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VARIATIONAL PROBLEMS WITH TWO PHASES
AND THEIR FREE BOUNDARIES
BY
HANS WILHELM ALT, LUIS A. CAFFARELLI AND AVNER FRIEDMAN'

ABSTRACT. The problem of minimizing [[ Vv ? + ¢*(x)A%(v)] dx in an appropriate
class of functions v is considered. Here ¢(x) # 0 and Mo)y=Aifo<0, =il
v > 0. Any minimizer u is harmonic in {¥ # 0} and | v u[* has a jump

() (N - A3)

across the free boundary {u # 0}. Regularity and various properties arc established
for the minimizer u and for the free boundary.

Introduction. In this paper we consider the problem of minimizing
J(v):f[|vv|2+q2(x))\2(v)] dx, v€EK,
Q

where g%(x) # 0,
N ifo<o,

M(v) =
(v) )\22 if v >0,

and A*(v) is lower semicontinuous at v = 0; it is assumed that A2 >0 and A = A} —
A% # 0. The class K consists of all functions v in L}, (), with Vo € L*(Q) such
that v = u° on a given open subset S of 92, and @ is a domain in R".

The analogous problem for functions in K = {v € K, v = 0 a.e.} was studied in
[1]; in that paper it was proved that any (local) minimizer of J(v) in K" is Lipschitz
continuous and, if n = 2, the free boundary d{u > 0} is analytic if g(x) is analytic.

The present variational problem is motivated by applications to the flow of two
liquids in models of jets and cavities; these applications will be studied in other
forthcoming papers [5,6]. The present work is aimed at extending results of [1]. In
particular, we shall establish nondegeneracy theorems, the Lipschitz continuity of
the solution, and some properties of the free boundary; for n = 2 the free boundary
is proved to be continuously differentiable.

A new and rather powerful tool introduced in this paper is the monotonicity
formula (Lemma 5.1) asserting that, for a minimizer u, if u(x,) = 0 then

r“‘f
Br
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432 H. W.ALT.L. A. CAFFARELLI AND AVNER FRIEDMAN

This is used in establishing Lipschitz continuity and in identifying blow-up limits.
The differentiability of the free boundary for n = 2 also involves a new set of ideas,
exploiting among other things, the monotonicity formula.

1. Existence. Let € be a domain in R" with boundary df which is locally a
Lipschitz graph. Let S be a nonempty open subset of 92 and let «° be a given
function in L} (Q) with vu® e L} (Q). Let g(x) be a strictly positive uniformly
Lipschitz continuous function in compact subsets of Q, and let A(u) be the function

A, ifu<O,
(1.1) Mu) = {}\2 ifu>0,
where A, A, = 0, and define A(0) such that
(1.2) 0 <A(0) <min{A,,A,}.
We assume that
(1.3) A=N—-XN#0.

Finally, set Q(u, x) = g(x)A(u).
We introduce the convex set

K={veLi(Q). voe L(Q).v=u’onS}

and the functional

J(v) =fQ(| voP + Q¥v.x))dx. vEK.

Problem (J). Find u € K such that J(u) = min g J(v).
THEOREM 1.1. If J(u°) < oo then there exists a solution of Problem (J).

PrROOF. Take a minimizing sequence u,. Then the Vu, are uniformly bounded in
L*(R). Since u, — u® =0 on S, S open and nonempty, we can estimate u, — u°
L*(2 N By) for any ball B, = {}x|< R} and deduce that, for a subsequence,

in

Vu, - vu weaklyin L} (),
u, - u ae.inQ,

Q%(uy, x) =~y weakly starin LE (Q),

where y = Q%(u, x)if u # 0, and y = Q*(u, x) if u = 0 (by (1.2)). Hence,

[ (vulf+ @ u,x)) <liminf [ |vu, P+ lim [ Qu, x)
QN By k—oc JYQNBg k—oc YQN B,
<liminfJ(u,).

k—oc

Letting R — oo we see that u is an absolute minimum for J.
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VARIATIONAL PROBLEMS WITH TWO PHASES 433

2. Continuity, subharmonicity and the free boundary condition. We denote a
solution of Problem (J) by u.

THEGREM 2.1. For any compact subset D of § there exists a constant C such that
lu(x) —u(y)|< Clx = yllog(1/]x — y|)
if x.y €D, |x — y|<Ai.
PROOF. Let B, be any ball of radius » in D and denote by v, the solution of
(2.1) vo,=0 inB, v,=u ondBkB,.
Then, by the minimality of u,

/(lvui“r Q*(u, x)) </ (| vo, 2 + 0%(v,, x)).
B B

r r

It follows that fy(| Vu* — | vo,") < Cr". But the left-hand side is equal to

j;v(u-v,)-V(u+v,)=/;|V(u—v,)|2+2/;gv(u—v,)‘Vo,

-

and the last integral vanishes, by (2.1). Consequently, [ | V(v — v,) P<Crn
Proceeding as in [11, Theorem, 5.3.6], one can establish that

f |v(u—v,)f<C(R)r"(log R/r + 1) if0<r<R,
BI‘
so that
2 n R
f|Vu[ < C(R)r"|log — + 1},
B, r
from which the assertion follows as in [11, Theorem 3.5.2].
THEOREM 2.2. The function u is harmonic in {u # 0}.

PrOOF. For any { € Cj(Q2\{u = 0}), u = & is in K for any £ > 0. Hence,
0 = lim 5~ (J(u + ) = J(§)) = [ V- vu
€10 2e Q '

THEOREM 2.3. If M(0) = A, and A < 0 (A(0) = A, and A > 0) then u is subharmonic
(superharmonic) in .

ProOOF. Defining v by (2.1), B, C §, we have J(u) < J(min(u, v)), which gives, if
AO) = A,

I E/B [| vulf —|v min(u,v)|2] <'/;[Q2(min(u,v), x) = Q*(u. x)]

r r

= [Q*(v, x) — Q*(u, x)] = [ Ag?(x).

B, N{u>¢} B N{u=0>c¢)
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434 H. W. ALT. L. A. CAFFARELLI AND AVNER FRIEDMAN

But

1:/ v max(u — v,0) - v(u+v)
B"
:/ v max(u — v,0) - v(u—v) +2f v max(u — v,0) - Vv
B, B,

:f | v max(u — v,0) .
B,

Hence, A <0 implies u <wv, i.e, u is subharmonic. Similarly, if A(0) = A, and
A > 0, then u is superharmonic.
DEerFINITION 2.1. The set I' = 9{« > 0} U 9{u < 0} is called the free boundary.
The next theorem shows that u satisfies, in a generalized sense, the equation

|vuf = | vutP = Ag*(x) onT,
provided the set {# = 0} has zero measure.

THEOREM 2.4. Suppose meas{u = 0} = 0. Then, for any n € Cj(£2, R"),

lim Vuz——}\zzx n-v+lim VUZ_}\ZZX I]'V—O
10 /;{“<_£)(| | 19 ( )) 5.0 8(u>8)(| I 294 ( ))

where v is the outward normal.
PROOF. Let 1(x) = x + en(x), ¢ # 0, and define 4, € K by u (7,.x) = u(x). Then
0 <J(u,) —J(u)

:/Q{D vu(D7,)"' P + Q*(u, 1(x))] det(Dr,) - (| vuP + 0*(u, x)))
= efg[l vult + 0%(u, x)]v -
+ef [-2vuDyvu + v,0%(u, x) - 7] + O(e).
Q

The linear term in &£ must vanish, giving (since Au = 0 in {u # 0})

0= lim v -[(|Vu|2+Q2(u,x))n—2n- VuVu]
€l0,8 10 YQ\ (~e<u<$§)
= lim [(|Vu|2+ Qz(u,x))n—Zn- VuVu] -y
€10 Y3{u< —¢)
+ lim [(] vul + Q*u, x))n — 29 - VuVu] v
810 J3(u>8)
= lim [Ng*(x) — | vup]n-»
10 Y3{u<-¢}
+ lim [Aq%(x) — | vuP]q - ».
810 J3(u>8)
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VARIATIONAL PROBLEMS WITH TWO PHASES 435

REMARK 2.1. If meas{u = 0} > 0 and if {# = 0} is a limit of increasing open sets
D, (p 10), then on the left-hand side of (2.2) there appears the additional term

lim [ (| vuP —AN(0)g*(x))n-»
pi0Y3D,

3. Nondegeneracy. For any function v and a ball B, = B,(x") with center x° and
radius r, we set

f v= 1 f v, | 9B, |= surface area of d8B,.
3B 3B

Let
(3.1) 0<g,<qg(x)<g,<c0, |AI=],>0.

