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VARIETIES OF SMALL CODIMENSION
IN PROJECTIVE SPACE!

BY ROBIN HARTSHORNE

Introduction. I would like to begin by stating a conjecture. While
I am not convinced of the truth of this statement, I think it is useful to
crystallize one’s ideas, and to have a particular problem in mind. Then
for the remainder of the talk, I propose to examine this question in a
rather general way from a number of different perspectives. This will
give me an opportunity to report on recent work in several areas of
algebraic geometry, and at the same time to mention a number of open
problems.

Let k& be an algebraically closed field. Let P" be the n-dimensional
projective space over k. Let Y < P* be a nonsingular subvariety of dimen-
sion r. We say that Y is a complete intersection in P" if one can find
n—r hypersurfaces H,,---, H,_,, such that Y=H,N---NH, ,, and
such that this intersection is transversal, i.e. the hypersurfaces H; are
nonsingular at all points of Y, and their tangent hyperplanes intersect
properly at each point of Y. In algebraic terms, Y is a complete inter-
section if and only if its homogeneous prime ideal I(Y)< k[xg, * * *, x,]
can be generated by exactly n—r homogeneous polynomials.

Conjecture. If Y is a nonsingular subvariety of dimension r of P", and
if r>%n, then Y is a complete intersection.

The paper is divided into six sections:

§1. Representing cohomology classes by subvarieties.

§2. Cohomological properties of the subvariety.

§3. Examples. Subvarieties of small degree.

§4. Embedding varieties in projective space.

§5. Connections with local algebra.

§6. Existence of vector bundles on P™.

1. Representing cohomology classes by subvarieties. To give perspec-
tive on our conjecture, let us consider some more general questions.
Let X be a nonsingular algebraic variety, and let ¥ be a (possibly singular)
subvariety. Then we can consider the cohomology class of Y, in any
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suitable cohomology theory on X. To fix the ideas, let us suppose that X
is a projective variety defined over the complex numbers. Then we can
consider X as a compact complex manifold. If Y is a subvariety, it defines
a homology class on X, which by Poincaré duality gives us a cohomology
class n(Y)e H*(X, Z), where g is the (complex) codimension of ¥ in X.
This definition can be extended by linearity to give the cohomology class
7(Z) of any algebraic cycle Z on X. An algebraic cycle of codimension q
on X is by definition a formal linear combination Z=73 n,¥, of irreducible
subvarieties Y, of codimension ¢ with integer coefficients »,.

Once we have the notion of the cohomology class of a cycle, a number
of questions come to mind:

Question 1.1. Which cohomology classes & € H*(X, Z) are of the form
7(Z) for some algebraic cycle Z ? If §=1#(Z) we say that £ is represented by
the cycle Z.

Question 1.2. If § can be represented by some algebraic cycle, can one
find a cycle Z=3 n;Y; representing &, where the Y, are all nonsingular
subvarieties ?

Question 1.3. Which cohomology classes & € H*(X, Z) can be rep-
resented by a single irreducible nonsingular subvariety ¥'?

Question 1.4. If Y is a nonsingular subvariety of codimension g in X,
to what extent are properties of Y determined by its cohomology class
7(Y)?

Let me comment briefly on each of these questions.

For Question 1.1 there is a well-known necessary condition for £ to
be representable, namely that the image of & in H2(X, R) be representable
by a differential form of type (g, ) where H*(X, R) is calculated by the
De Rham theorem using C* differential forms. Hodge [21] conjectured
that this condition is also sufficient. Atiyah and Hirzebruch [2] showed
that the Hodge conjecture in this strong form fails for torsion cohomology
classes. This leaves open the “rational Hodge conjecture”, which would
say, for a class &£ € H¥(X, Z), that n& can be represented by an algebraic
cycle for some n#0, n € Z, if and only if the image of £ in H*(X, R) is of
type (¢, 9)-

Question 1.2 is essentially the question of ‘“‘smoothing cycles for homo-
logical equivalence,” which can be stated as follows. Given a cycle
Z=73 n;Y,on X, can one find a cycle Z'= 3 n;¥; homologically equivalent
to Z, i.e. with n(Z)=n(Z’),such that the subvarieties ¥, are allnonsingular ?
This question has been studied by Hironaka [19] and Kleiman [24],
who give affirmative answers in certain cases when the dimension of Z
is not too large with respect to the dimension of X. Recently Rees, Thomas,
and I [16] have shown that the smoothing of cycles in this sense is not
always possible.



