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VARIATION OF THE GREEN FUNCTION
ON RIEMANN SURFACES AND WHITNEY’S HOLOMORPHIC
STRATIFICATION CONJECTURE

by RoserT HARDT* and Dennis SULLIVAN*

With great admiration to René Thom
who explained what « manifolds with singularities » are.

Introduction

A complex algebraic variety can frequently be studied by the following two step
procedure:

1. Prove an appropriate theorem for curves (i.e. Riemann surfaces).

2. Fiber an n-dimensional variety by curves, apply Step 1 to the fibers, and pro-
ceed by induction.

In our case the desired result about a Riemann surface concerns how the Green
function varies when the conformal structure changes in a particular manner provided
inductively in Step 2. We assume the Riemann surface .# is given as a k-sheeted branched
covering of the unit disk B with branch points g,, ..., 4, in B,,. We also suppose that
{ is an e-isometry of the unit disk in the sense that | log dist($(x), ¢(»)) — log dist(x, y)| <e
for x,» € B. Then there is a corresponding induced Riemann surface .#% over B with
branch set ¢(a,), ..., ¢(2;) and a commutative diagram

Ry
b
B % B

* Research partially supported by the National Science Foundation.
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Theorem A (§ 4.5). — There is a constant N, depending only on k and £ so that, for
e<1/4(¢ — 1),

|Gy @) — Gt 5T S N, for x e ~{ 0},

where the Green function G , (respectively, Guv 3.,) 1S the unique positive harmonic function
on M (resp. M*) that has a unit mass pole at o (resp. $(w)) and that vanishes on .M (resh. oM*).

This estimate for the variation of the Green function is far from true for e-almost
isometric Poincaré metrics on a Riemann surface. This will be clear from the proof in § 4.

We use Theorem A to treat Whitney’s conjecture (1956 [W, § 9]). For complex
projective algebraic varieties, we show:

Theorem B (§ 6.1). — Any complex algebraic subvariety of CP* admits a finite partition
(stratification) & into holomorphic submanifolds such that, for each stratum S in P, every point
of S has a neighborhood in GP* that may be foliated by (dim S)-dimensional holomorphic leaves thai
respect the strata.

Whitney’s conjecture concerned real or complex analytic varieties. The real
analytic case of the Whitney conjecture was treated in [H3, § 8], and the local complex
analytic case is easy to obtain from the present paper. Here we treat the complex pro-
jective case because it is easy to describe the stratification globally in CP* (see 5.4).
However, this stratification is not canonical, and it is not clear what class of stratifi-
cations admit such analytic foliations. In our inductive construction, the holonomy of
these foliations locally preserve a fixed complete affine flag in C”, i.e.

parallel lines C parallel planesC.. ..

Moreover, in each quotient C¥, the induced maps are Lipschitz on each of the corres-
ponding complex lines. In fact, in coordinates compatible with this flag, these homeo-
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morphisms have Jacobian matrices a. e. which are upper triangular with diagonal
entries bounded away from zero and infinity. Because the off diagonal partial deriva-
tives are not uniformly bounded, the homeomorphisms are not fully Lipschitz (see
[SS, p. 511], [M], and [P]) which was one of our original goals.

W. Thurston suggested some of the ideas used in proving Theorem A, in parti-
cular, the plumbing metric of § 3. In this metric, 82 ~{ 4 points } may look like

In our e-variation, the length A changes to A 4+ ¢; whereas, in the corresponding Poin-
caré metric e-variation, A would change to A'**%,

In our proof of Theorem B, we employ an interpolation formula of H. Whitney
[W, § 11] and generalize [W, § 12] where he proved that his conjecture held near a
codimension 1 stratum in a hypersurface.

The plumbing metric is determined by the locations of the branch points in the
unit disk. By scaling, we first obtain a unique decomposition of the disk that respects
the clustering of subsets of the branch set (see the figure in § 1). In § 2, we observe that
this clustering and hence the decomposition are essentially preserved under an e-iso-
metry of the disk. An explicit formula for the plumbing metric, in terms of the decom-
position, is given in § 3 and is used in § 4 for a uniformly accurate approximate formula
for the Green function. This formula is based on a corresponding problem on a one-
dimensional network, and, along with a linear algebra lemma (4.4), provides a proof
of Theorem A. The stratification for Theorem B is obtained inductively using a sequence
of corank 1 projections (as in [H1], [H2], [H3]). Trying to construct the trivializing
maps by induction leads one to the interpolation problem studied by H. Whitney
in [W, § 11]. Use of the interpolation formula of [W, § 11] requires (as explained
in 2.2 and the proof of 6.1) that the movement of points on the variety between cor-
responding one-dimensional fibers be an e-isometry, for some positive ¢ (depending
only on the variety). Attempting to prove this needed uniform estimate by an argument
analogous to [W, § 12] led to investigating the Green function property of Theorem A.
For the special case of behavior near a codimension 1 stratum in a hypersurface (as
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treated in [W, § 12]), the appropriate Riemann surface is a simple branched cover of
a once-punctured disk and the Green function may be suitably approximated by simply
using a logarithm function.

1. The Swiss cheese decomposition of a multiply-punctured disk

1.1. Notation. — For a finite nonempty subset E of G, let ¢y denote the center of
mass of E (¢ = X, g¢) and py denote the smallest p such that the closed ball B (cg)
contains E.

For a family & of at least two finite nonempty disjoint subsets of C, let

6g = max{r:B,(cg) "B, (c;) =0 for distinct E;Fe&}.

1.2. Lemma. — For a finite nonempty A CGC, the family P, of all partitions & of A for
which maxyc g pp< (1/4) o4 contains a unique partition E* with 6, = maxsc 5, 64.

Proof. — Since {{z}:z2eA}eP,, and £, is finite, there exists a maximizing
partition &% Moreover &* is unique because |z — w|> (15/2) o, whenever z
and w belong to distinct members of &4, []

1.38. Lemma. — For £ €{2,3,...},

ty = sup{ 2p,/o4.:2< card A< £} is finite.

