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Preface

Over 300 sequences and many unsolved problems and conjectures related
to them are presented herein. These notions, definitions, unsolved problems,
questions, theorems corollaries, formulae, conjectures, examples, mathemat-
ical criteria, etc. on integer sequences, numbers, quotients, residues, expo-
nents, sieves, pseudo-primes squares cubes factorials, almost primes, mobile
periodicals, functions, tables, prime square factorial bases, generalized factori-
als, generalized palindromes, so on, have been extracted from the Archives of
American Mathematics (University of Texas at Austin) and Arizona State Uni-
versity (Tempe): " The Florentin Smarandache papers" special collections, Uni-
versity of Craiova Library, and Arhivele Statului (Filiala Valcea & Filiala Dolj,
Romania).

The book is based on various articles in the theory of numbers (starting
from 1975), updated many times. Special thanks to C. Dumitrescu and V. Se-
leacufrom the University of Craiova (see their edited book "Some Notions and
Questions in Number Theory", Erhus Press, Glendale, 1994), M. Bencze, L. Tu-
tescu, E. Burton, M. Coman, E Russo, H. Ibstedt, C. Ashbacher, S. M. Ruiz, J.
Sandor, G. Policarp, V. Iovan, N. Ivaschescu, etc. who helped incollecting and
editing this material.

This book was born from the collaboration of the two authors, which started
in 2013. The first common work was the volume "Solving Diophantine Equa-
tions", published in 2014. The contribution of the authors can be summarized
as follows: Florentin Smarandache came with his extraordinary ability to pro-
pose new areas of study in number theory, and Octavian Cira — with his algo-
rithmic thinking and knowledge of Mathcad.

The work has been edited in BTEX.

March 23, 2016

Authors






Contents

Preface
Contents

List of Figure
List of Tables
Introduction

1 Prime Numbers

1.1 Generating Primes . . ... ... ..
1.1.1 Sieve of Eratosthenes . . . .
1.1.2 Sieve of Sundaram . ... ..
1.1.3 SieveofAtkin .........

1.2 Primality Criteria . . ... ......

1.2.1 Smarandache Primality Criterion . ... ...............

1.3 Luhnprimes . .............
1.3.1 Luhn Primes of First Rank . .
1.3.2 Luhn Primes of Second Rank

1.4 EndingsthePrimes . ... ... ...

1.5 Numbers of Gap between Primes . .

1.6 Polynomials Generating Prime Numbers . . . . ... ... ... ... ...

1.7 Primorial . ...............
1.7.1 Double Primorial . . ... ..
1.7.2 Triple Primorial . . . ... ..

2 Arithmetical Functions
2.1 Function of Counting the Digits . .
2.2 Digits the NumberinBase b . . . . .
2.3 Prime Counting Function . .. ...
24 DigitalSum ..............
2.4.1 Narcissistic Numbers . . . . .
2.4.2 Inverse Narcissistic Numbers

III

ITI

XII

XVII

© 0 N O G WND - -

—
o O = O



v

CONTENTS

2.4.3 MinchhausenNumbers . . . . .. ... ... ... ... ....... 35
2.4.4 Numbers with Digits Sum in Ascending Powers . . ... ... ... 37
2.4.5 Numbers with Digits Sum in Descending Powers . . .. ... ... 41

2.5 Multifactorial . . ... ... .. L 44
251 Factorions . .. ... ... .. .. ... 45
2.5.2 DoubleFactorions . .. ... ....... ... ... . .. ... 47
253 TripleFactorials . . . . ... ... .. ... ... 49
254 Factorial Primes . . . . .. ... ... .. ... 51

2.6 Digital Product . .. ... ... . .. ... 55
2.7 Sum-Product .. ..... ... ... 57
2.8 CodePuzzle ... ... ... .. .. . ... 60
29 PiercedChain . ... ... ... ... .. .. .. . 60
2.10 Divisor Product . . . ... ... ... .. L 60
2.11 Proper Divisor Products . . . .. ... .. ... .. .. .. .. ... 61
2.12 n—Multiple Power Free Sieve . . . . . ... ... ... .. .. ... ... .. 61
2.13 Irrational Root Sieve . . . . . .. ... . ... L 62
214 0ddSieve. . . ... e e 63
215 n—aryPowerSieve . . .. ... ... e 63
2.16 k—ary Consecutive Sieve . . . . .. ... ... ... 65
2.17 Consecutive Sieve . . . . . .. .. ... L 66
218 PrimePart . . ... ... .. 67
2.18.1 Inferior and Superior Prime Part . . . . ... ... .. .. ...... 67
2.18.2 Inferior and Superior Fractional Prime Part . . .. ... ... ... 69

219 SquarePart. . . . ... 70
2.19.1 Inferior and Superior Square Part . . . .. ... ... ........ 70
2.19.2 Inferior and Superior Fractional Square Part . . . .. ... ... .. 71

2.20 CubicPart . ... ... . 71
2.20.1 Inferior and Superior CubicPart . . . ... ... ... .. ...... 71
2.20.2 Inferior and Superior Fractional CubicPart. . . . . ... ... ... 73

221 Factorial Part. . . . .. ... .. e 74
2.21.1 Inferior and Superior Factorial Part . ... ... ... ........ 74

222 FunctionPart . . ... ... .. 76
2.22.1 Inferior and Superior FunctionPart . . .. ... ... ........ 76
2.22.2 Inferior and Superior Fractional FunctionPart. . . . .. ... ... 77

2.23 Smarandache type Functions . . . . .. ... ... ... ... ... ..... 78
2.23.1 Smarandache Function . . ............ ... ... ..... 78
2.23.2 Smarandache Functionof Orderk . . . . ... ... ... ... ... 79
2.23.3 Smarandache-Cira Functionof Orderk . . . . . ... .. ... ... 81

2.24 Smarandache-Kurepa Functions . . . . .. ... .. ............. 82
2.24.1 Smarandache-Kurepa Functionof Order1 . . . .. ... ... ... 82
2.24.2 Smarandache-Kurepa Function oforder2 . .. ... ... .. ... 83
2.24.3 Smarandache-Kurepa FunctionofOrder3 . . . . .. ... ... .. 84

2.25 Smarandache-Wagstaff Functions . . . . ... ... .. ... ... ..... 86



CONTENTS \V4

2.25.1 Smarandache-Wagstaff Function of Order1 . . ... .. ... ... 86
2.25.2 Smarandache-Wagstaff Function of Order2 . . ... .. ... ... 87
2.25.3 Smarandache-Wagstaff Functionof Order3 . . ... .. ... ... 87

2.26 Smarandache Near to k-Primorial Functions . . . . ... ... .... ... 89
2.26.1 Smarandache Near to Primorial Function . ... .......... 89
2.26.2 Smarandache Near to Double Primorial Function . . . .. ... .. 89
2.26.3 Smarandache Near to Triple Primorial Function . . . . .. ... .. 90

2.27 Smarandache Ceil Function . . . . . .. ... .. ... ... ......... 90
2.28 Smarandache-Mersenne Functions . . . . .. ... ... .......... 91
2.28.1 Smarandache-Mersenne Left Function . . . . ... ......... 91
2.28.2 Smarandache-Mersenne Right Function . . . . ... ... ... .. 92

2.29 Smarandache-X-nacciFunctions. . . . . ... ... ... .......... 93
2.29.1 Smarandache-Fibonacci Function. . . . .. ... ... ....... 93
2.29.2 Smarandache-Tribonacci Function . . ... ... ... ....... 93
2.29.3 Smarandache-Tetranacci Function . ... ... ........... 94

2.30 Pseudo-Smarandache Functions . . . . . ... ... ... .......... 94
2.30.1 Pseudo-Smarandache Function of the Order1. ... ... ... .. 94
2.30.2 Pseudo-Smarandache Function of the Order2. . .. ... ... .. 97
2.30.3 Pseudo-Smarandache Function of the Order3. . . ... ... ... 101
2.30.4 Alternative Pseudo-Smarandache Function . ... ... . ... .. 104
2.30.5 General Smarandache Functions . . . . . ... ... ......... 105

2.31 Smarandache Functions of the k-thKind . . . . . ... ... ........ 105
2.31.1 Smarandache Function of the FirstKind . . ... ... ... .. .. 105
2.31.2 Smarandache Function of the Second Kind . ... ......... 105
2.31.3 Smarandache Function of the ThirdKind . . . . .. ... ... ... 105

2.32 The Generalization of the Factorial . . . . ... ... ... .......... 106
2.32.1 Factorial for Real Numbers . . ... ... ... ............ 106
2.32.2 Smarandacheial . . . . ... ... ... ... ... .. ... .. . ... 108

2.33 Analogues of the Smarandache Function . . . .. ... ... ........ 112
234 Power Function . . . ... ... .. . ... ... 113
2.34.1 Power Function of SecondOrder . . . . . ... ... ......... 113
2.34.2 Power Function of ThirdOrder . . . . . ... ... ... ....... 114

3 Sequences of Numbers 115
3.1 Consecutive Sequence . . . .. ... .. ... ... 115
3.2 CircularSequence. . . . . . . . .. . .. e 120
3.3 SymmetricSequence . . . . .. . ... 123
3.4 Deconstructive Sequence . . . . . . . .. ...t 123
3.5 Concatenated SEQUENCES . . . . . . . v vt vt 125
3.5.1 Concatenated Prime Sequence . . . . ... .............. 125
3.5.2 Back Concatenated Prime Sequence . . . . ... ... ........ 127
3.5.3 Concatenated Fibonacci Sequence ... ............... 129

3.5.4 Back Concatenated Fibonacci Sequence . .............. 129



CONTENTS

3.5.5 Concatenated Tetranacci Sequence . .. ............... 130
3.5.6 Concatenated Mersenne Sequence . ... .............. 132
3.5.7 Concatenated 6k—5Sequence . . . . ... .. .. .. .. ...... 134
3.5.8 Concatenated Square Sequence . . ... ............... 136
3.5.9 Back Concatenated Square Sequence . . .. ............. 137
3.6 PermutationSequence . . . . . ... ... ... 138
3.7 Generalized Permutation Sequence . . ... .. ............... 139
3.8 Combinatorial Sequences . . . . .. ... .. ... .. .. .. ... ... 139
3.9 Simple Numbers . . ... ... ... . ... 141
3.10 Pseudo-Smarandache Numbers . . .. ... ... ... ... ... ..... 144
3.10.1 Pseudo-Smarandache Numbers of FirstKind . . . ... ... ... 145
3.10.2 Pseudo-Smarandache Numbers of Second Kind . . . . . ... ... 149
3.10.3 Pseudo-Smarandache Numbers of Third Kind . . . . .. ... ... 152
3.11 General Residual Sequence . .. ... ... ... ... ... ......... 156
3.12 Goldbach-SmarandacheTable . . ... ... ... ... ... ........ 157
3.13 Vinogradov-Smarandache Table . . . ... ... .. .. ........... 160
3.14 Smarandacheian Complements . . .. ... .. .. .. ........... 165
3.14.1 Square Complements . . . .. .. ... .. ... ... 165
3.14.2 CubicComplements . . ... ... ... ... ... ... ...... 165
3.14.3 m—power Complements. . . . .. ... ... ... ... ... ... 166
3.15 m—factorial Complements . . ... ... .. .. .. ... ... .. ..... 166
3.16 Prime Additive Complements . . . . . ... ... ... .. .. .. .. ... 167
3.17 Sequence of Position . . . .. ... ... ... . L 168
3.18 The General PeriodicSequence . . . . . . .. ... ... .. ......... 170
3.18.1 PeriodicSequences . . . . . . ... ... Lo 171
3.18.2 The Subtraction Periodic Sequences . . . . ... ... ........ 179
3.18.3 The Multiplication Periodic Sequences . . ... ... ........ 181
3.18.4 The Mixed Composition Periodic Sequences . . . . ... ... ... 186
3.18.5 Kaprekar Periodic Sequences . . . . . ... ... ... ........ 187
3.18.6 The Permutation Periodic Sequences . . . ... ... ... ..... 190
3.19 Erdos-Smarandache Numbers . . . .. ... .. ............... 196
3.20 Multiplicative Sequences . . . . .. ... ... .. ... e 198
3.20.1 Multiplicative Sequence of First2Terms . . . ... ... ...... 198
3.20.2 Multiplicative Sequence of First3Terms . . . ... ... ...... 199
3.20.3 Multiplicative Sequence of First k Terms . . . . ... ... ... .. 200
3.21 Generalized Arithmetic Progression . . . . ... ... ............ 200
3.22 Non-Arithmetic Progression . . .. ... ....... .. ... ....... 204
3.23 Generalized Geometric Progression . . . . ... ............... 208

3.24 Non-Geometric Progression . . .. .. ... ... . ... .. ... ..... 211



CONTENTS VII

4 Special numbers 215
4.1 NumerationBases . .. ... ... ... .. . . ... ... 215
4.1.1 PrimeBase . .. ... ... ... 215
4.1.2 SquareBase . . ... ... ... 218
413 CubicBase . . . .. ... e 219
414 Factorial Base . . . ... ... ... .. .. 220
4.1.5 DoubleFactorialBase . . ........................ 222
4.1.6 TriangularBase . .. ... ... ... ... ... ... . .. 224
4.1.7 QuadraticBase ... ... .. ... ... ... ... e 224
4.1.8 PentagonBase. .. ... .... ... ... ... o . 224
4.1.9 FibonacciBase . ... ...... . ... . ... ... . . . . 0., 225
4.1.10 TribonacciBase . . . . . ... .. ... .. ... ... .. e 225

4.2 Smarandache Numbers . ... .. ... ... ... . ... ... 226
4.3 Smarandache Quotients . . . . .. ... ... ... . ... .. ..., 226
4.3.1 Smarandache Quotientsof FirstKind . . . ... ........... 226
4.3.2 Smarandache Quotients of SecondKind . .............. 227
4.3.3 Smarandache Quotients of ThirdKind . .. ... .......... 227

4.4 Primitive Numbers . . . . ... ... ... ... 227
4.4.1 Primitive Numbersof Power2 . .. .................. 227
4.4.2 Primitive Numbersof Power3 . .. .................. 227
4.4.3 Primitive Numbers of Power Prime . .. ... ............ 228

45 m-PowerResidues . . ... .. ... ... .. ... ... 229
451 SquareResidues. . ... .. ... ... ... ... .. .. 229
4.5.2 CubicResidues . ... ... ... .. .. . . . . ... . e 229
453 m-PowerResidues . . ... ... ... ... .. ... ... . . ..., 230

4.6 ExponentsofPowerm .. ... .. ... ... . ... ... ... .. 230
4.6.1 ExponentsofPower2 . ........... ... .. .. .. .. ... 230
4.6.2 ExponentsofPower3 ... ............... ... ..... 230
4.6.3 ExponentsofPowerb . .............. ... ........ 231

4.7 AlmostPrime . . .. . . . .. . .. e 231
4.7.1 AlmostPrimesof FirstKind . . . .. ... ............... 231
4.7.2 Almost Prime of SecondKind . . . ... ... ............. 232

4.8 Pseudo-Primes . . . ... ... . ... .. e 233
4.8.1 Pseudo-Primesof FirstKind . ..................... 233
4.8.2 Pseudo-PrimesofSecondKind . . . .. ................ 235
4.8.3 Pseudo-Primesof ThirdKind . . . ... ... ............. 236

4.9 Permutation-Primes . . ... ... .. .. ... ... 237
4.9.1 Permutation-Primesoftypel ..................... 237
4.9.2 Permutation-Primesoftype2 ... .................. 238
4.9.3 Permutation-Primesoftype3 . ... ... ... ... ... .... 239
4.9.4 Permutation-Primesoftypem . . ... ... ... ... ....... 239

4.10 Pseudo-Squares . . . . . . ... e e 239

4.10.1 Pseudo-Squares of FirstKind . . . . . ... .. .. .. .. ...... 239



VIII CONTENTS

4.10.2 Pseudo-Squares of SecondKind . . .................. 240
4.10.3 Pseudo-Squares of ThirdKind . . . ... ... ... ......... 241
4.11 Pseudo-Cubes . . . . . . . . ... . 242
4.11.1 Pseudo—Cubesof FirstKind . . . . ... ................ 242
4.11.2 Pseudo—-Cubesof SecondKind . ... ................. 242
4.11.3 Pseudo-Cubes of ThirdKind . ... .................. 242
4.12 Pseudo—m-POWETIS . . . . . . v it e e e e e e 243
4.12.1 Pseudo-m-Powers of FirstKind . ... ................ 243
4.12.2 Pseudo-m-Powers of Secondkind . . . ... ... ... ....... 243
4.12.3 Pseudo-m-Powersof ThirdKind . . . . . ... ............ 243
4.13 Pseudo-Factorials . . . . . ... ... ... ... 243
4.13.1 Pseudo-Factorials of FirstKind . . . .. ... ... .......... 243
4.13.2 Pseudo-Factorials of SecondKind . . ... .............. 244
4.13.3 Pseudo-Factorials of ThirdKind . ... ................ 244
4.14 Pseudo-DiviSOTS . . . . . . v v v i e e e 244
4.14.1 Pseudo-Divisorsof FirstKind . . . . . ... .............. 244
4.14.2 Pseudo-Divisorsof SecondKind . . . ... ... ........... 245
4.14.3 Pseudo-Divisors of Third Kind . . ... ................ 246
4.15 Pseudo-Odd Numbers . . . . . ... ... ... 246
4.15.1 Pseudo-Odd Numbers of FirstKind . . .. ... ........... 247
4.15.2 Pseudo-Odd Numbers of SecondKind . ............... 247
4.15.3 Pseudo-Odd Numbers of Third Kind . ... ............. 248
4.16 Pseudo-Triangular Numbers . . .. .. ... .. ... ... ......... 249
4.16.1 Pseudo-Triangular Numbers of FirstKind . . . ... ... .. ... 249
4.16.2 Pseudo-Triangular Numbers of SecondKind . . . . ... ... ... 250
4.16.3 Pseudo-Triangular Numbers of ThirdKind . . . . . ... ... ... 251
4.17 Pseudo-Even Numbers. . . . . ... ... ... ... ... ... .. ... 251
4.17.1 Pseudo—even Numbers of FirstKind . . . . ... ... ... .. ... 251
4.17.2 Pseudo-Even Numbers of SecondKind . . . .. ... ........ 252
4.17.3 Pseudo-Even Numbers of ThirdKind . . ... ............ 252
4.18 Pseudo-Multiplesof Prime . . ... ... ... .. ... ... ... ..... 252
4.18.1 Pseudo-Multiples of First Kind of Prime . . .. ... ........ 252
4.18.2 Pseudo-Multiples of Second Kind of Prime . . . . . ... ... ... 253
4.18.3 Pseudo-Multiples of Third Kind of Prime . . . . . ... ... .... 253
4.19 Progressions . . . . . . ..o e e e e e 253
4.20 Palindromes . . . . . . ... e e 255
4.20.1 Classical Palindromes . . . ... .................... 255
4.20.2 Palindromes with Groupsof m Digits . . . ... ... ... ..... 257
4.20.3 Generalized Smarandache Palindrome ... ............. 259

4.21 Smarandache-Wellin Primes . . . . . .. . . . ... . . ... . ... ..., 264



CONTENTS IX

5 Sequences Applied in Science 269
5.1 Unmatter Sequences . . . . . ... ... ... ... e 269
5.1.1 Unmatter Combinations. . . . .. ... ... ... .......... 269

5.1.2 Unmatter Combinations of Quarks and Antiquarks . . . . ... .. 271

5.1.3 Colorless Combinations as Pairs of Quarks and Antiquarks . . . . 273

5.1.4 Colorless Combinations of Quarks and Qntiquarks of Lengthn>1 274

5.2 ConvexPolyhedrons .. ........... ... ... ... ... ... ... 275

6 Constants 277
6.1 SmarandacheConstants . . . . .. .. ... ... ... ..., 277
6.2 Erdos-SmarandacheConstants . . . .. ... ... ... ........... 281
6.3 Smarandache-KurepaConstants . . . . .. ... ... .. .......... 286
6.4 Smarandache-Wagstaff Constants . . . .. ... ... .. .. ........ 297
6.5 Smarandache Ceil Constants . . . .. ... .. .. .. ............ 300
6.6 Smarandache-Mersenne Constants . . . .. ... .. .. .......... 304
6.7 Smarandache Near to Primorial Constants . . . ... ............ 308
6.8 Smarandache-Ciraconstants . . . . .. .. ... .. ... .......... 311
6.9 Smarandache-X-nacciconstants . . . . ... ... .............. 315
6.10 The Family of MetallicMeans . . . . . ... ... ............... 318

7 Numerical Carpet 321
7.1 Generating Cellular Matrices . . . ... .. ... .. ... .......... 321
7.2 CarpetNumbersStudy . . .. ... ... ... ... . .. ... . ... 324
7.3 Other Carpet NumbersStudy . . . ... ... .. ... ... ....... 329
74 UlamMatrix . . .. ... L e 335

8 Conjectures 339
9 Algorithms 343
9.1 ConstructiveSet . . . . . . .. .. .. e 343
9.1.1 Constructive Setof Digitsland2 . .. ................ 343

9.1.2 Constructive Set of Digits 1,2and3 . ... ... ... ........ 343

9.1.3 Generalized ConstructiveSet . . . . ... ... .. .. ........ 344

9.2 Romanian Multiplication . ... ... ... ... ... ... ... ..... 345
9.3 Divisionwith ktothePowern . .. ... .. ... .. ............ 347
9.4 Generalized Period . . .. ... ... .. .. .. .. .. .. 350
9.5 Prime Equation Conjecture . . ... .. ... .. ... ... ... 351
9.5.1 Generalized Prime Equation Conjecture . . ... .......... 352

10 Documents Mathcad 355

Indexes 361






List of Figures

1.1 Graphic of terminal digits for primes . . . . ... ... ... ... ... .. 10
2.1 Thedigitalsumfunction . . . . .. ... ... ... ... ... ... ... . 22
2.2 Digital sum function of power 2 of the number nggy ... ... ... ... 23
2.3 Function hforb=3,4,...,16and m=1,2,...,120 . . ... ... ... ... 24
2.4 Thedigital productfunction . ... ... .. .. .. ... ... .. .. ... 56
25 Functionsp . ... ... 58
2.6 Functionippandspp . .. ... ... .. 68
2.7 The graphic of the functions ppiandpps . . ... ... ... ... ... ... 70
2.8 The graphic of the functions ispandssp . . . . ... .. ... ... ... 71
2.9 The graphic of the functions spiandsps . .. ... .. ........... 72
2.10 The functions icpand scp . . . . . . . ..o o 73
2.11 The graphic of the functions cpiandcps . . .. ... ... .. ... .... 74
212 Sfunction . . .. ... 79
213 Function Zy . . . . .. e e e e e e e e 97
214 Function Zy . . . . o e e e e e e e e e e e 100
215 Function Zs . . . . . L e e e e e 102
3.1 The functions s3(n)-n~! and ok T 153
10.1 The document Mathcad AlmostPrimes . . . . . ... ... ...... ... 356
10.2 The document Mathcad Progression. . . . . ... ... ........... 357
10.3 The document Mathcad Circular Sequence . . . . ... ... ... ..... 358
10.4 The document Mathcad Erdos-Smarandache numbers . ... ... ... 359
10.5 The document Mathcad Exponentsof Power . . . . . . ... ... ..... 360






List of Tables

1.1 Numbersof Luhnprimes . ... .... ... ... ... ... ........ 6
1.2 Number of gapsoflength2,4,...,20. . . .. ... .. ... ... ..... 11
1.3 The decomposition in factors of prime,#-1 . . . . ... .......... 15
1.4 The decomposition in factors of prime,#+1 . . . ... ........... 16
1.5 The decomposition in factors of prime, ##—-1 . .. . ... ... ... ... 17
1.6 The decomposition in factors of prime,##+1 . .. ... ... .. .. ... 18
1.7 The decomposition in factors of primep###—-1 . . . . ... ... .. ... 19
1.8 The decomposition in factors of prime,###+1 . . . . . . ... ... ... 19
2.1 Narcissisticnumberswith b=30f(2.5) . ... ... ... ... .. ..... 25
2.2 Narcissisticnumberswithb=40of(26) . ................... 25
2.3 Narcissisticnumberswith b=50f(26) ... ... ... ... .. ...... 25
2.4 Narcissistic numberswithb=60f(2.6) . ... ... .. ... ... ..... 25
2.5 Narcissisticnumberswith b=70f(26) ... ... ... .. ... ...... 26
2.6 Narcissisticnumberswith b=80of(26) ... ... ... ... .. ...... 27
2.7 Narcissisticnumberswith b=90f(2.6) . ... ... ... ... . ...... 27
2.8 Narcissistic numberswith b=100f(2.6) ... ................ 27
2.9 Narcissisticnumberswith b=110f(2.6) . ... ... ... ... ...... 28
2.10 Narcissistic numberswith b=120f(2.6) . .. ... .. ... ... .. ... 29
2.11 Narcissistic numbers with b=130f(2.6) . ... ... ... ... ...... 29
2.12 Narcissistic numberswith b=140f (2.6) . ... ... ... ... ...... 30
2.13 Narcissistic numberswith b=150f(2.6) . .. ... .. .. ... ... ... 30
2.14 Narcissistic numbers with b=160f(2.6) . ... ... ... ... ...... 31
2.15 Narcissisticnumbersintwobases . . . ... .. ... ... ......... 32
2.16 The maximum number of digits of the numbersinbaseb . ... ... .. 33
2.17 Inverse narcissistic numbers of (2.10-2.16) . . ... ... ......... 34
2.18 The number of digits in base b for Miinchhaussen number . . ... ... 36
2.19 Miinchhausen numbers of (2.18-2.25) . . . . . . . . . . . . . ... 36
2.20 The maximum digits number of numbersinbaseb=3 .. ... ... ... 38
2.21 Numbers with the property (2.26) of (2.29-2.32) . . . ... ... ... ... 39
2.22 The maximum digits number of the numbersinbase b=3 ... ... .. 41
2.23 Numbers with the property (2.33) of (2.35-2.37) . . . . ... ........ 42
2.24 The maximum digits number of the numbersinbaseb. . . . . ... ... 45

XIII



XIv LIST OF TABLES

2.25 Numbers with the property (2.39) of (2.42-2.51) . . .. ... ... ..... 46
2.26 The maximum digits of numbersinbaseb . ... ... ... ........ 47
2.27 Numbers with the property (2.52) of (2.55-2.69) . . .. .. ... ... ... 48
2.28 The maximum numbers of numbersinbaseb . . . . . ... ... ..... 50
2.29 Numbers with the property (2.70) of (2.72) . . . ... ... ... ... ... 50
2.30 Factorial primes thatareprimes . . .. ... ... .. ... ......... 51
2.31 Double factorial primes thatareprimes . . . . . ... ... ... ...... 52
2.32 Triple factorial primes thatareprimes . . . . . .. ... ... ... ..... 53
2.33 Quadruple factorial primes thatare primes . . . . . . ... ... ...... 53
2.34 Quintuple factorial primes thatare primes . . . .. ... ... ... .... 54
2.35 Sextuple factorial primes thatare primes . . . ... ............. 54
2.36 Sum-productnumbers. . . . .. ... 58
2.37 The length of the free of perfect squares multiples . . . . . . ... ... .. 62
2.38 Applications to functions ispand ssp . . . ... .. L Lo oL 72
2.39 Applications to the functions icpandscp . . . . ... ... ... ... ... 73
2.40 Factorial parts for e ™ . . . ... ... 75
2.41 Factorial difference partsfor e . . ... ... ... .. ... ... ... .. 75
2.42 Smarandacheialoforder1 . . . . . ... ... ... .. .. .. .. ..., 108
2.43 Smarandacheial oforder2 . . . . . ... ... . L L L Lo 110
2.44 Smarandacheial oforder3 . . . . . ... ... L Lo Lo oL 110
3.1 ConsSecutive SEQUENCE . . . . v v v v v v v it e e e et e e e 115
3.2 Factored consecutive SEQUENCE . . . . . .« . v v vt vt 116
3.3 Binary consecutive sequenceinbase2 ... ... ... ... ... .. ... 117
3.4 Binary consecutive sequenceinbase10. . . . ... .. ... ... ... .. 117
3.5 Ternary consecutive sequenceinbase3 . . ... ... ... ... ...... 118
3.6 Ternary consecutive sequenceinbase10 . . ... ... .. ... ...... 119
3.7 Octal consecutive SEQUENCE . . . . . . . . v v v v v i vt 119
3.8 Hexadecimal consecutive sequence . . . .. ... ... .. ... ...... 120
3.9 Circularsequence . . . . . .. ... ... 120
3.10 Symmetricsequence . . . . .. ... .. 123
3.11 Deconstructive sequence with {1,2,...,9} . . . . ... ... ... .. .... 124
3.12 Deconstructive sequence with {1,2,...,9,0} . . . .. .. ... ... ... .. 124
3.13 Concatenated Prime Sequence . . . . . ... .. ... ... ......... 126
3.14 Factorization Concatenated Prime Sequence . . . . . ... .. ... .... 126
3.15 Back Concatenated Prime Sequence . . . . ... ... ............ 127
3.16 Factorization BCPS . . . . . .. ... ... ... .. 128
3.17 Concatenated FibonacciSequence . . . . . ... .. .. ... ........ 129
3.18 Back Concatenated Fibonacci Sequence . .. ................ 130
3.19 Concatenated Tetranacci Sequence . . ... ... .............. 130
3.20 Back Concatenated Tetranacci Sequence . . . .. .. ... ......... 131
3.21 Concatenated Left Mersenne Sequence . . . . .. ... ... ........ 132

3.22 Back Concatenated Left Mersenne Sequence . . . . . . ... ........ 133



LIST OF TABLES XV

3.23 Concatenated Right Mersenne Sequence . . . . .. ............. 133
3.24 Back Concatenated Right Mersenne Sequence . . . . . ... ... ..... 134
3.25 Concatenated c6 SequeNnce . . . . . .. .. ... it 135
3.26 Back Concatenated c6 Sequence . . . . ... ................. 135
3.27 Concatenated Square Sequence . . . . . .. ... .. ...t 136
3.28 Back Concatenated Square Sequence . . ... ... ............. 137
3.29 Permutation SEqUENCEe . . . . . . . . v vttt e e e 138
3.30 Table which I1(n)isa m-thpower . .. ... ... ... ........... 142
3.31 How many simple numbers ornon-simple . . . . ... ... ........ 144
3.32 The solutions of Diophantine equations le(n) =Moo 146
3.33 The solutions of Diophantine equations Zf’(n) =Moo 147
3.34 The solutions of Diophantine equations Zzz(n) =M ..o 150
3.35 The solutions for equation Zz3(n) SM oo 150
3.36 The solutions of Diophantine equations Zsz(n) =Moo 154
3.37 The solutions of Diophantine equations Z:f(n) =M .. 154
3.38 Goldbach-Smarandachetable . ... ..................... 158
3.39 The two-digit periodicsequence . . . . . . ... ... ... ... ...... 172
3.40 Primes with 3—digits periodicsequences . ... .. ............. 175
3.41 2-digits substraction periodic sequences . . . . .. ............. 180
342 2-dmpswithc=2 . . . .. ... 182
343 2-dmpswithc=3 . . . .. . .. .. . 182
344 2-dmpswithc=4 . . . . . ... 183
345 2-dmpswithc=5. . ... . ... . ... 183
346 2-dmpswithc=6 . . . . . . ... ... 184
347 2-dmpswithc=7 . . . . . .. e 184
348 2-dmpswithc=8 . . . . . . ... . .. 185
349 2-dmpswithc=9 . . . . . . ... e 185
3.50 4—digits Kaprekar periodic sequences . . . . ... ... ........... 187
3.51 2-digits permutation periodic sequences . . . . ... ... ... ... ... 191
3.52 3—digits PPS with permutation 23 1T . . . .. ... ... .. ... ..., 192
3.53 3—digits PPS with the permutation 23 1) . ... .. ... ... ...... 192
3.54 3-digits PPS with the permutation 312)T . ... ... ... .. ...... 193
3.55 3—digits PPS with permutation 132)T. . . ... ... .. ... ... ..., 194
4.1 Numbersinbase(pb). . . .. .. .. ... 217
4.2 Pseudo—divisor of firstkindofn<12 . ... ... ... ... ... .. ... 244
4.3 Pseudo-divisor of second kindofn<12. . ... ... ... ... ... ... 245
4.4 Pseudo-divisor of thirdkindofn<12 . ... ... ... ... ... ..... 246
4.5 Number of palindromes of one digitinbaseb . . ... ... ... ... .. 258
4.6 Number of palindromes of one and two digitsinbaseb . ... ... ... 259
4.7 Number of palindromes of one, two and three digitsinbaseb . ... .. 260
4.8 Number of palindromes GSPinbaseb . .. ................. 264

6.1 Equation (6.1)solutions . . .. ... ... ... ... .. .. ... ... 277



6.2
6.3
6.4
6.5
6.6

9.1

LIST OF TABLES

Smarandache-Wagstaff constants . . . . ... ... ............. 298
Smarandacheceilconstants . . . . . ... ... ... ............. 301
Smarandache-Mersenne constants . . . ... ... ... .......... 305
Smarandache near to k primorial constants . . . ... ... ........ 309
Smarandache-X-nacciconstants . . . . . . . ... ... ... ... ..., 316

The solutions of theequation (9.1) . . . . ... ... ... ... ..... 351



Introduction

In this we will analyze other functions than the classical functions, [Hardy
and Wright, 2008]:

e Multiplicative and additive functions;
* Q, w, vy — prime power decomposition;

e Multiplicative functions:

o, T, d — divisor sums,

¢ — Euler totient function,

Ji. —Jordan totient function,

1 —Mobius function,

7 — Ramanujan 7 function,

¢4 — Ramanujan’s sum;

Completely multiplicative functions:

— A -Liouville function,

- x —characters;

Additive functions:

- w —distinct prime divisors;

Completely additive functions:

— Q- prime divisors,

- v, — prime power dividing 7;

Neither multiplicative nor additive:

- m, 11, 8, ¥ — prime count functions,

XVII
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A —von Mangoldt function,

p — partition function,

A — Carmichael function,

h - Class number,

r — Sum of k squares;
e Summation functions,
¢ Dirichlet convolution,

* Relations among the functions;

Dirichlet convolutions,

Sums of squares,

Divisor sum convolutions,

Class number related,

Prime—count related,

Menon’s identity.

In the book we have extended the following functions:
* of counting the digits in base b,

e digits the number in base b,

e primes counting using Smarandache’s function,

* multifactorial,

e digital

- sum in base b,
- sum in base b to the power £k,

- product in base b,
e divisor product,
e proper divisor product,
e n—multiple power free sieve,

e jrrational root sieve,
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* n—ary power sieve,

e k-ary consecutive sieve,

consecutive sieve,
e prime part, square part, cubic part, factorial part, function part,

e primorial,

Smarandache type functions:

- Smarandache-Cira function of order k,
- Smarandache-Kurepa,

- Smarandache-Wagstaff,

- Smarandache near to k—primorial,

- Smarandache ceil,

— Smarandache-Mersenne,

- Smarandache-X-nacci,

- pseudo-Smarandache,

- alternative pseudo-Smarandache,

- Smarandache functions of the k-th kind,
e factorial for real numbers,
e analogues of the Smarandache,
* m—powers,
e and we have also introduced alternatives of them.

The next chapter of the book is dedicated to primes. Algorithms are pre-
sented: sieve of Eratosthenes, sieve of Sundram, sieve of Atkin. In the section
dedicated to the criteria of primality, the Smarandache primality criterion is
introduced. The next section concentrates on Luhn prime numbers of first,
second and third rank. The odd primes have the final digits 1, 3, 7 or 9. Another
section studies the number of primes’ final digits. The difference between two
primes is called gap. It seems that gaps of length 6 are the most numerous. In
the last section, we present the polynomial which generates primes.

The second chapter (the main chapter of the this book) is dedicated to arith-
metical functions.
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The third chapter is dedicated to numbers’ sequences: consecutive sequen-
ce, circular sequence, symmetric sequence, deconstructive sequence, concate-
nated sequences, permutation sequence, combinatorial sequences.

