aEd xE+r. BY usyng all the improved values 
as soon as they are computed, less storage is required and 
faster convergence is obtained. The ~auss-Seidel method 
can be defined by: 

This can be written as 

giving 

When x is not the exact solution of Ax = b, the difference is 
callea the residual vector r. A relaxation method calculates 
the components of r for an Ynitial guess, xO, for x, then 
reduces the residuals to zero in an iteratrve fashron by making 

appropriate changes in the components of x. These changes are 

called relaxations. One systematic order-for proceeding 
through the relaxations is 



where rk is the residual from the vector - xk. If xk+l is picked 
so thaF the vector rk is reduced to zero, the equgtion becomes 
that of the Gauss-~eidel procedure. The displacement vector d - 
is defi ed as the change in the vector x over one iteration - 
d = xk+' - xk, or - - - 

The displacement vector d - for the Gauss-Seidel scheme satisfies 
the following equation: 

Subtraction of Equation 6 from 4 and using 5 yields 

-1 k 
Therefore, p r = d; i.e., the displacement vector at each 
step in the-Gauss-~erdel method is identically equal to the 
residual vector times the inverse of the diagonal elements of 
the a matrix. - 

Again the rate of convergence can be improved by making the dis- 
placement vectof Rome multiple of the residual vector; i.e., 
xk+l = xk + wD' r where w2 0, a real number. This is called 
under-relaxation for w < 1-and over-relaxation for w > 1. The 
defining equation for the u cessive over-relaxation technique 
is thus pxk+l = ~ x k  + w ( ~ x  -- '+' + uxk - -- + b - - pxk1. -- 
 earr ranging givesf 

-1 
X 

k k+l = (p - wL) [Q (1 - u) + wu1x + (g  - uL) - - - - - - - wb. - ! 7 

It has been proved that the method converges for 0 < w < 2 
whenever A is symmetric and positive definite. Optimum relaxa- 
tion factors, uopt, can be derived theoretically for linear 
systems. 

All three of the above schemes are stationary iterative pro- 
cesses because the coefficients of x in the recursion formulas 
are independent of the iteration step value, k. This is not 
true for nonlinear systems of equations. 



APPENDIX B 

VTT ERROR AND SENSITIVITY ANALYSIS 

ON SYNTHETIC SURFACES* 

*Note that a more complete s e n s i t j v i t y  s t u d y  i s  underway.  



APPENDIX B 

For t h e  VTT model, a q c a l i t a t i v e  s e n s i t i v i t y  a n a l y s i s  w a s  done 
w i t h  s y n t h e t i c  s u r f a c e s ,  a l l  of which had t h e  f o l l o w i n g  com- 
mon pa rame te r s  u n l e s s  no ted :  

Area = 8900X8900 f t  
2 

Gr id  s p a c i n g  = 100 f t  

3  
Boundary f l ow r a t e  = 1 x 1 0 ~  f t  /day 

3 
I n j e c t i o n  f low r a t e  = 1 x  l o 6  f t  /day 

Hydrau l i c  
( K )  = 1000 f t / d a y  S t o r a g e  c o e f f i c i e n t  ( a )  = 0.2 

c o n d u c t i v i t y  

The a q u i f e r  pa rame te r s  were chosen because  t h e y  are i n  t h e  
r a n g e  used on t h e  Hanford model and s t i l l  a l l o w  r e a s o n a b l e  
v a r i a t i o n .  

The e f f e c t s  of  v a r i a t i o n s  i n  t h e  s e v e r a l  pa rame te r s  were 
i l l u s t r a t e d  by t h e  f o l l o w i n g  sets of  s u r f a c e s .  The t i m e  p l a n e  
a t  t = 3  days  i s  i l l u s t r a t e d  f o r  each  s e t .  

S e t  1: S t o r a g e  c o e f f i c i e n t  v a r i a t i o n :  F i g u r e  3-1 shows t h e  
s u r f a c e  a t  t = 3  d a y s  f o r  G = 0.2 .  T h i s  s u r f a c e  w a s  p r e v i o u s l y  
used f o r  t e s t i n g  t h e  accu racy  of t h e  t r a n s m i s s i v i t y  r o u t i n e .  
F i g u r e  B-2 shows t h e  same t i m e  p l a n e  f o r  a = 0.08 .  The e l e -  
v a t i o n  of t h e  peak of t h e  mound i s  34.8 f t  i n  F i g u r e  B-1 and 
36.9 f t  i n  F i g u r e  B-2. The c o n t o u r s  s t a r t  a t  10 f t  and a r e  
a t  5  f t - i n t e r v a l s .  The s h a r p e r  peak f o r  t h e  lower s t o r a g e  
c o e f f i c i e n t  c a s e  i s  a p p a r e n t .  However, t h e  p e r c e n t  change i n  
peak e l e v a t i o n  between t h e  t w o  c a s e s  i s  abou t  5.59 w h i l e  t h e  
change i n  s t o r a g e  c o e f f i c i e n t  i s  60%. 

