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VARIATIONAL PRINCIPLE FOR SPREADING SPEEDS
AND GENERALIZED PROPAGATING SPEEDS IN TIME
ALMOST PERIODIC AND SPACE PERIODIC KPP MODELS

WENXIAN SHEN

ABSTRACT. Spatial spread and front propagation dynamics is one of the most
important dynamical issues in KPP models. Such dynamics of KPP models in
time independent or periodic media has been widely studied. Recently, the au-
thor of the current paper with Huang established some theoretical foundation
for the study of spatial spread and front propagation dynamics of KPP models
in time almost periodic and space periodic media. A notion of spreading speed
intervals for such models was introduced in the above-mentioned paper and
was shown to be the natural extension of the classical concept of the spread-
ing speeds for time independent or periodic KPP models and that it could be
used for more general time dependent KPP models. A notion of generalized
propagating speed intervals of front solutions and a notion of traveling wave
solutions to time almost periodic and space periodic KPP models were also
introduced, which are the generalizations of wave speeds and traveling wave
solutions in time independent or periodic KPP models.

The aim of the current paper is to gain some further qualitative and quan-
titative understanding of the spatial spread and front propagation dynamics
of KPP models in time almost periodic and space periodic media. By apply-
ing the principal Lyapunov exponent and the principal Floquet bundle theory
for time almost periodic parabolic equations, we provide various useful esti-
mates for spreading and generalized propagating speeds for such KPP models.
Under the so-called linear determinacy condition, we show that the spread-
ing speed interval in any given direction is a singleton (called the spreading
speed). Moreover, in such a case we establish a variational principle for the
spreading speed and prove that there is a front solution of speed ¢ in a given
direction if and only if ¢ is greater than or equal to the spreading speed in
that direction. Both the estimates and variational principle provide important
and efficient tools for the spreading speeds analysis as well as the spreading
speeds computation. Based on the variational principle, the influence of time
and space variation of the media on the spreading speeds is also discussed in
this paper. It is shown that the time and space variation cannot slow down
the spatial spread and that it indeed speeds up the spatial spread except in
certain degenerate cases, which provides deep insights into the understanding
of the influence of the inhomogeneity of the underline media on the spatial
spread in KPP models.
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1. INTRODUCTION

Reaction-diffusion equations arising from many biological, chemical, and engi-
neering problems have two or more different states. Among the most important
dynamical issues in such reaction-diffusion equations is the spatial spread and front
propagation dynamics such as how fast one of the states spreads, how one state
transfers to another state, etc., as time evolves. The current paper deals with the
spatial spread and front propagation dynamics for reaction-diffusion equations of
the form

ou al ou N
(1.1) EfAu—i—;ai(t,x)a—xi—i—f(t,x,u), x e RY.

We assume that

(H1) f(t,z,u) is C? in u; a;(t,x) (i = 1,2,---,N), f(t,z,u), %(t,x,u), and
%(t, x,u) are uniformly almost periodic in t (see Definition A.2 in Appendiz A),
periodic in x; with period p; >0 (j =1,2,---,N), and are globally Hélder contin-
uous in t,x.

(H2) (TI) possesses two states u™(t,x) satisfying the fact that u™(t,x) are
periodic in x; with period p; (j = 1,2,---,N) and almost periodic in t with
M(ut) € M{a;}X,, f) (see Definition A.2 in Appendiz A for the definition of
M), v (t,z) < ut(t,z), and v = u™(t,z) is a linearly unstable solution and
u = ut(t,x) is a globally stable solution of (LIl (with respect to space periodic
perturbations) (see Definition BIl). Without loss of generality, we assume that
u~ (t,z) = 0 and hence f(t,x,0) = 0 (for otherwise, we can consider v(t,z) =
u(t,z) —u= (t,x)).

A typical example of reaction-diffusion equations of the form () satisfying
(H1) and (H2) is the following equation:

ou  d%u
ot Ox?
which was introduced in the pioneering papers of Fisher [I4] and Kolmogorov,
Petrowsky, Piscunov [3I] for the evolutionary take-over of a habitat by a fitter
genotype, where u is the frequency of one of two forms of a gene. (L2 possesses
two constant states u~ = 0, u™ = 1, and u~ is linearly unstable and u™ is globally
stable (with respect to constant perturbations). Fisher in [I4] found traveling wave
solutions u(t, ) = ¢(x — ct) connecting 1 and 0 (i.e. ¢p(—00) =1, ¢(0c0) = 0) of all
speeds ¢ > 2 and showed that there are no such traveling wave solutions of slower
speed. He conjectured that the take-over occurs at the asymptotic speed 2. This
conjecture was proved in [3I] by Kolmogorov, Petrowsky, and Piscunov. That is,
they proved that for any nonnegative solution u(t,z) of (L2), if at time ¢ = 0, u
is 1 near —oo and 0 near oo, then lim;_, o u(t,ct) is 0if ¢ > 2 and 1 if ¢ < 2. In
literature, the minimal wave speed ¢ = 2 is called the spreading speed for ([L2]). It
is of the following spatially spreading property: for any ¢ > 0, there is r, > 0 such
that for any nonnegative solution u(¢,z) of (L2), if at time ¢ = 0, u(0,z) > o for
|z| <7, and w(0,2) =0 for |z| > 1, then

(1.2) + u(l —u), z €R,

sup u(t,z) -1, sup u(t,z) >0 as t— o0
|z|<c't |z|>c'"t

for any ¢’ < 2 and ¢’ > 2.
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Observe that (H1) indicates that the environment or medium of the underline
system described by (L)) changes periodically in the space variable and almost
periodically in the time variable. The smoothness condition in (H1) is mainly for
solutions of related equations to be classical and for f(¢,z,u) > (%(t, x,0) — §)u
to hold for any § >0 and t € R, x € RV, 0 < u < 1. (H2) is referred to as a Fisher
or KPP type condition and is the condition which generates certain spatial spread
and front propagation dynamics in (). In nature, the environments or media of
biological models are subject to various seasonal variations. It is then important to
investigate which kind of spatial spread and front propagation dynamics there is in
time periodic as well as more general time dependent such as time almost periodic
variants of the classical Fisher or KPP equation (2]).

A vast amount of research has been carried out regarding the spatial spread and
front propagation dynamics for various variants of (ILZ). See, for example, [2], [3],
[, [0, [12], [18], [30], [51], [53], [63], and the references therein for more general
time and space independent reaction diffusion equations of KPP type; see [5], [6],
[, @51, [22], [35], [38], [44], [45], [48], [52], [75], and the references therein for space
and/or time periodic reaction diffusion equations of KPP type; see [10], [15], [19],
[39], [43], [46], [47], [1], [72], and the references therein for KPP models in random
media; see [34], [36], [65], [66], and the references therein for time discrete or time
periodic KPP models; see [8], [9], [17], [23], [68], [4], and the references therein
for spatially discrete KPP models; and see [34], [37], [62], [69], and the references
therein for KPP models with delays.

However, there has not yet been much study on the spatial spread and front
propagation dynamics for general time almost periodic KPP models. The author
of the current paper with Huang developed in [21] some theoretical foundation for
the investigation of the spatial spread and front propagation dynamics for general
time almost periodic KPP models. This paper is to further investigate the spatial
spread and front propagation dynamics for such KPP models.

Recall that when (ILT]) is time periodic in ¢ with period T, it has been proved that
for any £ € RY with ||¢]| = 1, there is a ¢*(¢) € R such that for any ¢ > ¢*(£), there
is a traveling wave solution connecting 4+ and u~ and propagating in the direction
of & with speed ¢, and there is no such traveling wave solution of slower speed. The
minimal wave speed ¢*(€) is of some important spreading properties and is called
the spreading speed in the direction of & (see [B], [6], [7], [34], [44], [45], [66], and
the references therein). It has also been proved that if f(t,z,u) < %(t,x, 0)u for
t € R,z € RY, and u > 0 (which is called the linear determinacy condition in
literature), then
(13) C*(f) — inf A (M,f,%)v

n>0 y
where \*(u, &; ap) is the principal eigenvalue (i.e. the eigenvalue with largest real
part) of the following periodic parabolic eigenvalue problem,

—%% 4+ Aut+ L, al St 7) g + af St w)u = Au, @€ RV,

U(t,il?l,"' s Lj—1,Ty5 +pj7xj+la"' aIN)
:u(t,l'l;"' sy Lj—1, L5, Lj41," " ;xN)ﬂ j:1,27 aNa

u(t+T,z) = u(t,x),
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alt(tx) = a;(t,x)—2u& (i = 1,2, | N), aly*(t,2) = ag(t,x)—p S0, ai(t, z)&+
u?, and ag(t,z) = fu(t,z,0) := %(t,a:,O). In literature, the representation (3]
for ¢*(&) is called the variational principle for ¢* (&) (see [1], [44], [45], [66], and the
references therein for the establishment of the variational principle for certain time
independent or periodic KPP models).

As it is known, many approaches which can be successfully applied to periodic
problems fail to be useful for almost periodic problems. Also some concepts and
notions introduced for periodic problems cannot be adopted to almost periodic
problems directly and need to be adapted from various new points of view.

In [58], the author of the current paper introduced a notion of traveling waves
of (TI) in the case N = 1, based on the observation that in general the wave front
depends on both the time and the space position and that the wave speed is also
time dependent. Roughly speaking, a traveling wave solution of ([IIl) when N =1
is a solution of form

u(ta (E) = U({E - C(t)vta C(t)),

where U(z,t,y) is periodic in y and recurrent in ¢ (see Definition A.3 in Appendix
A for recurrent functions) (U(-,t,y) can be viewed as a wave front at time ¢ and
space position y). We will call [cinf, csup] its averaged speed interval, where ciyy =

@ and cgup = limsup,_, <) (see Definition F4l for details). It should

liminf;_, o n

be pointed out that in the time almost periodic case, ¢/(t) may not be a constant
(see [55], [56]). This indicates some essential difference between periodic and almost
periodic problems. The reader is referred to [55], [56], [67], [59] for the study of
traveling wave solutions in space independent and time almost periodic problems.
We remark that a notion of traveling wave solutions in time independent and space
recurrent problems was introduced in [40] by Matano. The reader is refereed to [II,
[, [22], [44], [66], [70], etc. for the notion of periodic traveling wave solutions.

In [21], the author of the current paper with Huang introduced the notion of a
spreading speed interval of (LI)) in the direction of a given unit vector £ € SVN=1 :=
{€ € RY|||¢|| = 1} based on the natural features of the classical spreading speeds.
Denote u(t,z;s,y,up) as the solution of the following space shifted equation of

(CD):

N
(1.5) %—Au+;ai(t,x+y)%+f(t,x+y,u), r e RY,
with initial condition u(s,z;s,y,ug) = ug(z) for ug € X := C° (RN, R) (see

(), where y € RY. Put u(t, x;s,ug) := u(t,x;s,0,up). Let

+ _ .
Hint = teRl,EgRN ut(t,)
(the reader is referred to section 2 for various other notation in the rest of this
section). The spreading speed interval [cf;¢(§),ch,,(§)] of (L) in the direction
of £ is roughly defined as follows (see Definition for details): ¢ ¢(€) is the

supremum of all ¢ € R satisfying the fact that for any 0 < ug < u.Jrrlf (up € X)

with 0 < liminf,. e, o ug(z) < ui';f (see (B8) for the notation lim,.e o) and
ug(x) =0 for z- & > 1,
liminf (u(t+s,z;8,u0) —ut (t+s,2)) =0

z-£<ct,t—0c0
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uniformly in s € R (see (B10) for the notation liminf, e<ct 1 o0) and Caup () is the
infimum of all ¢ € R satlsfymg the fact that for any 0 < ug < u, (ug € X) with
0 <liminfg.e oo up(x) < uinf and ug(z) =0 for z - £ > 1,

inf

limsup u(t+ s,z;8,u9) =0
z-£>ct,t—o00
uniformly in s € R (see (B.1I) for the notation imsup, ¢ 100 )-

We call ug € X a front or u(t,z;s,y,ug) with ug € X a front solution in the
direction of £ € SN~V if ug > 0, liminf,.¢, oo ug(x) > 0, and limsup,, ¢ ., uo(x) =
0 (see (3.9) for the notation limsup,.¢_,,)-

The authors of [21I] also introduced a notion of generalized propagating speed
interval [cing (o, §), csup(uo, £)] of a front ug or a front solution u(t, z; s,y, up) in the
direction of £ (see Definition B3]). Roughly, cint(uo, ) is the supremum of all ¢ such
that

liminf (u(t+s,z;8,9,u0) —ut (t+s,2+y)) =0

z-£<ct, t—00

uniformly in s € R and y € RY, and cqup(uo, €) is the infimum of all ¢ such that

limsup u(t+ s,z;8,y,up) =0
z-£>ct,t—00
uniformly in s € R and y € RN, If cinp(uo,&) = csup(uo,€), ¢ = cint(uo,€) is
called the (generalized propagating) speed of the front solution u(t,z;s,y,up) in the
direction of &.
It is shown in [21I] that the spreading speed and generalized propagating speed
intervals satisfy the following fundamental properties:
e (Boundedness, Proposition B.3)) [cf¢(£), ci,p(§)] is a finite interval for any
£e sN-L
e (Recovery of the classical spreading speed, Proposition 30) If (1) is periodic
in t, then ¢ (§) = ¢t (€) = ¢*(€) for any € € SNL.
e (Minimality, Proposition B.3)) ¢ ¢(£) < cint(uo,§) and ¢, (€) < csup(uo,&) for
any & € SN and any front ug > 0 in the direction of €.
¢ (Minimality, Proposition B5) If [cint(§), csup(§)] is the averaged speed interval
of some traveling wave solution of (1) connecting u™ and u~ and propagating in
the direction of ¢ (see Definition B4 for a definition), then ¢ () < cint(§) and
Csup(g) < Csup(g)
e (Spatial spread, PropositionB.6) If ¢ > sup|¢=1 ¢y (§), then for any 0 < ug <
infyer perv ut (¢, ) (uo € X) with ug(x) =0 for ||z|| > 1,
limsup u(t+ s,z;8,y,up) =0
||z||>ct,t—00
uniformly in s € R and y € RY (see BI2) for the notation lim sup > et 1—e0)-
e (Spatial spread, Proposition B@) If 0 < ¢ < min{cf (§),cl (=€)}, then for
any 0 < ug (up € X) with inf,.¢|<o(1) uo(z) >0,
liminf (u(t+s,2;s,y,u0) —ut(t+s,2+7y)) =0
|z-&|<ct,t—o0
uniformly in s € R and y € RN (see (B.I3) for the notation lim inf|,.¢)<ct t—o0)-
It is seen from the above properties that the concept of spreading speed intervals
introduced in [21] is the natural extension of the spreading speeds for time inde-
pendent or periodic KPP models. It will be seen that the concept of generalized
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propagating speed intervals is the generalization of traveling wave speeds of time
independent or periodic KPP models.

