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VARIETIES WITH DEFINABLE FACTOR CONGRUENCES

PEDRO SANCHEZ TERRAF AND DIEGO J. VAGGIONE

ABSTRACT. We study direct product representations of algebras in varieties.
We collect several conditions expressing that these representations are defin-
able in a first-order-logic sense, among them the concept of Definable Factor
Congruences (DFC). The main results are that DFC is a Mal’cev property and
that it is equivalent to all other conditions formulated; in particular we prove
that V has DFC if and only if V has 0 & 1 and Boolean Factor Congruences.
We also obtain an explicit first-order definition ® of the kernel of the canoni-
cal projections via the terms associated to the Mal’cev condition for DFC, in
such a manner that it is preserved by taking direct products and direct factors.
The main tool is the use of central elements, which are a generalization of both
central idempotent elements in rings with identity and neutral complemented
elements in a bounded lattice.

1. INTRODUCTION

An algebra is a nonempty set together with an arbitrary but fixed collection of
finitary operations. A wvariety is an equationally-definable class of algebras over the
same language. A congruence of an algebra A is the kernel {(a,b) € A : f(a) =
f(b)} of a homomorphism f with domain A; it is a factor congruence of A if f
is a projection onto a direct factor of A. Thus, a direct product representation is
determined by the pair of complementary factor congruences given by the canonical
projections.

In this universal-algebraic setting, one key concept for the deeper study of direct
product representations is that of central element. This tool can be developed
fruitfully in varieties with 0 & f, which we now define.

A wariety with 0& Tisa variety V in which there exist unary terms 0;(w), ...,
0;(w), 11 (w),...,1;(w) such that

V E O(w) = Tw) — 2 =y,

where w, z and y are distinct variables, 0 = (01,...,0;) and 1= (11,...,1y).

The terms 0 and T are analogous, in a rather general manner, to identity (top)
and null (bottom) elements in rings (lattices), and its existence in a variety is equiv-
alent to the fact that no nontrivial algebra in the variety has a trivial subalgebra.
Throughout this paper we will assume that V is a variety with 0 & 1 such that the
terms 0 and 1 are closed. Of course, this can be achieved when the language has a
constant symbol, and we will make this assumption in order to simplify and clarify
our treatment. The proofs remain valid in the general case.
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5062 PEDRO SANCHEZ TERRAF AND DIEGO J. VAGGIONE

If @ € A and b € B!, we will write [5,5] in place of ((a1,b1),...,(a;, b)) €
(Ax B).. If A€V, we say that & € Al is a central element of A if there exists an
isomorphism A — A; x As such that

& [0,1]

Two central elements €, f will be called complementary if there exists an isomor-
phism A — A; x Ay such that & — [0, 1] and f +— [1,0].

Central elements are a generalization of both central idempotent elements in
rings with identity and neutral complemented elements in a bounded lattice. It is
well known that in the classical cases, central elements are powerful tools since they
translate the concepts of factor congruence and of direct product representation into
first-order logic. In the general framework of an arbitrary variety V with 0 & 1, we

may write this definability property in the following fashion:

there exists a first-order formula ®(z,y, 2, W) in the language of V
such that for all A,B €V, and a,c € A, b,d € B,

A x B ®((a,b), (c,d), 0,1, [T, 6]) if and only if a=c.

It was shown in [I2] that in varieties with 0 & 1 that have the Fraser-Horn-Hu
property, central elements have this property, and the formula ® may be chosen of
the form 3 A\ p = ¢. Moreover, when the variety is congruence modular, ® can be
chosen to be a conjunction of equations. One last family of varieties with 0 & T
(which generalize the above-mentioned examples) is that of varieties in which factor
congruences are compact [13].

Which is the most general context in which central elements concentrate the
information concerning the direct product representations? One answer is given by
the following condition: each pair of complementary central elements determines
uniquely a pair of complementary factor congruences associated to them. This
property may be written as:

for A € V, the map
(6,6%) — unique (&, f) € A x Al satisfying 06 €6* 1 and
10160
is a bijection between the set of pairs of complementary factor con-
gruences of A and the set of pairs of complementary central ele-
ments of A.

Another important concept involved in this paper is that of an algebra with
Boolean Factor Congruences (BFC), that is, an algebra in which the set of factor
congruences is a distributive sublattice of its congruence lattice. Though it is not
apparent, this concept is intimately connected to the direct product construction.
In the classical work of Chang, Jénsson and Tarski [3] it is proved that BFC is
equivalent to the strict refinement property (a strengthening of the property that
states that every two direct product representations have a common refinement).
It is also noteworthy that in several works on sheaf representations [2] [4, [5 9]
BFC has played an important role. For example, in Bigelow and Burris [I] it is
shown that in a variety with BFC the Boolean product representations with directly
indecomposable factors are unique and coincide with the Pierce sheaf [10]. We refer
the reader to the work of Willard [14] as a key reference on BFC.
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In the present work, we will prove that all the conditions mentioned in this
introduction are indeed equivalent for the class of varieties with 0 & 1.

Theorem 1.1. Let V be a variety with 0 & 1. The following are equivalent:

(1) V has the Weak Determining Property: for A € V, the map
(0,0%) — unique (€, f) € Al x Al satisfying 00¢6* 1 and 16 f6*0
s a bijection between the set of pairs of complementary factor congruences
of A and the set of pairs of complementary central elements of A.
(2) V has the Determining Property: For A € V, the map
(6,0%) — unique € € Al satisfying 0061
18 a bijection between the set of pairs of complementary factor congruences
of A and the set of central elements of A.
(3) V has Definable Factor Congruences (DFC): There exists a first-order for-
mula ®(x,y, Z) in the language of V such that for all A, B €V, and a,c € A,
b,d e B,

—.

A x B E ®((a,b), (c,d), [0, 1]) if and only if a=c.

(4) There exists a first-order formula ®(x,y, Z, W) in the language of V such
that for all A,B €V, and a,c € A, b,d € B,

Ax B ®((a,b), (c,d), [0, 1], [T, 0)) ifandonlyif a=c.
(5) V has BFC.

Moreover, when the above equivalent conditions hold, the formula ® in (3) can be
chosen to be preserved by direct products and direct factors and for every A € V,
the map

€ (I)A('a K é)
is a bijection between the set of central elements and the Boolean algebra of factor
congruences of A.

We now briefly sketch the contents of each section. In SectionPlwe give a Mal’cev
condition for a Left Determining Property to be defined there; this condition is
entirely analogous to a Mal’cev condition for BFC. The terms obtained in this
section are the building blocks for our definability constructions. Section Bl provides
an explicit formula ® satisfying (3) of Theorem [Tl This formula is constructed
in such a way that it is preserved by direct products and direct factors; this last
assertion is proved in the Appendix. In Section [4 we characterize in first-order
logic the (pairs of complementary) central elements in a variety with DFC and
show that the coordinates (in a direct product representation) of a central element
are central elements. Several results obtained in the previous sections are compiled
in Section [ to finish the proof of the Main Theorem. Two examples are treated
in Section@ In §6.11 we present a variety with 0 & 1 that does not have DFC; this
shows that our definitions do not trivialize. In §6.2] we give an optimal formula for
the case of semilattices.

Throughout this paper the following notation will be used. For A € V and
@,be A", Cg’(a, 5) will denote the congruence generated by the set {(ag,br) : 1 <
k < n}. The symbols V and A will stand for the universal and trivial congruences,
respectively. We will use 6 x 8* = A in place of “0 and 6* are complementary factor
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5064 PEDRO SANCHEZ TERRAF AND DIEGO J. VAGGIONE

congruences”. The term algebra (in the language of V) and the V-free algebra on
X will be denoted by T'(X) and F(X), respectively. The i-th component of an
element a in a direct product IT; A; will be called a’ = 7;(a); hence, if a € Ay x Ay,

a = (a°,a'). If elements a, b of an algebra A are related by a congruence § € Con A4,

0
we will write interchangeably (a,b) € 6, a8 or a = b. This notation generalizes to
tuples, viz., @0 b means (a;, b;) € 6 for all 1.