S e t  2 :  V a r i a t i o n  i n  h y d r a u l i c  c o n d u c t i v i t y :  F i g u r e  B - 1  
shows t h e  s u r f a c e  f o r  K=1000 f t / d a y .  F i g u r e  B-3 shows t h e  
s u r f a c e  f o r  K=100 f t / d a y .  The e l e v a t i o n  o f  t h e  mound has  
i n c r e a s e d  by a lmos t  a f a c t o r  o f  two t o  6 4  f t  i n  F i g u r e  B-3 
w h i l e  t h e  h y d r a u l i c  c o n d u c t i v i t y  has  changed by an  o r d e r  of 
magni tude.  A s  f o r  t h e  s t o r a g e  c o e f f i c i e n t ,  t h e  c a l c u l a t e d  
p o t e n t i a l s  a r e  n o t  p r o p o r t i o n a l l y  s e n s i t i v e  t o  changes  i n  
h y d r a u l i c  c o n d u c t i v i t y .  

A second c a s e  was r u n  w i t h  t h e  h y d r a u l i c  c o n d u c t i v i t y  i n c r e a s e d  
t o  1500 f t / d a y  o v e r  a  p o r t i o n  of t h e  a r e a  ( s e e  s k e t c h  b e l o w ) .  

I n j e c t i o n  P o i n t  







F i g u r e  B-4 shows t h e  t h r e e  day t i m e  p l a n e  r e s u l t s .  The peak of  
t h e  mound was reduced abou t  1 0 %  from t h e  K-1000 f t / d a y  c a s e  ( i . e . ,  
from 34.8 f t  t o  31.6 f t ) .  

S e t  3: V a r i a t i o n  i n  t h e  a q u i f e r  bottom e l e v a t i o n :  Fo r  a l l  pre-  
v i o u s  c a s e s  t h e  a q u i f e r  bottom w a s  s e t  a t  z e r o  e l e v a t i o n .  One 
s e t  o f  s u r f a c e s  w a s  run  w i t h  t h e  f o l l o w i n g  bot tom e l e v a t i o n  pro- 
f i l e .  

- I n j e c t i o n  P o i n t  

Figu?e B-5 shows t h e  peak of  t h e  mound i n c r e a s e d  t o  35.5 f t ,  
about  1 / 4  of  t h e  change i n  t h e  a q u i f e r  bot tom e l e v a t i o n  benea th  
t h e  mound. A second c a s e  w a s  run  w i t h  t h e  f o l l o w i n g  a q u i f e r  
bottom p r o f i l e .  

I n j e c t i o n  P o i n t  

F i g u r e  B-6 shows t h e  peak e l e v a t i o n  o f  t h e  mound i n c r e a s e d  t o  
36.6 f t ,  abou t  1 / 3  o f  t h e  a q u i f e r  bot tom e l e v a t i o n  i n c r e a s e  
benea th  t h e  mound. 





- 

As might be expected, because of the diffusive nature of the 
groundwater flow system any change in 
produces a somewhat attenuated change 
tials or water table elevations. The 

the input parameters 
in the resultant poten- 
magnitude of any induced 

change is highly dependent upon the values of all of the other 
parameters. Consequently, the sensitivity of the calculated 
potentials for the Hanford Reservation to parameter variations 
will vary with position- and time. 
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RIVER ELEVATION CALCULATIONS 



APPENDIX C 

The VTT model requires that the potential (a function of 
river mile and flow rate) be specified at each boundary node 
along the river. A total of 18,360 values are needed to 
specify these potentials at monthly intervals for the 
period 1968-1973. There are 255 nodes at the river boundary 
in the 1000 ft grid system. Every other node is used in the 
2000 ft grid. To eliminate the problems associated with 
generating, checking, indexing, storing and reading such 
a data file, a subroutine has been written which computes 
boundary potentials. 

The subroutine computes river elevat'ons as a function of flow 
rate over the range 6x10~ to 3 x 10l6 ft3/day. The functions 

were developed from field measurements of river elevation and 
flow rate and are second-to-fifth order polynomials, depending 
on the region of the river covered. They give elevations at 
every fifth river mile beginning at mile 335. Potentials at 
nodes not on five mile marks are found by interpolation. 
Table C-1 shows how the interpolation factors are derived from 
a sample reach of river. The x,y coordinates represent nodes 
in the 2000 ft grid. Taking the side of the square to be one 
unit, the point-to-point distances are summed from node 38,79 
to node 31,87 (12.9 units). The interpolation factor for node 
x,y is the point-to-point distance from node 38,79 to node 
x,y divided by the total distance, 12.9. A special table 
enables the computer to determine which polynomial is to be 
applied to a given boundary node. 