The work [2I] provides some theoretical foundation for the investigation of spatial
spread and front propagation dynamics in time almost periodic KPP models. It is
of great mathematical and biological importance to gain some further qualitative
and quantitative understanding of spreading and generalized propagating speeds
for such KPP models.

In this paper, we develop a variety of important properties of spreading and
generalized propagating speeds for time almost periodic and space periodic KPP
models. In particular, utilizing the principal Lyapunov exponent and principal Flo-
quet bundle theory for time almost periodic parabolic equations (see [24], [25], [26],
[27], [28], [41], [42], and the references therein for the study of principal Lyapunov
exponents and principal Floquet bundles for time almost periodic as well as general
time dependent parabolic equations), we provide various useful estimates for the
spreading and generalized propagating speeds. We establish a variational principle
for the spreading speeds and show the existence of a family of front solutions of
constant speeds under the so-called linear determinacy condition. We also study
the influence of time and space variations on the spreading speeds.

To be more precise, for a given globally Holder continuous function ag(t, ) which
is uniformly almost periodic in ¢ and periodic in ; with period p; (j = 1,2,--- ,N),
let A(u,&; ap) be the principal Lyapunov exponent (see Definition 226) of

9u — Au+ Zi\il af’g(t,x)g—; +abt(t,z)u, xeRV,
(1.6)
u(t,xh... yTj—1,T; —|—pj,;1;j+1’... 7$N)
:u(t,xl,... sy Lj—1, L5, Tj41," " ,-TN); ]: 172’... 7]\f7

where, as in (L), a/*(t,2) = a;(t,x)—2u& (i = 1,2,--- ,N), ab’*(t,z) = ao(t, z)—
I vazl a;(t,x)& +p?. Observe that the principal Lyapunov exponent of (L)) is the
analog of the principal eigenvalues of elliptic and periodic parabolic problems (see
section 2 for basic properties of principal Lyapunov exponents of almost periodic
parabolic equations). Put

o o) 1= g 2
and
(1.8) a(€) =al&ao) if ao(t,x) = fult,z,0) = %(t,x,o),

where ¢ € SVN71. We call ¢;(&;a0) and ¢;(€) the spreading speed of the linear
equation (L6) and the linear spreading speed of (L)) in the direction of £ € SN—1
respectively.

Among others, the following properties are proved in this paper.

e (Upper bound for spreading speeds in the partially spatially homogeneous
case, Theorem AT Assume that a;(t,z) = a;(¢,0) (i =1,2,--- ,N) and that there
is a globally Hélder continuous almost periodic function ag(-) such that f(t,z,u) <
ao(t)u fort e R, x € RN, u>0. Then

Chupl€) < cil€ag) for any €€ SV

(See Theorem [B.1] for some general cases.)
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e (Lower bound for spreading speeds in the partially spatially homogeneous case,
Theorem A1) Assume that a;(t,xz) = a;(t,0) (i = 1,2,--- ,N) and that there is a
globally Hélder continuous almost periodic function ag(-) such that X(0,&;a9) > 0
for & € SN=1(X(0,&;5a9) is independent of € € SN7Y) and that f(t,z,u) > ao(t)u
forteR, 2 e RN, 0<u<1. Then

ci (&) > (& ag)  forany €€ SNTL
In particular, if a;(t,z) = a;(t,0) (i =1,2,--- ,N) and f,(t,x,0) = f,(¢,0,0), then

cint(§) 2 cr(€)  forany e SN

(See Theorem [B.1] for some general cases.)

e (Variational principle for spreading speeds in the partially spatially homo-
geneous case, Theorem M) Assume that a;(t,z) = a;(t,0) (i = 1,2,--- ,N),
ft,u) < fult,x,0)u fort € R, z € RN, and u > 0, and f.(t,2,0) = f.(¢,0,0).
Then

(L9) (€)= chup(&) = (€)  for any €€ SV,

(See Theorem [B.1] for some general cases.)

e (Front solutions of constant speeds in the partially spatially homogeneous
case, Theorem [.2)) Assume that a;(t,z) = a;(¢,0) (i = 1,2,--- ,N), f(t,x,u) <
fult,z,0)u fort e R, x € RN, and u >0, and f,(t,x,0) = f,(t,0,0). If ¢ € SN-!
and ug > 0 (ug € X) are such that limg.¢ oo ug(z-€) > 0 and Cre "¢ < yg(x) <
Coe € for x-€ > 1 and some C1,Cy >0 and 0 < pu < p*, where p* is such that
W = ¢(&; ag) with ag(t) = fu(t,0,0), then

_ )‘(Ma g, aO)

10 ) = g, €) = 2550

Hence for any ¢ > ¢;(€), there is a front solution of (L)) in the direction of & with
speed ¢ and there are no front solutions of slower speed in the direction of £. (See
Theorem [£.2] for some general cases.)

As in time independent and periodic cases, we call the condition f(t,z,u) <
fu(t,,0)u for t € R, x € RY and u > 0 the linear determinacy condition.

The properties stated above extend many classical spatial spread and front prop-
agation properties (e.g., the variational principle for the spreading speed, the ex-
istence of traveling wave solutions of speed greater than or equal to the spreading
speed, and the nonexistence of traveling wave solutions of slower speed) for time
independent or periodic KPP models to time almost periodic ones. However, it re-
mains open whether in general time almost periodic KPP models there are traveling
wave solutions with averaged speed greater than or equal to ¢ ¢(§) = cf,,(§) in a
given direction of £ € SV, provided that (&) = ¢f,,(€). It also remains open
whether in general time almost KPP models, ¢, :(§) = ¢, (§) for any § € SN-1,

In addition to the properties stated above, we also prove the following properties
about the influence of space and time variation on the spreading speeds.

e (The influence of space and time variation on linear spreading speed, Theorem
61) If a;(t,x) = a;(0,z) (i =1,2,--- ,N), then

(& ao) > ai&ao) forany €€ SV

and c;(&;a0) = (& a0) for some € € SNTL if and only if ao(t,z) is of the form
ao(t,r) = agi(t) + aoz(z) for some ap1 () and aga(-) and any t € R, x € RN, where
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ap(t,x) = fu(t,z,0) and ao(z) = lim;— 00 i fst ag(7,x)dr (see Theorem A.1 in
Appendiz A for the existence of this limit). (See Theorem for more properties).

e (The influence of space and time variation on spreading speeds, Theorem [6.2])
Assume that a;(t,z) = a;(0,2) (i =1,2,--- ,N) and that f,(t, x,0) can be approz-
imated by time periodic functions. Then

Gup(€) > (&) > (& a0)  for any €€ SN,

where ag(t,z) = fu(t,x,0). Furthermore, if f(t,z,,u) < fu(t,x,0)u fort € R,
x €RY, and u >0, then

C:up(g) = C;knf(g) > Cl(g; dO) fOT any § € SNil,
and ¢

¥ (&) = & ao) for some & € SNTL if and only if ao(t,x) is of the form
ao(t,r) = ao1(t) + agz(z) for some ap1(-) and ag2(+) and anyt € R, z € RN. (See
Theorem for more properties.)

Note that é*(€) := ¢(&;do) = inf,>¢ W is the spreading speed of the
following averaged equation of (LT)):

where a;(2) = a;(0,2) (i=1,2,--- ,N) and f(z,u) = lim;_,_ o = f; f(rx,u)dr
(see Theorem A.1 in Appendix A for the existence of this limit), provided that
f(:r,u) is of KPP type and f(:c,u) < aou for € RY and w > 0. Hence the
space and time variation of the nonlinearity in KPP models cannot slow down the
spatial spread. It indeed speeds up the spatial spread except in the degenerate case
where f,(t,x,0) is of form f,(¢,2,0) = ao1(t) + ag2(x), which is new even for time
periodic KPP models. It should be pointed out that in [7] the influence of the space
variation of the nonlinearity in some time independent KPP models is studied. It
should also be pointed out that in [45], [48], [52], [75] the influence of space and
time variation of some periodic shear flows on the spreading speed of KPP models
is studied.

The rest of the paper is organized as follows. In section 2 we develop some
principal Lyapunov exponents and principal Floquet bundle theory for time almost
periodic and space periodic linear parabolic equations, which is of great interest
in its own and is among the main tools for the proofs of the theorems in later
sections. In section 3 we introduce the notation and definitions, and we present
some fundamental results proved in [21I] to be used in later sections. In section 4
we study spreading and generalized propagating speeds in the partially spatially
homogeneous case. Section 5 is devoted to the investigation of spreading and gen-
eralized propagating speeds in some general case. We explore the influence of space
and time variation on spreading speeds in section 6. The paper concludes with an
appendix on compact flows and almost periodic functions.

We finish the introduction with the following remark. The concepts and many
results established in this paper can be applied to the following more general time
dependent KPP models:

T 0*u al du N
(110) E :ijzzzlaij(tvx)axiaxj +;ai(tvx)6_xi+f(t7xau), z€R )
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where a;; = a;; satisfies the ellipticity condition; i.e., there is ap > 0 such that

N
(1.11) > aij(t,2)6& > aplél? forall (t,z) e RNT e RV,

i,7=1

and f is of KPP type in proper sense.

2. SPECTRAL THEORY FOR LINEAR ALMOST PERIODIC PARABOLIC EQUATIONS
WITH PERIODIC BOUNDARY CONDITIONS

In this section, we develop the needed principal spectral theory for time almost
periodic parabolic equations with periodic boundary conditions. Such a theory is
an extension of the principal eigenvalue theory for elliptic and periodic parabolic
problems. It is of great interest on its own and can be established by the arguments
similar to those used in [24], [25], [26], [27], [28], [41], [42], [49] for the establishment
of principal spectral theory for almost periodic parabolic equations complemented
with Dirichlet or Neumann boundary conditions. We will therefore only mention
the references for the proofs of those results which can be proved by the arguments
in the references.

This section is independent of other sections. The theories developed in this
section are among the main tools for the proofs of the theorems in other sections.

We first consider a family of linear parabolic equations of the form

N
ou N
(2.1) ut—Au—i—;bl(t,x)a—xi—i—bo(t,x), x e RY,

complemented with the periodic boundary condition

u(t,xy, -, Ti—1, %5 + Py, Tjg1, -, TN)

(2.2) |
:u(t,il?l,-.- yLj—1, T, Lj41," " 7$N)7 j= 1,2,--- ,N,

where p; >0 (j =1,2,--- ,N), b:= (bi, bo) := ({b;}}¥.1, bp) € Y, and Y is a subset
of C(R x RN, RN*1). To emphasis the dependence of ([.I) on b, we may write it
as (21)).

We make the following standard assumption on Y.

(H-Y) For any b = (b;,bo) € Y, b;(t,x) (i =1,2,--- ,N) and by(t,x) are uni-
formly almost periodic in t and periodic in x; with period p; >0 (j =1,2,---,N)
and are globally Hélder continuous in t, x. Moreover, Y 1is translation invariant in
t (i.e. foranybeY andt €R, opb:=b-t:=b(t+-,-) €Y) and is connected and
compact under uniform convergence topology.

In the following, we assume that Y satisfies (H-Y) and Y is equipped with the
uniform convergence topology. Then (Y, (0¢)icr) is a compact flow. We say Y
is unique ergodic if (Y, (0t)ter) is unique ergodic (i.e. (Y, (0t)ter) has a unique
invariant measure; see Definition A.1 for the definition of unique ergodicity of a
compact flow). For a given Banach space X, || - || x denotes the norm in X.

