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SUMMARY

Modeling of radionuclide movement in the groundwater system
beneath the Hanford Reservation requires mathematical simula-
tion of the two-dimensional flow in the unconfined aquifer.
This was accomplished using the nonlinear, transient
Boussinesqg equation with appropriate initial and boundary
conditions, including measured Columbia River stages and
rates of wastewater disposal to the ground. The hetero-
geneous permeability (hydraulic conductivity) distribution
was derived by solution of the Boussinesqg equation along
instantaneous streamtubes of flow employing a measured
water table surface and a limited number of field-measured
hydraulic conductivity values. Use of a successive line
over-relaxation technique with unequal time steps resulted
in a more rapid convergence of the numerical solution than
with previous techniques. The model was used to simulate
the water table changes for the period 1968 through 1973
using known inputs and boundary conditions. A comparison
of calculated and measured water table elevations was made
at specific well locations and the quality of the verifica-
tion simulation was evaluated using a data retrieval and
display system. Agreement between the model results and
measured data was good over two-thirds of the Hanford Reserva-
tion. The capability of the model to simulate flow with
time-varying boundary conditions, complex boundary shapes
and a heterogeneous distribution of aquifer properties was
demonstrated.
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VARIABLE THICKNESS TRANSIENT GROUNDWATER FLOW MODEL
THEORY AND NUMERICAL IMPLEMENTATION¥*

INTRODUCTION

The saturated groundwater flow model for the unconfined aquifer
described in this report was developed as part of the Radio-
nuclides in Soils program, a study of the potential movement

of radionuclides in the hydrogeologic system of the Hanford
Reservation. The output of this model is the transient
groundwater flow potential distribution for the area simulated
from which seepage velocities can readily be computed.

This report contains the 1) mathematical model and its assump-
tions, 2) numerical formulation of the equations, 3) acquisi-
tion and preparation of the boundary and initial conditions
and source terms, 4) numerical solution techniques used in
obtaining solutions or simulations of the flow field, and

5) results of the verification simulation of a 6-year

period. A separate document, BNWL-1706, The Transmissivity
Iterative Calculation Routine - Theory and Numerical Imple-
mentation, covers the derivation and preparation of the
aquifer property values: hydraulic conductivity and storage
coefficient.

FORMULATION OF THE MATHEMATICAL VARIABLE
THICKNESS TRANSIENT MODEL

The Variable Thickness Transient (VTT) Model was developed
using the Boussinesq equation with appropriate initial and
boundary conditions. This equation is derived by vertically
averaging the three-dimensional equation governing incom-
pressible, Darcian groundwater flow. Thus the independent
spatial variables are in the horizontal plane and the
nonlinear, free-surface boundary condition is incorporated
into the governing differential equation. Furthermore, in
addition to that flow derived from the storage coefficient,
any flux resulting from vertical infiltration from the
partially saturated zone above the free surface appears as
a source term in the Boussinesqg equation. All aquifer
properties are represented by their average value over the
vertical thickness of saturated flow. A significant capa-
bility of this numerical formulation of the mathematical
model is its ability to handle heterogeneous distributions
of hydraulic conductivity and storage coefficient.

*This document has been reveiwed by Atlantic Richfield Hanford
Company and authorized for publication by the Manager, Groundwater
Management.



Appropriate boundary conditions include impermeable
boundaries through which no flow occurs and known potential
boundaries where an open body of water joins directly to
the aquifer.

The model simulates the flow of an incompressible fluid that
saturates a rigid, porous soil matrix. Compressibility
effects of the fluid and matrix can safely be neglected
under conditions of unconfined or free-surface flow.

The hydraulic conductivity (K) is assumed to be isotropic
but heterogeneous. Darcy's law is presumed to govern the
flow.

q = -KV¢ (1)

where ¢ = $ + z.

Applying continuity considerations for incompressible flow
leads to

V- (RVe) = 0 (2)
whose solutions are potentials of the Poisson type. For
heterogeneous, isotropic media with negligible soil and
water compressibilities, the above equation becomes:

kv24 + VR - Y¢ = 0. (3)

Boundary Conditions

1) Where the aquifer contacts a body of free water, the
boundary is a surface along which the potential ¢ is known.
In the general transient case with the water surface sloping
in the direction of flow, such as along a river,

¢ = H(x,t) (4)
where r locates a point on the boundary. This boundary is not
an equipotential surface and V¢ is not necessarily normal to
it. -

2) An impermeable boundary has no flow across it and is
usually fixed in space. Thus,

99 _
7 = 0 (5)

along an impermeable boundary where n designates the outward
normal to the boundary.



3) A free surface is a boundary whose location in space
and time is unknown before the problem is solved. By
neglecting capillary effects, it becomes a sharp interface.
Therefore, two boundary conditions need to be imposed. Flow
in the capillary fringe is neglected. Let z = n(x,y,t)
designate the free surface. Since atmospheric pressure

over the free surface is taken to be zero, the defining
equation for ¢ becomes

¢ - z = 0. (6)

The kinematic boundary condition comes from the fact that a
particle initially on the free surface remains on it as the
surface moves. Mathematically this means that the substan-
tial derivative (or the derivative following the motlon) of
the equation defining the free surface must equal zero. '
Thus,

D I . _ _

pel® - 2) = [““at + Z)] (6 - z) =0 (7)
where V = g.= “EXE

— 0 O L]

Substituting for the velocities gives the nonlinear, kinematic,
free surface boundary condition:

%% - (z¢)2 + %% =0 on z = n, (8)

=[a

A free surface with accretion occurs when there is an infil-
tration flux across that surface.

oot - k(e)? + 2L + q') - q' = 0. 9)

Equation 9 is the result of modlfylng Equation 8 to ﬁnclude the .
rate of accretion or infiltration q', [units (L 3/1/L referencea
to a horizontal surface z = constant.