Progf. — We need only consider sets A with ¢, = 0 and p, = 1. We now argue
by contradiction. If p, were infinite, then there would exist ne€{1,2,...,¢} and
points 4 €B,(0) with |a}| =1 for ¢e{1,2,...,2} and je{1,2,...} so that
¢ = lim,, ., d) exists for each i, 0 = lim, , , 6,.;, and €y, = 0 where A; = {4}, ...,a}}.
Then card{d', ...,a"}> 2 because |a'| =1 and X!_,4' = 0. Let

s=(1/9)inf{| —d|:d+4d} and E =B,(d) nA,.
Then &; ={E{:i=1,...,n}is a partition of A; and

PN °'J,-> s>0
for j sufficiently large, a contradiction. [

1.4. Definitions. — A Swiss cheese (with I holes and modulus p) is a set in the form
B,(c) ~Ui_, B, () where ¢ eB,(c) and

min{ | —¢,|:1<i<j< I}> 4rfp.

A ring is a Swiss Cheese with I = 1 and ¢; =¢.
A center-punctured disk is a ring of modulus co.
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1.5. The Swiss cheese decomposition. — Given a finite subset A of G with card A > 2
and a number 7> 4p,, we now use Lemmas 1.2 and 1.3 to obtain a unique finite par-
tition £, v ¥, v 2, of B(c,) ~A where

%, consists of rings with disjoint closures,
& , consists of multi-holed Swiss cheeses with moduli < y,, and

2, consists of center-punctured disks.

If card A =1, then A={¢,}, and we let Z, =0 =&, and 9, ={D,}
where D, =B, (c,) ~{¢, }.
If card A > 2, then we obtain the ring

Ry =B,(c,) ~ By, (c))
and, by 1.2 and 1.3, the multi-holed Swiss cheese
S,= szA("') ~ Uneﬂ Bo,A(cA)a
which has modulus < y,.

For each E € £* we may repeat this construction with A, r replaced by E, o,
to obtain either the center-punctured disk

Dy =B, ,(cg) in case cardE =1
or the ring and multi-holed Swiss cheese
Ry =B, (cg) ~By (cg) and Sg = By, (¢x) ~ Ure o B, ()
in case card E> 2.
Continuing we find that this process eventually ends; in fact, we readily estimate that
card 2,<¢, cardZ,<{{—1)% and card¥,<¢—1.

Although the moduli of the Swiss cheeses in &, are all bounded by p,, the moduli
of the rings in %, are nof bounded independent of A.
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2. Bilipschitz variation

2.1. Some elementary estimates. — For a bilipschitz homeomorphism ¢ : C — G, let
(1) [4] = sup,ec || Dg(2) — id |I.
Then, by integration,
| b(2) — P(w) — (z — w)|<[¢] |z — w| whenever z, w e C.
Moreover, if [¢] < 1, then
IDg[|< 1+ [ Dy~ [|< (1 —[D7
B <D < 91 (1 — D~

Recalling the notation of § 1, we readily observe, by integration, that

(2) | dleg) — eyem | < Y] o
Moreover,
(3) l 1 - Pum s | < 2[¢]
because if pg = | ¢ — ¢x | and pyy = | $(@) — ¢y |, then, by (2),
1— 2[4] < (| $le) — dlew) /] e — cxl) — I < ez | d(a) — $leg) | — [4]
< Pum PE S fx | Y(a) — Yleg) | + [¥]
< (4@ —d(ew) |/l —ex )+ [¥1< T + 2[4].
Similarly,
(4) |1 — | d(2) —cym || 2 —cx || <[¢] whenever |z —cy|> pg.

For any finite nonempty A CGC, it follows, as in the proof of 1.2, that
YD ={Y(E):Ee &} and
(5) | 1 — o 0w 054 | < 2[¢] whenever [¢] < 1/4.

In case
(6) $[B,(ca)] = B,(cyn)) Sor some s> 4oy, and [Y] < 1/4,

the Swiss cheese decompositions of B, (c,) ~ A and B,(cy,) ~ Y(A) thus correspond; the
sets Dy, Ry, Sy defined in 1.5 correspond to Dyg,, Ryg,, Sy and the ratios of cor-
responding radii are governed by (3) and (5).

2.2. A modified Whitney interpolation formula. — Given a bilipschitz map ¢ : C - G
as in 2.1, recall that the estimate

| 9(2) — $(w) — (z —w)[/| 2 — w|< [4]
holds for any distinct z, w € C. Whitney observed in [W, § 10] that, conversely, given
any £ €{2,8, ...} and points b = (b, ..., b,) and d = (d,, ..., d;) in C! with the s
distinct and

A(b, d) = max, i< j<e | & — dy — (b — b)) |/ b, — b, | < 1/4(¢ — 1),
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there exists a bilipschitz ¢ : C — C with {(§;) =d; for ¢ =1, ..., m. Here, for use

in 5.4, we describe and slightly modify his formula for ¢ to give a map which is the
identity near infinity.

For distinct by, ...,b,in G and 7 €{1,2, ...}, the function o} defined by
) =1,
(b)) =0 for je{l, ..., ~{i},
o(2) =|z—b|7YZi |z —b;|7* for zeC~{by, ..., b},

is continuous, as is the cut-off function « defined by

a(z) =1 for z e B,,(c),
w(z) =2 -2t |z—c¢| for zeB,(c) ~B,,(c),
a(z) =0 for ze C~B,(c),

where ¢ € G and 7> 0 are fixed. Our interpolation is based on the function
$pq:C —C,

Uo,a(2) = 2 + a(2) . B, o}(2) (4 — b).
This satisfies , 4(b,) = d; for i =1, ..., ¢, and
| b5,a(2) — dp,a(w) — (2 —0) [ <8¢ — 1) A(h,d) |z — w]|
whenever by, ..., b, are distinct points in B, y(c) and dy, ..., ds, 2, and w belong to C.
To verify this, we repeat Whitney’s calculation [W, p. 235] with his notation,

while replacing o; by ag. For the first line of [W, p. 236] we have now the additional
term + o}. (0x/O)), and so the factor 2 on the second line may be replaced by 3 because

| p; ot (afOr) [ < ror ™t = L.

The remaining calculations of [W, p. 236] give the desired estimate. An immediate
consequence is that if

0<T<1BE—1), by, ..by dyy ..., d;eBu0),
and (b, d) € Clos A™1(0, I'],
then, for any sequence (6%, d™) in A=*(0, '] approaching (b, d),

by,q = limy o, Yy, qm

defines a bilipschitz homeomorphism of C which is independent of the choice of the sequence (6™, d™)
and which satisfies ', 4(b)) = d; and

(1) [4s,al < 8¢ — 1) T.