The fourth chapter discusses special numbers. The first section presents
numeration bases and Smarandache numbers, Smarandache quotients, primi-
tive numbers, m—power residues, exponents of power m, almost prime, pseudo—
primes, permutation—primes, pseudo-squares, pseudo—cubes, pseudo—m—-pow-
ers, pseudo—factorials, pseudo—divisors, pseudo—odd numbers, pseudo-trian-
gular numbers, pseudo—even numbers, pseudo-multiples of prime, progres-
sions, palindromes, Smarandache-Wellin primes.

The fifth chapter treats about a series of numbers that have applicability in
sciences.

The sixth chapter approximates some constants that are connected to the
series proposed in this volume.

The carpet numbers are discussed in the seventh chapter, suggesting some
algorithms to generate these numbers.

All open issues that have no confirmation were included in the eighth chap-
ter, Conjecture.

The ninth chapter includes algorithms that generate series of numbers with
some special properties.

The tenth chapter comprises some Mathcad documents that have been cre-
ated for this volume. For the reader interested in a particular issue, we provide
an adequate Mathcad document.

The book includes a chapter of Indexes: notation, Mathcad utility functions
used in this work, user functions that have been called in this volume, series
generation programs and an index of names.



Chapter 1

Prime Numbers

1.1 Generating Primes

Generating primes can be obtained by means of several deterministic algo-
rithms, known in the literature as sieves: Eratosthenes, Euler, Sundaram, Atkin,
etc.

1.1.1 Sieve of Eratosthenes

The linear variant of the Sieve of Eratosthenes implemented by Pritchard
[1987], given by the code, has the inconvenience that it uselessly repeats oper-
ations.

Our implementation optimizes Pritchard’s algorithm, lowering to mini-
mum the number of putting to zero in the vector is_prime and reducing to
maximum the used memory. The speed of generating primes up to the limit
L is remarkable.

Program 1.1. SEPC (Sieve of Erathostenes, linear version of Prithcard, opti-
mized of Cira) program of generating primes up to L.

SEPC(L):=|A «—ﬂoor(g)

forjel.A
is_prime;j —1

prime— (2357)7T

i—5

forjed, 7.1
is_primej <0

k<3

while (primey)? <L
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; 2
fe (P”mzek) 1
for jef, f+prime..A
is_prime; —0
(primey_1)* +1

S —

forjes..f2
ifis_primej=1

prime; —2-j+1

i—i+1

k—k+1

j=f

while j<A
ifis_prime;=1

prime; —2-j+1

i—i+1
j—j+1

return prime

It is known that for L < 101 the Erathostene’s sieve in the linear variant of
Pritchard is the fastest primes’ generator algorithm, [Cira and Smarandache,
2014]. Then, the program SEPC, 1.1, is more performant.

1.1.2 Sieve of Sundaram

The Sieve of Sundaram is a simple deterministic algorithm for finding the
primes up to a given natural number. This algorithm was presented by [Sun-
daram and Aiyar, 1934]. As it is known, the Sieve of Sundaram uses O(Llog(L))
operations in order to find the primes up to L. The algorithm of the Sieve of
Sundaram in Mathcad is:

Program 1.2.

SS(L):=|m <—ﬂoor(g)

forkel.m
is_primer —1
forkel.m
m-—k
j € 1..ceil
forj cei (2~k+1)

is_primeyyjio.k.j—0
prime; < 2
j—1




1.1. GENERATING PRIMES 3

forkel.m
ifis_primei=1
j—j+1
primej—2-k+1
refurn prime

1.1.3 Sieve of Atkin

Until recently, i.e. till the appearance of the Sieve of Atkin, [Atkin and Bern-
stein, 2004], the Sieve of Eratosthenes was considered the most efficient algo-
rithm that generates all the primes up to a limit L > 10'°,

Program 1.3. SAOC (Sieve of Atkin Optimized of Cira) program of generating
primes up to L.

SAOC(L) :=|is_primer —0
A — floor(VL)
for jel.ceil(d)

L-j?
for kel..ceil 5 / )

n—4k®+ j?
m<— mod (n,12)
is_prime, — is_primey if n< LA (m=1Vv m=5)

|L—j?
for kel..ceil( 3] )

n«—3k*+ j?
is_prime, — 7is_prime, if n<LA mod (n,12)=7

L+ j?
for k€j+1..ceil( 3] )

n<—3k2—j2
is_prime, —is_primey, if n<LA mod (n,12)=11
for je5, 7.4

L .. . .
for ke 1,3..]_—2 if is_prime;

is_primey.j2 —0
prime; < 2
primey <3
fornes,7..L
ifis_primey,
‘prime]w—n
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j—j+1
return prime

1.2 Primality Criteria

1.2.1 Smarandache Primality Criterion

Let S: N — N be Smarandache function [Sondow and Weisstein, 2014],
[Smarandache, 1999a,b], that gives the smallest value for a given n at which
n|Sn)! (.e. ndivides S(n)!).

Theorem 1.4. Let n be an integer n > 4. Then n is prime if and only if S(n) = n.
Proof. See [Smarandache, 1999b, p. 31]. O

As seen in Theorem 1.4, we can use as primality test the computing of the
value of S function. For n > 4, if relation S(n) = n is satisfied, it follows that n is
prime. In other words, the primes (to which number 4 is added) are fixed points
for S function. In this study we will use this primality test.

Program 1.5. The program returns the value 0 if the number is not prime and
the value 1 if the number is prime. File n.prn (contains the values function
Smarandache) is read and assigned to vector 7 .

ORIGIN:=1 n:=READPRN("...\n.prn")

TS(n) :=|return "Error. n<1 or not integer" if n<1vn# trunc(n)
ifn>4

return 0 if n,#n

return 1 otherwise

otherwise

return 0 if n=1v n=4

return 1 otherwise

By means of the program 7§, 1.5 was realized the following test.
n:=499999 k:=1.n vg:=2-k+1
last(v) =499999 v =3 vVigs1(p) = 999999
to:=time(0) wy:=TS(vy) f:=time(l)
(11— to)sec =0.304s ) w=78497.

The number of primes up to 10 is 78798, and the sum of non-zero components
(equal to 1) is 78797, as 2 was not counted as prime number because it is an
even number.
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1.3 Luhn primes

The number 229 is the smallest prime which summed with its inverse gives
also a prime. Indeed, 1151 is a prime, and 1151 = 229 + 922. The first to note
this special property of 229, on the website Prime Curios, was Norman Luhn (9
Feb. 1999), [Luhn, 2013, Caldwell and Honacher Jr., 2014].

Function 1.6. The function that returns the reverse of number 7ng) in base b.
Reverse(nl, b)) = sign(n) - reverse(dn(|n|, b)) - Vb(b, nrd(|n|, b)) ,

where reverse(v) is the Mathcad function that returns the inverse of vector v,
dn(n, b) is the program 2.2 which returns the digits of number 7(;¢) in numer-
ation base b, nrd(n, b) is the function 2.1 which returns the number of digits
of the number n(¢) in numeration base b, and the program Vb(b, m) returns
the vector (b b™~! ...b%)". If the argument b lacks when calling the function
Reverse (the notation [, b] shows that the argument is optional) we have a nu-
meration base 10.

Definition 1.7. The primes p for which p° + Reverse(p)° € P>, are called Luhn
primes of o rank. We simply call Luhn primes of first rank (o = 1) simple Luhn
primes.

Program 1.8. The pL program for determining Luhn primes of o rank up to the
limit L.

pL(o,L) :=return "Error. L< 11" if L<11
p — SEPC(L)

j—1

for kel.last(p)

d — trunc(py - 1077 4(Pe10+1)
if d=2vd=4vd=6vd=8

qj <~ Pk

j—Jj+1

—1

or k€ l1..last(q)

s — (qx)° + Reverse(qy)°

if TS(s)=1

Vj—dk

j—j+1

return v

— =

where TS is the primality Smarandache test, 1.5, and Reverse(n) is the function
1.6. In the first part of the program, the primes that have an odd digit as the first
digit are dropped.
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1.3.1 Luhn Primes of First Rank

Up to L < 3-10* we have 321 Luhn primes of first rank: 229, 239, 241, 257,
269, 271, 277, 281, 439, 443, 463, 467, 479, 499, 613, 641, 653, 661, 673, 677, 683,
691, 811, 823, 839, 863, 881, 20011, 20029, 20047, 20051, 20101, 20161, 20201,
20249, 20269, 20347, 20389, 20399, 20441, 20477, 20479, 20507, 20521, 20611,
20627, 20717, 20759, 20809, 20879, 20887, 20897, 20981, 21001, 21019, 21089,
21157, 21169, 21211, 21377, 21379, 21419, 21467, 21491, 21521, 21529, 21559,
21569, 21577, 21601, 21611, 21617, 21647, 21661, 21701, 21727, 21751, 21767,
21817, 21841, 21851, 21859, 21881, 21961, 21991, 22027, 22031, 22039, 22079,
22091, 22147, 22159, 22171, 22229, 22247, 22291, 22367, 22369, 22397, 22409,
22469, 22481, 22501, 22511, 22549, 22567, 22571, 22637, 22651, 22669, 22699,
22717, 22739, 22741, 22807, 22859, 22871, 22877, 22961, 23017, 23021, 23029,
23081, 23087, 23099, 23131, 23189, 23197, 23279, 23357, 23369, 23417, 23447,
23459, 23497, 23509, 23539, 23549, 23557, 23561, 23627, 23689, 23747, 23761,
23831, 23857, 23879, 23899, 23971, 24007, 24019, 24071, 24077, 24091, 24121,
24151, 24179, 24181, 24229, 24359, 24379, 24407, 24419, 24439, 24481, 24499,
24517, 24547, 24551, 24631, 24799, 24821, 24847, 24851, 24889, 24979, 24989,
25031, 25057, 25097, 25111, 25117, 25121, 25169, 25171, 25189, 25219, 25261,
25339, 25349, 25367, 25409, 25439, 25469, 25471, 25537, 25541, 25621, 25639,
25741, 25799, 25801, 25819, 25841, 25847, 25931, 25939, 25951, 25969, 26021,
26107, 26111, 26119, 26161, 26189, 26209, 26249, 26251, 26339, 26357, 26417,
26459, 26479, 26489, 26591, 26627, 26681, 26701, 26717, 26731, 26801, 26849,
26921, 26959, 26981, 27011, 27059, 27061, 27077, 27109, 27179, 27239, 27241,
27271, 27277, 27281, 27329, 27407, 27409, 27431, 27449, 27457, 27479, 27481,
27509, 27581, 27617, 27691, 27779, 27791, 27809, 27817, 27827, 27901, 27919,
28001, 28019, 28027, 28031, 28051, 28111, 28229, 28307, 28309, 28319, 28409,
28439, 28447, 28571, 28597, 28607, 28661, 28697, 28711, 28751, 28759, 28807,
28817, 28879, 28901, 28909, 28921, 28949, 28961, 28979, 29009, 29017, 29021,
29027, 29101, 29129, 29131, 29137, 29167, 29191, 29221, 29251, 29327, 29389,
29411, 29429, 29437, 29501, 29587, 29629, 29671, 29741, 29759, 29819, 29867,
29989 .

The number of Luhn primes up to the limit L is given in Table 1.1:

L]3-10°]5-10°| 7-10% [ 9-10% | 3-10* | 5-10* | 7-10* | 9-10%
8 14 22 27 321 586 | 818 | 1078

Table 1.1: Numbers of Luhn primes

Up to the limit L = 2-107 the number of Luhn primes is 50598, [Cira and
Smarandache, 2015].
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1.3.2 Luhn Primes of Second Rank

Are there Luhn primes of second rank? Yes, indeed. 23 is a Luhn prime
number of second rank because 1553 is a prime and we have 1553 = 232 + 322,
Up to 3-10* we have 158 Luhn primes of second rank: 23, 41, 227, 233, 283, 401,
409, 419, 421, 461, 491, 499, 823, 827, 857, 877, 2003, 2083, 2267, 2437, 2557,
2593, 2617, 2633, 2677, 2857, 2887, 2957, 4001, 4021, 4051, 4079, 4129, 4211,
4231, 4391, 4409, 4451, 4481, 4519, 4591, 4621, 4639, 4651, 4871, 6091, 6301,
6329, 6379, 6521, 6529, 6551, 6781, 6871, 6911, 8117, 8243, 8273, 8317, 8377,
8543, 8647, 8713, 8807, 8863, 8963, 20023, 20483, 20693, 20753, 20963, 20983,
21107, 21157, 21163, 21383, 21433, 21563, 21587, 21683, 21727, 21757, 21803,
21863, 21937, 21997, 22003, 22027, 22063, 22133, 22147, 22193, 22273, 22367,
22643, 22697, 22717, 22787, 22993, 23057, 23063, 23117, 23227, 23327, 23473,
23557, 23603, 23887, 24317, 24527, 24533, 24547, 24623, 24877, 24907, 25087,
25237, 25243, 25453, 25523, 25693, 25703, 25717, 25943, 26053, 26177, 26183,
26203, 26237, 26357, 26407, 26513, 26633, 26687, 26987, 27043, 27107, 27397,
27583, 27803, 27883, 28027, 28297, 28513, 28607, 28643, 28753, 28807, 29027,
29063, 29243, 29303, 29333, 29387, 29423, 29537, 29717, 29983 .

Proposition 1.9. The digit of unit for sum q* + Reverse(q)? is 3 or 7 for all num-
bers g Luhn primes of second rank.

Proof. The square of an even number is an even number, the square of an odd
number is an odd number. The sum of an odd number with an even number
is an odd number. If g is a Luhn prime number of second rank, then its reverse
must be necessarily an even number, because o = g? + Reverse(q)? an odd
number. The prime g has unit digit 1, 3, 7 or 9 and Reverse(q) will obligatory
have the digit unit, 2, 4, 6 or 8. Then, g® will have the unit digit, respectively
1,9, 9 or 1, and unit digit of Reverse(q)? will be respectively 4, 6, 6 or 4. Then,
we consider all possible combinations of summing units 1+4 =5, 1+6 =7,
9+4=13,9+6=15. Sums ending in 5 does not suit, therefore only endings of
sum o that does suit, as o can eventually be a prime, are 3 or 7. O

This sentence can be used to increase the speed determination algorithm
of Luhn prime numbers of second rank, avoiding the primality test or sums
o = g° + Reverse(q)? which end in digit 5.

Up to the limit L = 3-10* Luhn prime numbers of o rank, o = 3 were not
found.

Up to 3-10* we have 219 Luhn prime numbers of o rank, o = 4: 23, 43, 47,
211, 233, 239, 263, 419, 431, 487, 491, 601, 683, 821, 857, 2039, 2063, 2089, 2113,
2143, 2203, 2243, 2351, 2357, 2377, 2417, 2539, 2617, 2689, 2699, 2707, 2749,
2819, 2861, 2917, 2963, 4051, 4057, 4127, 4129, 4409, 4441, 4481, 4603, 4679,
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4733, 4751, 4951, 4969, 4973, 6053, 6257, 6269, 6271, 6301, 6311, 6353, 6449,
6547, 6551, 6673, 6679, 6691, 6803, 6869, 6871, 6947, 6967, 8081, 8123, 8297,
8429, 8461, 8521, 8543, 8627, 8731, 8741, 8747, 8849, 8923, 8951, 8969, 20129,
20149, 20177, 20183, 20359, 20369, 20593, 20599, 20639, 20717, 20743, 20759,
20903, 20921, 21017, 21019, 21169, 21211, 21341, 21379, 21419, 21503, 21611,
21613, 21661, 21727, 21803, 21821, 21841, 21881, 21893, 21929, 21937, 22031,
22073, 22133, 22171, 22277, 22303, 22343, 22349, 22441, 22549, 22573, 22741,
22817, 22853, 22877, 22921, 23029, 23071, 23227, 23327, 23357, 23399, 23431,
23531, 23767, 23827, 23917, 23977, 24019, 24023, 24113, 24179, 24197,24223,
24251, 24421, 24481, 24527, 24593, 24659, 24683, 24793, 25171, 25261, 25303,
25307, 25321, 25343, 25541, 25643, 25673, 25819, 25873, 25969, 26083, 26153,
26171, 26267, 26297, 26561, 26833, 26839, 26953, 26993, 27103, 27277, 27337,
27427, 27551, 27617, 27749, 27751, 27791, 27823, 27901, 27919, 27953, 28019,
28087, 28211, 28289, 28297, 28409, 28547, 28631, 28663, 28723, 28793, 28813,
28817, 28843, 28909, 28927, 28949, 28979, 29063, 29173, 29251, 29383, 29663,
29833, 29881, 29989 .

The number 23* + 32* — 1328417 is a prime, the number 43* + 34* —
4755137i521prhne,H.,therunnber2998944—989924—*96837367848621546737
is a prime.

Remark1.10. Up to 3- 10%, the numbers: 23, 233, 419, 491, 857, 2617, 4051, 4129,
4409, 4481, 6301, 6551, 6871, 8543, 21727, 21803, 21937, 22133, 23227, 23327,
24527, 28297, 29063 are Luhn prime numbers of 2nd and 4th rank.

Questions:
1. There are an infinite number of Luhn primes of first rank?
2. There are an infinite number of Luhn primes of second rank?
3. There are Luhn primes of third rank?
4. There are an infinite number of Luhn primes of fourth rank?

5. There are Luhn prime numbers of o rank, o > 4?

1.4 Endings the Primes

Primes, with the exception of 2 and 5, have their unit digit equal to 1, 3, 7
or 9. It has been counting the first 200,000 primes, i.e. from 2 to primespoo0 =
2750159. The final units 3 and 7 "dominate" the final digits 1 and 9 to primes.

For this observation, we present the counting program for final digits on
primes (Number of appearances as the Final Digit):
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Program 1.11. Program for counting the final digits on primes.

nfd(kpax) == ‘ return "Error. kyqx > last(prime)" if kyqx > last(prime)
nrd—(010000000)
for ke2.kmax
fd — primey— Trunc(primey, 10)
forj=1.9
nrdyj < nrdi_1,j+1 if j=fd
nrdy,j— nrdi-1,j otherwise
return nrd

Calling the program nrfd=nfd(2 - 10°), it provides a matrix of 9 columns and
200,000 lines. The component nrfdy; give us the number of primes that have
digit unit 1 to the limit primey, the component nrfdy 3 provides the number of
primes that have the unit digit 3 up to the limit primey, and so on. Therefore,
we have nrfd)s; =3 (11,31 and 41 have digit unit 1), nrfd;s3 =4 (3, 13, 23 and 43
have digit unit 3), nrfds7 =4 (7, 17, 37 and 47 have digit unit 7) and nrfd;s 9 = 2
(19 and 29 have digit unit 9). We recall that prime;s = 47.

For presenting the fact that the digits 3 and 7 "dominates" the digits 1 and 9,
we use the function umd: N* — N* (Upper limit of Mean Digits appearances),
umd(L) = [£]. This function is the superior limit of the mean of digits 1, 3,
7 appearances and 9 as endings of primes (exception for 2 and 5 which occur
each only once).

In Figure 1.1 we present the graphs of functions: nrfdy; — umd(k) (red),

nrfdys — umd(k) (blue), nrfdy 7 — umd(k) (green) and nrfdy 9 — umd(k) (black).

1.5 Numbers of Gap between Primes

Definition 1.12. The difference between two successive primes is called gap.
The gap is denoted by g, but to specify which specific gap, it is available the
notation g, = pn+1 — Pn, Where py, pni1 € P>o.

Observation 1.13. There are authors that considers the gap is given by the for-
mula g, = pp+1— pn— 1, where py, pp+1 € Pxo.

In Table 1.2, it was displayed the number of gaps of length 2, 4, 6, 8, 10, 12
for primes lower than 3 - 107,2-107, 107, 108, 105, 10* and 103.

Let us notice the the gaps of length 6 are more frequent than the gaps of
length 2 or 4. Generally, the gaps of multiple of 6 length are more frequent than
the gaps of comparable length.

Given this observation, we can enunciate the following conjecture: the gap
of length 6 is the most common gap.
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Figure 1.1: Graphic of terminal digits for primes

1.6 Polynomials Generating Prime Numbers

These algebraic polynomials have the property that for n =0,1,...,m—1
value of the polynomial, eventually in module, are m primes.

1.

Polynomial P(n) = n+n?+17 generates 11 primes: 17, 19, 29, 53, 97, 167,
269, 409, 593, 827, 1117, [Sloane, 2014, A050266 ].

Polynomial P(n) = 2n? + 11 generates 11 primes: 11, 13, 19, 29, 43, 61, 83,
109, 139, 173, 211, [Sloane, 2014, A050265 ].

Honaker polynomial, P(n) = 4n? + 4n + 59, generates 14 primes: 59, 67,
83, 107, 139, 179, 227, 283, 347, 419, 499, 587, 683, 787, [Sloane, 2014,
A048988].

Legendre polynomial, P(n) = n? + n + 17, generates 16 primes: 17, 19,
23, 29, 37, 47, 59, 73, 89, 107, 127, 149, 173, 199, 227, 257 , [Wells, 1986],
[Sloane, 2014, A007635].

Bruno [2009] polynomial, P(n) = 3n? +39n + 37, generates 18 primes: 37,
79, 127, 181, 241, 307, 379, 457, 541, 631, 727, 829, 937, 1051, 1171, 1297,
1429, 1567 .
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10.

11.

3-10° | 2-107 107 10° | 10°| 10* | 10°
152891 | 107407 | 58980 | 8169 | 1224 | 205 | 35
152576 | 107081 | 58621 | 8143 | 1215 | 202 | 40
263423 | 183911 | 99987 | 13549 | 1940 | 299 | 44
113368 | 78792 | 42352 | 5569 | 773 | 101 | 15
10 | 145525 | 101198 | 54431 | 7079 | 916 | 119 | 16
12 | 178927 | 123410 | 65513 | 8005 | 965 | 105
14 | 96571 | 66762 | 35394 | 4233 | 484 | 54
16 | 70263 | 47951 | 25099 | 2881 | 339 | 33
18 | 124171 | 84782 | 43851 | 4909 | 514 | 40
20 | 63966 | 43284 | 22084 | 2402 | 238 | 15

o O &~ DNjoR

— - O R

Table 1.2: Number of gaps of length 2, 4, ..., 20

Pegg Jr. [2005] polynomial, P(n) = n* + 29n% + 101, generates 20 primes:
101, 131, 233, 443, 821, 1451, 2441, 3923, 6053, 9011, 13001, 18251, 25013,
33563, 44201, 57251, 73061, 92003, 114473, 140891 .

Gobbo [2005a] polynomial, P(n) = |7n*-371n+4871|, generates 24
primes: 4871, 4507, 4157, 3821, 3499, 3191, 2897, 2617, 2351, 2099, 1861,
1637, 1427, 1231, 1049, 881, 727, 587, 461, 349, 251, 167,97, 41 .

Legendre polynomial (1798), P(n) = 2n? +29 generates 29 primes: 29, 31,
37, 47, 61, 79, 101, 127, 157, 191, 229, 271, 317, 367, 421, 479, 541, 607,
677,751, 829,911, 997, 1087, 1181, 1279, 1381, 1487, 1597, [Sloane, 2014,
A007641].

. Brox [2006] polynomial, P(n) = 6n? — 342n + 4903, generates 29 primes:

4903, 4567, 4243, 3931, 3631, 3343, 3067, 2803, 2551, 2311, 2083, 1867,
1663, 1471, 1291, 1123, 967, 823, 691, 571, 463, 367, 283, 211, 151, 103, 67,
43,31.

Gobbo [2005b] polynomial, P(n) = |8n2 —488n+ 7243|, generates 31
primes: 7243, 6763, 6299, 5851, 5419, 5003, 4603, 4219, 3851, 3499, 3163,
2843, 2539, 2251, 1979, 1723 1483, 1259, 1051, 859, 683, 523, 379, 251, 139,
43,37,101, 149, 181, 197 .

Brox [2006] polynomial, P(n) = 43n? —537n + 2971, generates 35 primes:
2971, 2477, 2069, 1747, 1511, 1361, 1297, 1319, 1427, 1621, 1901, 2267,
2719, 3257, 3881, 4591, 5387, 6269 7237, 8291, 9431, 10657, 11969, 13367,
14851, 16421, 18077, 19819, 21647, 23561, 25561, 27647, 29819, 32077,
34421.
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12.

13.

14.

15.

16.

17.
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Wroblewski and Meyrignac polynomial, [Wroblewski and Meyrignac,
2006],
P(n) = |[42n° +270n* — 264361 + 250703 | ,

generates 40 primes: 250703, 224579, 199247, 174959, 151967, 130523,
110879, 93287, 77999, 65267, 55343, 48479, 44927, 44939 48767, 56663,
68879, 85667, 107279, 133967, 165983, 203579, 247007, 296519, 352367,
414803, 484079, 560447 644159, 735467, 834623, 941879, 1057487,
1181699, 1314767, 1456943, 1608479, 1769627, 1940639, 2121767 .

Euler’s polynomial (1772), P(n) = n?+n+41, generates 40 primes: 41, 43,
47,53, 61, 71, 83, 97, 113, 131, 151, 173, 197, 223, 251, 281, 313, 347, 383,
421, 461 503, 547, 593, 641, 691, 743, 797, 853, 911, 971, 1033, 1097, 1163,
1231, 1301, 1373, 1447, 1523, 1601, [Sloane, 2014, A005846].

Legendre (1798) polynomial, P(n) = n? — n + 41, generates 40 primes: 41,
41, 43,47,53,61,71,83,97,113, 131, 151, 173, 197, 223, 251, 281, 313, 347,
383, 421 461, 503, 547, 593, 641, 691, 743, 797, 853, 911, 971, 1033, 1097,
1163, 1231, 1301, 1373, 1447, 1523, 1601 . In the list there are 41 primes,
but the number 41 repeats itself.

Speiser [2005] polynomial, P(n) = |103n? —4707 + 50383|, generates 43
primes: 50383, 45779, 41381, 37189, 33203, 29423, 25849, 22481, 19319,
16363, 13613, 11069, 8731, 6599 4673, 2953, 1439, 131, 971, 1867, 2557,
3041, 3319, 3391, 3257, 2917, 2371, 1619 661, 503, 1873, 3449, 5231, 7219,
9413, 11813, 14419, 17231, 20249, 23473, 26903, 30539, 34381 .

Fung and Ruby polynomial, [Fung and Williams, 1990], [Guy, 2004],
P(n) = [47n* - 1701n+10181] ,

generates 43 primes: 10181, 8527, 6967, 5501, 4129, 2851, 1667, 577, 419,
1321, 2129, 2843, 3463, 3989 4421, 4759, 5003, 5153, 5209, 5171, 5039,
4813, 4493, 4079, 3571, 2969, 2273, 1483, 599, 379, 1451, 2617, 3877, 5231,
6679, 8221,9857, 11587, 13411, 15329, 17341, 19447, 21647, [Sloane, 2014,
A050268].

Ruiz [2005] polynomial, P(n) = |3n® - 183n* + 3318n — 18757, generates
43 primes: 18757, 15619, 12829, 10369, 8221, 6367, 4789, 3469, 2389, 1531,
877,409, 109, 41, 59, 37, 229, 499, 829, 1201, 1597, 1999, 2389, 2749, 3061,
3307, 3469, 3529, 3469, 3271, 2917, 2389 1669, 739, 419, 1823, 3491, 5441,
7691, 10259, 13163, 16421, 20051, 24071, 28499, 33353, 38651 . There are
47 primes, but 2389 and 3469 are tripled, therefore it rests only 43 of dis-
tinct primes.
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18. Fung and Ruby polynomial, [Fung and Williams, 1990], P(n) =
|36n% — 8101 + 2753 |, generates 45 primes: 2753, 1979, 1277, 647, 89, 397,
811, 1153, 1423, 1621, 1747, 1801, 1783, 1693, 1531, 1297 991, 613, 163,
359, 953, 1619, 2357, 3167, 4049, 5003, 6029, 7127, 8297, 9539, 10853,
12239, 13697, 15227, 16829, 18503, 20249, 22067, 23957, 25919, 27953,
30059, 32237, 34487, 36809 .

19. Kazmenko and Trofimov polynomial, [Kazmenko and Trofimov, 2006]
P(n) = |-66n> +3845n° —60897n +251831] ,

generates 46 primes: 251831, 194713, 144889, 101963, 65539, 35221,
10613, 8681, 23057, 32911, 38639, 40637, 39301, 35027, 28211, 19249 8537,
3529, 16553, 30139, 43891, 57413, 70309, 82183, 92639, 101281, 107713,
111539, 112363, 109789, 103421, 92863, 77719, 57593, 32089, 811, 36637,
80651, 131627, 189961, 256049, 330287, 413071, 504797, 605861, 716659 .

20. Wroblewski and Meyrignac polynomial, [Wroblewski and Meyrignac,
2006]

P(n) = |n® - 99n" +3588n° — 56822n° + 348272n — 286397 ,

generates 47 primes: 286397, 8543, 210011, 336121, 402851, 424163,
412123, 377021, 327491, 270631, 212123, 156353, 106531, 64811, 32411,
9733, 3517, 8209, 5669, 2441, 14243, 27763, 41051, 52301, 59971, 62903,
60443, 52561, 39971, 24251, 7963, 5227, 10429, 1409, 29531, 91673,
196003, 355331, 584411, 900061, 1321283, 1869383, 2568091, 3443681,
4525091, 5844043, 7435163 .

21. Beyleveld [2006] polynomial,
P(n) = |n*—97n° +329n* — 454581 + 213589 ,

generates 49 primes: 213589, 171329, 135089, 104323, 78509, 57149,
39769, 25919, 15173, 7129, 1409, 2341, 4451, 5227, 4951, 3881, 2251, 271,
1873, 4019, 6029, 7789, 9209, 10223, 10789, 10889, 10529, 9739, 8573,
7109, 5449, 3719, 2069, 673, 271, 541, 109, 1949, 5273, 10399, 17669,
27449, 40129, 56123, 75869, 99829, 128489, 162359, 201973, 247889 . In
the list, we have 50 primes, but the number 271 repeats once.

22. Wroblewski and Meyrignac polynomial, [Wroblewski and Meyrignac,
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2006]

n®—126n°+6217n* — 15306613
36

P(n) =

N 198778612 — 13055311 + 34747236
36

’

generates 55 primes: 965201, 653687, 429409, 272563, 166693, 98321,
56597, 32969, 20873, 15443, 13241, 12007, 10429, 7933, 4493, 461, 3583,
6961, 9007, 9157, 7019, 2423, 4549, 13553, 23993, 35051, 45737, 54959,
61613, 64693, 63421, 57397, 46769, 32423, 16193, 1091, 8443, 6271, 15733,
67993, 163561, 318467, 552089, 887543, 1352093, 1977581, 2800877,
3864349, 5216353, 6911743, 9012401, 11587787, 14715509, 18481913,
22982693 .

23. Dress, Laudreau and Gupta polynomial, [Dress and Landreau, 2002,
Gupta, 2006],

Pln - n° —133n" +6729n° — 158379n* + 1720294n — 6823316
= 4 ,

generates 57 primes: 1705829, 1313701, 991127, 729173, 519643, 355049,
228581, 134077, 65993, 19373, 10181, 26539, 33073, 32687, 27847, 20611,
12659, 5323, 383, 3733, 4259, 1721, 3923, 12547, 23887, 37571, 53149,
70123, 87977, 106207, 124351, 142019, 158923, 174907, 189977, 204331,
218389, 232823, 248587, 266947, 289511, 318259, 355573, 404267, 467617,
549391, 653879, 785923, 950947, 1154987, 1404721, 1707499, 2071373,
2505127, 3018307, 3621251, 4325119 .

1.7 Primorial

Let p,, be the nth prime, then the primorial is defined by

n
pott =[] p- (1.1)
k=1

By definition we have that 1# = 1.

The values of 1#, 2#, 3#, ..., 43# are: 1, 2, 6, 30, 210, 2310, 30030,
510510, 9699690, 223092870, 6469693230, 200560490130, 7420738134810,
304250263527210, 13082761331670030, [Sloane, 2014, A002110] .

This list can also be obtained with the program 1.14, which generates the
multiprimorial.
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Program 1.14. for generating the multiprimorial, p# = kP(p,1) or p## =
kP(p,2) or p### = kP(p,3).

kP(p, k) := return 1 if p=1

return "Error. p not prime if TS(p)=0

g— mod (p,k+1)

return p if q=0

pk—1

pk <2 if k=1

j—1

while prime; <
pk — pk-prime; if mod (prime;, k+1)=q
j—Jj+1

return pk

The program calls the primality test TS, 1.5.

It is sometimes convenient to define the primorial n# for values other than
just the primes, in which case it is taken to be given by the product of all primes

less than or equal to n, i.e.
n(n)

n# = Pk » (1.2)
k=1
where 7 is the prime counting function.

For 1, ..., 30 the first few values of n# are: 1, 2, 6, 6, 30, 30, 210, 210, 210,
210, 2310, 2310, 30030, 30030, 30030, 30030, 510510, 510510, 9699690, 9699690,
9699690, 9699690, 223092870, 223092870, 223092870, 223092870, 223092870,
223092870, 6469693230, 6469693230, [Sloane, 2014, A034386].

The decomposition in prime factors of numbers prime,#—1 and prime,,#+1
forn=1,2,...,15 are in Tables 1.3 and respectively 1.4

Table 1.3: The decomposition in factors of prime,,# — 1

prime, #—1 factorization
0 0
1 1
5 5
29 29
209 11-19
2309 2309
30029 30029

Continued on next page
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prime,#—1 factorization
510509 61-8369
9699689 53-197-929
223092869 37-131-46027
6469693229 79-81894851
200560490129 228737-876817
7420738134809 229-541-1549-38669
304250263527209 304250263527209
13082761331670029 | 141269 92608862041

Table 1.4: The decomposition in factors of prime,# + 1

prime, #+1 factorization
2 2
3 3
7 7
31 31
211 211
2311 2311
30031 59-509
510511 19-97-277
9699691 347-27953
223092871 317-703763
6469693231 331-571-34231
200560490131 200560490131
7420738134811 181-60611-676421
304250263527211 | 61-450451-11072701
13082761331670031 | 167-78339888213593

1.7.1 Double Primorial

Let p € P, then the double primorial is defined by
p##=p1-p2--pm with mod (p;,3)= mod (p,3), (1.3)

where p; € P> and pj < p, forany j =1,2,...,m—1and p,, = p. By definition
we have that 1## = 1.
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Examples: 2## = 2, 3## =
mod (2,3) = 2, 13## = 7-13 =
17##=2-5-11-17 = 1870 because mod (17,3) =
mod (2,3) =2, etc.

The list of values 1##, 2##,
1.14, is: 1, 2, 3, 10, 7, 110, 91, 1870, 1729, 43010, 1247290, 53599, 1983163,
51138890, 85276009, 2403527830, 127386974990, 7515831524410, 5201836549,

348523048783 .

The decomposition in prime factors of the numbers prime,## — 1 and

3, 5## = 2-5 = 10 because mod (5,3)
91 because mod (13,3) = mod (7,3) = 1,
mod (11,3) = mod (5,3)

prime, ##+1forn=1,2,...,19 are in Tables 1.5 and respectively 1.6:

Table 1.5: The decomposition in factors of prime,,## — 1

prime, ##—1 factorization
1 1
2 2
9 32
6 2-3
109 109
90 2.32.5
1869 3-7-89
1728 26.33
43009 41-1049
1247289 3-379-1097
53598 2-3-8933
1983162 2-3-103-3209
51138889 67763267
85276008 23.32.29.40841
2403527829 3.23537-34039
127386974989 19-59-113636909
7515831524409 | 32-13-101-19211-33107
5201836548 22.3.9277-46727
348523048782 2-3%.23.280614371

=l

..., 67##, obtained with the program kP,
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Table 1.6: The decomposition in factors of prime,,## + 1

prime, ##+1 factorization
3 3
4 22
11 11
8 23
111 3.37
92 22.23
1871 1871
1730 2-5-173
43011 36.59
1247291 1247291
53600 25.52.67
1983164 22.495791
51138891 3%.1894033
85276010 2.5-8527601
2403527831 12889186479
127386974991 | 3-349-121668553
7515831524411 | 7-1367-785435419
5201836550 2.52.104036731
348523048784 | 24.113-192767173

1.7.2 Triple Primorial

Let p € P»;, then the triple primorial is defined by
p###t = p1-p2---pm With  mod (p;,4) = mod (p,4) (1.4)

where pj € P>y, pj <p, forany j =1,2,...,m—1and p;,, = p. By definition we
have that 1### = 1.