THEOREM 3.1. Suppose A < 0. For any 0 <« <1 there is a positive constant ¢
depending only on k and ql, such that if B, C Q and }f,5u” <c, then u” =0 in
B,,.
PROOF. Set y = 14, B’u+ . The idea of this proof is to replace « in B, by a function
v satisfying

v=0 ondB,

v=u inB N {u<0},
v=0 inB,6 N {u>0},
Av=0 in(B\B,,) N {u>0}

and show that J(v) < J(u) if vy is sufficiently small.
For almost any € > 0 the surface {u = ¢} is smooth. Choose any such small ¢ and
consider the function v, satisfying

v,=u ondB,

v,=u inB N {u<e},

v,=¢ inB,N {u>ce},
Av,=0 inD} =(B\B,) N {u>¢}.

The function v, can be obtained by minimizing the Dirichlet integral over B, subject
to the above constraints. Also v, is continuous at {# = ¢} N (B\ B,,) and min(u, 0)
<oy, <u. Since Vv, is bounded in L?(B,), the limit v = lim,_, v, exists and

min(%, 0) < v < u; hence v is continuous in B, and has the desired properties.
We obtain
J

.

(vl —190F) < [ 4*(¥(v) = N(w))

= /\q2
B, N {u>0)

1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



436 H.W_ALT.L. A. CAFFARELLI AND AVNER FRIEDMAN

Hence, setting D* = (B\ B,,) N {u > 0},
/ (Ivuf = Ag*) < [ (1vof = |vuf)
B,,MN{u>0} D*
:/ v(v—u)- v(u—1v+2v)
DQ
<2f vo- v(vo—u)
DQ

< liminf 2| wvo, - V(v — u)

e—0  Ip*
= liminf 2 (u—¢)| Vo |=M
e=0 9B, N(u>r)

where in the last formula we have used the integration by parts

a £

v
Jov

(3.2) /D‘Vv,- V(uf—u):fw (u—c¢)

notice that dv,/d» <0 on 9B,,. Since 9B, and d9{u > ¢} form a corner at their
intersection, one has to justify (3.2) by approximation. We shall do this later.
To estimate M we introduce the function w:
Aw =0 inB\B,,,
w=u ondB N {u>e},

w =¢ elsewhere on 3( B\ B,,).

Clearly w = v, and thus | vw|=| vo,|on 9B, N {u > ¢}. Since

C
| vw|< 7];3(14 —¢) < Cy ondB,,

we get
(3.3) | vo.|< Cy ondB, N {u>e}.
Hence
1
< +< + _+__ +
weerf v ser| o]
gﬁ_/ (]Vu+|2+|A|q,21{u- >0))
|A|'/2q] B,,
Cy ( +) 2
+ sup u [A1qil > >0y
|Algir' s, fB (
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VARIATIONAL PROBLEMS WITH TWO PHASES 437

Since u is harmonic in {« > 0}, 4™ is subharmonic in Q; therefore sup, u’ < Cyr.
Hence

Cy Y
vul! — Agi) < (1 + )
fﬁm<u>0)(l | ) |A1%, |A)%,

f (1vuf - Ag?).
B, {u>0)

Hence if v/(J A |'/?q,) is small enough then ¥ < 0 in B,,.

It remains to justify (3.2). Approximate D" by domains D,, by changing D near
8B, N d{u > ¢} so as to form a smooth boundary there. Denote the corresponding
v, by v, (v,,, = € on the modified boundary dD,, near 0B,, N d{u > &}). Then,

ent em

Dv,,, - Dv, ondB

Kr®

| Dv,,,|< C ondD,,, away from 0B,

away from d{u > &},
(3.4) y {u>e}

(by (3.3)). Since (3.2) holds for v, = v,
(3.2) for v, follows.
Theorem 3.1 may be considered as a nondegeneracy theorem. It implies

taking m — oo and using (3.4), the assertion

em>

COROLLARY 3.2. Suppose A <0. If B, C Q with center in the free boundary
d{u>0) then } f,5u" = c (¢ > 0); ¢ depends only on gil,.

The analog of Theorem 3.1 and its corollary to the case A > 0 are obvious.
REMARK 3.1. If A*(0) < min{A%, A3} then the proof of Theorem 3.1 applies to both

u” and u~. Consequently, if B, C € with center in the free boundary 9{u > 0}

(0{u < 0}), then

1 1
—f ut=c¢ —f u =c
rJss, URET:

where ¢ is a positive constant depending only on g7{min(A2, A3) — A%(0)}.
4. Upper estimates on the averages. Let
(4.1) max{A}, N3} </,.

THEOREM 4.1. Assume that N(0) = min(A,, A,). There exists a positive constant C
depending only on q, (in (3.1)) and !, such that, if B, C § with center in {u = 0}, then

f u
3B,

We shall prove the theorem in case A < 0; the proof in case A > 0 is similar.
Since A <0, Au is a (positive) measure (by Theorem 2.3). In order to prove the
theorem we first estimate the measure Au.

(4.2) 1

r

= C.

LemMa 4.2. If A < 0and B, C § then
(4.3) Au(B,,,) < Cr"'.
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438 H.W.ALT.L. A. CAFFARELLI AND AVNER FRIEDMAN
PrROOF. Defining v as in (2.1) we have
[1vut = [ 1vop < [ (Q%0, x) = Q¥(u. x)) < Cr".
B, B, B,
The left-hand side is equal to

fv(u—v)-v(u-i—v):f

A BV(u—v)-VquB(v—u)Au

r r r

where Au is a measure supported on {u = 0} (the continuity of v — u is used in
making sense out of the last integral); the last integral is equal to [, vAu. Since
v = u, also vAu = ulAu = 0, and thus

(4.4) vAu < Cr".

B ,,N{u=0}

We shall use the representation
(4.5) u(x) = [ Po(n)u(y) = [ Go(»)Au(y)
3B, B,

where P and G,o are Poisson’s kernel and Green’s function (in B,), respectively.
This formula can be justified by approximating « by mollifiers J.u, applying the
formula to J.u at x° and taking ¢ — 0. If x® € {u = 0} then we obtain, from (4.5),

(4.6) fB Go(y)Au(y) = /a Paly)uly)

and the right-hand side is precisely v(x?). Thus we can rewrite (4.4) in the form

J (f G-\‘(y)A“(Y))Au(x) <o

B2 \’B,
Noting that G(y) = cr* "if x, y € B, , (¢ > 0) we obtain cr>~"(Au( B, ,,))* < Cr”,
and the assertion (4.3) follows.
PROOF OF THEOREM 4.1. As before we take A < (0. We may assume that the center
of B, is in the origin. By (4.6),

4.7 Pu= |G Au(y).
(4.7) [, Pou = [ Gol)auty)
Suppose first that Au is smooth. Then
1= [ Go(»)du(y) = [ G(s)h(s) ds
B, 0

with suitable functions G and h; h(r) = r"~' [35 Au(r§) dH""'(£). By Lemma 4.2,
(4.8) fh(f) dr<Cs" ",
0

Hence,

/= /O"G(s)%(/(:h(f)dfr)ds:[c;(s)[:h(f)df];—fo’cf(s)fosh(f)dfds.
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VARIATIONAL PROBLEMS WITH TWO PHASES 439

The expression in brackets vanishes at s = r (since G; = 0 on 9B,) and at s = 0 (by
(4.8) and G(s) < Cs>™"). Hence,

r

; C -
(4.9) jBGO(y)Au(y) < _/(-) R Cs" 'ds < Cr.

By using mollifiers u, = u * i, we can establish the same estimate for the measure
Au. Here we use the estimate

J,

Bu(x)= [ [ ulx=y)(r)dy

L (Xp)

/ / Au(x — y),[,r(y) dy
{bi<e}” B,(xy)

/; ) (B,(X() V)) F(y)dyscr,,,l.
M<e \[/

From (4.7) and (4.9) we see that %f'm,“ < C. Since u(0) = 0 and u is subharmonic,

<

the last integral is actually positive and therefore (4.2) follows.

5. Lipschitz continuity.

LEMMA 5.1. Let u be any function in C*(Bg) N H'"*(Byg), where B, is a ball with
radius r and center x°, u(x") = 0, and u is harmonic in B\ {u = 0}. Set

1 7 1 92— )
o(r) = —7/P“ "Ivut P dx - —,/p" "|vul dx
r-vB, r-vm,
where p =|x — x"|. Then ¢(r) < oo and ¢(r) is increasing in r. r € (0. R).

