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Abstract

The strain and velocity gradient framework is formulated for centrosymmetric anisotropic Euler-Bernoulli
and third-order shear deformable (TSD) beam models, reducible to Timoshenko beams. The governing
equations and boundary conditions are obtained by using a variational approach. The strain energy is
generalized to include strain gradients and a tensor of anisotropic static length scale parameters. The
kinetic energy includes the velocity gradients and a tensor of anisotropic length scale parameters and hence
the static and kinetic quantities of the centrosymmetric anisotropic material are distinguished in microscale
and in the macroscale. Furthermore, the external work is written in the general form. Free vibration of a
simply supported centrosymmetric anisotropic TSD beam is studied by using analytical solution as well as
isogeometric analysis.

Keywords: anisotropic strain and velocity gradient, shear deformable beam, centrosymmetric,
Isogeometric analysis

1. Introduction

Recent developments in nanotechnology necessitates the analysis of structural elements in ultra-small scales.
Micro and nanobeams are frequently used in nano-and micro-sized systems and devices such as sensors
(Takamatsu et al., 2014; Shaat and Abdelkefi, 2015), resonators (Kacem et al., 2009; Chen et al., 2011)
or actuators (Tian et al., 2016) and the accurate prediction of their behavior in micro/nano scales is of
utmost importance. However, it is well-known that the classical theories of continuum mechanics fail to
describe the behavior of micro- or nano-sized structures. The reason for this problem is that the equations
of the standard elasticity theories do not include parameters characteristic for the underlying microstructure,
named as the internal length scale parameters. In order to improve this deficiency, higher-order continuum
theories such as couple stress theory (Mindlin and Tiersten, 1962; Toupin, 1964), non-local elasticity theory
(Eringen, 1972, 1983) and gradient elasticity theory (Mindlin, 1964) were developed. In these size-dependent
continuum theories, one or more internal length scale parameters appear in the constitutive equations and
make the interpretation of the size-effect in the behavior of the structures possible. In this paper, the focus
is on the gradient theory proposed by Mindlin (1964).

Classical Euler-Bernoulli beam theory provides inaccurate interpretation of the statical and dynamical
behavior of the beams when their thickness to length ratio is relatively large (Wang et al., 2000). This
deficiency was first demonstrated by Timoshenko (Timoshenko, 1921). Since in the Timoshenko beam
theory the transverse shear strain and stress are constant on the thickness of the beam, a shear correction
factor is introduced in the equations. Levinson (1981), introduced a third-order shear deformable theory
(TSD) for beams of rectangular cross-section. In this theory, the shear-free conditions on the upper and
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lower surfaces of the beam are satisfied for isotropic beams with no requirement for the shear correction
factor. Bickford (Bickford, 1982) and Reddy (Reddy, 1984) applied the displacement field proposed by
Levinson (1981) and obtained variationally consistent equations of motion for isotropic beams and third-
order laminated composite plates, respectively.

Bending, buckling and vibration of isotropic and functionally graded beams and plates have been in-
vestigated within generalized continuum theories by several investigators (Ansari et al., 2011; Sahmani and
Ansari, 2013; Akgoz and Civalek, 2013; Wang et al., 2014; Mousavi et al., 2015; Yaghoubi et al., 2015; Ansari
et al., 2016; Khodabakhshi and Reddy, 2017; Sahmani and Aghdam, 2017).

Recently, authors such as Gitman et al. (2010); Auffray et al. (2013, 2015) and Lazar and Po (2015a)
generalized the simplified isotropic gradient elasticity for anisotropic materials. In the special case of cen-
trosymmetic anisotropy, the general anisotropic gradient elasticity formulation is simplified such that the
strain energy includes merely even-order tensors. Furthermore, the sixth-rank tensor incorporating material
anisotropy and anisotropic length-scale effect is simplified as a combination of the classical fourth-rank tensor
of elastic constants and a second-rank tensor of anisotropic length scale effects (Gitman et al., 2010; Lazar
and Po, 2015a,b). The static bending and buckling of centrosymmetric anisotropic shear deformable plates
and beams within strain gradient elasticity theory were previously formulated and analysed by Mousavi
et al. (2016) and Yaghoubi et al. (2016, 2017). Recently, Reda et al. (2017) constructed first and second
order gradient models in order to study the size effects in dynamical behaviour of homogenized anisotropic
media for textile composite structures.

In this work, a complete gradient theory is considered which includes the velocity gradients in the
generalized kinetic energy as well as the gradients of strain in the generalized strain energy. A generalization
of the kinetic energy for centrosymmetic anisotropic materials is proposed.

The variational formulation of third-order shear deformable beams and plates within higher-order contin-
uum theories results in complicated differential equations of motion. Furthermore, in addition to the classical
boundary conditions, higher-order boundary conditions are obtained. Similar to the classical boundary con-
ditions, the variational approach leads to two options for the nonclassical boundary conditions (Lam et al.,
2003; Kong et al., 2009; Xu and Deng, 2016; Niiranen and Niemi, 2017). While the analytical solution is not
feasible for some types of boundary conditions, application of numerical methods enables one to obtain the
solution of the differential equations for any types of the boundary conditions. In this work, the equations
of motion of a centrosymmetric anisotropic TSD strain and velocity gradient elastic beam are solved using
the isogeometric analysis which can be considered as a generalization of finite element analysis.

Equations of motion within the framework of the gradient elasticity theory are partial differential equa-
tions with high-order derivatives. The most common way of solving continuum mechanics problems nu-
merically is to use finite element methods (FEM). But classical FEM with Lagrange basis functions is not
suitable because it can provide only C° continuity from element to element. Solution spaces for problems
of gradient elasticity theory must provide at least C'' continuity from element to element.

This paper is organized as follows. In the next section, a general three-dimensional variational formulation
for a homogeneous and centrosymmetric anisotropic material in the framework of strain and velocity gradient
elasticity theory is reviewed. In section (3), the dimension reduction is applied to the three-dimensional
formulation and the equations of motion and boundary conditions for Euler-Bernoulli and TSD beams are
determined. Moreover, the analytical solution for the free vibration of a simply supported TSD beam is
derived. A numerical solution of the differential equations of motion is obtained in section (4) and the
results obtained by the numerical and analytical solutions are compared. Finally, some concluding remarks
are presented in section (5).