2. THE LEFT DETERMINING PROPERTY: A MAL’CEV CONDITION

We will use the following Left Determining Property:

For every A € V, €€ Al and ¢, p*,0,0* € Con A, if p x ¢o* = A,
0x0"=A00€e0"1and 0pép*1, then § = .

It is not difficult to see the implications: Determining Property = Left Deter-
mining Property = Weak Determining Property.

The following theorem gives a Mal’cev condition for the Left Determining Prop-
erty. Let s;,t; be (2i+1)-ary terms (in the language of V) for each i = 1,...,n and
let A be an algebra in the language of V (not necessarily in V). For (¢, d, €, a1,b1, ...,

An,by) € AZHHF20 e define o(c,d, €, a1,b1,...,a,,b,) to be the tuple (x,y, 2, 1,
Y1, -+, Tn,Yn) given by the following recursion:

T:=c xj = 8;(x, Y, 2, 1, Y1, -, Tj—1,Yj—1)s

yi=c Yj = by,

7:=0.

We define ¢*, p, p* analogously.

hd U*(Cadaeaahblv"~7a/n;bn) = (1‘7?472"1‘1791;- "7xn7yn) where:
€Ti=c Ty 1= tj(x’yaz7x17y17"'7'rj717yj71>7
y:=d Yj = by,
Z:=1

° P(Cu daeaalabla s 7anabn) = (x7y727x17y17 s 7xn7yn) where:
ri=c xj = aj,
Y =d Yj = Sj($7yazaxlayla'"7l‘jflayj71)a
Z:=0.

e p*(¢,d, € a1,by,...,an,b,) = (z,y,2,21,Y1,- - -, Tn, Yn) Where:
Ti=c xj = ay,
Yy =d Y = tj(xayazvxl,ylv"'7xj—17yj—1)7
Z:=1

We first state without proof a lemma concerning these functions.
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Lemma 2.1. For every c¢,d,€,a1,b1,...,a,,b, € A, we have the following identi-
ties:

(2.1)  Cgle,d) v Cg(€,0) v \/ Celas, si(c,d, € ar,by, ..., a;-1,bi_1))

= Cg((¢,d, €,a1,b1,...,an,b,),0(c,d, € a1,b1,...,an,b,)),
Cg(é: T) \ \/ Cg(aiati(ca d7 é: sy @i—1, bi*l))
=Cg((c,d, &,...,an,by),0"(c,d,€ ... ,an,by)),
Cg(é: 6) \ \/ Cg(bu Si(C, d7 é: sy @i—1, bi*l))
= Cg((c, d, 5’ A ) an? bn>7p(c’ d’ 67 A 7an, bn)>7
Cg(€7 T) \ \/ Cg(bzat’b(cu da 57 sy A1, bifl))

K3

=Cg((c,d, &,...,an,bpn),p"(c,d, &, ... an,by)).

In the proofs that follow, we will repeatedly find elements in an algebra that
solve congruential “equations” of the form

(2

s

a T b

when 0 x 0* = A. Using the functions o, ¢*, p and p* just defined, we can assert
conclusions from the way elements such as z are constructed. This is the content
of the following immediate consequences of Lemma 2.1}

Corollary 2.2. Given c¢,d,€ € A and 6,0 € Con A such that 00¢6*1 and chd,
for every a; and b; with i = 1,...,n such that

Sl(ca da 5)

82(07 dv gﬂ ag, bl)

<

o*
a1 = t1(c,d, ),

0" 5
ag = tQ(C, dv €, ay, bl)a

=

*

0 —
;41 = ti+1(c; d;eaalabla .. '7aiabi)a

le

si+1(c, d, e, a, bl, ceey Oy, bz)
we have

0
(2.9) t(c,d,€,a1,b1,...,an,b,) =t(o(c,d, € a1,b1,...,an,0p)),
t(e,d,€,a1,b1,...,an,by) < t(o*(c,d,€ a1,b1,...,an,by)),
for every (2n 41+ 2)-ary term t in the language of V.

The next result is entirely analogous.

Corollary 2.3. Suppose ¢,d,é € A and o, p* € Con A such that 0o &¢*1. If a;
and b; satisfy

I[3S

51(67 dvéj bl % tl(ca daéjv

16

ﬁ*

5i+1(c,d,é'7a1,b1,...,ai,bi) bi+1 ti+1(c,d,é’,a1,b1,...,ai,bi),
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5066 PEDRO SANCHEZ TERRAF AND DIEGO J. VAGGIONE

we obtain

t(C, daaalabla .. '7an7bn)
(2.3) .
t(e,d, € a1,b1,...,an,b,) = t(p*(c,d, € a1,b1,...,an,by))

t(P(Ca da €7a17 b17 vy Qp, bn)>7

for every (2n + 1+ 2)-ary term t in the language of V.

We will also need the following (Grétzer’s) version of Mal'cev’s key observation
on principal congruences.

-

Lemma 2.4. Let A be any algebra and let a,b € A, @,b € A™. Then (a,b) €
Cg(@,b) if and only if there exist (n +m)-ary terms py(Z, 1), . .., pi(Z, @), with k
odd, and © € A™ such that:

We will use |a| to denote the length of a word « and ¢ will denote the empty
word.

Theorem 2.5. Let V be a variety with 061V has Left Determining Property if
and only if there exist integers N = 2k and n, (2i + 1)-ary terms s; and t; for each
i=1,...,n, and for every word « in the alphabet {1,..., N} of length no greater
than N there are terms L, R, such that

(2.5) T~ Ls(xjyf,xl’yl,---7$n7yn)7
R (x,y,Z, 21,91, -, Tn, Yn) = Y,
2.6 Le(p(X)) ~ L1 (p(X)),
2.7 Ri(p(X)) ~ Lin(p(X))  if1<j<N-—1,
2.8) Ry (p(X)) = R=(p(X)).
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0<l]a|<N

If | is even, then

(29) La(p(X)) & Lo (p(X)),
(210)  Rajo(X) =~ Login (X)) 1< <k-1.
(2.11) Rax(p(X)) = Ra(p(X),
La(p"(X)) % Lot (07(X),
(2.12) Raj(p"(X)) = Lo+ (p" (X)) ifk+1<j<N—1,
Ran(p*(X)) % Ra(p*(X))
If | is odd, then
La(0(X)) % La1 (0(X)),
(2.13) Raj(0(X)) & Lag41)(0(X)) fl<j<k-1,
Rai(0(X)) = Ra(o(X)),
La(0"(X)) & Lars1y (07 (X)),
(214)  Ray(0*(X) ® Lagan (0" (X)) ifk+1<j<N -1,
Ran(0"(X)) = Ra(0" (X)),
where X = (X, Y, 2,21, Y15 - - s T, Yn) and o, o, p and p* are defined relative to s;,

t;, on T(X).

Proof. (<) Assume the existence of the terms, and suppose ¢ x * = A, §x0* = A,
00eb*1, 6<pecp* I, and c0d. We want to see cpd. There exist unique a;,b;
satisfying the following relations:

s1(c,d, €) A aq < t1(c,d, €),

*

Sl(cyd7€> é by LPE tl(cyd7€>7

5}

o

Sj+1(C, daeaalablv cee 7aj,bj) = Gj+1 tj—i-l(ca dveaal,bl, cee 7ajabj)a

o » " o
sj+1(c,d,e,a1,b1,...,aj,bj) =041 = tj+1(c,d,e,a1,b1,...,aj,bj).