We shall refer to this result as the monotonicity lemma.
PRrROOF. Set S, = dB.. We first assume that

(5.1) minuy < 0 < maxu forallr € (0. R).
s, s,

Notice that the distribution Au™ is a measure. Denote by v, mollifiers of u* .
Then Av? = 2| vo, | + 2v,,Av,, = 2| Vo, %, so that

_ _ _ a _
2f vt [ M) =2 ol (n= 2 ol -,
B\ B, B\ B, s, ar S,

3,

where
— 2—n a 2 _ 1—n 2
I =¢ /;rarvm-k(n 2)e '/;,Dm.
Since | Dv,, | is bounded, I, — (n — 2)| S, v2(0) as ¢ — 0. Hence,

_ _ d
2/ | Vo, fo? "<r? "/ —03,+(n—2)r'_"fvf,.
B\ B, S,ar S,
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440 H. W.ALT.L. A. CAFFARELLI AND AVNER FRIEDMAN

Integrating with respect to r, r, < r < r, + 8, and dividing by 8, and then letting
m — oo, we obtain

2 froté _ 1 +8 ,_
_/'“ dr |Vu+|2p2 "o _fr“ ,,2 n drf 2u+
8 7y B\ B, 8 fo S,

+2 g 2f'1)+6r'"" a’r'/;r(u+ :

o

Taking § — 0 we obtain for a.a. r,

—n + + —_
28\8|V tPet s f2u u +(n— 2y~ f(u

To

Hence, for a.a. r,
5.2) 2| |vut Pt < 2utul 4+ (n—2)r ut
( f1vul s RGN

Since a similar inequality holds for u~, it follows that Y(r) is finite.
Since r — [ { vu* [p>~"isin L'(0, R), we have

d 2 +2 2—n +2
—_ TN vuT = ore < a.e.
wﬁf | vu| L. | vu|

It follows that a.e.

4
5.3 (ry=-—| p*"|vu*
(5.3) o'(r) r5'/;}P | vu

',

_ 1 _
2 . /'pz "|Vu'|2+ _4/,.2 n'vu+|2
B, reYs,

- - 1 - n
f p2 "IVM IZ + _4[ p2 nlv“+|2 . f 2— |Vu I
B, r s, S,

~r

We shall prove that ¢’(r) = 0 a.e. in (0, R). By scaling, we may assume that » = 1.
Denote by v,v the gradient of a function v on §,. Denote by I'; the support of u™
on S, and by T, the support of ¥~ on S,. By assumption,

(5.4) meas([}) #0 fori=1,2,....

We introduce the constants

1 . fl‘,|V¢9U|2
— =  inf —

,
o cenpry  fro?

For any 0 < 8, < | we can write

J;

2 I
"-fBHVW+@
5

((u? >2+B$|v0u*|2)>z{/§(u+
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VARIATIONAL PROBLEMS WITH TWO PHASES 441

and
Bl +
L‘(l - B} )|Vo f (u
Choosing
1 — ,82
(5.5) « —(n—-2)‘/;i
we find that

(5.6) /S|Vu*|2>%{fs2|u+u,*|+(n—2)L(u+)2}.

The relations (5.2) and (5.6) hold also for u~. Comparing with (5.3) we see that
¢’(r) = 0 provided
57 By B,

o

We easily compute that the S, satisfy (5.5) if

,Bv 1 5 4 1/2
= —d((n =2+ — - (n—2):.
\/0“, 2 a;
If v, 1s defined by

(5.8) (v, tn—2)=1/q,, v, >0,

then we obtain

b
o, "

The set function y, as a function of I'| was studied by Sperner [12] and by
Friedland and Hayman [8]. In [12] it is proved that y/(FE) = vy,(E*) where E,
E* C S, provided E* is a spherical cap having the same (n — 1)-dimensional
Hausdorff measure as E. In [8] it is proved that y,(E) = y(s) where s =
meas( £')/meas(S)), and y(s) is convex and decreasing:

(5.9)

llogiﬁ-E ifs<l

2 45 2 4’
¥s) = :

2(1 —5) ifz<s<1.

Setting s, = meas(T})/meas(S,), we then have

Y+ =Y(s) +Y(s,) = 24/[(51 + 52)/2] =29(1/2) = 2;
in view of (5.9), this completes the proof of (5.7), provided (5.1) is satisfied.
If (5.1) is not satisfied, let R, be the smallest value of r for which at least one of
the inequalities in (5.1) is invalid. Suppose for definiteness that min Spo U = 0. Then
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442 H.W.ALT, L. A. CAFFARELLI AND AVNER FRIEDMAN

u~ 1S harmonic in D = B, N{u< 0}, vanishing on dD; hence u~= 0 in D, which
gives ¢(r) = 0 if 0 < r < R,. Since ¢'(r) = 0 for a.a. R, <r < R (by the previous
proof), the proof of the lemma is complete.

We shall now use Theorem 4.1 in order to establish Lipschitz continuity for any
minimizer u.

LEMMA 5.2. Assume that N(0) = min(A,, A,). Then for any domain D © Q there
exists a positive constant C such that if B, C D with center in {u = 0} then

1
— <
(5.10) rfaa,lul C.
PrROOF. By Green’s formula (0 < a < 1)

) f rw= [ Gaeruw) =~ f 96, (o)

= —'/;p“VGO- Vu‘+c,,/;p""ap"_'u‘5 J+ 7,

r

and Gy(p) = cp® ", ¢ > 0 (we take for definiteness n = 3).Clearly,

1,2 1/2
l‘]l '< C(/ p2—nl Vu—IZ) (f pZa—n)
B, B,
1/2
< Cr"‘(/gpz_"| Vu‘]z) .

Introducing the function ¢(r) = (r°/r)f3pu”~ (0 < & < a) we also have

caf p* ¢ p) < Tr'““ supo(p);

psr

notice that ¢(p) is bounded since u~ is Holder continuous with any exponent < 1.
Dividing both sides of (5.11) by r' ¥~ ¢ we then have

1/2
(5.12) 0(r) < e swpa (o) + ([ #riwut|

p=r
Similarly, if y,(r) = (r*/r)f;pu™ then
Cr 1/2
¥(r) < c,asupy(p) + h(fpz‘"lvflz) :
p=r B,

By Theorem 4.1 ¢ (r) = y(r) + O(r®). Hence,

1,2
(513 ) <caspalo) + ([ #r1vu?] + 00

p=r

Taking the product of the left-hand sides of (5.12) and (5.13), we obtain

1/2
(¢e(r))2<Caz(SUP¢e(p)) +Crie+ c (fto2 "|vutf fpz "|vu Iz) :
p=r
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VARIATIONAL PROBLEMS WITH TWO PHASES 443

Using Lemma 5.1 and choosing a small enough, we obtain (¢(r))* < Cr?¢, C
independent of e. Hence, 1 £, u™< C and therefore, also, 7 fyzu" < C.

THEOREM 5.3. If A(0) = min(A |, A,), then u is Lipschitz continuous in any compact
subset of Q.

PROOF. Let K be a compact subset of € and introduce d = dist(K, 92). For any
x €, x & {u= 0}, denote by p = p(x) the distance from x to {# = 0} and let x°
be such that p =|x — x°|, u(x®) = 0. If p > d/6 then u is harmonic in B, ¢(x),
and thus | Du(x)|< C/d. Suppose next that p(x) < d/6.

Representing u by Poisson’s formula, u(x) = [3p () P(»)u(y), we conclude that

C
(5.14) 1Du(x)< =4 Ju(y)].
P JaB(x)
The function |u| is subharmonic. Representing |u(y)| (y € 3B,(x)) by Green’s:
function in B,(x°) we get

lu(y)I< fam 0)1’~’y(2)|u(z)|, 3p <o < 5p;

thus, |u(y)|< Cfyp o)l u(2)|< Cp by Lemma 5.2. Substituting this into (5.14) we
conclude that | Du(x)|< C if x € K, u(x) # 0. Since u € H;X(Q), Du=0 a.e. on
{u = 0}, and thus Du € L*(K).

Another Proof of Theorem 5.3. We shall give another proof, also based on Theorem
4.1 and Lemma 5.1.

Suppose 0 € Q, w(0) = M > 0, and let x° be the nearest point to 0 on {u = 0}.
We assume first that |x°|= 1 and B, C Q. By Harnack’s inequality u > ¢, M in B, /4
(¢o > 0) and therefore f,5 (,0,u™ > cM (¢ > 0). From Theorem 4.1 it follows that

5.15 u>cM
( ) /;BI(XO)

with another ¢ > 0, provided M is large enough.