2. Theory and formulations

In the framework of first strain gradient theory proposed by Mindlin (1964), the strain energy density (U)
of a homogeneous and centrosymmetric material takes the form (Auffray et al., 2013; Lazar and Po, 2015a)

1 1 ..
U= §Cijkl5ij€kl + §Dijmkln<€ij7m€kl,na (29D ka l,m,n € {xay7 Z} . (21)

2



where comma denotes the partial derivative, Cjji; is the fourth rank tensor of elastic constants and e;;
represents the infinitesimal elastic strain components in terms of displacement components u; as

1
€ij = Eji = 5 (UJ‘J‘ + ui,j) . (2.2)
Furthermore, in equation (2.1), the sixth-rank constitutive tensor D;jmkin, incorporates material anisotropy
and static anisotropic length scale effects. For centrosymmetric materials, it is assumed that the tensor
D;jmrin can be decomposed into a product of the second-rank tensor of anisotropic length scale coefficients
U2 . (Gitman et al. (2010); Lazar and Po (2015a)) and the tensor of elastic parameters Cjj

Dijmkin = Cijrt ¥, (2.3)

The tensor ¥, is symmetric and positive definite and has the dimension of [m?]. Appendix A presents the
tensor W7  for different classes of crystal symmetry.

The decomposition (2.3), separates the two sources of anisotropy represented in the Mindlin’s anisotropic
gradient elasticity theory, that is the anisotropy of the elastic moduli and the anisotropy of gradient length
scale parameters (Gitman et al. (2010); Lazar and Po (2015a)). It is noteworthy that the decomposition
(2.3) is an approximate constitutive law which is proposed in order to simplify the formulation and reduces
the maximum number of independent material parameters from 171 in tensor D;jmkin to 27 in Cyjp V5.,
(Po et al., 2017).

In the framework of strain gradient elasticity, the Cauchy-like stress tensor components o;; and double-

stress tensor components 75 are given by

ou ou

T = — 2.4
88”‘ Tijk 6€¢j,k ( )

Uij =

Considering equations (2.3) and (2.4), the variation of strain energy 60U in a region €2 occupied by elastically
deformed material reads

oU = / (O'ij(SEij + Tijkéeij7k) dv = / (aijéui,j + \I/‘,ilaméui,jk) dv. (2.5)
Q Q
Moreover, the variation of the external work reads
oW = / fzéuldv + / (tiéui + qmjéui,j) da (26)
Q o0

where 0 is the bounding (closed) surface of €2, f; is body force and ¢; and ¢; are Cauchy traction vector
and double stress traction vector on the boundary, respectively.
As pointed out by Rossi and Auffray (2016), the kinetic energy density is given by

1 . . . 1 . . .
K= 5 (POipTp + Kipglp,q) Ui + 3 (KigpUp + Jijpqlip,q) Wi, (2.7)

where p is the mass density, upper dot denotes the time derivative and &y, Jijpg, di; are the components of
coupling inertia, second order inertia and the unit second-order (i.e. Kronecker delta) tensors, respectively.
For centrosymmetric media, the odd order-tensor k is vanished. Hence the kinetic energy is reduced to

1 .. 1 .
K= gpéipupui + §Jiquup7qui’j. (28)
The tensor J is assumed as
Jiqu = p(Sip\I/?q- (29)

Above, \I'j-lq is a symmetric second rank anisotropic internal length scale tensor regarding the velocity gra-
dient. The assumption (2.9)is motivated in line with the assumption (2.3). Of course such simplification

3



should be validated against experimental results one available. Hence the density of the kinetic energy is
written as

1 . 1 .
K= quiui + §pq’?kui,jui,k~ (2.10)

1 1
In equation (2.10), the term iplll;?kﬂmum can be written in the form §chMc where

CT = [ u%fﬂ ua:,y uﬂhz ay,w u%y uy@ uz,a: uz,y uZ;Z ] (211)
and
vl 0 0
M=| 0 %! 0 (2.12)
0o o

For the positive definiteness of the kinetic energy, matrix M and consequently the tensor ¥ must be positive
definite (see Appendix A).
The variation of the kinetic energy in a region 2 occupied by the elastically deformed material is

0K = / p (0t + Wyt ;005 ) dv. (2.13)
Q

According to Hamilton’s principle
t1
/ (0K — 00U 4+ 6W)dt =0, (2.14)
to

Substitution of the variations of the strain energy, external work and kinetic energy (2.5, 2.6, 2.13) into the
Hamilton’s principle (2.14) and application of the fundamental lemma of calculus of variation leads to the
governing equilibrium equations and boundary conditions in three dimensional form. In order to simplify
the 3-D formulation for a specific case of beam structures, the dimension reduction is applied to the general
formulation.

3. Anisotropic beam models
Let us consider a prismatic body in 3D space which can be represented by a beam model:
B=AxQ, (3.15)

with = (0, L) denoting the central axis (or neutral fibre) piercing the middle points of cross sections with
constant area A. We fix a Cartesian coordinate system such that z-axis coincide with the beam’s central
axis. Loadings and material parameters distribution are chosen to cause uni-axial bending in xz-plane. The
beam length L is assumed to prevail over two other dimensions: L > diam(A).