The list of values 1###, 2###, ..., 73###, obtained with the program kP,
1.14, is: 1, 2, 3, 5, 21, 231, 65, 1105, 4389, 100947, 32045, 3129357, 1185665,
48612265, 134562351, 6324430497, 2576450045, 373141399323, 157163452745,
25000473754641, 1775033636579511, 11472932050385 .

The decomposition in prime factors of prime, ###—1 and prime, ###+ 1 for
n=1,2,...,19 are in Tables 1.7 and respectively 1.8:
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Table 1.7: The decomposition in factors of prime,###—1

Table 1.8: The decomposition in factors of prime,###+ 1

prime, ### — 1 factorization
1 1
2 2
4 22
20 22.5
230 2.5.23
64 26
1104 24.3.23
4388 22.1097
100946 2-17-2969
32044 22.8011
3129356 22.782339
1185664 27.59.157
48612264 23.3.2025511
134562350 2.5%-13-241-859
6324430496 25.197638453
2576450044 22.7.263-349871
373141399322 2186570699661
157163452744 | 23.193-421-241781
25000473754640 | 2*-5-312505921933

prime, ### + 1 factorization
2 2
3 3
4 22
6 2-3
22 2-11
232 23.29
66 2-3-11
1106 2-7-79
4390 2-5-439
100948 22.25237
32046 2-3-72.109
3129358 2-1564679

Continued on next page
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prime, ### + 1 factorization
1185666 2-3-73-2707
48612266 2-131-185543
134562352 24.1123-7489
6324430498 2-37-6269-13633
2576450046 2:3-19-61-163-2273
373141399324 22.433.215439607
157163452746 2-3-5647-4638553

25000473754642

2-109-6199-18499931




Chapter 2

Arithmetical Functions

2.1 Function of Counting the Digits

Mathcad user functions required in the following.
Function 2.1. Function of counting the digits of number 7 in base b:

nrd(n,b) := |return 1 if n=0
return 1+ floor(log(n, b)) otherwise

2.2 Digits the Number in Base b

Program 2.2. Program providing the digits in base b of the number rn;():

dn(n,b) := | for k€ ORIGIN..nrd(n,b) — 1
t — Trunc(n, b)
cby—n-t

t
"

return reverse(ch)

2.3 Prime Counting Function

By means of Smarandache’s function, we obtain a formula for counting the
prime numbers less or equal to n, [Seagull, 1995].

Program 2.3. of counting the primes to 7.

n(n):=return 0 if n=1
return 1 if n=2

21
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Figure 2.1: The digital sum function

return 2 if n=3

n Sk
return —1+ Zﬂoor(—)

k=2 k

2.4 Digital Sum

Function 2.4. Function of summing the digits in base b of power k of the num-
ber n written in base 10.

dks(n, b, k):= Y dn(n,b)*. 2.1)

Examples:

1.

Example dks(76,8,1) = 6, verified by the identity 7619y = 1145y and by the
factthan 1' + 11 + 4! = 6;

Example dks(1234,16,1) = 19, verified by the identity 12341p) = 4d2¢)
and by the fact than 4! + d! +2' =4+ 13 +2 =19;

. Example dks(15,2,1) = 4, verified by the identity 15(;9) = 1111y and by

the fact than 1' + 1 +1' +11 =4,

Example dks(76,8,2) = 18, verified by the identity 76(;9) = 114(g) and by
the fact than 1% + 1% + 42 = 18;

Example dks(1234,16,2) = 189, verified by the identity 1234;0) = 4d2;¢)
and by the fact than 4% + d? + 2% = 4% + 132 + 22 = 189;

Example dks(15,2) = 4, verified by the identity 15¢9) = 1111 and by the
factthan 12 +1% +12 + 12 = 4.
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Figure 2.2: Digital sum function of power 2 of the number r; ¢,

2.4.1 Narcissistic Numbers

We can apply the function dks, given by (2.1), for determining Nar-
cissistic numbers (Armstrong numbers, or Plus Perfect numbers), [Weis-
stein, 2014d], [Sloane, 2014, A005188, A003321, A010344, A010346, A010348,
A010350, A010353, A010354, A014576, A023052, A032799, A046074, A101337
and A11490], [Hardy, 1993, p. 105], [Madachy, 1979, pp. 163-173], [Roberts,
1992, p. 35], [Pickover, 1995, pp. 169-170], [Pickover, 2001, pp. 204-205].

Definition 2.5. A number having m digits dy in base b (b € N*, b = 2) is Narcis-

sistic if
(2.2)

didy...dppy=d"+dy' +...+d);,

where d;. € {0,1,...,b—1},for ke I,, ={1,2,...,m}.

Program 2.2 can be used for determining Narcissistic numbers in numer-
ation base b, [Cira and Cira, 2010]. The numbers {1,2,...,b— 1} are ordinary
Narcissistic numbers for any b = 2.

To note that the search domain for a base b € N, b = 2 are finite. For
any number n, with m digits in base b for which we have met the condition
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log;, (m(b—1)") > log, (b™!) Narcissistic number search makes no sense. For
example, the search domain for numbers in base 3 makes sense only for the
numbers: 3,4, ..., 2048.

Let the function & :N* x N* — R given by the formula

h(b, m) =log, (m(b—1)") -log,(b™1). (2.3)

We represent the functionfor b =3,4,...,16and m =1, 2,...,120, see Figures
2.3. Using the function & we can determine the Narcissistic numbers’ search
domains.

Let the search domains be:

Dc, = {2}, (2.4)
Dcs = {3,4,...,2048}, where 2048 = 8-2°, (2.5)
Dcy=1{b,b+1,...,10°} for b=1{4,5,...,16} . (2.6)

by

B3 .m)
h(4.m) 7]
1(5.m)

Il
W6
17, m)
H(S . m)
1S .m)

f 2 4 6 wu INJ6 18 :o\n:-*s :NNJW;
m

h(10,m)
— 4
B(11,m)

n(12,m |

h(13,m)

h(14, m})

H(13,m)

h(16_m)

0 5 10 15 20 25 30 35 40 45 0 35 60\6\\\WW¢0
m

Figure 2.3: Function h for b=3,4,...,16and m=1,2,...,120
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Table 2.1: Narcissistic numbers with b = 3 of (2.5)

Table 2.2: Narcissistic numbers with b = 4 of (2.6)

Table 2.3: Narcissistic numbers with b =5 of (2.6)

5= 125 = 1°+2°
8= 223 = 22+2°
17= 1223 = 13+23+23

28= 1304 = 13+3%+03
29= 131hy= 13+33+13
35=  203(y= 23+03+33
43= 2234y = 23+23+33
55=  313(4H= 33+13+33
62= 3324 = 33+33+23
83= 11034 = 1*+1*+0%+3*
243= 3303y = 3*+3%+0%+3%

13= 23 = 22+37
18= 335 = 32+32
28 = 1035 = 13+0%+33
118 = 43355 = 43+3%+33
289=  2124p5= 24+1%+2%+41
353= 24035 = 2%*+4*+0%+3*
419 = 31345 = 3*+14+3%1+34
4890 = 12403055 = 1°+2%+4%+05+35+0°
4891 = 1240315 = 15+26+4%+06+36+16
9113 = 24242355 = 25+4%+264+46426436

Table 2.4: Narcissistic numbers with b = 6 of (2.6)

99

243 = 23+43+33

Continued on next page
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190 = 5l4g = 53+13+43

2292 = 14340 = 1°+4°+3°+4°+0°

2293 = 14341 = 1°+4°+3°+4°+1°

2324 = 144326 = 1°+4°+4°+3°+2°

3432 = 23520 = 2°+3°+5°+25+0°

3433 = 23521 = 2°+3°+5°+25+1°

6197 = 44405 = 4°+4°+4°+0°+5°
36140= 435152 = 4°+3°+55+16+50+2°
269458 = 5435254 = 5'+4’+37+57+27+57 +47
391907 = 122222154 = 18+28+28 4284284284184 58

Table 2.5: Narcissistic numbers with b =7 of (2.6)

10 = 137)= 12+3%

25= 34¢7= 3% +42

32= 447)= 42 +4?

45 = 63 = 62+3°

133 = 250¢7 = 23+5%+03

134 = 251y = 23+53+13

152 = 3057 = 33+0%+53

250 = 5057 = 53+0%+5°

3190 = 122057 = 1°+2°+2°+0°+5°

3222 = 122527 = 1°+2°+2°+5°+2°

3612 = 133500y = 1°+3%+3°+5°+0°

3613 = 13351 = 1°+3°+3°+5°+1°

4183 = 151247y = 1°+55+15+25+4°
9286= 360347 = 3°+6°+0°+3°+4°
35411= 2051457 = 2%+0°+5%+16+45+55
191334 = 14245537 = 17+4"+27+47+57 +57 +37
193393 = 14335547y = 17+4"+37+37+57 +57+47
376889 = 3126542(7y= 3'+17+27+6"+5"+47+27
535069 = 43556537y = 4’ +37+5°+5"+6'+5 +37
794376 = 6515652(7y= 6'+5 +17+5 +67+57 +27
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Table 2.6: Narcissistic numbers with b = 8 of (2.6)

20 = 249 = 2°+47

52 = 64 = 62+42

92 = 134 = 13+3%+43

133 = 2055 = 23+0%+53

307 = 4635 = 43+63+3°

432 = 6605 = 63+6%+03

433 = 661g = 65+63+13
16819= 406635 = 4°+0°+6°+6°+3°
17864= 42710 = 4°+2°+7°+1°+0°
17865= 42711@g = 4°+25+7°+1°+1°
24583= 60007 = 6°+0°+0°+0°+7°
25639= 62047@g = 6°+2°+0°+4°+7°
212419= 636703 = 6°+3°+6°+7%+0°+3°
906298 = 3352072 = 3'+37+5 +27+0"+77+27
906426 = 3352272 = 37 +37+57+27+27+77 +27
938811 = 3451473 = 3" +47+5 +17+4"+77+37

Table 2.7: Narcissistic numbers with b =9 of (2.6)

41 = 459y = 4°+5°

50 = 55@9)= 5%+52
126 = 1509 = 1°+5°+0°
127 = 151 = 13+5%+13
468= 5709 = 5°+73+0°
469= 5719 = 53+73+13

1824 = 24469 = 2*+4%+4%+6"

8052= 12036 = 1°+2°+0°+3°+6°
8295= 123369 = 1°+2°+3°+3°+6°
9857 = 14462 = 1°+4°+4°+6°+2°

Table 2.8: Narcissistic numbers with b = 10 of (2.6)

| 153= 1°+5°+3° |
Continued on next page
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370= 33+73+0%

371= 33+73+418

407= 43+03+7°

1634= 1%+6*+3%+4%
8208= 8*+2%+0%+8*
9474 = 9+ 444+ 74 4
54748 = 5°+4°+7° +4°+8°
92727 = 9P +2547° 42547
93084= 9°+3°+0°+8°+4°
548834 = 5°%+45+8°5+86+36445

The list of all Narcissistic numbers in base 10 is known, [Weisstein,
2014d]. Besides those in Table 2.8 we still have the following Narcissistic num-
bers: 1741725, 4210818, 9800817, 9926315, 24678050, 24678051, 88593477,
146511208, 472335975, 534494836, 912985153, 4679307774, 32164049650,
32164049651, ... [Sloane, 2014, A005188].

The biggest Narcissistic numbers have 39 digits; they are:

115132219018763992565095597973971522400,
115132219018763992565095597973971522401 .

Observation 2.6. As known, the digits of numeration base 16 are: 0, 1, 2, 3, 4, 5,
6, 7, 8,9, 10 denoted respectively by a, 11 with b, 12 with ¢, 13 with d, 14 with
e and 15 with f. Naturally, for bases bigger than 16 we use the following digits
notation: 16 =g,17=h,18=1i,19=j,20=k,21=/¢,22=m, 23 =n, 24 = o,
25=p,26=¢q,27=1,28=5,29=130=u,31=v,32=w,33=x,34=1,
35=2,36=A,37=B,38=C,39=D,40=E, 41 =F,42=G,43=H,44=1,... .

Table 2.9: Narcissistic numbers with b =11 of (2.6)

61 = 5601 = 5°+6°

72 = 6611 = 6°+6°

126 = 1050 = 13+03+5°
370 = 307 = 32+03+78
855 = 7084y = 7°+03+83
1161 = 9661 = 9°+63+6°
1216 = a06qy = 103+0%+63
1280=  ab4qp= 10°+63+4°

Continued on next page
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10657 = 800931, = 8'+0%+0%+9*

16841 = 117200 = 1°+1°+7°+2°+0°
16842= 11721y = 1°+13+7°+25+1°
17864 = 124700 = 1°+2°+4°+7°+0°
17865= 12471y = 1°+25+45+7°+1°
36949 = 2584041 = 2°+5°+8°+4°+0°
36950 = 2584137 = 2°+5°+8°+4°+1°
63684 = 4393513 = 4°+3°+9°+3°+5°
66324 = 459151} = 4°+5°+9°+1°+5°
71217 = 495631 = 4°+9°+5°+6°+3°
90120= 617881 = 6°+1°+7°+8°+8°
99594 = 68910 = 6°+8°+9°+1°+0°
99595= 68911y = 6°+8°+9°+1°+1°
141424 = 9728841 = 9P +7°+2°+8°+8°
157383 = a8276(1) = 10°+8°+2°+7°+6°

Table 2.10: Narcissistic numbers with b =12 of (2.6)

29 = 2502 = 22+5°
125 = asaz = 10%+52
811 = 57702 = 5°+73+73
944 = 66812 = 6°+6%+83
1539 = a83az = 103+8%+33

28733= 1476502 = 1°+4°+7°+6°+5°
193084 = 938ads = 9°+3°+8°+10°+4°

887690 = 36986212 = 3°+6°+9°+8%+6°+2°

Table 2.11: Narcissistic numbers with b =13 of (2.6)

17 = 1403 = 12+4°
45 = 36013 = 32+6°
85 = 67(13) = 62 + 72
98 = 703 = 72+7%
136 = abas = 102 +6°
160 = chaz = 122+42

Continued on next page
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793= 4903 =
794 = 491(13) =
854= 5093 =
1968 = b8513) =

4 +9°+0°
43+934+13
53403 +93
113+8%+53

8194= 39643 =

32 +9% + 6% + 44

62481 = 225933 =
167544 = 5b350(13) =
167545=5b351(13) =
294094 = a3b28(13) =
320375 = b26193(13) =
323612= b43b3(3) =
325471= b51b3(3 =
325713=  b533b3) =
350131 = 034ﬂ2(13) =
365914 = ca723(13) =

2°+2°+5°+9°+3°
5°+11°+3°+5°+0°
5 +11°+3°+5°+1°
10°+3°+115+2%+8°
11°4+2°+10°4+9°+3°
11°+4°+3°4+11°+3°
11°4+5°+154+11°+3°
11°4+5°+3543°+11°
12°+3%4+4°4+10°+2°
1254102 +7°+2°+3°

Table 2.12: Narcissistic numbers with b = 14 of (2.6)

244 = 136(14) =
793 = 409(14) =

1°+33+6°
43 +03+93

282007 = 74ab54) =

7°+4°+10°+11°+5°

Table 2.13: Narcissistic numbers with b = 15 of (2.6)

113 = 78(15) = 72 + 82
128 = 8815 = 82+82
2755 = c3aps = 122+3%+10°
3052=  d87.s5= 13%+83+7°
5059= 177405 = 1*+74+7%+4%
49074= 81935 = 14*+8%1+1%+9?
49089=  e8295 = 14*+8%+21+94
386862 = 7995c5 = 7°+9°+9°+5°+12°
413951 = 829bbs = 8°+2°+9°+11°+11°
517902 = a36bcas = 10°+3°+6°+11°+12°
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Table 2.14: Narcissistic numbers with b = 16 of (2.6)

342 = 15606 = 13+55+6°
371 = 17306 = 13+7%+33
520 = 2080 = 23+03+8°
584 = 2486 = 23+43+8°
645 = 28516 = 23+83+5°
1189 = 4a5p6 = 43+103+53
1456 = 5000 = 5°+113+03
1457 = 5blge = 5°+113+13
1547 = 60bas = 63+0%+113
1611=  64bgg = 63+43+113
2240 = 8c0qg = 8°+123+0°
2241 = 8clpyg = 8°+123+13
2458= 99ape = 9+93+10°
2729= aa9%s = 103+103+9°
2755 = ac3qe = 103+123+33
3240 = ca8ug = 123+10%+8°
3689 = €691 = 143+63+9°
3744=  ealpg = 143+103+03
3745 = ealpg = 143+10%3+13
47314=  b8d2( = 11*+8*+13%+2*

79225= 1357906 =
177922 = 2b702(6) =
177954 =  2b722(16) =
368764 = 5007()(16) =
369788 = 561470(16) =
786656 =  c00e0( 5 =
786657 = 60061(16) =
787680 = 60460(16) =
787681 = c04el(q) =
811239 = 66067(16) =
812263 = c64e7(4 =
819424 = ¢80e0(16) =
819425 = 68081(16) =
820448 =  ¢B4e0( ) =
820449 = 68461(16) =
909360 = d€030(16) =

1°+3°+5°+7°+9°
224 11°+7°+05+42°
224112+ 7°+2°+2°
5°4+10°+0°+7° +12°
5°+10°+4°+75+12°
12540°+0°+14°+0°
12°+0°+0°+14°+1°
12540°+4°+14°+0°
12540°+4°+14°+1°
125462 +0°+14° +7°
12°+6°+4°+14° +7°
12°+8°4+0°+14°+0°
125482 +0°+14°+1°
1254+8°+4°+14°+0°
12°+8°+4°+14°+1°
13°54+14°+0°+3°+0°
Continued on next page
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909361 = de031pe = 13°+14°+0°+3°+1°
910384 = de4304e = 13°+14°+4°+3°+0°
910385= de431s = 13°+14°+4°+3°+1°
964546 = eb7c2(p = 14°+11°+7°+125+2°

The following numbers are Narcissistic in two different numeration bases:

Table 2.15: Narcissistic numbers in two bases

1(10) nby) N(by)
17 122(3) 14(13)
28 1304 103,
29 131y 25012)
45 6317) 36013)

126 150(9) 105(11)
133 250(7) 205(8)

370 37040  307ay
371 37lqg 1730
793 490(13) 409(14)
2755 (,‘361(15) aC3(16)
17864 42710 124700y
17865 42711 12471q1

The question is whether there are multiple Narcissistic numbers in different
numeration bases. There is the number 10261 ;o) which is triple Narcissistic, in
numeration bases b = 31,32 and 49, indeed

1026119 = al0gy = 103+213+03,
1026119) = a0f3 = 103+03+213,
1026130y = 4dkuyg = 43+133+203.

If we consider the numeration bases less or equal to 100 we have 3 triple
Narcissistic numbers, in different numeration bases:

nao | " "(b,) "(bs)
125 a5(12) 56l(23) 2b(57)
2080 IC(47) AS(57) SA(73)
10261 d€0(31) d0€(32) 4dk(49)
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where k=20, ¢ =21, s=28, A=36and I = 44.
To note that for n € N*, n < 10° we don’t have Narcissistic numbers in four
different bases, where b € N* and 2 < b < 100.

2.4.2 Inverse Narcissistic Numbers

Definition 2.7. A number in base b (b € N*, b = 2) is inverse Narcissistic if
dldg...dm(b):md1+md2+...+md'“, 2.7)
where d € {0,1,...,b—1}, for k € I,,.

Let
log, (™) = log,, (m") . (2.8)

Lemma 2.8. The numbers n, with the property (2.7) can’t have more than ng
digits, where ng = [s], and s is the solution equation (2.8).

Proof. The smallest number in base b with m digits is b*~!. The biggest num-
ber with property (2.7) is m-m?~!. If the smallest number in base b with m digits
is bigger than the biggest number with property (2.7), i.e. b™~! = m?, then this
inequation provides the limit of numbers which can meet the condition (2.7).
If we logarithmize both terms of the inequation, we get an inequation which
establishes the limit of possible digits number. This leads to solving the equa-
tion (2.8). Let s be the solution of the equation (2.8), but keeping into account
that the digits number of a number is an integer resulting that ng = [s]. O

Corollary 2.9. The maximum number of digits of the numbers in base b, which
meet the condition (2.8) are given in the Table 2.16

b|2|3|4|5(6|7|8 |9 |10|11|12]13|14|15]|16
ng|7(6(7/8/8|9]10 |11 (12|13 |14 |15 |16 |17 |18

Table 2.16: The maximum number of digits of the numbers in base b

Let the search domain be defined by

chz{b,b+1,...,n3}, 2.9)
where ng is not bigger than 107, and n, are given in the Table (2.16). We avoid
single digit numbers 0, 1, 2, ..., b—1, because 1 = 1! is a trivial solution, and
0£1°,2#12%,...b—1#1%"1 for any base b.
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Therefore, the search domain are:

andfor »=8,9,...,16,

2,3,...
3,4,..
{4,5,..
{5,6,..
6,7,..
{7,8,...

,49}, where 49 = 72,

.,216}, where 216 = 63,
.,2401}, where 2401 = 74,
.,32768}, where 32768 = 8°,
.,262144}, where 262144 = 85,
,4782969}, where 4782969 = 97,

Dcy=1{b,b+1,...,10"}for b=8,9,...,16.

(2.10)
(2.11)
(2.12)
(2.13)
(2.14)
(2.15)

(2.16)

We determined all the inverse Narcissistic numbers in numeration bases
b=2,3,...,16 on the search domains (2.10 - 2.16).

Table 2.17: Inverse narcissistic numbers of (2.10 — 2.16)

10 = 1010 = 4! +4%+4! +4°

13 = 1101 = 4'+41+4%+4!

3= 10g = 21+20

4= 11g = 2'+2!

8= 223y = 22+22

6= 12¢4y= 21+22

39= 2134 = 32+31+33

33= 1135 = 3'+31+33

117 = 4325 = 34+33+32

57 = 133 = 3'+33+3°3

135 = 343 = 33+3%+33

340 = 1324 = 4! +43+4% +4*
3281= 231054 = 5°+53+5'+50+5°

10 = 137y= 21423

32= 447 = 2%+ 2¢

245 = 5007 = 3°+3%+3°

261 = 5227 = 3°+32+32

20 = 24 = 2%2+2°
355747 = 1266643 = 7' +72+70+76+754+71 473

85= 1049 = 3'+39+3%
335671 = 561407y = 6°+6°+6!+6%+69+67
840805= 1521327 = 7'+ +72+7 +73+72+77

Continued on next page
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842821 =
845257 =

15241179y = 7'+ 7P+ 7+ 74+ 71+ 71+ 77
15274249y = T +7°+72+77+ 74+ 72+ 74

4624 =

462410 = 41 +4%+4%+4°

68 =
16385 =

62(11)2 26+28
1134617y = 5'+5'+53+5%+5°

18 =
93905 =
156905 =
250005 =

l4qq = 2'+2°
2631714 = 52+5°%+53+51+57
4127704 = 5*+5'+52+57 +57
6717704 = 5°+57+51+57 +57

4102 =

1006(16) = 41 +49+40+45

2.4.3 Miinchhausen Numbers

35

Miinchhausen numbers are a subchapter of Visual Representation Num-
bers, [Madachy, 1979, pp. 163-175], [Pickover, 1995, pp. 169-171], [Pickover,
2001], [Sloane, 2014, A046253], [Weisstein, 2014c].

Definition 2.10. A number in base b (b € N*, b = 2) is Miinchhausen number if

didy ... dmpy = d" +dP + .+ dl

where d;. € {0,1,...,b— 1}, for k € I,,.

(2.17)

We specify that by convention we have 0° = 1. Let the search domains be:

D¢, =
Dcs =
Dcy =
Dcs; =
Dcg =
Dc; =
Dcg =

and

{2,3}, where3=3-11,

{3,4,...,16}, where 16 = 4-22 |
{4,5,...,135}, where 135=5-3%,
{5,6,...,1536}, where 1536 = 6-4%
{6,7,...,21875}, where 21875=7-5,
{7,8,...,373248}, where 373248 =8-6°
{8,9,...,7411887}, where 7411887 =9-7",

Dcp=4{b,b+1,...,2-10°} for b=9,10,...,16.

(2.18)
(2.19)
(2.20)
(2.21)
(2.22)
(2.23)
(2.24)

(2.25)
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These search domains were determined by inequality ! = m- (b - 1)1,
where b™! is the smallest number of m digits in numeration base b, and
m-(b-1)""1 is the biggest number that fulfills the condition (2.17) for be-
ing a Miinchhaussen number. The solution, in relation to m, of the equation
log, (b™1) =log,(m - (b—1)’"1) is the number of digits in base b of the num-
ber from which we can’t have anymore Miinchhaussen number. The number of
digits in base b for Miinchhaussen number are in Table 2.18.

b |2|3|4|5/6|7(8|9 10|11 |12|13|14 |15 |16
ng|!3/4(5(6|7(8|9|10|11 |12 |13 |14 |15 16| 17

Table 2.18: The number of digits in base b for Miinchhaussen number

The limits from where the search for Miinchhaussen numbers is useless are
ng(b—1)"1, where n, is taken from the Table 2.18 corresponding to b. The
limits are to be found in the search domains (2.18-2.24). For limits bigger than
2-10” we considered the limit 2-107.

There were determined all Miinchhausen numbersin base b=2,3,...,16 on
search domains (2.18-2.25) .

Table 2.19: Miinchhausen numbers of (2.18-2.25)

2= 10 = 11+0°
= 123 = 11+22
= 22@3)= 22422
29 = 131y = 1'+33+11
55= 313(= 33+11+33
3164= 223526 = 22+22+3%3+5°+2°
3416= 234526 = 22+33+4%+5°+22
3665= 134547 = 11 +33+4%+5°+4*
28 = 31 = 33+1!
96446 = 1562629 = 1! +5°+6°+2%+6°+22
923362 = 16565479) = 1'+6%+5%+65+55+4%+77
3435 = 34350 = 3°+47+3%3+5°
93367= 3366113y = 3°+3%+6°+6°+11

Continued on next page
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31= 230q= 22+3°
93344 = 26036014y = 22+6°5+0°+33+6°

Of course, to these solutions we can also add the trivial solution 1 in any
numeration base. If we make the convention 0° = 0 then in base 10 we also
have the Miinchhausen number 438579088, [Sloane, 2014, A046253 ].

Returning to the convention 0° = 1we can say that the number dyd> ... dp )
is almost Miinchhausen number meaning that

Dy -y~ (A + g+ v di)| <e

where € can be 0 and then we have Miinchhausen numbers, or if we have € =
1,2,... then we can say that we have almost Miinchhausen numbers with the
difference of most 1, 2, ... . In this regard, the number 438579088 is an almost
Miinchhausen number with the difference of most 1.

2.4.4 Numbers with Digits Sum in Ascending Powers

The numbers which fulfill the condition
= k
np =dids...dmp) =) dy (2.26)
k=1

are numbers with digits sum in ascending powers. In base 10 we have the follow-
ing numbers with digits sum in ascending powers 89 = 8! + 92,135 = 1! +32 + 53,
175=1"+72+5% 518 =5' + 12+ 8%, 598 = 5' + 92+ 8%, 1306 = 1! + 3% + 0° + 6%,
1676 = 11 +6%+ 73 +6%, 2427 = 21 +42 4+ 23 + 7%, [Weisstein, 2014d], [Sloane, 2014,
A032799].

We also have the trivial solutions 1, 2, ..., b—1, numbers with property (2.26)
for any base b = 2.

Let n(;) anumber in base b with m digits and the equation

b-1
log, (b™ ) =log, > (=" = 1]) : (2.27)

Lemma 2.11. The numbers ngy,) with property (2.26) can’t have more than ng
digits, where ng = [, and s is the solution of the equation (2.27).
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Proof. The smallest number in base b with m digits is b~ !.The biggest num-

ber with property (2.26) is

(b-1)"-1_ b-1
(b-1)-1  b-2

If the smallest number in base b with m digits is bigger than the bigger number

with property (2.26), i.e.

b-D'+b-1%+...+b-1)"=(b-1) [(b—1)"-1].

b-1
m—l__ _1 m_l ,
b = o= )" 1)

then the inequality provides the limit of numbers that can fulfill the condition
(2.26).

If we logarithmize both terms of the inequation, we obtain an inequation
that establishes the limit of possible digits number. It gets us to the solution
of the equation (2.27). Let s be the solution of the equation (2.27), but keeping
into account that the digits number of a number is an integer, it follows that
ng =1Isl. |

Corollary 2.12. The maximum digits number of numbers in base b = 3, which
fulfill the condition (2.26) are given in the Table 2.20.

b|3|4|5|6 |7 |89 |10|11|12|13 |14 |15 16
ng | 517191214 |17 |20 |23 |27 |30 |34 |37 |41 ] 45

Table 2.20: The maximum digits number of numbers in base b = 3

Let the search domains be defined by
b-1
ch:{b,b+1,...,m[(b—l)”d—l]}, (2.28)

where % (b—1)" —1], ngp <2- 107, and ny are given in the Table (2.20). We
avoid numbers having only one digit 0, 1, 2, ..., b—1, since they are trivial so-
lutions, because 0 =0', 1 =1, 2=2! ..., b—1=(b-1)}, for any base b.

Then, the search domains are:

Dcs = {3,4,...,62}, where 62=2(2°-1), (2.29)
Dcy = {4,5,...,3279}, where 3279=3(3"-1)/2, (2.30)
Dcs = {5,6,...,349524}, where 349524 =4 (47 —1) /3, (2.31)

and for b=6,7,...,16 the search domains are:
Dcy=4{bb+1,...,2-10"} . (2.32)

All the numbers with digits sum in ascending powers in numeration bases
b=2,3,...,16 on search domains (2.29-2.32) are given in the following table.
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Table 2.21: Numbers with the property (2.26) of (2.29-2.32)

5= 123 = 11+22
11= 234y = 21+3?
83 = 1103y = 1'+12+0%+3*
91 = 1123 = 11+12+23+3*
19= 34 = 31+42
28 = 1035 = 1'+0%2+33
259 = 20145 = 2'+02+13 +44
1114 = 134245 = 11 +32+43 421445
81924= 101101445 = 1'+0%2+13+1%+0°+45+47
29 = 456 = 41 +5°
10= 137)= 11+32
18= 24¢7y= 21 +42
41 = 56(7y= 5'+62
74 = 134¢7= 11 +3%+43
81= 144¢7)= 11 +4%2+43
382 = 10547y = 1'+0%+5% +4*
1336 = 3616 = 3'+62+13+6*
1343 = 3626(7y = 3'+62+23+6%
55 = 67 = 61+7°
8430 = 20356 = 2'+02+3%+5%+6°
46806 = 133326 = 11 +32+3%+3%+25+6°
71= 789 = 7'+8?
4445 = 60789 = 6'+02+7%+8%
17215 = 255479 = 2'+52+53+44+7°
17621783 361374789y = 3'+62+13+3%+75+4%+77 1 88
89 = 8910 = 8'+9°
135= 13500 = 1'+32+53
175 = 17500 = 1'+72+53
518 = 518409 = 5'+12+83
598 = 598410 = 5!+9%+8°
1306 = 130600 = 1'+32+0%+6*
1676 = 167600 = 1'+62+7°+64
2427 = 242700 = 2'+42423+7*
2646798 = 264679810 = 2'+62+43+6%+7°+95+87
27 = 250y = 2'+5°
39 = 360y = 3'+6°
109 = 9aqy = 9'+10?

Continued on next page
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Observation 2.13. T he numbers (b—2)(b—1)() are numbers with digits sum
in ascending powers for any base b € N*, b = 2. Indeed, we have the identity
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126 = 1050 = 1'+0%2+53
525 = 4387 = 4'+32+83
580 = 4887 = 4'+82+83
735 = 60901 = 6'+0%2+9°
1033 = 85a11) = 8'+52+103
1044 = 86any = 8'+62+103
2746 = 2077qy = 2'+0*+73+7*
59178 = 405091 = 4'+0%2+5%+0%+9°
63501 = 437891y = 41 +32+73+81+9°
131 = db(lz) = 101 + 112
17 = 143 = 11 +42
87 = 6913 = 6'+9?
155 = bcas = 111+122
253 = 16613 = 1'+62+6°
266 = 1763 = 1'+72+63
345 = 2073 = 2'+0%2+783
515= 30843 = 3'+0%2+8°
1754 = adcaz = 101 +4%2+123
1819 = adcaz = 10'+9%2+123
250002 = 89a3caz = 8'+92+103+3%+12°
1000165= 29031ag3 = 2'+92+03+3%+1°+10°
181 = Cd(14) = 121 + 132
11336 = 41bagy = 4'+12+113+10*
4844251= 90157dggy = 9'+0*+13+5%+76+137
52 = 3705 = 3'+7°
68 = 4815 = 4'+82
209 = degsy= 13'+142
563 = 27845 = 2'+72+8°
578 = 2885 = 2'+82+8°
15206 = 478bas = 4'+7°+8%+114
29398 = 8a9ds = 8'+102+93+13%
38819 = b77eqsy= 111 +72+73 +144
38= 2606 = 21 +62
106 = 6age = 6'+10?
239 = efue = 141 +152
261804=  3feacus = 3'+152+143+10%+12°
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(b-2)'+(b-1)? = (b—2)b+ (b—1) true for any base b € N*, b = 2, identity
which proves the assertion.

2.4.5 Numbers with Digits Sum in Descending Powers

Let the number n with m digits in base b, i.e. ny) = dids...dy ), where
dir€{0,1,...,b—1} for any k € I,;,. Let us determine the numbers that fulfill the
condition

npy=d b+ dy " dy B =d AT L+ d
Such numbers do not exist because

_ m—1 m-—2 0 m m—1 1

npy=d-b" " +dy-b" " +...+dy-b>d] +d, " +...+d,,.

Naturally, we will impose the following condition for numbers with digits
sum in descending powers:

np=di 0" dy D" Ay D =AM A+ v dE, . (2.33)

The biggest number with m digits in base b is b™ — 1. The biggest num-
ber with m digits sum in descending powers (starting with power m + 1) is
(b-1)""1 4+ (b—1)"+...+(b-1)?. If the inequation (b—1)?[(b—1)""~1]/(b-2) <
b —1, relation to m, has integer solutions = 1, then the condition (2.33) makes
sens. The inequation reduces to solving the equation

,(b-1)" -1

(-1

=b"-1,
which, after logarithmizing in base b can be solved in relation to m. The so-
lution m represents the digits number of the number r;), therefore we should
take the superior integer part of the solution..

The maximum digits number of the numbers in base b = 3, which fulfills
the condition (2.33) are given Table 2.22.

b|3|4|5|6|7|8|9 |10/11]12|13|14|15]|16
ng | 711115120 |26|32|38 |44 |51 |58 |65|72]|79| 86

Table 2.22: The maximum digits number of the numbers in base b = 3

Let the search domain be defined by

(b—1)?
bh-2

ch={b,b+1,..., [(b—l)m—l]}, (2.34)
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where (b—1)?[(b—1)" - 1]/ (b~ 2) is not bigger than 2-107, and n, are given in
the Table 2.22. We avoid numbers 1, 2, ..., b—1, because 0 = 0% and 1 = 1? are
trivial solutions, and 2 #22,3#3%, ..., b—1# (b—1)2.

Therefore, the search domains are:

(3,4,...,508}, where 508 = 22(27 — 1) (2.35)
{4,5,...,797157}, where 797157 = 32311 = 1) /2 (2.36)

DC3
Dcy

and for b =5,6,...,16 the search domains are
Dcy=1{b,b+1,...,2:107} . (2.37)

All the numbers having the digits sum in descending powers in numeration
bases b =2,3,...,16 on the search domain (2.35-2.37) are given in the table be-
low.