Note that the points &, ..., b, are not necessarily distinct even though, for each 4, the
points &P, ..., b are distinct. Note also that, for fixed 4 and z, the function
(2) Uy (,(2) is holomorphic (in fact, affine) on {d: (b, d) e Clos A=*(0, T']}.

16
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For completeness, we also discuss the case £ = 1. Here for two points 4, d in B, ,(c),
we define

$y,0(2) = 2 + «(2) (d — )
and verify that

(3) [%,d] < (2fr) | d— 8.

3. The plumbing metric for a branched cover of the disk

Here we explicitly construct a metric suggested by W. Thurston. Suppose A is
a finite subset of G,/ = card A> 2, 4p, < r< 0, # is a connected compact bordered
Riemann surface,

N: 4 —>B,(,)

is a k-sheeted branched cover with branch set contained in II7!(A), and w is a dis-
tinguished point of II7*(A). Using § 1, we will now describe a complete metric (called
the plumbing metric) on # ~{ ®} whose curvature has bounds depending only on %
and ¢. In this metric .# will consist of several pipes of varying lengths, but all of cir-
cumference 1, which are assembled together by fittings of compact bordered surfaces
having uniformly bounded geometry.
The desired metric is in the form 0 ds* where 6 is a positive smooth function on
M ~{w}and ds® denotes the II-pullback of the Euclidean metric on C. It suffices to
describe 0 on each component C of the II inverse image of a member of the Swiss cheese
decomposition (1.5) of B,(c,) ~A. Let 2,€{1l, ..., k} denote the multiplicity of
the covering map IT | C.
To handle the transition between adjacent components we employ a fixed smooth
monotone function v : [~ o, 1] = [0, 1] with
() =0 for t< 0, (1) =1,
7N0) =0=2%1) fori=1,2,...,

and define, for any numbers 0 < a < 4 < oo and smooth functions f, g: [0, ©) - R,
the transition function
h=hi(abf, g :[0,0] >R,
h(t) = (1 — [t — a)[(b — gD f()) + 9[(£ — a)/(b — a)] £()-
Then % is smooth with
k|[0,a] =f|[0,a] and A9}) =g¥0b) for t=0,1,2,....
Let {,(x) = |II(x) —¢| for x e.# and ¢ € C.
Using this notation and that of § 1, we now explicitly define 6:
(1) For any component G of II"*(U 2,) with o ¢ Clos C, let
6 = (2nx)”' on Clos G where « is the radius of II(C).
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(2) For the component D of II7}(U 2,) with © € Clos D, let
6 = A(B[2, B, [2mkp(-)]77, (27B) ") o8 on D

where 8 is the radius of II(D).
(3) For any Swiss cheese S =B (d) ~ U}, By(d) € &,, note that Ul_, B4(d) is
contained in By 4(d) by § 1, and let

6 = A(51/8, v, (27 8)~%, (2my) ¢, on TX(S).
(4) For any component Q of II"*(U2,), let

6 = h(p, 4p/3, (2m0) ™1, (2mkg po) "' [p + 6 + (+)]) o &,
on QN H—I[Bm/s(c) ~ B,(c)],

6 = h(30[4, o, (2mkq p0) ™" [o + o + (+)], (2m0) 10 L,

on Q N ITT[By(c) ~ Byy(c)]
where II(Q ) = B,(c) ~ B,(c).

For such sets G, D, and Q , observe that, in the plumbing metric 0 ds?,

C becomes a flat disk of circumference kg,

D n1I7'B,,(TI(w)) becomes a half-infinite right circular cylinder of circumference 1,
and

Q NI~ *[By,,(¢) ~ B, 5(c)] becomes a finite right circular cylinder of circumference 1
and of length

(5) 2% =1 dr = log(afp) -+ log(9/16) where TI(Q) = B,(c) ~ B,(c).

4p/3

Finally the possible components of II7!(S) for S € &, as well as the transition collars,
D~ By,(Il{w)) from (2),

and 7' [By(c) ~By(c)]  and  T7[By(c) ~ By,(c)] from (4),

form, in the plumbing metric, a compact family of bordered Riemann surfaces. For example,
the boundaries occurring are circles of circumference at least u; ! and at most k. There
exist universal bounds for the diameters and curvatures of all these surfaces in terms of 2
and ?.

4. An approximate formula for the Green function

Viewing, via the plumbing metric of § 2, # ~{ ® } as a system of unit circum-
ference pipes joined with bounded-size junctures, we now imagine a unit flux water
flow coming in from a source at infinity () and exiting from d.4. The pressure at some
point will be roughly the value of the Green function there. The approximate formula
developed in 4.3 will show that this pressure is a Lipschitz function of the length of
pipes with Lipschitz norm independent of these lengths. The proof involves considering
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a corresponding model problem on a one-dimensional complex and establishing a linear
algebra estimate (4.4) for equations derived from Kirchoff’s laws.

Suppose ¢, A, r, #, II, k, o, D, B, 0 are as in § 3, and let R denote the (half)
infinite right circular cylinder D N II7! By,(T1(w)).

4.1. Lemma. — With respect to the plumbing metric, there exists a unique nonnegative

harmonic function on M ~ { & } which vanishes on o4 and has net inward flux one. (G is called
the Green function with pole at w.)

Proof. — For ¢ = 2,3, ..., choose a harmonic function #; on
My =M~{o}~[R, nTT7" By,(11(w))]

with k| 4 = 0 and grad %, | (6.4, ~ 0.#) equalling the outward unit normal vector
field. Extending %, to be 0 on 4 ~ .#;, we infer from the maximum principle and the
Hopf boundary point lemma that all the %, are bounded above by the harmonic
function &= —log| Mo ¢ — H(w)| where ¢ : .M ~{w}—># ~{w}is a conformal
mapping taking the plumbing metric to the Euclidean metric ds?.. Moreover, near any
of the poles @ € " II7(II(w)] of k, the %, are uniformly bounded by the maximum
of 2 on a small circle about a. A subsequence of the i, now converges uniformly on
compact subsets of # ~{ ®} to the desired function G.