3.1. Euler-Bernoulli beam

Taking all the foregoing in this section into account, one can assume the displacement field u = (u,,u,) of
the Euler-Bernoulli beam as
ug(z, 2) = —2w 4 (), uy(x) = w(x). (3.16)

Here, u,(x,z) and u.(z) denote the displacements along the coordinates x and z, respectively and w(z)
represents the transverse deflection of a point on the beam axis. According to equation (2.2), the only
nonzero component of the strain tensor is

Exzx = —2W gz, (3.17)

and the only non-zero components of the gradient of stress tensor are

Exx,x = —RW zxx, Exx,z = Wz (318)

4



The Cauchy and the double stress tensor components read

035 = *Zcijxww,xxa

Tijk = —Z‘llzwciszw,mmc - \I/chijxww,mz- (319)

Using equations (3.17) and (3.19), the first variation of the strain energy (2.5) takes the form

oU :/ {=20400W 40 — 2 [V 100w 0 + VS 000,z OW z0s
Q

(3.20)
— U 00w + V5, 000,2] OW 55} dv.
In order to apply dimension reduction, the stress resultants are defined as
{Nyz, My} = / {1, z}0,,dA (3.21)
A
Moreover, the gradient-of-stress resultants are defined as
(N2 M2 = [ (1,2)00s0d (322)
A
These resultants can be written in terms of the displacement field as
Na:z - Mmzx - _A::mw,mma Mz:c = _Dzmw,mzv N;m = _Amzw,mm (323)
where
(Apg, Dyz) = / Coazs (1,2%) dA, A%, = / CrpeazdA. (3.24)
A A

It is noted that in equations (3.21) and (3.22), the only classical stress resultant is M,,. Obviously, for a
beam with a rectangular cross-section the resultants N, and M7, vanish.

Using equations (3.21), (3.22), the variation of the strain energy of the Euler-Bernoulli beam takes the
form

L
oU :/ {_waéw,ww - \I/;IMwm,wdw,xmz
0

(3.25)
+W3, (=M, 00 p00 — Nuw 20W 50) — VI, N7 0w 2o} da.
Green’s theorem is applied to equation (3.25) and the variation of the strain energy is written as
L
§U = / [~Maoaa + V5, Maw gave — V3. Ni, 0] Swda
0

+ [ Myw + Vo, Myg 2o — V3, N, 5w,m|(l)l
+ [_\Il;waw,w - Wi Mg, 5w,wI|OL-

where L is the length of the beam. Moreover, substituting equation (3.16) into the variation of kinetic
energy (2.13), integrating over time and applying Green’s theorem leads to

tl tl L
/ OKdt :,0/ / [Iw,m — Aw + mgw (=0 gpuy + AW 4y) + \Ilngmm} dwdzdt
t to 0

0
1
/
to

t
[Tt 5 + W, (10 400 — At g) — U, AW ] Sw|{dt (3.27)
t1
+p / [0 I 4y — WS A%, ] Sw |5 dt
to

5



where
(A", 1) = /A (z,2%) dA. (3.28)

In obtaining equation (3.27), the initial conditions are set equal to zero.
Using equation (2.6) the variation of external work is written as

L
oW = / / (feduy + f.0u.)dAdz + / [te0ty + t.0u, + @ty » + q-0u. o] [EdA. (3.29)
0 A A

Considering the displacement field (3.16) and using Green’s theorem, the variation of external work can
be expressed as

L
SW = / (F!, + F.) bwde + [(T. — F1) 6w + (-T2 + Q1) 6w, — QLow 1] |5
o (3.30)

= /0 (lem + Fz) dwdx + [VEéw + MEéw’m + ME(SU)M} |0L,

where

{FQ,Ti,Qi}:/ {fa:te, qu} 2dA, {anTQOz}:/ {f2t2,q:1dA (3.31)
A A

In order to derive the equations of motion, Hamilton’s principle (2.14) is used. Substituting (3.26), (3.27)
and (3.30) into Hamilton’s principle (2.14) and taking advantage of the fundamental lemma of calculus of
variation yields the governing equation of motion and the boundary conditions. The governing equation of
motion is

s s z
- Mww,;r:z + \Ilwwaw,zmww - ‘IIZZN

) g 0 g . (3.32)
— pIW gy 4+ pAW + pUS, (TW pggy — AW 4y) — PO AW 4y — (F”C + Fz) =0
which can be written in terms of displacement as
(Dyaw zz) o Vi (Dagw za) czze T U2, (AW 2 -
rzTT ¥ (3.33)

— I g + pAG + pUL, (1 gp00 — AW 4) — pUL, Al 4y — (F) , + F.) =0

The total order of the governing differential equation (3.33) in terms of displacement is six. Therefore,
three boundary conditions in terms of w are expected at the boundaries (at each end of the beam). These
conditions are

sz,r - ‘Ijzxsz,xa:x + \IjizNZ

+ pl 4, — p\I';iw (IW oy — AW &) + p\IszAﬂ}@ —VP=0 or w=uwp

3 d .. d .o 1 n (3'34)
~Mye + V5 Moz zw — V5 NZ, + pVE 0 30 + pVE A — M® =0 or w,=p

s s z \TE _ —
U Myy o — VS M2, — M) =0 or Wy, =~k

In accordance to the conventional classification, the boundary conditions of a beam can be grouped such
that they form 4 different types of boundaries. In order to obtain the clamped boundary I'c one needs to
prescribe deflection @ and rotation /3, for simply supported I'sg — deflection w and moment M ¥, for elastically
supported (sliding) T' s — rotation 3 and force V¥, and finally for free I'r — force VF and moment MF.
Gradient elasticity theory introduces the non-classical boundary condition (3.34-3) which duplicates the
number of possible boundary types. Following (Niiranen et al., 2017) we call them singly for applied double
moment M }If and doubly if instead curvature K is prescribed. In such a manner, we have the boundaries
which are singly and doubly clamped (T'cy and T, resp.), singly and doubly simply supported (I'ss, and
I'ss,), and so on. Selection of the non-classical boundary condition (3.34-3) affects on the behaviour of the
beam near boundaries and can cause appearance of the so-called boundary layers in the solution.
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3.2. Anisotropic third-order shear-deformable beam

According to the TSD beam theory (Levinson (1981), Bickford (1982), Reddy (1984)), the displacement
field of the TSD beam is

u (2,2) = 2B (2) — 0 [ﬁ(m) n

uz (x,2) =w(x).