Table 2.23: Numbers with the property (2.33) of (2.35-2.37)

5= 12g = 13+22
20= 2023 = 2%+0%+22
24 = 2203 = 24+23+0?
25= 2213 = 24+23+12
= 200 = 2%3+0?
9= 21y = 23+12
28 = 1304 = 14+3%3+0?
29 = 131 = 1%+33+12
819 = 30303y = 3°+0°+3%+03+32
827 = 30323y = 36+0°+3%+23+32
983 = 33113y = 35+3°+11+13+32
12= 225 = 2%+22
44 = 1345= 14+33+42
65874 = 4101444 = 48 +17+0%+15+4% +43 + 42
10= 13 = 13+32
17= 237 = 23+32
81= 144¢7y= 11+43+42
181 = 3467 = 3*+4%+62
256 = 4005 = 47+0%+0?
257 = 401@g = 41+03+12
1683844 = 6330604 = 6%+37+3%+0°+6%+03+42
1683861 = 6330625 = 65+37+35+0°+6%+2%+52
1685962 = 63347125 = 6%+37+36+45+74+13+22

Continued on next page
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27 = 309 = 3°+0?
28 = 3lg)= 3%+12

126 = 1509 = 1*%+5%+0?

127 = 1519 = 1%+53+12

297 = 360 = 3%+6%+0?

298 = 361l = 3*+63+12
2805 = 37569 = 3°+74+5%+6°
3525 = 47469 = 45 +7%+43 +6?
4118 = 5575(9) = 5°+5%+7%+62

24 = 2410 = 23+4°
1676 = 167600 = 1°+6%+7°+62
4975929 = 497592919 = 4%8+97+70+55+9%+23+9?
36 = 33any= 3°+3°
8320 = 628411 = 6°+2%+8%+42

786 = 556(129) = 5%+5°+6°

8318 = 4992010y = 4°+9%+93+22
11508 = 67b012 = 6°+74+113+02
11509 = 67blazy = 6°+71+113+12
17 = 14(13) = 13447
43 = 3403 = 33442
253 = 16613 = 14+6°+62
784 = 484(13) = 4%+8%+42
33= 2504 = 23+5°
1089 = 57basy = 5*+7%+112
7386 = 299814 = 2°+9%+93+82
186307 = 4bc7914 = 45+11°+124+7%+92

577 = 28705 = 24+83+7°

810 = 39005 = 3*+93+0?

811 = 3915 = 3'+93+12
1404 = 63915 = 6*+33+92
16089 = 4b7915 = 4°+111+73+92

22829 = 6b6es = 6°+11%+6° +142

64 = 4006 = 43+0°

65 = 410 = 43+12

351 = 15f1e) = 14+53+152

32768 = 800016y = 8°+0%+0%+0?
32769 = 80016 = 8°+0%+0%+12
32832 = 804016 = 8°+0%+43%+0?
32833 = 80416)= 8°+0%+43+12

Continued on next page
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33119 = 815f1e = 8°+1%+53+152

631558 = 9430646 = 9°+10°+3%+0%+6°
631622= 9434646 = 9°%+10°+3*+43%+6°
631868 = 9a43cpe = 9°+10°+4%+3%+122

2.5 Multifactorial

Function 2.14. By definition, the multifactorial function, [Weisstein, 2014b], is
L%

kfin,k)=[](j-k+ mod(nk). (2.38)
j=1

For this function, in general bibliography, the commonly used notation are
n! for factorial, n!! for double factorial, ... .

The well known factorial functionis n! =1-2-3--- n, [Sloane, 2014, A000142].
In general, for 0! the convention 0! = 1 is used.

The double factorial function, [Sloane, 2014, A006882], can also be defined
in the following way:

= 1-3:-5---n, if mod (n,2)=1;
“7124.6---n, if mod(n,?2) =0.
It is natural to consider the convention 0! = 1. Let us note that n!! is not the

same as (n!)!.
The triple factorial function, [Sloane, 2014, A007661], is defined by:

1-4-7---n, if mod (n,3)=1;
n'=< 2-5-8---n, if mod(n,3)=2;
3:6:9---n, if mod (n,3)=0.
We will use the same convention for the triple factorial function, 0!!! = 1.
Program 2.15. Program for calculating the multifactorial

kfin, k) :=|return 1 if n=0

f—1

r— mod (n, k)

i—k if r=0

i — r otherwise

forj=ii+k.n
f—=r-i

return f
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This function allows us to calculate n! by the call kf{n, 1), n!! by the call kf(n, 2),
etc.

2.5.1 Factorions

The numbers that fulfill the condition
- n
dido...dm@py =) di! (2.39)
k=1

are called factorion numbers, [Gardner, 1978, p. 61 and 64], [Madachy, 1979,
167], [Pickover, 1995, pp. 169-171 and 319-320], [Sloane, 2014, A014080].
Let np) a number in base b with m digits and the equation

log,(b™ 1) =log;, (m(b-1))) . (2.40)

Lemma 2.16. The numbers ny,) with the property (2.39) can’t have more then ng
digits, where ng = [s], and s is the solution of the equation (2.40).

Proof. The smallest number in base b with m digits is »™!. The biggest num-
ber in base b with the property (2.39) is the number m(b — 1)!. Therefore, the
inequality b"! = m(b — 1)! provides the limit of numbers that can fulfill the
condition (2.39).

If we logarithmize both terms of inequation b™! = m(b - 1)! we get an in-
equation that establishes the limit of possible digits number for the numbers
that fulfill the condition (2.39). It drives us to the solution of the equation (2.40).
Let s be the solution of the equation (2.40), but keeping into account that the
digits number of a number is an integer, it follows that ng = [s]. O

Corollary 2.17. The maximum digits number of the numbers in base b, which
fulfills the condition (2.39) are given below.

b|2|3|4|5/6|7|8[9|10|11|12|13|14|15]16
ng|2(3|4(4|5/6(6,78 |99 [10|11|12]12

Table 2.24: The maximum digits number of the numbers in base b

Let the search domains be defined by
Dcp={b,b+1,...,ng(b-14, (2.41)

where n;(b-1)!is not bigger than 2-107, and n, are values from the Table 2.24.
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Threfore, the search domains are:

Dc, = {2}, (2.42)
Dcs = {3,4,...,6}, (2.43)
Dcy = {4,5,...,24}, (2.44)
Des = {5,6,...,96} , (2.45)
Dcs = 16,7,...,600} , (2.46)
De; = {7,8,...,4320} (2.47)
Dcg = {8,9,...,30240} , (2.48)
Dcy = {9,10,...,282240} , (2.49)
Dcyp = {10,11,...,2903040} (2.50)
and for b=10,11,...,16,
Dcy=1{b,b+1,...,2:107} . (2.51)

In base 10 we have only 4 factorions 1 = 1!, 2 = 2!, 145 = 1!+4!+5! and 40585 =
4140!+5!+8!+5!, with the observation that by convention we have 0! = 1. To note
that we have the trivial solutions 1 = 1! and 2 = 2! in any base of numeration
b=3,and 3! #3, ..., (b—1)! # b—1 for any b = 3. The list of factorions in
numeration base b =2,3,...,16 on the search domain given by (2.42-2.51) is:

Table 2.25: Numbers with the property (2.39) of (2.42-2.51)

2= 10(2) = 1!+0!

7= 13(4) = 1!'+3!
49 = 144(5) = 1!'+4!+4!
25 = 41(6) = 41+1!
26 = 42(6) = 41+2!

41282=  625589)= 6!+2!+5!+5!+8!

145 = 14510y = 1!+4!+5!
40585=40585(19)= 4!+0!'+5!+8!+5!
26 = 24(11) = 2!1+4!
48 = 44(11) = 4!+4!

40472 = 28453(11) = 2!4+8!+4!'+5!+3!

Continued on next page
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1441 = 66115 = 6!+ 6!+ 1!
1442 = 662(15) = 6!+6!+2!

2.5.2 Double Factorions

We can also define the duble factorion numbers, i.e. the numbers which
fulfills the condition

m
didy...dmpy =) di. (2.52)
k=1
Let n() be a number in base b with m digits and the equation
log, (b™ 1) =log, (m- b)) . (2.53)

Lemma 2.18. The numbers ny,) with the property (2.52) can’t have more than
ng digits, where ng = [s], and s is the solution of the equation (2.53).

Proof. The smallest number in base b with m digits is ™! . The biggest num-
ber in base b with the property (2.52) is the number m - b!! . Therefore, the in-
equality b1 = m- b!! provides a limit of numbers that can fulfill the condition
(2.52).

If we logarithmize both terms of inequation ™! = m - b!! we get an in-
equation which establishes the limit of possible digits number for the numbers
which fulfills the condition (2.52).It drives us to the solution of the equation
(2.53). Let s the solution of the equation (2.53), but keeping into account that
the digits number of a number is an integer, it follows that n; = [s]. O

Corollary 2.19. The maximum digits of numbers in base b, which fulfills the
condition (2.52) are given in the table below.

b|2|3|4|5/6|7|8|9|10|11|12|13|14|15]16
ngl|1(22/3(3(3(4|44|5|5|6)|6/|6]|7

Table 2.26: The maximum digits of numbers in base b
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Let the search domains be defined by

Dcp=1{b,b+1,...,ng(b—1},

where n, are values from the Table (2.26).

Therefore, the search domains are:

Dc, = {23,

Dcs = 3,4},

Dcy = 1{4,5,6},

Dcs = {5,6,...,24},

Dcg = 16,7,...,45},

Dc; = {7,8,...,144},

Dcg = 18,9,...,420},

Dcy = 1{9,10,...,1536},
Dciy = {10,11,...,3780},
Dcip = {11,12,...,19200},
Dcip = {12,13,...,51975},
Dciz = {13,14,...,276480},
Dcis = {14,15,...,810810},
Dcis = {15,16,...,3870720},
Dcig = {16,17,...,14189175},

(2.54)

(2.55)
(2.56)
(2.57)
(2.58)
(2.59)
(2.60)
(2.61)
(2.62)
(2.63)
(2.64)
(2.65)
(2.66)
(2.67)
(2.68)
(2.69)

In the Table 2.27 we have all the double factorions for numeration bases b =

2,3,...,16.

Table 2.27: Numbers with the property (2.52) of (2.55-2.69)

2= 10¢) = 1+ 0!
9= 14(5) = 1Nl+4!
17 = 25 = 2!+5!
97 = 166 = 111+6!+6!
49 = 61(8) = o6Il+1!
50 = 623 = 6!l + 2!
51 = 63(8) = o6!l+3!

Continued on next page
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400 = 484 = All+81+4l
107 = 1070y = mn+0n+7N
16 = 150 = 1M+ 5!
1053 = 73902 = 71+31+9!!
1891 = 991(14) = 9l+9ll+1N
1892 = 99214 = 9!+ 9N +21!
1893 = 9934 = 9N+91+31!
191666 = 4dbC6(14) = 4N+ 13"+ 1111+ 121+6!
51 = 36(15) = 3ll+e!
96 = 6615 = 6!+6l!
106 = 71las) = 7N+ 1N
107 = 72(15) = 7+ 20
108 = 73(15) = 7I+3N
181603 = 38cldgs = 30+8I+121+111+13!
2083607 = 1fcbl7q = 11+150+1204+1110+11471

2.5.3 Triple Factorials

The triple factorion numbers are the numbers fulfilling the condition
- m
Aidy...dmpy =) A (2.70)
k=1

Let n() anumber in base b with m and the equation
log,(b™ 1) =log, (m- b)) . (2.71)

Lemma 2.20. The numbers ny,) with property (2.70) can’t have more ng digits,
where ng = [s], and s is the solution of the equation (2.71).

Proof. The smallest number in base b with m digits is b~ . The biggest num-
ber in base b with property (2.70) is the number m- b!!! . Therefore, the inequal-
ity ™1 = m-b!!! provides a limit of numbers that can fulfill the condition(2.70).

If we logarithmize both terms of inequation b”*~! > m-b!!! we get an inequa-
tion that establishes the limit of possible digits number of the numbers that ful-
fill the condition (2.70). It drives us to the solution of the equation (2.71). Let s
be the solution of the equation (2.71), but keeping into account that the digits
number of a number is an integer, it follows that n; = [s]. O



50 CHAPTER 2. ARITHMETICAL FUNCTIONS

b|2|3|4|5|6|7[8|9|10|11|12|13|14| 15|16
ng|!2(3/3(3[3(4(4/4|4 |4 ,5|5|5|6]6

Table 2.28: The maximum numbers of numbers in base b

Corollary 2.21. The maximum numbers of numbers, in base b, which fulfills the
condition (2.70) are given below.

Let the search domains be defined by
Dcp=1{b,b+1,...,n5(b—-1NY}, (2.72)

where n, are the values in the Table 2.28.
Therefore, the search domains are:

Dc, = {2}, (2.73)
Dcs = {3,4,5,6}, (2.74)
Dcy = {4,5,...,9}, (2.75)
Dcs = {5,6,...,12}, (2.76)
Dcs = 1{6,7,...,30}, (2.77)
Dc; = {7,8,...,72}, (2.78)
Dcg = 1{8,9,...,112}, (2.79)
Dcg = {9,10,...,320}, (2.80)
Dcyyp = {10,11,...,648}, (2.81)
Dcy = ({11,12,...,1120}, (2.82)
Dci» = {12,13,...,4400}, (2.83)
Dciz = {13,14,...,9720}, (2.84)
Dcyy = {14,15,...,18200}, (2.85)
Dcis = {15,16,...,73920}, (2.86)
Dcig = {16,17,...,174960}. (2.87)

In Table 2.29 we have all the triple factorions for numeration bases b =
2,3,...,16.

Table 2.29: Numbers with the property (2.70) of (2.72)

2= 10(2) = 1!m+om

Continued on next page
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11 = 15 = 1M+ 5
20 = 267 = 21+ 6l!
31= 37 = 3M+7N
161= 188 = 101+8I+8ll
81 = 810 = i+ 1M
82 = 82(1()) = gi+2!
83 = 83(10) = 8!M+3M
84 = 84(10) = 8!l+4N

285 = 23aagy = 200+ 304+ 10M

19= 1603 = 1M+6l

98 = 68(15) = o6!ll+8N
1046=  49bgs =  4N+9U+ 111
3804= 11d90s = 1!+ 11+ 1311+ 9!
282 = 1lage = 1M+ 11+ 10N
1990 = 706(16) = 7M+12M+e6M
15981 = 3e6dgg = 3!+ 141+ 6l + 131

Similarly, one can obtain quadruple factorions and quintuple factorions. In

2.5.4 Factorial Primes

An important class of numbers that are prime numbers are the factorial
primes.

Definition 2.22. Numbers of the form n! + 1 are called factorial primes.

In Table 2.30 we have all the factorial primes, for n < 30, which are primes.

Table 2.30: Factorial primes that are primes

+1 = 2
21+1 = 3
31-1 = 5

Continued on next page
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3'+1 = 7
41-1 = 23
6!-1 = 719
7'-1 = 5039
11'+1 = 39916801
121-1 = 479001599
14!'-1 = 8717821199
27'+1 = 10888869450418352160768000001
30'-1 = 265252859812191058636308479999999

Similarly, we can define double factorial primes.

Definition 2.23. The numbers of the form n!! + 1 are called double factorial
primes.

In Table 2.31 we have all the numbers that are double factorial primes, for
n < 30, that are primes.

Table 2.31: Double factorial primes that are primes

3M-1 = 2

2041 = 3

an-1 =7

6'-1 = 47

8"-1 = 383
16!'-1 = 10321919
26!!'-1 = 51011754393599

Definition 2.24. The numbers of the form n!!! + 1 are called triple factorial
primes.

In Table 2.32 we have all the numbers that are triple factorial primes, foru
n < 30, that are primes.
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Table 2.32: Triple factorial primes that are primes

M-1 = 2

4Mm-1 = 3

4M+1 5

Si+1 = 11

eM-1 = 17

6M+1 = 19

M+l = 29

gim-1 = 79

IM+1 = 163
momM+1 = 281
11M+1 = 881
17M+1 = 209441
20-1 = 4188799
24M+1 = 264539521
26M-1 = 2504902399
29M+1 = 72642169601

Definition 2.25. The numbers of the form n!!!!'+1 are called quadruple factorial
primes.

In Table 2.33 we have all the numbers that are quadruple factorial primes,for
n < 30, that are primes.

Table 2.33: Quadruple factorial primes that are primes

4m-1 = 3

am+1 =

eM-1 = 11

6M+1 = 13

am-1 = 31

IM+1 = 163
12MM-1 = 383
16M-1 = 6143
18M+1 = 30241
22M—-1 = 665279
24M—-1 = 2949119
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Definition 2.26. The numbers of the form n!!!!! +1 are called quintuple factorial
primes.

In Table 2.34 we have all the numbers that are quintuple factorial primes,
for n < 30, that are primes.

Table 2.34: Quintuple factorial primes that are primes

eM-1 = 5
eM+1 = 7
-1 = 13
am-1 = 23
m+1 = 37
1mmm+1 = 67
12m-1 = 167
w3m-1 = 311
3Mm+1 = 313
14MM-1 = 503
MM+ 1 = 751
17 -1 = 8857
23M+1 = 129169
26MMM+1 = 576577
27 -1 = 1696463
28N -1 = 3616703

Definition 2.27. The numbers of the form n!!!!! + 1 are called sextuple factorial
primes.

In Table 2.35 we have all the numbers that are sextuple factorial primes, for
n < 30, that are primes.

Table 2.35: Sextuple factorial primes that are primes

eMt-1 =5

et +1 =7

smn+1 = 17
wom+1 = 41

Continued on next page
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z2mm-1 = 71
2m+1 = 73
14mmm—-1 = 223
1eMt+1 = 641
8m+1 = 1297
200 +1 = 4481
22mM+1 = 14081
28N +1 = 394241

2.6 Digital Product

We consider the function dp product of the digits’ number 73 .
Program 2.28. The function dp is given of program

dp(n,b) :=|v — dn(n, b)

p—1
for j € ORIGIN..last(v)

return p

The program 2.28 calls the program 2.2.
Examples:

1. The call dp(76,8) = 4 verifies with the identity 7619y = 114(g) and by the
factthan1-1-4 =4;

2. The call dp(1234,16) = 104 verifies with the identity 1234 (19) = 4d216) and
by the fact than4-d-2=4-13-2=104;

3. The call dp(15,2) = 1 verifies with the identity 1519y = 1111y and by the
factthan1-1-1-1=1.

We suggest to resolve the Diophantine equations
k., gk k T d d
a-(df +df ..+ db)+ B (di-doed) = drdy . Ay (2.88)

where dy,d,,...dyn €1{0,1,...,b—1},iara,eN, be N*, b= 2.

Program 2.29. Program for determining the natural numbers which verifies the
equation (2.88):
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Figure 2.4: The digital product function
ED(L, b, k, a, ﬁ) = S — ("n(l()) " ”n(b) " nsu upvv ua . S" "ﬁ . pn)
forneb.L
s —dsk(n, b, k)
p —dp(n,b)

ifa-s+pB-p=n
ve—(n dnin,b)" s p a-s B-p)

S — stacklS, v]

return S

Example 2.30.

1. The case b= 10, a =2, f=1and k = 1 with n < 103 has the solutions:

@ 14=2-1+4)+1-(1-4);

(b) 36=2-(3+6)+1:(3:6);

() 77=2-(7+7)+1-(7-7).

2. The case b=10, @ =2, f=1and k = 3 with n < 103 has the solutions

(@ 624=2-63+23+4%+1-(6-2-4);
(b) 702=2-(7F+03+2%)+1-(7-0-2).
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3. Thecase b=11, @ =2, f=1and k = 3 with n < 10° has the solutions:
(@) 136010 =114aq =2-13+13+43)+1-(1-1-4).

4. The case b=15, @ =2, f=1and k = 3 with n < 103 has the solutions:
(@) 95210) =43715 =2-43+33+7%)+1-4-3").

5. The case b=10, a =1, =0 and k = 3 with n < 10° has the solutions:
(@) 1530 =13 +5%+33;
(b) 37010 =3 +7°+0%;
(c) 371(10) = 33 +73 + 13 ;
(d) 40719y =43+03+7%.

These are the Narcissistic numbers in base b = 10 of 3 digits, see Table 2.8.

2.7 Sum-Product

Definition 2.31. [Weisstein, 2014e],[Sloane, 2014, A038369] The natural num-
bers n, in the base b, ny) = d1d> ... dny, where di. € {0,1,..., b—1} which verifies
the equality

m m
n=[]dx)_ dx, (2.89)
k=1 k=1
are called sum-product numbers.

Let the function sp, defined on N* x N>, with values on N*:
sp(n,b):=dp(n,b)-dks(n,b,1), (2.90)

where the digital product function, dp, is given by 2.28 and the digital sum-
product function of power k, dks, is defined in relation (2.1). The graphic of
the function is shown in 2.5.

Program 2.32. for determining the sum-product numbers in base b.

Psp(L,b,e):=|j —1
fornel.L
if |sp(n, b) - n| <¢
qjp—n
qj2 — dn(n,b)’
return g
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Figure 2.5: Function sp

In the table below we show all sum-product numbers in bases b =
2,3,...,16, up to the limit L = 105. It is obvious that for any bases b = 2 the

number n,) = 1is a sum-product number, therefore we do not show this trivial
solution. The call of program 2.65 is made by command Psp(10%,7,0) =.

Table 2.36: Sum—-product numbers

6212(4)=(l+2)'1'2

96=3415 =(B+4+1)-3-4-1

16=220=(2+2)-2-2

128=242(7)= (2+4+2)-2-4-2

480 = 12547 = (1+2+5+4)-1-2-5-4

864 =23437)=(2+3+4+3)-2-3-4-3
21600=1166557=(1+1+6+6+5+5)-1-1-6-6-5-5
62208 = 346236(7) = (3+4+6+2+3+6)-3-4-6-2-3-6
73728 =424644(7)=(4+2+4+6+4+4)-4-2-4-6-4-4
12=139 =(1+3)-1-9

172032 =281876(9)=(2+8+1+8+7+6)-2-8-1-8-7-6
430080 = 724856(9) = (7+2+4+8+5+6)-7-2-4-8-5-6

135 = 135(10) =(1+3+5)-1:3-5

Continued on next page
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144 = 14440 = (1 +4+4)-1-4-4
300 =253 = (2+5+3)-2-53

5042419(11) =(4+1+9-4-1-9
2880=21890)=(2+1+8+9)-2-1-8-9
10080 = 763411y =(7+6+3+4)-7-6-3-4
120960 = 8297411y = (8+2+9+7+4)-8-2-9-7-4

176 =128 = (1+2+8)-1-2-8
231=17312=1+7+3)-1-7-3

495 =353(12 = (3+5+3)-3-5-3
720=435(13y=(4+3+5)-4-3-5

23040 = a644(13) = (10+6+4+4)-10-6-4-4
933120 = 268956(13) = (2+6+8+9+5+6)-2:6-8-9-5-6
624 =328(14y=(3+2+8)-3-2-8

1040 = 54414 =(5+4+4)-5-4-4

22272 =818cq4=(8+1+8+12)-8-1-8-12
8000 = 2585015y =(2+5+8+5)-2-5-8-5

20 = 14(16) =(1+4)-1-4

The program 2.32 Psp has 3 input parameters. If the parameter ¢ is 0 then
we will obtain sum-product numbers, if € = 1 then we will obtain sum-product
numbers and almost sum—product numbers. For example, in base b = 7 we
have the almost sum-product numbers:

43 =617 =(6+1)-6=142,

3671=13463(7=(1+3+4+6+3)-3-4-6-3=3672,
5473 =21646(7)=(2+1+6+4+6)-2-1-6-4-6=5472,
10945 =43624(7y = (4+3+6+2+4)-4-3-6-2-4=10944 .

Itis clear that the sum-product numbers can not be prime numbers. In base
10, up to the limit L = 108, there is only one almost sum-product number which
is a prime, that is 13. Maybe there are other almost sum-product numbers that
are primes?

The number 144 has the quality of being a sum-product number and a per-
fect square. This number is also called "gross number" (rough number). There
is also another sum-product number that is perfect square? At least between
numbers displayed in Table 2.36 there is no perfect square excepting 144.
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2.8 Code Puzzle

Using the following letter-to-number code:

A|IB|C|/D|E|F|G|H|I|J K|L|M
010506 |07|08|09|10|11 |12 13|14 |15 |16

NIO|P|Q|R|S|T|U| V| W X|Y]|Z
14 | 1516 | 17 | 18 | 19 | 20 | 21 | 22 | 23 | 24 | 25 | 26

then c,(n) = the numerical code for the spelling of n in English language; for
example: cp(ONE) = 151405, ¢, (TWO) = 202315, etc.

2.9 Pierced Chain

Let the function

¢(n)=101-100010001...0001,
1 2 1
n—

then ¢(1) =101, ¢(10001) = 1010101, ¢(100010001) = 10101010101, ... .
How many c(n)/101 are primes? [Smarandache, 2014, 1979, 1993a, 2006].

2.10 Divisor Product
Let P;(n) is the product of all positive divisors of n.

Py1) = 1=1,

Py2) = 1-2=2,
Py3) = 1-3=3,
Py4) = 1-2:4=8,
Py5) = 1-5=5,
Py6) = 1-2-3-6=36,

thus, the sequence: 1, 2, 3, 8, 5, 36, 7, 64, 27, 100, 11, 1728, 13, 196, 225, 1024, 17,
5832, 19, 8000, 441, 484, 23, 331776, 125, 676, 729, 21952, 29, 810000, 31, 32768,
1089, 1156, 1225, 100776, 96, 37, 1444, 1521, 2560000, 41, ... .



2.11. PROPER DIVISOR PRODUCTS 61

2.11 Proper Divisor Products
Let Pgj(n) is the product of all positive proper divisors of n.

Pgp(1) = 1
Pyp2) = 1
Psp@3) = 1
Pgp4) = 2,
Pgp(5) = 1
Pyy6) = 2

thus, the sequence: 1,1,1,2,1,6, 1, 8, 3,10, 1, 144, 1, 14, 15, 64, 1, 324, 1, 400,
21, 22, 1, 13824, 5, 26, 27, 784, 1, 27000, 1, 1024, 33, 34, 35, 279936, 1, 38, 39,
64000, 1, ... .

2.12 n - Multiple Power Free Sieve

Definition 2.33. The sequence of positive integer numbers {2,3,..., L} from
which take off numbers k- p", where p € P>, n € N*, n =3 and k € N* such
that k- p"* < L (take off all multiples of all n — power primes) is called n — power
free sieve.

The list of numbers without primes to multiple cubes up to L = 125 is: 2, 3,
4,5,6,7,9,10, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 25, 26, 28, 29, 30, 31,
33, 34, 35, 36, 37, 38, 39, 41, 42, 43, 44, 45, 46, 47, 49, 50, 51, 52, 53, 55, 57, 58, 59,
60, 61, 62, 63, 65, 66, 67, 68, 69, 70, 71, 73, 74, 75, 76, 77, 78, 79, 82, 83, 84, 85,
86, 87, 89, 90, 91, 92, 93, 94, 95, 97, 98, 99, 100, 101, 102, 103, 105, 106, 107, 109,
110,111, 113,114, 115,116,117, 118,119, 121, 122, 123, 124 . We eliminated the
numbers: 8, 16, 24, 32, 40, 48, 56, 64, 72, 80, 88, 96, 104, 112, 120 (multiples of
23), 27, 54, 81, 108 (multiples of 33), 125 (multiples of 5°) .

The list of numbers without multiples of order 4 powers of primes to L = 125
is: 2,3,4,5,6,7,8,9,10,11, 12,13, 14, 15,17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27,
28, 29, 30, 31, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 49, 50, 51, 52,
53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76,
77,78,79, 82, 83, 84, 85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 97, 98, 99, 100, 101,
102, 103, 104, 105, 106, 107, 108, 109, 110,111, 113, 114, 115, 116,117, 118, 119,
120, 121, 122, 123, 124, 125 . We eliminated the numbers: 16, 32, 48, 64, 80, 96,
112 (multiples of 2%) and 81 (multiples of 3%) .
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2.13 Irrational Root Sieve

Definition 2.34. [Smarandache, 2014, 1993a, 2006] The sequence of positive
integer numbers {2,3,...,L} from which we take off numbers j - k2, where
k=23,...,|L and j = 1,2,...,|L/k?] is the free sequence of multiples perfect
squares.

The list of numbers free of perfect squares multiples for L =71 is: 2, 3, 5, 6,
7,10,11, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29, 30, 31, 33, 34, 35, 37, 38, 39, 41, 42,
43, 46, 47, 51, 53, 55, 57, 58, 59, 61, 62, 65, 66, 67, 69, 70, 71 .

The number of numbers free of perfect squares multiples to the limit L is
given in the Table 2.37

Table 2.37: The length of the free of perfect squares multiples

L length

10 6

100 60

1000 607
10000 6082
100000 60793
1000000 607925
2000000 1215876
3000000 1823772
4000000 2431735
5000000 3039632
6000000 3647556
7000000 4255503
8000000 4863402
9000000 5471341
10000000 6079290
20000000 12518574
30000000 18237828
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2.14 QOdd Sieve

Definition 2.35. All odd numbers that are not equal to the fractional of two
primes.

Observation 2.36. The difference between an odd number and an even number
is an odd number; indeed (2k;+1)—2ky = 2(k; —k»)+1. The number 2 is the only
even prime number, all the other primes are odd. Then the difference between
a prime number and 2 is always an odd number.

The series generation algorithm, [Le and Smarandache, 1999], with the
property from Definition 2.35 is:

1. Take all prime numbers up to the limit L.

2. From every prime number subtract 2. This series becomes a temporary
series.

3. Eliminate all numbers that are on the temporary list from the odd num-
bers list.

The list of the odd numbers that are not the difference of two prime num-
bers up to the limit L = 150 is: 7, 13, 19, 23, 25, 31, 33, 37, 43, 47, 49, 53, 55, 61,
63,67,73,75,79, 83, 85, 89, 91, 93,97, 103, 109, 113, 115, 117, 119, 121, 123, 127,
131, 133, 139, 141, 143, 145.

The length of the odd-numbered series that are not the difference of two
prime numbers up to the limit 10, 10%, 103, 10%, 10°, 10° and 107 is, respec-
tively:1, 25, 333, 3772, 40409, 421503, 4335422 .

2.15 n-aryPower Sieve

The list of the odd numbers that are not the difference of two prime num-
bers up to the limit L, we delete all the n-th term, from the remaining series, we
delete all the n2-th term, and so on until possible.

Program 2.37. Program for generating the series up to the limit L.

nPS(L,n):= | for jel..L
Sj—1

for kel..floor(log(L, n))
break if n* > last(S)

forje 1..ﬂoor(—l“ffk(5))
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i—1

for jel.lastS)
if S;#0
Qi —§;
i—i+1

$—Q

Q-0

return S

The series for L=135and n=2is: 1,[3},[5},9,[11},[13][17], 21, 25, 27,[ 29,
33,35,(37],[43], 49, 51,53} 57,[59], 65,67}, 69,[ 73], 75, 77, 81, 85,[89], 91,97},
101],[107],[109], [113] 115, 117, 121, 123, 129, [ 131}, 133, where the numbers

that appear in the box are primes. To obtain this list we call nPS(135,2) =, where
nPSis the program 2.37.

The length of the series for L = 10, L = 10, ..., L = 105, respectively, is:
4 (2 primes), 31 (14 primes), 293 (97 primes), 2894 (702 primes), 28886 (5505
primes), 288796 (45204 primes) .

The series for L = 75and n =3 is: 1,{2],4,(5},[7], 8, 10,11}, 14, 16,[17],[ 19]
20, 22,[23], 25, 28,[29][31] 32, 34, 35,[37], 38, |41 |,[43] 46, 47], 49, 50, 52, 55,
56, 58,59 ,[61] 62, 64, 65, 68, 70,[71],[ 73], 74, where the numbers that appear

in the box are primes. To obtain this list, we call nPS(75,3) =, where nPS is the
program 2.37.

The length of the series for L = 10, L = 102, ..., L = 105, respectively, is: 7
(3 primes), 58 (20 primes), 563 (137 primes), 5606 (1028 primes), 56020 (8056
primes), 560131 (65906 primes) .

The series for L=50and n=5is: 1, , , 4,6, , 8,9, , 12, , 14, 16,
[17], 18,[19], 21, 22,23} 24, 26, 27, 28, |29, 32, 33, 34, 36,37, 38, 39, |41}, 42,
143,44, 46,[47], 48, 49 . To obtain this list, we call nPS(50,5) =, where nPSis the
program 2.37.

The length of the series for n =5 and L =10, L =102, ..., L = 105, respec-
tively, is: 8 (3 primes), 77 (23 primes), 761 (161 primes), 7605 (1171 primes),
76037 (9130 primes), 760337 (74631 primes) .

For counting the primes, we used the Smarandache primality test, [Cira and
Smarandache, 2014].

Conjectures:

1. There are an infinity of primes that belong to this sequence.

2. There are an infinity of numbers of this sequence which are not prime.
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2.16 k- ary Consecutive Sieve

The series of positive integers to the imposed limit L, we delete all the k-th
term (k = 2), from the remaining series we delete all the (k + 1)-th term, and so
on until possible,, [Le and Smarandache, 1999].

Program 2.38. The program for generating the series to the limit L.

kConsS(L, k) := |for jel..L
Sj—1J

fornek.L

break if n > last(S)

forje 1..ﬂ00r(l‘”—rf(s))
Sjn<—0

i—1

for jel.lasS)
if Sj#0

Qi —S;

i—i+1

S—Q

Q-0

return S

The series for k=2 and L=10%is: 1,[3],[7],[13],[19], 27, 39, 49, 63,[ 79}, 91,
[109], 133, 147, [181], 207, [223 ], 253, 289,307, |349 |, 387, 399, 459, 481, 529,
567,613, 649,|709 |, 763, 807, 843, 927, 949, where the numbers that appear in
a box are primes. This series was obtained by the call s := kConsS(10%,2).

The length of the series for k =2 and L = 10, L = 10%, ..., L = 10°, respec-
tively, is: 3 (2 primes), 11 (5 primes), 35 (12 primes), 112 (35 primes), 357 (88
primes), 1128 (232 primes) .

The series for k =3 and L =500 is: 1,2}, 4,[7], 10, 14, 20, 25, 32, 40, 46, 55,
[67], 74, 91, 104, 112, [127], 145, 154, 175, 194, 200, 230, [241], 265, 284,307,
325, 355, 382, 404, 422, 464, 475, where the numbers that appear in a box are
primes. This series was obtained by the call s := kConsS(500, 3).

The length of the series for k =3 and L = 10, L = 10%, ..., L = 10°, respec-
tively, is: 5 (2 primes), 15 (3 primes), 50 (10 primes), 159 (13 primes), 504 (30
primes), 1595 (93 primes) . To count the primes, we used Smarandache primal-
ity test, [Cira and Smarandache, 2014].

The series for k = 5and L=3001s: 1,(2},[3], 4,6,8,[11],[13],[17] 21, 24, 28,
34, 38, 46, [53], 57, 64,73], 78, 88, 98,101}, 116, 121, 133, 143, 154,[ 163}, 178,

192, 203, 212,| 233, 238, 253, 274, 279, 298, where the numbers that appear in a
box are primes. This series was obtained by the call s := kConsS(300, 5).
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The length of the series for k =5 and L =10, L =102, ..., L = 10°, respec-
tively, is: 6 (2 primes), 22 (7 primes), 71 (19 primes), 225 (42 primes), 713 (97
primes), 2256 (254 primes) . To count the primes, we used Smarandache pri-
mality test, [Cira and Smarandache, 2014].

2.17 Consecutive Sieve

From the series of positive natural numbers, we eliminate the terms given
by the following algorithm. Let k = 1 and i = k. Starting with the element k we
delete the following i terms. We do i =i +1 and k = k+ i and repeat this step as
many times as possible.

Program 2.39. Program for generating the series specified by the above algo-
rithm.

ConsS(L, k) :=|for jel..L
Sj—1
i—k
while k<L
forjel.i
Sk+j <0
i—i+1
k—rk+i
i—1
for jel.lass)
ifSj#0
Qi —S;j
i—i+1
return Q

The call of program 2.39 by command ConsS(700, 1) generates the series: 1,
, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136, 153, 171, 190, 210, 231,
253, 276, 300, 325, 351, 378, 406, 435, 465, 496, 528, 561, 595, 630, 666, which
has only one prime number.

The length of the series for k =1 and L =10, L =107, ..., L = 10°, respec-
tively, is: 4 (1 prime), 13 (1 prime), 44 (1 prime), 140 (1 prime), 446 (1 prime),
1413 (1 prime) .