1974] VARIETIES OF SMALL CODIMENSION 1019

I do not know of any results in relation to Question 1.3 except for trivial
cases such as X=P". In that case H*(X, Z) is isomorphic to Z, with the
cohomology class of a linear subspace of codimension ¢ serving as a
generator. Under thisisomorphism, an integer d € H*(X, Z)is represented
by a nonsingular subvariety if and only if 4>0. For example, one can use
a nonsingular hypersurface Y of degree d in P*—4+ < P*, This shows that
for X=P" the answers to Questions 1.1 and 1.2 are both trivially yes.

When the answer to Question 1.3 is known, then it is interesting to
ask for more precise information about the possible nonsingular sub-
varieties representing a given cohomology class. As an illustration, let
X=P3, and let £ € HY(X, Z) correspond to a positive integer 4. Then for
any nonsingular curve Y of degree din P3, we will have #(Y)=¢. We canask
what are the possible values of the genus g of Y. It is easy to give bounds
on g (for example 0=g<4(d—1)(d—2), and both extremes are attained),
but I do not believe that it is known exactly which values of g can occur.

This should illustrate what I have in mind for Question 1.4. Now coming
back to our conjecture, it can be viewed as a special case of Question
1.4. The general philosophy which operates here is that a nonsingular
subvariety of small codimension of a fixed variety X must be subject to
stringent restrictions. More specifically, in the case of a subvariety Y
of P, if we know that it is a complete intersection of hypersurfaces of
degrees d, * + -, d,_,, then we essentially know all about it. We can cal-
culate its cohomology groups, its fundamental group, and so on.

2. Cohomological properties of the subvariety. Another way we can
approach our conjecture is this. The theorems of Lefschetz (which we
will review in a minute) tell us a great deal about the cohomology of a
complete intersection variety in projective space. We can ask to what
extent do analogous properties hold for an arbitrary nonsingular sub-
variety. The remarkable recent results of Barth and others show that many
of the same properties hold for nonsingular subvarieties of small codi-
mension. This supports our conjecture in the sense that it shows that sub-
varieties of small codimension “look like” complete intersections from a
cohomological point of view.

In this section I would like to review the Lefschetz theorems, and re-
port on recent theorems of Barth type. I would also like to give a new
proof of Barth’s first theorem, by deriving it as a consequence of the
“strong Lefschetz theorem”. For simplicity, I will stick to varieties over C.

THEOREM 2.1. Let Y be a nonsingular subvariety of dimension r of
P¢, which is a complete intersection. Then:

(a) The restriction map H'(P", Z)—~HYY,Z) is an isomorphism for
i<r, and injective for i=r.
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(b) m(Y)=1if rz2.
(c) Pic(Y)=2Z, generated by Oy (1), if rZ3.

These theorems are usually attributed to Lefschetz [26], although some
cases were known earlier. The best modern proofs (in my opinion) are the
ones of Andreotti and Frankel [1] and Bott [7] using Morse theory for
(a), and the ones of Grothendieck [11] for (b) and (c). See Hartshorne
[12, Chapter IV] for a simplified version of Grothendieck’s proof, and for
more detailed historical notes.

The principal Barth type theorems are the following.

THEOREM 2.2. Let Y be a nonsingular subvariety of dimension r of
P¢ (which is not necessarily a complete intersection!). Then:

(a) The restriction map H'(P", C)—~HY, C) is an isomorphism for
i<2r—n.

(b) Ditto for cohomology with Z coefficients.

(©) m(Y)=1ifrz4(n+1).

(d) Pic(Y)=2Z, generated by O (1), if r=%(n+2).