Let y € 9B, ,, be a point on 0x®. Then u > ¢, M >0 in B, ,(y). We shall use
polar coordinates (7, w) about y. Denote by T the set of w’s such that if (r, w) €
0B,(x°) then u(r, w) < 0.

We integrate u;(r, w) over (r, w) € B,(x°), w € I'. Using (5.15) and the fact that
u>0in B, ,(y) we obtain

1,2
| vu‘lz} :

(5.16 cM < u= [do|u; <|T|'/?
) aB]()’) '/I: f | | '/;

Next we integrate u,” (r, w) and (r, w) € {B(x°)\ B, ,,(»)}, » €T, and notice
that u™ (r, ) = ¢, M in B, ,,(y). We obtain

1/2
(5.17) cM|T|< frdwfu,* <|r|‘/2{/B( O)IVu+|2} )
1(x

1(x%)
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Taking the product of both sides of the inequalities in (5.16) and (5.17), we get
M < | vut - f | vuP.
By(x") BI(_\_U)
Using Lemma 5.1 we then obtain M < C. We have thus proved that
(5.18) u(z) < Cp(z)  (p(z) = dist(z, {u = 0}))
if z=0, p(z) =1, u(z) >0, B,,.(z) CQ. The proof for general z follows by

considering d(x) = u(z + p(z)x)/p(z). From (5.18) we deduce that | vu(z)|< C:;
the same estimate holds if u(z) < 0. The proof that u € CJ! now readily follows.

6. Blow-up limits. The rest of this paper is devoted to the study of the free
boundary. For definiteness we shall always assume that

(6.1) A <0, AO)=A;

all the results obviously extend to the case A > 0, A(0) = A,. When (6.1) holds the
free boundary coincides with

(6.2) ' =9{u>0}.
Indeed, for the remaining free boundary

(6.3) I'=8{u<0}\3{u=>0},
we obviously have

(6.4) u<0 inaneighborhood N of I'".

But since A(0) = A|, the minimizer ¥ must be harmonic in N. Consequently, I’ is
empty.

DEFINITION 6.1. A function u is called a minimizer (of J) in R" if for any B C R"
and forany v € H"*(B,),v = uon dB,.

Jg(u) <Jg(v)

where Jp(v) is the functional J(v) with { replaced by B,.
Suppose u is a minimizer, u(x,) = 0, x, — x, € &, p, 10, and set

(6.5) ux) = ;lzu(x, + pix).

We call {u,} a blow-up sequence with respect to B, (x,). Since | Vu,(x)|< C in any
bounded set and u,(0) = 0, we have, for a subsequence,

(6.6) u(x) = uy(x) unformly in bounded sets,
Vu, - Vu, weaklyin LL (R");

u, is called a blow-up limit.

LEMMA 6.1. There holds
(6.7) 9{u, >0} — 0{uy, >0} locally in the Hausdorff metric,
(6.8) Vu, - Vu, a.e.inR".
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PROOF. Suppose a ball B, does not intersect d{u, > 0}. Then either u, > 0 in B, or
u, < 0 in B, In the first case u, >0 in B, if k is large enough. In the second case
i i,,,’u,f < ¢ for any £ > 0 if k is large enough, so that, by nondegeneracy, ¥, < 0 in
B, ;.

In both cases we conclude that B, ,, does not intersect d{u, > 0} if k is large
enough.

Conversely, if B, does not intersect 9{u, > 0} for any large k then either u;, > 0 in
B, or u, < 0in B,. In the first case u, is harmonic in B, and then so is u; thus either
uy,>0in B, or uy =0 in B, so that B, does not intersect 3{u, > 0}. In the second
case we have u, < 0 in B, so that again B, does not intersect d{u, > 0}.

To prove (6.8) notice that, in every compact subset of {u, # 0}, (6.8) is certainly
valid. Next consider a density point x° of the set {uy(x) = 0}. By the Lipschitz
continuity of u,, we then deduce that |u,|= o(r) in B,, and therefore, ; [, ug = o(1)
asr — 0.

Since u, — u, uniformly in B, we get ; [, u; < ¢ for any small & > 0, provided k
is large enough; hence by nondegeneracy, u, < 0 in B,. But then (since A(0) = A ) u,
is harmonic in B, and then so is u,. Consequently, Vu, — Vu, uniformly in B, ,.
We have thus proved that almost all the set {u, = 0} can be covered by balls B,
with suitable centers such that Vu, — Vu, in each B, . It follows that vu, — vu,
a.e. in the set {#, = 0}. This completes the proof of (6.8).

LEMMA 6.2. u, is a minimizer in R" with respect to the function Qu(u, \) =
q(xg)A(u).

Indeed, the proof is similar to the proof of Lemma 5.4 in [1]; that proof can be
slightly simplified by using (6.8).

THEOREM 6.3. Suppose D @ Q, B, C D with center x° in 3{u > 0}. Then

(6.9) 1 u=c, c>0.
r 3B,(x")
Strictly speaking, this result does not include Corollary 3.2 since the constant ¢ in
(6.9) depends also on D and on the Lipschitz coefficient of u.
PROOE. Suppose the assertion is not true. Then there exist points x? € D and
r,, 10 such that

1
— u—0, x0 € 8{u>0}.
faB,muS,) { )

rm
Setting u,(x) = u(x}, + r,x)/r, we may suppose that x2 =0, u,, — u, uniformly
in bounded sets. Then u,, is subharmonic (since u,, is subharmonic) and £, u, = 0
= u(0). By the maximum principle it then follows that « is harmonic in B,.

Now u, is a local minimizer and 0 € 8{u, > 0}, by (6.7). It follows that the free
boundary d{u, > 0} is nonempty; this set must be piecewise analytic since u is
harmonic. But then Theorem 2.4 shows that | Vu, * has jump Ag'(0) across smooth
parts of the free boundary. Since, however, u, is harmonic, | Vu, > cannot have a
jump, i.e., Ag?(0) = 0, a contradiction.
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Consider a blow-up family
1
u(x)= ;u(x°+sx), x® e d{u>0},e>0,

and let

i

Wn=—<f

r

p2—n| vu: |2 . / p2~n| Vu;lz
B’

p2~11| Vu+|2 . / p2—n| v“—|2 = i".
B, (x")

1
- (er>“fa

By Lemma 5.1, ip is an increasing function of p. Consequently there exists a
nonnegative constant y such that

(6.10) I(r)ly ifel0.

Now take a sequence € = ¢, | 0 such that

Ax")

(6.11) u,(x) — uy(x) uniformly in bounded subsets of R".

LEMMA 6.4. If (6.11) holds then, as ¢, | 0,
L 2—n + 2, 2—n -2
(6.12) 1(r) r4f3,” | vug | fB," | vug P

PrOOF. By the Lipschitz continuity of u, | vu, |< C, and by Lemma 6.1, vu_ —
vuj a.e. Hence, (6.12) follows by the Lebesgue bounded convergence theorem.

COROLLARY 6.5. For any blow-up limit uy of u, there holds
_1_ 2—n + 2 2—n -2 —
(6.13) r4f3," | vug | fB’p | Vug P =y
for all r > 0.

LEMMA 6.6. (i) If y =0 then uy =0 in R"; (ii) if v > 0 and n = 2 then uy(x) =
pyx-e)* —p(x-e) in R" where e is a constant unit vector, u, are positive
constants, and p? — p3 = Ag*(x°).

The function u, in (ii) is called a 2-plane solution; if p, = 0 or p, = 0 then we call
it a 1-plane solution.

PROOF. If y = O then either 4y = 0 or u; = 0 in R". Since u,, is subharmonic and
uy(0) = 0, we conclude that u;, = 0. To prove (ii) we check the proof of Lemma 5.1
and find that equality can hold in (6.13) only if equality holds in the various
Cauchy-Schwarz inequalities and s, = 5, = 1/2. Thus, with S, replaced by S,.

luf|= Cu™, utul =0, C constant,
2 _ p2 2 _ 1 2
f(u,*)—ﬁlflvguﬂ, f|v,,u+|2— 2[(u+).
a,r

It follows that u = cu®/r (¢ =c¢,>0); a similar relation holds for u~. Thus
u = r’g(0) if u # 0. Since u is bounded, b = 0. By nondegeneracy and Lipschitz
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continuity, b = 1. Thus u = rg(8) if u # 0 and then,

(6.14) Ag+(n—1)g=0 whereg(8) #0,

where A is the Laplacian restricted to dB,. If n = 2 then Ag = g” and the assertions
easily follow using Lemma 6.2 and Theorem 2.4.