Let

Xr ={ue CRY,R)|u is periodic in ; with period p,

2.3
(23) forj=1,2,--- N}
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be equipped with uniform convergence topology. Let L£(Xp,Xy) be the space of
bounded linear operators from X, to X . Let

X} ={ue Xplu(z) >0,z € RN}

and

Int(X}) = X} ={ue X} |ux) >0,z RV}
For uq,us € X1, we write

up <wug (ug >ug) if ws—ug EXZr (ur — ug EXZF)
and
up L ug (up >ug) if ug—up € XL+Jr (ug —ug € XZ”L).

Let

X! RN = {ue Xy

per

g;”i €Xpi=1,2-,N}.

It follows from [20] that —A is a sectorial operator on Xp,; denote it by —A|x, .
Let X¢ be the fractional power space of —A on X, (0 < a < 1). Note that X? =
X and X = D(—A|x,). Let 0 < oy < 1 be such that X7 is compactly imbedded
into C,.(RY). Then by [20], for any b € Y and ug € X} there is a unique solution
u(t, -;uo,b) € X7° of (1) and ([2:2) with initial condition (0, -;ug, b) = ug(-). Put
U(t,b)ug :== u(t,-;up,b) for up € X7°. Following from the results in [20] and
classical theory for parabolic equations, we have

Theorem 2.1. (1) (Joint continuity). The map [[0,00)xXX7°xY > (¢, ug,b) —
U(t,b)up € X°] is continuous.

(2) (Norm continuity). For anyt > 0, the map [Y 5b+— U(t,b) € L(X]°, X7°)]
18 continuous.

(3) (Strong monotonicity). For any t > 0 and b € Y, U(t,b) is strongly
monotone in the sense that if ui,us € X7° and uy < ug, uy # ug, then
U(t,b)uy < U(t,b)ug for anyt >0 andbeY.

(4) (Compactness). For anyt > 0, U(t,-) is compact in the sense that for any
bounded set E C X7°, {U(t,b)ug|lb € Y,uy € E} is a relatively compact
subset of X7°.

By Theorem 2] (ZI) and (22)) generate a skew-product semiflow on X7° x Y
M, X9 xY — X0 xY, t>0,
IT; (uo, b) = (U(¢, b)ug, b - t).
The following theorem follows from [50] (see also [41], [42], [60]).

Theorem 2.2 (Exponential separation). There are subspaces Xgo’l(b), Xg°’2(b) of
X7° such that Xgo’l(b), Xg‘)’Q(b) are continuous in b € Y, and satisfy the following
properties:
(1) X00 = X901 (b) 69:5(2‘0’2(13) for anybeY.
(2) Xgo’l(b) = Span{é(b)}, #(b) € Int(X{° N X)) and is continuous in b, and
[¢(b)[|x20 =1 for any be Y.
(3) X(Lyo’z(b) NInt(X7°N X)) =0 foranybeY.
(4) U(t,b) XM (b) = X0 (a4b) and U(t,b)X52(b) € X00%(04b) for any b €
Y andt > 0.
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(5) There are M,~ > 0 such that

U(t,b)o o
LGOI
[T Dlze

foranyt>0,beY, andw € X:O’Q(b) with [|w| xeo = 1.

By classical theory for parabolic equations and the continuity of qg(b) inbeY
with respect to the || - ||4,-norm, there are constants C,Cy > 0 such that

1, - . .
o, 12Ollxze < @)ooy < Crlle®)lxze

and L i )
allsb(b)llxgo < 1o®)lx, < Call¢(d)] xo0
forany beY.
Let
(2.4) $(b) = $(0)/ (1) L. ()-

Let D = [0,p1] % [0,p2] X --- x [0,pn] and (-, ) be the inner product in Lo(D).
Let

N
) = (860) + 3 bi(t.0)

i=1

0¢(b), B(b))-

Theorem 2.3. x(b) is continuous inb €Y.

Proof. This follows from Theorem and the following fact:

(2.5) k(D) = —(V(b) Z bi( 900) | bog(b), ¢(b))-

Let
n(t,b) = [[U(t,b)¢(b)l| L, (D)
Then we have
ne(t,b) = k(oeb) n(t, b);

therefore
n(t,b) = elo F(o-b)dr.
- U, 0)o(b)
u(t, @;b) = 000 P(o4b) ().
We have that v(t, x;b) satisfies
al v
(2.6) vy = Av + Z bi(t, ) 5 + bo(t, x)v — K(owb)v, xRN,
i=1 ¢

Theorem 2.4. IfY is unique ergodic, then

1 I
lim In||U(t — s,05b)||ae = lim / k(o.b)dT
t—s—oot — 8§ t—s—oot — 8 [,

for allb e Y, and the limit is independent of b.
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Proof. 1t follows from Theorems [22] and [Z3] and the results in [29]. O

Definition 2.5. Assume that Y is unique ergodic. A(Y) is called the principal
Lyapunov exponent of [2.I) and ([2.2]), where

. 1
AY) = t_lslr_r}oo P In ||U(t —s,05b)] a0
forany be Y.

We now consider a single linear parabolic equation

ou

(2.7) up = Au+ Z a;(t, ) oz,

=1

+ap(t,z)u, xRN,

complemented with the periodic boundary condition (22)), where a;(t,2) (i =
1,2,---,N) and ag(t, z) are uniformly almost periodic in ¢ and periodic in x; with
period p; (j =1,2,---,N), and are globally Holder continuous in ¢, z.

For any ;1 € R and ¢ € SV, also consider

N
ou
2.8 =A S o)y, zeRY,
(2.8) on u—i—;al 3xi+a0 (t,x)u, =x
complemented with the periodic boundary condition ([22), where af' 6 = a; —
2u&;, i =1,2,--- N and a{)"g = ag — ,uZivzl a;& + p?. Note that if u = 0,

then a/* = a; and ay'* = aq for any € € SN-1.
Let a := (a;,a0) = ({a;}X,,a0) and

Y(a) =cl{a-s|s € R},

where a - s(t,z) := osa(t,x) := a(t + s,z) and the closure is taken under the open
compact topology. Then (H-Y) is satisfied with Y = Y (a). Hence for any ug € X°
and any s € R, [27) and ([Z2)) have a unique classical solution u(t,x; s, ug, a) with
initial condition u(s, z; s, ug, a) = ug(z).

Similarly, let

Y (a"%) = cl{a"*® - s|s € R},
where a#¢ = (a*,ab*) == ({a*}N ), al*), a5 .= g ,a"€ = a4(- + 5,-), and
the closure is taken under open compact topology. Then Y (a**) satisfies (H-Y)
with Y being replaced by Y (a**). Hence (28] and (Z2) have a unique classical
solution u(t, x; s, ug, a*%) with u(s, z; s,uq, a**) = ug(z) for any ug € X5°.

Note that Y (a%¢)(= Y (a)) and Y (a*¢) are unique ergodic and minimal for any
p€Rand € € SV~ (see Remark A.1 (2)). Theorems 2] through [Z4] can then be
applied to Y = Y (a*¢). Put

Mps €5 a) = Ma®) = MY (%))
and
¢ (L, 5 a) i= P(opa’ ) (-).
Definition 2.6. We call (g, &;a) the principal Lyapunov exponent of ([2.8)) and
2.

Observe that A(u,&;a) and ¢*4(t,-;a) are analogs of principal eigenvalues and

principal eigenfunctions of elliptic and periodic parabolic problems, respectively. In

literature, {span(¢(ata“’5))}teR is call the principal Floguet bundle of (28] associ-
ated to the principal Lyapunov exponent.
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Theorem 2.7. (1) M, & a) is continuous in u € R, € € SN=1 and a with
respect to uniform convergence topology.
(2) Fiz a. There is B > 0 such that

A, & a) > By’

for any € € SN and p>> 1.
(3) Fiz a and assume that A(0,&;a) > 0 (note that A(0,&;a) is independent of
€€ SN=Y). There are g > 0 and pg > 0 with py < pg, and Bo > 0 such

that
inf A(uf;a) _ #gghﬁfg#; A(u;f;a) < oyt
for any € € SNL,
Proof. (1) By Theorem [27]
t
AMp, & a) = t—lsiI—I}oo P /S k(oratt)dr.

It then follows from Theorem B3] that A(y, &;a) is continuous in p € R, ¢ € SN~
and a with respect to uniform convergence topology.
(2) Note that

N
af* = ag — Mzbiﬁi + 12
i=1
Hence there is 8 > 0 such that
alyt(t,z) > B

forallt € R, 2 € RN, ¢ € S¥~! and x> 1. Then by comparison principal for
parabolic equations,

U(t,a"uiy > Pt
for p > 1 and t > 0, where u;qg = 1. It then follows that
N, & a) > Bu®

for 4> 1 and £ € SN-L
(3) By (1) and the assumption A(0,&;a) > 0, we have

A, & a)
I

as p — 0+. This together with (2) implies that there are g > 0, pud with ug < g,
and [y > 0 such that

— 0

of M&a) L A Ea) < oyt

u>0 % ng <u<ug %

Observe that for any ug € C(RY,R) with

lug(z)| < Ce Xiza il
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for some «,C > 0, (Z7) also has a unique solution wu(t,z;s,ug,a) with u(s,z;
s,up,a) = ug(x) (see [16]). Regarding solutions of (27) without the periodic
boundary condition, we have
Theorem 2.8. For any given £ € SVN=1 and p > 0,
It n(aTa#»ﬁ)dr)
— ,é’_éﬁ—
u(t,z) =e M(x " B(opar®)(z)
is a solution of (271).

When a; and ag are periodic in ¢ with period T, let A*(u,&; a) be the principal
eigenvalue of the periodic parabolic eigenvalue problem () and ¢* (¢, z; 1, &, a) be
an associated positive principal eigenfunction. Then

Theorem 2.9. For any given £ € SN=1, >0,

(m g_ (M & a)t)
u(t,z) = e ¢ (t, w5 1, &, a)
is a solution of (271).

Note that ¢(ora*¢) = = g f;ﬁ é“ﬁu?m

The rest of this section is to discuss the influence of the time and/or space
variation of a = (a;,ag) on the principal Lyapunov exponent A\(u,;a) of (28] and
2.2).

By Theorem A.1, the following limits exist:

1 t
PRI _ I3 _ _ _
at s (x) =, ls—>oot— s/ at"s (r,x)dr (= a;(z) — 2p&;), i=1,2,---, N,
and
¢ R S A Z
~ 1, N P s
o (JJ) T t—lsl—>o<> t—s /9 “ (na)dr(= - al e+ ,u

Let S\(M, &; a) be the principal eigenvalue of the following time averaged equation

of @),
al ou
(2.9) up = Au + de’f(x)% +abf(z)u, = eRV,

together with the boundary condition (Z2)) and é = (a;, ao).
Let

1
ai(t) == W/ a;(t,x)dr, i=1,2,---,N,

: (t,
CLQ |D|/a0 13

1
d{ff(t) = _/ af’f(t,l‘)d.ﬁ(: al(t) - 2/'[/§)7 1= 1a25 e aNa
D] Jp
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and

0 = \D\/ txdx—ao uZal )€+ u?)

where |D]| is the Lebesgue measure of D. Let )\(u, &; ) be the principal eigenvalue
of the following space averaged equation of (28],

N
0
(2.10) u = Au+ Z alt (t)a—;i +att(tu, zeRV,
together with the boundary condition (Z2)) and & = (d;, do)-
Let
[pai(z)dz
;=220 =12, N,
Dl
_ Jp ao(x)da
ag = TP,
D]
s (x)d
C—l?af — M(: a; —2u&), i=1,2,--- N,
D]
and

d“’g(;v)dx N
66‘5-—7‘]}3 O|D| (= a0 —pYy @€+ p?)
=1

Let A(u, &; a) be the principal eigenvalue of the following time-space averaged equa-

tion of (2.8),

al ou
2.11 =Au+> at— +aft eRY
(2.11) ut u+ 2 at oz, +aptu, =« ,

together with the boundary condition [Z2)) and @ = (a;, o).
Theorem 2.10. (1) If a;i(t,x) = a;(t) and ap(t,x) = ag(t), then

N
A& a) = Mp, & a) = A, §6) = o — p Y _ i + pi°
i=1
for any p € R and € € SN,
(2) If a;(t,x) = a;(z), then
A, &) > Mp, & @)
forany p € R and &€ € SN=1 and (i, &;a) = X(u,f;a) for some p € R and
¢ € SN if and only if ap(t,x) is of the form ao(t,x) = ao1(t) + ap2(x).
(3) If a;(t,x) = a; and ao(t,x) = ap(x), then
A &5 a) = Np, & a) = afy

for any p € R and € € SN, and Np, & a) = Np, & a) for some p € R
and &€ € SN if and only if ag(z) = ag.
(4) If a;(t,x) = a;, then

A € a) > My, & a) > Mp, & a) = ay

for any j € R and € € SN, and Au, €0) = M &a) = Ny, €a) for
some p € R and & € SN1 if and only if ap(t, ) = ap(t).
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Proof. (1) If a;(t,z) = a;(t) and ag(t,z) = ao(t), then ¢(a*¢) =1 and
t

N
Ao i) = Jim 1 [ (ao(s) = 3D as(o)6s+ s

t—oo ¢ —
1=

and
Mus & a) = ag*.