Of course (a) is a consequence of (b), but we state them separately for
historical reasons. Part (a) was first proved by Barth [4], using the cohom-
ology of coherent analytic sheaves on P”. Part (c) was proved by Barth
and Larsen [5]. Part (b) was proved by Larsen [25], using Morse theory
in addition to Barth’s earlier techniques. Larsen also has statements about
higher homotopy groups. Part (d) can be deduced from (b) using the
exponential sequence. A more algebraic proof of (a) was given by Hart-
shorne [13]. Then purely algebraic proofs of (a), (c) for the algebraic
fundamental group, and (d), using algebraic De Rham cohomology, were
given by Ogus [30]. In characteristic p>0, there are analogous results
using Z/pZ cohomology (see [13] and [17]).

Note in the statements of the theorem that the restrictions on i and r
operate so that if r<4n there is no conclusion. On the other hand, as the
codimension of Y becomes small with respect to the dimension of Y,
one has progressively stronger conclusions.

Now I would like to show how Theorem 2.2a is an easy consequence
of the strong Lefschetz theorem. First recall

THEOREM 2.3 (STRONG LEFSCHETZ THEOREM). Let X be a nonsingular
projective algebraic variety of dimension n, and let § € H*(X, C) be the class
of a hyperplane section. Then the cup-product map Hi(X, C)—*""H*—i(X,C)
is an isomorphism, for each i=0,1,---, n.

This theorem is proved using Hodge’s theory of harmonic integrals
(see e.g. Weil [39]).
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COROLLARY 2.4. With the hypotheses of the theorem, the cup-product
map H{(X, C)—¥ H"+% (X, C) is injective whenever j<n—i.

PROOF OF 2.2a. Let Y be a nonsingular subvariety of dimension r
of P=Pg, and let j: Y—P be the inclusion map. Let j*: H‘(P)—~H'(Y) be
the restriction map on cohomology (always with C coeflicients), and let
Jx tH(Y)—H"*2"—2"(P) be the covariant map induced by Poincaré duality
from the covariant map j, on homology. Let # € H?"~#"(P) be the cohom-
ology class of Y. Then for any x € H'(P), we have j,j*(x)=xUz in
Hi#=2r(P). This follows from the projection formula. On the other hand,
for any y € H'(Y), we have j*j, (y)=yp\Uj*(n) in H*"¥~2"(Y). This follows
from the Thom isomorphism theorem on a tubular neighborhood of Y.

Now suppose Y is a variety of degree d. Then #n=d - §"", where
& € H*(P) is the class of a hyperplane. Applying Corollary 2.4 to Y, we
find that the map j*j, :HY(Y)—~H"2"-2(Y), which is the cup-product
with j*(n)=d - j*(£)"~", is injective provided that n—r <r—i, i.e., IS2r—n.
If this is so, then j, : H'(Y)—>H"""2"(P) must also be injective. On the
other hand, j*j, : H(P)—>H**"~%(P) is an isomorphism. Indeed, these
groups are either both 0, if 7 is odd, or both C, if i is even, and they are
generated by the appropriate powers of &, so the cup-product with
&' is an isomorphism. Putting these facts together, we find that
Jj¥:H'(P)—~H'(Y)is an isomorphism, provided i<2r—n.

REMARKS. 1. This argument can be applied to other ambient varieties
besides projective space. For example, suppose X is a nonsingular com-
plete intersection variety of dimension #, and Y is a nonsingular subvariety
of dimension r. By (2.1) we know the cohomology of X. The same argu-
ment works, and we find that j*: H(X)—~H'(Y) is an isomorphism for
i<2r—n, and injective for i=2r—n.

2. Since the strong Lefschetz theorem has recently been proved by
Deligne [9] for [-adic cohomology of projective varieties in characteristic
p, and since the properties of j, and j* we used are formal properties
which hold in any good cohomology theory, we conclude that the first
Barth Theorem 2.2a holds also for the /-adic cohomology in characteristic
p, provided (/, p)=1.

3. Examples. Subvarieties of small degree. Coming back to the
original conjecture, let us make a few elementary observations. First of all,
any hypersurface is a complete intersection, by definition. In codimension
=2, however, there are varieties which are not complete intersections.
The simplest example is the twisted cubic curve in P3, whose affine part is
given parametrically by x=¢, y=t%, z=¢3 This is a curve of degree 3,
which does not lie in any plane. If it were the transversal intersection
HNH' of two surfaces of degrees d and e, then Bézout’s theorem tells us
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the curve would have degree de. But if de=3 then d or ¢ must be 1, so H
or H' is a plane, which is impossible.