Note that their definition combines the schemes in Corollaries and 2331 So, by
equations ([2.2)) and ([23]) we have, taking ¢ := Ly, Ry:
(2.15)

Lo(o(c,d, & ay,by,...)) = -

(¢,d, € a1,b1,...,an,by)

s

(G*(C7 d7 €7a17b17 o ))7

La
La(p*(cu daaahbla s ))7

IIre,

Lo
La(P(Q d7 gaalabla .. )) La(c7 d7 gvalabla e 7a’n7b’n)
(2.16)

R.(o(c,d,€ a1,b1,...)) = Ralc,d, € a1,b1,...,an,by) 95 R.(c*(c,d, € ,a1,b1,...)),

53
*

*

R.(p(c,d,€ a1,b1,...)) = Rol(c,d, € a1,b1,...,an,0,) £ R.(p*(c,d, € a1,b1,...))
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for every a. We'll prove inductively that
(2.17) Lo(c,d, €, a1,b1,...,an,by) = Ro(c,d, € a1,b1,...,an,0,)

for all o # €. Take « such that || = N. Then

Il

La(C,d,aa17b17-~-7ambn) La(p(cvdvgaalabla-"aanabn)) by (m)
Ra(p(c?dag,al,bl,"'7a’n.;bn)) uSing (m)
R

(Cudagvalvbl?"'aanabn) bY(m)

I}

and

5

e

LQ(C, daaalabla cee 7anabn)

La(p*(cvdvgaalabla'~'7anabn)) by (m)
Ry (p*(c,d, & a1,b1,...,an,b,))  using (2.4)

R.(c,d, € a1,b1,...,an,by) by 2I6]).

*

lire

Hence (Lqa(c,d, € a1,b1,...,an,bn), Ra(c,d, € a1,b1,...,an,b,)) € oN* = A and
then L,(c,d, €, a1,b1,...,a,,b,) = Ro(c,d, € a1,b1,...,an,by).
Take o # € of odd length and assume

Laj(cvd7€7alabla' "7anabn) = Raj(cadaé:a/hblw' '7a’n7b’n)
for every j =1,..., N. We check that

s

Lo(c,d, € a1,b1,...,an,b,) = Ro(c,d,€,a1,b1,...,an,b,),

La(cadag,al,bl,-~-7an;bn) La(g(cadaaalvblv'"7anabn)) by (m)

:La1(0(07d7€7a17b17"'7an7bn)) by (m)

0 R

= Lai(c,d, € a1,b1,...,an,by) by 2I5)

= Roi1(c,d, €, a1,b1,...,a,,b,) by ind. hypothesis
L Rer(o(c,d,,a1,by,- .., an,by)) by (ZI6)

- using 2.13)). . .

= Rak(U(C, d7 gvala bla ceey Qn, bn))

= Ru(o(c,d, € a1,b1,...,an,by)) using 2I3)

L Ruolc,d, & a1, b, ... an,bn).
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In the same way for 8%, we have

La(ca d7€7 ai, b17 ceey Ap, bn) QE* LQ(U*(Ca d7€7 ai, b17 ceey O, bn)) by m
=L (k+1)(0*(c7d7€7a17b17~-~7a/'nabn)) by (m)
7La(k+1)(c daaalablw"aanabn) bym
= Rot1)(c,d, € a1,b1,. .., an,by) by ind. hyp.
9* % 5

k+l)(o- (Cadae7a17b17"'7an;bn)) by (m)

s

using (Z.14)...
= RaN(U*(ca da é: ai, b17 vy A, b’n))
= Rn(c*(¢,d, €, a1,b1,...,an,0,)) using (214

QE*Ra(cad7€7a17b17'~'7anabn) by m

Hence (La(c, d,€,a1,b1,...,an,by), Ra(c,d, € a1,by, ..., an, bn)) €eone* = A, and
therefore they are equal.
If « # ¢ has even length, then

Lo(c,d, € a1,by, ... an,by) = La(ple,d, & ar, by, ... an,by)) by EI5)
= La1(p(c,d, € ,a1,by,...,an,b,)) by 29)
é[’Otl cadaaalab17"'7an7bn> b}’(m)

¢, d, 8 a1,by,. .., ap,,0by) by ind. hypothesis
p(e,d, € a1,b1,...,a,,b,)) by (2.16)

£ .. using (ZI0)...
= Rar(p(e,d,€,a1,b1,...,a,,b,))

= Ro(p(c,d,€,a1,b1,...,an,b,)) using (ZII)
£ Ro(c,d, € a1,b1, ... a0, by) by [216)

proves (La(c,d7 €,a1,b1,...,an,by), Ra(c,d, é;al,bl,...,an,bn)) € ¢, and

Q
=
o~ o~~~

La(ca d7€7 ai, b17 <oy Qn, bn) % Loz(p*(ca d7€7 ar, b17 <oy Qny, b’n)) by m
:La(k+1)(p*(ca da é: a17b17"'7an7b7’b)) by (m)
% La(k+1)(ca d, g,al,bla'~'7an;bn) by (m
= Rot1)(c,d, € a1,b1,. .., an,by) by ind. hyp.

é Ra(kJrl)(p*(cv dv €7a17b15-"aa7hbn)) by (m)
using (ZT12))...

*

s

= RaN(p*(Cv d7 é:a/la bla vy A, bn))
= Ru(p*(¢,d,€,a1,b1,...,a5,b,)) using ([2.12))

% Ra(cvdagvalvbla---7anabn) bY(m)
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completes this case. Finally, we have:

c=Lc(p(e,d, € a1,b1,...,an,by)) using (Z3)
=Li(p(c,d, € a1,b1,...,an,by)) by [2.0)
= Ly(c,d,€,a1,b1,...,a5,,b,) by (ZI5)
= Ri(c,d, € a1,b1,...,an,by) by (ZI7)
éRl(p(c,d,aal,bl,...,ambn)) by @16
£ using (271). ..
= Rn(p(c,d, € a1,b1,...,an,b,))
= R.(p(c,d, € a1,b1,...,an,bp)) using (Z8)
=d using (Z3)).

This proves (¢, d) € ¢.
(=) For each set of variables Y, define

Y'" =Y U{zpq:0,¢€TY)}U{ypq:p,9€eT(Y)},

YO* .— K
Y(n+1)* — (}/n*)*7
vee = Jym,
n>1
where z,, ;, and y,, 4 are new variables. Take Z := {z,y,21,...,2} and ' := F(Z*).

Define the index of p € T(Z>) as ind(p) = min{j : p € T(Z7*)}; it is evident that

if ind(xp q) < ind(x,,s), neither p nor ¢ can be terms depending on x, ;. The same

holds for ind(zp,4) < ind(y, ) and symmetrically, and for ind(yp,q) < ind(yr,s).
Take the following congruences on F':

6 :=Cg(0,2) v Cg(z,y) v \/{Ca(p, 2pq) i p,g € F}, o =eo:= AL,

0" = Cg(1,2) V \/{C(2p,4,9) : p,a € F},  Sni1 1= (0V ) N (07 V ),
= Cg(0,2) v \/{Ca(p.ypa) : 2, a € F},  €niri= (9 V3) N (97 V8y),
o= Cg(1,2) V\/{Ce(Wpg.q) 1 P.a €F},  Gooi=\/ b=\ e

n>0 n>0

By construction, ¢ o * = o §* = VI, 0070*1, 690 Zp* I, and z0y. Observe
that if (a,b) € (¢ V doo) N (¢* V I ), then there exists an n > 0 such that (a,b) €
(pVdn) N (p*Véy,). But this congruence is exactly €,1; hence (a,b) € €541 C doo.
We may conclude (¢ V 0s0) N (¢* V ds) = doo. The same happens with 6 and 6*;
hence

(0 V 60) /00 X (67 V 000) /0o = A, (0 5s0)/Fse X (0% V 60g)/00e = A

in F/ds. Then, by the Left Determining Property we have (x/0s0,Yy/0s) €
(p V dxo)/ds and hence (x,y) € ¢ V 0. We may find an even integer N = 2k
such that (z,y) € p o2V §¥, where §¥ is the result of replacing each occurrence of
“v” in the definition of 6 by o”, the n-fold relational product.
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We will inductively define terms L, and R,, for a a word of length at most N
in the alphabet {1,..., N} such that:

(2.18) = Le, y = R.,
(2.19) (Le, L) € ¢, (R, R:) € ¢,
(2.20) (Li, R;) € 6N if1<i<N,

(2.21) (Ri,Liv1)) € ¢ if1<i<N-1.