8w(x)} |

ox (3.35)

In equation (3.35), 8(z) denotes the rotation of the beam cross section and « is a constant (« is a constant
for a rectangular cross section and is approximated as a constant for other types of cross sections). By
substituting the displacement field (3.35) into the strain-displacement relation (2.2), the nonzero components
of the strain tensor are obtained to be

Exax = Zﬁ,w - 042:3 (ﬁ,a: + w,a:a:) 5

1 (3.36)
Eoz = 5 (1-3az?) (ws +B).
The nonzero components of the gradient of the strain tensor are
Exx,x = (Z - CYZ3) /8@1 - azgw,mwwa Exx,z = (1 - 30422) 6@ - 3az2w,mw7
1 9 (3.37)
Exzax — 5 (]- —3az ) (w,mx + ﬁ,x) y Exz,z = —3az (w,m + 5) .
According to equations (2.4) and (3.36), the Cauchy and higher stress components read
0ij = Cijux [(z — az3) Ba— ozzgw,m] + Cijuz (1 — 3a22) (ws+ B)
Tijk = \Ijzmcwzx [(Z - aZS) ﬁ,azx - CVZSw,xzx]
+ W5, Cijaz (1= 302%) (W + ) (3.38)

+ U5 Cijua [(1 = 3a2?) B4 — 302w 4]
- GQZQZZCisz (w,z + 6)

Using a similar procedure described in the previous section, the variation of the strain energy can be written
in terms of the resultants as

L
5U :/ [*Mzz,m + Nxz + \Ij;m (me,zmm - Nmz,xm)
0
TT,TT TZ,T

+ \Ijiz (MZ - NZ - Nacx,x:c - GQsz,z)

- \I/ZZ (Nwzw,x + 604M;z>]66d$

(3.39)
L
+ / [704Px:c,3:x - Nxz,x + \1/;;5 (apzcac,xmcac + Nacz,a:xw)
0

L, (aPZ + N2, — 30Rus.00s + 604sz7m.>

+ U3, (=3aR%, ., +6aM;, ,)]dwdz + BC,



where

BC :[me + \Il;z (7sz,:vm + Nmz,z)

|V M + AT, | 88

+ [apxz,z + Nxz + \Ilzm (fapzz,xzz - Natz,zm)

+ 05, (—aP e = Ni o + 30R e 0 — 6aM, ) (3.40)
+ W5, (3aRZ, , — 6aM,)|ow|§
+ [—Oszx + \I’gscgg (anx,xx + Nacz,w)
+ qj;z (aPzZL:v + N:lzcz - 3aR1$7$) - SaW:zR;w](sww é
Above, L is the length of the beam and
Ma::r = Mwa: - aPma:; Na:z = Nwz - SaRmm Nza: = Nzw - 3aRa:a:; (3 41)
Mmzw:szx_anZI’ Nwzz:N;z_SaRazzw Nmzm:N;w_?)aR;w '
In equations (3.39)-(3.41), the stress resultants are defined as
{Nzra Mxmy Rx:m P:Ea?} = / {17 Z? 227 23}0-CEZdA7
4 (3.42)
{Nwza Ma:z, Ra:z} = / {17 2 ZQ}Umsz-
A
Moreover, the gradient-of-stress resultants are defined as
{N;x’ M;am Rixv P;x} = / {17 2 227 ZB}wa,sza
A (3.43)
{sz’ sz’ Razcz} = / {17 Zy ZQ}UIZ,ZdA'
A
These resultants can be written in terms of the displacement and rotation as
Nwm = A;wﬁw - aD;wwww + Azz (wyx + B) ) Mww = D%’DB,QJ - aF91$w,193 + AZz (wv't + 6) ’
Razw = D:;mﬁ,a, - aF;Iw,ww + lA)zz (w,a; + /B 3 Pzz = _xwﬁ,x - anww,lw + D:z (w,l' + ﬁ) 5
Ny, = Azzﬁ,x - aD:zw,a:x + sz (w,ac + /8) , My, = Dzzﬂ,x - OéFzzw,mc + A::z (w,x + 5) y
Ryy = D58, — aF w, + D (wz+B), N2, = flmﬂx —3aDpW 3o — 60AL, (W + B), (3.44)

Mz, = A;‘mﬂx —3aD; W e —6aD,, (wy+5), RZ, = ﬁmﬂx —3aF,w 50 — 60D}, (W s+ B),
Pz = ﬁ;zﬂz —3aF; W 30 — 60F,, (W + B), N2, = flzzﬁz —3aD,,w 3y — 6aAL, (W, + B),
Mz, = A;Z/Bz —3aD; w4y —6aD,, (W, +B8), RZ, = ﬁzzﬁ,z —3aF, W 4y — 6aD}, (W, + 5).



In resultants (3.44), the coefficients are

Axm = Amz - 3aDmm; Azz = Amz - SaDa:za Azz = Azz - 3aDZZ7

-Daca: = Dzm - anx7 Dacz = -sz - 3anzv Dzz = Dzz - anz;
Dzz = Dzz - 3aF227 -D:rx = sz - 3ana:a Fzz = sz - aH:rxa

’ i - (3.45)
A;z = A:::v - aD;m7 A:JZL’ = A;k:a: - 304D;J:7 AZZ = Azz - 305D;z7
AZZ = Azz - aD:z’ A;z = A:z - 3aD;z7 ﬁ;x = D::w - SOéFw*x’
D;x :D;a: _aF;w7 f):z :D:z _3aF:z7 D:z :D:z _aF:z
where
(AmzvA;anzmaD;xameaF;msz) = / C:czmz: (172,22,23724725’26) dA,
A
(AzzaAzztzzvDzvazz;F:z) = / C:nmacz (1,2’722723,24,25) dAa (346)
A

(Ayo, A%, Dan, D2 Fyl) = / Conor (1,2, 2%, 2%, %) dA.
A

Tz
In equation (3.42), My, Prz, Ni» and R, are the only classical stress resultants. Furthermore, the resultants
of equation (3.44) and the variation of the strain energy (3.39) reduce to those of a Timoshenko beam by
setting v = 0. It is noted that the equations (3.35), were originally developed for a beam with a rectangular

cross-section (Levinson, 1981) where
4

= (3.47)
307

«

Above, Ly is the height of the beam. Obviously in equation (3.46), the terms related to the integrals of the
odd powers of z vanish for a beam with a rectangular cross-section.