By taking the cone in P" with vertex P"—% over the twisted cubic curve in
P3, one can construct a (singular) subvariety of P", of codimension 2,
which is not a complete intersection. Hence the nonsingularity of Y is an
essential condition in our conjecture.

At present there are only vague heuristic reasons for the fraction %
which occurs in the conjecture. But at least we can show by example
that it is the best possible. Let G=G(1, 4) denote the Grassmann variety
of all projective lines in a projective 4-space. Then G is a variety of dimen-
sion 6, which has a natural embedding (its Pliicker embedding) in P°,
and in this embedding it has degree 5. Now G is not contained in any hyper-
plane P8, so by Bézout’s theorem as above it cannot be a complete inter-
section. (Another reason why G is not a complete intersection is that
HYG, C)=CadC, which would contradict Lefschetz” Theorem 2.1a.)

This is rather meager evidence for the correctness of the fraction 3.
There are surfaces in P* and 3-folds in P5 which are not complete inter-
sections. I do not know if there is a 4-fold in P® which is not a complete
intersection. The first unknown case to which the conjecture applies is
that of 5-folds in P?. For large values of n, it is easy to find noncomplete
intersections of dimension approximately 4z in P*. But I do not know
any infinite sequences of examples of noncomplete intersections which
would justify the fraction § of the conjecture as n—oo0.

One way we can approach the conjecture is to study varieties according
to their degree, instead of their dimension. A variety of degree 1 is a linear
variety, which is itself a projective space, hence a complete intersection.
If Y is a variety of degree 2 and dimension r in P*, then in fact ¥ is con-
tained in some P+, Hence it is a hypersurface in P+, and as such itis a
complete intersection. More generally, one can show by an elementary
argument that a variety Y of dimension r and degree d in some P is
always contained in a linear space Pr+4-1,

For varieties of degree 3, we have the following result, published anony-
mously [40]. The proof is completely elementary.

THEOREM 3.1. Let Y be a nonsingular variety of dimension r and degree
3 in P", and assume that Y is not contained in any P"1, Then either
(a) r=n—1, ie. Y is a hypersurface, or
(b) r=n—2, n=3, 4, or 5, and Y is obtained by linear automorphism
of P* from one of the following three varieties:
(bl) the Segre embedding of P' X P? in P5,
(b2) its general hyperplane section, which is a rational ruled surface in P4,
(b3) the twisted cubic curve in P3.
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In particular, we see that if ¥ is a nonsingular variety of degree 3 which
is not a complete intersection, then it is contained in a projective space of
dimension #=<5.

A similar but more complicated analysis was carried out for varieties
of degree 4 by Swinnerton-Dyer [37]. His result is this.

THEOREM 3.2. Let Y be a nonsingular variety of dimension r and degree
4 in P", which is not contained in any P"~. Then either
(a) r=n—1, 50 Y is a hypersurface, or
(b) r=n—2, and Y is a complete intersection of two quadric hyper-
surfaces, or
(¢) n=7, and Y is one of the following (up to an automorphism of P™):
(cl) the Segre embedding of P*x P® in P?,
(¢2) the Veronese embedding of P? in P®,
(c3) a variety obtained from (cl) or (c2) by a succession of sections
by a hyperplane and|or projections from a point into a lower-dimensional
projective space.

As in the case of degree 3, we see that those varieties of degree 4 which
are not complete intersections are contained in a projective space of
bounded dimension, in this case n =<7, and that there is a finite list of pos-
sibilities. Unfortunately this method of complete classification is hopeless
to extend to the general case. Already for degree 5 the calculations appear
formidable.

However, using different techniques, one can show the existence of such
a bound for any d. I understand that Barth and van de Ven [6] have also
obtained a similar result by different methods. The result is this.

THEOREM 3.3. Given d>0, there exists an ny>0, such that if Y is a
nonsingular projective variety of degree d, defined over C, which is not a
complete intersection, then Y is contained in some P" with n=n,. Further-
more, there is only a finite number of continuous families of such varieties.