TABLE C-1.  Example o f  P K  C o n s t r u c t i o n  

T o t a l  d i s t a n c e  p o i n t  t o  p o i n t  from r i v e r  m i l e  
370 t o  r i v e r  m i l e  375 = ( 3  + 7  42) u n i t s  = 12 .9  

NODE INTERPOLATION FACTOR 



A P P E N D I X  D 

DEVELOPMENT O F  THE B O U S S I N E S Q  EQUATION 



A P P E N D I X  D  

L e t  x , y , z  be t h e  c o o r d i n a t e s  of a  f l u i d  p a r t i c l e ,  t hen  dx /d t ,  
dy /d t  and dz /d t  a r e  components of pore  v e l o c i t y  and t h e  Darcian 
seepage v e l o c i t i e s  i n  t h e s e  t e r m s  a r e :  

Now i f  w e  l e t  z  = h ( x , y , t )  r e p r e s e n t  t h e  c o o r d i n a t e  of t h e  
f r e e  s u r f a c e  and formal ly  d i f f e r e n t i a t e  w i th  r e s p e c t  t o  t i m e  
we have : 

S u b s t i t u t i n g  t h e  above e x p r e s s i o n s  f o r  ~ a r c i a n  v e l o c i t i e s  and 
r e a r r a n g i n g ,  w e  have : 

ah 
a - + q  ah ah 

a t  X Z  + q y ' j ; j -  q z ( h )  = 0 

The Dupuit assumptions may be simply s t a t e d  a s :  

@ ( x , y ,  z ,  t) 2 @ ( x , y , ~ ,  t)  where z = average  h e i g h t  of  t h e  
wa te r  p a r t i c l e s  above t h e  r e f e r e n c e  datum ( i . e .  v a r i a t i o n s  
of  @ wi th  z  a r e  n e g l i g i b l e ) .  

Hor izonta l  v e l o c i t i e s  do n o t  vary w i t h  z  ( t h i s  imp l i e s  
t h a t  t h e  s l o p e  of  t h e  wa te r  t a b l e  i s  s l i g h t )  . 

Continuing,  we assume t h a t  w e  are complete ly  s a t u r a t e d  and 
t h a t  t h e  w a t e r  d e n s i t y ,  p ,  i s  a c o n s t a n t ,  w e  have   qua ti on 2 
of  t h e  main t e x t  f o r  o u r  c o n t i n u i t y  equa t ion  o r :  

Now s i n c e  w e  wish t o  average  i n  t h e  z  d i r e c t i o n ,  we must i n t e -  
g r a t e  t h i s  equa t ion  from t h e  base  of t h e  a q u i f e r  t o  t h e  f r e e  
s u r f a c e  o r :  



S i n c e  @ = p/y + z and we know t h a t  a t  t h e  f r e e  s u r f a c e  t h a t  
p  = 0 ,  t h e n  4 = z. Using t h i s  r e s u l t  a l o n g  w i t h  t h e  f i r s t  
Dupuit  assumpt ion and o u r  e a r l i e r  e q u a t i o n  ( z  = h ( x , y , t ) ) ,  w e  
have : 

From t h i s  r e s u l t  D a r cy ' s  law can  b e  r e w r i t t e n  a s :  

where : 

K(x ,y)  = v e r t i c a l l y  averaged v a l u e  o f  h y d r a u l i c  con- 
d u c t i v i t y  a t  l o c a t i o n  ( x , y )  . 

S u b s t i t u t i n g  Equa t ions  9 and 10 i n t o  Equa t ion  5 ,  w e  have: 

Now r e p l a c i n g  q  ( h )  w i t h  t h e  e x p r e s s i o n  g iven  i n  Equa t ion  7 ,  
w e  have: 

Z 

Rear rang ing  Equa t ion  12 ,  w e  have: 

ah a ah o ah 
"at - ax a (K(h-h )-1 = 0  (K(h-hb)=) - - 

ay ay 

To t h i s  p o i n t  f o r  s i m p l i c i t y  t h e  a c c r e t i o n  t e r m  h a s  been  n e g l e c t e d .  
Adding i n  t h e  a c c r e t i o n  t e r m  q '  and r e w r i t i n g  Equa t ion  1 3  i n  . 
t e r m s  o f  t h e  two-dimensional V ( x , y )  g r a d i e n t  o p e r a t i o n ,  w e  
have t h e  Bouss inesq e q u a t i o n  Tor uns teady f low i n  a n  unconf ined 
a q u i f e r  (Equa t ion  11 o f  t h e  main t e x t )  : -C 

0 ah v K(h-h ) Vh = 0- - q '  - - a t  ( 1 4 )  
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