4) A surface of seepage is a stationary surface, fixed in
space, along which pressure is atmospheric (p = 0); here the
water leaves the porous medium and enters free space outside
the aquifer. Thus,

¢ = z.

Initial Condition

The initial distribution of the dependent variable ¢ (r,t)
must be known at time zero.



The derivations of the above differential equation and bound-
ary conditions can be found in a basic groundwater flow
reference such as Bear, et al.,? or Polubarinova-Kochina.?
Obtaining a solution to the free surface boundary condition
(Equation 9 above) for the general case is difficult primarily
because of its nonlinear characteristic. Furthermore, the
knowledge of the three-dimensional potential distribution

and three-dimensional distribution of aquifer properties is
usually insufficient. Therefore, an approximate method has
been adopted which facilitates the mathematical treatment of
the groundwater flow problem.

THE DUPUIT - BOUSSINESQ APPROXIMATION

The Dupuit or hydraulic theory of groundwater flow rests on
the assumptions that the free surface has only small incli-
nations and the slope of the aquifer bottom is slight.
Thus, the streamlines are essentially horizontal. As a
result, vertical velocities can be neglected so that the
equations of flow can be averaged in the vertical direction.
Surfaces of seepage are not considered in this theory. Flow
rates are exact but the free surface profile is in error,
especially in areas of large curvature.' The result of
averaging Equation 2 in the vertical direction from the
aquifer bottom, h®, to the free surface, h, and including
the free surface boundary conditions on Equation 2 results in
o] _ _oh .

)Th = o5 - g (11)

where gq' > 0 is infiltration, the potential head ¢ (x,y,z,t) is
replaced by the elevation of the free surface, h(x,y,t), and
V is the two-dimensional (x,y) gradient operator.

Equation 11 is known as the Boussinesqg® equation of unsteady
flow.* The number of spatial dimensions has been reduced from
3 to 2 and all of the aquifer properties are represented by
their average over the saturated thickness of the aquifer.

The nonlinear free surface boundary condition has made the
differential equation nonlinear, but the unknown surface
configuration is now identical to the unknown dependent
variable.

Boundary and Initial Conditions for the Boussinesq Equation

1) Water boundaries are approximated by vertical surfaces
that must completely penetrate the entire saturated thickness
of the aquifer. Along them the hydraulic potential is
specified as

h = H(x,y,t) (12)

*Development of this equation is expanded in Appendix D.
4



2) Impermeable boundaries are also approximated as vertical
surfaces through which no flow occurs:

5h _
3 | (13)

3) Accretion caused by infiltration from above or seepage
from below has been imbedded into the differential equation
itself as the term q' in Equation 11.

Infiltration across the lateral boundaries of the region is
sometimes given as a specified flux across such vertical
boundary surfaces. In this case, the boundary condition
takes the form

- _ _ 40y 38h
q i = -K(h h™) h

where fi denotes the outward normal to the boundary ana g+fi < 0
means flow into the region. This condition is generally used

in modeling an open aquifer region when some value of the flow
from regions outside the simulated portion is assumed.

The free surface boundary condition with accretion is also
incorporated into the differential equation. Surfaces of
seepage had to be neglected in order to carry out the
averaging in the vertical direction. Figqure 1 shows a
typical portion of an aquifer with the boundary conditions
illustrated. For application of the model to the Hanford
unconfined aquifer, flow through the bottom boundary was
assumed to be negligible.

The initial potentials at each node, hj 4y are the groundwater
levels obtained from interpolation between measurements. In
parctice the groundwater levels are measured at selected well
sites from which a contour map is prepared. The values of hjj
are obtained from the contour map.

In order to use the above set of equations to simulate ground-
water flow, information is needed to: 1) locate the imperme-
able and water boundary surfaces in the horizontal coordinate
system of the problem; 2) specify the time variation of the
potential along the water boundaries; 3) determine infiltration
flux distribution over the flow region; 4) derive the hori-
zontal distribution of the heterogeneous hydraulic conduc-
tivity and storage coefficient; 5) specify the initial
potential distribution at time, t; and 6) locate the surface
that represents the impermeable aquifer bottom.



LAND SURFACE
INJECTION WELL g = Q1)
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FIGURE 1. TIllustration of an Unconfined Aquifer
With Boundary Conditions
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FIGURE 2. The Finite Difference Grid With the Nodal
Numbering System

NUMERICAL FORMULATION OF THE SYSTEM EQUATIONS

A horizontal x-y coordinate grid system was adopted with uni-
form nodal spacing of 2000 feet. R represents the region of

flow and r,. the sub-area associated with node ij (see
Figure 2).

Then the differential equation (Equation 11) is converted
to finite difference form by integrating around the node
area rij' Now

o oh . _
LI[Z'K(h—h)Zh—¢s—E+q dxdy = 0 (14)
1]

by Green's theorem in the first form,°®

) @
:JILD"
0]

ffz -+ K(h - h®)Vhdxdy = Q? K(h - h®) (15)
Fij - ij



where n denotes the outward pointing normal to the curve T
which bounds the area rj;. The line integral is taken in the anti-
clockwise direction. Uslng Equation 15, Equation 14 reduces to

g@ K(h - ho)éﬁds - .fJ. o—— - q)dxdy = 0 (16)

ij
In Figure 2 the corner points of the node area are at (i-1/2,
j-1/2), (i+1/2, j-1/2), (i+l/2, j+1/2), and (i-1/2, j+1/2).
The area of rjj is AxAy. The integrals of Equation 16 are

approximated as follows with the integral along I',. divided
into the integrals along the four sides of r. j: 1J