REMARK 6.1. We do not know whether the isoperimetric inequality y,(£) = y,( £*)
used in the proof of Lemma 5.1 is a strict inequality whenever E is not a spherical
cap. If this is indeed the case then Lemma 6.6(ii) is valid for any n = 2. Indeed, from
the proof of Lemma 5.1 we then conclude that, for any r, u, = I,(x - e)* —/,(x - e)~
on 0B, where e = e(r), !/, = I,(r) > 0. Setting

flry=le ifu,>0,
=lhLe ifuy; <0,

we have A(x - f(r)) = 0 on {u, ¥ 0}, which gives
+1
S £107) + =) =0

-
where f = (f,,...,f,). It follows that f” + (n+ 1)f’'/r =10, or f(r)=Cr " '+ ¢
where C, ¢ are constant vectors in any component of {#, # 0}. Since u, is bounded,
C = 0 and the assertions in (ii) easily follow.

7. Properties of the free boundary.

THEOREM 7.1. There exists a positive constant ¢ € (0,1) such that for any ball
B C Q with center in 0{u > 0}

(7.0 e I

ProOF. By nondegeneracy there exists a point y € 9B, ,, with u(y) = cr. Since u is
Lipschitz, u(x)>0 in B (y), for some small enough k. This establishes the
left-hand side of (7.1). To obtain the second inequality, let

Av =0 inB,
v=u onahs,.

Then v = u in B, and (cf. the proof of Theorem 2.1)

(7.2) f

B,N{u<0<v}

c c
A v 2 2
B, r<7s r<Js,

forany 0 <« < 1.
If y € B,, then (we take the center of B, to be at the origin)

C
|0(y) = o(O)|<Iyl| Vol< kr= £ |ul< Crr,
JdB,

and v(0) = f,50 = fp u, |u(y)|< Ckr. It follows that |v(y) — u(y)|= Jopu — Ckr.
Recalling Theorem 6.3 we obtain

lo(y) —u(y)|=cr — Cxr = cr/2
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if k is small enough. Using this estimate in (7.2) we find that

L"(B, N {u<0}) >r—c;f clrizcr” (c>0).

K7

Since u © are continuous and subharmonic, the measures dA* = Au™* and dA =
Au~ are Radon measures supported on £ N d{u >0} and € N 3{u < 0}, respec-
tively.

THEOREM 7.2. For any D © Q there exist positive constants c, C such that, for any
B, C D with center in 3{u > 0},

(7.3) cr”! <f d\t < Crm,
B,

(7.4) [ax<cr
B"
PROOF. Let x € d{u > 0}. For almost all r with B(x) C Q,

dx* Zf vut vdH" ' < ¢!
B,(x) 9B,(x)

since u* is Lipschitz continuous. This proves the second inequality in (7.3). The
proof of (7.4) is similar. The proof of the first inequality in (7.3) is similar to the
proof given in [1, Theorem 4.3], with u replaced by u™ .

THEOREM 7.3 (REPRESENTATIVE THEOREM). (i) If D & § then
H" (DN d{u>0)}) < 0.

(i1) There exist Borel functions q; such that

(7.5) Au®=q7 H" 'L3{u >0},

that is, for every { € C§(12),

7.6 ~| vur-v{= S dH"!.
( ) ‘/5.2 § '/Stlﬂa{u>0}§q

(iii) For any D C Q there exist positive constants c, C depending on D, S, the
constant ¢ in Corollary 3.2 and any bound on | Vu|,= p,, such that for any ball
B(x) C Dwithx € 3{u >0},

(7.7) c<gql<C,
(7.8) er" '< H"Y(B(x)No{u>0})<Cr!,
(7.9) 0<g,<C.

PRrOOF. For any compact set £ C D N 3{u > 0} and small  choose a covering of
E with balls B/(y;) such that 21y ,, < C. Choosing x; € B(y,) N E we have, by
Theorem 7.2,

S < CSA* (B(x))) < OA (B, (E))

i
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which gives
(7.10) H" (E)< CA' (E).
Thus (i) holds and H"~'L(D N d{u > 0}) is absolutely continuous with respect to
AT

Next, the support of A" is contained in 3{u > 0} and, by Theorem 7.2,
(7.11) A*(B)<Cr" ! foranyball B, C D;
from this it follows that A* (E) < CH" '(E). We have thus shown that the Radon
measure A" is absolutely continuous with respect to the Radon measure

H" 'L3{u >0}

and vice versa. Setting ¢, = dA* /dH" " '2(3{u > 0}) we see that (7.5) holds (for
Au™), and (7.10) and (7.11) establish (7.7) and (7.8).

Using the assertion (i) we can now proceed with proving (ii) and (iii) for A~ by the
same proof as for A* .

Since d{u >0} has finite H"~' measure, the set 4 = 2 N {u >0} has finite
perimeter locally in Q, that is, p, = - VI, is a Borel measure and the total variation
{u,| is a radon measure. We denote by 0.4{u >0} the reduced boundary of
d{u > 0}.

THEOREM 7.4 (IDENTIFICATION THEOREM). Let x € 8,.4{u > 0} with
(7.12) g*"~(H" 'La{u >0}, xo) <1,

(7.13) ta, = 4. (x¢)|=o(1), r—0.

B(x,)N3{u>0}
(i) If y > 0 (in Corollary 6.5) and n = 2, then
u(xo + x) = py(x - e(x0)) " —p(x - e(x0)) +o(lx|) as|x|-0,
where p, > 0, pt — p3 = Aq*(x,), and
(ry — m1)e(xo) = (g (x0) = ga(x0))7(x0)-
(i) Ify = 0, then
u(xo + x) = g, (xo) max{~x - v,(x0),0} + o( x|)

as|x|— 0, and (q; (x9))> = (N — N(0)g*(xo).
Here v (x,) is the outward normal to 3{u > 0} at x,.

PRrOOF. Take a blow-up sequence u (x) = u(x, + ex)/e with u, — u, uniformly in
compact subsets. Then Au, — Au, as distributions, and thus also as measures. From
(7.5) we deduce that

Auf=q;(xo+ ex)H" 'Lo{u® > 0).
If y > 0 and n = 2 then, by Lemma 6.6,

Uy = py(x-e)" —p(x-e) (e constant vector)
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and therefore,
Aug — Aug = (p, — p,)edH"'LII,
where I1, is the hyperplane orthogonal to e. We thus conclude that
[qF (xo + ex) — qi(xo + ex)] dH"'L{uf > 0} - (p, — p,)edH" 'LII
Since x, € 8,4{u > 0} we have [10, Theorem 3.7]
dH" 'L{u* >0} -» dH""'LII,
where I, = {x; »(x,) - x = 0}. Recalling (7.12) we deduce that
(9 (x0) = qu(x0)) dH" 'L, = (py — p,)edH""'LII,

e

so that

(p2 = m)e = (ga (x0) — ga(x0))r.(x0);
also p3 — p3 = Ag*(x,)- Thus the y, and e are uniquely determined, independently
of the blow-up sequence, and assertion (i) follows.

Consider next the case y = 0. By Lemma 6.6 we then have u, = 0 for any blow-up
limit of the u,. We can then proceed as in Theorem 4.8 of [1]. Thus, taking
v (x,) = e,, the proof that uy, > 0 if x, <0, uy = 01f x, > 0 is the same as in [1].
Next, setting

(7.14) B = = Vigniwsoy

for any function w for which 3{w > 0} has finite H" ' measure, we have, for every
compact subset E C B/ (B; is the ball in R" '),

H"NE) = p, (Ex(-1,1)) - e, < H" '(8{u] > 0} N (Ex(-1,1)))
= H"(3{u, > 0) N (Ex(-1.1)))
and we can again proceed as in [1], thereby establishing that uy(x) = ud (x) =
-q,(x0)x, 1f x, <0, and the proof of (i1) thereby follows; the last assertion in (ii)

follows from Lemma 6.2 and Remark 2.1.

REMARK 7.1. From Theorem 7.1 it follows (by [7, 4.5.6(3)]) that

Hn~l(a{u > 0}\ared{u > O}) =0.

From [7,4.5.6(2), 2.9.8 and 2.9.9] applied to H"~'L3{u > 0} and the Vitali relation
{(x, B(x)): x €3{u>0} and B(x) C @} it follows that for H" ! aa. x, €
0,cq{# > 0} the assumptions (7.12) and (7.13) are satisfied. Thus Theorem 7.4 shows
that for H"~' a.a. x € 3{u > 0} the free boundary in a neighborhood of x, is
approximately a hyperplane.