The proof of this result will appear in [15]. Let me just give a rough idea
of what it depends on. If the result were false, one could find an infinite
sequence of varieties Y, < P™ of degree d, for each n. Moreover, we may
assume that Y, NP '=Y, ; for each n. Then, following an idea of
Schwarzenberger (see [20, p. 165]), one can use Riemann-Roch and some
analytic number theory to show that the Chern classes of the normal
bundle of Y, and hence also the Hilbert polynomial of Y, are the same
as those of a complete intersection. Then one uses the Barth-type Theorem
2.2d above, the Kodaira vanishing theorem, and Riemann-Roch again,
to show that the ideal of Y is generated by the right number of elements.
Unfortunately, because of the use of the Chebotarev density theorem
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in the first part of the proof, it does not seem possible by this method to
find an effective bound for #, in terms of d. On the other hand, the method
of Barth and van de Ven does give an effective bound, but it is limited so
far to the case of codimension 2.2

4. Embedding varieties in projective space. Let us approach our
question from another angle. Given an algebraic variety Y of dimension
r, we can ask, what is the smallest n such that there exists an embedding
of Y in P"? Of course there are abstract algebraic varieties which do not
admit an embedding in any projective space (see Nagata [29] and Hironaka
[18]), so let us restrict our attention to projective varieties, i.e. those which
do admit some projective embedding.

Given an embedding of ¥ in P", we can define a mapping of Y into
P71 by projecting from a point of P” to a hyperplane. One can show easily
that if Y is nonsingular, and if n>>2r+-1, where r=dim Y, then the pro-
jection can be chosen so that the image is still nonsingular, and hence we
obtain an embedding of Y in P"1. Indeed, we need only make sure that
the center P of the projection map does not liec on any chord, or any
tangent line of Y. By counting constants, we see that the chord variety
of Y, which is the locus of all points on chords and tangents of Y, has
dimension =2r+1. So if n>2r+1, we can find a point in P* not on the
chord variety.

Thus by successive projection we show that a nonsingular projective
variety ¥ of dimension r can always be embedded in P#+*, This argument
has been generalized by Liuis [27], who considers also singular varieties.
He obtains an expression for the least expected embedding dimension
which depends also on the singularities of Y.

In general, if we attempt to project Y further into smaller projective
spaces, the image will acquire singularities. See Roberts [32] for a study
of what kind of singularities can occur.

However, in special cases, ¥ may already lie in a smaller projective
space, or the projection of Y into a smaller projective space may remain
nonsingular. So we can ask when does this happen ? Let us consider some
examples.

If Y is a nonsingular curve, then Y can always be embedded in P3,
But, unless it already lies in P2, jts generic projection into P2 will always
be singular. Another way of saying this is that a nonsingular plane curve
cannot be the projection of a nonplanar curve in P3. The reason is that
the linear system of line sections of a curve in P?is a complete linear system

% Added in proof. Barth and van de Ven have extended their proof to treat all
codimensions. On the other hand, my proof has developed some difficulties, and
works at present only for codimension <4.
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of dimension 2. If the curve were the projection of a space curve, this linear
system would be a subsystem of the linear system of plane sections of the
space curve, which would have dimension 3, so the original linear system
would not be complete.

More generally, if Y is a nonsingular subvariety of P”, then Y can be
realized as the projection of a variety in P**!, not lying in any P", if and
only if the linear system of hyperplane sections is not complete. See Samuel
[33, p. 27] for a more thorough discussion of this point. If the linear
systemi of hyperplane sections is complete, we will say that Y is linearly
normal for the given embedding. In terms of sheaf cohomology, this
says that the natural map H°(P", Op(1))—~H(Y, Oy (1)) is surjective.

Being linearly normal is weaker than the condition of being projectively
normal, which says that for all integers k € Z, H(P", Op(k))—~H(Y,0 (k)
is surjective. Y is projectively normal if and only if the vertex of the cone
over Y in A" is a normal point.

Coming back to complete intersections, one knows that any nonsingular
complete intersection variety is projectively normal. Hence it is linearly
normal, and so cannot be realized as a projection of a variety sitting
effectively in a higher-dimensional projective space. This generalizes the
example of plane curves above.