i+1/2, j-1/2 ho-n
_ .oy3h.. ij i,3-1
K(h = h%)zZdx = (Kah); 5 5 Ax  (l7a)
i-1/2, j-1/2
i+l/2, j+1l/2 - n
_ +.0,3dh i+l, j 13
K(h = h%)gpdy = (KBh)j,) p 1 Ay  (17b)
i-1/2, j+1/2 b o
_ .o,3h.. _ i, j+1 ij
f K(h - n%)gndx = (K&h); .1, T Ax (17¢)
i+1/2, j+1/2
i-1/2, =172 b
_ ,0,8h.. _ ij i=1, 3
J/. K(h = ho)gpdy = (R&h)5 1,7, 5 =i Y (179
i-1/2, j+1/2
a0l
oh - ij ij _
_ZJf (+08t q)dxdy %5 AT AxAy qiijAy (L7e)
where
KAh = . (nB. - ; Do o€
(RAR) 5 yo1/2 = L/2(K 5 (hy $ Ry g (hY g - hii)). ete.

A fully implicit representation of the time derivative has been
used in Equation l7e. Combining the above approximations
results in the finite difference approximation to the
Boussinesq equation for a square grid system, Ax = Ay:



- (RAR) ;1,55 P31, ¥ PKAh)l 12,5t (KAR) g o g (RBR) 5 5y

3
LTINS n® ..
H(KAR) 5 541/2%9i97 B¢ :]hij (KAD) 5 41/2,5 Pivl,5

n (Ax) n-1,
h’, Ax
i,j+l 1] At i) ( )

n

_ . h
(K6R)§ §_1/9 PF,4-17 KO 5 541/

(18)

1) For nodes on boundaries along which the hydraullc poten-
tial is specified, no calculation is needed; hn = Hn (19)
which is given. 13 i3!

2) The impermeable boundaries of the region must be approxi-
mated in the grid system by shapes selected from Figure 3.
This avoids right angles which cause stagnation points and
singularities in the mathematical solution of the ground-
water flow eguation.

37 .
® 3. /K’57(5 73 C 6. N ??‘N\
& A /2/ A \\ A &
(,’\5] 7
3%// 2%/A \xﬁ. \3%.
r-N A r-% A
(1.09) (2.053) (8,15 (9,9

N . .
3. 2P. R . N “ 2P, - 3¢.
C 1 €2 C (B 3) (8 3

v
Y

i d

5, 137
A 7 A A A A
3 ( 2]
"N VN~ Y < VA
(3 1) 4, 1) €5, 1) (6, 1) C7. 1)

DIACAPW OF THE BOLNDARY TYPES FOR THE MAOVTT AKD VTT GROUNDWATER TRAMWPURT (UES

FIGURE 3. Schematic Showing Shapes and
Rotation of Available Boundary
Condition Types




The boundary conditions are put into finite difference form
by applying the technique described above to a node area at
the boundary of the region R. The boundary types are
illustrated in Figure 3 and the associated nodal area r..
can be either inside or outside the octagon. The finita?
difference equations are derived by setting the appro-
priate portions of the integral on T.. in Equation 15 to
zero when the segment is impermeable and by inputting

q' = g..n when the flux across the segment is specified.
In }1n1tejd1fference form, 24 different equations corres-
pond to each of the different boundary point subregions
illustrated in Figure 3. Either a specified flux or no
flow can be imposed by each of the 24 equations.

3) The accretion term, whether infiltration orx w1thdrawal
in finite difference form becomes Q; (Ax)2 (units L /T)
to be specified at each node. Accreglon aE the fractional
boundary nodes must have the nodal area properly reduced
from (Ax)

In summary, the partial differential equation and boundary
conditions become a set of N finite difference equations,
one for each node of the region R being modeled. The boun-
dary conditions have been effectively absorbed into the
equations for their respective boundary nodes.

It should be noted that the finite difference equations can

be derived in the same form by other techniques, such as
Taylor series expansions. The equations for nodes on imperme-
able boundaries are equivalent to those obtained by intro-
duction of a point external to the region for purposes of
forming the normal derivative.

CALCULATION PROCEDURE

The finite difference equations form an NxN matrix of equations
in the form Ah = b for each row or column of nodes to be solved
for the potentials, h?-, at each time step, n, of the solution.
For solutions of large systems of equations, some iterative
technique is normally used to solve the system of equations.

A systematic treatment of iterative techniques according to
Smith’ is presented in Appendix A.

The finite difference representation of a linear parabolic

partial differential equation on an nxm computational grid
using a fully implicit method yields a matrix 4 of the form

10
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where elements aij or A.j are zero if |i-j| # 0 or 1.

This matrix may be partitioned so that the diagonal matrices
A, . are tri-diagonal nxn submatrices and the off diagonal
matrices are diagonal matrices. The partitioned matrix
equation is tri-diagonal in the submatrices with each sub-
matrix relating to a given line of nodal points in the
finite difference mesh. This means that only three lines
have to be accessible at any given time in the computations,
which enables many nodes to be used to cover a simulation
area before exceeding computer storage capacity. The method
of successive over-relaxation, called successive line over-
relaxation, or SLOR technique, can be applied to the parti-
tioned matrix egquation.

The Boussinesg equation is nonlinear, which makes the elements

of the matrix A functions of the values of hij

e

(h)h = b,

The nonlinear SLOR technique is represented by the following
equation:

«®

D(R™) (1 - w)

+ wg(hk)]ﬁF +lKQ(ﬁk) - mg(@k))]"l wb (20)

where D, U, L, h, b are the partitioned matrices and vectors.
The equation is "linearized" by evaluating the components of
D, U, and [ with the new values of h,. as soon as they are
avallable after a row computation.