REMARK 7.2. In special models arising in jet flows [5, 6] it has been shown that the
free boundary is a continuous graph. In the next section we prove, more generally,
that the free boundary is C' if n = 2.

8. Differentiability of the free boundary (n = 2). In this section we prove that, in
case n = 2, the free boundary is continuously differentiable. The first lemma is valid
for any n = 2. In proving it we shall use the fact that

(8.1)  thesets {# >0} and {u < 0} are connected to the boundary of Q.
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To show this, suppose K is a component of {u > 0} which is not connected to the
boundary. Then, by replacing u in K by 0 we obtain a new function # with smaller
functional J(#), which is a contradiction.

LemMa 8.1. If u and i are both minimizers of J in a bounded domain D, and if i1 > u
on dD, then @ > u in {u # 0}.

PROOF. Set v, = min{u, &} and v, = max{u, #}. Then v, = » on 9D and there-
fore, J(v,) = J(u). Similarly, v, = @ on 8D and therefore, J(v,) = J(ii). However,
J(v)) + J(vy) = J(u) + J(i) as seen by writing explicitly the terms in each J. It
follows that J(v,) = J(u).

Suppose u(x°) = i#(x®) # 0 and u — i changes sign in any neighborhood of x°.
Then v, is not harmonic in any neighborhood of x°. We introduce the function w
defined by

Aw =0 inB(x°),
w=1v, ondB,(x°)
for some small r > 0, and w = v, in D\ B(x?). By the Dirichlet principle we find
that J(w) < J(v,) = J(u), contradicting the minimality of 4. Thus we conclude that
either & = u or u > i in some neighborhood of x°. Starting with x° near 3D and
recalling (8.1), we deduce that @ = u on the set {u # 0}; furthermore, by the strong
maximum principle, # > u in this set.
From now on we make the assumptions

(8.2) n=2, q(x)=1.
For definiteness we shall also assume that A < 0. We denote points in R by X or
(x, y). Sete, =(1,0) and e, = (0, 1).

LEMMA 8.2. For any g5 >0, n >0 there is a & = 8(gy, n) > 0 such that for any
minimizer u in the rectangle I = {-3 < x <3, -1 <y < 1} satisfying

(i) the free boundary contains (0,0) and lies in the strip {|y |< 8},

(ii) u(A) < —m where A = (0, - 1),
the free boundary in Iy = {-1<x<1, -1 <y <1} is a graph in any direction
ge, T e, €= g

Proor. Take a circle K, (x +2)* + (y — p)> < 873/? with center (-2, p) and
radius 873/% and increase p from —oo until, at p=p,, 3K, touches the free
boundary of u for the first time. Since 3K, N {x = -2} liesin {y < §},

3K, N {—3<x<—%} and aK““ N {—%<x<3}

both lie below y = 8§ — C8%*/* and thus, also below y = -8 if § is small enough.
Consequently, 3K, N 8{u > 0} lies in {3 < x < -3} and contains a point E, =
(x), y)with— § <x, < -3, 8 <y <8

Similarly, we construct a circle K,fz whose closure intersects the free boundary
only at points of dK2, lying in {3 < x < 3}, and a point E, = (x,, y,) on 3K, N
3{u >0}, with 3 <x, <3, -8 <y, <8 further, K, N {|y|<8} and K N {|y|<
8} are disjoint. We denote by o the curve consisting of (i) three line segments on
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y = -0, from (-3,-8) to the left endpoint of {y = -6} N aK‘l, from the right
endpoint of {y = -8} N K, to the left endpoint of {y = -8} N 8K, and from the
right endpoint of (y = -8) N E)K:2 to (3,-6), and (ii) the arcs of 0K, lying in
{ly]<8}.

Denote by £ the part of I lying below 6. Notice that u <0in 2 _.

From assumption (ii) and Harnack’s inequality we get
(8.3) u(X) < —cndist(X,0) if X€Z_ (c>0).

We next claim

there exists a C' curve 0,2 y = f(x) in [ such that E; € ¢; and
(8.4) u> 0 above g, (in 1), for i = 1,2; furthermore, f/(x) — f/(x;)
-0 as x — x; = 0, uniformly with respect to u.

Notice that ¢ and E, depend on u and so does f.. To prove (8.4) suppose first that
there exist sequences E, = E\(m) = (x,(m), y(m)), u=u, and Z, = (X, y,)
with u,(Z,) < 0, such that | Z,, — E\(m)|— 0 and the angle between E,(m)Z,, and
the tangent to o at £,(m) does not converge to zero asm — oc. Setr,, =|Z,, — E (m)|

and consider a blow-up sequence of u,, with respect to B, (E,(m)). Let w be a
blow-up limit. We can rotate the coordinates in such a way that

(8.5) w(x, y)<0 ify=<0,
and then w(x,, y,) < 0 for some point (x,, y,) with y, > 0. Consequently,
(8.6) w is not a 2-plane solution.

In view of (8.3) and the assumption A < 0, w does have two phases.
By Corollary 6.5 and Lemma 6.6,

(8.7) w(X)=ay+o(X]) ify<0,|X|-0

where a is determined by a®(a® + |A]) = v, y = lim,_ , Y(r), where
_ b e 2
= 1wt fivwt

Similarly, working with blow-up sequences ~w(mX) (m — o0) we find that
(8.8) w(X) =By +o(X) ify<0,|X|-> o0

where B2(B%2+ |A]) = ¥g. Yo = lim,_, ¥(r). Since, by (8.6), w is not a 2-plane
solution, Lemma 6.6 shows that y, > y and, consequently,

(8.9) B> a.

Let @z = {w <0} N Bg. If we formally apply Green’s formula to w and G =
y/(x? + y?) — y/R?in Qg\ B,, we obtain

(8.10) f (Gw, — wG,) +f (Gw, — wG,) =0
AR\ B, 3B,N {w<0}
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where v is the inner normal. In order to justify (8.10) and make sense of the integrals
over the free boundary we apply (7.6) with u~= w~ and { = G where = n(r) is
given by

1 ifr<R,
nWr)=41—(r—R)’ /8> ifR<r<R+38,
0 ifr>R+38,

and then let § — 0. We then obtain (8.10) with {G,w = 0 on the free boundary and
JGw, = —[{q,GdH" on the free boundary. By (8.5), G = 0 on the free boundary and
therefore the last integral is nonnegative. We thus conclude from (8.10) that

(8.11) wG,<f (Gw, — wG,).

‘/E;B,ﬂ(w<()) 3B,N {w=<0)
Using (8.8) we compute that

sin §
G = |2 + o(R)) = 2B [sin® §d6 + n(R
/aakm(w«))w v / R2 (By +o(R)) ,stm 7(R)

where n(R) — 0if R — oo. Similarly,
—/ wa:afsin20d0+nO(e)
3B,N {w=<0)
where n4(¢) — 0if ¢ — 0. Finally, for a sequence ¢, — 0 we have

/ Gwy:a/sin20d0+nl(e,)
3B, N {w=<0}

with n,(¢;) — 0 if ¢; — 0. Indeed, this follows from

_El_fos’dstw,,ds: %/Sinﬂ[w],:; 4o+ o(&)

€

:a/sin20d0+ 0(8).

&€
Using the preceding estimates in (8.11) we get
21;(_/.27r+()(1)sin2 6= Z,szqrsin2 6 + o(1)
m+o(1) P
where o(1) —» 0if ¢ = 0, R — o0; this contradicts (8.9).

We have thus proved that there cannot exist sequences E,(m), Z,,, u,, as above. It
follows that, for each u, {u <0} N {x > x,} lies below a polygonal curve =, with
sides Z"Z™*" having slope ¢,, which decreases to the slope ¢, of o at E|, uniformly
with respect to u, as | Z™ — E,}|— 0. We modify 7, near its vertices so as to obtain a
C' curve y = f,(x) lying above m, with slope converging to ¢, as x | x,. Similarly, we
can construct y = fi(x) for x < x,, and this completes the construction of o, as
asserted in (8.4). o, is constructed similarly.

ReEMARK 8.1. The assertion (8.4) remains valid also if condition (ii) is dropped.
Indeed, if in the previous proof w is a 2-phase solution, then the proof is the same.
If, on the other hand, w is a 1-phase solution (and then w = 0 since A < 0) then we
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get a contradiction to Lemma 8.4 below; Lemma 8.4 is proved independently of
Lemmas 8.1-8.3. This remark will be used in proving Lemma 8.11 (which is an
extension of Lemma 8.2 to the case where condition (ii) is dropped).