For uniqueness, note that |Go ¢! 4 log [ II(-) — I(w)[| is bounded near w.
Thus, for the difference of any two such G, the composition with ¢~ would have a

removable singularity at «; the maximum of the modulus of this difference would occur
on d.#, where it is zero. []

4.2, Lemma. — With respect to the plumbing metric on M ~{ o},
| grad G| < G,

Sor some finite number C, depending only on k and ¢ (but not on A, r, #, or ®).

Proof. — Note that the bound obtained in [S, Th. 1] is derived from bounds
(e.g. Harnarck’s inequality) based only on the curvature, which is here bounded uni-
formly. The flux one across the boundary, which is the level G™*{0 }, provides the desired
uniform normalization. []

4.3. A formula with uniformly bounded error.

Here (4.3 (1) (8) (9)) we show how G s approximately linear on the cylinders des-
cribed in § 2 and approximately constant on the other pieces. The slopes of the linear functions
are determined algebraically by just the cylinder lengths and the network configuration
of these cylinders.



VARIATION OF THE GREEN FUNCTION ON RIEMANN SURFACES 125

With R, being the (half) infinite cylinder as above, let Ry, R,, ..., R, be the

finite right circular cylinders; also let 2; denote the length of R, (see 3 (5)). Note that m
is bounded in terms of %2 and /.

As in § 3, the family ¥~ of components of
M~{w}~IntR,~Ur IntR,
consists of surfaces belonging to a compact collection of compact bordered Riemann

surfaces having uniform bounds on diameters and curvatures. For V e ¥", we let
vy denote the mean value of G on V and infer from this uniformity and 4.2 that

(1 |G —vv[<CG onV
for some number C; depending only on % and /.

Let V, be the unique member of ¥~ which contains éR . For i €{1,...,m},
dR; has two components. We choose one component and let V,; denote the member

of ¥ that contains it. We then let W, denote the member of ¥~ containing the other
component. Then the axial coordinate function

L,(z) = dist(z, W))
is harmonic on Int R,.

Forie{l,2,...,m}, L;| V, n0R, = %, and so, by 4.3 (1) and the maximum
principle, we have the linear approximation

(2) | G — [yw; + N '(yv; — vw) Lil] < C; on R,.
To see the behavior of G on R, we first let y,(¢) denote the mean value of G on
the circle Ly*{¢}. By 4.2
|G —yo(®)| < Gy on Lg'{t}
hence, by the maximum principle,
|G — [ywy + (o) — 1w Lol| < G5 on L7[0, 4],
where C, = sup{ G,, C, }. From this and the net flux one condition, it follows that
Fpo(t) — Ywd > 1 as ¢ > oo,
and so we also have the linear approximation
3) | G — (yw, + Lo)[| < G, on R,.
Note that we may view the piecewise approximations of (1) (2) (3) as being defined
on the metric l-complex (or graph) J obtained by collapsing:
each V e ¥ to a vertex,
o0.# to a single vertex,

and each R; to an edge ;.
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To orient X~ we may use the vector field grad L, on g, for i = 0, 1, ..., m. We still need
to estimate the numbers vy for V € ¥” in terms of the given lengths 2, ..., 2, and the
configuration type of . For this purpose we note, by Green’s theorem, that the flux
across the circle L;*{¢},

(4) Y= fLi’l{t} grad G.grad ¢,

is independent of ¢ € [0, 4;]. Green’s theorem also implies the relations

(5) ZVFV)Q — 2w,~=va =0 for any Ve¥
with V+ W, and Vno# =9,

(6) z:v,-=w., X — ZW;=Wo,i¢0 x=1
because y, = 1. Integrating (4) over R, gives
N = vi(a) — vi(a)

where v;(t) is the mean value of G over the circle L;"*{¢}; hence, by (1),

(7) | Yv, — Yw; — N X < | Yv; — Yi(a) | + | v:(0) — Yw; | < 2G,.
We conclude from (2), (7) and (9) that, on each finite cylinder R,
(8) |G — 2 o h — %L | < |G — vw, — A7 (vy; — 1) Ly |

+ (L) Yv; — Yw; — M |
+ | Z?=1 “s(Yv,- - Yw; — % A< Gy 4+ 2G; + 2mC,

where @ = 2 | o, g, is any simple path in & from the 2.4 vertex to the W, vertex
(here, o, €{ — 1,0, 1}). Similarly, on the infinite cylinder R,,

9) IG“E?=1BiXi7\i—L0|<IG_"YWO“LOI
+ | 2:"=1 55(YV;—YW,-“Xi7\i)l< C; + 2mC,

by (3) and (7), where g = X" | B, ¢; is any simple path in ) from the .4 vertex to
the W, vertex. []

Having obtained in (1), (8) and (9) above an approximate formula for G, we
next prove a linear algebra lemma which gives a Lipschitz bound on the variation of
this formula with changes in the lengths A;. '

4.4. Gircuit lemma. — Suppose A~ is a connected oriented 1-complex (or graph) with
oriented edges set { €, ..., <, }, vertex set V", and two distinguished vertices v, and v, (the source
and sink). For i =1, ..., m, let v; and w; denote the boundary vertices of the edge <; so that
O, = v, — w;. Also let

=2t g, {y= Xty ey by =20 L, €

i=1%n; ™4

be a basts for the simple loops of KA.
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For A € (0, 0)™, neR" and v e R, there exists a unique solution x = x(A, u,v) e R®
of the linear system

DI W =yu; forje{l,...,n} [loop equations],
(0)3, v Yo X — By ¥ =0 for ve¥ ~{vy,0,} [vertex equations),
Z"i=9w X — ZW=% X =v [source equation],
Moreover,
(1) [ %250, w9 < [N[|v]+ G| p| and
(2) [N 1) —Na(w DS GA =X + ||+ ]

SJorie{l,...,m}, ,xe(0,0)" u, ueR" and v eR, where C; depends only on m.

Proof. — First note that (0), ,, is a system of m equations (in the unknowns
%1, ..., %,) because there are, by Euler’s theorem, exactly m — » + 1 distinct vertices
in ¥". Note also that the source equation, the vertex equations, and the identity

Zoef[Equ X — % %] = E?=1(xc —%)=0

wi="1v
imply the sink equation
D >

v ="

To see that (0), ,, has a unique solution whenever 2 € (0, )™, we observe
that otherwise there would exist a nonzero solution z = (zy, ..., z,) of (0), o . Using

w; =19 x‘ =V

the equation

z"vi=v % — 2w,~=v z = 0
which would be true for all » € ¥, we would obtain a nonzero loop in the
form X,.,(sgn z) ¢;. But then 2, _i(sgn z) % z; would be positive, contradicting that
@; = 0 for all j.