The nonlinearity prevents the determination of an analytical
optimum over-relaxation factor. An empirical factor may be



calculated by fitting a parabola to three computed values of
iterations required versus relaxation factor, then locating
the minimum. This requires equally spaced time steps,
however.

A fully implicit formulation was used for the finite dif-

ference equations derived from the Boussinesq equation and
boundary conditions. This determines the coefficients of

the elements in 4 and b.

COLLECTION AND PREPARATION OF THE INPUT DATA

As mentioned in the second section of this report, the fol-
lowing items are necessary to specify a particular ground-
water flow system to be simulated:

1) adoption of a grid system, subsequent location
of lateral boundaries, and their types;

2) the time variation of the potential along the
water boundaries;

3) the locations and flow rates of infiltration
and their variations with time;

4) the surface that represents the aquifer bottom;

5) the initial potential distribution, time = 0,
for the simulation (see Boundary and Initial
Conditions); and

6) hydraulic conductivity and storage coefficient
distributions.

This section will cover the first five items. BNWL-1706,
The Transmissivity Iterative Calculation Routine - Theory
and Numerical Implementation, covers item six.

The basic grid system selected was a Cartesian X,y coordinate
system with the y axis oriented north-south and a 2,000 foot
spacing between the nodes in either direction. The origin was
at 69,000 feet south and 109,000 feet west in the Hanford Reser-
vation coordinate grid. The boundary points were chosen to be
those closest to the Columbia and Yakima River bank contours
from the U. S. Geological Survey topographical maps, and

the estimated outcrop contour boundaries for the basalts

that form the Rattlesnake Hills, Yakima Ridge, Umtanum

Ridge, Gable Mountain, and Gable Butte. These outcrop
boundaries occur where the bedrock rises above the water

table. Figure 4 shows the boundaries of the Hanford

12
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Reservation. The portion of the free surface aquifer which
extends into the region between Yakima Ridge and Rattle-
snake Mountain was not included in the model.

Along the impermeable boundaries, the appropriate boundary
condition types were selected from those shown in Figure 3.
Along the Cold Creek Valley recharge boundary between
Umtanum Ridge and Yakima Ridge, the inflow was approximated
and held constant. Gable Mountain, Gable Butte and Yakima
Ridge were assumed impermeable to flow.

The time variation of the Columbia River elevation profile
was predicted by a routine which used a fit curve of his-
torical river stage versus flow rate values. Appendix C
discusses the routine used to calculate elevations during
years where data exist. This program is described in
BNWL-1704,% Variable Thickness Transient Program User's
Manual. Intermediate nodes were linearly interpolated.
River flow rate data were obtained on a monthly basis for
the period simulated. Thus, average elevations along the
Columbia River for each month were employed. The Yakima
River was held constant at an average elevation profile.

The infiltration flows resulted from disposal of process water
to various facilities near the 200 separations plants (200 East
Area and 200 West Area, Figure 4). Each disposed site facility

was assigned to a node or a group of nodes based on its location
and extent. There was also infiltration from the cooling water
systems at the reactor areas near N-14. The quantities of

flow from the 200 Areas were taken to be the reported discharge
volumes on a monthly basis over the period of simulation. No
attempt was made to take into account the time lag involved

for flow from the ground surface to the water table. This

seems justified since the large volume discharges do not vary
widely.

The aquifer bottom surface was established by information
from driller's logs, geological cross sections from those
logs, and clay content analyses of certain soil samples.

The aquifer bottom was assumed to be impermeable for the purposes
of this simulation. Very little is known about locations and
quantities of possible flow thiough the unconfined aquifer
bottom. In some areas the bottom was taken as the bedrock or
basalt while in others a thick layer of low permeability clay
forms the bottom. The information from the discrete well
locations was contoured and then digitized to provide the
aquifer bottom elevation at each computational node of the
system. The digitizer program is described in BNWL-1652,°

Use of a Graphic Digitizer Program to Interpolate Matrix
Grid Values.

14



Many of the wells on the Hanford Reservation do not reach the
bottom of the unconfined agquifer, so much intuitive interpolation
had to be done in preparing the aquifer bottom contour surface
shown in Figure 5. Any new data collected will help improve

the definition of this surface.

An initial potential surface or groundwater table elevation
surface for the test simulation was contoured from water
level measurements at the wells shown in Figure 4. This
March 1968 surface was also digitized for input to the VTT
model program (Figure 6).

The aquifer properties were determined by a fairly complex
calculation procedure which is described in BNWL-1706.'°
The Transmissivity Iterative Calculation Routine - Theory
and Humerical Implementation. The hydraulic conductivity
distribution (Figure 7) was digitized and input to the
model. At this time the capability to calculate a storage
coefficient distribution did not exist, so a constant value
of 0.1 was assumed.

With the above information in the proper format on the input
data files, the Variable Thickness Transient Model was ready
to simulate the groundwater flow for the Hanford Reservation
for the period March 1968 through September 1973. The start-
ing and ending times were dictated by availability of measured
potential data for comparison and evaluation of the model's
performance. The September 1973 potential map is shown in
Figure 8. BNWL-1704, The VTT Program User's Manual describes
the formats for all essential input data mentioned above.

TESTING AND VERIFICATION OF THE VTT MODEL

A test simulation of the groundwater flow under the Hanford
Reservation was made for the period March 1968 through
September 1973. The results were excellent where good field
data exist and generally poorer in less well-known areas.
Boundary and infiltration conditions were changed monthly

to correspond with historical conditions. The following
time sequence was used each month: first, second, third,
fifth, and twentieth days. The shorter steps were used

at the beginning of the month because conditions were
changed on the first day of each month. This approach
tended to equalize the number of iterations necessary for
each time step calculation. The simulation was evaluated

by comparison of the calculated with the potential surface
interpreted for September 1973. The difference was calcu-
lated node-by-node and the results grouped by class. Table 1
shows the tabulated results for this comparison. Hydrograph
comparisons at specific wells were also made.