Now consider in the strip I° =1 N {Jy|<V8} N {x, <x <x,} the quotient
difference A, ,u of u in the direction / of ee, = e, with increment h, where
0<h<28,1e,

A, w(X) = (u(X + hl) = u(X))/h.

We claim that
(8.12) A, ju=c>0

in I%. We first prove (8.12) on y = V3. If the assertion is not true then for sequences
Upps X, = (X,,,, 8,/%) with §, — O there holds A, , u,(X,) — 0, with 0 <h, <28,
and /,, — [, | in direction e, = ¢,, € = ¢,. Take a blow-up about free boundary
points of u,, on {x = x,,} with radii < 28)/2. Since the free boundary of u,, lies in
{l¥|<$é,}, the blow-up limit w is a 2-plane solutton (we use here (8.3) and the
assumption A < 0) and its free boundary is the x-axis. Since

Ah,,,./,,,um( Xm) - aw( XO)/al

where X, = (0, 1) and ¢ # 0, we get a contradiction.

Similarly, we can establish (8.12) on y = —V§. Consider now the quotient
difference on the vertical line ¥, of 3I° passing through E,. If (8.12) does not hold
on V|, say

A, s un(X,)—0 (X.. € ),

meim

then we make a blow-up about E, with radii »,, = max{h,,,| X,, — E,|}. Recalling
that near E, the free boundary lies between o and o, and using (8.4), we again
deduce that the blow-up limit w is a 2-plane solution, with the x-axis as the free
boundary; Further,

B (X) =0 ifhy, = o(lX, ~ E,),
Aho.I“(XO) =0 if|h,|=clX, — E1|(Co>0)

for some k., X, and some / in direction ee, * e, £ = ¢,. But this is impossible since
w is a function of y only.
Having proved (8.12) on 3I° we now translate u in the direction / by considering

u(X)=u(X+1l), 1>0.

In view of (8.12), u, > u on 81° if 0 < 7 < 28. Since g(x) = 1, u, is a minimizer for
the same functional J as u. Appealing to Lemma 8.1 we conclude that u. > u in
{u ## 0}, from which the assertion follows.

LEMMA 8.3. Any global minimizer u with two phases must be a 2-plane solution.

ProoF. For a sequence m — oo we have u,,(X) = u(mX)/m — v(X) where v( X)
is a 2-plane solution. Indeed,

1 -2 +2
r)y=— vu vu Ty asr 1 oo,
(r) r‘,fB’I |fB’| |
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and since y(r,) > 0 for some r, > 0 (since u has two phases) it follows that y > 0.
On the other hand, v satisfies (6.13) and, by Lemma 6.6(ii),

olx.y) = pry ify <0,

where g, > 0, i, > 0, udp3 = v.

Given ¢, > 0 and n = p,/2, if m is large enough then the u, restricted to I satisfy
the conditions of Lemma 8.2 (recall that the lemma is valid uniformly with respect to
the class of all minimizers u). Hence, the free boundary d{u,, > 0} (for m = m(¢))
in I, is a graph in the direction (=1, ¢) for any & = ¢,. It follows that 0{u > 0} N
{|x|< m,|y|< m} is a graph in any direction (*1, ¢) where € = g,. Since ¢, can be
chosen arbitrarily small (and m = m(¢,)), d{u > 0} must coincide with the x-axis.
By uniqueness for the Cauchy-Kowalewski theorem u is thus linear in y for y > 0
and for y < 0.

LEMMA 8.4. Any global minimizer u with one phase must be a 1-plane solution.

Naturally, to exclude a trivial case we assume that ¥ =0 in R? with (say)
0 € 3(u > 0} and with A > 0, where J(u) = [(Vu[ + NI ,.0)).

ProoF. The function | Vu| is subharmonic and | vu|= A on 3{u > 0}. Proceeding
as in [2] (see also [9,p. 327]) we deduce that | Vu| takes its maximum on the free
boundary and, consequently, the free boundary is convex to {u > 0}. If 3{u > 0} is
not a straight line then the blow-up limit of a subsequence of u,(X) = u(mX)/m
converges to a minimizer v whose free boundary includes two rays forming an angle
# o at the origin; this contradicts the Cauchy-Kowalewski theorem since u = 0,
du/dv = 0 on each of these rays.

LEMMA 8.5. For any y > 0 and C, > 0 there is a § = 8(vy, Cy) such that if u is a
minimizer in B, with |V u|< C, then for any ball By( X°) C B, ,, with center in the free
boundary, the y-flatness condition holds, i.e., the free boundary of u in By( X°) lies in a
strip with center X° and width 2.

PRrOOF. If the assertion is not true then there is a sequence B; (X,,) C B, ,, with
8,, — 0 such that the flatness condition does not hold for some u,,; X,, € 9{u,, > 0}.
A blow-up sequence with respect to B, (X,,) is convergent to a minimizer v in R?
and the free boundary of v in B(0) does not lie in a (2y)-strip with O in the
centerline of the strip. If v has two phases, this contradicts Lemma 8.3, whereas if v
has one phase, Lemma 8.4 is contradicted.

LEMMA 8.6. If u satisfies the y-flatness condition in B, = B(0) in direction (0, 1) and
if
(8.13) u(A) > Mu(P) whereAd = (0,1), P € {u>0} N B, ,,
then, for some absolute constant C, dist( P, 3{u > 0}) <2y + C/M.

PrOOF. By the flatness assumption ¥ >0 in B, N {y >¢/2} for any & > 2v.
Suppose dist(P, 3{u > 0}) > ¢; then also dist(P,{y <e/2}) >¢/2. Applying
Harnack’s inequality in B, N {y >¢/2} we get u(P) > ceu(A). Hence, by (8.13),
1/M>ce ie, e<1/cM.
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LEMMA 8.7. For vy sufficiently small let § = 8(y, C,) be as in Lemma 8.5, and let
Bs( X,) be any ball in B, ,, with X, for which the y-flatness holds in the direction (0, 1),
say, and u( A) > 0 where A = X, + (0, 8/2). Then
(8.14) u(A)y=vy sup u.

Bs 2( Xp)

ProoF. Take, for simplicity, X; = 0 and normalize by taking § = 1. Set 4, = 4. If

the assertion (8.14) is not true then there exists a point P, € B, ,, N {# > 0} such

that

1
(8.15) u(Py) > ;u(AO).
By Lemma 8.6
(8.16) dist( Py, {y > v}) < G-
Let E be a point on the free boundary with
(8.17) |[E — Py|< (C, + 2)y.

By the y-flatness about E, the direction of flatness v, at E differs from the direction
(0, 1) by at most Cy.

We fix n small, to be determined later (independently of y) and take y <. By
Harnack’s inequality in B, N {y > 1/2} we have

1 .
(8.18) ﬁu(AO)gu(X)gNu(Ao) fxesB N {y>n}

where N = N(7). Denoting by G the Green function for -A in B= B (EYN{y>
-2v}, we can represent the subharmonic function u* at P, in the form

G+
0= = -

where § = 9B, ,(E) N {y>~n} and T=0B, ,(E) N {y <m} N {(X — E)- vp >
v} (notice that u™ = 0 on 8B N {(X — E) - v, < v} and, in particular, on 9B N {y
= -2v}). Setting o(n) = meas(7 ), we have o(n) —» 0 if n — 0.

By (8.17), -3G(P,, X)/dv < Cy ifX € S U T. Consequently, -f, <
Cy8(n)supru™ and (using (8.18))

—/S<Nu(A0)(l —o(n))Cy.

Recalling (8.15) we conclude that

%u(AO) < Cu( Py) < NCyu(A,) + Cyo(n)supu™ .
T

Choosing n such that 2Ca(n) <1 we find that, provided NCy/2y, there holds
u(Ay)/y? < supyu™ . Thus, there is a point P, € T such that

(8.19) u(P,) > %u(AO).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



VARIATIONAL PROBLEMS WITH TWO PHASES 457

Let 4, be the point in B, ,,(E) such that A4,E is in the direction -», with
|A, — E|= 1/8. Then, by Harnack’s inequality,

(8.20) u(4)) = Nu( Aq) < ~u(4o)

with the same N as before (if % is small enough). The previous setting for A,, P,
occurs also for 4, P, since, by (8.19) and (8.20),

1 1
u(Pl) > _Y_EX/_”(A]) > ;u(Al)'

We can now repeat the previous proof with 0, 4,, P, replaced by E, 4, P, and
B, ,,(0) replaced by B, ,,( E). Thus there is a triple E,, 4,, P, such that

1 1
u(P)>——ul(A
(B) > § —ul4)

and u(P,)) > u(A,)/y >0, E;, € 3{u > 0}, E, A4, is in the direction v, of y-flatness
atEy. |4, — E3|= 5 - 4.