For o # € with |a| < N an odd integer,

(2.22) (Lo, Lo1) €96, (Rak;Ra) €0,
(2.23) (La, Lo(r+1)) € 07, (Ran, Ro) € 607,
(2.24) (Lais Rai) € €y_jo i1 <i<N,

(2.25) (Rai, Laiv1)) €0 if1<i<k-—1,

(2.26) (Rai, Lagit1)) € 0 ifk+1<i<N-1

and for « # € with |a| < N an even integer:

(2.27) (La, La1) € ¢, (Rak, Ra) € ¢,
(2.28) (Las La(k+1)) € ¢, (Ran, Ra) € ¢7,
(2.29) (Lais Rai) € 65 _joy 1f1<i<N,

(2.30)  (RairLaqir1) € if1<i<k-—1,

(2.31)  (Rai, Lagi+1) € ¢ ifk+1<i<N-1

We take L. := z and R. := y. Since we know (z,y) € ¢ o*V 6%, we define L;,
R; for i =1,..., N to be terms satisfying

]3(,0[/15%R1¢L25%"'¢L1\[5%R1\[§0y.

Note that these terms satisfy (ZI8)—(2.31]) whenever they can be checked.
Suppose we have defined the terms corresponding to words with length less than

or equal to j and that they satisfy equations among (ZI8)—(23I) that involve

words of length j or shorter. Then we shall define terms corresponding to words

with length equal to j 4+ 1 such that the totality of terms defined satisfy equations

among (2.I8)-(231)) which involve words of length j + 1 or shorter. We have two

cases:

Case 1: j odd. Take «, with |a| = j. We have L, and R, and by (229, they

satisty (Lq, Ra) € 5%7141 = (6N e%fj) N (6% N e%fj). We define L,; and Rg;

for i =1,..., N such that:

(232) Lo 0 Loy €N j Ra1 0 Loz -+ Ra(e-1) 0 Lak €N_j Rak 0 Ra,

. Lo 0% Loty €n—j Ragos1) 0 Lagis2) -+ Lan €n_; Ran 0% Ra.

The equations among (2.I8)—(Z31]) which involve terms L, and R,, with |u| = j+1

are (Z.22)—-(226). All of them can be inferred from (Z32)).

Case 2: j even. Take o, with |o| = j. We define L,; and R,; fori =1,..., N.

By ([224) and by the definition of € j+1 We may define our terms satisfying:

La 2] Lal 5%_]‘ Ral ® La2 tee Ra(k—l) ® Lak 51]:/(_j Rak 2 Roz;
La "2 La(k+1) 6%7]' Ra(kJrl) <P* La(k+2) T RaN @*Ra-
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From this we immediately conclude (Z27)—23T).
Let V C Z*° be a finite set of variables such that if we replace 6, 8%, ¢ and ¢*,
respectively, by the following compact congruences:

0* := Cg(1,2) Vv \/{Cg(xpvq, q):xpg € VY,
0,2) vV \/{Cg(p, Yp.q) : Upg €V},
I, Z)V \/{Cg(yp,qv Q) :Ypg €V}

then we still obtain congruential relations (ZI8)—(2.31) (excepting ([220), ([2.29)
and ([2.24). It is clear that if we enlarge the set V to a new set X, the properties

enumerated will still hold.
Let Vo be the union of V and the (finite) set of variables occurring in terms
L., R, with a a word. Define:

Va1 =V U U{Var(p), Var(q) : xpq € Vi or ypq € Vi }.
Hence, for some M we have Vyy = Vasy1; set

X = (VM ULZp.qg : Ypg € Var} U{p,g : Tpq € VM})\{xayazlv 2}

Order X totally so that ind : X — w is nondecreasing and z, 4 is the immediate
predecessor of ¥, 4, and add z,y, 21, ..., 2 at the beginning; we have

X = (xa y7z7x51,t17y817t17 o a-rsn,tnvysn,tn) = (xaya ZyT1,Y1y -y T,y yn)

—

We may consider then L, = L,(X) and the same for R,,, and by the remarks after

the definition of Z°°, we may assume s; = s;(z,y, 2, 1, Y1, .., Ti—1,Yi—1) and the
same for t;. Finally, define o, p,c*, p* on the term algebra T'(X) with respect to
Si, ti.

We claim that these L’s, R’s, s’s and t’s satisfy the Mal’cev condition. Let’s check
it for identity ([Z9). Take o with 0 < |a|] < N an even integer. By Lemma [Z1] we
have

¢ = Cg(X, p(X)).

Since we have L, ¢ La1 by equation (221), Lemma [Z4] gives us terms p; such that
for some tuple u, F satisfies:
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Since @ = @(X,Y) can be construed as members of T(Z°), we obtain the following

laws for V:
Lo(X) m pi (X, @(X,Y)),
p1(p(X), (X, Y)) = pa(p(X), d(X,Y)),
pa(X,i(X,Y)) m ps(X,i(X,Y)),

La(p(X)) = p1(p(X), @(p(X),Y)),
pi(p(X), @(p(X),Y)) = pa(p(X), @(p(X),Y)),
p2(p(X), @(p(X),Y)) = p3(p(X),d(p(X),Y)),

and by transitivity,
V E La(p(X)) % Lai (p(X)),

which is what we were looking for. The other identities are obtained similarly. O

The proof of the previous theorem follows the line of a proof for a Mal’cev
condition for BFC. One such condition that closely parallels ours was personally
communicated to us by R. Willard.

3. A CANONICAL FORM OF DFC

We will assume in this section that V has the Determining Property. Since the
Determining Property implies the Left Determining Property, we may define the
following formulas in the language of V:

Upim A\ | (A L) = Boy(D)) = La(X) = Ra(X) ],
leel=m \ e
where every subindex varies over words of length less than or equal to N; so an
expression of the form “A_,_Lay = Ra,” should be read as “A{Lay = Ray :
v # e and |ay| < N}’. Hence Uy = (A\ﬁ\:N Ly(X) = Rg(X)) (The antecedent

“vanishes”.)

Lemma 3.1. Let A €V and let ¢, o* € Con A such that o x * = A and 0p&p* 1.
Then for all ¢,d € A, A satisfies ®1(c,d, €), where

k
(3.1) Oy (z,y,2) := Ve ... Iy, Vo, /\ Yo

m=1

with n, k as in Theorem 2.5
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Proof. Take b; such that

s1(e,d, €) £ by g ti(c,d, €).

Assuming b; is already chosen and a; is given, define b;11 such that

*

. @ @’ .
siv1(c,d, € a1,b1,...,a5,b;) = big1 = tiyi(c,d, € a1,b1,...,a4,b;).

The construction of the b;’s then corresponds to the equations in Corollary
Hence, (23) implies that A satisfies

16

C,d,@,al,bl,...,an,

16

Lo(p(c,d, € a1,b1,...,an,by)),
Ra(p(ca d7€aa1ab17 s 7an7bn))a

11

La( bn)
Ruo(c,d, € a1,b1,...,an,by)
La( bn)

= * =
alC, dve7a17b17 ceey O, La(ﬂ (C, dvevalvblv .. '7an7bn))a

*

11

Ruo(e,d, € a1,b1,...,an,by) R.(p*(c,d, € a1,b1,...,an,b,))

for all a. These together with equations (Z4) imply that for each 8 with |3| = N,

(52) Lg(e,d, € a1,b1,...,an,by) £ Rg(c,d,€,a1,b1,...,an,by),
3.2

o

Ls(e,d, € a1,b1,...,an,by) Rgs(c,d, € a1,b1,...,an,by).