15



LILINEL L S A B A S B S S SN B S N B S e B S B S S pun mn e mn o

2%30

TRUE NORTH/
MAGNETIC NORTH

COLUMBIA RIVEA

T T T 7T T T

RATTLESNAKE HILLS

%

OBatielie

HANFORD RESERVATION
AQUIFER BOTTOM MAP

Q7 BASALT OUTCROP ABOVE WATER TABLE ////
~200~  ESTIMATED AQUIFER BOTTOM CONTOURS
IN FEET ABOVE MSL
A%
01 2 3 4 5 <
MILES

(Only 50 ft contour lines shown)

T T T T r T T T I T T T r T r r i rr r v iy T T T T T T T T T T T T

—

W VDY VRS WS W S WS W W S [N WO DU N s W WS T Y W W DU T U T W W T N N W W S YUY U U U S W VD Wt "L By S S W P [T A SN S Wt WY S VN W =

FIGURL 5. FElevation of the Hanford Unconfined
Aquifer Bottom Used in Calculating
the Hydraulic Conductivity Distribution

T T 77 71T T T T 7 T 7Y 1T 7T 7 1T 7T Vv T 1T Y7 1T 7 1T 1T v 1 1 1T

lllllLJllllll]lllllIJJIJJLJIlJ]llllllllllllIJ]IllJlllIlJll|llll]llj[]llljjlllJlJllJ




™ 7T 1T 1T rrryqr1rrrryrrryrryyvyr1r vy vr vy 71U vy

Q

2%

TRUE NORTH

MAGNETIU NORTH

T T 1 1

ARTTLESNAKE HILLS

_

BASALT OUTCROP
ABOVE WATER TABLE

“_400" GROUNDWATER POTENTIAL
CONTOURS IN FEET ABOVE MSL

HANFORD GROUNDWATER POTENTIAL-MARCH 1868 (HFAND DRAWN)

rrtrvriv1rocrrvrrrrrJyrrryrrrrrrrrrrrrrrr1rJrr¢vv1¢r10r1r 1 11 T T1T°1°71

N U S U G S W A JN U N N K TN VNN T U T N W U U SR O VOO N SN U W S W NN S U U (N O U SN N NN NS W U D W T T VN G N W TN U T S W W -

FIGURE 6. Initial Potential Surface for
Transient Simulation

17

N
v/

15 TS U U 0 N S S0 NS T 0 TS S U NS O (DA TN N 0 SN YO0 U U DA S WS U0 U N W00 MG W0 WA U SN SN VRS SN WS S0 WS NS S AN U W WO S5 A U WA (A S S WA W WS R S VA S SR (N N U5 UG AU AN S N I W WA W A O W D0 W W s




LANLUNL AL AL B D S B S S B B S S B B B B e SR S S Ran un m s 1o o o

COLUMBIA RIVER

T r T rrrr 111 rrrro

mmum RIDGE
,
I/,,'
%

PATTLESNAKE MILLS

__

OBRattelie

HANFORD RESERVATION
HYDRAULIC CONDUCTIVITY MAP

SEPTEMBER, 1973

o BASALT OUTCROP ABOVE WATER

~1000~ HYDRAULIC CONDUCTIVITY
CONTOURS (FT/DAY)

MILES

Tr7rryryrrvrr y T r ryr1r1r1r17r1r1r1rfr0rrr 3 rryrrrr T e T 1 rrr T ey T Tt

(Major contour lines shown)

SO U 0 W S 0 T W N S U N A S S0 0 R B W A S BT R 1 [T UD0N WS S N VR TN T N S UUUE SO0 N W VA WA N Y W W W IO B B |

2%

TRUE NORTH/
MAGNETIC NORTH

) D T T B T | o S B o W S D W W AU WY NS W N Y T W N G TN T Y Y U U G T T W T A WY SN W SO0 0 A A S0 W WO AN A B S ST S S B S N I SN A S A N A A A

FIGUREL 7. Hydraulic Conductivity Calculated
Assuming a Transient Groundwater System

18



[ﬁ“"r"'l’lr'?rlll1]"l¥l'|T r‘l"l‘r'll'T!l'Tl||‘|r"‘l"‘|’(l
E TRUE NORTH
» E MAGNETIC NORTH

////

‘4: |V
A

_* D
[
E 9
E AATTLESNYE HILLS » | K Q
O
: Z VY {
: / % :' ’,' l/ ’ll /’,
N &wnk { a i

. - BASALT QUTCROP A ‘\\

E ABOVE WATER TABLE i ' -40‘
- v

* E\,AOO/\ GROUNDWATER POTENTIAL \\
- CONTOURS [N FEET ABOVE MSL \
i g "

’ K E g
[ ]
C /
L: HANFORD GROUNDWATER POTENTIAL -SEPTEMBER 1873 (HAND DRAWN)
C i i 1 4 1.2 4 ¢ 5. 2 L 1 4 f (B A 1 4 3 .t r 4 A . e i B . v A .t L i i 4 : 4 2 2 4 4 ¢ & ¢ » 21 &t ¢ 1 1 1+ 2 b B L £ 1 .t~ 1“-

FIGURE 8. Groundwater Potentials Interpreted from 250 Field
Measurements Used in Calculating the Hydraulic
Conductivity Distribution

19

llllJJJ;llll,lllIllllIlLlLL]llIlllllllllllllllllIllllllllllllllllll‘]l;‘JLlJJl]llllll%