Moreover, for a beam with rectangular cross-section and in a similar manner as the Euler-Bernoulli
beam, substitution of equation (3.35) into the variation of the kinetic energy (2.13), integrating over the
time domain (tg,¢;) and applying Green’s theorem leads to

/t: SKdt = p/: /A/OL{ [_ (22 + 0228 — 202%) ff — (225 — az?) wm] 58

+ {azz%)’m + (a2z6 — az4) Bm — w] dw}drd Adt

¢ L
+ p/ 1 / / {\I/gx {(zQ + a2z — 2az4) 6m + (a226 — az4) wmm}
to JaJo

+ v, [— (14 9a%2" — 6az?) B — (902" — 3a2?) wm} topdadAdt

tl L .
+ p/ / / {\sz |:_a226w7wmasx + www - (a226 - CYZ4) 67wma::|
to JAJO

+ vl [(9a224 —3az%) B + 9a2z4w,m} YowdzrdAdt + BC,

(3.48)



where

azzG{Dym + (2% — az?) 6] Sw|kdAdt

ty
A
to
t1
+p/ / (z* 4+ a® — 20z )5 — (a?2° — az') wm} 6B|EdAdt
+p/ /{

\I/ 20 —az ) ﬁm + a2z6w7wm —w 1] (3.49)

+ v [— (9a22* — 3az )ﬁ - 9a2z4d}’w} }ow|EkdAdt
+ p/ / 2,5 — az4) ﬁ — a22611’)7m} 5w7x\0LdAdt.

By using equation (3.29), considering the displacement field (3.35) and using Green’s theorem, the variation
of external work can be expressed as

W = / [(F.+aF2,) dw+ (Fy —aF2)68] da + (T — aF2) dw

aT3 + Qz) 0w 4 ()zQ‘;j(Su)JJL (T1 - ozT?’) 08+ (Ql - on?’) 0B.» Ho

‘ (3.50)
_ / [(F. +aF2,) 6w+ (F! — aF?) 6] dz
0
+ [V6w + M56w o + M ow o0 + P98 + P0B] IF,
where
{FflT?,Q?}::/n{ﬁ,mH%}zmdA,nle{L3} (3.51)
A

and F,,T, and @, are defined in equation (3.31).

Substitution of equations (3.50), (3.39) and (3.48) into Hamilton’s principle (2.14) and the application of
the fundamental lemma of calculus of variation, result in the governing equations of motion and boundary
conditions for the anisotropic gradient elastic TSD beam. These governing equations are

- y rx,T + Nm’z + \Ilix (sz,m:vz - sz,xa:)

+ \Ij;z (M;x Tx N;z T Nﬂfﬂc,xﬂc - 6O‘M9627$) - ‘Ijzz (szac x + 60‘M;z)
+p(I+a®H —2aF) B+ p(a’H — aF) i, (3.52)

+p0? {_ (I+oH —2aF) B4 — (®H — aF) wmz}

4+pwgz[@4479a2FV76aI)B—+(9a2FV73aI)ﬂk4 — (F} —aF}) =0,

~ s ~
- apzm,rz - Natz,z + \Ijmr (apmz,zmmx + Nmz,zzm)

0, (0P e + N — 30Reg ars + 600 1 ) + U2, (<3RS, + 6aME,,)
+ pAw — pa® Hib zy — p (a*H — aF) B, (3.53)
UL, [0PH e — AW+ (0P H = 0F) By
+ oW, [~ (902F —3al) B, — 90*Fiir| — (F. + aF2,) =0
where
(I,F,H)= /A (2%,2%,2°) dA. (3.54)
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The order of equation (3.52) with respect to S and of equation (3.53) with respect to w is four and six
respectively. Therefore, two boundary conditions with respect to 8 and three boundary conditions with
respect to w is expected at each end of the beam (at x = 0, x = L). These boundary conditions are

Mmm + \I/;m <_Mxm,xm + Nmz,m)
+ oW, [(I+0*H = 2aF) o+ (6*H = aF) i 00| = PS =0 or 88 =0

\I/;:xMQKEJ + ‘I’;zMzzw - P}‘zs =0 or 6ﬁ,w =0

apzx,x + Nmz + \I/i,z <_05Pa:z,zxaz - Nxz,xz)

+ \Pfcz (7ap.'rzrc,rz - sz,z + gaRﬁx,iEm - GO[MQTZ,:E)
+ \Ilzz 3aR;m Tz GQM;Z
( ’ ) (3.55)

+ pa’Hi, + p (o*H — oF ) B
+ p\Iliz [— (azH — aF) ﬂm — a2HzI)7mm + sz}

+ U, [(9a2F —3al) f + 9042F1'[174 CUS—0  or dw=0

- aPa::L’ + \I];;c (anz,a:m + N:L’z,m)

+ 05, (0P, + N2 = 30Ras. ) — 30V, RS,

TT,T

+ p\Iliz [(aQH - aF) ﬁm + a2HzI),m] —M®=0 or owy, =0

—aV¥? Ppy,— oV P2 — M;? =0 or dwg, =0

rz— TT

Different combinations of classical boundary conditions (3.55-1), (3.55-3), (3.55-4) result in eight boundary
types of TSD beam in the framework of classical elasticity. Their relations to four conventional boundary
types of a beam are worth separate discussion. The selection of non-classical boundary conditions (3.55-2,
3.55-5), splits each of eight aforementioned types by four subtypes (from singly to fourthly) yielding in that
way all together 32 combinations. We do not present the full classification of all possible boundary types
and note that physical meaning for many of them needs a more accurate study on the behaviour of the
beam.