Next we will study | x;(2, 0, v)|. Since, as above, there are no nonzero loops of
the form 2, o ([sgn x,(, 0, v)] &;, we may define a partial ordering on the vertex set ¥~
by letting

(o) =sup{cardI:x(20,v) 0 forzel
9%, e1lsgn %0, 0,v)] & = 2, — v}
for v € #". Then we use (0), ,, to verify, for x = 1,2, ..., that
2 {[sgn x,(7, 0, v)] %, (7, 0, v) : either u(z,) <k < () or () < k< (o)}
is identically |v|. Thus
&) | %, 0,9)| < | v].

Next, to estimate | A, %,(A, i, 0)|, we note that the loop equations of (0), , , imply,

for any different loop-basis, equations whose right hand side gives a vector of length

comparable to | i |. Since there are only finitely many such bases of simple loops, it
suffices to prove an estimate

(4) I )‘6 xio\’ 2D O)l < C4 I @ I
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with respect of any particular basis of loops. A basis, facilitating this estimate is obtained
by starting with one loop 4, and a distinguished edge ¢,,, of £,. Then, because ¢, ~ ¢,,,
is simply-connected, we may choose a second loop /4, in A" ~ ¢, along with a distin-
guished edge ¢, of ¢,. Continuing and discarding linearly dependent loops, we obtain
a basis {¢,, ..., ¢, } of loops with associated oriented edges &, ..., &, S0 that & g,
is an edge for ¢, if and only if j = &.

Assuming this loop condition holds, we fix je{1,...,n} and now estimate
| & (7, pe;, 0)| where p €R and ¢, is the j-th unit coordinate vector in R”. Reorien-
ting ¢, if necessary, we may assume @ > 0. Let ", be the graph obtained from %" by
adding a new vertex « to ¥~ and by insisting that

Oy = u — Wy (rather than o, — wy,).
Thus, on X, ¢, is no longer a closed loop, rather
0t; = [sgn xy;(A, pey, 0)] (v — o).

As above, the loop equations on %", now give a (potential) function g: ¥ U {u} >R
which is well-defined by:

&) =0, &) = u,
gv) =2, cah| % pe, 0)] whenever HC{1,...,m} and
9 Xy calsgn %%, pe;, 0)] & = [sgn %,(%, pey, 0)] (v — 45)-

For each : {1, ..., m}, the edge [sgn x,(}, pe;, 0)] ¢, may, by the vertex equations,
be extended to a path of the above form with boundary « — w,. Since g is increasing
along the vertices of this path,

| A %A, pe;, 0)] < ¢ whenever A € (0,0)™ and peR.
This implies (4) because x(A, pe;, 0) = 27_, x,(, pe;, 0). After changing loop bases
as described above, we obtain (1) from (3), (4), and superposition.

To establish (2) we use (1) and superposition to reduce to the case u = 0. Since
A %(2, 0, 1) is homogeneous of degree 1 in 2, it suffices to prove that

bj
(5) Sup; ¢ q -3_7\_ [7\6 X ()‘3 03 1)] < o0
k

where Q ={Ae(0,0)™:|A| =1} and 3,ke{]1,2,...,m}. Note that, for each
such ¢, k2, Cramer’s rule implies that, on (0, o)™,

(6) %3, 0, 1) = [AY(0) &, + BIWI/[CE(2) & + Di(W)]

where the A¥, Bf, CF, D are polynomials that do not depend on A,. Here the deno-
minator df(A) is the determinant of the coefficient matrix of (0), ,,. We show that
d} is bounded away from zero on Clos Q) by induction on m. The case m = 1 being
trivial, we assume this is true for m — 1, but (for contradiction) not true for m. Since
df is clearly nonzero and continuous on Q) , there would then be a sequence A? on Q
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approaching a point A’ € Clos Q ~ Q with lim, , , df(A\?) = 0. Then A} = 0 for some
ke{l,...,m}. Let #™ be the oriented graph obtained from X% by collapsing the
edge ¢, to a single vertex v, = w,. Then a corresponding m — 1 by m — 1 linear system
for ™ is obtained from (0), ,, by eliminating the one variable x, and replacing the
vertex equations for », and w, by the sum of these two equations (with v, = w,). Then
evaluating the determinant d¥(A?) by expanding on the A-th column, we readily verify
that + d¥(A\?) is precisely the determinant of the coefficient matrix for the new system
associated with ™. By induction this determinant is nonzero. This contradiction esta-
blishes the positive lower bound of |df| on Q.
Differentiating (6) and using this lower bound now gives (5). [

4.5. Variation of the Green function. — Suppose ¢ is as in § 2 and satisfies 2.1 (5)
with the set A as above. Repeating the discussion of § 3 and 4.1 with A and II replaced
by ¢(A) and ¢ o II, we obtain another plumbing metric and corresponding Green func-
tion G¥ on A4 ~ [w} (which is harmonic with respect to the new conformal structure
induced by ¢ o II).

Theorem. — One has | G — G¥| < N, whenever [{] < 1/4, for some finite number N,
depending only on k and ¢ (but not on A, r, M, w, or $).

Proof. — The corresponding Swiss cheese decompositions discussed in 2.1 (5)
pullback via II and ¢ o IT to corresponding partitions of .# ~{ & }. The corresponding
oriented graphs & and X" are homeomorphic.

We wish to use 4.3 (8) (9) to approximately describe G and G'. For this, we
may choose corresponding paths « and «* and B and ¥ with coefficients «; = o and
B;=p¥in {—1,0,1}. From 2.1 (3) (4) and 3 (5) we readily compare the correspon-
ding lengths

[ A — A | < 8[¢] whenever [¢]< 1/4.

Next, for any loop ¢, as in 4.4, we let
lJ‘j=E:”=1[:‘i)‘iXh H?=Z:”=1lﬁ7\?)(?,
and infer from 4.3 (7) that
sl <] 2?=1£ﬁ[)\i X — 8v; — gw;]l + | z::n=1[;ii[gv,~ - gw,-] |<2mC, 4 0,
and similarly that | p$ | < 2mGC,. Letting
A= M) =00 0N, = (s s s
wh=(ul, ..o, pm)s
we use 4.3 (5) (6) and the Circuit Lemma 4.4 to deduce that
(1> - k) =205, 1), OF, - xm) = 2% % 1),  and
) INa =N < Gl A =2 + [ ] + | ¥ < Co(8[9] + 4mCy) n.