3F €°9

- S90UaI3IITP SWA
33 Z°'p - 90ULI9DIITP Sbeasay

3F 7°pE - SOUSISIITP ‘XeW
€L6"EL Z8LT LZ20°92 L29 607

Ly1°S bTT Sz1 0 € zLzS LTT 000°G€~ 000°GT 4
ZET'6 022 0€£8°0 02 €96°6 0ve 000°ST- 000°8 a
786°ST 13 8€T "€ 8L 02Z°6T €9% 000°8 - 000°¥ a
£96°02 50 b69 "€ 68 859792 b6 000°% - 000°¢ D
pLETT bLT 0LL*S 6ET PP LT €TV 000°2 - 000°T g
pLETT bLZ 0LE" 2T 86¢ bYL €T ZLS 00G*T - 000°0 v
SOPON oouLI183ITQ SSpPON 20uUSI12331d S3PON s0uUs19IITQ 3994 UT sbuey SSeTd

30 % oAT3RhON 30 % SAT3TSOd 10 s3nTosqy

SOPON T[9POW 3B POTISd UOTIIETNWIS JIedx-G 3Yl JO pui oYl 3e
STeT3U230d I9IEMPUNOID POAIDSHO Pue paje[noTe) usamlsag sa0UaI9IITd

‘T d7T9VYL

20



Figure 9 is a map of the distribution of the difference
classes for September 1973. The letter class designation in
Table 1 is printed on Figure 9 to show the distribution of
the simulation quality. Figure 9 also shows the sign of the
deviation between calculated and interpreted potentials. A
positive sign means the predicted elevation was above the
interpreted elevation in September 1973. From the maps and
the statistics, the following evaluations of the simulation's
quality can be made:

1) The agreement was excellent in the area southeast of

the 200 East Area, where the aquifer parameters were known
best.

2) The two areas of greatest discrepancy are to the east of
Umtanum Ridge and to the east of Rattlesnake Mountain. Areas 3
and 1 respectively in Figure 9. Hydraulic conductivities were
extrapolated into these areas and the recharge flows from the
two boundaries are only estimates. At the east end of Gable
Mountain (Area 5) a small area of poor fitting also occurs.
This one appears due to a bad estimate of the aquifer bottom.
It is clear that both the recharge flows, bottom elevations

and the conductivities need to be field measured in these areas.
The other large area of poor model performance is in the high
gradient area on the east side of the 200 West Area mound

(Area 4). The hydraulic conductivity appears to be too high

in this area. Other minor areas of poor agreement occur near
Gable Butte and Gable Mountain, where hand extrapolation of

the hydraulic conductivity distribution was necessary because
the TIR could not be used in these areas.

3) In general, model-predicted potentials were too low in
the northern part of the Reservation.

Figures 10A and B show the calculated and hand-contoured
potential surface using field data for September 1973 in
isometric views. Figure 11 shows the calculated September
1973 water table map.

Certain contouring errors of interpretation can be present
in the digitized versions of the measured potential surfaces.
This will affect the quality of the comparison with the VTT
predicted values. Comparison of the model simulation with
the historical hydrographs at selected well sites eliminates
this problem at the expense of areal visualization of the
simulation quality. Looking at the time history of the
rneasured versus simulated water table elevations can give
further insight into the VTT model's behavior. The two
types of comparisons, in space and in time, are comple-
mentary.
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Figure 12 shows a sample hydrograph display of a measured

and calculated water elevation at a representative well on

the Hanford Reservation. The line segments from 1968-1973 are
VTT model results. The interpretations of the quality of the
simulation given above are amply illustrated by these hydrographs.

The sensitivity of the VTT model to the various parameters
in a heterogeneous system is difficult to determine directly
because the potential, hj4, at each node is a function of
the parameters and potentilials at all of the neighboring
nodes. However, several synthetic test cases were run to
obtain a qualitative feeling for the model's sensitivity

to the various parameters. These cases are described in
detail in Appendix B. The conclusions reached were as
follows:

For these limited cases, one would conclude that a change

of 10 times the value in K results in a 2 fold change in
potential. A 100 percent change in storage coefficient
results in only a 10 percent change in potential. Increas-
ing the aquifer bottom elevation resulted in a one-fourth

to one-third of that increase in the potential surface.
Thus, resulting potentials were more sensitive to variations
in hydraulic conductivity and aquifer bottom elevation than
to storage coefficient in these synthetic cases. Because

of the diffusive nature of the groundwater flow system,

any change in the input parameters produces a somewhat
attenuated change in the resultant potentials (water table
elevations). The magnitude of any induced change is highly
dependent on the current values of all of the other param-
eters. No single group of numbers can quantify the VTT
model's sensitivity over the heterogeneous Hanford Reserva-
tion. A more complete sensitivity study has been undertaken
which should delineate the relationship of the different
parameters.

CONCLUSIONS

The Variable Thickness Transient Model of groundwater flow in
the unconfined aquifer underlying the Hanford Reservation has
been developed, tested and verified. The capability of the
model to simulate horizontal flow with time varying boundary
conditions, complex boundary shapes and a heterogeneous distri-
bution of aquifer properties has been demonstrated.

.
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APPENDIX A

The following systematic treatment of iterative techniques
is according to Smith.’ For linear systems, Ax = b. (1)
The basic technique is to write A as the difference of two
matrices B and C where B is easily invertible.

Ax = Bx - Cx = b (2)

or
X =B Cx + B b. (3)

The iterative technigue is_to guess x° for the solution and
define xX*t1l = E'l gxk + g’l b. k=0,1, 2, . . . The pro-
cess will converge whenever the eigenvalue of largest modulus
of 2—1 C has modulus less than 1.