Continuing in this way, step by step, we construct a sequence (E,, 4,, P,) such
that

1 1

(8.21) u(P,) > e

u(Anfl)

and uw(P,)>u(A,)/y >0, u(E,)=0, m is in the direction vy of y-flatness
about E,, |4, — E,|= 327". Recall that, by Harnack’s inequality, u(A4,) > u(A,)/N.
Since the configuration of each pair 4,, 4,_,, with respect to the free boundary, is
similar (after scaling) to that of A,, 4, (using the y-flatness in each ball B,-.( E,) and
the fact that the directions vg, v, differ by at most Cy/2"), we also have, by
Harnack’s inequality, u(A4,) > u(A,_,)/N (with N independent of n). Recalling
(8.21) we obtain

1

1 1 1 1
- —u(dy) = = ————u(4).
N 1 ,Yn-+-l N 1 ,YZ (‘YNz)" 1

u(P,) =

Choosing ¥ < N?* we conclude that u(P,) > oo if n — oo, which is impossible. This
completes the proof of (8.14).
Lemma 8.7 extends to u~, that is, if 4, = X; — (0, § /2) then

(8.22) u(A*) <0, u'(A*) >y sup u”.
By /2( Xp)

COROLLARY 8.8. If v is small enough, say y <'y,, then

(8.23) (VU P < Cu* (4), vut < c(u(4,)
Br(Xp)

Br(Xp)

where C = C(y,) and R = 8(y,)/4.
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Indeed, introducing G(X) = log2R/| X — X, | in B,x(X,), we have, by Green’s
formula,

- (X)(u:)Z%—fZ I [a@*)6 - (u*)a6]

B, r( Xp)
_ =20 =2
=2 [vu=|'G=c |vu™ |,
B, r( Xo) Br(Xo)

and the left-hand side is estimated by (8.14) and (8.22).

LemMA 8.9. If X, € 9{u > 0} and
limsup | vu~(X)|= a, limsup|vu®(X)|= 8B,

X=X, XX,
then
1
(8.24) (o +A]) < — |vuf- [ jvurp
R® By x) Br(Xy)
(8.25) BB =A< — [ yvuP- [ |vu'P
R Bgr( Xp) Br( X))

here u is any minimizer in Bg( X,).

ProOF. It suffices to prove (8.24). We take X, = 0 and X, —» O with| Vu~(X,) |~ a;
we may suppose that @ > 0. Let Y, be the nearest point to X, on the free boundary.
Consider a blow-up sequence with respect to B,(Y,), r, =|X, — Y,|. Since a >0
and A <0, the blow-up limit has two phases and, by Lemma 8.3, it is a 2-plane
solution with slopes a and & satisfying a®> — &> = A. It easily follows that, as ¢ — 0,

:12_/;;l| vup - o, %LJ vutp - al.

The assertion (8.24) now follows using the monotonicity lemma.
LeMMA 8.10. Under the conditions of Corollary 8.8 (with y < vy,),
(8.26) | vu (X)|< Cu(4,)(u™(4) + 1) in By o(Xp),

where C is a constant (depending on v,).

ProOF. The function w =| v u | is subharmonic. By Lemma 8.9 and Corollary 8.8,

limsupw(X) < C[u+ (A)u_(A*)]l/z
X=X

where 4 = A(X,), A, = A,(X,). If v is small enough then by Harnack’s inequality
(8.27) ut (A(X,)) < Cu™ (A4), u(A4,(X,)) < Cu(4,)

where 4, A, correspond to the free boundary point 0 and X, € B;. Hence,

2
(8.28) lim sup w(X) < c[ut (a)u(4,)]”
XE By, dist( X, 3{u>0})—0
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On the other hand, by Corollary 8.8 and (8.27),

2
w2<Clu(A,)).

'/‘Bkﬂ(u<0} ( ( *))

Set W = max{w, Clu" (4)u~(A4,)]'/?} in Bg. By (8.28), W is a continuous sub-

harmonic function and, therefore, by elliptic estimates,

Wi (X) < ch wi<cut (u(a,) + c(u(4,)),

and (8.26) follows.
LEMMA 8.11. Lemma 8.2 remains true without the assumption (ii).
PrOOF. It suffices to establish that

(8.29) A, u>0 ondl®

for all h, /, u. Suppose this is not true for a sequence u,, with X=X, h=h,,
[ =1,.1f the intervals /: (X,,, X,, + h,l,) lie in {u,, > 0} then we can proceed as
before. Indeed, the blow-up limit w with respect to By,2( X,,) (or B, (E;), E; depends
on m) is either a 1-plane solution with w = 0 (since A < 0) or a 2-plane solution and
its free boundary is {y = 0} (here we use Remark 8.1); thus we get a contradiction
as before.

If [ lies in {u, < 0} and if a blow-up limit w turns out to be a I-plane solution
with w=10 if {y <0}, we do not get a contradiction. In order to derive a
contradiction we shall work with U, = u,, /u,(A,) instead of u,, where A4, is
chosen as in Lemma 8.10 (A, depends on m). Then U, (A4,) = -1 and U, is
uniformly Lipschitz continuous (by Lemma (8.10)). Taking a blow-up limit W of U;
with respect to Bj2(X,,) (or B,(E;)) we find that the free boundary of W is
{y = 0}; hence, by Liouville’s theorem (reflecting first W across {y = 0}) W =y if
» <0(c>0), and therefore, A, , U, = c uniformly with respect to [, in {u, <0},
that is,

(8.30) Ay ity >cu,(A4,)>0
uniformly with respectto b, /., X,,.

It remains to establish uniform positivity (in the sense of (8.30)) in case I lies
partially in {u,, > 0} and partially in {«,, < 0}. In this case we can write it as a
disjoint union of intervals /,, = I} + 12 + I3 where I} C {u,, >0}, I C {u,, <0)
and /3 is an interval with endpoints on ¢ and o,. By Remark 8.1, meas(/3) = o(h,,)
and thus either meas(/),) > ch,,, or meas(/2) > ch, or both inequalities hold. By the
previous arguments for 7, in {u,, > 0} and for / in {u,, < 0} we deduce that the
incremental quotients A, u with respect to [}, satisfy

Apu = cmeas(l),) /meas(1,,),
Apu= cu,( A, )meas(12) /meas(7,,).

Since also A u = 0, the assertion (8.29) holds. We can now proceed as in Lemma 8.2
to complete the proof of Lemma 8.11.
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THEOREM 8.12. The free boundary 3{u > 0} N Q is continuously differentiable.

ProOF. By Lemma 8.5, for any small y > 0 thereis a § = §(y) >0 (610 if y |0)
such that the y-flatness condition holds in every ball By with center in the free
boundary. Take such a ball B; and suppose for simplicity that its center is at the
origin and that the flatness direction is (0, 1). By Lemma 8.11 the free boundary in
B; ,, has the form y = f(x) with f(x) Lipschitz continuous.

Denote by y = y(6) the inverse of the function § = §(y).

Take x|, x, in (-8/4, § /4) and set

r=lx; = x|, X, =(x, f(x)), B, =B,,(X,).
Each X; must lie in the flatness strip of the disc B; (j # i). Therefore, the angles
between the directions of flatness at X, and X, are bounded by Cy(r). It follows
that | f'(x,) — f'(x,)|< Cy(r) for any two points x,, x, where f(x) is differentiable.
Thus f’(x) has a continuous version.

The next result is concerned with the continuity of the normal derivative of u.
Letting

.1 _
y:llm—“/ |Vu |2-f |vu™ P
. rtoo r B,( Xy) B,( Xy)

where X, is a free boundary point, we define 8 = B(y) >0 by BX(B* — |A) =7y
and denote by » = vy the normal to the free boundary at X, (pointing into
{u>0}).

THEOREM 8.13. For any sector
S ={XG(X - X)) v>clX— X}, >0,
there holds u(X) - Bif X€ 2, X - X,.

Proor. Let X,, € 2, X,, — X, and take a blow-up sequence u,, with respect to
By _x,(X,). Then u,(X)~ v(X)= By (y>0) and du,(X,,)/d — dv(¥,)/3y
since Y, lies in {y > 0}. Since dv(Y,)/0y = B, the assertion follows.
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