17
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Moreover, since each R, for j =1, ..., n, is a right circular cylinder with respect to
either metric, the corresponding axial distance functions are proportional; in particular,
(2) SUPg; L — @ LY =[x — 1 N | < Go(8[4] + 4mCy) n.

Finally, a computation similar to that of § 3(5) shows that, on the infinite cylinder R,
(3) | Lo — L3 | < 614l

Noting that y, = 1 = %¥, we may now combine (1), (2), and (3) with our approximate
formulas 4.3 (8) (9) to complete the proof. []

5. Stratification via corank 1 projection

5.1. Definitions. — A holomorphic submanifold S of CP" which occurs as a con-
nected component of the difference of two subvarieties of CP* is here called an (alge-
braic) stratum. In this case Clos S is an irreducible subvariety and Fron S = Clos S ~ S
is a subvariety of lower dimension. A finite partition & of a subvariety of CP” into strata
is here called an (algebraic) stratification if

SCFron S whenever Se¢ &, Se&, and SNFronS+ 0.

A stronger notion is that of a localizable stratification & ; here

S N U C Fron C whenever $ € &, U is open, C is a component of S n U
for some S e &, S N U is connected, and S N U N Fron C + @.

A stratification &% is compatible with a family & of sets if
SCZ whenever Se ¥, ZeZ, and SNnZ+ 0.

Any k-dimensional subvariety Z of CP* contains a lower dimensional (singular) sub-
variety X(Z) consisting of points near which Z fails to be a k-dimensional holomorphic
submanifold. Moreover, for any holomorphic map ¢:Z —> CP* having finite fibers,
the set

2(Z,q) =Clos{zeZ~3(Z):rank(q | Z) (2) <k}

is also a subvariety of dimension less than %.

5.2. Lemma. — For any finite family & of subvarieties of CP™ and any holomorphic map q
of a neighborhood of X = UZ into CP*~, there exists a stratification # of X compatible
with & such that:

(1) {g(R) : R e Z} is a stratification of ¢(X), and q |R is a proper holomorphic immersion
Jor each R e A.

(2) For any localizable stratification & of q(X) compatible with { ¢(R) : R € Z}, the family &
of components of X N g~ T), for T € &, is a localizable stratification of X compatible
with R, and q | S is a proper holomorphic immersion with ¢(S) € & for each S € &.
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Proof of (1). — We use induction on 2 = dim X. In case £ = 0, X is finite, and (1) is
trivial. For 2> 0, the set

W=Xng'EgXNuqEX)vEX, ) vU{Z e Z:dimZ <k}])
is a subvariety of CP* with dim W < . Letting 2 be the family of components of X ~ W,
we apply induction with & replaced by

Y ={WIuv{WNnNZ:ZeZ}U{FronQ:Qe2}

to obtain a suitable stratification of W = U#. Using the rank theorem, we readily
verify, as in [H1], that # = & U 2 satisfies (1).

Proof of (2). — Here we use the rank theorem and find that the main difficulty
is showing that the partition % of strata satisfies the local frontier property of 5.1. It

comes down to proving that, for S, U, C, and S asin 5.1, the set S " U N Fron C is
open (as well as closed) relative to the connected set S N U.

To show this, we suppose ze€S N U N Fron C and choose neighborhoods Q
of zin U and A of ¢(z) in ¢(Q) so that

g|S N Q is injective, AQNnXng S NnQ)]=8SnQ,
¢(S) N A is connected, X N (Bdry Q) n ¢ Y(A) = O,
and ¢(D) = ¢(S)NA where D =8SnQn q—l(;/})' For any component E of GNQnNg~1(A)
with z € Fron E, ¢(E) is a component of ¢(S) N A with ¢(z) € Fron ¢(E). Thus
g(D) = ¢(S) N ACFron ¢(E)
by the localizability of &. Since ¢ | D is injective and since
¢(D) N g[(Clos E) ~D] = 0,
we see that
g(D n Clos E) = ¢(D) N ¢(Clos E) = ¢(D) n Clos ¢(E) = ¢(D),
DnClosE=D, DCClosE, and
SNQNng ' (A) =DCSNUN[(Clos E)~C]CS nUn Fron C.

Thus S N U N Fron G is open relative to S N U. []

5.8. Notation for CP". — For any & dimensional subspace P of CP®,
Pl={z=(...;2" eCP: 2.0 =2 4w =0 forall weP}

is a well-defined » — & — 1 dimensional subspace of CP".
For any point ¢ = (¢°; ...; ¢") € GP* the (corank 1) projection

go: CP"~{c} >{c}*

is well-defined by ¢,(2) = (2° — | ¢[7%(z.¢) % ...; 2" — | ¢ | *(z.c) ¢™).
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5.4. Theorem. — For any finite family & of proper subvarieties of CP*, there exist sub-
varieties
0=X_,CX,CX,C...CX, =CP"
and orthogonal points ¢, ¢, ..., c, € CP* with associated subspaces
P,={c ¥ ... nfe,}
and projections
b; = chHo .o oqcﬂ:CP”NP}L —>Pi
SJor =0, ...,n— 1, such that
& = { components of X, ~X, _,:kh=0,...,n}
is a siratification of CP" compatible with & and such that, for eack i €{0,...,n} and
Je{i+ 1, ...,n—1}, X, is purely i-dimensional, X, N P;L =0, p;| X;~X,_, is
a holomorphic immersion, and
& ; ={ components of p,(X;) ~p,(X,_,):k=0,...,5}
={p;(8):Se&,dimS<;}
is a stratification of p,(X,).

Proof. — We choose,

first, a purely n — 1 dimensional subvariety Y, containing U2,
second, a point ¢, e CP*~Y,_, and
third, a stratification %, of Y, satisfying the conclusions of 5.2 (1)

with Z, X, g replaced by 2 V{Y,},Y,,q,,.