Therefore A\(u,&;a) = X(,u,f;a) = dg’f for any € R and ¢ € SV1.

(2) Tt follows from the arguments in [41].

(3) Note that

A¢HE (x5 a) N vazl al" g (z; a) /O
¢Maf(.; a) ¢Ma£(a§; a)
where ¢*¢(z;a) = ¢(a*¢)(z). This implies that
1 A¢HE (x5 a)
MNu,&a)=al*t+ — [ == gy
& =07 15 |, "ore(ara)

ok LN (99 (x;a) [ D)
= *ﬁ/D GE@a)?

+aft () = A, & a),

> af = M. € a)

for any 1 € R and ¢ € SV=1. Moreover, (i, &;a) = A(p, &; a) for some p € R and
¢ € SN if and only if af*(z) = a4*°, which is equivalent to ao(z) = ao.
(4) Tt follows from (2) and (3). O

3. NOTATION, DEFINITIONS, AND BASIC PROPERTIES

In this section, we first introduce standing notation in subsection 3.1. Then in
subsection 3.2, we recall the definitions of spreading and generalized propagating
speed intervals as well as traveling wave solutions introduced in [21I] and [58]. We
present some fundamental properties proved in [21] in subsection 3.3.

Throughout the rest of this paper, we assume (H1) and (H2). a;(t,z) (i =
1,2,---, N) are the functions in (LI]).

3.1. Notation. Consider ([LI). We also consider all the space shifted equations
(CH) of (). To emphasis the dependence of (LH) on y, we may write it as (LH),.
Let
={u:RY - R|u is uniformly continuous and bounded },
equipped with uniform convergence topology. For given uj,us € X, we write
up <up (up <wg) if wi(x) <wg(z) (ui(x) < ug(x)) for e RY.

It follows from classical theory for parabolic equations (see [16], [20]) that for
any ug € X, any s € R, and any y € RY, ([LF) has a unique (local) classical
solution wu(t, -; s,y, ug) with u(s,-;s,y,ug) = ug(-). We may write u(t, z;s,0,ug) as
u(t, x; 8, up), which is the solution of (IIl) with wu(s,z;s,up) = ug(x).

Let X1, be as in ([Z3]). Note that X, C X and if ug € X, then u(t, ;s,y,up) €
Xy, for any y € RY and t > s at which u(t, -; s, y, uo) exists.
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For a given globally Hélder continuous function ag(¢, 2) which is uniformly almost

periodic in ¢ and periodic in z; with period p; (j =1,2,---, N), consider the linear
equation,
N
ou ou
3.2 — =Au+ a;(t,x +ag(t,x)u, xRV,
complemented with the periodic boundary condition,
(3.3) u(t, 1, 251,25 +Dj Tjr1, 0 TN)
) :U(t7l'1,"',Ij_l,Ij,$j+17"',IN), ]:17275]\7

For any x> 0 and & € SV~ also consider

ou al ou . N
(3.4) Eri Au+ ;agf’f(m)a—% +aft(t,x)u, xRV,
complemented with the periodic boundary condition ([B3), where, as in (L4,

al"S(t, ) = a;i(t,x) — 2u& (i=1,2,---,N) and

N
ag’g(t,x) = ag(t,z) — uZai(t,z)ﬁi + u2.
i=1

Note that by (H2), v = 0 is an equilibrium solution of (LIl). If ag(t,z) =
fu(t,z,0) := %(t,x, 0), then (B2) is the linearized equation of (L)) at u = 0.

Throughout this section, ag(t,z) (ag(t)) denotes a globally Holder continuous
function which is uniformly almost periodic in ¢ and periodic in x; with period p;
(j = 1,2,---,N) (almost periodic in t), unless specified otherwise. We say that
ap(t,x) is of the form ag(t,x) = ap1(t) + agz(x) if there are ag1(t) which is almost
periodic in ¢ and agz(z) which is periodic in z; with period p; (j = 1,2,--- ,N)
such that ag(t,z) = ag1(t) + agz(z) for t € R and x € RV.

Let a = ({a;}Y,,a0) and A(u, &; a) be the principal Lyapunov exponent of (3.4
and B3) or (LH). Since a; (i = 1,2,---,N) are as in (I)) and are fixed, we
may write A(u,&;a) as AM(p, & ap) if no confusion occurs. Note that A(0,&;ap) is
independent of £ € SN¥~1 and we may write it as A(ag). Then A(ay) is the principal
Lyapunov exponent of [3:2) and (33). As mentioned in section 2, when a;(¢,x)
(t=1,2,---,N) and ag(t, z) are periodic in ¢ with the same period T, A(u, &; ag) =
A*(, & ag), where A*(u, &; ag) is the principal eigenvalue of (4.

Let ¢;(&;a0) and ¢;(€) be as in ([L7) and (L8], respectively. Recall that ¢;(€) is
called the linear spreading speed for (I)).

Observe that following from the arguments in [61], there holds

o +
(3.5) up = teRl,ggRN u™ (t,z) >0,
and there is no solution u(¢,x) of (II)) which is almost periodic in ¢, periodic in
x; with period p; (j = 1,2,---,N), and 0 < u(t,z) < ut(t,x) for t € R, z € RV.
By (H2) and the comparison principle for parabolic equations, for any ug € X with
up >0, any s € R, and any y € RN, u(t + s, -; 8,9, ug) exists for all t > 0.

Also observe that examples of functions f satisfying (H1) and (H2) include those
which satisfy that f(¢,2,0) =0, A(ag) > 0 (ao(t,z) = fu(t,,0)), f(t,z,u) <0 for
u > 1, and % (M) < 0 for u > 0 (see the arguments in [61]).

u
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Throughout this paper, D and S™V~! denote the subsets of RYV defined as follows:

(36) D = [O,pl] X [0,p2] X - X [0,])]\[]

and

(3.7) SN = {e e RV||ig) =1},

where || - || is the usual norm in RY. If (1)) is periodic in ¢, as mentioned in the

Introduction, for any ¢ € SNV~1, there is a so-called spreading speed of (LI)) in the
direction of £&. We denote it by ¢*(&).
For given uyp € X and & € SV~1, we define

3.8 lim inf = 1 inf

(3:8) Jminf uo(@) = lim il w0(@)

and

(3.9) lim sup ug(z) = lim sup  ug(x).

r-£—00 T LeRN g-£>r
For given u(t,-) € X, £ € SN~1 and ¢ € R, we define

(3.10) liminf w(t,z) = liminf inf u(t, x),
z-£<ct,t— 00 t—oo zeRN z-£<ct

(3.11) limsup wu(t,x) = limsup sup  u(t, z),
z-&>ct,t—00 t—oo  geRN x-£>ct

and

(3.12) limsup u(t,x) = limsup sup  u(t,z),
llz]>ct,t—o00 t—oo  zERN||z|>ct

(3.13) liminf  w(t,x) = liminf inf u(t, x).
|z-&|<ct,t—o00 t—oo geRN,|z-&|<ct

For given u(t,-;2) € X (z belongs to some parameter set Z), ¢ € SV~ and
¢ € R, we say that iminf, e<ct oo u(t, z; 2) > u* uniformly in z € Z if for any
€ > 0, there is T' > 0 such that

u(t,z;2) >u* —e for t>T,z€RY with z-&<ct, z€ Z.

We define im sup,.¢> o 100 u(t, 3 2) < u*, DMSUP |45 et 100 U(t, 75 2) < u*, and
lim inf|,.¢|<ct 00 u(t, 23 2) > u* uniformly in z € Z in a similar manner.

For a given function g(t,z) (g(t,z,u)), we write g(t,z) = g(t) or g(t,z) = g(x)
or g(t,z) = g (g9(t,xz,u) = g(t,u) or g(t,x) = g(z,u) or g(t,z,u) = g(u)) if g(t, x)
(9(t,z,u)) is independent of x or ¢ or both ¢ and x.

For a given globally Holder continuous function g(¢, x) which is uniformly almost
periodic in ¢ and periodic in x; with period p; (j =1,2,---, N), we say that it can
be approximated by time periodic functions if there are globally Holder continuous
functions g, (¢, ) which are periodic in ¢ with period T,, and periodic in z; with
period p; (j = 1,2,---,N) such that g,(t,z) — ¢(¢,z) uniformly in ¢ € R and
r € RN,

3.2. Definitions. In this subsection, we recall the definitions of spreading speed
intervals, generalized propagating speed intervals, and traveling wave solutions.
For a given & € SV, let

X&) = {uo € X |0 < up < sup up(z) < ujf

inf?
(3.14) weR!
0< hfrgLHf uo(z) < ul, up(x) =0 for x-&>1}
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and
(3.15) X&) = {up € X|up >0, xhgrglinfo uo(z) > 0, limsup ug(z) = 0}.

z-£—00

Recall that uy € X (£) is called a front in the direction of ¢ and that
u(t, =3 s,y,up) with ug € X (€) is called a front solution in the direction of &.
Definition 3.1. The solution v = 0 of (1)) is called linearly unstable with respect
to space periodic perturbations if A(ag) > 0, where ao(t,x) = fu(t,z,0). The
solution w = u™ (¢, z) of (L) is called globally stable with respect to space periodic
perturbations if for any ug € Xr,, ug(x) > 0 and ug(x) # 0,

lut + 5,55,y u0(-) —u(t+ 5, +y)llx, >0 as t—o0

uniformly in s € R and y € RY.

Definition 3.2 (Spreading speed interval, [21]). For a given vector £ € SVN1, let
ne(©) = { e ¥ o € X7(9),
liminf (u(t+s,z;8,u9) —u'(t+s,2)) = 0 uniformly in s € R}
z-£<ct,t—00

and

Cr.(&) = { c|Vu € X (¢), limsup wu(t+ s,z;s,up) =0 uniformly in s € R}.

sup
z-£>ct,t—00

Define

chur(€) =sup { ¢ | c € Cip(§)}, up(§) =inf { ¢ | c € CL,p(8)}-
The interval [cf¢(£), cZ,,(€)] is called the spreading speed interval of (L)) in the
direction of &.
Definition 3.3 (Generalized propagating speed interval, [2I]). For a given £ €
SN=1 and a given ug € X (€), let

Cinf(u()af) = {C| Ell<l'ntltl'lf (u(t—’_ S, T s,y7u0) - u+(t + S, T + y)) = O
z-£<ct,t—00

uniformly ins € R,y € RV}
and
Caup (10, €) = {c| limsup wu(t+s,2;s,y,u9) =0 uniformlyins € R,y € RV}.
z-£>ct,t—00

Let

cinf(U'Ov 5) = sup{c|c € Cinf(U'Ov 5)}; csup(UOa f) = inf{c|c S Csup(an 5)}
The interval [cing(uo,£), Csup(vo,&)] is called the generalized propagating speed in-
terval of ug in the direction of &.

If cint(u0,&) = csup(uo, &), then u(t, -5 s,up) is called a front solution of (L)) in
the direction of & with propagation speed c(ug, &) := cine(u0, ) (= Csup (U0, §)).
Definition 3.4 (Traveling wave, [21], [58]). u(t,z) is said to be a traveling wave
solution of (1)) connecting u* and 0 in the direction of ¢ € SNV~ if there exist
Ul(zx;s,y,€) and c(t;s,y, &) satisfying the following properties:

(1) U(s,y,€) € X is continuous in s € R and y € RY. Moreover, U(-; s, v, &)
is recurrent in s (see Definition A.3 in Appendix A for a definition) and
periodic in y; with period p; (7 =1,2,--- ,N).
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(2)

lim (U(ais,9.6) =t (s,04+9)) =0, lim Ulais,y,€) =0

£-z——o0 ¢-z—00
uniformly in s € R and y € RY.
(3) u(0,2) =U(x;0,0,§) and
ut +s,2;5,4,U(55,9,8) = Ulx — ct; 5,4, )&t + 5,y + c(t5,9,£),€)
for any s € R, y € RV,

We say {U(;5,9,&) }ser,yern generates a traveling wave solution in the direction
of ¢ € SN=Lif there is c(t; s,y, &) such that U(x;s,y, &) and c(t; s, y, &) satisfy the
above properties. In this case, we define

t; ,
et (U €) = liminf inf 588
t—oo  seR,yeRN t
and
c(t; s
Csup(Uﬂ f) = lim sup sup M
t—0oo  seR,ycRN t

and call [cing(U, &), csup(U, €)] the averaged speed interval of the traveling wave so-
lution generated by {U(+;5,v,&)}ser yery -

3.3. Fundamental properties. In this subsection, we present some fundamental
properties for spreading and generalized propagating speed intervals proved in [21]
for use in later sections and/or for the reader’s reference.