For a beam with rectangular cross-section, the governing equations (3.52) and (3.53) can be written in
terms of deflection and rotation as

- (waﬁ,x - an:Ew,wx) + sz (w,x + B)

)

+ s, (szﬁ,x - amew,mm) - Amz (’w@ + 5),95;1;}

,TTT

+ v, - (flzz + 6aDZZ> (we+26) .+ 3aDZZw,Im}

- lllzz (Aa:wﬁ,a: - 3041A?mw,m> (356)

+p(I+a2H—2aF)B+p(a2H_aF)w@
+p0? {_ (I +o’H —2aF) Braa — (a’H — aF) wml‘}

s L

—36a2D,, (W + 6)]

+ p0?, [(A +902F —6al) B+ (9a*F — 3al) wz} — (F; —aF}) =0,
11



and

where

—Apo (we +8) ,
+ Ay (wa + 5),1;1@]

+ Wiz |:_6aDZZw7I(E(EZE + (AZZ + 3aDZZ) ﬁ7$(11(17:|

-« (Fa:a:ﬁ,a: - aHiiEw@x),xm

+ \Il;x |:OL (FIIﬂ,I - O‘Hrmw,mx)

\LTLLT

s, {—304 (DaaBe = 30Fupwan) = 360°D, (w,e + 5)@] (3.57)

+ pAi — pa® Hb e — p (azH — aF) BI
oW, [02HD gy — At g + (02 H = OF) By

+ oL, [_ (90F — 3al) B, — 9042Fw7ww} — (F+aFz,) =0.

sz = Dzm - aFmra Arz = Amz - 30{Dzza

e e S e ’ (3.58)
Amz = Amr - 3anI; Azz = Azz - 3aDzz

The governing equations and boundary conditions of a Timoshenko beam can be simply obtained by setting
a = 0 in equations (3.55), (3.56) and (3.57) giving:

. . . (3.59)
- \Il;zAzz (w,x + zﬂ)ymz - \IlzzAx:cﬂ,xx + ,015 - quixlﬂ,xaﬁ + P‘I’ngﬂ - F;g =0,
—Ape (W + B) V5 Arz (o + B) 4y + V5 Asz B awa + pAD — pUS, A 4 — F. = 0. (3.60)
MMC + \Il;m (7Mmr,zz + sz,m)
+ \Ilascz (7M;3c,x + Nxzz + NTLT) + \Ijzszzx + quixlgvr - ng =0 or 55 =0

Nyw — U8 Nyzww — WS N2, +pUe A, —T,=0 or dw=0

TZ,x

\I/;erz,x + \P;ZN&?Z —Q.,=0 or 5w,x =0

3.2.1. Simplifications for particular kinds of materials

The formulation can be readily simplified for materials of more practical use such as orthotropic and isotropic
materials. For this purpose, Voigt notation is employed (Voigt, 1928):

Cijit = Cst, 5,6t —1,2,..,6: 11 =1,22 2,33 = 3,23 -4, 13 =5, 12— 6. (3.62)

According to equation (5.93) of Appendix (A), the tensor of static anisotropic length scale for orthotropic
materials (which are composed of orthorhombic crystals) is

v, 000
Urn = 8 ‘Ifgy \1/08 s, >0, ©o>0, Wi >0 (3.63)

zz
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Similarly; the tensor of kinetic length scale for orthotropic materials is considered to be

w00
xrx
VAN 8 qféjy \1/% e, >0, vl >0, Vi >o. (3.64)

By using Voigt notation, the elastic modulus tensor for orthotropic material is given by

Ciz3 Ca C33 0 0 0
0 0 0 Cyu 0 0
0 0 0 0 Css 0
0 0 0 0 0 Ces

Therefore, in order to obtain the equilibrium equations and boundary conditions of a beam made of or-
thotropic material, it is sufficient to simplify the equations (3.56), (3.57) and (3.55) by using equations
(3.63), (3.64) and (3.65).

By setting W3, = S, =12 and ¥¢, = U? =2 and considering the elastic modulus tensor of isotropic
materials, the governing equations and boundary conditions of an isotropic gradient elastic TSD beam will
be obtained (Yaghoubi et al., 2015).

C= (3.65)

3.2.2. Free vibration of a simply supported TSD beam

A doubly simply supported anisotropic TSD beam with a rectangular cross section is considered. In order
to study the free vibration of the beam, the external loads are assumed to be zero. The boundary conditions
for a doubly simply supported rectangular beam are

Mrz + \I/;Smp (*Mx:n,mfc + er,r)
0, (Mo NE o N ) + W2,

+pud [(1 +a2H — 20F) B, + (o2H — oF) wm} —0

w=0 (3.66)

- aP:cm + \IJ;SET (apzm,:cm + sz,z)
U, (aPZ TN - 3@Rm,x) Y

X, T

+ p\IfgI [(azH — aF) 5@ + 042H1I),m} =0

W px = 0

The governing equations (3.56) and (3.57) together with the boundary conditions (3.66) when the external
loads are zero have a serial solution of the form

(oo} [e.e]
nmx., nmx.,
t) = d .: Twnt t) = d 3 iwnt 3.67
w(x,t) nz::lwn sm(—L Ye'nt B(x,t) nz::lﬁn cos(—L )e (3.67)
Above, w, is the vibrational frequency and i is the imaginary number defined by i> = —1. Substitution of

(3.67) into (3.56) and (3.57) results in

kl — k4wr2l kQ — k5w72L ﬂg
k‘g — k:5w,2L 1{33 — kzgwi U)d
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where

k1= (1 + \I/;I’)/Q)al + as + a3 + 2asg,
ke = (145 ,~?)aq + vas + as + yas + ag,
ks = (1+ W ~v¥)as + v2as + a7 + 2yag

(3.69)

By = (14 W,72) by + Wb,
ks = (1+ 0 7%) by + U2 by,
k?ﬁ = (1 + \Ifgx’)ﬂ) ’)/2b5 + b@ + b7

a1 = ’72sz + A~zz> as = \P2572Am17

as = 36042\11‘;2Dm, ay = fafy3Fm + fyflm,

as = =300 _3Dy..  ag = 2 Hpuy* + 7% A, (3.70)
ar = 902V Ay1F,,, ag= Vs 42 (Azz + 6al_)zz),

ag = —3a¥s_ v3D,.,.

by =p I—|—a2H—2aF), bo=p onH—ozF),
bs =p A+9a2F—6aI), bi=p 9a2F—3aI), 3.71)
b5 = POKZH, bﬁ = pAa .

br = py? (5, A + 90’ Fye,)

For the existence of a nontrivial solution, the determinant of the coefficient matrix of (3.68) has to vanish.
This condition leads to

lei + RQW?,L + Rg =0 (372)

while
Ry = kyke — k2, Ry = 2koks — kike — kaka, Rz = kiks — k3. (3.73)

Hence, by solving the bi-quadratic equation (3.72) one can obtain two branches of eigenspectrum:

(3.74)

—Ry + /RZ — 4R, Rs
Wny o = SR, .