Having chosen Y,,, Y, _,, ..., Y, 1,645 --5¢54,, and £, ...,%,, by down-
ward induction, we choose,
first, a purely (i — 1)-dimensional subvariety Y, of P, containing UZ, where

Z,={¢4,(ClosR):ReZ ,,dmRgi—-1}
second, a point ¢; e P, ~Y,, and
third, a stratification %; of Y, satisfying the conclusions of 5.2 (1)
with &, X, ¢ replaced by 2, U{Y,;},Y,, ¢,.
Having obtained ¢,,, ..., ¢,,,and Y,, ..., Y, ={¢ }, we use upward induction
starting with &, = {{ ¢, }} to define
&; = { components of Y; N ¢;*(S):S e &;_,}
fori=1,2,...,n Then, X, = U{ClosS:S € &,,dim S < i } is purely i-dimensional
because X, ,=Y,, and, for t=0,...,n — 2,

X, =Y, 0 (Yo, ng (- ¢z, (Yis) -0
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each Y, is purely (j — 1)-dimensional, and each fiber ¢;;*{y } N Y, is finite for y € Y, _,.
Also
&, ={componentsof X, ~X;_,:1=0,...,2 —1}

and the conclusions of the theorem now follow by repeated use of 5.2 (2). [J

6. Local triviality and the Whitney conjecture

6.1. Theorem. — With the subvarieties, projections, and the siratification & obtained
in Theorem 5.5, there exist, for any je{l,...,n— 1} and point a € p;(X,) ~p,(X,_,),
a relatively open ball U in P centered at a and a homeomorphism

©:U x pyi{a}—>p7(U)
so that, for each u € U and v e p7'{a},
(1) p;0@(u,2) =4,
(2) (U X (Snp;*{a}))CS for Se &,
(3) ®(U X {v}) is a holomorphic disk which p, maps biholomorphically onto U, and
(4) lim,, , D(u, v) = w for w e P}.
Proof. — Since p,_, | X,_;~X,_, is a proper holomorphic covering map,
the case j = n — 1 is easily treated. We assume that j < n — 2. Let
V = Closp;{a}=p;*{a}UPL.
In a manner analogous with the proof of [H2, § 4], we will obtain ® as ®, where, for

i=j+1,5+4+2,...,n balls U, in P, centered at ¢ and maps ®, are obtained by
increasing induction on ¢ to satisfy the theorem with

& and V replaced by &;and V;, =V nP,,

and to satisfy the commutativity
(5) g 0 Dy(u,-) = O;_,(u, ¢;(-)) where ¢, = 9e; | Py~{¢}

To start the induction, note that V;, ={a}, let U, be any ball in P,~p,(X,_))
centered at 4, and define ®,(u, a) = u for 4 e U,.

Assuming now that 7> j 4+ 1, we observe that the inductive definition of @
from ®,_, reduces, by (5), to determining, for x € P, near a and y e V,_,, a suitable
map between the two complex lines

@'y} and @O}
in P;. Let Y; be as in the proof of 5.4 so that

Y, =pX_.)=U{Ses:dimS<i—1}
Since

(6) ¢ | Yy~ ¢ ' (Y,_,) is a finite-sheeted holomorphic covering map,
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a bijection between the finite sets
Ying'{y} and Y,ng'{®_,(uy)} foryeV, ,~Y, ,
is uniquely determined by condition (2) (with & replaced by &) as follows:

(7) ' For x e Y, n g7 *{y}, choose S € &, with x € S and any curve { from «
touin U, _,. Then ®,(y, x) is the endpoint of the unique curve in S which
begins at x and which is the lift under ¢; | S of the curve @, _,((-), »))-

To extend this bijection to the rest of the two complex lines ¢;'{y} and
g7 ' {®,_,(u,»)}, we will use the modified Whitney interpolation of 2.2. As discussed
in 2.2, these interpolating maps give rise to interpolating maps also for points y in the
¢ discriminant set ”* Y,_, N'V,_,. Finally putting together all of these maps of lines,
for all such # and y, we obtain the full map @,.

The main difficulty here is verifying, for u sufficiently close to a, the necessary
uniform (independent of y) estimate [A(d, d) < 1/8(/ — 1)] on the relative positions of
these finite subsets. In suitable local coordinates the quantity A(b, d) is here estimated
by studying a multiple-valued holomorphic function F, , obtained from the difference
of two branches of Y, which lie over the complex line

;i {w} for weP, , np7'{u}.

To show that the ratio of F, , and F, _, evaluated at corresponding points, approaches
one uniformly (independent of w) as 4 approaches a, we study the difference of the expres-
sions log | F, , | and log | F, ,, | evaluated on an appropriate branched cover of the
disk. After subtracting off uniformly bounded harmonic functions, the latter functions
become integral combinations of the Green functions studied in § 4. By the bound
of 4.5, the difference of corresponding Green functions is uniformly bounded. Thus the
ratios in question, viewed as functions of # alone, form a normal family of holomorphic
functions, and the proof is easily completed.

We now argue in more detail. To use the affine constructions of § 2 and § 4, we
need to describe two suitable maps, p and v, into G which correspond roughly to the
¢ (i — 1)-st and i-th coordinate functions ”’. By simply using a local holomorphic coor-
dinate system near a, we could obtain a trivializing map defined locally near . However
to obtain a trivializing map that is defined globally in CP* with respect to the fiber
variable, we use the more technical definitions of p. and v given below.

First note that

W =U,cq,, Clospy* {2} =47"(U,-,) V),

and that there is, by induction, a retraction p: W N P,_, - V,_, such that
ol®; (2, 2)] = v for (u,0) e U, ; X p7'{a}.

Changing coordinates, we may assume that

c=1(1;0;0;...;0),..., ¢,=(0;0;...;0;1).
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Choose continuous functions «,: P,_, - [0,1] for A =0,1,...,7 — 1 so that

k, =1 near ¢, and «, = 0 near ¢, for % =+ &.
Moreover, we may insist that
(8) _,=0 and «x,=x,0p_, for k=0,1,...,1—2

on {yeP,_,:dist(y,¢_,) > }dist(e,;_,, Y, )}

With the normalized weighting functions A; = x,/24_% x,, we now define

p() =B Me(D)]S for yeW NP, and

v(z) = 2L Mela(]) & for ze W NP ~{g},
and observe that each restriction

wlgh{w} for weWnP,_, and v|g'{y} foryeWnP_,
is a biholomorphic map onto G; let

%:C g {w} and B,:C—g'{y}
denote the corresponding inverse functions.