Proposition 3.5 ([21I], Theorem 2.1).
(1) (Boundedness) For any & € SN, [¢f¢(€), ¢t (€)] is a finite interval.

inf
(2) (Recovery of the classical spreading speed) If (L) is periodic in t, then
Cint(€) = chyp(§) = ¢*(€) for any € € SV1.
(3) (Minimality)
(i) For any &€ € SNt and ug € X5 (€), ¢y (€) < cine(uo, €) and &, (€) <

inf su =
csup(u07§)' ’
(ii) For any &€ € SN=1 and ug € X;(€), ¢&4(€) = cint(uo, &) and Caup(§) =
csup(u07§)'

(4) (Minimality) If {U(-;5,y,€)}ser yery generates a traveling wave solution
of (TI) connecting ut and u= = 0 in the direction of ¢ € SN~1, then
C:up(é-) S CSUP(U5 5) a‘nd C;(nf(f) S Cinf(Ua 5)
Proposition 3.6 ([21], Theorem 2.2).
(1) Forany0 <3 <ui,, &€ SN uge XH(€), d < cp(€) and " > ¢ty (€),

sup

liminf (u(t+ s,2;8,y,u0) —ut(t +s,2+y)) =0,

:L’-§§c' t,t—o00
and

limsup wu(t+ s,z;s,y,up) =0
z-£>c't t—o0

uniformly in s € R and y € RY.
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(2) Assume that 0 < ug < u;t; (ug € X) and uo(x) =0 for ||z|| > 1. Then for
any ¢ > Sup|¢|=1 Coup (&)
limsup u(t+ s,z;8,y,up) =0
llz]>ct,t—o00
uniformly in s € R and y € RY.

(3) Assume that £ € SN=1 and 0 < ¢ < min{c} ((£), ¢l (=€)}, Then for any
o > 0, there is ro > 0 such that for any ug > 0 (ug € X) with up(x) > o
for |z - &l <o,

liminf (u(t+ s,7;8,y,u0) —ut (t+s,2+y)) =0

|z-&|<ct,t—o00
uniformly in s € R and y € RY.

We remark that Propositions and justify the nature of the notion of
spreading speed intervals and show that the concept of spreading speed intervals

is the natural extension of the spreading speeds for time independent or periodic
KPP models.

Proposition 3.7. (1) (21, Lemma 3.2]) Let £ € SN7L1, wg € X5 (€), and
c € R be given. If there are 6y and Ty > 0 such that
liminf  w(nTo+ s,x;$,y,up) > do

z-£<cnTy,n—o0
uniformly in s € R and y € RN, then for any ¢’ < c,
liminf (u(t+s,2;s,y,u) —ut(t+s,z+y) =0

zfﬁc’t,t%oo
uniformly in s € R and y € RV
(2) (21, Lemma 3.4] ) Assume that there is u € X, (£) such that
lim inf (u(t +s,258,y,uy) —ut (t+ s,z + y)) =0

z-£<ct,t—00

uniformly in s € R and y € RN. Then ¢ < ¢} (€).
4. SPREADING SPEEDS AND GENERALIZED PROPAGATING SPEEDS
IN THE PARTIALLY SPATIALLY HOMOGENEOUS CASE

In this section, we study spatial spread and front propagation dynamics in the
partially spatially homogeneous case.

Throughout this section, we assume that a;(t,z) = a;(t), ¢ = 1,2,--- , N, and
that ag(t) is some given globally Hélder continuous almost periodic function unless
specified otherwise. For given ag(t), u € R, and & € SN71 \(u,&;a0) is the
principal Lyapunov exponent of (8:4) and (B:3]), and ¢;(&; ag) and ¢;(£) are as in (L1
and (L8), respectively. If A(ag) > 0, p*(ag) > 0 is such that ¢;(§; ag) = W
(it will be seen in the following that such u*(ag) exists and is unique).

The following two theorems are the main results of this section.

Theorem 4.1 (Spatial spread).

(1) (Upper bound) Assume that f(t,z,u) < ao(t)u fort € R, z € RY, and
u>0. Then

Cupl€) < cil€iag) for any €€ SN
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(2) (Lower bound) Assume that A(ag) > 0 and f(t,x,u) > ao(t)u fort € R,
zeRN, and 0 <u < 1. Then

ci (&) > (& ag)  forany €€ SNTL
In particular, if fu(t,x,0) = fu(t,0,0), then

Cut(€) 2 a(€) forany ge SV

(3) (Variational principle/linear determinacy) If f(t,z,u) < fu(t,z,0)u for
teR, x € RN, and u >0, and f,(t,x,0) = f,(t,0,0), then

Cint(€) = chp(€) = a(§)  for any €€ SN

Recall that ¢;(€) is the linear spreading speed of (1)) in the direction of £. If
ciue(§) = chup(§) = a(§), as in the periodic case, we say (L) satisfies the linear
determinacy (see [32], [33], [67], etc. for the study on linear determinacy) and the
characterization cf (§) = c%,,(§) = a(§) = inf,>o w (ap(t) = fu(t,0,0)) is
called the variational principle for c*(§) 1= ¢ (§)(= ciyp(§))-

Observe that f(t,z,u) = f(t,u) and f(t,z,u) = u(ag(t) — b(t, x)u) are among
the examples which satisty f, (¢, z,0) = f.(¢,0,0).

Theorem 4.2 (Generalized propagation).

(1) (Upper bound) Assume that f(t,z,u) < ao(t)u fort € R, x € RN, and
u>0. If ¢ € SN1 and ug € X5 (&) satisfy the fact that ug(z) < Ce Hes
forx-&>1 and some C' >0 and p > 0, then

)‘(/-1/7 ga aO)

Csup (U0, §) < ———=.
p(0,€) .

(2) (Lower bound) Assume that A(ag) > 0 and f(t,z,u) > ag(t)u fort € R,
r RN and 0 <u< 1. If ¢ € SN~ and ug € X5 (€) satisfy the fact that
ug(z) > Ce M€ for x- &> 1 and some C >0 and 0 < p < p*(ag), then

)‘(ﬂa 67 CLO)

Cinf (g, §) > ————=.
I

(3) (Front solutions of constant speeds) Assume that f(t,x,u) < fu(t,z,0)u
forteR, z € RN, and u >0, and f,(t,2,0) = f,(t,0,0). If ¢ € SN=1 and
ug € Xy (€) satisfy the fact that Cre™#*¢ < ug(z) < Cae ™€ forz-€>> 1
and some C1,C2 >0 and 0 < pr < p*(ap) with ao(t) = fu(¢,0,0), then
_ )‘(ﬂa 67 CLO)

Cinf(UOag) = usup(u07£) = T

Hence for any ¢ > ¢;(§) there is a front solution of (L)) in the direction
of & with speed ¢, and there is no front solution in the direction of & with
speed smaller than ¢;(§).

To prove Theorems ] and [£2] we first prove some lemmas.
First of all, without loss of generality, we assume that a;(¢t) = 0. Otherwise, let

v(t,z) =v(t,x1, - ,ZN)

t t ¢
=u(t,xy — / a1(s)ds, xo — / as(s)ds, - ,xy — / an(s)ds).
0 0 0
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Then v satisfies
(4.1) vy = Av + f(t,z,v), xRV,

where

f(t,Il,.Ig,"' aINaU)

¢ ¢ ¢
— _ d _ ds.--- — d .
ft,xq /0 ay(s)ds, zo /0 as(s)ds,- -+ ,xn /0 an(s)ds,v)

It is not difficult to verify that (@Il) satisfies (H1) and (H2). Let
1 t
a; = lim = [ a;(s)ds (i=1,2,---,N).

t—oo t 0

For a given £ = (£1,&,--- ,&n) " € SV, denote [¢f¢(€), ¢, (€)] as the spreading
speed interval of ([J)) in the direction of £ € SV~1. We have

N N
C;knf(g) = ETnf(g) - Z dlgla C:up (g) = E:up(g) - Z dlfl
i=1 =1

For given ag(+), &€ = (&1,&2, -+ ,&n) T € SV1, and p € R, by Theorem 210 (1), we

have
Mo & (ahr00) _ Mpo& (0 Ena0) g
H H i=1
Therefore, in the rest of this section, we assume that a;(¢) = 0. Hence (L)) reads
as
(4.2) %:Au—l—f(t,x,u), reRN.

Recall that u(t, -; s,ug) denotes the solution of [@2) with u(s,-;s,up) = uo(+).
For given ag(t), p € R, and £ € SV~ ([B4) becomes

N
Ou ou
(4.3) Fn = Au+ i:E 1 af’ga—xi + af)"g(t)u, T € RN,
where a¢ = ({a"*}N,, %), a* = —2u& (i = 1,2,---,N), and al*(t) =

ao(t) + p?  Let wu(t,-;s,up,a*®) be the solution of @3) and @B3) with
u(s, - 5, ug, a¢) = ug(+) for ug € Xr.
Note that for any £ € SV and p > 0,
)‘(Magv aO) = &0 + ;Ufza

where ag = lim;_ 4,00 ﬁ f; ao(7)dr (see Theorem 210 (1)). Hence A(u, &;ap) is
independent of &, and we may write it as A(u; ag). For any p # 0,

A3 7
(M?ao) _ @ +u
7 [
Therefore if A\(ag) > 0, there is a unique p* := p*(ag) > 0 such that
)\ *, )\ .
(44) (IU/ ,CL()) — inf (M?ao).
I p>0

In the following, we assume that A(ag) > 0 unless specified otherwise. Let
0 < p* < p* < ph be fixed, where p* is such that (£4) holds.
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Forany s € R, >0, &€ SN~ and T > 0, let
(I)(Ta S, @, Ky E)UO = U(S + Ta 58, Uo, alhf)
for ug € Xr. Then ®(T; s, a9, u,§) : X — X is a compact and strongly monotone
operator (i.e., for any bounded subset E C X, ®(T; s, ag, i, §)E is relatively com-
pact in X, and for any ug € Xy, with ug > 0 and ug # 0, (D(T; s, ag, i, §)ug)(x) >
0 for z € D). By the Krein-Rutman theorem, the eigenvalue of ®(T};s, aq, p, &)
with the largest module is real and simple. We call it the principal eigenvalue of

O(T; s, a0, 1, &) and denote it by Ar(s,ag, 1, €). Let e(®(T; s, ao, 1,€)) be a corre-
sponding eigenfunction. We have that e(®(T'; s, ag, i, €)) = constant and

)\T(S7 G/O,/,L,f) = efoT(ao(S-i-T)-i-u2)dT7
1 1 T )
(4.5) Tln Ar(s, a0, 1, €) = T (ao(s + 1) + p*)dr.
0

Note that Ar(s,ag, i, €) is independent of £, and we may write it as Ap(s, ag, ).
It is clear that for T > 1, %IOT aop(s + 7)dr > 0 for any s € R (see Theorem A.1),
and then there is a unique p* (7, s, ap) > 0 such that

1InAr(s, a0, p* (T, 5,a0)) nf 1 InAr(s, ao, )

T 1 (T, s, a0) S w>0T 1 '

Lemma 4.3 below follows from Theorem A.1.

Lemma 4.3. For any 0 < e < min{p’ — p*, p* — p* }, there is T > 1 such that
w (T, s,a0) € (" —€/2, 1" +¢/2),
1lnA (T A A(p*s
_Il T(57a/07/'[/( asaao))e( (/’1/7a0)_€/2, (/’1/7a0)+6/2)
T p* (T, s,a0) w* w*
for all s € R, and there is pr € (u* —€/2, u* +€/2) such that

pr < (T, s,a0) forall s€eR.

Observe that when p = 0, [£3]) reads as
ou
(4.6) Fri Au + ap(t)u.

For any ug € C(RY,R) with ug(z) < M exp(a||z|) for ||z|| > 1 and some M, a > 0,
(@E) has also a unique solution wu(t, -; s, ug, ap) with u(s,;s,ug,ag) = ug(-) (see
[16]). Put i)(t;s,ao)uo := u(t + s, 8,up,a0) for such initial ug. Then for any
peER, € SN and ug € X, there holds

((I)(T’ S, ap, U, 5)“0)(1.) = 611«15(&)(’1", S, ao)ug’f)(x),

where uf*%(z) = e #"€yg(z) and up € X1
Observe also that there is a nonnegative measure m(y, dy) independent of pu, £
and ag such that

~ T
(4.7) (B(T; 5, a0)ult®) (z) = elo w0lsHmdr . / ubt (z — y)ym(y, dy)
for all s € R. Hence

B(T}; 5, ap, 1, ) (x) = €lo 20 (=+7 . / Mg (z — y)m(y, dy)
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and

1 1"
— S KY€
(4.8) T In Ar(s, ag, i) T (/0 aop(s +7) + ln/e m(y, dy))
Let w(s) be a smooth function satisfying w(s) = 1 for s < 1 and w(s) = 0 for
s > 2. For given B > \/p? + p2 + - -+ + p%;, define <I>B(T;s,ao)ug“5 by
(4.9) (B5(T; s, a0)uly®) (z) = elo @l / uly® (x — y)ymp(y, dy)
and define ®5(T'; s, ag, i1, &) by
(4.10) (®5(T; s, a0, i, &)up) () = "™ <(Dp(T, S7a0)ug’£)($),

where mp(y, dy) = w(||y||/B)m(y, dy) and ug’f(x) = e 18y (z) (up € X1). Simi-
lar to ®(T'; s, ag, i1, ), 5(T;s, a0, 1, &) : X1, — X1, is compact and strongly mono-
tone. Let Ap (s, ao, t,§) be the principal eigenvalue of ®g(T, s, ag, i,&). Then

1 1"

(4.11) Tln Ar.B(8, a0, 1, &) = T(/o ag(s+7) —i—ln/e”y'fmg(y,dy)).
Fix T, B, and ag. For u > 0, let

o 1 hl)\T)B(S,aO,M,f)
and

0
(4.13) P(s, 1, €) = ﬁ(u\l’(&u,f))-
Then
1 fSTH ao(T)dr +1In [ e"¥Smp(y, dy)
\II(SMU',&') = ?
L

and f ¢

L ey -Emp(y,dy

w(&ﬂwf):_ B( )

T [ervimp(y,dy)
Note that ¥(s, u, §) is independent of s. We may then write it as (u, £). By direct
computation,

1 [ e ey - &)*mply, dy) [ eV <mp(y, dy) — (f vty me(y,dy))2

’l,[}’u (ua 6) = T 2
(f e“y'fms(y,dy))
It then follows from the Holder inequality that

(4.14) Yu(p, &) > 0.