Now let us look at some more examples. A nonsingular surface in P?
is projectively normal, hence cannot be a projection of a surface in any
higher P*. But a surface in P* might be a projection of a surface in P®,
So let us consider a nonsingular surface Y in P35, which does not lie in
any P4 In general, its generic projection into P* will have a finite number
of double points with transversal tangent planes. There are classical
formulae for finding the number of these double points in terms of the
numerical invariants of ¥ and its embedding (see Semple and Roth [34,
p- 196]). There is a remarkable theorem of Severi [36] which tells us when
the projection is nonsingular.

THEOREM 4.1 (SEVERI). Let Y be a surface in P, not contained in
any hyperplane, whose generic projection into P* is nonsingular. Then, up to
an automorphism of P5, Y is the Veronese surface, which is the embedding
of P%in P® given by

(xo, X1, x2) (e (xtz)y XoX15 X;, XoXg, X1X25 X%)

In higher dimensions, we know a few interesting examples of varieties
which can be projected down into smaller projective spaces than one
would expect. The example of the Veronese surface can be generalized
as follows. Embed P~ in P by the 2-uple embedding, where N=}r(r+3).
Let Y be its generic projection into P+, Then in this case ¥ can be pro-
jected into P?" and remains nonsingular. The reason is that any two
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points of Y (which is isomorphic to P7) can be joined by a line in PT,
which becomes a conic in the given embedding of Y in P#+*1, Hence
every point of the chord variety of ¥ must lie on infinitely many chords
of Y. So the dimension of the chord variety is =2r, which allows us to
project once more without acquiring singularities.

By a similar argument, one can show that the Segre embedding of
Prx Ps in PY can be projected down to Pr+9)-1 without acquiring singu-
larities. This example, which was suggested by Tango, is in a space of
two dimensions less than one would expect.

A third example of a similar nature is given by the Grassmann variety
G(1, m) of projective lines in P™. This is a variety of dimension 2(m—1),
which has a natural embedding in a large projective space P”, and it
can be projected down into P*"~7 without acquiring singularities. This is
four dimensions less than the general case,

The general philosophy suggested by Severi’s theorem is that these
events should be rather rare. More specifically, looking at the examples
of the Veronese surface in P4, P2x P%in P?, and G(1, 5) in P13, each one
of which is the projection of a variety lying effectively in a larger projective
space, we have three examples of a variety Y of dimension r in P*, with
r=%(n—1), which is not linearly normal. Since we do not know any exam-
ples where r is any larger with respect to n, we make the following con-
jecture.

Conjecture 4.2. Let Y be a nonsingular variety of dimension r in P*,
with r>%(n—1). Then Y is linearly normal.

Of course in settling this conjecture, it would be nice also to classify
all nonlinearly normal varieties with r=%(n—1), so as to have a satis-
factory generalization of Severi’s theorem.

As noted above, a complete intersection is always linearly normal,
so this conjecture would be a consequence of our original conjecture,
except for the case r=3%n. My feeling is that this conjecture should be
easier to establish than the original one.

5. Connections with local algebra, There has been some very interesting
recent work in local algebra which is closely connected with our conjecture.
To explain this, let us first state a local version of the conjecture. Given ¥
in P", we consider the cone over Y in A"1. Let A4 be the local ring of the
origin in A"+, and let p< A4 be the prime ideal of the cone over Y. Then Y
is a complete intersection in P” if and only if 4/p is a complete intersection
in 4, i.e. p can be generated by exactly n—r elements, where r=dim Y.
This motivates stating the following conjecture in local algebra, which
is actually stronger than the original conjecture. (Note the changes in the
definitions of r and n!)
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Conjecture 5.1. Let 4 be a regular local ring of dimension n, let pc 4
be a prime ideal, such that A/p has an isolated singularity, let r=dim 4/p,
and suppose that r>4(2n—1). Then A4/p is a complete intersection.

There are affirmative answers to this conjecture in the special cases
of codimension 2 and 3, provided one is willing to make some auxiliary
hypotheses on the depth of 4/p. Here depth means the length of a maximal
regular sequence in the maximal ideal. For example, depth 4/p=2 would
be equivalent to assuming that A/p is normal, which corresponds in the
global case to assuming Y to be projectively normal.

I would like to mention briefly some of these results, and refer to the
papers listed for more details and related results.