The call of program 2.39 by command ConsS(700, 2) generates the series: 1,
, , 9, 14, 20, 27, 35, 44, 54, 65, 77, 90, 104, 119, 135, 152, 170, 189, 209, 230,
252, 275, 299, 324, 350, 377, 405, 434, 464, 495, 527, 560, 594, 629, 665, which
has 2 primes.
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The length of the series for k =2 and L =10, L =102, ..., L = 10°, respec-
tively, is: 4 (2 primes), 13 (2 primes), 44 (2 primes), 140 (2 primes), 446 (2
primes), 1413 (2 primes) .

For counting the primes, we used the Smarandache primality test, [Cira and
Smarandache, 2014].

2.18 Prime Part

2.18.1 Inferior and Superior Prime Part

We consider the function ipp: [2,00) — N, ipp(x) = p, where p is the biggest
prime number p, p < x.

Using the list of primes up to 10’ generated by program 1.1 in the vector
prime, we can write a program for the function ipp.

Program 2.40. The program for function ipp.

ipp(x) := |return "undefined" if x<2v x>10’
for kel.last(prime)
break if x < prime;
return prime;._,

For n =2,3,...,100 the values of the function ipp are: 2, 3, 3,5,5,7,7,7, 7,
11,11, 13,13,13,13,17,17,19, 19, 19, 19, 23, 23, 23, 23, 23, 23, 29, 29, 31, 31, 31,
31,31,31,37,37,37,37,41, 41, 43, 43, 43, 43, 47,47, 47, 47,47, 47, 53, 53, 53, 53,
53,53, 59, 59, 61, 61, 61, 61, 61, 61, 67, 67, 67,67, 71,71, 73, 73,73, 73,73, 73, 79,
79,79, 79, 83, 83, 83, 83, 83, 83, 89, 89, 89, 89, 89, 89, 89, 89, 97, 97, 97, 97 . The
graphic of the function on the interval [2,100) is given in the Figure 2.6.

Another program for the function ipp is based on the Smarandache primal-
ity criterion, [Cira and Smarandache, 2014].

Program 2.41. The program for function ipp using he Smarandache primality
test (program 1.5).

ipp(x) := |return "nedefined" if x <2v x> 10’
for ke floor(x)..1
return k if TS(k)=1
return "Error."

We consider the function spp: [1,00) — N, spp(x) = p, where p is the small-
est prime number p, p = x.

Using the list of primes up to 10’ generated by program 1.1 in the vector
prime, we can write a program for the function spp, see Figure 2.8.
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Figure 2.6: Function ipp and spp

Program 2.42. Program for the function spp.

spp(x) := | return "undefined" if x<1v x>10"
for kel..last(prime)
break if x < prime;
return prime;

For n =1,2,...,100 the values of the function spp are: 2, 2, 3, 5, 5, 7, 7, 11,
11,11,11,13,13,17,17,17,17, 19, 19, 23, 23, 23, 23, 29, 29, 29, 29, 29, 29, 31, 31,
37,37,37,37,37,37,41, 41, 41, 41, 43, 43, 47, 47, 47, 47, 53, 53, 53, 53, 53, 53, 59,
59, 59, 59, 59, 59, 61, 61, 67, 67,67, 67,67,67,71,71,71,71,73,73,79,79, 79,79,
79,79, 83, 83, 83, 83, 89, 89, 89, 89, 89, 89, 97, 97, 97, 97, 97, 97, 97, 97, 101, 101,
101 . The graphic of the function on the interval [1,100) in the Figure 2.6.
Program 2.43. Program for the function spp using Smarandache primality test
(program 1.5).

spp(x) := | return "nedefined" if x<1v x> 10’
for ke ceil(x)..last(S)
return k if TS(k)=1
return "Error."

Aplication 2.44. Determine prime numbers that have among themselves 120
and the length of the gap that contains the number 120.

ipp(120) =113, spp(120) =127, spp(120)—ipp(120) =14 .
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Aplication 2.45. Write a program that provides the series of maximal gap up to
108, The distance between two consecutive prime numbers is called gap, g =
gn = 8(pn) = Pn+1— Pn, Where p,, € Py, for any n € N*. The series of maximal
gaps is the series {g,,} with property g, > g, forany n> k, is: 1,2, 4, 6, 8, 14, 18,
...,where1=3-2,2=5-3,4=11-7,6=29-23,8=97-89, 14 =127 -113,
18 =541-523, ... .

3 2
k<2
n—4
while n< L
pi — ipp(n)
ps — spp(n)
8= Ps—Pi
if g>sk2
k—k+1
Sk,1 = Pi
Sk2— &
n<—ps+1
return s

Sgm(L) := s<—( 21 )

By the call mg := Sgm(999983) (where 999983 is the biggest prime smaller than
10°) we get the result:

mel = 2 3 7 23 89 113 523 887 1129 1327 9551 15683
g_1246814 18 20 22 34 36 44

19609 31397 155921 360653 370261 492113
52 72 86 96 112 114

So far, we know 75 terms of the series of maximal gaps, [Weisstein, 2014f],
[Oliveira e Silva, 2014]. The last maximal gap is 1476 (known as of December,
14, 2014), and the inferior prime is 1425172824437699411. To note that getting
a new maximal gap is considered an important mathematical result. For de-
termining these gaps, leading researchers were involved, as: Tomas Oliveira e
Silva, Donald E. Knuth, Siegfried Herzog, [Oliveira e Silva, 2014].

The series (2.91) can also be obtained directly using series of primes.

(2.91)

2.18.2 Inferior and Superior Fractional Prime Part

Function 2.46. The function inferior fractional prime part, ppi: [2,00) — R, is
defined by the formula (see Figure 2.7):

ppi(x) :=x—-ipp(x) .
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Function 2.47. The function superior fractional prime part, pps: [2,00) — R, is
defined by the formula (see Figure 2.7):

pps(x) :=ssp(x) — x .

PPz 4
Ppsiny

[

ki
I

2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 32 4

Figure 2.7: The graphic of the functions ppiand pps
Examples of calls of the functions ppiand pps:

ppi(r® + €°) = 0.41943578287637706 , pps(n® + e°) = 1.580564217123623 .

2.19 Square Part

2.19.1 Inferior and Superior Square Part

The functions isp, ssp: R — N, are the inferior square part and respectively
the superior square part of the number x, [Popescu and Niculescu, 1996].

Function 2.48. The function isp is given by the formula (see Figure 2.8):

isp(x) := (floor(vx))* .
Function 2.49. The function sspis given by the formula (see Figure 2.8):
ssp(x) := (ceil(v/x))” .
Aplication 2.50. To determine between what perfect squares we find the irra-

tional numbers: 7%, 7%, e?*, 203 »¢° HT, ™9 where ¢ is the golden
number ¢ = (1 +v/5)/2. We find the answer in the Table 2.38.
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Figure 2.8: The graphic of the functions isp and ssp

2.19.2 Inferior and Superior Fractional Square Part

Function2.51. The function inferior fractional square part, spi:R — R, is given
by the formula (see Figure 2.9):

spi(x) := x — isp(x) .

Function 2.52. The function superior fractional square part, sps: R — R, is
given by the formula (see Figure 2.9):

sps(x) 1= ssp(x) — x .
Examples of calls of the functions spi and sps:

spi(n®) = 6.006276680299816, sps(m° + e) = 12.90818639651252 .

2.20 Cubic Part

2.20.1 Inferior and Superior Cubic Part

The functions icp, scp : R — Z, are the inferior cubic part and respectively
the superior cubic part of the number x, [Popescu and Seleacu, 1996].
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isp(x) X ssp(x)

4| % 9

16 | 7% 25

9| e?*! 16

474 | 29+3 529

25| ¢¢ 36
3017169 | ¢" | 3020644
100 | e™*¢ 121

Table 2.38: Applications to functions isp and ssp
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Figure 2.9: The graphic of the functions spi and sps

Function 2.53. The function icp is given by the formula (see Figure 2.10):
icp(x) := (floor( \3/}))3 )
Function 2.54. The function scp is given by the formula (see Figure 2.10):

scp(x) := (ceil( \3/}))3 )

Aplication 2.55. Determine where between the perfect cubes we find the ir-
rational numbers: ¢? + €3 + 4, ¢3 + e + 75, Pt + 8 + 76, V58, ¢7V163 ywhere
¢ = (1++/5)/2 is the golden number. The answer is in the Table 2.39. The con-
stants V57 and V163" are related to the results of the noted indian mathe-
matician Srinivasa Ramanujan and we have 262537412640768000 = 6403203,
262538642671796161 = 6403213, 24566036643 = 2907 and 24591397312 =
2908%. As known the number e”V163 is an almost integer of 6403203 + 744 or
of (icp(e™16%))* + 744 because

e"V163 _ (640320° + 744)| ~ 7.49927460489676830923677642 x 10~ 13 .
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Figure 2.10: The functions icp and scp

icp(x) X scp(x)

64 | ¢+ e+t 125

343 | > +et+7d 512

1000 | ¢p* +e® + 75 1331

24566036643 V58 24591397312
262537412640768000 e V163 262538642671796161

Table 2.39: Applications to the functions icp and scp

2.20.2 Inferior and Superior Fractional Cubic Part

73

Function 2.56. The inferior fractional cubic part function, cpi: R — R, is de-
fined by the formula (see Figure 2.11):

cpi(x) := x—icp(x) .

Function2.57. The superior fractional cubic part function, cps: R — Ry, is given

by the formula (see Figure 2.11):

cps(x) == scp(x) — x .
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i) / 24

cps(x)
Fdsi 161
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X

Figure 2.11: The graphic of the functions cpi and cps

Examples of calling the functions cpi and cps:

cpi (\/ 73+ n5) = 10.358266842640163 ,

cpi (e” 163) = 743.99999999999925007253951 ,

cps (\/ = n5) — 8.641733157359837 .

2.21 Factorial Part

2.21.1 Inferior and Superior Factorial Part

The functions ifp, sfp: Ry — N, are the inferior factorial part and respec-
tively the superior factorial part of the number x, [Dumitrescu and Seleacu,

1994].

Program 2.58. Program for function ifp.

ifp(x) :=|return "undefined" if x <0 v x > 18!
forkel.18
return (k—1)!if x < k!
return " Err."

Program 2.59. Program for function sfp.

sfp(x) :=| return "undefined" if x <0 v x > 18!
forkel.18
return k! if x < k!
return "Error.."

Aplication 2.60. Determine in what factorial the numbers e*” for k =

1,2,...,11.
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Table 2.40: Factorial parts for eX”

6=3!>e">41=24
120 =5!> > > 6! =720
5040 = 7! > 3" > 8! = 40320
40320 = 8! > " > 9! = 362880
3628800 = 10! > e°" > 11! = 39916800
39916800 = 11! > 57 > 12! = 479001600
479001600 = 12! > ™™ > 13! = 6227020800
6227020800 = 13! > €57 > 14! = 87178291200
1307674368000 = 15! > €9 > 16! = 20922789888000
20922789888000 = 16! > !9 > 17! = 355687428096000
355687428096000 = 17! > e!17 > 18! = 6402373705728000

Function 2.61. The inferior factorial difference part, fpi: Ry — R, is defined
by the formula:

fpi(x) := x—ifp(x)!.

Function 2.62. The superior factorial difference part, f ps: Ry — Ry, is given by
the formula:

fps(x) = sfp(x)! — x

Aplication 2.63. Determine the inferior and superior factorial difference parts
for the numbers e*” for k = 1,2,...,10.

Table 2.41: Factorial difference parts for ek”

fpi(e™) = 17.140692632779263
fpi(ezﬂ) = 415.4916555247644
fpi(e*™) = 7351.647807916686

fpl( 47) = 246431.31313665299
fpi(e™) =3006823.9993411247

fpl(eG”) =113636135.39544642

fpi(e™) =3074319680.8470373

fpi(e®™) = 75999294785.594800
(

fri(e”™) = 595099527292.15620
fpi(e'®™) = 23108715972631.90
fps(e™) =0.85930736722073680
fps(e*™) = 184.50834447523562
Continued on next page
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=27928.352192083315
=76128.686863347010
=33281176.000658877
325448664.60455360
=2673699519.1529627

=4951975614.4051970
) = 19020015992707.844
fps(e'°") = 311655922235368.10
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2.22 Function Part

Let f be a strictly ascending real on the interval [a, b], where a,b € R, a <
b. We can generalize the notion of part (inferior or superior) in relation to the
function f, [Castillo, 2014].

2.22.1 Inferior and Superior Function Part

We define the function, ip: [a, b] — R, inferior part relative to the function

f.

Program 2.64. Program for the function ip. We have to define the function f in
relation to which we consider the inferior part function. It remains the respon-
sibility of the user as the function f to be strictly ascending on [a, b] c R.

ip(f, a, b, x) :=|return "undefined" if x<avx>Db
return"a or b not integer" if a # trunc(a) v b # trunc(b)
forzea.b
returnz—1 if x < f(z)
return "Error."

We want to determine the inferior part of e” in relation to the function f(z) :=
2z +1In(z% + z+ 1) on the interval [0,10°]. The function is strictly ascending on
the interval [0,10] so it makes sense to consider the inferior part function in
relation to f and we have ip(f,0, 108, e") = 22.51085950651685. Other examples



2.22. FUNCTION PART 77

of calling the function ip:

g(2):i=z+vz  ip(g,0,10% ") =22.242640687119284 ,

(g
h(z) := z + 3arctan(2) lp(h —6,6,¢ ) 5.321446153382271 ,
zp(h, -6,6, ez‘f) ="undefined",

i

ip|h,—-36,36, ez‘f) 34.61242599274995

We define the function, sp: [a, b] — R, superior part relative to the function
f-
Program2.65. Program for function sp. We have to define the function f related
to which we consider the function a superior part. It remains the responsibility
of the user as the function f to be strictly increasing [a, b] < R.

sp(f,a, b, x) :=| return "undefined" if x<av x> b
return"a or b not integer" if a # trunc(a) v b # trunc(b)
forzea.b
return z if x < f(z)
return "Err."

We want to determine the superior part of e” related to the function f(z) :=
2z+In(z?+z+1) on the interval [0, 10°]. The function is strictly ascending on the
interval [0,10°] so it makes sense to consider the part function in relation to f
and we have sp(f,0, 105, e™) = 24.709530201312333. Other examples of function
sp:

g(2):=z+vz  sp(g0,10%e") =23.358898943540673 ,

(8
h(z) := z+ 3arctan(z) sp(h -6,6,¢ ) 6.747137317194763,
sp(h, -6,6, ezf) ="undefined",

sp(h,—36,36,e*V" ) 35.61564833307893,

Observation 2.66. All values displayed by functions ip and sp have an accuracy
of mathematical computing, given by software implementation, of 1071°. To
obtain better accuracy it is necessary to turn to symbolic computation.

2.22.2 Inferior and Superior Fractional Function Part

The fractional inferior part function in relation to the function f, ipd :
[a, b] c R, is given by the formula ipd(f, a, b, x) := x — ip(f, a, b, x). Before the
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call of function ipd we have to define the strictly ascending function f on the
real interval [a, b]. Examples of calls of function ipd:

(2):=2z+In(z*+z+1)  ipd(f,0,10% e") = 0.6298331262624117,
p
g(2):=z+vz  ipd(g,0,10% ") =0.8980519456599794 ,

h(z) := z + 3arctan(z) z‘pd(h, 6,6,eV" ) — 0.5638310966357558 ,

The fractional superior part function in relation to the function f, spd :
[a, b] C R, is given by the formula sdp(f, a, b, x) := sp(f, a, b, x) — x. As with the
function ipd before the call of function spd we have to define the strictly as-
cending function f on the real interval [a, b]. Examples of calls of function spd:

(2):=2z+In(z°+z+1)  spd(f,0,10% e") = 1.5688375685330698 ,
p
g2):=z+vz  spd(g,0,10%€") =0.21820631076140984

h(z) := z +3arctan(z) spd(h, 6,6, eﬁ) ~ 0.8618600671767362 ,

The remark taken in Observation 2.66 is valid for the functions ipd and spd.

2.23 Smarandache type Functions

2.23.1 Smarandache Function

The function that associates to each natural number 7 the smallest natural
number m which has the property that m! is a multiple of n was considered for
the first time by Lucas [1883]. Other authors who have considered this function
in their works are: Neuberg [1887], Kempner [1918]. This function was redis-
covered by Smarandache [1980].

Therefore, function S:N* — N*, S(n) = m, where m is the smallest natural
that has the property that n divides m!, (or m! is a multiple of n) is known in the
literature as Smarandache’s function, [Hazewinkel, 2011], [DeWikipedia, 2015,
2013]. The values of the function, forn=1,2,...,18,are: 1,2, 3,4, 5,3, 7, 4,6, 5,
11, 4, 13,7, 5, 6, 17, 6 obtained by means of an algorithm that results from the
definition of function S, as follows:

Program 2.67.

S(n)=|form=1.n
return m if mod (m!, n)=0
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Figure 2.12: S function

Properties of the function S

1. S(1) = 1, where it should be noted that [Sloane, 2014, A002034] defines
S(1) = 1, while Ashbacher [1995] and [Russo, 2000, p. 4] take S(1) = 0;

2. S(n!) = n, [Sondow and Weisstein, 2014];

3. S(p™) = m- p, where p € P>, and 1 < m < p, [Kempner, 1918]; Particular
case: m =1, then S(p) = p, for all p € Pxy;

4. S(p1-p2--+Pm) = Pm, wWhere p1 < p2 <...< p;, and py € Py, forall k e N¥,
[Sondow and Weisstein, 2014];

5. S(pP") = p™m*1 - p™ 41, forall p € Py, [Ruiz, 1999b];

6. S(Py) = M,, if P, is the pth even perfect number and M, is the corre-
sponding Mersenne prime, [Ashbacher, 1997, Ruiz, 1999a].

2.23.2 Smarandache Function of Order k

Definition 2.68. The function Sy : N* — N*, m = Si(n) is the smallest integer
m such that
no
nim ... or nl|kfimk).

k times
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The function multifactorial kf'is given by 2.15. For k = 1 we can say that
S1(n) = S(n), given by 2.67.

Program 2.69. for calculating the values of the Smarandache function of k rank.

S(n,k):= for mel.n
return m if mod (kfim, k),n) =0

which uses the function kfgiven by 2.15.

To display the first 30 values of the functions S we use the sequence of com-
mands: n=1..30 S(n,2) — and S(n,3) —.

1. The values of the function S»(n) are: 1, 2, 3, 4,5, 6,7, 4,9, 10, 11, 6, 13, 14,
5,6,17,12,19, 10,7, 22, 23, 6, 15, 26, 9, 14, 29, 10 .

2. The values of the function S3(n) are: 1, 2, 3,4, 5,6, 7,8, 6, 5,11, 12,13, 7,
15,8,17,6,19, 8, 21, 11, 23, 12, 20, 13,9, 7, 29, 15 .

Properties of the function Si, k > 1

The question is whether we have the same set of properties as the Smaran-
dache function S;?

1. Si(1) =1, may be taken by convention;
2. Sy (n!) = nand S3(n!!") = n, result from definition;
3. Sk(pY) =[k-a—(k—1)]p, where peP>3and2 < a < p;
(@ Ifk=2
p“ | 1---p---3p---5p---Ra-1)p=[2a-1)p]!

and therefore
S2(p") = Ra-1)p.

(b) Ifk=3
p*l1---p---7p---13p---Ba-2)p =[Ba—2)p"!!

and therefore
S3(p)=Ba-2)p.

In the case: a = 1, then Sg(p%) = Si(p) == p, for k> 1 and all p € Px»;
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4. So2-p1-p2---pm) =2-pm? Where p; < p2 <...< p;;, and py € Px3, for all
keN*?

5. S28-p1-p2--Pm) =3 pm? Where p; < p2 <...< p;, and py € Pxs5, for all
keN*?

6. Ss(p1-p2-Pm) =2 -pm? Where p1 < p2<...<pm, p1 #3, and py € Px»,
for all k e N*?

7. S38-p1-p2--Pm) =3 pm? Where p; < p2 <...< py, and py € Pxs5, for all
ke N*?

2.23.3 Smarandache-Cira Function of Order k

Function SC:N* xN* — N*, m = SC(n, k) is the smallest integer m such that
n|1%.2%...m* (or n | (mH%). For k = 1 we can say that S(n,1) = S(n), given by
2.67.

Program 2.70. for calculating the values of Smarandache-Cira function of k
rank.

SC(n, k) :=| for mel..n
return m if mod ((m)H*,n) =0

The values given by the function SC(n,1) The values given by the function
Smarandache S, 2.67.

To display the first 113 values of the functions SC we use the sequence of
commands: n=1..113, SC(n,2) — and SC(n, 3) —.

1. The values of the function SC(n,2) are: 1, 2,3,2,5,3,7,4,3,5,11,3,13, 7,
5,4,17,3,19,5,7,11,23,4,5,13,6,7,29,5,31,4,11, 17,7, 3,37,19, 13, 5,
41,7, 43,11, 5, 23,47,4,7,5,17, 13,53, 6,11, 7, 19, 29, 59, 5, 61, 31, 7, 4,
13,11, 67,17,23,7,71, 4,73,37,5,19, 11, 13,79, 5, 6, 41, 83, 7, 17, 43, 29,
11, 89, 5, 13, 23, 31, 47,19, 4, 97,7, 11, 5,101, 17,103, 13, 7, 53, 107, 6, 109,
11,37,7,113.

2. The values of the function SC(n,3) are: 1, 2, 3,2,5,3,7,2,3,5,11, 3,13, 7,
54,17,3,19,5,7,11, 23,3,5,13,3,7,29,5,31,4,11,17,7, 3,37,19, 13, 5,
41,7,43, 11,5, 23,47,4,7,5,17, 13,53, 3,11, 7, 19, 29, 59, 5, 61, 31, 7, 4,
13,11,67,17,23,7,71, 3,73,37,5,19, 11, 13,79, 5, 6, 41, 83, 7, 17, 43, 29,
11, 89, 5,13, 23, 31,47,19,4,97,7,11, 5,101, 17,103, 13, 7, 53, 107, 3, 109,
11,37,7,113.
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2.24 Smarandache-Kurepa Functions

2.24.1 Smarandache-Kurepa Function of Order 1

We notation

n
Zi(m)=) k. (2.92)
k=1

Program 2.71. for calculating the sum (2.92), (2.94) and 2.96.
X(k,n):=s<—0

forjel.n

s—s+kfij, k)
return s

The program uses the subprogram kf; 2.15.

With commands n := 1..20 and X(1, n) —, result first 20 values of the func-
tion X;:

1,3,9,33,153,873,5913,46233,409113,4037913,43954713,
522956313,6749977113,93928268313,1401602636313,22324392524313,
378011820620313,6780385526348313,128425485935180313,
2561327494111820313 .

Definition 2.72 ([Mudge, 1996a,b, Ashbacher, 1997]). The function SK; : P>y —
N*, m = SK;(p) is the smallest m € N* such that p | [1 + X, (m — 1)].

Proposition 2.73. Ifpt (1 +Z,(m—1)], for all m < p, then p never divides any
sumforallm>p .

Proof. f pt[1+Z1(m—-1)], forall m < p, then 1+ X1(p—1) = 4 - p+r, with
l=r<p.
Let m > p, then

1+21m-1)=1+Z1(p-D+p'+(p+D+...+(m-1)!
=M -p+r+p+(p+D+...+(m-1)!
=+ (p-D(1+(p+D+...+(p+D---(m=-D)Ip+r
=M-p+r,

then pt[1+2(m—1)] forall m > p. O
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Program 2.74. for calculating the values of functions SKj, SK; and SK3.

SK(k,p):= for me2..k-p—1
return m if mod (1+X(k, m—1), p)=0
return —1

The program uses the subprogram Z, 2.71, and the utilitarian function Mathcad
mod.

With commands k :=1..25and SK(1, primey) — are obtained first 25 values
of the function SKj:

p 20 3|5|7 11| 13|17|19 23| 29|31 |37
SKi(p) |2|-1|4|6| 6|-1| 5| 7| 7|-1|12]|22

41 | 43 | 47 | 53 | 59|61 | 67 |71 |73 | 79| 83|89 | 97
16| -1 -1|-1|-1|55|-1|54]42|-1|-1|24|-1

(2.93)

If SK; (p) = —1, then for p the function SK; is undefined, [Weisstein, 2015h].

2.24.2 Smarandache-Kurepa Function of order 2

We notation

Ton)=) k. (2.94)
k=1

With commands 7 := 1..20 and Z(2, n) —, (using the program 2.71) result
first 20 values of the function X,:

1,3,6,14,29,77,182,566,1511,5351, 15746,61826,
196961,842081,2869106,13191026,47650451,233445011,
888174086,4604065286 .

Definition 2.75. The function SK; : P>, — N*, m = SK»(p) is the smallest m €
N* such that p | [1+Zy(m—1)].

Proposition 2.76. Ifpt[1+Z,(m— 1), for all m < 2p, then p never divides any
sum forallm>2p

Proof. Iffor all m, m <2p, pt[1+Z,(m—1)], then p{[1+Z,2p—1)]ie 1+
22p-1)=M -p+r,withl=r<p.
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Letm=2p+1,

1+Zy(m-1)=1+2,2p—-1)+2pl
=M -p+r+2-4---(p=-1Up+1)---2p
=[HM+2-4---(p-D(p+1)--2]p+r=M-p+T,

then1+2,2p)=Mp+r,withl<r<p.
Let m = 2p + 2 and using the above statement, we have that

1+Z(m-1)=1+Z2p)+2p+ DI
=M-p+r+1-3---(p=-2)p(p+2)---2p+1)
=[U+1-3---(p=2)(p+2)---Cp+Dlp+r=M-p+T,

then1+2,2p+1)=Mp+r,withl<r<p.
Through complete induction, it follows that p t Z,(m), for all m > 2p. O

With commands k := 1..25 and SK(2, primey) — (using the program 2.74)
are obtained first 25 values of the function SK5:

p 2013|5711 |13|17 1923|2931 |37
SKra(p) |2 5|54 -1 7|14 |-1|31]|12|17 |13

41 | 43 |47 |53 |59 |61 |67 |71 73| 79| 83|89 97 (2.95)
-1|-1]120(43|40| 8|17 |50 |17 | —-1|—-1]46 | 121 ’
If SK>(p) = -1, then for p function SK; is undefined.
2.24.3 Smarandache-Kurepa Function of Order 3
We notation ;
Z3(n) =) kM. (2.96)

k=1
With commands 7 := 1..20 and 2(3, n) —, (using the program 2.71) result
first 20 values of the function Z3:

1,3,6,10,20,38,66,146,308,588,1468,3412,7052,
19372,48532,106772,316212,841092,1947652,6136452 .

Definition 2.77. The function SK3 : P>, — N*, m = SK3(p) is the smallest m €
N* such that p | [1+ Z3(m —1)].

Theorem 2.78. Let p € Pss, then exists ki, ko € {0,1,...,p—1} for which
mod (3k; +1,p) =0and mod 3k, +1,p) =0.
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Proof. 1If p € P55, then M = {0,1,2,...,p—1} is a complete system of residual
classes (mod p). Let q be a relative prime with p, (i.e. gcd(p,q) =1), then g-M
is also a complete system of residual classes (mod p) and M = g- M, [Smaran-
dache, 1999a, T 1.14].

Because 3 is relative prime with p, then there exists k; € 3- M such that
mod (3k;,p—1) =0,i.e. mod (3k; + 1, p) = 0. Also, there exists k» € 3- M such
that mod (3k2,p—2)=0,i.e. mod (3k,+2,p) =0. O
Proposition 2.79. Ifpt[1+Z3(m—1)], for all m < 3p, then p never divides any
sum forallm>3p .

Proof. Ifforall m, m <3p, pt[1+Z3(m—1)], then pt[1+Z33p—1]ie 1+
23@Bp-1)=M -p+r,withl<r<p.

Letm=3p+1,

1+23(m-1)=1+23@p-D)+3pN=M-p+r+3-6---3(p—1)-3p
=[lM+3-6---3(p-1)-3lp+r=M-p+r,
then1+233p)=Mp+r,withl<r<p.
Let m = 3p +2 and using the above statement, we have that
1+Z3(m—-1)=1+2Z338p)+Bp+ DN
=M -p+r+1-4---ap---(3p+1)
=[U+14---a---Bp+Dlp+r=M-p+r1,
because exists k, according to Theorem 2.78, k € {0,1,..., p — 1}, for which 3k +
l=ap,then1+2Z3@8p+1)=Mp+r,withl<r<p.
Let m = 3p + 3 and using the above statement, we have that
1+23(m—-1)=1+23C38p+1)+Bp+2)I
=M-p+r+2-5--ap---Bp+2)
=[lM+2:5-a--Bp+2)|p+r=M-p+r1,
because exists k, according to Theorem 2.78, k € {0,1,..., p— 1}, for which 3k +

2=ap,then1+Z38p+2)=Ap+r,withl=<r<p.
Through complete induction, it follows that p { Z3(m—1), forallm > 3p. O

With commands k := 1..25 and SK (3, prime;,) — (using the program 2.74)
are obtained first 25 values of the function SK3:

p 213 57|11 (1317|1923 |29 |31 |37
SKs(p) |2|6|-1|4| 5| 7]22|11|61|70|11]|55

41 |43 | 47| 53|59 | 61 |67 |71 |73|79|83|89 |97
803229154 |24 |145| 8|98 |21 (30|24 |22|90/

If SK3(p) = —1, then for p function SK3 is undefined.

(2.97)
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2.25 Smarandache-Wagstaff Functions

2.25.1 Smarandache-Wagstaff Function of Order 1

Definition 2.80 ([Mudge, 1996a,b, Ashbacher, 1997]). The function SW; :
P>, — N*, m = SW,(p) is the smallest m € N* such that p | £;(m), where X, (m)
is defined by (2.92).

Proposition 2.81. If p{X,(m), for all m < p, then p never divides any sum for
allmeN*.

Proof. Ifforallm, m< p, ptZ,(m), then ptZ1(p-1)ie. Zi(p—-1) =M -p+T,
withl<r<p.Letm=p,

Zim=Z1(p-D+p'+(p+D+...+ m!
=M -p+r+(p-DIN+(p+D+...+(p+D(p+2)---mlp
=U+p-D(1+p+D+...+(p+D(p+2)---m)lp+r
=M -p+r,

then one obtains that p { Z(m), for all m, m = p. O

Program 2.82. for calculating the values of functions SW;, SW> and SWs.

SW(k,p):=| for me2..k-p—1
return m if mod (X(k, m), p)=0
return —1

The program uses the subprograms X, 2.71, and the utilitarian function Math-
cad mod.

With commands k :=1..25 and SW(1, primey) — (using the program 2.82)
are obtained first 25 values of the function SWj, [Weisstein, 2015e]:

p 3 5 7111113 17| 19|23 |29 | 31|37

Swip) | -1|2|-1|-1| 4|-1| 5|-1]12|19|-1]24
41 |43 | 47 |53 | 39| 61|67 | 71|73 |79 | 83| 89|97 (2.98)
32(19|-1}20|-1|-1|20|-1| 7|57 |-1|-1]| 6 ’

If SW; (p) = —1, then for p function SW) is undefined.
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2.25.2 Smarandache-Wagstaff Function of Order 2

Definition 2.83. The function SW, : P>, — N*, m = SW,(p) is the smallest m €
N* such that p | Z,(m), where X, (m) is defined by (2.94).

Proposition 2.84. If p1Z,(m), for all m < 2p, then p never divides any sum for
all meN*,

Proof. Ifforallm, m<2p, ptZ,(m),then p1Z,2p-1)i.e. Z,2p-1) = M -p+r,
withl<r<p.
Let m =2p,

To(m) =Z,(2p—1)+2p!!
=M -p+r+2-4---(p-1)(p+1)---2p
=[M+2-4---(p-D(p+1)---2(p-1)-2lp+r

=M -p+r,
then 2, (2p) =M p+r,withl <r <p.
Let m =2p+ 1 and using the above statement, we have that
Zo(m)=Z2p)+ 2p+ D!
=M-p+r+1-3---(p=2)-p-(p+2)---2p+1)
=[M+1-3-(p=2)(p+2)---2(p+DIp+T
=M -p+r,
then complete induction, it follows that p t Z,(m), for all m, m = 2p. O

With commands k :=1..25 and SW (2, primey) — (using the program 2.82)
are obtained first 20 values of the function SW:

p 23| 5|7 11 13| 1719|2329 31|37
SWop) |32 -1(4] 6| 7|-1]12|34| 5|26 |52

41 | 43 1 47|53 |59 | 61|67 | 71| 73|79 83| 89|97
36 | -1|43|23 83| —-1|21|—-1|—-1|59|48 | -1]67 |

(2.99)

If SW»(p) = —1, then for p function SW5 is undefined.

2.25.3 Smarandache-Wagstaff Function of Order 3

Definition 2.85. The function SW5: P>y — N*, m = SW;5(p) is the smallest m €
N* such that p | Z3(m), where X3(m) is defined by (2.96).
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Proposition 2.86. IfptZ3(m), forallm < 3p, then 3p never divides any sum for
allmeN*.

Proof. Ifforallm, m <3p, ptZs(m), then p{Z33p-1)i.e. 233p-1) =4 -p+r,
withl<r<p.
Let m=3p,

Z3(m)=23B8p-1)+3pl=4-p+7r+3-6---3(p—1)3p
=[U+3-6---3(p—-1)-3lp+r=M-p+r1,

thenZ33p) =4 p+r,withl<r < p.
Let m = 3p+1 and using the above statement, we have that

23(m) =23(3p) + Bp + 1!
=l M+1-4a-Bp+DIp+r=-p+r,

because exists k, according to Theorem 2.78, k € {0,1,..., p — 1}, for which 3k +
l=ap,thenZ3@p+1)=Mp+r,withl<r<p.
Let m = 3p + 2 and using the above statement, we have that

Y3(m) =23(3p)+ Bp+2)!!
=M-p+r+2-5--ap---3p+2)
=[M+2-5-a--Bp+2lp+r=M-p+T,

because exists, according to Theorem 2.78, k € {0, 1,..., p — 1}, for which 3k+2 =
ap,then 233p+2)=Mp+r,withl<r<p.
Through complete induction, it follows that p{ 25(m), forall m, m=3p. O

With commands k :=1..25 and SW (3, primey) — (using the program 2.82)
are obtained first 25 values of the function SWjs:

p 23|57 |11|13|17 (19| 23|29 |31 | 37
SWap) [312|4|9| 7|17 |18] 6| -1|14 18| -1

41 | 43 |47 | 53 |59 |61 |67 |71 |73 |79 | 83| 89|97
13|13 |73 | -1|40|49|37|55| 8|73 |—-1|132|72]

(2.100)

If SW3(p) = —1, then for p function SWs is undefined.
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2.26 Smarandache Near to k-Primorial
Functions

2.26.1 Smarandache Near to Primorial Function
Let be the function SNtP: N* — P>, U {1}.

Definition 2.87. The number p = SNtP(n) is the smallest prime, p < n, such
that mod|p#—1,n] =0V mod[p#,n] =0V mod[p#+1,n] =0, where p# is the
primorial of p, given by 1.1.

Ashbacher [1996] shows that SNtP(n) only exists, [Weisstein, 2015i].
Program 2.88. for calculating the function SN¢kP.

SNtkP(n, k) :=|return1 if n=1
m<—1
while prime,, <k-n
kp — kP(prime,, k)
return prime,,, if mod (kp,n)=0
return prime,,, if mod (kp—1,n)=0
return prime,,, if mod (kp +1,n)=0
return —1

Forn=1,2,..., 45 the first few values of SNtP(n) = SNtkP(n,1) are: 1, 2, 2,
-1,3,3,3,-1,-1,5,7,-1,13,7,5,43,17,47,7,47,7, 11, 23,47, 47, 13, 43,47, 5, 5,
5,47,11,17,7,47,23,19, 13, 47,41, 7,43, 47, 47 . If SNtkP(n,1) = —1, then for n
function SNtkP is undefined.

For examples SNtkP(4) = —1 because 41 2#—1) = 1,412#=2,44 (2#+1) =3,
41 (3#-1)=5,413#=6,41B#+1)=7.