Since ¢ N @* = A, this yields A = Un(c,d, €, a1,b1,...,an,bp).

Take nonempty « with |a] < N even and suppose

Al /\ Loy(c,d, € a1,b1,...,an,by) = Rany(c,d, € a1,b1,...,an,by).
v#e

We can see that L, (¢, d, €, a1,b1,...,an,b,) £ R.(c,d,€ a1,b1,...,an,by,), by using
equations (2.9)), Z.10) and ([Z.I1)) as follows:
La(c7 d7 é; ai, b17 ceey A, bn) é La(P(Ca d7 €7a17 bla ey Ay, bn)) by m)
:Lal(p(cadaaa17b17"'7an7bn)) by (m)
Loi(c,d, € a1,b1, ... an,b,) by (23]
(e, d, € a1,by, ... an,by) by hypothesis
(p(C,d,aalabla"'7an7bn)) by m
- using (Z10), (52
= .- and iterating. ..
= Rak(p(ca da a ai, blv <oy Qny, bn))
= Ra(p(c,d, € ,a1,b1,...,an,b,)) using (ZIT)
éRoz(cadaé:a/lablw''7a'r7,7b’l’b> by m
It can be proved in an entirely analogous fashion (by using equations (2I2))
that L, (c,d, € a1,b1,...,an,b,) £ R.(c,d, € a1,b1,...,an,by), which yields
A ': LQ(C, da a at, bla <o Ony bn) - Ra(C, d, 5; at, bla oo Qny bn)a

and we have proved the lemma. (I
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Theorem 3.2. Let V be a variety with the Determining Property, let A € V and

let 0,6% € Con A such that 6 x 0* = A, and 00&6* 1. Then ¢ = d if and only if
A ®y(c,d, €) AN Do(c,d, €), where D1 and Py are defined as follows:

k
Oy (z,y,2) := FyiVey ... JyVa, /\ Yo,

m=1
k
Do(z,y,2) := J1Vyr ... 3z, Yy, /\ Uom—1.
m=1

Proof. Since the definition of ®; is the same as the one given by formula B in
Lemma [B.1] we only have to worry about ®5(c, d, €).

0
(=) Assume ¢ = d. Much in the same way as in the proof of Lemma [B] define
a; such that

0 0
s1(e,d,€) = a1 = t1(c, d, €);
and assuming a; is already chosen and b; is given, let

o 0 0" o
sivi(c,d, € a1,b1,...,a:,0;) = a1 = tiya(c,d, €,a1,by,...,a4,b;).

This choice conforms to the pattern of Corollary 2.2 so we obtain

LQ(C, daaahbla cee 7anab’n) é LQ(J(C, dv €7a17b17 .. '7an7bn))7

(3.3)
Ru(c,d,€ a1,b1,...,an,by) éRa(a(c,d,é',al,bl,...,an,bn)),
(3 4) LQ(C, daaa17b17"'7anvbn) OE* LQ(O'*(C, d7 €7a1,b1,...,an,bn)),
Ru(c,d,€ a1,b1,...,an,by) £ Ruo(0%(c,d, € a1,b1,...,an,b,))

by equations (2.2)).
If we suppose now that

A ': /\ La’y(c7 d7 €7a17 bl; ceey Any, bn) = Ra’y(ca da 67 ai, b17 ceey Oy bn)
v#e
for some o with |a| < N odd, we’ll be able to prove L,(c,d,€,a1,by,...,an,b,) =
R, (c,d,€ a1,by,...,a,,b,) by showing (in the same way as in Lemma [BI]) that:
o Lo(c,d,@ a1, bi,... an bn) = Ralc,d,& a1,bi, ... an, by) (this can be ac-
complished using (2.13) and (33)), and
o Ly(c,d, € ay,by,... an,by) £ R.(c,d,€ a1,b1,...,a,,b,) (by @I4) and
B.4)).
(<) Assume A E ®5(c, d, €). Take by such that

51(C7d7€) é by QE* tl(C, daé)

Let a; be given by the outermost existential quantifier of ®s.
Assuming b; is already chosen and a; is the corresponding witness for ®5, let

5

o 0" o
sivi(c,d,€ a1,b1,...,a5,0;) = b1 = tiyi(c,d, €,a1,by,...,a4,b;).
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This selection conforms to the scheme of Corollary (with ¢ := 0 and ¢* := 6*)
and satisfies the matrix of ®;, as was seen in the proof of Lemma 3] Hence we
have, respectively,
o o _.
Lo(c,d, € a1,b1,...,an,b,) = La(p(c,d, € a1,b1,...,an,bp)),

(3.5) )
Ra(C, daaalab17 cee 7a’n7b’n> OE Ra(P(Q d7 gvalvbla .. '7anabn))

and

Al (;V\ \I/m)(c,d,é,al,bl,...,an,bn).

m=1

From an easy inspection of the form of ¥,,, it can be deduced that

N
(36) A ': /\ Lj(C, d,g,a1,b1, “ee ,an,bn) = Rj(C, d,aal,bl, “ee ,an,bn).

j=1
Therefore,
=L.(¢c,d,€ a1,b1,...,an,b,) by (23
% E(p( CL],bl,...,an,bn)) by (m)
=L1(p(cdeal,bh...,an,bn)) by 29), with « = ¢
2 Li(e,d, & a1, by, ..., an,by) by (B3)
= Ri(c,d, € a1,b1,...,an,by) by (B-6)
0
= Ri(p(c,d, €,a1,b1,...,a5,b,)) by B.3)
= Ly(p(e,d, € a1,b1,...,an,by)) by (Z10)
= using (Z10), (E0)
0 . .
= and iterating. . .
= Rn(p(c,d, € ,a1,b1,...,an,by)) and using 217)):
R.(p(c,d, € a1,b1,...,an,by))
éRe(cadaaalvblw”aanabn) by (B])
=d by @.3).
Hence c%d. (I

4. CENTRAL ELEMENTS IN A VARIETY WITH DFC

In the Appendix, we will prove a preservation result (Theorem [A4]) that implies
that formula ®1 A @5 of Theorem is preserved by taking direct factors and direct
products (taking 7, to be “Ly(X) = Ro(X)”). Call ® the conjunction ®; A Ps.

Lemma 4.1. Assume V has the Determining Property. Then there is a set ¥ of
first-order formulas such that for every A € V, &, f € A' we have that € and f

are complementary central elements if and only if A = C(é’,f) for every ¢ € X.
Moreover, each formula in X is preserved by taking direct factors.
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Proof. The following formulas in the language of V will assert the properties needed

to force ®(-, -, €) and ®(+, -, f) to define the pair of complementary factor congruences
associated with € and f.

o CAN(E f) = Nizy ©(0i,€1,8) A Niy (1L, i, ©)
This formula says that € is related to 0 and f to 1 via ®(-, -, é).

e PROD(E, f) = Va,y3z (cb(x, z,€) N®(z,y, f))

The relational product of ®(-,-,€) and ®(-,-, f) is the universal congru-
ence.
o INT(, f) =Va,y <<I>(x,y,é') AO(z,y, f) =z = y)
Their intersection is A.

=

e REF(E,f) =Vx ®(z,x,¢)
®(-, -, ) is reflexive.
. SYM(é',f) =Vaz,y,z (q)(x,y,é') A®(y, 2, €) /\<I>(z,m,f) —z= x)
e TRANS(E, f) = Vx,y,z,u (@(a:, Y, &) ADB(y, z,8) A®(x,u,&) AP (u, 2, f) —
u=z
The reader may verify that these two formulas (in conjunction with the
previous ones) say that ®(-, -, €) is symmetric and transitive.
e For each m-ary function symbol F, define:

—

PRESE(E, f) = Yu1,v1,. .., Um, Uny

—

(/\ @(uj,vj,é)) ANB(F(ur, ... tum), 2, &) A®(z, F(vr,. .., vm), f) —

—z=F(v1,...,0n).