THEOREM 5.2 (SzPIrRO [38]). Let A be a regular local ring of dimension
n27, let p< A be a prime ideal, such that Ay is a locally complete inter-
section except at the closed point. Assume that Afp is Cohen-Macaulay
(i.e. depth A/p=dim A/p) and that it has dimension r=n—2. Then A[p
is a complete intersection.

The proof of this result uses a technique going back to Macaulay to
show that p is a determinantal ideal. Then from studying the singularities
of determinantal loci, one obtains the result. See also Peskine and Szpiro
[31] for related results.

The next result, also in codimension 2, has a weaker depth hypothesis,
but is proved only in characteristic 0. It is due to Ogus and myself [14].

THEOREM 5.3. Let A be a regular local ring containing its residue field
k of characteristic 0. Let p< A be a prime ideal such that A[p is a complete
intersection except at the closed point. Assume that dim A=nz7, dim A/p=
r=n—2, and that depth A/p>4(r+1). Then A is a complete intersection.

The proof of this result uses a local analogue of the Barth-type theorem
on Pic (Theorem 2.2d above), due to Ogus [30], and local duality, to show
that A4/p is Gorenstein. Then the result follows from Serre’s theorem
[35] that Gorenstein in codimension 2 implies complete intersection.

THEOREM 5.4. With the hypotheses of Theorem 5.2, assume instead
that nZ11, r=n—3, and A[p is Gorenstein. Then A|p is a complete inter-
section.

This follows from work of Buchsbaum and Eisenbud [8]. They show
that an ideal p such that 4/p is Gorenstein of codimension 3 is generated
by the Pfaffians of a certain skew symmetric matrix. Then a study of the
singularities of such loci gives the resuit.

Using the techniques of Ogus and myself [14] as above, the Gorenstein
hypothesis in Theorem 5.4 can be relaxed to depth A/p>3(r+1) if we
work in characteristic zero.
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It will be interesting to see if these techniques can be generalized some-
how to higher codimensions.

6. Existence of vector bundles on P”. Closely related to the question
whether subvarieties of small codimension of P" are complete inter-
sections, is the question whether there are vector bundles of small rank
on P*, which are not isomorphic to a direct sum of line bundles. Let me
first discuss the existence of vector bundles on P*, then explain the con-
nection with the subvarieties.

In its crudest form, the question is for what integers r does there exist
an algebraic vector bundle E of rank  on P* which is not a direct sum of
line bundles. Or, equivalently, we can ask for what r does there exist an
indecomposable vector bundle of rank r on P”, where indecomposable
means not a direct sum of bundles of smaller rank.

On P!, Grothendieck [10] has shown that every vector bundle is a
direct sum of line bundles, so there is no problem.

On P" for nz2, one knows there are indecomposable bundles of rank
greater than 1. For example, the tangent bundle, which has rank n, is
always indecomposable. More generally, Maruyama [28] has shown
that for n=2 and r=n, there exist indecomposable bundles of rank r on
P*, In fact, one can find algebraic families of mutually nonisomorphic
ones, where the parameter variety has arbitrarily large dimension.

So we will restrict our attention to the range 2=<r=<n—1. In this range
it is known that there exist bundles of rank n—1 on P" for »n odd, which
are not direct sums of line bundles, and that there exists at least one in-
decomposable bundle of rank 2 on P* (see Horrocks and Mumford [23]).
For nz5 and 2=r=n-—2, it is not known whether there exist any inde-
composable bundles at all.

If bundles do exist for certain values of r and n, then we can ask further
questions, such as what possible values can be taken on by the Chern
classes of these bundles? The Riemann-Roch theorem imposes certain
necessary conditions on the Chern classes of a vector bundle (see
Hirzebruch [20, p. 166]). For example, if E is a bundle of rank 2 on P3,
then we must have ¢;(E) ‘- ¢,(E)=0 (mod 2). Horrocks {22] has shown by
construction, that all possible values of ¢; and ¢, subject to this condition
can occur as the Chern classes of a bundle of rank 2 on P2,