2.26.2 Smarandache Near to Double Primorial Function
Let be the function SNtDP:N* — P>, U {1}.

Definition 2.89. The number p = SNtDP(n) is the smallest prime, p < 2n, such
that mod (p##—1,n) =0Vv mod (p##,n) =0Vv mod (p##+ 1,n) = 0, where
pi## is the double primorial of p, given by 1.3 .

Forn=1,2,..., 45 the first few values of SNtDP(n) = SNtkP(n,2), 2.88, are:
2,2,2,3,5,-1,7,13, 5,5, 5, 83, 13, 83, 83, 13, 13, 83,19, 7, 7, 7, 23, 83, 37,
83, 23, 83, 29, 83, 31, 83, 89, 13, 83, 83, 11, 97, 13, 71, 23, 83, 43, 89, 89 . If
SNtkP(n,2) = —1, then for n function SNtkP is undefined.
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2.26.3 Smarandache Near to Triple Primorial Function

Let be the function SNtTP:N* — P, U {1}.

Definition 2.90. The number p = SNtTP(n) is the smallest prime, p < 3n, such
that mod (p###—1,n) =0v mod (p###,n) =0v mod (p###+1,n) =0, where
p#i# is the triple primorial of p, given by 1.4 .

Forn=1, 2, ..., 40 the first few values of SNtTP(n) = SNtkP(n,3), given by
2.88,are: 2,2,2,3,5,5,7,11, 23,43,11,89,7,7,7,11, 11, 23, 19, 71, 37, 13, 23,
89,71,127,97,59, 29, 127,31, 11, 11, 11, 127, 113, 37, 103, 29, 131, 41, 37, 31, 23,
131. If SNtkP(n,3) = —1, then for n function SNtkP is undefined.

We can generalize further this function as Smarandache Near to k-Pri-
mordial Function by using

p#...#,

——
k times

defined analogously to 1.4, instead of p###. Alternatives to SNtkP(n) can be
the following: p#...#, or p#...#+ 1, 0r p#...#+2,0r... p#...#+ s (where sis a
positive odd integer is a multiple of n).

2.27 Smarandache Ceil Function

Let the function Sj : N* — N*,
Definition 2.91. The number m = Sy (n) is the smallest m € N* such that n | mk.

This function has been treated in the works [Smarandache, 1993a, Begay,
1997, Smarandache, 1997, Weisstein, 2015f].

Program 2.92. for the function S.

Sk(n, k) := for mel.n
return m if mod (m*, n)=0

If n:=1..100 then:

Sk(n,1)—1,2,3,4,5,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22,23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42,
43, 44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63,
64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84,
85, 86, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100 [Sloane, 2014,
A000027];
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Sk(n,2)—1,2,3,2,5,6,7,4,3,10, 11, 6, 13, 14, 15,4, 17, 6, 19, 10, 21, 22,
23,12,5, 26,9, 14, 29, 30, 31, 8, 33, 34, 35, 6, 37, 38, 39, 20, 41, 42, 43, 22,
15, 46, 47,12, 7, 10, 51, 26, 53, 18, 55, 28, 57, 58, 59, 30, 61, 62, 21, 8, 65, 66,
67, 34, 69, 70, 71, 12, 73, 74, 15, 38, 77, 78, 79, 20, 9, 82, 83, 42, 85, 86, 87,
44, 89, 30, 91, 46, 93, 94, 95, 24, 97, 14, 33, 10 [Sloane, 2014, A019554];

Sk(n,3)—1,2,3,2,5,6,7,2,3,10, 11, 6, 13, 14, 15,4, 17, 6, 19, 10, 21, 22,
23,6, 5, 26, 3, 14, 29, 30, 31, 4, 33, 34, 35, 6, 37, 38, 39, 10, 41, 42, 43, 22, 15,
46, 47, 12,7, 10, 51, 26, 53, 6, 55, 14, 57, 58, 59, 30, 61, 62, 21, 4, 65, 66, 67,
34,69,70,71,6,73,74,15,38,77,78,79, 20, 9, 82, 83, 42, 85, 86, 87, 22, 89,
30,91, 46, 93, 94, 95, 12, 97, 14, 33, 10 [Sloane, 2014, A019555];

Sk(n,4)—1,2,3,2,5,6,7,2,3,10, 11, 6, 13, 14, 15, 2, 17, 6, 19, 10, 21, 22,
23,6,5, 26, 3, 14, 29, 30, 31, 4, 33, 34, 35, 6,37, 38, 39, 10, 41, 42, 43, 22, 15,
46, 47, 6, 7, 10, 51, 26, 53, 6, 55, 14, 57, 58, 59, 30, 61, 62, 21, 4, 65, 66, 67,
34,69,70,71,6,73,74, 15, 38, 77,78, 79, 10, 3, 82, 83, 42, 85, 86, 87, 22, 89,
30,91, 46, 93, 94, 95, 12, 97, 14, 33, 10 [Sloane, 2014, A053166 |;

Sk(n,5)—1,2,3,2,5,6,7,2,3,10, 11, 6, 13, 14, 15, 2, 17, 6, 19, 10, 21, 22,
23,6, 5, 26, 3, 14, 29, 30, 31, 2, 33, 34, 35, 6, 37, 38, 39, 10, 41, 42, 43, 22, 15,
46, 47, 6, 7, 10, 51, 26, 53, 6, 55, 14, 57, 58, 59, 30, 61, 62, 21, 4, 65, 66, 67,
34,69,70,71,6,73, 74, 15,38, 77,78, 79, 10, 3, 82, 83, 42, 85, 86, 87, 22, 89,
30,91, 46, 93, 94, 95, 6, 97, 14, 33, 10 [Sloane, 2014, A007947 |;

Sk(n,6)—1,2,3,2,5,6,7,2,3,10, 11, 6, 13, 14, 15, 2, 17, 6, 19, 10, 21, 22,
23,6, 5, 26, 3, 14, 29, 30, 31, 2, 33, 34, 35, 6, 37, 38, 39, 10, 41, 42, 43, 22, 15,
46, 47, 6, 7, 10, 51, 26, 53, 6, 55, 14, 57, 58, 59, 30, 61, 62, 21, 2, 65, 66, 67,
34,69,70,71,6, 73,74, 15,38, 77,78, 79, 10, 3, 82, 83, 42, 85, 86, 87, 22, 89,
30, 91, 46, 93, 94, 95, 6, 97, 14, 33, 10;

2.28 Smarandache-Mersenne Functions

2.28.1 Smarandache-Mersenne Left Function

Let the function SML: 2N +1 — N*, where 2N+ 1 = {1,3,...} is the set of
natural numbers odd.

Definition 2.93. The number m = SML(w) is the smallest m € N* such that
w|2M-1.

Program 2.94. for generating the values of function SML.
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SML(w) :=| for m=1..0w
return m if mod 2" —1,w)=0
return —1

If SML(w) = —1, then for w the function SML is undefined.
If n:=1..40 then:
SML(prime,) — -1, 2,4, 3,10, 12, 8, 18, 11, 28, 5, 36, 20, 14, 23, 52, 58, 60,

66, 35,9, 39, 82, 11, 48, 100, 51, 106, 36, 28, 7, 130, 68, 138, 148, 15, 52, 162,
83,172,

SML(2n-1)—:1,2,4,3,6, 10, 12, 4, 8, 18, 6, 11, 20, 18, 28, 5, 10, 12, 36,
12, 20, 14, 12, 23, 21, 8, 52, 20, 18, 58, 60, 6, 12, 66, 22, 35, 9, 20, 30, 39 .

2.28.2 Smarandache-Mersenne Right Function

Let the function SMR: 2N+ 1 — N*, where 2N+ 1 = {1,3,...} is the set of
natural numbers odd.

Definition 2.95. The number m = SMR(w) is the smallest m € N* such that
w|2M+1.

Program 2.96. for generating the values of function SMR.

SMR(w) :=| for m=1..w
return m if mod 2™ +1,w) =0
return —1

If SMR(w) = —1, then for w the function SMR is undefined.
If n:=1..40 then:

SMR(prime,) —-1,1,2,-1,5,6,4,9, -1, 14, -1, 18, 10, 7, -1, 26, 29, 30,
33, -1, -1, -1, 41, -1, 24, 50, -1, 53, 18, 14, -1, 65, 34, 69, 74, -1, 26, 81,
-1, 86,

SMR2n-1)—-1,1,2,-1,3,5,6,-1,4,9, -1, -1, 10,9, 14, -1, 5, -1, 18,
-1, 10,7, -1, -1, -1, -1, 26, -1, 9, 29, 30, -1, 6, 33, -1, -1, -1, -1, -1,
-1.



2.29. SMARANDACHE-X-NACCI FUNCTIONS 93

2.29 Smarandache-X-nacci Functions

2.29.1 Smarandache-Fibonacci Function

Let the function SF: N* — N* and Fibonacci sequence defined by formula
f] =1, f2 =1k=1,2,...,120, fk+2 = fk+1 +fk.

Definition 2.97. The number m = SF(n) is the smallest m € N* such that | f;,.
Program 2.98. for generating the values of function SF.

SE(n) :=| for me 1..last(f)
return m if mod (f,;,n) =0
return —1

If SF(n) = —1, then for n the function SFis undefined for last(f) = 120.

If n:=1..80 then SFn)" — 1, 3,4, 6,5, 12, 8, 6, 12, 15, 10, 12, 7, 24, 20, 12, 9,
12, 18, 30, 8, 30, 24, 12, 25, 21, 36, 24, 14, 60, 30, 24, 20, 9, 40, 12, 19, 18, 28, 30,
20, 24, 44, 30, 60, 24, 16, 12, 56, 75, 36, 42, 27, 36, 10, 24, 36, 42, 58, 60, 15, 30, 24,
48, 35, 60, 68, 18, 24, 120, 70, 12, 37, 57, 100, 18, 40, 84, 78, 60 .

2.29.2 Smarandache-Tribonacci Function

Let the function STr: N* — N* and Tribonacci sequence defined by formula
hi=16:=116:=2,k=1,2,...,130, tg43:= it + tgs1 + lk.

Definition 2.99. The number m = STr(n) is the smallest m € N* such that n | t,,,.
Program 2.100. for generating the values of function STr.

STr(n) := for m = 1..last(t)
return m if mod (¢;,,n) =0
return —1

If STr(n) = —1, then for n the function STris undefined for last(¢) = 100.

If n:=1..80 then STr(n)' — 1,3,7,4,14,7,5,7,9,19, 8, 7, 6, 12, 52, 15, 28,
12,18, 31, 12, 8, 29, 7, 30, 39,9, 12, 77, 52, 14, 15, 35, 28, 21, 12, 19, 28, 39, 31, 35,
12, 82, 8, 52, 55, 29, 64, 15, 52, 124, 39, 33, 35, 14, 12, 103, 123, 64, 52, 68, 60, 12,
15, 52, 35, 100, 28, 117, 31, 132, 12, 31, 19, 52, 28, 37, 39, 18, 31 ..
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2.29.3 Smarandache-Tetranacci Function

Let the function STe: N* — N* and Tetranacci sequence defined by formula
T :=1,T,:=1,T3:=2, Ty :=14, k=1,2,...,300, Tivg:=Tisz+ Tiao + Tiyq + Tk

Definition 2.101. The number m = STe(n) is the smallest m € N* such that 7 |
Th,.

Program 2.102. for generating the values of function STe.

STe(n) :=| for m=1..las{(T)
return m if mod (T, n) =0
return —1

If STe(n) = —1, then for n the function S7eis undefined for last(T) = 300.

If n:=1..80 then STe(n)" — 1, 3,6,4, 6,9, 8,5,9, 13, 20, 9, 10, 8, 6, 10, 53, 9,
48, 28, 18, 20, 35, 18, 76, 10, 9, 8, 7, 68, 20, 15, 20, 53, 30, 9, 58, 48, 78, 28, 19, 18,
63, 20, 68, 35, 28, 18, 46, 108, 76, 10, 158, 9, 52, 8, 87, 133, 18, 68, 51, 20, 46, 35,
78, 20, 17, 138, 35, 30, 230, 20, 72, 58, 76, 48, 118, 78, 303, 30.

And so on, one can define the Smarandache-N-nacci function, where N-
nacci sequenceis 1, 1, 2, 4, 8, ...and Ny x = Nyig—1+ Nysk—2 +...+ N, is the
sum of the previous n terms. Then, the number m = SN(n) is the smallest m
such that n | Ny,,.

2.30 Pseudo-Smarandache Functions

The functions in this section are similar to Smarandache S function, 2.67,
[Smarandache, 1980, Cira and Smarandache, 2014]. The first authors who dealt
with the definition and properties of the pseudo-Smarandache function of first
rank are: Ashbacher [1995] and Kashihara [1996], [Weisstein, 2015d].

2.30.1 Pseudo-Smarandache Function of the Order 1
Let n be a natural positive number and function Z; : N* — N*.

Definition 2.103. The value Z; (n) is the smallest natural number m = Z; (n) for
which the sum 1+ 2 +...+ m divides by n.

Considering that 1+2 +...+m = m(m + 1)/2 this definition of the function
7y is equivalent with the fact that m = Z;(n) is the smallest natural number n
for which we have m(m+1) = .4 -2n i.e. m(m+ 1) is multiple of 2n (or the
equivalent relation 2n | m(m + 1) i.e. 2n divides m(m + 1)).
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Lemma2.104. Letn,meN*, n=m, ifn|[m(m+1)]/2, then m = [s1(n)], where

s1(n) = m . (2.101)

2
Proof. The relation n | [m(m + 1)]/2 is equivalent with m(m + 1) = ./ - 2n, with
M =1,2,.... The smallest multiplicity is for .4 = 1. The equation m(m+1) =
2n has as positive real solution s;(n) given by (2.101). Considering that m is a
natural number, it follows that m = [s;(n)]. O

The bound of the function Z; (see Figure 2.13) is given by the theorem:
Theorem 2.105. For any n € N* we have [s1(n)] < Z(n) <2n-1.

Proof. T he inequality [s;(n)] < Z;(n), for any n € N* follows from Lemma
2.104.

The relation n | [m(m+1)]/2 is equivalent with 2n | [m(m + 1)]. Of the two
factors of expression m(m + 1), in a sequential ascending scroll, first with value
2nis m+ 1. It follows that for m = 2n — 1 we first met the condition n | [m(m +
1/2],iie. m(m+1)/12n=02n-1)2n/2n=2n-1eN". O

Theorem 2.106. For any k € N*, it follows that Zy(2F) = 2k+1 1.

Proof. We use the notation Z;(n) =m. If n= 2k we calculate m(m +1)/(2n) for
m=2k1_1,
m(m+1)  (2F1-1)2k1
2 2.2k
Let us prove that m = 21 -1 is the smallest m for which m(m+1)/(2n) € N*.
It is obvious that m has to be of form 2% — 1 sau 2%, where a € N*, if we want
m(m +1) to divide by 2- 2%, Let m = 21/ —1 with j € N*, which is a number
smaller than 2K*! — 1. If we calculate

=2kl _1eN*.

m(m+1) (M1 —1)2k+1-)

2 2.2k =" -2 eNT,
n .

therefore we can not have Z; (2%) = m = 2517/ — 1, with j e N*. Let m = 2K+1-J,
with j € N*, which is a number smaller than 2k+1_ 1, Calculating,

m(m+1) 2k1-iekl=i 1)

5 o =27l 1T L )¢ N*,
n .

therefore we can not have Z; (2%) = m = 28*1-J with j e N*.
It was proved that m = 2¥*1 —1 is the smallest number that has the property
n| m(m+1)/2, therefore Z; (2%) = 2k+1 1, O
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We present a theorem, [Kashihara, 1996, T4, p. 36], on function values Z;
for the powers of primes.

Theorem 2.107. Z,(p*) = p* -1 for any p e P~3 and k e N* .

Proof. From the sequential ascending completion of m,the first factor between
m and m+ 1, which divides n = p¥is m+1 = p*. Then it follows that m = p*—1.
It can be proved by direct calculation that m(m+1)/(2n) = (p*-1) p*/2p*) e N*
because p* — 1, since p € P~3, is always an even number. Therefore, m = p¥ -1
is the smallest natural number for which m(m + 1)/2 divides to n = pk, then it
follows that Z; (p¥) = p* — 1 for any p € Px3. O

Corollary 2.108. [Kashihara, 1996, T3, p. 36] For k = 1 it follows that Z,(p) =
p—1foranypePss.

Program 2.109. for the function Z;.

Zy(n):=returnn—1 if TSm)=1An>2
for meceil(s;(n))..n—1
return m if mod(m(m+ 1),2n]=0
return2n—1

Explanations for the program 7, for search of m optimization.

1. The program Z; uses Smarandache primality test TS, 1.5. For n € P35
the value of function Z; is n— 1 according the Corollary 2.108, without
"searching" m anymore, the value of the function Z;, that fulfills the con-
dition n | [m(m + 1)/2].

2. Searching for m in program Z; starts from [s;(n)] according to the Theo-
rem 2.105. Searching for m ends when m has at most value n — 1.

3. If the search for m reached the value of n — 1 and the condition
mod[m(m+1)/2,n] = 0 (i.e. the rest of division m(m + 1)/2 to n is 0)
was fulfilled, then it follows that 7 is of form 2¥. Indeed, if m = n— 1 and

(n-D(n-1+1) n-1
2n 2

¢N",

then it follows that n is an even number, and that is n = 2¢q;. Calculating
again
Cqn-12qg1—-1+1) _ 2q:1-1

¢N",
2-2q, 2
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then it follows that ¢, is even, i.e. ¢ =22 and n=2-2¢q» = 22. go. After
an identical reasoning, it follows that n = 23. gs, and so on. But n is a
finite number, then it follows that there exists k k € N* such that n = 2*.
Therefore, according to the Theorem 2.106 we have that Z;(n) = Z; (2% =
2k+1 _1=2n-1, see Figure 2.13.
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Figure 2.13: Function Z;

2.30.2 Pseudo-Smarandache Function of the Order 2

We define the function 7, : N* — N* and denote the value of the function
Z» with m, i.e. m = Z,(n). The value of m is the smallest natural number for
which the sum 12 + 22 + ... + m? divides by n.

Considering that 12 + 22 + ...+ m? = m(m + 1)(2m + 1)/6 this definition of
the function 7, is equivalent with m = Z,(n) is the smallest natural number for
which we have m(m+1)2m+1)/6 = 4 -ni.e. m(m+1)(2m+1) is multiple of 61
(or the equivalent relation 6n | m(m+1)(2m+ 1) i.e. 6n divides m(m+1)(2m +

D).
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We consider the function 7 given by the formula:

T(n):= 3/3(108n+ V'11664n2-3), (2.102)

the real solution of the equation m(m+1)2m+1) =6nis

( )'—1(L+M—l) (2.103)
Szn.—z ) 3 . .

Lemma 2.110. Let n,m e N*, n=m, ifn| [m(m+1)2m + 1)1/6, then m =
[s2(n)], with s,(n) is given by (2.103).

Proof. Therelation n|[m(m+1)2m+1)]/6 © m(m+1)2m+1) = 4 -6n, with
A =1,2,.... The smallest multiplicity is for .# = 1. The equation m(m+1)(2m+
1) = 6n has as real positive solution s,(n) given by (2.103). Considering that m
is a natural number, it follows that m = [s,(n)]. O

Lemma 2.111. The number (28*? —1)(25*! —1) is multiple of 3 for any k € N*.
Proof. Let us observe that for:

e k=1,2F1-1=22-1=3and2¥?-1=2%-1=7,

o k=2,2F1_1=28-1=7and2M2-1=2*-1=15,

¢ k=2j-1,22/-1=3-.4 and 227+ -1 =2,

o k=2j,2%" —1=2and 22UV -1=3. 4,

* and so on.

We can say that the proof of lemma is equivalent with proofing the fact that
22 — 1 is multiple of 3 for anye j € N*.
We make the proof by full induction.

e For j =1 we have 22 — 1 = 3, is multiple of 3.
» We suppose that 22/ —1=3- ..
 Then we show that 22UV —1=3._#. Indeed

2200 1222221 _1=2%(2% —1)+22-1=22.3.4 +3
=3-(2PM+1)=3-M .
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Ifk=1,2,...,10, then

3.7
3.5-7
3.5-31
3%2.7.31
32.7-127
3.5-17-127
3.5-7-17-73
3.7-11-31-73
3-11-23-31-89
32.5.7-13-23-89

The bound of the function 7, (see Figure 2.14) is given by the theorem:
Theorem 2.112. For any n € N* we have [sy(n)] < Z(n) <2n—1.

Proof. The inequality [s,(n)] < Z,(n), for any n € N* results from Lemma 2.110.
If n=2F m=2%1_1 then

mm+1)2m+1)  @F1-12ktek2 241 @EFl_pEM2Z-1)
6” B 6.2](? - 3

)

by according to Lemma 2.111 the number (25! —1)(2%*2 — 1) is multiple of 3.
Then it results that 6n | m(m + 1)(2m + 1), therefore we can say that Z,(n) =
2n—1,if n=2% for any ke N*.

Let us prove that if Z;(n) =2n—1, then n = 2k If Z,(n) = 2n—1, then it
results that6n| 2n—1)2n(dn—-1),ie. 2n—1)(4n—-1) =3-.4. Let us suppose
that 7 is of form n = p¥, where p € P~, and k € N*. We look for the pair (p, %),
of integer number, solution of the system:

Cp-dp-1)=3-4,
{ (252 - 1)(fp2 -1)=3-q-M (2104

for g =1,2,.... The first value of g for which we also have a pair (p, .#) of inte-
ger numbers as solution of the nonlinear system (2.104) is g = 5. The nonlinear
system:
@Cp-HUép-1D=3-4,
{ @p?-1)@4p*>-1)=3-5-4,
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has the solutions:

2 7
1
- 0
2
(p )= V33 5 25+13\/§
4 4 2 6
V33 5 25 13v33

4 4 2 6

It follows that the first solution n for which (2n—1)(4n—1) is always multiple
of 3 is n = 2. As we have seen in Lemma 2.111 for any k € N*, (25+1 — 1)(2%+2 -

H=3-4. O
64
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48 2
i o}
m o]
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Figure 2.14: Function Z,
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Program 2.113. for function Z,.

Zs(n):=| for me ceil(sy(n))..2n—1
return m if mod{m(m+1)2m+1),6n]=0

2.30.3 Pseudo-Smarandache Function of the Order 3

We define the function Z3 : N* — N* and denote the value of the function Z3
cu m, i.e. m = Z3(n). The value of m is the smallest natural number for which
the sum 13 +23 + ...+ m? is dividing by n.

Considering the fact that 13 +23 + ... + m® = [m(m + 1)/2]? this definition of
the function Z3 is equivalent with the fact that m = Z3(n) is the smallest natural
number for which we have [m(m +1)/2]% = 4 - ni.e. [m(m +1)]? is multiple of
4n (or the equivalent relation 4n | [m(m + 1)1? i.e. 4n divides [m(m + 1)1?).

The function s3(n) is the real positive solution of the equation m?(m +1)? =
4n.

s3(n) = M . (2.105)
2
Lemma 2.114. Let n,m € N*, n = m, if n | [m?>(m + 1)%]/4, then m = [s3(n)],
where s3(n) is given by (2.105).

Proof. Therelation n | [m2(m+1)2]/14 & m?(m+1)%= 4 -4n,with .4 =1,2,....
The smallest multiplicity is for .# = 1. The equation m?(m +1)? = 4n has as
real positive solution s3(n) given by (2.105). Considering that m is a natural
number, it results that m = [s3(n)]. O]

Theorem 2.115. For any number p € Px3, Z3(p) = p—1.

Proof. We use the notation Z3(n) = m. If p e P>3 then p =2k +1, i.e. pisan odd
number, and p — 1 =2k, i.e. p—1is an even number. Calculating for n = p the
ratio

(p-1?p*  4k*(2k+1)?

=kK*Q2k+1)eN*,
4p 42k +1) (ek+1)e

it follows that, for m = p—1, n = p divides m*(m+1)?/4=1"+23 + ...+ m5.
Let us prove that m = p —1 is the smallest integer for which we have this
property. Supposing that there is a m = p — j, where j = 2, such that Zz(p) =
p—j, thenitshould that the number (p— j)?(p— j+1)%/4 divides p, i.e. p| (p—j)
or p | (p—j+1) whichis absurd. Therefore, m = p—1is the smallest m for which
we have that m?(m + 1)?/4 divides p. O
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Figure 2.15: Function Z3

Theorem 2.116. ForanyneN*, n=3, Zs(n)<n-1.

Proof. We use the notation Z3(n) = m. Suppose that Z3(n) = n. If Z3(n) = n,
then itshould that 4n | [n?(n + 1)?], but

n(n+1?*  n(n+1)>°
an 4

1. If n=2n,, then
nn+1)?%  m@2n +1)*
4 2

(a) if ny =2ny, then

nn+1? m@m+1?  2np(4ny+1)?

=n,dny + )% eN*,
2 2 > 2(4ny +1)

(b) if ny =2n, + 1 then

nn+1?% m@m+1?  2na+1)(4ny+3)
4 2 - 2

¢N*,
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from where it results that the supposition Z3(n) = n is false (true only if
n=4ny).

2. If n=2ny+1, then
nn+1)>2
4

but that would imply that also for primes, which are odd numbers, we
would have Z3(p) = p which contradicts the Theorem 2.115, so the sup-
position that Z3(n) = n is false.

=@2m+1)(m +1)%>eN*,

In conclusion, the supposition that Z3(n) = n is false. Similarly, one can prove
that Z3(n) =n+ j, for j =1,2,..., is false. Therefore, it follows that the equality
Z3(n) < n-1listrue. O

Observation 2.117. We have two exceptional cases Z3(1) = 1 and Z3(2) = 3.
Theorem 2.118. For any ne€N*, n =3 and n ¢ P=3, we have Z3(n) < | %|.
Proof. Theorem to be proved! O

rk2

Theorem 2.119. For any k € N*, Z3(2F) =2 -1

Proof. We use the notation Z3(n) = m. If n = 2¥,then, by direct calculation, it
verifies for m = 21221 =1, m2(m + 1) divides by 4n,

(2[%W 41.);(2(%”2 ) (2[%Lk+12)22k+2 ) (J%W i 1)2 -

Let us prove that m = 2/"5°1 — 1 is the smallest natural number for which
m?(m+1)? divides by 4n. We search for numbers m of the forma p* — 1. From
the divisibility conditions for k = 2 and k = 4, it follows the nonlinear system

( 2_1) 2:22‘./%’
{ 1) =23 gt (2.106)
forg=1,2,.... The number g = 10 is the first natural number for which the sys-

tem (2.106) has integer positive solution. We present the solution of the system
using Mathcad symbolic computation

assume, p=integer
(p?>-Dp?=2%-4, assume, #=integer
(pt-Dp*=23-10-.4, p
solve, Y 2

|
—
w w o o o
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Of the 5 solutions only one solution is convenient p = 2 and .4 = 3.1t follows
that m = 2/ —1. By direct verification it follows that f(k) = [£2]. Therefore

m = 2/*3*1 _ 1 is the smallest natural number for which m?(m + 1)2 divides by
4n. O

Program 2.120. for function Zs.

Z3(n) :=| return3 if n=2
returnn—1ifn>2A TS(n)=1
for meceil(s3(n))..n
return m if mod [[m(m+ 1)1%,4n] =0

Explanations for the program Z3, 2.120, for search of m shortening m.
1. The program treats separately the exceptional case Z3(2) = 3.

2. The search of m begins from the value [s3(n)] according to the Lemma
2.114.

3. The search of m goes to the value m = n.

4. The program uses the Smarandache primality test, 1.5. If 7S(n) = 1, then
ne€P-3 and Z3(n) = n—1 according to the Theorem 2.115.

2.30.4 Alternative Pseudo-Smarandache Function

We can define alternatives of the function Z, k = 1,2,3. For example: Vj :
N* — N*, m = V(n) is the smallest integer m such that

nl1k—2ky3k gk 4 4™k,

To note that:

_1ym+l1
1-243-44..+ ()" = D (24Wl+1)+1’

_1ym+l1
1222482 424 4 (2= O ;”’(m”),

and

P-22438 -4+ 4" hm?
=DM em+1)2mA+2m—-1) -1
= . .

Or more versions of Zi, k = 1,2,3, by inserting in between the numbers 1, 2,
3, ... various operators.
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2.30.5 General Smarandache Functions

Function Ty : N* — N*, m = Ty(n) is smallest integer m such that 1¥02%o
...om¥ is divisible by m, where o € {+,,(~1)/"!} (and more operators can be
used).

If o = - we have Smarandache’s functions, if o = + then result Pseudo-

Smarandache functions and if o = (-=1)/"! then one obtains Alternative—
Smarandache functions.

2.31 Smarandache Functions of the k-th Kind
2.31.1 Smarandache Function of the First Kind

Let the function S, : N* — N* with n € N*.
Definition 2.121.

1. If n = p%, where p € P>, U {1} and a € N*, then m = S;,(a) is smallest
positive integer such that n% | m!;

2. Ifn=pi" py*---ps*, where pj € P>, and aj e N* for j =1,2,...s, then

Snla) = max{S aj(a)} .
. P,

l=<j=s

2.31.2 Smarandache Function of the Second Kind

Smarandache functions of the second kind: S* : N* — N*, S¥(n) = S,,(k) for
k € N* where S,, are the Smarandache functions of the first kind.

2.31.3 Smarandache Function of the Third Kind

Smarandache function of the third kind: S2(n) = S, (b,), where S,, is the
Smarandache function of the first kind, and the sequences {a,} and {b,;} are
different from the following situations:

1. a, =1and b,, = n, for n e N*;

2. a,=nand b,, =1, for n e N*.
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2.32 The Generalization of the Factorial

2.32.1 Factorial for Real Numbers

Let x € Ry, be positive real number. Then factorial of real number is defined
as, [Smarandache, 1972]:

Lx]
x!=[](x-k), where keN. (2.107)
k=0
Examples:

1. 2.5!'=2.5(2.5-1)(2.5-2) =1.875,

2. 437'=4.37(4.37-1)(4.37-2)(4.37-3)(4.37 - 4) = 17.6922054957 .

More generally.
Let 6 € R, be positive real number, then we can introduce formula:
k-0<x
x1(8)= [] (x—k-6), where keN. (2.108)
k=0
The notation (2.108) means:
k-0<x
[l ®—k-6)=x(x-8)(x—-2:6)--(x—m-6),
k=0

where m is the largest integer for which m -6 < x.

Examples:
4.37!(0.82) =
4.37(4.47-0.82)(4.47-2-0.82)(4.47-3-0.82)
x (4.47—-4-0.82)(4.47-5-0.82) = 23.80652826961506 .
And more generally.

Let A € R be real number, then can consider formula:
A+k-6<x
XA = ] (x—k-6), where keN. (2.109)
k=0

Examples:
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6!(1.2)(1.5) =6(6—-1.2)(6-2-1.2)(6 - 3-1.2) = 248.83200000000002 ,

because6-3-1.2=24>15and6-4-1.2=1.2<1.5.

2.
4.37!(0.82)(-3.25) =
4.37(4.47-0.82)(4.47-2-0.82)(4.47-3-0.82)
% (4.47—-4-0.82)(4.47-5-0.82)(4.47-6-0.82)
x (4.47-7-0.82)(4.47—-8-0.82)(4.47—-9-0.82)
=118.24694616330815,
3.

4.37!(0.82)(—-4.01) =
4.37(4.47-0.82)(4.47-2-0.82)(4.47-3-0.82)
x(4.47-4-0.82)(4.47-5-0.82)(4.47-6-0.82)
x(4.47-7-0.82)(4.47-8-0.82)(4.47-9-0.82)
x (4.47-10-0.82) = —452.8858038054701 .

Program 2.122. the calculation of generalized factorial.

gflx,6,A) :=| return "Error." if 6 <0

return 1 if x=0

f—x

k—1

while x—k-6 =21
f—f-(x-k-8)ifx—k-0#0
k—k+1

return f

This program covers all formulas given by (2.107-2.109), as you can see in
the following examples:

1. gfi7,1,0)=5040=7!,
2. gfi2.5,1,0) = 1.875,

3. gfl4.37,1,0) = 17.6922054957 ,
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4. gfl4.37,0.82,0) = 23.80652826961506 ,
5. gfl4.37,0.82,-3.25) = 118.24694616330815 ,

6. gf4.37,0.82,-4.01) = —452.8858038054701 .

2.32.2 Smarandacheial

Let n> k = 1 be two integers. Then the Smarandacheial, [Smarandache and
Dezert, editor], is defined as:

0<|n—i-klsn
=[] m-i-k (2.110)
i=0

For examples:

1. In the case k=1:

0<|n-il=n
Imy=lnl= [ -1
i=0

=n(n-1--2-1-(-1)(=2)-+- (-n+1)(-n) = (-1 (nh?.

15!=5-4-3-2-1-(=1)-(=2) - (=3) - (—4) - (=5) = —14400 = (-1)°120° .

To calculate !n! can use the program gf, given by 2.122, as shown in the following
example:

gfl-5,1,-5) = -14400 .
The sequence of the first 20 numbers !n! = gfin, 1, —n) is found in following ta-
ble.

Table 2.42: Smarandacheial of order 1

gﬂn) ly_n)
-1

-36

576

-14400

518400

-25401600

Continued on next page
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n gfin,1,—n)
8 1625702400
9 -131681894400
10 13168189440000
11 -1593350922240000
12 229442532802560000
13 -38775788043632640000
14 7600054456551997440000
15 -1710012252724199424000000
16 437763136697395052544000000
17 -126513546505547170185216000000
18 40990389067797283140009984000000
19 | -14797530453474819213543604224000000
20 | 5919012181389927685417441689600000000

2. Incase k=2:

(@) If nis odd, then

0<|n-2il<n

mh=" ]

i=0

=n(n-2)3-1-(=1)+(=3)--- (~n+2)(-n) = (=1)"7 (2.

15, =5(5-2)(5-4)(5-6)(5-8)(5—10) = —225 = (=1)315%.

(n—21)

This result can be achieved with function gf, given by 2.122,

gfl5,2,-5) = —225 .

(b) If nis even, then

0<|n-2ilsn

=[]

i=0

=n(n-2)--4-2-(~-2)- (-4)

16!, =6(6—2)(6—4)(6—8)(6—10)(6—12) = —2304 = (—1)348?,

(n—2i0)

o (—n+2)(=n) = (D E (a2

109
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This result can be achieved with function gf, given by 2.122,
gfi6,2,—6) = —2304 .

The sequence of the first 20 numbers !n!, = gfin, 2, —n) is found in following
table.

Table 2.43: Smarandacheial of order 2

n gfin,2,—n)
1 -1
2 -4
3 9
4 64
5 =225
6 -2304
7 11025
8 147456
9 -893025
10 -14745600
11 108056025
12 2123366400
13 -18261468225
14 -416179814400
15 4108830350625
16 106542032486400
17 -1187451971330625
18 -34519618525593600
19 428670161650355625
20 | 13807847410237440000

The sequence of the first 20 numbers !n!s = gf{n, 3, —n) is found in following
table.

Table 2.44: Smarandacheial of order 3

n gfin,3,—n)
1 1
Continued on next page
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n gfin,3,—n)
2 -2
3 -9
4 -8
5 40
6 324
7 280
8 -2240
9 -26244
10 -22400
11 246400
12 3779136
13 3203200
14 -44844800
15 -850305600
16 -717516800
17 12197785600
18 275499014400
19 231757926400
20 -4635158528000

For n:=1..20, one obtains:

gfin,4,-m)" — 1, -4, -3, -16, -15, 144, 105, 1024, 945, —14400, —10395,
—-147456, —135135, 2822400, 2027025, 37748736, 34459425, -914457600,
—654729075, -15099494400 ;

gf(n,S,—n)T -1, 2, -6, -4, -25, 24, -42, 336, 216, 2500, 2376,
4032, -52416, -33264, -562500, —532224, -891072, 16039296, 10112256,
225000000 ;

gfin,6,-nm)' — 1, 2, -9, -8, -5, -36, 35, —64, 729, 640, 385, 5184, 5005,
8960, -164025, -143360, —-85085, -1679616, -1616615, 2867200 ;

gfin,7,-m)' — 1, 2, 3, -12, 10, -6, —49, —48, -90, —120, 1320, 1080, 624,
9604, 9360, 17280, 22440, -403920, -328320, -187200 .