The second spectral brunch also exists in the numerical solution considered in subsequent section. Discussion
about the physical meaning of this brunch (with ”4” in front of discriminant in (3.74)) is out of scope of
the present contribution.

4. Variational formulations and Isogeometric analysis

This section is devoted to variational formulations of eigenvalue problems for the Euler-Bernoulli and TSD
beam models with a short description of the isogeometric Galerkin method used for obtaining numerical
solutions for a benchmark problem.

In what follows, notation L?(f2) is used for a set of square-integrable real-valued functions defined on
Q= (0,L) and H*(Q2) for a real Sobolev space of order s.

4.1. Euler-Bernoulli beam

In order to formulate the eigenvalue problem for the Euler-Bernoulli model, we assume the following form
of the particular variable-separable solution for equation (3.33):

w(z,t) = w(z)e” ™! (4.75)

where i = \/—1 stands for the imaginary unit.

Substitution of assumption (4.75) into the strain (3.26), kinetic (3.27), and external (3.30) energies with
subsequent utilisation of Hamilton’s principle (2.14) and integration by parts results in the weak formulation
of the eigenvalue problem (the variation of deflection dw is replaced by test function w):

14



Problem 1. Find all eigenpars {w,\}, w € W, A = w? € R, such that
a(w; w) — w?b(w;w) = 0 Vi € W, (4.76)

where the components of the bilinear forms a : W x WS Randb: W xW — R, are defined as

L
a(w;w) = / {me,m@m + V5, (DeoW zz) , W zea + \I!;Amwvmw@x} dz; (4.77)
0
L
b(w; ) = / p [Tw 2 5 + Awd + U (Tw 401 4o + Aw gz ) + UL Aw 410 ;] da. (4.78)
0
The trial function set
W= {U € HS(Q) I VrgsUl'c = w, Ulll“EsUFc = Bv Uﬁ“CdUFSSdUFSd = R} (4'79)

consists of functions satisfying the essential boundary conditions, with given Dirichlet data w, 3, R, while
the test function space W consists of H® functions satisfying the corresponding homogeneous Dirichlet type
boundary conditions.

An analogue to Problem 1 for the isotropic beam can be derived by making the following substitutions
into the bilinear forms (4.77) and (4.78):

Dy — EI, Apy = BA, ¢S, — 12, ¢S, — 12, ¢, =12 9% — 123 (4.80)

which leads to

[Elw,wmm + 2 (BIw,s) , 000 + ngvamwm} da; (4.81)

p [Tw 20 5 + AW + 131w 401 4 + 205 Aw 410 ;| da. (4.82)

As it can be seen, the formed structures of the weak formulations for isotropic and anisotropic cases are
identical and therefore one can use the same numerical method for them. Detailed analysis of isogeometric
Galerkin methods for isotropic case of gradient-elastic Euler-Bernoulli beam model is carried out in Niiranen
et al. (2017) and is not repeated in the present contribution.

4.2. TSD beam

Let us consider an eigenvalue problem of a beam with doubly simply supported boundaries (3.66). Similarly

to subsection 4.1, we assume the following form of the particular variable-separable solution for equations
(3.56) and (3.57): ' _
w(z,t) = w(z)e™™ Bla,t) = Blx)e™™", (4.83)

and substitute it into the energy expressions (3.39), (3.48), (3.50). Then by utilising integration by parts
and Hamilton’s principle (2.14) one obtains the weak formulation:

Problem 2. Find all eigenpairs {(w, 3),\}, w € W, B € V, A = w? € R, such that

a(w, B; b, B) — w?b(w, B, 3) =0V & € W,V B €V, (4.84)
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where the components of the bilinear forms a : (W x V) x (W x V) = R, and b: (W x V) x (W x V) = R,
and function spaces are defined as

L
w /81 w /8 /|: zwﬁ,mé,x - anx(w,wa,w + 6,ww,xw) + QQwaw,mww,a:x + A:pz(w@ + ﬁ)(w,w + 6)
0

+ 02, [ DaaBasBar = 0Fun(WansBan + Baratvae) + 02 HosW aas®aze + As (00 + Ba) (000 + Bo)]
05 [ A (W0 + 282080 + Batban) +30D-: (w0 +48.2)B0 = (oar = Bo)ibas ) |

- lI/:z {(Axwﬁ,x - 3aﬁwww,mz)5,x + 36a2sz(w,w + ﬁ)(w,z + B) - Sa(bxwﬁ,x - 304szw,xw)w,ww:| :| d.’L‘,

(4.85)
L
b(w, B:1b, B) = / p [Aww + 0183+ P Hw pt 4 + by (w3 + B2
0
5 A 4.86
+ \Dg;p {Aw,mw,z + blB,Jzﬂ,a: + QQHw,zzUA),ww + b2 (w,za:ﬂ,z + ﬂzw,ww)} ( )
+ 0, [mﬁ +90° Fw b 5 + ba(w o3 + ﬁua,x)] } da
W={uec H*Q)| ulo.r =0, u|o.. =0};
{ ()] ulo,L lo,. =0} (4.87)

V= {’U S H2(Q)| U/|()’L = 0}

4.3. Basics of Isogeometric analysis

Let us recall the main definitions concerning isogeometric discretizations without going into deep details
(de Falco et al., 2011). For unknown functions of deflection and rotation, we use the following approximations

ZN,,, ) (x)zzn:Ni,p(x)df, (4.88)

where d;’ and d’? denote the control variables and act as problem unknowns. B-spline basis functions V; ,
of order p are used. They can be defined with the aid of an open knot vector {0 = 1, ..., %4, ..., Zpypt1 = L}
by the use of Cox-de Boor recursion formula:

r — X

xi+p+1 — X
Nip-1(x)+ ————N,;11,-1(x) for p=1,2,3,...
Titp — Ty Titp+1 — Ti+1

1 ife; <z<ziaq:
i,O(x):{ Pe T =D

Nip(z) =
(4.89)

0 otherwise.

After the substitution of the approximations (4.88) into the weak form (Problem 2), we use the standard
Galerkin approach and calculate the stiffness and mass matrices.