These formulas ensure ®(-, -, €) is preserved by the basic operations of V.
Finally, define CAN’, REF', SYM', TRANS' and PRES’. to be the result of

interchanging € with fin CAN, REF, SYM, TRANS and PRESF, respectively,
and let X be the union of the following two sets:

(CAN, PROD,INT, REF,SY M,TRANS, CAN', REF', SYM', TRANS'},
{PRESF, PRES}. : F a function symbol}.

Now it is immediate to check that € and f are complementary central elements
if they satisfy all formulas in ¥. To see the converse, note that if € and f are
complementary central elements, there is an isomorphism A — Ay X A; such that
e, f correspond to [6, T], [T, 6]7 respectively, and Theorem guarantees that X will
hold.

To see that X is preserved by direct factors, we first note that each one of
CAN, CAN' PROD, PROD', REF and REF" is obtained by quantification of a
formula preserved by taking direct factors by Theorem [A4l In the second place,
the remainder of axioms in ¥ are of the form VZ (7(¢, f,%) — x; = x;) with

REF (2, f)ANREF'(€, f) — 3% 7(€, f, ¥) universally valid, and since VZ (7(€, f, T) —
x; = x;) AN 3Z 7(€ f,T) is preserved by taking direct factors (whenever 7(€, f, Z) is
preserved by taking direct factors and direct products), we have the result. O
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Corollary 4.2. Assume V has the Determining Property. Then if [€p,€1] is a
central element of Ag X Ay, then €; is a central element of A;, i =0, 1.

Proof. Immediate by the previous lemma. O

We use Vp; to denote the class of directly indecomposable members of V.

Corollary 4.3. IfV is a variety over a finite language and if it has the Determining
Property, then Vpr is axiomatizable by a set of first-order sentences.

—

Proof. The set ¥ = X(¢, f) in Lemma 1] is finite if the language is finite. Hence
0£T AVES ASEF) — (=0Af=T)v(E=TAf=0)
together with axioms for )V defines Vp;. [l

Lemma 4.4. The Determining Property implies BFC.

Proof. By Bigelow and Burris [I], we only need to check that if A = Ay x A;, and
0 is a factor congruence on A, then

{((a,b),(c,b)) : b€ Ay and Fa’, (a,a’) 0 (c,c')} C 6.

Let € = [ép, €1] be the central element associated to 6, so “z0y” is defined by
®(x,y,€). We have

(a,a’) 0 (c,c) iff Ag x Ay = ®((a,d’),(c, ), €0, €1]).
By Theorem [A4] this implies
Ao ': <I>(a, C, éb)

Now Corollary ensures €7 is central in A, and hence Ay = ®(b,b,&7). Since ®
is preserved by direct products, we obtain

Ag x Ay = ®((a,b), (¢, b), [€0, €1]),
and then (a,b) 0 (¢, b). O
5. THE MAIN THEOREM

Proof of Theorem [[1l (5)=(2) Suppose we have a pair of complementary factor
congruences ¢ and ¢* such that 0 &p* 1. Suppose now that also 6 x 6* = A and

00€6* 1. Then (_)NFOEG T and hence ¢ V #* = V. So we have

(pvO )NO =4.
By BFC, we obtain ¢ N8 = 0 and then ¢ C 0. By symmetry, we obtain ¢ = 6 and
P = 0"
(2)=(3) Theorem

= Obvious.

)=(3)
3)=(4)
4)=(1) Immediate.
)=(5)
)=(5)

2)=(5) Lemma L4

1)=-(5) Define 0; and 1; with ¢ = 1,...,2[ in the following way:
(61,...,621) = (01,...0[,11,...1[),
(ila"'aiﬂ) = (115"'1l701;-"a01)'

It can be easily checked (using the Weak Determining Property) that with these
0’s and 1’s we have the Determining Property. Since (2)=(5), we have our result.
O

(
(
(
(
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6. EXAMPLES

6.1. 0 & 1 does not imply BFC. The variety V;, with language {+,%,0,1} given
by the following set of equations X:

rz+ 0=z,
r+1l=xx1,
zx0=0
has 0 & I. Next we will define various algebras in V. In the first place take
L, := (w,4+,%,0,1), where
0+1:=0, 0x1:=0,
14+1:=1, 11:=1,
r+0:=ux, zx0:=0

for all x € w and
z+y =2, Zxy =2
for all z,y € w not previously considered. For each n > 2, L, will denote the
subalgebra of L, with universe n = {0,1,...,n — 1}. Now define D,, to be the
subalgebra of Ly x L, with universe (2 x n) U {(1,n)}.
Define the following subsets of 2 x w:
Po:={(0,5) |3 <j},
Pr={(1,5) |3 <j}
Then 2 X w = (2 x 3) U Py U P;. Note that for all z € (2 x w) \ {(0,0),(1,0)} and
for all x,y € P; we have:
r+z=y+z,
Z+x=z+uy,
(6.1)
Tkz=1Yx*2z,
ZxT =2z %Y.

Lemma 6.1. Every injective partial function f : D, — (Lo x L,) which fizes
(2 x 3)U Py is a partial isomorphism between D,, and Lo X L,,.
Proof. Tt’s straightforward to see (using equations (6.1])) that if B C Py and o is

any permutation of P;, then (2x3)UPyUB and (2 x 3)UPyUc(B) are subalgebras
of Lo x L, and

(2) x x € (2x3)U Py,
T) =
o(z) z€B
is an isomorphism between them.
Since f is a restriction of such an isomorphism &, it is a partial isomorphism. [

Recall that (V) pr is the class of directly indecomposable members of Vy,.

Lemma 6.2. Let V be a variety. If Vpr is axiomatizable by a set of first-order
sentences, then it is finitely axiomatizable relative to V.

Proof. First note that an ultraproduct of directly decomposable algebras is again
decomposable. Let ¥ be a set of first-order sentences axiomatizing Vp;. By way of
contradiction, suppose that Vpr is not finitely axiomatizable relative to V. Hence,
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for each finite Xy C 3 there exists Ag, € V \ Vp; satisfying Xy. Now it is easy to
construct an ultraproduct U of these decomposable algebras in such a way that U
satisfies ¥, an absurdity. O

Theorem 6.3. (V1)pr is not aziomatizable by a set of first-order sentences.

Proof. We will first prove that player “3” has a winning strategy for the back-and-
forth (or “Ehrenfeucht”) game of length n — 3 played on D,, and Ly x L,. The
strategy is as follows:
o If V chooses an element in (2 x 3) U Py (in either algebra), 3 will choose the
same element in the other algebra.
e If V chooses an element in P;, 3 will choose an element in the P;-part of
the other algebra, which has not been chosen up to this point.

There are n — 3 elements in Py N (L2 X Ly, ), so these instructions work up to n — 3
moves. Let’s call g the partial function defined by this game. By Lemma [6.1] g is
a partial isomorphism and we have proved our first claim.

Now suppose ¢ is a sentence such that (Vp)pr E ¢. By the above strategy
we have that for every sufficiently large n, D,, | ¢ if and only if Ly X L, = ¢.
By taking n such that 2n 4+ 1 = cardinal of D,, is a prime number, we obtain
D,, € (Vr)pr. We conclude that there are decomposable algebras satisfying ¢, and
hence (V1)pr cannot be defined by a single first-order sentence. Using Lemma
we have our result. O

Corollary 6.4. V;, does not have DFC.