We propose to proving the theorem:

Theorem 2.123. The formula

n—-1- mod (n—-1,k)
—_—y] 2
nly,=(-1) k (n ...,

k times
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forn,keN*, n>k=1,is true.

Theorem 2.124. For any integers k =2 and n = k —1 following equality

k-1 _
nl=k"]| (M), (2.111)
i=0 k

is true.

Proof.
Verification k= n+ 1, then
n+1 —\'=(n+1
(n+1) H(HH) (n+1) 1:[1

i=0

n—i
=n!.
n+1

For any n = k—1 suppose that (2.111) is true, to prove that

k-1 )
(n+ 1) = k"1 ("+1 ’)!.
1

Lk
Really
k-1 _
(n+Dl=(m+Dnl=(n+DK" [] (u !
i=0 k
:kn+1n+1(n—k+1)!k‘2(n—i)!
k k)l k
kn+1n+1(n+1_1)'k‘2(n—i)'
kK \ k EEAUA
+

2.33 Analogues of the Smarandache Function

Let a : N* — N* be a function, where a(n) is the smallest number m such
that n < m! [Yuan and Wenpeng, 2005], [Sloane, 2014, A092118].

Program 2.125. for function a.
a(n) := for me1..1000

return m if m!=n
return "Error."
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For n := 1..25 one obtains a(n) =1, 1, 2, 3, 3, 3, 3, 4, 4, 4, 4, 4, 4, 4, 4,
4, 4, 4, 4, 4, 4, 4, 4, 4, 4, 5 and a(10'%) — 14, a(10?°) — 22, a(10%%) — 29,
a(10%%) — 35, a(10°%) — 42, a(10°°) — 48, a(10”°) — 54, a(10®°) — 59, a(10%°) —
65, a(10'9%) — 70.

2.34 Power Function

2.34.1 Power Function of Second Order

The function SP2:N* — N*, where SP2(n) is the smallest number m such
that m' is divisible by n.

Program 2.126. for the function SP2.

SP2(n):=|for mel..n
return m if mod (m™, n)=0

For n := 1..10%, the command sp2, := SP2(n), generate the sequence
spZT—>(1232567431011613141541761910212223
65263 14 29 30 31 4 33 34 35 6 37 38 39 10 41 42 43 22 15 46 47 6 7
10 51 26 53 6 55 14 57 58 59 30 61 62 21 4 65 66 67 34 69 70 71 6 73 74
15 38 77 78 79 10 6 82 83 42 85 86 87 22 89 30 91 46 93 94 95 6 97 14
33 10).

Remark 2.127. relating to function SP2, [Smarandache, 1998, Xu, 2006, Zhou,
2006].

1. If p e Px,, then SP2(p) = p;
2. If r is square free, then SP2(r) = r;
3. Ifn=p;* py?---ps* and ag < py, for k=1,2,...s, then SP2(n) = n;
4. If n = p% where p € P5,, then:
p iflsa<p,

p* if p+l<as2-p?,
SP2(n) = P3 if2p2+15a53.p3

p* if s—DpSl+l<sas<s-ps.
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2.34.2 Power Function of Third Order

The function SP3:N* — N*, where SP3(n) is the smallest number m such
that m™" is divisible by 7.

Program 2.128. for the function SP3.

SP3(n):=| for mel..n
return m if mod (m™",n)=0

For n := 1..10%, the command sp3, := SP3(n), generate the sequence
SpST—>(1232567231011613141521761910212223
65263 1429 30 31 4 33 34 35 6 37 38 39 10 41 42 43 22 15 46 47 6 7
10 51 26 53 6 55 14 57 58 59 30 61 62 21 4 65 66 67 34 69 70 71 6 73 74
15 38 77 78 79 10 3 82 83 42 85 86 87 22 89 30 91 46 93 94 95 6 97 14
33 10).



Chapter 3

Sequences of Numbers Involved in
Unsolved Problems

Here it is a long list of sequences, functions, unsolved problems, con-
jectures, theorems, relationships, operations, etc. Some of them are inter—
connected [Knuth, 2005], [Sloane, 2014], [Smarandache, 1993b].

3.1 Consecutive Sequence
How many primes are there among these numbers? In a general form,

the consecutive sequence is considered in an arbitrary numeration base b?
[Smarandache, 2014, 1979]

Table 3.1: Consecutive sequence

e
1
12
123
1234
12345
123456
1234567
12345678
123456789
12345678910
1234567891011
Continued on next page
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# 1n(10)

12 123456789101112

13 12345678910111213

14 1234567891011121314

15 123456789101112131415

16 12345678910111213141516

17 1234567891011121314151617

18 123456789101112131415161718

19 12345678910111213141516171819

20 1234567891011121314151617181920

21 123456789101112131415161718192021

22 12345678910111213141516171819202122

23 1234567891011121314151617181920212223
24 123456789101112131415161718192021222324
25 | 12345678910111213141516171819202122232425
26 | 1234567891011121314151617181920212223242526

Table 3.2: Factored consecutive sequence

# factors

1 1

2 22.3

3 3-41

4 2-617

5 3.5-823

6 26.3.643

7 127-9721

8 2.32.47-14593

9 323607 -3803

10 2-5-1234567891

11 3.7-13-67-107-630803

12 23.3.2437.2110805449

13 113-125693-869211457

14 2-3-205761315168520219

15 3-5-8230452606740808761

16 22.2507191691 - 1231026625769
17 3%.47-4993-584538396786764503
18 2-32.97-88241-801309546900123763

Continued on next page
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#

factors

19
20
21
22
23
24
25
26

13-43-79-281-1193-833929457045867563
2°.3.5-323339-3347983 - 2375923237887317
3-17-37-43-103-131-140453-802851238177109689
2-7-1427-3169-85829-2271991367799686681549
3-41-769-13052194181136110820214375991629
22.3.7-978770977394515241 -1501601205715706321
52.15461-31309647077-1020138683879280489689401
2-3%.21347-2345807 - 982658598563 - 154870313069150249

In base 10, with the "digits" € {1,2,...,26} not are primes.

Table 3.3: Binary consecutive sequence in base 2

# ne)

1 1

2 110

3 11011

4 11011100

5 11011100101

6 11011100101110

7 11011100101110111

8 110111001011101111000

9 1101110010111011110001001

10 11011100101110111100010011010

11 110111001011101111000100110101011

12 1101110010111011110001001101010111100

13 11011100101110111100010011010101111001101
14 | 110111001011101111000100110101011110011011110
15 | 1101110010111011110001001101010111100110111101111

Table 3.4: Binary consecutive sequence in base 10

# n(10) factors
1 1 1
Continued on next page
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# n(10) factors

2 6 2-3

3 27 33

4 220 22.5.11

5 1765 5-353

6 14126 2.7-1009

7 113015 5-7-3229

8 1808248 23.13.17387

9 28931977 17-1701881

10 462911642 2-167-1385963
11 7406586283 29-53-179-26921
12 | 118505380540 22.5.5925269027
13 | 1896086088653 | 109-509-2971-11503
14 | 30337377418462 | 2-15168688709231
15 | 485398038695407 | |485398038695407

The numbers given in the box are prime numbers. In base 2, with the "digits"
€11,2,...,15} the number| 485398038695407 |is a prime number.

Table 3.5: Ternary consecutive sequence in base 3

# ne)

1 1

2 12

3 1210

4 121011

5 12101120

6 1210112021

7 121011202122

8 121011202122100

9 121011202122100101

10 121011202122100101110

11 121011202122100101110111

12 121011202122100101110111200

13 121011202122100101110111200201

14 121011202122100101110111200201210
15 121011202122100101110111200201210211
16 | 121011202122100101110111200201210211220
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Table 3.6: Ternary consecutive sequence in base 10

# n(10) factors

1 1 1

2 5 5

3 48 24.3

4 436 22.109

5 3929

6 35367 3-11789

7 318310 2.5-139-229

8 2864798 2.97-14767

9 77349555 32.5.1718879
10 2088437995 5-7-59669657
11 56387825876 22.14096956469
12 1522471298664 23.3.63436304111
13 | 41106725063941 6551-11471-547021
14 | 1109881576726421 41-27070282359181
15 | 29966802571613382 | 2-3-17-2935459 - 100083899

119

In base 3, with the "digits" € {1,2,...,15} number| 3929 |is prime number.

Table 3.7: Octal consecutive sequence

n() n(10) factors
1 1 1
12 10 25
123 83
1234 668 22.167
12345 5349 3-1783
123456 42798 2-3-7-1019
1234567 342391 7-41-1193
123456710 21913032 23.3.31.29453
12345671011 1402434057 3.172-157-10303
1234567101112 89755779658 244877889829
123456710111213 5744369898123 3-83-23069758627

Continued on next page
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120
(s) n(10) factors
12345671011121314 367639673479884 22.3%2.13-29-53-511096199
1234567101112131415 | 23528939102712588 22.3.461-4253242787909

In octal, with the "digits" € {1,2,...,15} only number is prime number.

Table 3.8: Hexadecimal consecutive sequence

n(e) n(10) factors
1 1 1
12 18 2.3%
123 291 3.97
1234 4660 22.5.233
12345 74565 3%2.5-1657
123456 1193046 2-3-198841
1234567 19088743 2621-7283
12345678 305419896 23.3%.157109
123456789 4886718345 3%2.5.23.4721467
123456789a 78187493530 2.5-7818749353
123456789ab 1250999896491 32.12697-10947467
123456789abc | 20015998343868 22.3.1242757-1342177
123456789abcd | 320255973501901 320255973501901
123456789abcde | 5124095576030430 | 2-3%-5-215521 - 264170987

In hexadecimal, with the "digits" € {1,2,...,15} number \ 320255973501901 | is

prime.
3.2 Circular Sequence

Table 3.9: Circular sequence

n(10) factors 110 factors
12 22.3 || 13245 3.5-883
21 3.7 || 13254 2.3-472

Continued on next page
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n(10) factors 1(10) factors
123 3-41 || 13425 3-52-179
132 22.3.11 | 13452 22.3.19-59
213 3-71 || 13524 22.3.72.23
231 3.7-11 || 13542 2-3-37-61
312 23.3.13 | 14235 3.5-13-73
321 3-107 | 14253 3-4751
1234 2-617 || 14325 3-5%2-191
1243 11-113 || 14352 2%4.3.13.23
1324 22.331 || 14523 3-47-103
1342 2-11-61 | 14532 22.3.7-173
1423 15234 2-3-2539
1432 23.179 || 15243 3-5081
2134 2-11-97 || 15324 22.3.1277
2143 15342 2.3.2557
2314 2-13-89 | 15423 3-53-97
2341 15432 23.3.643
2413 19-127 || 21345 3.5-1423
2431 11-13-17 || 21354 2-3-3559
3124 22.11-71 || 21435 3.5-1429
3142 2-1571 | 21453 3-7151
3214 2-1607 | 21534 2.3.37-97
3241 7-463 || 21543 3-43-167
3412 22.853 || 23145 3-5-1543
3421 11-311 || 23154 | 2-3-17-227
4123 7-19-31 || 23415 3.5.7-223
4132 22.1033 | 23451 3.7817
4213 11-383 || 23514 2-3-3919
4231 23541 3-7-19-59
4312 23.72.11 | 24135 3-5-1609
4321 29.149 | 24153 3.83.97
12345 3-5-823 | 24315 3-5-1621
12354 | 2-.3-29-71 || 24351 3.8117
12435 3-5-829 | 24513 3-8171
12453 3.7-593 || 24531 | 3-13-17-37
12534 2-3-2089 | 25134 2-3.59-71
12543 3-37-113 || 25143 3-17%-29
25314 2-3-4219 | 42513 3-37-383
25341 3.8447 | 42531 3.14177
25413 3-43-197 | 43125 3.5%.23

Continued on next page
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n(10) factors 1(10) factors
25431 3-72-173 || 43152 2%.3.29.31
31245 3-5-2083 || 43215 3-5-43-67
31254 2-3-5209 || 43251 3-13-1109

31425 3-52.419 | 43512 23.3.72.37
31452 22.3.2621 || 43521 3-89-163
31524 | 22-3.37-71 || 45123 3-13%-89
31542 2-3.7-751 | 45132 22.3.3761
32145 3.5-2143 || 45213 3.7-2153
32154 | 2-3-23-233 || 45231 3-15077
32415 3.5-2161 | 45312 28.3.59
32451 3-29-373 | 45321 3-15107
32514 2-3-5419 || 51234 2-3-8539
32541 3-10847 || 51243 | 3-19-29-31

34125 3.53.7-13 || 51324 | 22-3-7-13-47
34152 23.3.1423 || 51342 | 2-3-43-199

34215 3.5.2281 || 51423 3.61-281
34251 3.72.233 | 51432 23.3.2143
34512 24.3.719 || 52134 2-3-8689
34521 3-37-311 || 52143 | 3-7-13-191
35124 22.3.2927 || 52314 2-3-8719
35142 2-3-5857 | 52341 3-73-239
35214 2-3-5869 | 52413 3-17471
35241 3-17-691 | 52431 3.17477
35412 | 22.3-13-227 || 53124 | 2%.3-19-233
35421 3-11807 || 53142 | 2-3-17-521
41235 3.5-2749 | 53214 2.3.7%.181
41253 3-13751 || 53241 3-17747
41325 | 3-5%-19-29 || 53412 22.3.4451
41352 23.3.1723 || 53421 3-17807
41523 3.13841 || 54123 3.18041
41532 22.3.3461 | 54132 | 22.3-13-347
42135 3.5-532 || 54213 3-17-1063
42153 3.14051 || 54231 3-18077
42315 | 3-5-7-13-31 || 54312 23.3.31.73
42351 3-19-743 | 54321 3-19-953

The numbers | 1423 ], |2143], 2341 | and 4231 ] are the only primes for circular
sequences 12, 21, 123, ..., 321, 1234, ..., 54321 .

»
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3.3 Symmetric Sequence

123

The sequence of symmetrical numbers was considered in the works

[Smarandache, 1979, 2014]

Table 3.10: Symmetric sequence

10 factors
1 1
11 [11]
121 112
1221 3-11-37
12321 3%.372
123321 3-11-37-101
1234321 112-101?
12344321 11-41-101-271
123454321 41%.2712
1234554321 3.7-11-13-37-41-271
12345654321 32.7%2.11%-132.37?
123456654321 3-7-11-13-37-239-4649
1234567654321 2392 46492
12345677654321 11-73-101-137-239-4649
123456787654321 11%2-732.101%-137?
1234567887654321 3%2.11-37-73-101-137-333667
12345678987654321 3%.372.3336672
123456789987654321 3%2.11-37-41-271-9091 - 333667
12345678910987654321 112345678910987654321 |
1234567891010987654321 1234567891010987654321 |
123456789101110987654321 7-17636684157301569664903
12345678910111110987654321 | 3-43-97-548687 -1798162193492191
1234567891011121110987654321 | 32-72-2799473675762179389994681

3.4 Deconstructive Sequence

Deconstructive sequence with the decimal digits {1,2,...,9}, [Smarandache,

1993a, 2014].
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Table 3.11: Deconstructive sequence with {1,2,...,9}

n(10) factors
1 1
23 23]
456 23.3.19
7891 13-607
23456 25.733
789123 3-17-15473
4567891
23456789
123456789 32.3607-3803
1234567891
23456789123 59-397572697
456789123456 27.3.23-467-110749
7891234567891 37-353-604183031
23456789123456 27.13-23-47-13040359
789123456789123 3-19-13844271171739
4567891234567891 739-1231-4621-1086619
23456789123456789 23456789123456788
123456789123456789 32.7-11-13-19-3607
x3803 - 52579
1234567891234567891 | 31-241-1019-162166841159

Deconstructive sequence with the decimal digits {1,2,...,9,0}.

Table 3.12: Deconstructive sequence with {1, 2,...,9,0}

n(10) factors
1 1
23 23]
456 23.3-19
7890 2-3-5-263
12345 3-5-823
678901
2345678 2-23-50993
90123456 26.3-367-1279

Continued on next page




3.5. CONCATENATED SEQUENCES 125

n(10) factors
789012345 3.5-11-131-173-211
6789012345 32.5-150866941
67890123456 26.3.353594393

789012345678 2-3-19-9133-757819
9012345678901 9012345678901
23456789012345 5-13-19-89-213408443
678901234567890 | 2-3-5-1901-11904282563

1234567890123456 | 2%.3-7%2-301319-435503

3.5 Concatenated Sequences

Sequences obtained from concatenating the sequences of numbers:
primes, Fibonacci, Mersenne, etc.

Program 3.1. for concatenation the terms of sequence.
ConS(s,L) :=|cs; — 81
forke2.L
¢Sy — conc(cSi—_1,Sk)
return cs

Program 3.2. for back concatenation the terms of sequence.

BConS(s,L) :=|csy — 81
forke2.L
CSp — conc(Sg, CSi—1)
return cs

It was obtained by the programs ConS, 3.1 and BConsS, 3.2 using the routine
conce, 7.1.

3.5.1 Concatenated Prime Sequence

Using the program 3.1 one can generate a Concatenated Prime Sequence
(called Smarandache-Wellin numbers)

L:=20 p:=submatrix(prime,1,L,1,1) cp:= ConS(p, L)

then cp — provides the vector:
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Table 3.13: Concatenated Prime Sequence

k CPk

1 2

2 23

3 235

4 2357

5 235711

6 23571113

7 2357111317

8 235711131719

9 23571113171923

10 2357111317192329

11 235711131719232931

12 23571113171923293137

13 2357111317192329313741

14 235711131719232931374143

15 23571113171923293137414347

16 2357111317192329313741434753
17 235711131719232931374143475359
18 23571113171923293137414347535961
19 | 2357111317192329313741434753596167
20 | 235711131719232931374143475359616771

Factorization of the vector cp is obtained with the command: cp factor —

Table 3.14: Factorization Concatenated Prime Sequence

CPk

2]

5-47

12357

7-151-223

23-29-35339

11-214282847

RN [ W&

7-4363-7717859

Continued on next page
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k

CPi

9

61-478943-806801

10

3-4243-185176472401

11

17-283-1787-76753-357211

12

7-67%-151-4967701595369

13

25391-889501-104364752351

14

6899 - 164963 - 7515281 -27558919

15

1597-2801-5269410931806332951

16

3-2311-1237278209-274784055330749

17

17-906133-12846401-1191126125288819

18

3-13-3390511326677-178258515898000387

19

1019-2313161253378144566969023310693

20

3%.8730041915527145606449758346652473

3.5.2 Back Concatenated Prime Sequence

127

Using the program 3.2 one can generate a Back Concatenated Prime Se-
quence (on short BCPS) L:=20 p := submatrix(prime,2,L+1,1, NT=35711
13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73 79), bcp:= BConS(p, L),
then bcp — provides the vector:

Table 3.15: Back Concatenated Prime Sequence

bepy

3

53

753

11753

1311753

171311753

19171311753

2319171311753

OR[N W N

292319171311753

p—
o

31292319171311753

[a—
[—

3731292319171311753

—
\S)

413731292319171311753

—
w

43413731292319171311753

Continued on next page
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k bepi

14 4743413731292319171311753
15 534743413731292319171311753
16 59534743413731292319171311753

17 6159534743413731292319171311753

18 676159534743413731292319171311753
19 | 71676159534743413731292319171311753
20 | 7371676159534743413731292319171311753

Table 3.16: Factorization BCPS

k bepy

1 3]

2 53]

3 3.251

4 7-23.73

5 3-331-1321

6 171311753

7 3-117-52813531

8 19-122061647987

9 75041 - 3895459433

10 463 - 44683 - 1512566357

11 3.15913-1110103 - 70408109

12 17-347-1613-1709 - 80449 - 316259

13 3%2.41-557-1260419- 167583251039

14 17%-37-127309607 - 3484418108803

15 67-241249-33083017882204960291

16 | 3-7-11-13-281-15289778873 4614319153627
17 1786103719753 - 3448587377817864001
18 17-83407 - 336314747 - 1417920375788952821
19 19989277303 -3585730411773627378513151
20 | 1613-24574819-75164149139 -2474177239668341
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3.5.3 Concatenated Fibonacci Sequence

With the commands: L:=20 fi:=1 fo:=1k:=3..L fy:= fi—1+ fr—2 cF:=

ConS(f, 1), resulting the vector:

Table 3.17: Concatenated Fibonacci Sequence

k CFk

1 1

2

3 112

4 11123 ]

5 11235

6 112358

7 11235813

8 1123581321

9 112358132134

10 11235813213455

11 1123581321345589

12 1123581321345589144

13 1123581321345589144233

14 1123581321345589144233377

15 1123581321345589144233377610

16 1123581321345589144233377610987

17 11235813213455891442333776109871597
18 112358132134558914423337761098715972584
19 |  1123581321345589144233377610987159725844181
20 | 11235813213455891442333776109871597258441816765

where numbers in , 1123 | are primes, [Smarandache, 1975, Marimutha,

1997, Smarandache, 1997].

3.5.4 Back Concatenated Fibonacci Sequence

With the commands: L:=20 f1:=1 fo:=1k:=3..L fx:= fi—1+ fr—2 bcF:=

BConS(f,1), resulting the vector:
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Table 3.18: Back Concatenated Fibonacci Sequence

k bcFy

1 1

2

3 [211]

4 3211

5 53211

6 (853211

7 13853211

8 2113853211

9 342113853211

10 55342113853211

11 8955342113853211

12 1448955342113853211

13 2331448955342113853211

14 3772331448955342113853211

15 6103772331448955342113853211

16 9876103772331448955342113853211

17 15979876103772331448955342113853211
18 258415979876103772331448955342113853211
19 | 4181258415979876103772331448955342113853211
20 | 67654181258415979876103772331448955342113853211

3.5.5 Concatenated Tetranacci Sequence

With the commands: L:=20t;:=1t6:=1t3:=2k:=4..L t}.:= tp_1 + tp_n +

ty—3 ct:= ConS(t, L) bct:= BConS(t, L) resulting the vectors ct and bct.

Table 3.19: Concatenated Tetranacci Sequence

k Ct
1 1

2
3 112
4 1124
) 11247

Continued on next page
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k Cly

6 1124713

7 112471324

8 11247132444

9 1124713244481

10 1124713244481149

11 1124713244481149274

12 1124713244481149274504

13 1124713244481149274504927

14 11247132444811492745049271705

15 112471324448114927450492717053136

16 1124713244481149274504927170531365768
17 112471324448114927450492717053136576810609
18 11247132444811492745049271705313657681060919513
19 1124713244481149274504927170531365768106091951335890
20 | 112471324448114927450492717053136576810609195133589066012

Table 3.20: Back Concatenated Tetranacci Sequence

k bcty

1 1

2

3 1211

4 (4211 ]

5 74211

6 (1374211

7 241374211

8 44241374211

9 8144241374211

10 1498144241374211

11 2741498144241374211

12 5042741498144241374211

13 9275042741498144241374211

14 17059275042741498144241374211

15 313617059275042741498144241374211

16 5768313617059275042741498144241374211
17 106095768313617059275042741498144241374211

Continued on next page
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k bcty
18 19513106095768313617059275042741498144241374211
19 3589019513106095768313617059275042741498144241374211
20 | 660123589019513106095768313617059275042741498144241374211

3.5.6 Concatenated Mersenne Sequence

With commands: L := 17 k := 1.L ¢M; = 2k -1
clM = ConS(MV,L) crM := ConS(rM,L) bcM¢ := BConS(¢M,L) bcrM :=

BConS(Mr, L) resulting files:

Table 3.21: Concatenated Left Mersenne Sequence

k cl My

1 1

2

3 [137]

4 13715

5 1371531

6 137153163

7 137153163127

8 137153163127255

9 137153163127255511

10 1371531631272555111023

11 13715316312725551110232047

12 137153163127255511102320474095

13 1371531631272555111023204740958191

14 137153163127255511102320474095819116383

15 13715316312725551110232047409581911638332767
16 1371531631272555111023204740958191163833276765535
17 | 1371531631272555111023204740958191163833276765535131071

rMg = 2k +1
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Table 3.22: Back Concatenated Left Mersenne Sequence

133

bct My,

1

731

115731 |

3115731

633115731

127633115731

255127633115731

OR[N |WIN| &

511255127633115731

p—
=)

1023511255127633115731

—
—

20471023511255127633115731

—
NS}

409520471023511255127633115731

p—
w

8191409520471023511255127633115731

[
S

163838191409520471023511255127633115731

—
)]

32767163838191409520471023511255127633115731

p—
D

6553532767163838191409520471023511255127633115731

—
~J

1310716553532767163838191409520471023511255127633115731

Table 3.23: Concatenated Right Mersenne Sequence

cr My

35

1359 |

35917

13591733 |

359173365

359173365129

359173365129257

ORI N|D| O | W[ = F

359173365129257513

—
(=)

3591733651292575131025

[—
[

35917336512925751310252049

[
\S)

359173365129257513102520494097

p—
w

3591733651292575131025204940978193

Continued on next page
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k cr My

14 359173365129257513102520494097819316385

15 35917336512925751310252049409781931638532769

16 3591733651292575131025204940978193163853276965537

17 | 3591733651292575131025204940978193163853276965537131073
Table 3.24: Back Concatenated Right Mersenne Sequence

k ber My

1

2 53]

3 1953 |

4 17953

5 3317953

6 653317953

7 129653317953

8 257129653317953

9 513257129653317953

10 1025513257129653317953

11 20491025513257129653317953

12 409720491025513257129653317953

13 8193409720491025513257129653317953

14 163858193409720491025513257129653317953

15 32769163858193409720491025513257129653317953

16 6553732769163858193409720491025513257129653317953

17 | 1310736553732769163858193409720491025513257129653317953

3.5.7 Concatenated 6k — 5 Sequence

With commands: L:=25 k:=1..L six;:=6k-5 six! =(1 7 13 19 25 31 37
43 49 55 61 67 73 79 85 91 97 103 109 115 121 127 133 139 145) result
files ¢6 := ConS(six, L) and bc6 := BConS(six, L).
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Table 3.25: Concatenated c¢6 Sequence

135

k c6j
1 1
2
3 1713
4 171319
5 17131925
6 1713192531
7 171319253137
8 17131925313743
9 1713192531374349
10 171319253137434955
11 117131925313743495561 |
12 1713192531374349556167
13 1171319253137434955616773 |
14 17131925313743495561677379
15 1713192531374349556167737985
16 171319253137434955616773798591
17 17131925313743495561677379859197
18 17131925313743495561677379859197103
19 17131925313743495561677379859197103109
20 17131925313743495561677379859197103109115
21 17131925313743495561677379859197103109115121
22 17131925313743495561677379859197103109115121127
23 17131925313743495561677379859197103109115121127133
24 | 17131925313743495561677379859197103109115121127133139
25 | 17131925313743495561677379859197103109115121127133139145
where [17], [17131925313743495561 | and |171319253137434955616773 ] are
primes.
Table 3.26: Back Concatenated c6 Sequence
k bc6y,
1 1
2 [71]

Continued on next page
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k bc6y,
3 1371
4 191371
5 25191371
6 3125191371
7 373125191371
8 43373125191371
9 4943373125191371
10 554943373125191371
11 61554943373125191371
12 6761554943373125191371
13 736761554943373125191371
14 79736761554943373125191371
15 8579736761554943373125191371
16 918579736761554943373125191371
17 97918579736761554943373125191371
18 10397918579736761554943373125191371
19 10910397918579736761554943373125191371
20 11510910397918579736761554943373125191371
21 12111510910397918579736761554943373125191371
22 12712111510910397918579736761554943373125191371
23 13312712111510910397918579736761554943373125191371
24 13913312712111510910397918579736761554943373125191371
25 | 14513913312712111510910397918579736761554943373125191371

where and ’12712111510910397918579736761554943373125191371 are

primes.

3.5.8 Concatenated Square Sequence

L:=23 k:=1..L sqi:=k? csq:= ConS(sq,L).

Table 3.27: Concatenated Square Sequence

CSqk

1

DN = &

14

Continued on next page
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k csqy

3 1149

4 14916

5 1491625

6 149162536

7 14916253649

8 1491625364964

9 149162536496481

10 149162536496481100

11 149162536496481100121

12 149162536496481100121144

13 149162536496481100121144169

14 149162536496481100121144169196

15 149162536496481100121144169196225

16 149162536496481100121144169196225256

17 149162536496481100121144169196225256289

18 149162536496481100121144169196225256289324

19 149162536496481100121144169196225256289324361

20 149162536496481100121144169196225256289324361400
21 149162536496481100121144169196225256289324361400441
22 | 149162536496481100121144169196225256289324361400441484
23 | 149162536496481100121144169196225256289324361400441484529

3.5.9 Back Concatenated Square Sequence

L:=23 k:=1..L sqy:= k? bcsq:= BConS(sq, L).

Table 3.28: Back Concatenated Square Sequence

besqy
1
[41]
1941 |
16941
2516941
362516941
49362516941

N OO R W N =S

Continued on next page
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k besqy
8 6449362516941
9 816449362516941
10 100816449362516941
11 121100816449362516941
12 144121100816449362516941
13 169144121100816449362516941
14 196169144121100816449362516941
15 225196169144121100816449362516941
16 256225196169144121100816449362516941
17 289256225196169144121100816449362516941
18 324289256225196169144121100816449362516941
19 361324289256225196169144121100816449362516941
20 400361324289256225196169144121100816449362516941
21 441400361324289256225196169144121100816449362516941
22 484441400361324289256225196169144121100816449362516941
23 | 529484441400361324289256225196169144121100816449362516941

3.6 Permutation Sequence

Table 3.29: Permutation sequence

n
12
1342
135642
13578642
13579108642
135791112108642
1357911131412108642
13579111315161412108642
135791113151718161412108642
1357911131517192018161412108642
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Questions:
1. Is there any perfect power among these numbers?

2. Their last digit should be: either 2 for exponents of the form 4k + 1, either
8 for exponents of the form 4k + 3, where k = 0?

3.7 Generalized Permutation Sequence

If g:N* — N*, as a function, giving the number of digits of a(n), and F is a
permutation of g(n) elements, then: a(n) = F(1)F(2)...F(g(n)).

3.8 Combinatorial Sequences

Combinations of 4 taken by 3 for the set {1,2,3,4}: 123, 124, 134, 234, com-
binations of 5 taken by 3 for the set {1,2,3,4,5}: 123, 124, 125, 134, 135, 145, 234,
235, 245, 345, combinations of 6 taken by 3 for the set {1,2,3,4,5,6}: 123, 124,
125, 126, 134, 135, 136, 145, 146, 156, 234, 235, 236, 245, 246, 256, 345, 346, 356,
456, ... .

Which is the set of 5 decimal digits for which we have the biggest number of
primes for numbers obtained by combinations of 5 — digits taken by 3?

We consider 5 digits of each in the numeration base 10, then, from men-
tioned sets, it results numbers by combinations of 5 - digits taken by 3 as it
follows:

nao) | factors naey | factors
795 | 3-5-53 975 | 3-5%-13
793 | 13-61 973 | 7-139
791 | 7-113 971 971
753 | 3-251 953 953
{7,9,5,3,1} =| 751 751]| 19,7,5,3,1}=| 951 | 3-317
731 | 17-43 931 7219
953 953 753 | 3-251
951 | 3-317 751 751
931 | 7%-19 731 17-43
531 | 32-59 531 3%2.59
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nao) | factors nao | factors
571 571 315 | 3257
579 | 3-193 317
573 | 3-191 319 | 11-29
519 | 3-173 357 | 3.7-17
{5,7,1,9,3} =| 513 | 3%.19 | {3,1,5,7,9) =>| 359 359
593 | |593 379 379
719 | [719 157 157
713 | 2331 159 | 3-53
793 | 13-61 179 179
193 | |193 579 | 3-193
ngao | factors nqao | factors
135 3%.5 143 | 11-13
137 137 147 | 3-7°
139 139 149 | 149
157 157 137 | [137
{1,3,5,7,9=| 159 | 3-53| {1,4,3,7,9)=| 139 | [139
179 179 | 179
357 | 3-7-17 437 | 19-23
359 359 439 | [439
379 379 479 | 479
579 | 3-193 379 | [379
nao | factors nao) | factors
130 [ 2-5-13 103 | [103
137 137 107 | [107
139 139 109 | |109
107 107 137 | |137
{1,3,0,7,9y =| 109 109] | {1,0,3,7,9)=| 139 | |139
179 179 179 | 179
307 | [307 37| |[37]
309 | 3-103 39| 3-13
379 | [379] 79| [79]
79 [79] 379 | [379]

In conclusion, it was determined that the set 1, 0, 3, 7, 9 generates primes by
combining 5 — digit taken by 3.
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Generalization: which is the set of m — decimal digits for which we have the
biggest number of primes for numbers obtained by combining m — digits taken
by n?

1010 factors

2068 | 22-11-47

2063 2063

2069 2069

2083 2083

2089 2089

: 2039 2039

12,4,0,6,8,5,1,3,7,9) = | {2,0,6,8,3,9} | =| 2583 2683
_ 2689 2689

2639 | 7-13-29
2839 17-167

683 683
689 13-53
639 32.71
839 839

6839 7-977

Of all 210 = Cfo combinations of 10 — digits taken by 6, the most 4 — digit
primes are the numbers for digits 2, 0, 6, 8, 3,9. Of all 15 = Cg combinations of
6 — digits taken by 4 we have 9 primes.

3.9 Simple Numbers

Definition 3.3 ([Smarandache, 2006]). A number 7 is called simple number if
the product of its proper divisors is less than or equal to 7.

By analogy with the divisor function o (n), let

Mi(m) =) d, 3.1)
din

denote the product of the divisors d of n (including # itself). The function oy :
N* — N* counted the divisors of n. If n = p{* - py?--- py", then oo(n) = (a1 +
D(az+1)---(a,;, + 1), [Weisstein, 2014a].

Theorem 3.4. The divisor product (3.1) satisfies the identity

oq(n)

Nn)=n"2 . (3.2)
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Proof. Let n= p{' p,?, where p1, p» € P> si n € N*, then divisors of n are:

Py, pipy, PP, . pgpga

pipy,  PiPys  PiPas o pip%f,

pips,  PiPy,  PiPss e PiDY%,

PPy, pypas PYPa. - PUPSR.

The products lines of divisors are:

a a2(a2+1)
(PYPD) - (PIpy) - (PYP3) -+ (pIpy*) = P?Pzz( e’
(PipD)- (PipY)-(pipd) - pips> = p“*Vp, =,
a2(a2+1)
PP (PIph) - (i) PPy = pi e Up, T

a2(a2+1)

Py P3P p2)- (P PR) - (P P5®) = P

Now we can write the product of all divisors:

_ 0.0 0.1 ay .2 a)
H(n)—(plpz)-(plpz)---(p11p2)~--(p11p22)
Al g, 11 (@)

=P b,
(a1+1)2(a2+1)a1 (Ut1+1]2(062+1]a2

=P b,

as(anp+1)
2

ap(n) oq(n)
(1,02
=(p'py?) 7 =n"7 .

By induction, it can be analogously proved the same identity for numbers
that have the decomposition in m-prime factors n = p{" - p;--- py". O

The table 3.30 gives values of n for which I1(n) is a m th power. Lionnet
[1879] considered the case m = 2, [Weisstein, 2014a].

OEIS n
[Sloane, 2014, A048943] | 1,6, 8, 10, 14, 15, 16, 21, 22, 24, 26, ...
[Sloane, 2014, A048944] | 1, 4, 8,9, 12, 18, 20, 25, 27, 28, 32, ...
[Sloane, 2014, A048945] | 1, 24, 30, 40, 42, 54, 56, 66, 70, 78, ...
[Sloane, 2014, A048946] | 1, 16, 32, 48, 80, 81, 112, 144, 162, ...

Gk W NS

Table 3.30: Table which I1(n) is a m—th power

Forn=1,2,...and k =1 the first few values are 1, 2, 3, 8, 5, 36, 7, 64, 27, 100,
11,1728, 13,196, ..., [Sloane, 2014, A007955].
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Likewise, we can define the function

Pm=)d, (3.3)
dln

denoting the product of the proper divisors d of n. Then definition 3.3 becomes
Definition 3.5. The number n € N is simple number if and only if P(n) < n.

We have a similar identity with (3.2), [Lucas, 1891, Ex. VI, p. 373].