Let ¢ denote the multiplicity of the covering ¢; | Y; ~ ¢; *(Y;_,) so that, for each
eV, ~Y,_,,v(Y,ng *{y}) is a set of ¢ distinct complex numbers, say
vYin g o h) ={6:09); -5 b))
Using (6), let
dy(u,9) = v[®Lu, B,[6;( )] forj=1,...,¢;

in particular, d;(a,y) = b,(»). Letting b = (b;, ..., b,) and d=(dy, ..., d;), our

main goal now is to prove, for £ > 2, a uniform estimate (see 2.2)
&) A(b(), d(u, )] < N, dist(, a)

for all yeV,_,~Y,_, and « € P, with dist(«, ) < Ny''. (The constants N, ..., Ng
used below will only depend on the original varieties X,, ..., X,.)

Since, by pure dimensionality, Y; = Clos[Y; ~ ¢;"}(Y;_,)], Rouché’s Theorem
implies the continuity of the points with multiplicities of Y; n¢;*{ - } on all of V,_,.
From the estimate (9) (or 2.2 (3) in case £ = 1), we may use 2.2 to obtain the inter-
polating bilipschitz homeomorphism

Yo, aw, 0 G~ C

for all y € V,_,. Then a suitable map ®; would be obtained by choosing U, to be a
small neighborhood of ¢ in P; and letting

(10) Oy, ) = Bo;_ytu, p,_yon © lFbw;_lw)], dtu, p;_y(o0 © v(z)
for (u,2) e U; X V,.
To prove estimate (9), we now assume ¢> 2 and note, by (6), that (9) clearly
holds uniformly for dist(z, a) < N7! and y e V,_; ~ Q where
Q={yeV,_y:dist(y, G_,) > ddist(e_,, Y;_1)}-
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To prove (9) for points y € Q, we will use the Green function estimate 4.5. First observe
that

Py = Bo®_(4, -)oa,:CGC—>C
is a bilipschitz map satisfying an estimate
[e., o] < N, dist(x, a)
whenever w e V,_,, u € P;, and dist(z, ) < N;'. Consider the finite set
Ay =Yy ng{w})
of complex numbers and choose 7> 4p, so that
%, (0B,(cs, )] N Q2 = O.

We wish to apply the discussion of § 4 to the finite set ¢, ,(A,). Unfortunately
Pu, w(B,(cs,)) may not be exactly a disk whose center is the center of mass of the
set 9, ,(A,). Nevertheless to obtain (9) for points y € Q, we are free to modify ¢, ,,
outside of B,,(c, ). Accordingly we use (10) and 2.1 (2) (5) to choose a bilipschitz
map ¢, , : G — C with

q"u,w l Bf/2(cAw) = Puw I BrIZ(cAw)’ ["pu, w] < N3 diSt(u’ a), and
¢u,w[Br/2(€Aw)] = Bau, w':cv.la,‘, w(Aw)] for some Suy w > 49%’ wlAy)
whenever w e V,_,, u e P,, and dist(x, a) < N '.
For any weV,_, and z¢eB,(c, )~A,, we may choose b[a,(2)] as above

and any pair k, % of integers with 1< £< k<, and then analytically continue the
expression

bala,(2)] — b, (2)]

over B (¢, ) ~A, to give a bounded continuous multiple-valued function. This is
holomorphic because the only non-analytic terms are the weight functions x,, ..., x,_,
which are, by (8), constant on «,[B,(c, )]

On an appropriate branched cover

,: 4, —>B(c,)

(by — b,) o @, 0 II,, becomes single-valued. We may construct II, so that it has at
most £2 sheets and has branch set in II;'(A). For estimate (9) we want to consider
the corresponding difference function

Fu,w = [dh(u’ ') - dk(u’ ')] ° ad’;_z(u, w) © Hw’
Establishing (9) now reduces to showing that, for any such choice of b, &, and %,
(11) |1 —F, (%) Fo o(%) | < Ny dist(w, a)
whenever w eV,_,, xe.#,, ucP,;, and dist(y, a) < Ny *.

Let #, ,, denote the set .#, equipped with the conformal structure that makes
¢, , o II,, holomorphic. Also we give .#, ,, the plumbing metric of § 3 with II replaced



VARIATION OF THE GREEN FUNCTION ON RIEMANN SURFACES 137

by ¢, , o II,. Since the function F, , is holomorphic on .4, Rouché’s theorem

implies that both the zero set ’
F o{0}CIHA,)

and the order of vanishing n, of F, , at any zero @ are independent of # near a. Thus
we may write

(12) - lOg I Fu,w I = Hu,w + ZmEF;’lw{O} n, Gu,w,m

where H, , is harmonic on .4, , and, for each w € F;}, {0}, the function G, , , is a
Green function on #, , ~{ @ } as in § 4. Moreover,

(13) N;'< H, , < N; whenever weV,_,, ue€P;, and dist(x, a) < N;!,
by the maximum principle and the definition of F, , because the set

{dist(2,7):2,7eX;ng;{»}, 2% 7% ye aw(q;u,w[an,(c%)]], weV,_,,
ueP,, dist(u,a) < Ny '}
is bounded above and below.
Combining (12) and (13) with the Green function estimate 4.5, we deduce the
bound
I Iw,a:(u) | S N6 Where Iw,x(u) = Fu, w(x) 'F;:a(x)

for weV,_,, xedk,, ueP;, and dist(y, a) < Ng*. For each such w, x, the func-
tion I, , is a holomorphic function on {u e P,: dist(x, a) < Ng'} by (10), (6), and

w,z

(the inductively-verified) holomorphic nature of ®;_,(-,y) for y € V,_,. Moreover,
(14) lim u) = 1.

%> Iw,a:(
The family
{Iw,x tweV, _,,x e/u’w }

of holomorphic functions, being uniformly bounded by N,, becomes equi-Lipschitzian
when restricted to compact subdomains. Thus the convergence in (14) is uniform, and
we finally obtain (11) and hence (9). This, along with 2.2, shows that the expres-
sion (10) defines a homeomorphism satisfying (1) (with & and V replaced by &,
and V).

Noting that the weight functions x,, ..., k;_, are constant for fixed w and x,
we see that expression (10) along with 2.2 (2) and induction also implies the holomorphic
property (3). Finally property (4) follows from 2.2, and (2) is guaranteed by (7). [J
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