An interesting result of Schwarzenberger [20, p. 165] concerns the
limiting situation with r fixed, as n tends to infinity. His result says that if
E is a bundle on P*, and if for every n'>n there exists a bundle E' on P"
of the same rank, such that E’ restricted to P is E, then the Chern classes
of E are the same as the Chern classes of a suitable direct sum of line
bundles. Recently Barth and van de Ven [6] have shown that if in ad-
dition E has rank 2, then E is a direct sum of line bundles.
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If we work over the complex numbers, then there are also the methods
of algebraic topology available to study vector bundles. We forget the
algebraic structure of P¢, and consider it just as a differentiable manifold.
Then for each r we can consider differentiable C*-bundles on P". For
rzn, the “stable range”, they are uniquely determined by their Chern
classes. For r<n, the methods of homotopy theory are available (in prin-
ciple) to achieve their complete classification. Then we can ask the question
whether every differentiable C™-bundle has a holomorphic (hence also
an algebraic) structure.

In this connection, Atiyah and Rees [3] have shown that for every
¢, ¢, € Z with ¢;0,=0 (mod 2), there exists a differentiable C%-bundle
on P32, For ¢, odd, this bundle is unique, and for ¢, even there are exactly
two nonisomorphic ones. In the case ¢, even there is a certain homotopy
invariant which distinguishes the two, They find a way of expressing this
invariant in algebraic terms, and this allows them to show, using the alge-
braic bundles constructed by Horrocks [22], that every differentiable
C2-bundle on P2 has an algebraic structure.

On the other hand, Atiyah and Rees show that there exists a differen-
tiable C*-bundle on P® which has no algebraic structure.

Now let me explain the connection between the vector bundle question
and the complete intersection question. Suppose E is a bundle of rank
ron P*, with r<n. Then after tensoring E with a suitable ample line bundle,
if necessary, we can find a section s € I'(P", E) whose zero set Y is an
irreducible nonsingular subvariety of codimension r of P* [24, Corollary
3.6]. Furthermore, it is clear that if E is a direct sum of line bundies, then
Y will be a complete intersection.

In the case of rank 2 we can say more.

PROPOSITION 6.1.  We work in P", with n23. A nonsingular subvariety
Y of codimension 2 in P" occurs as the zero-set of a section of a bundle E
of rank 2 on P" if and only if its canonical sheaf wy is a multiple of the
hyperplane sheaf Oy (1). Furthermore, in that case, E is unique, and Y is a
complete intersection if and only if E is a direct sum of two line bundles.

Proor (Following Serre [35] and Horrocks [22]). If Y is the zero-set
of a section s € I'(E), then we think of 5 as a map from 0p to E. Taking
duals, we get an exact sequence 0—L—>E—0p—03—0, where L is a line

bundle on P. From this sequence we can calculate the canonical sheaf on
Y:

wy = i, (Op, 0p) = LB 0p @ Oy.

Thus the canonical class on Y is the restriction of a divisor class on P*,
and so is some multiple of a hyperplane section, say wy =0y (k).
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In the other direction, given Y with wy=20(k), we can recover E
uniquely as an extension of Iy, the ideal sheaf of Y, by L, where we take
L=0p(—k—n—1). The extension is determined by the element

§ € Exth,(Iy, L) = Ext},(Op, L)

corresponding to 1 € H(0y) under the natural isomorphism one obtains
from the spectral sequence of local and global Ext. Since E is uniquely
determined by Y, the complete intersections correspond to the direct
sums of line bundies.

COROLLARY 6.2. There exists an indecomposable vector bundle of rank
2 on P*, n23, if and only if there exists a nonsingular subvariety Y of
codimension 2 with wy =20y (k) for some k € Z.

Furthermore, if we are working over C, and if n=6, then the Barth-
type Theorem 2.2d says that every line bundle on Y is a multiple of 0y (1),
so the last condition is superfluous. So our original conjecture in the case of
codimension two at least is equivalent to the following.

Conjecture 6.3. If n=7, there are no indecomposable vector bundles of
rank 2 on P~

I do not feel that T have sufficient evidence to formulate a conjecture
about bundles of rank >2. There are a number of questions which come
to mind, however. For example, it would be nice to find necessary and
sufficient conditions for a nonsingular subvariety Y of codimension 3
to be the zero-set of a section of some vector bundle E of rank 3. And in
that case one would like to express the condition that E be a direct sum of
line bundles in terms of some properties of Y.
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