Elliptic and parabolic differential equations give finite dif-
ference systems that can be written as A =D - U - L where D
is a diagonal matrix, U has non-zero entries only on certain
super-diagonals, and L nas non-zero entries only on certain
sub-diagonals. %quation 1 becomes (D - L - U)X = b so x
satisfies x = D" (L + U)x + Q'l b. The Jacobi method is de-
fined by xKt1l = p-I(L ¥ U)xk™+ D71 b. This technique requires
storage of both xK and xK+I., By using all the improved values
as soon as they are computed, less storage is required and
faster convergence is obtained. The Gauss-Seidel method

can be defined by:

xk+1 -1 §k+l + 2—1 U E# + 2—1 b

Il
no
e

This can be written as

(2 -0tk =plp ks pt

L]
ne
o
o
"
+

no
[Rox

giving

- -1 - - -1 -1
5k+1 - z-plplply & z-pto 1

e
o

b.

When x is not the exact solution of Ax = b, the difference is
called the residual vector r. A relaxation method calculates
the components of r for an Initial guess, x9, for x, then _
reduces the residu3dls to zero in an iterative fashion by making
appropriate changes in the components of x. These chgnges are
called relaxations. One systematic order for proceeding
through the relaxations is

F o= b - oD+ Ut s (4)

A-1



where rk is the residual from the vector xk. 1f xX*1 is picked
so that the vector rXK is reduced to zero, the equation becomes

that of the Gauss-Seidel procedure. The displacement vector d

is deflfed as the change in the vector x over one iteration -

da = x xk, or

HHL o K gl (5)

The displacement vector d for the Gauss-Seidel scheme satisfies
the following equation:

- - k -
1 )d =D bux® s D 1 b. (6)

(

]

no
e

Subtraction of Equation 6 from 4 and using 5 yields

2—1 Eg -1 -1 L.

(I -D

e

)d =

no

Therefore, Q-l rk = d; i.e., the displacement vector at each

step in the Gauss-Seidel method is identically equal to the
residual vector times the inverse of the diagonal elements of
the A matrix.

Again the rate of convergence can be improved by making the dis-
placement vectoi ﬁome multiple of the residual vector; i.e.,
xk+l = gk 4+ yp- where w2z 0, a real number. This is called
under—relaxatlon for w < 1"and over-relaxation for w > 1. The
deflnlng equatlon for the ﬁuice531ve over- relaxatlon technique
is thus ka 1= Dx + w(Lx + Ux + b - Dx ).

Rearranglng glves.

k+1

x = (p - wn) MDA - @)+ eulx® + (@ - w7t

wb, (7)

It has been proved that the method converges for 0 < w < 2
whenever A is symmetric and positive definite. Optimum relaxa-
tion factors, Wopts Can be derived theoretically for linear
systems.

All three of the above schemes are stationary iterative pro-
cesses because the coefficients of x in the recursion formulas
are independent of the iteration step value, k. This is not
true for nonlinear systems of equations.



APPENDIX B

VTT ERROR AND SENSITIVITY ANALYSIS
ON SYNTHETIC SURFACES*

*Note that a more complete sensitivity study is underway.



APPENDIX B

For the VTT model, a qualitative sensitivity analysis was done
with synthetic surfaces, all of which had the following com-
mon parameters unless noted:

2

Area = 8900X8900 ft Grid spacing = 100 ft

Boundary flow rate = lxlO6 ft3/day

Injection flow rate =1 x 106 ft3/day

Hydraulic (K) = 1000 ft/day Storage coefficient (o) = 0.2

conductivity

The aquifer parameters were chosen because they are in the
range used on the Hanford model and still allow reasonable
variation.

The effects of variations in the several parameters were
illustrated by the following sets of surfaces. The time plane
at t=3 days is illustrated for each set.

Set l: Storage coefficient variation: Figure B-1 shows the
surface at t=3 days for ¢ = 0.2. This surface was previously
used for testing the accuracy of the transmissivity routine.
Figure B-2 shows the same time plane for ¢ = 0.08. The ele-
vation of the peak of the mound is 34.8 ft in Figure B-1l and
36.9 £t in Figure B-2. The contours start at 10 £t and are
at 5 ft .ntervals. The sharper peak for the lower storage
coefficient case is apparent. However, the percent change in
peak elevation between the two cases is about 5.5% while the
change in storage coefficient is 60%.

Set 2: Variation in hydraulic conductivity: Figure B-1
shows the surface for K=1000 ft/day. Figure B-3 shows the
surface for K=100 ft/day. The elevation of the mound has
increased by almost a factor of two to 64 ft in Figure B-3
while the hydraulic conductivity has changed by an order of
magnitude. As for the storage coefficient, the calculated
potentials are not proportionally sensitive to changes in
hydraulic conductivity.

A second case was run with the hydraulic conductivity increased
to 1500 ft/day over a portion of the area (see sketch below).

K=1500{ £ft/cpy

L J
k
[ Injection Point

K=1000 Ft/day




FIGURE B-1. Effects of Parameter Variation on Synthetic
Surface, t = 3 Days, ¢ = 0.2

LARLAC (AN SumFACE

FIGURE B-2. Effects of Parameter Variation on Synthetic
Surface, t = 3 Days, o = 0.08




LAPLACIAN JumFACE

FIGURE B-3. Effects of Parameter Variation on Synthetic
Surface, K = 100 Ft/Day, t = 3 Days

STREANMLINE PRUGEAN

LAPLAC jA SURFACE

FIGURE B-4. Effects of Parameter VAriation on
Synthetic Surface, Block Hydraulic
Conductivity Distribution Where
K = 1000 and 1500 Ft/Day, t = 3 Days

B-3




Figure B-4 shows the three day time plane results. The peak of
the mound was reduced about 10% from the K-1000 ft/day case (i.e.,
from 34.8 £t to 31.6 ft).

Set 3: Variation in the aguifer bottom elevation: For all pre-
vious cases the aquifer bottom was set at zero elevation. One

set of surfaces was run with the following bottom elevation pro-
file.