We also have

(4.15) ¥, (o0 €) = 001, €) = (s, ),
0 0

(4.16) @(MQ\I’H(S,M@)) = u@wws) > 0.

By the properties of fundamental solutions for parabolic equations (see [16]) and
the almost periodicity of (Il in ¢, we have

HQB(T7 570407#’6)“0 - (I)(Tv S, 0’07/~‘La£)u0||XL —0
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as B — oo uniformly with respect to s € R, g in bounded subsets of [0, c0),
¢ € SN and ug € Xy, with |lug||x, = 1. This together with (@3], (@3, [@II),
(#14), @I5), and (@I6]) implies that for B >> 1, there is a unique i (T, s, a,&) > 0
such that ¥, (s, u; (T, s,a0,§),€) =0 and
l In AT,B(Sa ao, :U‘*B(T? S, 4o, §)7 6) — inf l In )\TvB(S’ ag, K, f)
T 1ws(T, s, a0,€) w0 T 7

Moreover, Lemma 4.4 follows.

Lemma 4.4. Let € >0 and T > 1 be as in Lemma B3l Then there is B > 1 such
that

up(T,s,a0,8) € (0" — € p" + ),
1In A7 (s, a0, p5(7T), 5, a0,), §) c ()\(M*;ao) iy A(p*; ao) +6>
T 1(T, 5, a0,8) Ty Lo
for all s € R and £ € SN~ Moreover, there is ur.p € (u* — €, u* + €) such that

pr.g < wWy(T,s,a0,€) forall s€R and €€ SN
The next lemma will play a crucial role in the proof of Theorem ETl

Lemma 4.5. Assume that there is an almost periodic function ag(-) such that
Mag) > 0 and f(t,z,u) > ao(t)u fort e R, 2 € RN, and 0 <u < 1. For anye >0
and £ € SN~ there are T > 1 and vy € X (€) such that

(4.17) w(T + s,x;8,y,v0) > vo(x — c€T)
for all z,y € RN, s € R, andc<infﬂ>ow —€e(= w —€).

Proof. We prove the lemma by modifying the arguments in [36], [34] or [66] for the
time periodic case.

First of all, take any ¢ € S™V~1 and fix it. By Lemma F4] for any e > 0, there
are T > 1 and B > 1 such that p5 (T, s, a0,&) € (u* — ¢, u* +¢) for all s € R and
there is pp p € (* — €, * +¢€) such that ur g < pi(7, s, ao, &) for all s € R. Then

1 InAr (s, a0, pi1,8:§) S Ap*5a0)

T KT,B w*
Fix T, B, and ag. Let U(s, p1,&) and (s, p, &) be as in [@I2) and (II3). Recall
that ¥(s, u, §) is independent of s, and we write it as ¢ (u, ). By ([@I3) and (£I6]),

Z/J(ME(Ta S, aO)ag) = \I](Svﬂ*B(Tv S, aO,g),g)

for all seRR.

and

(4.18) (&) < U(s,w,&) for p< up(T,s,ap,§).

Note that %ﬁj’g) for 4 € [u* , p% ] is bounded above by a constant independent
of T'>1and B > 1. Let i = pr p in the following. Then there is a constant
My > 0 (independent of €) such that

AMp*sa
¢(Ma§) > % - MOG-
Let 0 < v < 1 be such that

/6‘“"§ cos(vy - §)mp(y, dy) > 0.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



SPREADING SPEEDS IN TIME ALMOST PERIODIC KPP MODELS 5151

Let
1 hy-€ g . d
o) = Lt LSOy - Omily, dy).
gl Jervscos(yy - €)mp(y, dz)
It is not difficult to prove that

lim z(v) = TY(u, §).
~—0
Let 0 < v < 1 be such that z(vy) > 0 and
Y(B+z(7y)) < .

For 0 < § < u',, define

inf>
3(r) = de kT sin(w.r) for 0<r <m/y,
0 otherwise

and
v(z) = v(x - &).
Choose 0 < § < 1 such that

0< i(t;s,ao)vtg <pB for 0<t<T, seR,
where vs(x) =6 and S > 0 is such that
flt,z,u) > ag(t)u for teRzeRY 0<u<p.
Then by the comparison principle for parabolic equations,
u(t + 5,75, ,10) > B(t; 5, a0)u0 > B(t; 5, a0)vo

forOStST,sER,yERN,andanyvoeXwithOSUOS(S.
Note that

B (T; 5,a0)v(- + 7€ + 2(7)€)(0) = elo ol /U(—y + 18+ 2(7)8)mp(y, dy).
When 0 <r < /vy and |y| < B, —n/y < —y-&+r+ z(v) < 2n/v. Hence

v(=y + ré+ 2(7)§) = s HVETTED sin(y(—y - £+ 7 + 2(7)))
for 0 <r < 7/yand |ly|| < B. This implies that

Dp(T;s,a0)v(- + 1€ + 2(7)€)(0)

S 5. el ao(striar / ey ERTH200) gin(y(—y - € + 1 + 2(7)))mp(y, dy)

= § - elo aolstm)drgmpro—pz(y) | (Sin(v(r +2(7))) / e cos(vy - )mp(y, dy)
— cos(y(r + 2(7))) /e‘“"€ sin(yy - &)ma(y, dy))

=5 - elo aolstrdr g—pr—pz(1) . / eV cos(yy - E)mp(y, dy) (Sin(v(r +2(7)))
— tan(y2(7)) cos(1(r + 2(7))))

= ¢7H) sec(yz(7) Ju(rE)els w0+ / e cos(yy - ©)mp(y, dy)

for 0 <r < 7/yand |jy|| < B.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



5152 WENXIAN SHEN

Note that
lim e #*() = —#TY(1:8)
v—0 ’
111% efoT ao(s+7)ds /euy~£ COS(’yy . §)m3(y, dy) — HTU(s58)
y—
Hence

lim e~ #*() sec(yz(7))elo als+mds . / "V cos(vy - €)mp(y, dy)

~y—0

= P (T (58 =% (158) - 1

uniformly in s € R. This, together with v(r{) = 0 for » < 0 or r > 7/, implies
that for 0 < v <« 1,

Pp(T, s,a0)v(- + 1§ + 2(7)€)(0) = v(rE)

for all s € R and r € R.
Observe that @ attains its maximum at a unique point ¥ = v~ tan™!(y/u).

Define
do(r) = {1:)(7“) for r<-—m/y+7, )
o(r+m/y) for r>-—-w/y+7T
and
vo(z) = to(z - §)
Then

O p(T, 5, a0)v0(-) () = vo(z — 2(7)€)
for 0 < v < 1 and all z € RV.
Recall that

lim 2(v) = To(u, €) > T(M -~ Moe).

~—0
Then
u(T +s,2;8,Y, UO) > q)B(Ta S, aO)UO(')(I) > UO(I - CfT)

for all s € R and =,y € RY, and ¢ < Auia0) _ Mgye. The lemma is thus proved by

w*

the independence of My on e. (I
We now prove Theorem [£T]

Proof of Theorem [l (1) Tt is a special case of Theorem [B] (1). See the next
section for the proof of Theorem (1] (1).

(2) First of all, take any & € SV~1 and fix it. For given € > 0, let T and vy be
as in Lemma Then

w(T + s,2;5,y,v0) > vo(x — c£T) for z,y € RY, seR.
This implies that
u(s+ 2T, z;8,y,v9) > u(s+ 2T, ;T + s,y,v0(- — c€T))
u(s+ 2T,z — €T T + s,y + €T, vo(+))
> wo(x — 2¢€T) for s €R,z,y € RY.

By induction, we have

u(s +nT,x;5,y,v0) > vo(x — enéT) for seR,z,ycRY n=12,. ...
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This together with Proposition B.7limplies that for any e > 0 and ¢ < inf,,~ A(”;ao)
— e
lim — (u(t+s,2;8,y,00) —ut(t+s,2+y) =0
z-£<ct,t—00
uniformly in s € R. Therefore, by Proposition B, ¢} (&) > inf, >0 w — ¢ and

then ¢ ;(£) > inf,~¢ w

Now assume that f,(¢t,2,0) = f.(¢,0,0). Let ao(t) = f(¢,0,0). Then for any
<ok,

ft,z,u) > (ag(t) —S)u for teRzeRY 0<u< 1.
By the above arguments,
Cine(§) 2 (& a0 — ).
By Theorem 27, ¢;(&; a0 — 0) = (&5 a0) = ¢1(€) as 6 — 0. We then have
it (§) = a(8).

(3) Assume that f(t,z,u) < fu(t,z,0)u for t € R, z € RN, and u > 0, and

fult,,0) = £u(£,0,0). By (1), we have

Coup(§) < inf Mus ao) for any & e SNL.
n>0 n

By (2),
(€)= a(€) forany €€ SV
We then must have
Cut(€) = cyp(§) = cr(§) forany €€ SV
O
Proof of Theorem B2l (1) It is a special case of Theorem (1). See the next
section for the proof of Theorem (1).
(2) We prove it by modifying the arguments in [45].
First of all, let ¢ < w be fixed. Take a § > 0 such that

A ;@
AMag) >0, ¢< w and < i,
where ag(t) = ag(t) — ¢ and f* is such that ME£ido) inf,~o W (this is
possible because of the continuity of A\(u, &;ag) in ag). Let > 0 be such that
ft,z,u) > ag(t)u for teR, zcRY 0<u<p.

For any given constant Moy, let f(t,u) = u(ag(t) — Mou). Then (LI with f
being replaced by f satisfies (H1) and (H2). Let @" (¢, 2) be the positive solution of
() with f being replaced by f satisfying the fact that @* (¢, z) is almost periodic
in ¢ and periodic in «; with period p; (j = 1,2,---,N). Choose M, sufficiently
large so that

0<at(t,z)<p for teR, zecRY,

Then there is 3 with 0 < 3 < 3 such that
f(t,z,u) > f(t,u) > ao(t)u for teR,zeRY 0<u<g
Moreover, there is 4g(r) such that it is decreasing in r,

o(z) <up(z) and do(x) <fB for zeRYN,
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and
do(x) > Ce ™ ¢ for z-¢&>1 andsome C >0,
where i (x) = @3(z - £). Clearly, 1o € X5 (€).
Note that A(u,&;dg) is independent of € € SN¥~! and we may then write it as

A(p; ao). Take pq, po with g < g < pe < fi* such that ¢ < W Then

Y, A .5 A .z ™ a
(13 @o) S (3 o) - (p12; do) o (,u~;a0)'
I f 142 fi
For any € > 0, there is T' > 0 such that

~ Tts ~p;€ ~

i a T)dr M
c< (p ao)_6<fs ) < (u ao)+6
i T Wi
fori=1,2 and all s € R, and

[

Trs &52’5(T)d7

s Te
Ty Tpa
for all s € R.
Let
s+nT JOTIR
n 1 fs+(n_1)T ag g(T)dT
ci(s) = T "
and

$r (1) = oSy (@67 () = pact (s))dr

forseR,i=1,2,andn=1,2,---.
Let

bt 2:8) = dy et @ESIZ AT =5 ()= (r=1)T =) g (1)
_ dye 2@ E LIS OT e} () —(n=1)T—5)) g (1)

forz € RN, s€R, s+ (n—1)T <t<s+nT,andn=1,2,---, where d; and ds
are two positive constants to be determined later.

Note that ¢ (s) < cf(s) for s € Rand n = 1,2,---. Then v, (t,z;s) is a sub-
solution of ([0) with ag being replaced by ag for s + (n — 1)T <t < s +nT. Note
also that

Un(s+nT,x;8) = pp1(s+nT,a;s) for z€RYN secRn=1,2---.