Proof. Since DFC is equivalent to the Determining Property, we can use Corol-
lary and Theorem d

An indication that (Vp)pr might not be definable was discovered by using

the “Universal Algebra Calculator” program, designed by Ralph Freese and Emil
Kiss [0].
6.2. Semilattice expansions. Throughout this section, we will suppose that V
is a variety with 0 & 1 for which there exists a binary term V such that for every
A €V, vA is a semilattice operation on A. We will keep the assumption that the
language of V has at least one constant.

First, we observe that by Lemma 2.4 together with the observation that (z,y) €
VF = Cg™'(0,1) (where F € V is the free algebra freely generated by {z,y}), we
obtain (2 + I)-ary terms wu;(x,y,2), i = 1,...,k, such that the following identities
hold in V:

T~ U1($, y>6)7
wi(z,y, 1) =~ w1 (2,9, f) with 4 odd,
(6.2) ~ S
wi(x,y,0) ~ w1 (2,y,0) with ¢ even,
Uk($, Y, T) =Y.
Proposition 6.5. The formula

k
O(z,y,2) :=Yu (/\(ui(x,yﬁ)\/u:ui(x,y,i)\/u) — (a:\/uzy\/u))

=1

satisfies (3) of Theorem [ for V.
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Proof. Let A,B €V, and a € A, b,d € B. First we prove that
Ax B E ®((a,b), (a,d), [0,1]).
Suppose that for some (u,v) we have
k
Ax B N uil(a,b),(a,d),[0,0]) V (u,0) = ui((a,b), (a,d), [0,1]) V (u,0).
1=1
Then

k
BE /\ ui(b,d,0) Vv =u;(b,d, 1) Vo.
i=1
But the above equations in combination with ([G2]) produce

bvv=dVwv

and hence
(a,b) V (u,v) = (a,d) V (u,v).

Now suppose

—

Ax B ®((a,b), (c,d), [0,1]).

The reader can check that considering u = (a, \/f:1 ui(b,d,0) V u;(b,d, 1)), it can
be proved that a V¢ = a, and similarly with u = (c, \/f:1 u; (b, d, 6) Vu;(b,d, 1)) and
aV c=c; hence a = c. O

The following example will show that the complexity of formula ® in the above
proposition cannot be improved for the general case.

Proposition 6.6. Let VV be the variety with language {+,%,0,1,V} defined by
the azioms of Vi plus identities saying that V is a semilattice operation for which
0V 1=0. Then there exists neither a positive nor an existential formula satisfying

(4) of Theorem [T for VV.

Proof. Define join-semilattice operations on Lo, L4 and L5 such that they are totally
ordered with the order given by 0 > 1 > 2 > 3 > 4. Suppose that ® satisfies (4) of
Theorem [[LT] and consider Ly X Lo.

e (0,0)

EVERN

an /N

NP

® 41

FIGURE 1. The semilattice structure of Ls x Lo.
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The shaded dots in Figure [I] form a subalgebra of Ls x Lg; call it L. The reader
may check that F': Ly X Lo — L, where

Fla) = {a: T f (3,1),
(4,1) z=(3,1)

is an isomorphism. Since ® witnesses (4) of Theorem [L.1] for VY, we have
Ly x Ly E 9((3,0),(3,1),(0,1),(1,0)).
Applying F' everywhere,
L = ©((3,0),(4,1),(0,1),(1,0)).

If we had ® an existential formula, we would obtain

L5 X LQ ): @((37 O)a (47 1); (07 1); (17 0)),
since L is a subalgebra of Ly x Ly. We would then conclude 3 = 4, an absurdity.
The fact that there is no positive formula ® is an immediate consequence of the
next two claims. We say that V has compact factor congruences if every factor
congruence of every algebra in V is compact.

Claim 1. VV does not have compact factor congruences.

Proof. If VY had compact factor congruences, there would exist 01 (w), ..., 0y (w),
1;(w), ..., 1y(w) such that for every algebra A = A1 x Ay € V, (A1, \2) € A,

kermy = Cg” ([0(A1), 0(X2)], [0(A1), I(A2)]),
ker o = Cg® ([I(M\1), 1(A2)], [0(\1), T(A2)]),

by Lemma 4 in [I3]. Since the language contains constants, we can replace these
new 0’s and 1’s by closed terms, and hence

ker 7 = Cg”([0,0],[0,1]),
ker my = Cg”([1,1], [0, 1]).
Now, checking the axioms of VY, we conclude that for every closed term ¢ in the
language of VV, t is equivalent to 0 or ¢ is equivalent to 1 over VV; hence we should
have
ker m; = Cg”((0,0), (0,1)) v Cg”((1,0), (1,1)).
But the reader may check that if we take A = L5 X Lo, the equivalence relation

depicted in Figure [2 is a congruence that contains the right hand side of the last
equality and is clearly different from ker 7. (I

Claim 2. Let V be a variety with 0 & 1. Suppose that ® is a positive formula that
satisfies (4) of Theorem [Tl Then V has compact factor congruences.

Proof. Let A € V. We will prove that if ¢ x ¢* = A, 0pép*1 and T¢ cp 0,
then ¢ = Cg(0, &) vV Cg(I, f), and hence is compact. Call § := Cg(0,€) v Cg(T, ).
Trivially, 8 C ¢. Assume z py; by (4) of Theorem [[I] we obtain A = ®(z,y,€, f).

Since @ is positive, it is preserved by homomorphic images and then
AJ9 = @(x/0,y/9,€/6, f/6).
Equivalently,

A/0 = @(2/0,y/0,0/6,1/9),
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FIGURE 2. One congruence in Ly X Lo.

and we obtain x/0 = y/0. This implies (x,y) € 6, hence p C 0, and we have the
result. d

7. FINAL CONSIDERATIONS

We wish to mention that Theorem [[I]is in some sense a consequence of Beth’s
definability theorem of first-order logic. This is because the first evidence that
the Determining Property implies Definable Factor Congruences was obtained by a
simple application of this theorem. Once we are sure about the concrete existence
of a certain first-order formuld] we know that all efforts dedicated to finding it
are not sterile. Due to the expressive power of terms in algebra, it is common that
first-order definitions obtained in this area are more manageable than in the general
case of model theory, and this fact makes the task of searching for them a little
easier.

Another tool that was important for our research for this paper, but was not
included in the final presentation, is the Pierce sheaf. Working on this construction,
we realized that there was some sense in developing a structural study of central
elements when factor congruences are not compact.

Finally, we are indebted to Ross Willard for the terms s;(...) and ¢;(...), which
appear in his (unpublished) version of a Mal’cev condition for Boolean Factor Con-
gruences.

APPENDIX A. A PRESERVATION RESULT

For the rest of the section, N will be an even natural number.

Lemma A.1. For every word « in the alphabet {1, ..., N} of length no greater than
N, let 1o, = To (2, Y, 2, 21,91, - - -, Tn, Yn) e a formula preserved by direct products
and by taking direct factors. Define:

E,, = /\ </\wéE Tay — Ta), O, = /\ (/\7;&5 Tay — Ta).

m<|a|<N m<|a|<N
|| even || odd

L As is well known, the formulas given by Beth’s theorem can be effectively found.
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Then,
(1) For2 <m < N, m even, if
(EIyN:vl oAy Ve, Em) A (EI:ENyl o dz, Yy, Om+1)
is preserved by direct factors, so is
(3y1Vx1 Iy VvV, Em) A (3x1Vy1 o Jxn Yy, Om,l).
(2) For 4 <m < N, m even, if
(EIyN:vl Ay Ve, Em) A (EIxN’yl 3z, Yy, Om_l)
is preserved by direct factors, so is
(3y1Vx1 3y, Em,g) A (39&1Vy1 o dxn Yy, Om,l).

Note that every subindex varies over words of length less than or equal to N, so
an expression of the form “A___ 74" should be read as “A{7a+ : 7 # € and [ay| <
N}”. Therefore, if m > N, Oy, = true (empty conjunction) and Ex = A 5_y 73
Also, recall that the i-th component of an element a in a direct product IT; A; is
called a’.