The described method provides CP~! global regularity over the mesh. Consequently, in order to guarantee
the desired H3(Q)-conforming discretization for Problem 2 we have to use functions of order p > 3.

4.4. Numerical results and error estimations

We consider again a beam made of a hypothetical? anisotropic material with doubly simply supported bound-
ary conditions, described in section 3.2.2. Values of all required geometrical and mechanical parameters can
be found in Table 1.
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Recently, Admal et al. (2017) presented a new method for obtaining atomistic definitions for elastic
tensors appearing in the first strain-gradient elasticity theory for an arbitrary multi-lattice. Their method is
based on the condition of energetic equivalence between continuum and atomic representations of a crystal,
when the kinematics of the latter is governed by Cauchy-Born rule. The tensor of elastic moduli as well as
the components of the strain gradient elastic tensor (Djjmiin) are computed for a large class of materials
and the results are available in OpenKIM Repository at https://www.openkim.org (Admal et al., 2017).
Furthermore, in a recent paper by Po et al. (2017), methods for obtaining the tensor of anisotropic length
scale parameters (U9 ) from the tensors Cjji and Djjmpin are proposed. In this study, the values of
the static and kinetic length scale parameters of Table 1 are assumed in the order of ....scale in order to
demonstrate the size effect and verify the accuracy of the IGA method.

Table 1: Problem parameters.

Parameter Value
beam length L 200 um
cross section height Lz 4 pm
cross section width Ly 10 pm
mass density p 4020 kg/m?
Crrzz 100 GPa
Crrzs 75.8 GPa
we 2 pm?
v 1.2 pm?
v, 0.4 pm?
vl 0.8 um?
vl 0.2 pm?

For a verification of the numerical method, we compare results obtained with the aid of IGA and the
analytical solution.

Figure 1 illustrates how the accuracy of the numerical results changes with the increase of the frequency
number. The ratio of the numerically obtained eigen frequencies w’ to the analytically obtained ones w,
(see (3.74)) is plotted along the vertical axis. Along the horizontal axis, one can see the frequency number n
divided by the total number of calculated frequencies N (equal to the number of degrees of freedom, DoF's).
Shape and behaviour of the spectral curves do not depend on the number of DoFs.
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Figure 2: Error in L? norm for 3"% eigen mode of deflec-
tion versus element size for p=3,4,5

Figure 1: Normalized discrete spectra for p=3,4,5

The problem is solved for three different basis function orders p = 3,4, 5. There are two spectral branches
for the considered model and both demonstrate separately the typical behaviour for isogeometric Galerkin
methods in full accordance with the results which can be found in literature (e.g. for longitudinal classical
bars see Cottrell et al. (2009).

One should keep in mind the fact of the existence of the second branch and distinguish it carefully. The
easiest way to do it is to choose the number of degrees of freedom in such a manner that the last eigen
frequency from the first spectral branch is less than the first one from the second branch. For the considered
set of problem parameters it is assumed that N = 40.

Solution errors in L2-norm for 3" vibrational mode of deflection w versus the dimensionless size of the
finite element h/L in logarithmic scales is represented in Figure 2. The study shows that the convergence
rates follow order O(h?*1) for the considered orders of B-spline basis functions.

5. Conclusions

In the current paper, the derivation of the dynamic equations for anisotropic centrosymmetric gradient-
elastic beams is presented. Three widespread beam models, namely Euler-Bernoulli, Timoshenko and third
order shear-deformable are considered. The strain energy is generalized by strain gradients and a tensor of
static length scale parameters. Moreover, the classical kinetic energy is enriched by the velocity gradients
with the aid of introduction of a tensor of anisotropic kinetic length scale parameters which is usually missing
in the papers devoted to gradient elastic theory. The resulting model enables one to study the size effect on
the statical and dynamical behaviour of centrosymmetric anisotropic beams.

In addition to strong formulations, the weak variational formulations are presented. It is shown that the
dynamic equation of a gradient-elastic anisotropic Euler-Bernoulli beam has the same structure as the one
for the isotropic case.

The numerical C2-continuous method based on isogeometric Galerkin discretization is implemented for
the free-vibration problem of anisotropic gradient-elastic TSD beams.

Variational formulation and numerical solutions for the Timoshenko model are not presented in the
present, contribution. However, it is noteworthy that they can be easily obtained by a simplification of the
TSD model and separate derivations and considerations are not needed. For TSD and Timoshenko beams,
one can use the same numerical method (for the latter one, the minimal order of the basis functions is p = 2,
though).
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The numerical solution presented works for any kind of boundary conditions although it is tested for one
case of boundary conditions for which an analytical solution can be found. Comparisons between analytical
and numerical solutions show that the numerical method works properly in the sense of convergence.
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Appendix A

For different classes of crystal symmetry (Nye, 1957), the tensors of static and kinetic anisotropic length
scale (¥, g € {s,d}) and the corresponding conditions for positive definiteness are listed (Lazar and Po,
2015a). The tensor of kinetic anisotropic length scale U¢  is assumed to have the same structure as W3
for different classes of crystal symmetry.

Triclinic crystal:

g g g
\1}11 \I/12 \1113

g g g g
\Ilmn - \I]£1]2 \I]£2]2 \I]£2JS
\1113 ‘1123 ‘1133

(5.90)
g i v, i \1122 Uis
vy, >0, ‘ v, w >0, \1152 \1132 \1133 >0
Uiy Wy W3,
Monoclinic crystal (standard orientation 2||b):
B0 W
W, =| 0w o -
Ui 0 W (5.91)
Ui >0, Wi, >0, Wi;>0, WU - (\1151;3)2 > 0.
Monoclinic crystal (orientation 2||c):
\Ilzl \1122 0
vy o= v, ¥, 0
mn 0 0 \I]gg (5.92)

I, >0, U, >0, U >0, WU — (¥9)?>0.
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Orthorhombic crystal:

w0 0
veo=| 0 W, 0 U9 >0, W, >0, W >0
0o 0 W

Tetragonal, hexagonal, and trigonal crystal:

w0 0
vy = 0 v, 0 i, >0, Ui >0.
0 0 v,
Cubic crystal:
wioo0 0
\I/grm = 0 \Ilgl 0 \Ijgljl > 0.
0 0o v
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