P (t, 23 s) < 0 for x~§—zz;11 ()T —c5(s)(t—(n—1)T—5s) < 0, and 1, (t, 7;5) ~
dy e (@E=Y00) e ()T —c3 (8)(t=(n=1)T=9)) yn (¢) for

x-&— iclg(s)T —cd(s)t—(n—1)T —s) > 1.
k=1

It then follows that there are di; > do > 0 such that

110(.’13‘) Z ¢1(3’1‘§S)7
Unlt,z;8) < B, s+(n—1)T<t<s+nT
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forzeRY, seR,andn=1,2,---, and
n—1
Un(t, (Y ()T + 5 (s)(t — (n = DT — ))& 5) = digl () — dadph (t) > 5o
k=1

for some dp >0, any s€R, s+ (n—1)T' <t <s+nl,n=12,---.
Let a(t, x; s, @) be the solution of (£2) with f being replaced by f and with
(s, x; 8,10) = Gg(x). It then follows that

B> a(t,z; s, ) > Yn(t,z;s) for s+ (n—1)T <t<s+nT

forn=1,2,--- and s € R, z,y € RV
Then by the comparison principle for parabolic equations, we have

u(t7x;57yau0) > U(t,I, Say7ﬂ0) > ’l](t,.I,S,INLQ) > 50

forseR,yeRY z-£< 22;11 AT +ch(s)(t—(n—1)T+s)and s+ (n—1)T <
t<s+nlT,n=12---.
By Proposition B.7, we then have

liminf  (u(t+ s,2;8,9,u0) —ut(t+s,2+y)) =0
z-{<(c—e)t,t—o0

uniformly in s € R and y € RY. This, together with the arbitrariness of ¢ with

c< Ap€ia0) a1 the arbitrariness of €, implies that cine(ug, &) > w
(3) First, by (1),

A, & a
Csup(u(hf; (l()) S %7
where ag(t) = fu(t,0,0) = fu(t,2,0).
For any 6 > 0,

ft,z,u) > (fult,z,0) —6)u for teR,zeRN,0<u<1.

Then by (2),
Mup,& a9 — 0
Cinf(u()af) Z (NgTO)
Letting § — 0, by Theorem 2.7] we have

A, &5 ao)
Csup (U0, &) = cint(u0, &) = # U
5. SPREADING SPEEDS AND GENERALIZED PROPAGATING SPEEDS

IN SOME GENERAL CASE

In this section, we investigate the spatial spread and front propagation dynamics
in some general case.

Throughout this section, we assume that ag(t, z) is some given function which
is uniformly almost periodic in ¢, periodic in z; with period p; (j = 1,2,--- ,N),
and globally Holder continuous in t and x. wu(t,-;s,y,ug) denotes the solution
of [LA) with w(s,;s,y,up) = up(:) (ug € X), and u(t,-;s,ug) = u(t,;s,0,up).
For given ao(t,z), p > 0, and & € SV, A, & ap) is the principal Lyapunov
exponent of ([3.4) and B3). ¢(oya*) is the associated principal Floquet bundle
(see ([Z) in section 2 for a definition), where a#¢ = ({a*}N | ah*) (see (34))
and oyat(-,-) = a** (- +t,-). k(oah?) is defined as in (ZF) with b being replaced
by ot ¢;(€;a0) and ¢;(€) are defined in (7)) and (LH), respectively.

The main results of this section are stated as follows.
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Theorem 5.1 (Upper and lower bounds and variational principle).

(1) (Upper bound) Assume that f(t,z,u) < ao(t,x)u fort € R, x € RY, and
u>0. Then

Coup(€) S a(§sag)  for any €€ SV
(2) (Lower bound) Assume that a;(t,x) = a;(x) and that A(ag) > 0, f(t,x,u) >
ao(t,r)u fort € R, x € RN, 0 < u < 1. Assume further that ao(t,z) can
be approximated by time periodic functions. Then

() > (€ a0)  for any €€ SN

In particular, if a;(t,z) = a;(x) and f,(t,2,0) can be approzimated by time
periodic functions, then

(€)= a(€)  for any € SV
(3) (Variational principle/linear determinacy) Assume that a;(t,z) = a;(z)
and f(t,z,u) satisfies that f(t,z,u) < fu(t,z,0)u fort € R, x € RY, and
u >0, and fy(t,2,0) can be approzimated by time periodic functions. Then

Cint () = Cup(§) = ca(§)  for any €€ SV
Theorem 5.2 (Generalized propagation).
(1) (Upper bound) Assume that f(t,z,u) < ag(t,z)u fort € R, x € RV, and
u>0. If ug € X5 (&) is such that ug(z) < Ce %% for x- £ > 1 and some
C >0 and >0, then

Alp, €

1

(2) (Lower bound) Assume that a;(t,x) = a;(z) (1 = 1,2,--- ,N) and that
Mag) > 0, f(t,z,u) > ao(t,z)u fort € R, x € RN, 0 < u < 1. Assume
further that ag(t,x) can be approzimated by time periodic functions. If
ug € X5 (€) is such that ug(x) > Ce ¢ for x- & > 1 and some C > 0
and 0 < p < p*, where p* is such that )‘(“TMO) = inf,~0 W, then

Cint (U0, &) > M-
1

(3) (Front solutions of constant speeds) Assume that a;(t,x) = a;(x) (i =
1,2,---,N) and f(t,z,u) < fu(t,z,0)u fort € R, z € RN, and u > 0, and
that ag(t,x) = fu(t,x,0) can be approzimated by time periodic functions.
If ug € X5 (&) is such that Cre "¢ < ug(z) < Coe ™€ for x- &> 1 and
some C1,Co >0 and 0 < p < u*, then

_ )‘(/1’7 6; aO)

Cinf(u(), 5) = Usup (U‘O> g) - T

Hence for any ¢ > ¢/(€), there is a front solution of (L)) in the direction
of & which propagates at the speed ¢ and there is no front solution in the
direction of & which propagates slower than c;(§).

Observe that f(t,z,u) = wu(a(z) — b(t,x)u), f(t + T,z,u) = f(t, z,u), and
f(t,z,u) = f(z,u) are examples with the property that f,(¢,z,0) can be approxi-
mated by time periodic functions.

=

~—

Csup (’LL(), 5) S
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Proof of Theorem Bl (1) Assume that f(t,x,u) < ao(t,r)u for t € R, z € RV,
and u > 0.
Given any p > 0 and ug € X (€), there is ag > 0 such that

uo(x) < age™ (o) (x)

for z € RY and s € R. It then follows from the comparison principle for parabolic
equations and Theorem that

[t k(orat€ydr
u(t, x; s, u0) < aoe_“(xf_ z )¢(Uta“’5)(x)

for s € R, t > s, and x € R,
Note that

1 t
A, & ap) = lim //{(JTa“’f)dT

t—s—ool — 8
(see Theorem 24)). Hence for any € > 0,

A, 8)+e
)

P(o1150"%)(2)

for t > 1 and s € R. This implies that for any ¢ > W,

u(t+ s, ;5 8,up) < e_”(w'f_

limsup wu(t+s,z;s,ug) =0
x-£>ct,t—00

uniformly in s € R. Therefore ¢}, (§) < A(“fa) for any p > 0 and then ¢, (§) <
: Alp,€5a0)
lnf/(;)OFirsch let.O < B < 1 be such that
ft,z,u) > ao(t,z)u for teR,zeRY,0<u<p.
Assume that af}(¢,2) (n=1,2,---) are periodic in ¢t with period T}, and that

lim sup Jag(t,z) —ao(t,x)| = 0.
n—oo tER,%ERN

Without loss of generality, we may assume that
ay(t,z) < ao(t,x) for teR, zeRY n=12..
Define f,(t,z) = u(af(t,z) — Mou), where My is some positive number to be
determined later. Then
ft,z,u) > fo(t,z,u) for teR, zeRY, 0<u<s,
and by Theorem 2.7
A0,&a5) >0 for n>1.

It follows from the arguments in [61] that (II]), with f being replaced by f,,, satisfies
(H1) and (H2). Let u; (¢,z) be the positive solution of (LIl with f being replaced
by f» satisfying the fact that u;}! (¢, ) is almost periodic in ¢ and periodic in z; with
period p; (j =1,2,---,N). Take My > 0 to be sufficiently large so that

0<uf(t,r)<p for teR xRN n>1.

Let ¢ (€) be the spreading speed of (LI)) with f(¢,x,u) being replaced by
fn(t,z,u). Then by Proposition B7] and the comparison principle for parabolic
equations,

Cine(€) 2 € (6) for €SN > 1
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Now by the theory developed in [65], [66], there is a bounded sequence {,, } such
that
e (€) = inf A &) _ Mpn, & 05).
>0 H Hn
Without loss of generality, assume that p, — po. By the continuity of A(y, &;af})
(see Theorem 7)) in aff and A(0,&;ag) > 0 (see (H2)), we must have ug # 0. Hence
by Theorem [2.7]

nli)nolo )\(,U/n, 67 a/g) = >\(/“'L07 67 G/O).
It then follows that

A(po, & ao) > inf )\(%ﬁ;ao).

c >
mf(g) = Lo = 450 L
Finally assume that a,(¢,2) = a;(z) (i =1,2,--- ,N) and that f,(¢,2,0) can be
approximated by time periodic functions. Note that for any § > 0,
ft,x,u) > (fu(t,z,0) —8u for teRzeRY,0<u<1.
Let ag = fu(t,z,0). Then by the above arguments, ¢}, (&) > ¢;(&; a9 — 0) for any
€€ SN"Land § > 0. Letting 6 — 0, by Theorem 2.7 we have

Ciur 2 () for any ¢e SV

(3) Tt follows from (1) and (2). O

Proof of Theorem 52 (1) By the assumption on ug, there is o > 0 such that
uo(x —y) < ae " EP(0,a%) (x) for xRV

forany s € Rand y € D. It then follows from Theorem [2.8] the comparison principle
for parabolic equations, and the assumption f(t,x,u) < ag(t,z)ufort € R, z € RV
and u > 0 that

w(orat€ydr

I
u(t7x;87y7u0) = U(t,$+y,S7UO(_y)) S ae*#((“ﬂ’y)f* s )¢(Utau>£)(x+y)

for t > s, 2 € RV, and y € D. Note that

. 1
lim
t—s—oot — 8§

t
| rloraydr = Aps6 a0
Hence for any € > 0,

S k(orart)dr < A9
% %

+e)t

for t > 1 and any s € R. This implies that for ¢ > w,

limsup u(t+ s,z;8,y,up) =0
x-£>ct,t—o00

uniformly in s € R and y € D (hence y € RY by the periodicity (L) in x).
Therefore coyp (€, up) < W
(2) If W = cf (&), it follows from Proposition that cinf(uo, &) >

Ce(§) = 7/\@’5;“0).

inf
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Assume W > (&) = w and p < p*. Assume al(t,z) (n =

1,2,-+) are periodic in ¢ with period T;, and that

lim  sup |ag(t,x) —ao(t,z)| = 0.
N=0 4R zeRN

Without loss of generality, we assume that
ay(t,r) < ao(t,x) for teR, zeRN¥ n=12-...
Then there are p < p1 < pg < p* such that

A800) o An&E) o A2, 6 05)

12 1 K2

for n > 1. Note that ¢} and ¢} can be made as close to w as we wish by
choosing sufficiently large n and proper p1, po.

Assume that p € RY is such that a;(t,z + p) = a;(t,) (i = 1,2,---,N),
ap(t,x + p) = ap(t,x), ft,x +p,u) = f(t,z,u), and p- & > 0. Fix n sufficiently
large. Let

d]n(t + S, :E) = dle_'ul(xf_cgt)(b* (t7 €T3, gu ag) - d26_'u2($.£_c;t)¢* (tu €Z5 2, gu ag)u

where dy,ds are positive constants to be determined later, and ¢* (¢, z; u;, &, a})
is a positive principal eigenfunction of ([4) with ag being replaced by aj and
T =T, (¢ = 1,2). Then by Theorem 29 " (¢,z) is a sub-solution of (34)
with ag being replaced by afj. Note that " (t,z) < 0 for = - £ — ¢§t < 0 and
Y (t,x) ~ dye M @EmEt gn(t x) for @ - € — ¢t > 1. Tt then follows that there are
dy > dy > 0 such that
uo(- —y —kp) > 4" (s, ")

forallse R, ye D, ke Zt,

Pt +s,2) >8>0
for it —p- & <x-& <Pt and some § < 1, and
1/)n(t+s,')§ﬂ, tZOv

for all s € R, where 8 > 0 is such that f(¢,z,u) > ao(t, z)u for 0 < u < 8. It then
follows that

ult 4 5,2~ kpés s,y u0) = ult + 5,2 5,up(- — y — kp€)) > ¥"(t 4 5.2)
fort >0,s €R, y € D, k€ Z". This implies that
(5.1) u(t + s,z;8,y,u0) > 9

forseR, t>0,ye D, x-&<cht.
By (B)) and Proposition B, for ¢ < cf,
li t ; —ut(t =0
xiggcltr}z_)w(u( +s,x;8,u0) —u (t+s,2))
uniformly in s € R and y € D (hence y € RY). This implies that cint(ug, &) > &

) > Alpgiao)

and then cipg(ug, & m

(3) First, by (1),
)\(M, 61 aO)

Csup (U, §) € ————.
sup 1
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For any 0 < § < 1, f(t,x,u) > (fu(t,r,0) — &)u for t € R, z € RV, and
0 <u< 1. By (2),

Mup, & a9 — 0
Cint (0, &) > M_
1
Letting § — 0, by Theorem [2.7] we have
A, & a
Cinf (10, &) > M-
1
Therefore, we must have
_ )‘(/1’7 6; aO)

Cinf(“Oug) = Csup(u07§) - -
I
Next, for any ¢ > ¢;(€), choose uy € X5 (€) such that ug(z) = e #*¢ for z-& > 1
if ¢ > ¢;(€) and choose uy € X (€) if ¢ = ¢;(€). Then by the above arguments,
Proposition B, and Theorem Bl (3), u(t, z;s,ug) is a front solution of (1)) in
the direction of £ with speed c¢. By Proposition again, for any ug € X (€),
Csup (U0, &) > cine(uo, &) > ¢t p(€) = ¢(§). Hence there is no front solution in the
direction of & which propagates slower than ¢;(€). O

6. INFLUENCE OF SPATIAL AND TEMPORAL VARIATIONS ON SPREADING SPEEDS

In this section, we consider the influence of time and space variation on spreading
speed.