Injection Point

h =0 ft
o]

Figure B-5 shows the peak of the mound increased to 35.5 ft,
about 1/4 of the change in the aquifer bottom elevation beneath
the mound. A second case was run with the following aquifer
bottom profile.

[ Injection Point

Figure B-6 shows the peak elevation of the mound increased to

36.6 ft, about 1/3 of the aquifer bottom elevation increase
beneath the mound.



APLACIAN SumTaCE

FPIGURE B-5. Effects of Parameter Variation on
Synthetic Surface, h, = 2.5
and 0 Ft, t = 3 Days

STREAMLINE PREGRAN

LhrLaCTan 1FACE

FIGURE B-6. Effects of Parameter Variation on
Synthetic Surface, ho =5, 2.5
and 0 Ft, t = 3 Days

B-5



As might be expected, because of the diffusive nature of the
groundwater flow system any change in the input parameters
produces a somewhat attenuated change in the resultant poten-
tials or water table elevations. The magnitude of any induced
change is highly dependent upon the values of all of the other
parameters. Consequently, the sensitivity of the calculated
potentials for the Hanford Reservation to parameter variations
will vary with position- and time,
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RIVER ELEVATION CALCULATIONS
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The VTT model requires that the potential (a function of
river mile and flow rate) be specified at each boundary node
along the river. A total of 18,360 values are needed to
specify these potentials at monthly intervals for the

period 1968-1973. There are 255 nodes at the river boundary
in the 1000 ft grid system. Every other node is used in the
2000 ft grid. To eliminate the problems associated with
generating, checking, indexing, storing and reading such

a data file, a subroutine has been written which computes
boundary potentials.

The subroutine computes river elevat%ons as a function of flow
rate over the range 6x109 to 3 x 101 ft3/day. The functions
were developed from field measurements of river elevation and
flow rate and are second-to-fifth order polynomials, depending
on the region of the river covered. They give elevations at
every fifth river mile beginning at mile 335. Potentials at
nodes not on five mile marks are found by interpolation.

Table C-1 shows how the interpolation factors are derived from
a sample reach of river. The x,y coordinates represent nodes
in the 2000 ft grid. Taking the side of the square to be one
unit, the point-to-point distances are summed from node 38,79
to node 31,87 (12.9 units). The interpolation factor for node
X,y is the point-to-point distance from node 38,79 to node

x,y divided by the total distance, 12.9. A special table
enables the computer to determine which polynomial is to be
applied to a given boundary node.



TABLE C-1. Example of PK Construction

88 1
&
1
56 4
84 é%

82 G
1
80
mi| 370+
8o
, 78 L}
22 TR B BB

Total distance point to point from river mile
370 to river mile 375 = (3 + 7 v2) units = 12.9

NODE INTERPOLATION FACTOR
38,79 0.0

39,80 Y2/12.9 = 0.1096
39,31 (1 + /2)/12.9
38,82 (1L + 2/2)/12.9
37,83 (1 + 3/2)/12.9
36,84 (1 + 4/2)/12.9
35,85 (1 + 5/2)/12.9
34,86 (1 + 6V/2)/12.9
33,386 (2 + 6V/2)/12.9
32,87 (2 + 7V/2)/12.9
31,87 (3 + 7V/2)/12.9
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DEVELOPMENT OF THE BOUSSINESQ EQUATION
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Let x,y,z be the coordinates of a fluid particle, then dx/dt,
dy/dt and dz/dt are components of pore velocity and the Darcian
seepage velocities in these terms are:

q, = O %% (1)
q, = o X (2)

Now if we let z = h(x,y,t) represent the coordinate of the
free surface and formally differentiate with respect to time
we have:

0Z oh dx + oh dy + oh (4)

3t 9x dt | 3y dt ' Jt
Substituting the above expressions for Darcian velocities and
rearranging, we have:

3h 3h 3h (5)

Ot ax v 9y 5y - 9 () =0

The Dupuit assumptions may be simply stated as:

® 4(x,v,2,t) Ad ¢(x,y,§,t) where z = average height of the
water particles above the reference datum (i.e. variations
of ¢ with z are negligible).

® Horizontal velocities do not vary with z (this implies
that the slope of the water table is slight).

Continuing, we assume that we are completely saturated and
that the water density, p, is a constant, we have Equation 2
of the main text for our continuity equation or:

e} aq 3gq
X Y Z= 6
5k T3y T3z - O (6)

Now since we wish to average in the z direction, we must inte-
grate this equation from the base of the aquifer to the free
surface or:

z=h

_ (10 X
G| o™ I M) = ~(h-n®) GFE 4

)
My, (7)
%Y



Since ¢ = p/y + z and we know that at the free surface that

p =0, then ¢ = z. Using this result along with the first
Dupuit assumption and our earlier equation (z = h(x,y,t)), we
have:

h(errt) = q)(lerErt) (8)

From this result Darcy's law can be rewritten as:

- _g oh
Ay = K 3% (9)
dh
= =K —
a, 5y (10)
where:
K(x,y) = vertically averaged value of hydraulic con-

ductivity at location (x,y).

Substituting Equations 9 and 10 into Equation 5, we have:

2
oh dh dh _
Now replacing qz(h) with the expression given in Equation 7,

we have:

2
oh oh oh o,|9 dh 3 dh _
Rearranging Equation 12, we have:

(x(h=n )3y - 3 (km-n%H =0 (13)

dh 3
9 9y Yy

%%t T ax

To this point for simplicity the accretion term has been neglected.
Adding in the accretion term gq' and rewriting Equation 13 in
terms of the two-dimensional V (x,y) gradient operation, we

have the Boussinesq equation for unsteady flow in an unconfined
aquifer (Equation 11 of the main text):

v - K(h-h®) h = 622 - g (14)
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