We will now state and prove two lemmas that will be helpful in order to prove

Lemma [AJ]l In the following we will assume that the tuple Z has length equal to
1, since proofs are exactly the same and this simplification makes them easier to

read.

Lemma A.2. Let m be an even integer, Ag,A1 € V and c¢,d,e,aq,...,a2, €
Ag X Ay such that 2 < m < N, Ay x A1 E En(c,d,e,a1,...,a2,) and Ay |E
Omy1(ct,db elal, ... ad,). Then Ag | En(c®,d°% e dl,... a3,) and if a has
length m, then

(A.1)

Ao (/\ Ta’y)(CO,dO,eo,a(l),...704(2)”) = Aox A E </\Tau>(c7d,e7a1,...7a2n).

y#£e Iz

Proof. By induction on m. If m = N, the first part is immediate since Ey is a
conjunction of formulas preserved by taking direct factors and hence preserved by
taking direct factors. The second part is contained in the hypothesis.

To make the proof more readable, we will omit the string of parameters. Take an
even m such that 2 < m < N and suppose the lemma, is proved for m + 2. Assume

(A.2)
Ao x Ay | B, noting that E,=Enia A /\ (/\wés Tay — Ta>;
|a|=m
(A.3)
A1 F Omy1,  noting that  Opy1 = Opys A | |/\+1 (/\7;‘és Toy = Ta).

By the first part of the inductive hypothesis we thus have Ag = E,,12. We have to

see that Ao = Ay (/\

m,

(A.4) A = /\#E Tar-

. Tay — Ta). Suppose now that for some « of length
~yF#e
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In particular, for each i, < N we have

AO ': /\7755 Taij~y-

We will prove that Ay = 74, and the second part of the lemma will be proved along
the way.
By the second part of the inductive hypothesis (i.e., (A1) we obtain, for all j,

Ao X A /\M Taiju  OF, in other symbols, Ag x A = /\7755 Toviy -
Since this last formula is preserved by taking direct factors, we have

(A.5) A E /\#6 Texiy-

Using (A3) (note |ai|] = m + 1), we have Ay |= 74; for all i. This, together
with (A3) yields Ay = A, . Tay- Now we apply (A.4), thus obtaining

A()XAl':/\

Tary-
y#e

Applying (A2),
A() X Al ': Ta-

The last two formulas jointly say
(A.6) Ao x A E (/\ Tau).
o

We have proved (A4)=(A6), which is the second conclusion. Since 7, is preserved
by taking direct factors, we obtain Ay = 74, which is the first conclusion. O

Lemma A.3. Let m be an even integer, Ag,A1 € V and ¢,d,e,aq,...,a2, €
Ag x Ay such that 2 < m < N, Ag x A1 E Op—1(c,d,e,a1,...,a2,) and Ay |E
En(ctctyet,al, ... al,). Then Ag | Op1(c®,d% €% ad, ... a3,) and if o has
length m — 1, then

Ao E (/\ To,y)(007d<3’607a(1)7 . ,agn) = Aox A E (/\Tw)(c, d,e,aq,...,asm,).
v#E B

Proof. By induction on m. If m = N, the hypotheses are:

(A7) Ao x Ay ':ON—l :‘ I_/]\Vl (/\,y#sTa'yHTa)v

(A.8) A E Ey A
[Bl=N

Assume that for some « of length N — 1,
AO ': /\’y#&_ Tay = /i\Tai-

By using (A.8) and preservation by direct products, we have

AO X A]_ ': /\Tai~
By (A7) we have Ay x Ay |= 74, thus obtaining

AO X A1 ': /\Ta#.
m
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We have proved the second part of the lemma. Passing to Ag we obtain the first
part.

Now take an even m such that 2 < m < N and suppose the lemma is proved for
m + 2. Assume

Ag X A1 = Ops =Omt1 A /\ (/\

AT EE, =FEni2 A /\ (/\»y;és Tay — Ta).

By the inductive hypothesis we thus have Ay = O,,+1. The rest of the argument
closely parallels the proof of Lemma O

Proof of Lemma [AJ]. To see (), suppose
Ao X Ay ((EIyN’xl o JypVa, Em) A (Eileyl o dxn Yy, Om_l)) (c,d,e).
Thus we have (Skolem) functions Gy, ..., G, such that G; is (i — 1)-ary and
Ag X A1 EVYO,_1(c,d, e, G1,y1, s G (Y1, - -+ Yn1)s Yn)-

Since O,,,—1 implies Oy, 41, we have
Ag X Ay ((3y1Vac1 o dynVa, Em) A (Eileyl oo dxn, Yy, Om+1)) (c,d,e).

Then, since this formula is preserved by taking direct factors, by hypothesis,

(A.9) Ao | (3yiVe ... FypVa, En) (0, d%€°),
(A.10) A E (Eiylel . JypVa, Em)(cl,dl, el).
Thus we have functions Fi, ..., F, such that

Al ): Vi"Em(cl,dl,el,xl,Fl, ce ,.Z‘»,“}’—‘,.L(.’I,‘l7 e ,xn,l)).

Now, for j = 1,...,n, define j-ary functions p; from Ay to Ay x Ay, p; =
pjlai,...,a;5):

P11 = (alaFl)a
p2 == (a2, F2(GY)),
pj = (a;, F;(G1,Ga(p1)", ..., Gj_1(p1,- ... pj—2)"))-
The reader may check that this selection ensures, for each @ € Af:
AO X Al ): Omfl(ca dv €, G17P17 ceey Gn(p17 e 7pn71)7pn)7
Al ': Em(cl7dla 817 G%ap%a ey Gn(ph s 7p7L—1)17p}L)'
We may apply Lemma [A-3] and obtain
AO ): Om71(007 d07 607 G(l)ap(l)a ey Gn(Ph CIE 7pn71)07p?1)‘

Equivalently,
Ao Om—l(CO,dO, 60, G(f, ai, GQ(pl)O,a2, ooy Gr(pr, - - 7pn—1)0,an)-
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Now, defining H; : Ag_l — Ag as follows:
Hy :=GY,
Hy(y1) := Ga(p1(y1))°,
Hj(yr,... yj-1) = Gi(p1(w1)s - pj—1(ys, - .- 73/]'71))0;
we see at once that
Ag = V§Om-1(c”,d% €”, Hi,y1, ..., Ho(Y1s- - Yn—1): Un)
and then
Ao E (EIxNyl R [ T Om_l)(co, d°, e%).
This, together with ([(A9)), proves this case.

Part () is entirely analogous to the former, and it’s proved by using Lemma [A.2]
O

The hypotheses of the next theorem are the same as in Lemma [A1l and we
repeat them for ease of reference.

Theorem A.4. For every word « in the alphabet {1,... N} of length no greater
than N, let 7o, = To (2, Y, 2, 1, Y1, - - -, Tn, Yn) be a formula preserved by taking direct
products and direct factors. Define:

E,, = /\ (/\wés Tay — Ta), Oy = /\ (/\Wés Tay — Ta).

m<|al<N m<|a]<N
|a| even || odd
Then the formula
(A.11) (3y1Vx1 .3y Ve, Eg) A (3x1Vy1 oo dxn Yy, 01)

is preserved by taking direct factors and direct products.
Proof. First observe that

(3y1Vm1 o3y Ve, EN) A (3x1Vy1 o dx, Yy, ON+1) =y Vo ...y, Vo, /\ T3
|Bl=N

is preserved by direct factors. This is immediate since the conjunction and quan-
tification of formulas preserved by taking direct factors is again preserved by taking
direct factors. Successive application of Lemma [AT] yields that (AZI1]) is preserved
by taking direct factors.

The proof that (AI]) is preserved by direct products is a straightforward cal-
culation. O
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