Throughout this section, ag(t,z) = fu(t,z,0). We write A\(u, &; ag) or A(u, &; a)
for the principal Lyapunov exponent of ([34]) and &3)).

Let

. 1t . 1t
ai(x) = tlg(r)lo 7 ai(s,x)ds, ao(x)= tlggo 7 ap(s, x)ds,

0 0
1
ailt) = alt.)dn, ao(t) = o [ aolt.a)da,
. D] J»

1
D
1 . _ 1 .

a; = F/Dai(l")dl"v ag = W/DGO(I)dL

where i = 1,2,--+ , N and |D| denotes the Lebesgue measure of D. Put

a0 =) = o S,
and
w0 =0 = o S,
where a = ({a;}Y.1,a0), @ = ({a;}q,a0), and @ = ({@;}}¥,,d), and where

A, & a), Mu, & a), and A(p, &;a) are the principal Lyapunov exponents of (28]
and (22), with a being replaced by a, a, and a, respectively.
The main results of this section are stated in the following two theorems.
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Theorem 6.1 (Influence of time and space variation on linear spreading speed).
(1) Ifa;(t,x) = a4(t) (i=1,2,---,N) and ao(t,x) = ao(t), then
al€) =¢&) forany €SNI
(2) If a;(t,x) = ai(z) (i=1,2,---,N), then
a(€) > &) forany €e SV

Moreover, ¢;(€) = ¢/(&) for some € € SN=1 if and only if ap(t, ) is of the
form ag(t,z) = ap1(t) + aog( ).
(3) Ifa;(t,x)=a; (i=1,2,--- ,N) and ao(t, z) = ap(x), then

1(€)  forany €€ SNTL

Moreover, ¢;(& ) ¢ some & € SN7L if and only if ap(x) = ao.

(&) fo
4) Ifa;(t,z) =a; (i=1,2,---,N), then

a(€) =z e(8) >a(§) forany &e SN
Moreover, ¢;(&) = ¢1(€) = &(€) for some € € SN~ if and only if ao(t,r) =
ao(t).

Theorem 6.2 (Influence of time and space variation on spreading speeds).
(1) Ifa;(t,x) = a;(t) (i=1,2,--- ,N) and ap(t,z) = ag(t), then
Coup(€) = €p(€) 2 @(€)  for any €€ SV
Moreover, if f(t,z,u) < ao(t)u fort € R, z € RN, and u > 0, then
Coup(&) = Cins(€) = @a(€)  for any €€ SVTL

(2) If a;(t,xz) = a;i(z) (i = 1,2,--- ,N) and ap(t,x) can be approximated by
time periodic functions, then

csup(g) 2 Clnf(g) > él(f) fOT’ any f € SN_l‘
Moreover, if f(t,z,u) < ao(t,z)u fort € R, x € RN, and u > 0, then
Cup(€) = Cine(€) = &()  for any &€ SN
)¢

and (3, (§) = et (&) = ¢(&) for some € € SN=Lif and only if ao(t,z) is
of the form ao(t,x) = ap1(t) + agz(x).
(3) Ifa;(t,x)=a; (i=1,2,--- ,N) and ao(t, z) = ap(x), then
Cup(€) = cine(€) 2 @(&)  forany €€ SN
Moreover, if f(t,z,u) < ao(z)u fort € R, x € RN, and u > 0, then
C:up(g) = Ci*nf(g) > El(f) fOT any 5 € SN_I

and (¢ Sup(f) =)c ¢ (&) = G (&) for some £ € SN=1if and only if ap(x) = ag
fort €R and x € RV,
(4) If a;(t,z) = a; (i=1,2,--- ,N) and ao(t,x) can be approrimated by time
periodic functions, then
Coup(€) = € (€) 2 &(8) 2 @()  forany e SV

Moreover, if f(t,z,u) < ao(t,x)u fort € R, z € RN, and u > 0, then
Cup(§) = cine (&) = &(&) = @(§)  for any e SN

(€
(

(
(
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and (¢4, (&) =) (&) = @) = a(€) for some & € SN~ if and only if
ap(t,x) = ap(t).
Observe that

&0(.’[) :fu(xao)a CVl()(t) :fu(tao)v ag :fu(o),

where
1 t
f(x,u)—tgngog ; (s, z,u)ds,
1
ftw = [ fouds
) =1py [, /6w
and

_ 1 .
flw) = W/Df(:c,u)dx

If f(t,z,u) < fu(t,z,0)u for u > 0 and f, f. f are KPP type functions, then by
Theorem 1] (3) and Theorem[B.11(3), ¢;(£), ¢(€) and ¢(&) are the spreading speeds
of the following time-averaged, space-averaged, and time-space-averaged equations

of (1)),

+ f(z,u), zeRY,

(6.1) = Au+ Z

(6.2) *Au—kZaz Ju), xRN,
and

ou al

b N
(6.3) T Au—i—;az f(u), xeRN,

respectively. Therefore, Theorems and show that the time and space vari-
ation of the media cannot slow down the spatial spread; it indeed speeds up the
spatial spread except in certain degenerate cases.

Proof of Theorem [61l. (1) By Theorem 210l (1), for any 4 > 0 and ¢ € SVN—1,

N
A(u,ﬁ;ao>:t};gloot_s uZaz )i+ u? dT—ao—uZ;azﬁmLu
Then
N N 2
. ao_ﬂzi=1ai§i+ﬂ o
a(é) = ;r;fo . = a()

for any ¢ € SV-1.

(2) By Theorem (2), Mp,&a) > Mu,&a) for any g > 0 and € € RV,
Hence ¢;(&) > ¢(€) for any & € SN=L If ¢(¢) = ¢/(&) for some & € SV1 and
ag(t,x) is not of form ag(t, z) = ap1(t) + agz(z), then by Theorem 210 (2) again,
A, &5a) > N, &;a) for any g > 0, € € S¥=1 Since ¢(€) = inf,>0 (”5a)

infuaﬁuﬁua’ W (see Theorem 27, there is u* € [uy,pud] such that cl(ﬁ) =
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w But )‘(“;;5;“) > 5‘(“;;5;&). Then we must have ¢(§) < ¢/(&), a contra-
diction. Therefore, if ¢;(&) = ¢/(€) for some ¢ € SN~! we must have ag(t,z) =
aop1 (t) + ap2 (.’L‘)

Conversely, if ag(t,z) = ao1(t) +
A, & @) for any g > 0 and € € SV~1 Hence ¢;(&) = ¢(€) for any ¢ € SVN—L.

(3) By Theorem EI0 (3), Mu, & a) > M(p, & a) for > 0 and any & € SV—1 and
A, & a) = Mp, & a) for some p > 0 and some € € SN~ if and only if ag(z) = ao.
(3) then follows by the similar arguments as in (2).

(4) By (2), a(§) > @(§) for any € € S¥=1. By (3), a(§) > @(§) for any
£ € SN~1. 1t then follows that

a(§) > ¢ (f) >¢(f)

ap2(z), then by Theorem 2T0 (2), A(,&;a) =
1
)

for any ¢ € SN~1. Moreover, by (2) and (3), ¢;(¢) = ¢(&) = &(¢) for some
¢ € SN-1if and only if aol(t, :z:) = ap1(t) —I— apz2(z) and agz2(x) = agz, hence if and
only if ag(t,z) = ag(t). O

Proof of Theorem [6.2l Observe that in any case, there holds

Cup(&) > ¢fp(€) forany € e SV
(1) By Theorem [4.1] (2), we have
Cint(§) =€)
for any ¢ € SV—1. By Theorem [6.1] (1),
a(€) =€) for any €€ SV

Hence

(€)= &(€) forany ¢ e SN
It then follows that

céuP(g) 2> clnf(f) > él(&) for f € SNil.

If f(t,z,u) < ag(t)u for t € R, x € RN and u > 0, then by Theorem ET] (3) and
Theorem (1),

Gup() = Ciup(€) = &(€) for any €€ SVTL
(2) By Theorem 511 (2),
ue(€) > (€) forany e SV
By Theorem (2),
al(€) > a(€) forany €e sV
It then follows that
Coup(&) 2 fup(€) 2 &(€) forany €€ SN
If in addition f(t,z,u) < ag(t,z)u for t € R, x € RY, and u > 0, and ay(t, x)
can be approximated by time periodic functions, then by Theorem [E11 (3),
Coup(€) = s (€) = ci(§) forany €€ SV

This implies that ¢, (&) = &(£) for some ¢ € SN1 if and only if ¢;(&) = &(&) for
some ¢ € SN~1 which, by Theorem [6.1] (2) is equivalent to the fact that a(t, ) is
of the form ag(t, ) = ag1(t) + ag2(x).
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(3) Tt follows from Theorem [B] (2), (3), and Theorem (3) and the similar
arguments as in (2).

(4) Tt follows from Theorem B1] (2), (3), and Theorem (4) and the similar
arguments as in (2). O

APPENDIX A: ALMOST PERIODIC FUNCTIONS AND COMPACT FLOWS

In this section, we recall the definitions of compact flows and almost periodic
functions and collect some basic properties.

Definition A.1. Let Z be a compact metric space and B(Z) be the Borel o-algebra
of Z.

(1) (Z,R) := (Z,{0t}ier) is called a compact flow if oy: Z — Z (t € R)
satisfies: [(¢,2) — o0¢2] is jointly continuous in (¢,z) € R x Z, 09 = id, and
0500 = 0y for any s, ¢t € R. We may write z - t or (z,t) for oy2.

(2) Assume that (Z, {o¢}1er) is a compact flow. A probability measure P on
(Z,B(2)) is called an invariant measure for (Z, {0, }1er) if for any E € B(Z)
and any t € R, P(0¢(E)) = P(E). An invariant measure P for (Z, {o¢}ier)
is said to be ergodic if for any E € B(Z) satisfying P(o, '(E) A E) = 0 for
allt e R,P(E)=1or P(E)=0.

(3) Assume that (Z,{o:}+er) is a compact flow. (Z,{o¢}ier) is said to be
uniquely ergodic if it has a unique invariant measure (in such a case, the
unique invariant measure is necessarily ergodic). We say that (Z, {o¢}ier)
is minimal or recurrent if for any z € Z, the orbit {04z : t € R} is dense
in Z.

Given g € C(R x R™,R™), let
H(g) =cl{g - 7|7 € R},

where g - 7(t,2) = g(t + 7,2) and the closure is taken under the compact open
topology. H(g) is usually called the hull of g. Let (H(g), {0t }ter) be the translation
flow defined by o+(g) = g(t + -,-) for g € H(g). If g is bounded and uniformly
continuous on R x E for any bounded subset E C R™, then H(g) is compact
and metrizable under the compact open topology and hence (H(g),{o:}ier) is a
compact flow (see [54]).

Definition A.2. (1) A function g € Cynir(R,R™) is said to be almost periodic
if for any sequences {a, }, {8,,} C R, there are subsequences {a,} C {a,},
{Bn} C {B,,} such that

(A1) lim lim g(t+ oy + Br) = lim g(t + a, + Bn)
n— oo

k—oco0 n—o0

pointwise for ¢ € R.
(2) A function g € C(R x R*"R™), (t,z) — ¢g(t,x), is said to be uniformly
almost periodic in t if g is uniformly continuous on R x F for any bounded

subset £ C R™ and is almost periodic in ¢ for each x € R".
(3) Let g € C(R x R™,R™) be uniformly almost periodic in ¢, and let

(A.2) g(t,x) ~ Z ax(z)e™

AER
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be the Fourier series of f (see [64], [73] for the definition). Then S(g) =
{Aax(z) # 0} is called the Fourier spectrum of g, and M(g) = the smallest
additive subgroup of R containing S(g) is called the frequency module of g.

Remark A.1. (1) If g € Cunig(R,R™) is almost periodic, then for any sequences

{a,}, {B.} C R, there are subsequences {a,} C {a,}, {Bn} C {8} such
that the limit in (A.1) is uniform in ¢t € R (see [13]).
(2) Suppose that g(t,z) (g € C(R x R”,R™)) is uniformly almost periodic in
t. Then (H(g),{0t}ter) is minimal and uniquely ergodic (see [54], [73]).
(3) If g(t,z) (9 € C(R x R™,R™)) is uniformly almost periodic in ¢, then ay(z)
in (A.2) is given by ay(z) = lim_, o % f(f g(s,2)e"ds (see [73]).

Definition A.3. A function g € C(R x R™,R™) is said to be recurrent in the first
independent variable if it is bounded and uniformly continuous on R x E for any
bounded subset £ C R™ and (H(g), {ot}ter) is minimal.

Theorem A.1. If g € C(R x R™,R) is uniformly almost periodic in t, then the
limiat limy _ 4 o0 i fst g(7,x)dr exists for any x € R.

Proof. Tt follows from the results contained in [29]. O
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