20m _y
Pn)=n"2 . (3.4)

Theorem 3.6. The product of proper divisors satisfies the identity (3.4).

Proof. Letn = pflpgz, where py, p2 € P>y si n € N*, then proper divisors of n

are:

pipy, PP, .. p?p;‘zj, pips?,
PPy, PPy PiPys - PIP2 o PIPSC
pipy,  PiPy» PiPas o PIPYS . PiPy
pi' Py, pUpy, pUPE - PP
The products lines of divisors are:
0,13 (1102 0,021y (0, a P
(pip2)- (PP (pip" ) (p1p2) = PPy -
(P1pD) Pip) - Plpd) - ipe ™ ipy) = P,
(PirD- PPy - ipd)- pips* - iy = P p, T
. pal(U‘Z"’U pa2(¢122+1)
R R R B
1 2
Now we can write the product of all proper divisors:
P() = (pYpy)-- (py' p3) -+ (7' ps* ™)
aq(ay+1) as(ap+1)
_pl—l 21 (ap+1) ;a1+1)—2 22 B UOT(mal—m UOT(maz—ocz
-y PN P2

By induction, it can be analogously proved the same identity for numbers
that have the decomposition in m - prime factors n.= p{"* - p;*--- py". O
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Observation 3.7. To note that P(n) =1 if and only if n € P»,.

Observation 3.8. Due to Theorem 3.6 one can give the following definition of
simple numbers: Any natural number that has more than 2 divisors by its own
is a simple number. Obviously, we can say that any natural number that has
more than 2 divisors by its own is a non-simple (complex) number.

Using the function 3.3 one can write a simple program for determining the
simple numbers: 2, 3, 4,5, 6,7,8,9, 10, 11, 13, 14, 15, 17, 19, 21, 22, 23, 25, 26,
27,29, 31, 33, 34, 35, 37, 38, 39, 41, 43, 46, 47, 49, 51, 53, 55, 57, 58, 59, 61, 62,
65, 67,69,71,73,74,77,79, 82, 83, 85, 86, 87, 89, 91, 93, 94, 95, 97, 101, 103, 106,
107,109,111, 113, 115, 118, 119, 121, 122, 123, 125, 127, 129, 131, 133, 134, 137,
139, 141, 142, 143, 145, 146, 149, ...
or the non-simple (complex) numbers: 12, 16, 18, 20, 24, 28, 30, 32, 36, 40, 42,
44, 45, 48, 50, 52, 54, 56, 60, 63, 64, 66, 68, 70, 72, 75, 76, 78, 80, 81, 84, 88, 90,
92, 96, 98, 99, 100, 102, 104, 105, 108, 110, 112, 114, 116, 117, 120, 124, 126, 128,
130, 132, 135, 136, 138, 140, 144, 147, 148, 150, ... .

How many simple numbers or non-simple (complex) numbers we have to
the limit L=100, 1000, 10000, 20000, 30000, 40000, 50000, ...? The Table 3.31
answers the question:

L | Simple | Complex

100 61 38
1000 471 528
10000 3862 6137

20000 7352 12647
30000 | 10717 17282
40000 | 14004 25995
50000 | 17254 32745

Table 3.31: How many simple numbers or non-simple

3.10 Pseudo-Smarandache Numbers

Let n be a positive natural number.

Definition 3.9. The pseudo-Smarandache number of order o (0 = 1,2,...) of
n € N* is the first natural number m for which

So(m)=1°+2°+...+ m° (3.5)

divides to n. The pseudo-Smarandache number of first kind is simply called
pseudo-Smarandache number.
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3.10.1 Pseudo-Smarandache Numbers of First Kind

The pseudo-Smarandache number of first kind to L=50sunt: 1, 3, 2, 7, 4, 3,
6,15,8,4,10,8,12,7,5,31, 16, 8, 18, 15, 6, 11, 22, 15, 24, 12, 26, 7, 28, 15, 30, 63,
11, 16, 14, 8, 36, 19, 12, 15, 40, 20, 42, 32, 9, 23, 46, 32, 48, 24 , obtained by calling
the function Z; given by the program 2.109, n:=1..L, Z;(n) =

Definition 3.10. The function Zlk(n) = Z1(Z1(...(Z1(n)))) is defined, where
composition repeats k—times.

We present a list of issues related to the function Z;, with total or partial
solutions.

1. Is the series

3.6
Z Zl(n) (5.6

convergent?

Because
o0

1 1
n;zl(n) ZZ2n 1=

n=1

o0

it follows that the series (3.6) is divergent.

2. Is the series

X Zi(n
convergent?
Because
°° Zl(n) x \/8n+ -1 &1
)y =2 >
n=1 n=1 n=1n2

and because the harmonic series

1
a
1 n

18

N
1l

with 0 < a < 1 is divergent, according to [Acu, 2006], then it follows that
the series (3.7) is divergent.

3. Is the series

(3.8)

convergent?
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4. For a given pair of integers k, m € N*, find all integers n such that Zlk(n) =
m. How many solutions are there?

Program 3.11. for determining the solutions of Diophantine equations
Z%(n) = m.

P2Z1(ng, np, mg, mp) =k —1
for me mg.my
j<—2
forneng.ny
if m=2,(Z1(n))
Sk,j —n
j—j+1
if j>3
Sk,l —m
k—k+1
return S

Using the program 3.11 we can determine all the solutions, for any n €
{ng,ng+1,...,np} and any m € {mg, my +1,..., mp}, where m is the right
part of the equation Zf(n):m. For example for n € {20,21,...,100} and
m e {12,13,...,22} we give the solutions in Table 3.32.

m|n

12 | 27,52,79,91;

14 | 90;

15 | 25, 31, 36, 41, 42, 50, 61, 70, 75, 82, 93, 100;
16 | 51, 85;

18 | 38, 95;

20 | 43,71;

22 | 46, 69, 92;

Table 3.32: The solutions of Diophantine equations le(n) =m

Using a similar program (instead of condition m=27,(Z;(n)) one puts the
condition m=2;(Z1(Z; (n)))) we can obtain all the solutions for the equa-
tion Zf(n) = mwith n € {20,21,...,100} and m € {12,13,...,22}:

5. Are the following values bounded or unbounded

@ |Z1(n+1)—Z1(n);
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m | n
12 | 53, 54, 63;

15 | 26, 37,39, 43, 45, 57, 62, 65, 71, 74, 78, 83;
20 | 86;

22 | 47,

Table 3.33: The solutions of Diophantine equations Zf (n)=m

(b)

Z1(n+ 1)/ Z1(n).

We have the inequalities:

[Zi(n+1) - Z1(n)| =

)

\/8n+1—1w
2

2n+1—{

[s1(n+1)] _ Zi(n+1) _2n+1
2n-1 = Zi(n) T [s1(m)]°

6. Find all values of n such that:

(a)

(b)

(©

Zi(n) = Z1(n+ 1), for n € {1,2,...,10°} there is no n, to verify the
equality;

Zi(n)| Z1(n+1), for ne {1,2,...,10°} obtain: 1, 6, 22, 28, 30, 46, 60,
66, 102, 120, 124, 138, 156, 166, 190, 262, 276, 282, 316, 348, 358, 378,
382, 399, 430, 478, 486, 498, 502, 508, 606, 630, 642, 700, 718, 732,
742, 750, 760, 786, 796, 822, 828, 838, 852, 858, 862, 886, 946, 979,
982;

Zi(n+1)| Zy(n) , for n€ {1,2,...,10%} obtain: 9, 17, 25, 41, 49, 73, 81,
97,113,121, 169, 193, 233, 241, 257, 313, 337, 361, 401, 433, 457, 577,
593, 601, 617, 625, 673, 761, 841, 881, 977;

7. Is there an algorithm that can be used to solve each of the following equa-
tions?

(a)

Z1n)+ Z1(n+ 1) = Z1(n + 2) with the solutions: 609, 696, for n €
{1,2,...,10%};

(b) Z1(n) = Z1(n+1)+ Z;(n+2) with the solutions: 4, 13, 44, 83, 491, for

ne{l,2,...,10%};

(©) Zi1(n)- Zy(n+1) = Z;(n+2) not are solutions, for n € {1,2,...,10%};
(d) 2-Z1(n+1) = Z1(n)+ Z; (n+2) not are solutions, for n € {1,2,...,103};
(e) Zi(n+1)*=Z1(n)- Z;(n+2) not are solutions, for n € {1,2,...,10%}.
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8. There exists n € N* such that:

(a)

(b)

(©

(d)

Z1(n) < Zy(n+1) < Z1(n+2) < Z1(n+3)? The following numbers, for
n <103, have the required propriety: 91, 159, 160, 164, 176, 224, 248,
260, 266, 308, 380, 406, 425, 469, 483, 484, 496, 551, 581, 590, 666,
695, 754, 790, 791, 805, 806, 812, 836, 903, 904. There are infinite
instances of 3 consecutive increasing terms in this sequence?

Zi(n)>Zi(n+1)> Zi(n+2) > Z(n+3)? Up to the limit L = 10% we
have the numbers: 97, 121, 142, 173, 214, 218, 219, 256, 257, 289, 302,
361, 373, 421, 422, 439, 529, 577, 578, 607, 669, 673, 686, 712, 751,
757,761, 762,773, 787, 802, 890, 907, 947 which verifies the required
condition. There are infinite instances of 3 consecutive decreasing
terms in this sequence?

Z1(n)>Z1(n+1)>Z1(n+2)>/Z1(n+3)>Z1(n+4)?2 Upton < 103
there are the numbers: 159, 483, 790, 805, 903, which verifies the
required condition. There are infinite instances of 3 consecutive de-
creasing terms in this sequence?

Zinm<Ziin+)<Z1(n+2)< Z1(n+3)< Z1(n+4)?2 Upton < 103
there are the numbers: 218, 256, 421, 577, 761, which verifies the

required condition. There are infinite instances of 3 consecutive de-
creasing terms in this sequence?

9. We denote by S, the Smarandache function, the function that attaches to
any n € N* the smallest natural number m for which m! is a multiple of n,
[Smarandache, 1980, Cira and Smarandache, 2014]. The question arises
whether there are solutions to the equations:

(a)

(b)

Z1(n) = S(n)? In general, if Z;(n) = S(n) = m, then n | [m(m+1)/2]
and n | m! must be satisfied. So, in such cases, m is sometimes the
biggest prime factor of n, although that is not always the case. For
n < 10? we have 19 solutions: 1, 6, 14, 15, 22, 28, 33, 38, 46, 51, 62,
66, 69, 86, 87, 91, 92, 94, 95 . There are an infinite number of such
solutions?

Z1(n) = S(n) —1? Let p € P55. Since it is well-known that S(p) = p,
for p € P55, it follows from a previous result that Z;(p) +1 = S(p). Of
course, it is likely that other solutions may exist. Up to 10> we have
37 solutions: 3, 5, 7, 10, 11, 13, 17, 19, 21, 23, 26, 29, 31, 34, 37, 39,
41, 43, 47, 53, 55, 57, 58, 59, 61, 67, 68, 71, 73, 74, 78, 79, 82, 83, 89,
93,97 . Let us observe that there exists also primes as solutions, like:
10, 21, 26, 34, 39, 55, 57, 58, 68, 74, 78, 82, 93. There are an infinite
number of such solutions?
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(c) Z1(n)=2-S(n)? This equation up to 103 has 33 solutions: 12, 35, 85,
105, 117, 119, 185, 217, 235, 247, 279, 335, 351, 413, 485, 511, 535,
555, 595, 603, 635, 651, 685, 707, 741, 781, 785, 835, 893, 923, 925,
927, 985. In general, there are solutions for equation Z; (n) = k-S(n),
for k=2,3,...,16 and n < 10%. There are an infinite number of such
solutions?

3.10.2 Pseudo-Smarandache Numbers of Second Kind

Pseudo-Smarandache numbers of second kind up to L =50 are: 1, 3, 4, 7, 2,
4,3,15,13,4,5,8,6,3,4,31,8,27,9,7,13, 11, 11, 31, 12, 12, 40, 7, 14, 4, 15, 63,
22,8,7,40,18, 19, 13, 15, 20, 27, 21, 16, 27, 11, 23, 31, 24, 12, obtained by calling
the function Z, given by the program 2.113, n:=1..L, Z,(n) =.

Definition 3.12. The function sz (n) = Zo(Z,(...(Z2(n)))) is defined by the com-
position which repeats of k times.

We present a list, similar to that of the function 7, of issues related to the
function Z,, with total or partial solutions.

1. Is the series

< 1
> (3.9)
n=1 ZZ(”)
convergent?
Because
X 1 X 1
= =00,
it follows that the series (3.9) is divergent.
2. Is the series
5 20 (3.10)
n=1 N
convergent?
Because © 7 - o 1
n s2(n
Z 2 ) > Z 2( ) > Z — =oo,
n=1 n n=1 n n=1n3

where s, (n) is given by (2.103), and for harmonic series
X1
n=1 n<

with 0 < a < 1 is divergent, according to Acu [2006], then it follows that
the series (3.10) is divergent.
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3. Is the series

2 Zr(n)
n=1 n2

(3.11)

convergent?

For a given pair of integers k, m € N, find all integers n such that sz (n) =
m. How many solutions are there?

Using a similar program with the program 3.11 in which, instead of the
condition m = Z;(Z;(n)) we put the condition m = Z,(Z,(n)). With this
program we can determine all the solutions for any n € {n,, n,+1,..., np}
and any m € {mg, mgy+1,..., myp}, where m is the right part of equation
Zzz(n) = m. For example, for n € {20,21,...,100} and m € {12,13,...,22} we
give the solution in the Table 3.34.

m| n

12 | 53;

13 | 32,43,57,79, 95, 96;

14 | 59;

15 | 24,27, 34, 36, 48, 51, 54, 56, 60, 68, 84, 93;
16 | 89;

20 | 83;

21 | 86;

22 | 67;

Table 3.34: The solutions of Diophantine equations Zzz(n) =m

With a similar program (instead of condition m = Z,(Z,(n)) one puts
the condition m=2,(Z,(Z,( n)))) one can obtain all solutions for equation
Zg(n) = mwith n € {20,21,...,100} and m € {12,13,...,22}:

m | n

13 | 38, 52, 64, 80, 86;
15 | 25, 26, 42, 44, 45, 49, 50, 65, 66, 73, 74, 85, 88, 90, 97, 98, 99, 100;

Table 3.35: The solutions for equation ZS (n)=m

5. Are the following values bounded or unbounded

(@ |ZL(n+1)—Z(n);
(b) Zo(n+1)/Zy(n).
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We have the inequalities:

|Zo(n+1)—Z(n)| < 12n+1) - [s2(m)11

[s2(n+1)] - Zo(n+1) _ 2n+1
2n—-1 = Zn) T~ [s20m]°

6. Find all values of n such that:

@ Z(n)=Z(n+1),forne{l,2,...,5-10*} we obtained 10 solutions:
22,25,73,121, 166, 262, 313, 358, 361, 457;

(b) Z»(n)| Zz(n+1),forne{1,2,...,5-10?} we obtained 21 solutions: 1,
5,7, 22,25, 28, 51, 70, 73, 95, 121, 143, 166, 190, 262, 313, 358, 361,
372,457, 473;

©) Z(n+1)| Z(n), for n € {1,2,...,5-10?} we obtained 28 solutions:
13, 18, 22, 25, 49, 54, 61, 73,97, 109, 121, 128, 157, 162, 166, 174, 193,
218, 241, 262, 289, 313, 337, 358, 361, 368, 397, 457;

7. Is there an algorithm that can be used to solve each of the following equa-
tions?

(@) Zo(n)+ Zo(n+1) = Z»(n+ 2) with the solutions: 1, 2, for n < 103;

(b) Zo(n) =Z(n+1) + Zy(n+ 2) with the solutions: 78, 116, 582, for n <
103;

(©) Zo(n)-Zy(n+1) = Zy(n+2) not are solutions, for n €< 103;

(d) 2-Zy(n+1) = Zy(n) + Z»(n + 2) with the solution: 495, for n < 103;

(€) Zo(n+1)%=Z,(n)-Z>(n+2) not are solutions, for n < 10°.
8. There is n € N* such that:

(@ Z(n) < Zo(n+1) < Zp(n+2) < Zr(n+3)? The following 24 num-
bers, for n < 5-102, have the required propriety: 1, 39, 57, 111, 145,
146, 147, 204, 275, 295, 315, 376, 380, 381, 391, 402, 406, 425, 445,
477,494, 495, 496, 497. There are infinite instances of 3 consecutive
increasing terms in this sequence?

(b) Zo(n) > Zr(n+1) > Z(n+2) > Z(n+3)? Up to the limit L=5- 102
we have 21 numbers: 32, 48, 60, 162, 183, 184, 192, 193, 218, 228,
256, 257, 282, 332, 333, 342, 362, 422, 448, 449, 467, which verifies
the required condition. There are infinite instances of 3 consecutive
decreasing terms in this sequence?
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(© Zo(n)>Zo(n+1)> Zo(n+2)> Zo(n+3) > Z(n+4)2 Upton<103
there are the numbers: 145, 146, 380, 494, 495, 496, 610, 805, 860,
930, 994, 995,which verifies the required condition. There are infi-
nite instances of 3 consecutive increasing terms in this sequence?

(d) Zo(n) < Zo(n+1) < Zo(n+2)< Zo(n+3) < Zo(n+4)2 Up to n < 103
there are the numbers: 183, 192, 256, 332, 448, 547, 750, 751, which
verifies the required condition. There are infinite instances of 3 con-
secutive increasing terms in this sequence?

9. We denote by S, the Smarandache function, i.e. the function which at-
taches to any n € N* the smallest natural number m for which m! is a
multiple of n, [Smarandache, 1980, Cira and Smarandache, 2014]. The
question arises whether there are solutions to the equations:

(@ Zp(n) = S(n)? In general, if Zy(n) = S(n) = m, then n | [m(m +
1)(2m +1)/6] and n | m! must be satisfied. So, in such cases, m is
sometimes the biggest prime factor of n, although that is not always
the case. For n < 3-10? we have 30 solutions: 1, 22, 28, 35, 38, 39,
70, 85, 86, 92,93,117,118, 119, 134, 140, 166, 185, 186, 190, 201, 214,
217, 235, 247, 255, 262, 273, 278, 284 . There are an infinite number
of such solutions?

(b) Zx(n) = S(n) — 12 Let p € Px5. Since it is well-known that S(p) = p,
for p € Ps;5, it follows from a previous result that Z;(p) + 1 = S(p).
Of course, it is likely that other solutions may exist. Up to 3 -10% we
have 26 solutions: 10, 15, 26, 30, 58, 65, 69, 74, 77, 106, 115, 122, 123,
130, 136, 164, 177, 187, 202, 215, 218, 222, 246, 265, 292, 298. There
are an infinite number of such solutions?

(c) Z»(n) =2-S(n)? This equation up to 2-10? has 7 solutions: 12, 33,
87, 141, 165, 209, 249. In general, there exists solutions for equation
Z>(n) = k-S(n), for k =2,3,4,5 and n < 10°. There are an infinite
number of such solutions?

3.10.3 Pseudo-Smarandache Numbers of Third Kind

The pseudo-Smarandache numbers of third rank up to L =50 are: 1, 3, 2, 3,
4,3,6,7,2,4,10,3,12,7,5,7,16,3,18,4,6,11, 22,8,4,12, 8, 7, 28, 15, 30, 15, 11,
16, 14, 3, 36, 19, 12, 15, 40, 20, 42, 11, 5, 23, 46, 8, 6, 4 , obtained by calling the
function given by the program 2.120, n:=1..L, Z3(n) =.

Definition 3.13. In the function Zsfc(n) = Z3(Z3(...(Z3(n)))) the composition re-
peats k times.
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We present a list, similar to that of function Z;, with issues concerning the
function Z3, with total or partial solutions.

1. Is the series

(e 0]
Z (3.12)
123 (n)
convergent?
Because
o0 o0
>
>z

it follows that the series (3.12) is dlvergent.

2. Is the series
Zs(n)

(o0}
Z (3.13)
convergent?
Because oz @ s
3(n S3(n
L=, =L Z 7=
n=1 n=1 n=1n4
therefore it follows that the series (3.13) is divergent (see Figure 3.1).
Ii i{) iS .’I.O
Figure 3.1: The functions s3(n)-n~! and ni
3. Is series o
n
Z 3( ) (3.14)
convergent?

4. For a given pair of integers k, m € N*, find all integers n such that Zefc(n) =
m. How many solutions are there?

Using a program similar to the program 3.11 where instead of condition
m = Z1(Z;(n)) we put the condition m = Z3(Z3(n)). Using this program,
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we can determine all solutions, or any n € {ng n,+1,...,np} and any
m € {mg, my+1,...,mp}, where m is the right member of the equation
Z??(n) = m. For example, for n € {20,21,...,100} and m € {12,13,...,22} we
have the solutions in Table 3.36:

m|n

12 | 53,79, 91;

15 | 31,41, 61, 82, 88, 93, 97;
16 | 51, 85;

18 | 38, 76, 95;

20 | 43,71,

22 | 46,69, 92;

Table 3.36: The solutions of Diophantine equations Zgz(n) =m

Using a similar program (instead of condition m = Z3(Z3(n)) we put the
condition m=73(Z3 (Zg(l’l)))) we can obtain all solutions for the equation
Zg’(n) = mwith n € {20,21,...,100} and m € {12,13,...,22}:

m|n

15 | 62, 83, 89;
20 | 86;

22 | 47,

Table 3.37: The solutions of Diophantine equations 233 (n)=m

5. Are the following values bounded or unbounded

(@ [Z3(n+1) - Z3(n)l;
(b) Zz(n+1)/Zz(n).

We have the inequalites:
| Zs(n+1) = Zs(n)| < |(n+1)* - s3(n)| ,

s3(n+1) _ Zg(n+1) _ (n+1)>2
n2 = Z3(n) ~ s3(n)

6. Find all values of n such that:

@ Z3z(n)=Zz(n+1),for ne{1,2,...,103} does not have solutions;
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(b)

(©

Z3(n) | Zzs(n+1), for n€{1,2,...,3-10?} we obtained 35 solutions:
1,6,9, 12, 18, 22, 25, 28, 30, 36, 46, 60, 66, 72, 81, 100, 102, 112, 121,
138, 147, 150, 156, 166, 169, 172, 180, 190, 196, 198, 240, 262, 268,
276, 282;

Z3(n+1)| Z3(n) , for n€ {1,2,...,10°} we obtained 25 solutions: 24,
31, 41, 73, 113, 146, 168, 193, 257, 313, 323, 337, 401, 433, 457, 506,
575,577,601, 617, 673, 728, 761, 881, 977;

7. Isthere an algorithm that can be used to solve each of the following equa-
tions?

(a)

(b)

(©
(d)

(e

Z3(n)+ Z3(n+1) = Z3(n+2) with the solutions: 24, 132, 609, 979, for
ne{l,2,...,10%};

Z3(n) = Z3(n+ 1) + Z3(n + 2) with the solution: 13, for n €
{1,2,...,10%};

Z3(n)- Z3(n+1) = Z3(n+2) not are solutions, for n € {1,2,...,103};

2-Z3(n+1) = Z3(n) + Z3(n + 2) with the solution: 3, 48, 318, 350, for
ne{l,2,...,10%};

Z3(n+1)? = Z3(n) - Z3(n + 2) not are solutions, for n € {1,2,...,10%}.

8. There exists n € N* such that:

(@

(b)

(9]

(d)

Z3(n) < Z3(n+1) < Z3(n+2) < Z3(n+3)? The next 25 number, forn <
8-102, have the required property: 20, 56, 91, 164, 175, 176, 236, 308,
350, 380, 405, 406, 468, 469, 496, 500, 644, 650, 656, 666, 679, 680,
715, 716, 775. Are there infinitely many instances of 3 consecutive
increasing terms in this sequence?

Z3(n) > Z3(n+1) > Z3(n+2) > Z3(n+3)?2 Up to the limit L = 8-10°> we
have 21 numbers: 47, 109, 113, 114, 118, 122, 123, 157, 181, 193, 257,
258, 317, 397, 401, 402, 487, 526, 534, 541, 547, 613, 622, 634, 669,
701, 723, 757, 761, 762, which verifies the required condition. Are
there infinitely many instances of 3 consecutive decreasing terms in
this sequence?

Z3(n) > Zz3(n+1) > Z3(n+2) > Z3(n+3) > Z3(n+4)2 Upton < 103
there are the numbers: 175, 405, 468, 679, 715, 805, 903, which veri-
fies the required condition. Are there infinitely many instances of 3
consecutive increasing terms in this sequence?

Z3(n) < Zz3(n+1)< Z3(n+2)< Z3(n+3) < Z3(n+4)2 Upton < 108
there are the numbers: 113, 122, 257, 401, 761, 829, which verifies
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the required condition. Are there infinitely many instances of 3 con-
secutive increasing terms in this sequence?

9. We denote by S, the Smarandache function, i.e. the function that attach
to any n € N* the smallest natural number m for which m! is a multiple
of n, [Smarandache, 1980, Cira and Smarandache, 2014]. The question
arises whether there are solutions to the equations:

(@) Z3(n) = S(n)? In general, if Z3(n) = S(n) = m, then n | [m(m+1)/2]
and n | m! must be satisfied. So, in such cases, m is sometimes the
biggest prime factor of n, although that is not always the case. For
n < 10% we have 23 solutions: 1, 6, 14, 15, 22, 28, 33, 38, 44, 46, 51, 56,
62, 66, 69, 76, 86, 87, 91, 92, 94, 95, 99 . There are an infinite number
of such solutions?

(b) Z3(n) = S(n)—1? Let p € P>5. Since it is well-known that S(p) = p,
for p € P=s, it follows from a previous result that Z3(p) +1 = S(p). Of
course, it is likely that other solutions may exist. Up to 10> we have
46 solutions: 3, 4, 5,7, 10, 11, 12, 13, 17, 19, 20, 21, 23, 26, 27, 29, 31,
34, 37, 39, 41, 43, 45, 47, 52, 53, 54, 55, 57, 58, 59, 61, 63, 67, 68, 71,
73, 74, 78, 79, 81, 82, 83, 89, 93, 97. There are an infinite number of
such solutions?

(c) Z3(n) =2-S(n)? This equation up to 10? has 3 solutions: 24, 35, 85.
There are an infinite number of such solutions?

3.11 General Residual Sequence

Let x, n two integer numbers. The general residual function is the product
between (x+Cy)(x+Cy) -+ (x+ Cyp(n)), Wwhere Cy. are the residual class of n which
are relative primes to n. As we know, the relative prime factors of the number
n are in number of ¢ (n), where ¢ is Euler’s totient function, [Weisstein, 2016b].
We can define the function GR:Z x 7 — Z,

p(n)
GR(x,n) = [] (x+Cy), (3.15)
k=1

where the residual class Cj. (mod n) is the class Cy. for which we have (Cy,n) =1
(Cy relative prime to n), [Smarandache, 1992, 1995].

The fact that the residual class Cy. is relative prime to n can be written also
in the form gcd(Cy, n) =1, i.e. the greatest common divisor of C and n is 1.

Program 3.14. General residual function
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GR(x,n):=gr <1
forkel.n
gr—gr(x+k) if ged(k,n)=1
return gr

Let n=2,3,...,20. General residual sequence for x = 0 is:

1,2,3,24,5,720,105,2240,189,3628800,385,479001600, 19305, 896896,
2027025,20922789888000, 85085,6402373705728000,8729721,

and for x =1 is:

2,6,8,120,12,5040,384, 12960, 640,39916800, 1152,6227020800,
80640, 5443200, 10321920, 355687428096000, 290304,
121645100408832000, 38707200

and for x =2 is:

3,12,15,360,21,20160,945,45360, 1485,239500800, 2457,
43589145600,225225,20217600,34459425,3201186852864000, 700245,
1216451004088320000, 115540425 .

3.12 Goldbach-Smarandache Table

Goldbach’s conjecture asserts that any even number > 4 is the sum of two
primes, [Oliveira e Silva, 2016, Weisstein, 2016a].
Let be the sequence of numbers be:

1) = 6 the largest even number such that any other even number, not ex-
ceeding it, is the sum of two of the first 1 (one) odd prime 3; 6 =3 + 3;

tp = 10 the largest even number such that any other even number, not
exceeding it, is the sum of two of the first 2 (two) odd primes 3, 5; 6 = 3+3,
8=3+5;

3 = 14 the largest even number such that any other even number, not
exceeding it, is the sum of two of the first 3 (three) odd primes 3, 5, 7;
3+3=6,3+5=8,5+5=10,7+5=12;7+7 = 14;

t4 = 18 the largest even number such that any other even number, not
exceeding it, is the sum of two of the first 4 (four) odd primes 3, 5, 7, 11;
6=3+3,8=3+5,10=3+7,12=5+7,14=7+7,16=5+11,18=11+7;
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5=....

Thus we have the sequence: 6, 10, 14, 18, 26, 30, 38, 42, 42, 54, 62, 74, 74, 90, ... .

Table 3.38 contains the sum primey. + prime;, k =5,6,...,15, j = 2, k, where
prime is the vector of prime numbers obtained by the program 1.1 using the
call prime:= SEPC(47). From this table one can see any even number n (11 <

n < 47) to what amount of prime numbers equals.

+ |11 13 17 19 23 29 31 37 41 43 47
3114 16 20 22 26 32 34 40 44 46 50
5|16 18 22 24 28 34 36 42 46 48 52
7118 20 24 26 30 36 38 44 48 50 54
11 |22 24 28 30 34 40 42 48 52 54 58
13| 0 26 30 32 36 42 44 50 54 56 60
171 0 0 34 36 40 46 48 54 58 60 64
19/ 0 0 0 38 42 48 50 56 60 62 66
231 0 0 O 0 46 52 54 60 64 66 70
291 0 0 0 O O 58 60 66 70 72 76
31, 0 0 0 O O O0 62 68 72 74 78
3y, 0 0 0 O O O O 74 78 80 84
41, 0 0 O O O O O o0 82 84 88
431 0 0 0 O O O O O O 8 90
47,0 0 O O O O O 0o 0 0 94

Table 3.38: Goldbach-Smarandache table

Table 3.38 is generated by the program:
Program 3.15. Goldbach-Smarandache.

GSt(a, b) := prime — SEPC(b)
for ke2.last(prime)
if prime.=a
ka—k
break
for ke ka..last(prime)
forje2.k
8j-1,k—ka+1 — Primey + prime;
return g

The call of the program GSt¢for obtaining the Table 3.38 is GS#(11,50).
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We present a program that determines all possible combinations (apart
from the addition’s commutativity) of sums of two prime numbers that are
equal to the given even number.

Program 3.16. search Goldbach-Smarandache table.

SGSt(n) :=| return "Error n is odd" if mod (n,2) #0
prime — SEPC(n +2)
forke2.5
if prime. =5
ka—k
break
h—1
for ke last(prime)..ka
forje2.k
i f n=primey + prime;
gh1—n
gho—"=
&n,3 < prime;
gna—"+"
8h5 — prime;
h—h+1
break
return g

n

We present two of the program 3.16, calls, for numbers 556 and 346. The
number 556 decompose in 11 sums of prime numbers, and 346 in 9 sums of
prime numbers.

556 "=" 509 "+" 47
556 "=" 503 "+" 53
556 "=" 467 "+" 89
556 "=" 449 "+" 107
556 "=" 443 "4+" 113
SGSt(556) =| 556 "=" 419 "+" 137
556 "=" 389 "+" 167
556 "=" 383 "+" 173
556 "=" 359 "+" 197
556 "=" 317 "4+" 239
556 "=" 293 "+" 263
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346 "=" 317 "4+" 29
346 "=" 293 "+" 53
346 "=" 263 "+" 83
346 "=" 257 "4+" 89
SGSt(346) =| 346 "=" 239 "+" 107
346 "=" 233 "4+" 113
346 "=" 197 "+" 149
346 "=" 179 "+" 167
346 "=" 173 "4+" 173

The following program counts for any natural even number the number of
possible unique decomposition (apart from the addition’s commutativity) in
the sum of two primes.

Program 3.17. for counting the decompositions of n (natural even number) in
the sum of two primes.

NGSt(n) ;= return"Err. nis odd" if mod (n,2) =1
prime — SEPC(n)
h—0
for ke last(prime)..2
forjek.2
if n=primey. + prime;
h—h+1
break
return h

The call of this program using the commands:
n:=6,8..100 ngss_p:= NGSt(n)

will provide the Goldbach-Smarandache series:

ngST = (1, ].;2) 1)2)2)27273y3,3)2)3)27474!2’3’4’3’4’ 5’4’
3,5,3,4,6,3,5,6,2,5,6,5,5,7,4,5,8,5,4,9,4,5,7,3,6) .

3.13 Vinogradov-Smarandache Table
Vinogradov conjecture: Every sufficiently large odd number is a sum of

three primes. Vinogradov proved in 1937 that any odd number greater than
33" satisfies this conjecture.
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Waring’s prime number conjecture: Every odd integer n is a prime or the
sum of three primes.
Let be the sequence of numbers:

vy = is the largest odd number such that any odd number = 9, not ex-
ceeding it, is the sum of three of the first 1 (one) odd prime, i.e. the odd
prime 3;

vy = is the largest odd number such that any odd number = 9, not ex-
ceeding it, is the sum of three of the first 2 (two) odd prime, i.e. the odd
primes 3, 5;

v3 = is the largest odd number such that any odd number = 9, not ex-
ceeding it, is the sum of three of the first 3 (three) odd prime, i.e. the odd
primes 3, 5, 7;

vy = is the largest odd number such that any odd number = 9, not ex-
ceeding it, is the sum of three of the first 4 (four) odd prime, i.e. the odd
primes 3, 5,7, 11;

Us=....

Thus we have the sequence: 9, 15, 21, 29, 39, 47, 57, 65, 71, 93, 99, 115, 129,
137, 143, 149, 183, 189, 205, 219, 225, 241, 251, 269, 287, 309, 317, 327, 335, 357,
371,377,417, 419, 441, 459, 465, 493, 503, 509, 543, 545, 567, 587, 597, 609, 621,
653, 657, 695, 701, 723, 725, 743, 749, 755, 785 ... , [Sloane, 2014, A007962].

The table gives you in how many different combinations an odd number is
written as a sum of three odd primes, and in what combinations.

Program 3.18. that generates the Vinogradov—Smarandache Table with p prime
fixed between the limits a and b.

VSt(p, a, b) :=| prime — SEPC(b)
for ke2.last(prime)
if prime;. =a
ka<—k
break
for ke ka..last(prime)
forje2.k
8j-1,k—ka+1 < P+ prime; + prime;
return g

With this program, we generate the Vinogradov-Smarandache tables for p =
3,5,7,11and a =13, b =45.
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19 23 25 29 35 37 43 47 49
21 25 27 31 37 39 45 49 51
23 27 29 33 39 41 47 51 53
27 31 33 37 43 45 51 55 57
29 33 35 39 45 47 53 57 59
37 39 43 49 51 57 61 63
41 45 51 53 59 63 65 |,
49 55 57 63 67 69
61 63 69 73 75
65 71 75 77

77 81 83

VS1(3,13,45) =

21 25 27 31 37 39 45 49 51
23 27 29 33 39 41 47 51 53
25 29 31 35 41 43 49 53 55
29 33 35 39 45 47 53 57 59
31 35 37 41 47 49 55 59 61
39 41 45 51 53 59 63 65
43 47 53 55 61 65 67 |,
51 57 59 65 69 71
63 65 71 75 77
67 73 77 79

79 83 85

VSi(5,13,45) =

O O OO O o OO

[\
w
\S]
N1
\®]
©
w
w
w
©
o~
[a—

47 51 53
49 53 55
51 55 57
35 37 41 47 49 55 59 61
37 39 43 49 51 57 61 63
41 43 47 53 55 61 65 67
45 49 55 57 63 67 69 |,
53 59 61 67 71 73
65 67 73 77 79
69 75 79 81
81 85 87

NN
~N O
w N
— O
w w
W =
w w
N O
=
W =
=
o W

VS1(7,13,45) =

w w
O O O OO OO K
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27 31 33 37 43 45 51 55 57
29 33 35 39 45 47 53 57 59
31 35 37 41 47 49 55 59 61
35 39 41 45 51 53 59 63 65
37 41 43 47 53 55 61 65 67
45 47 51 57 59 65 69 71
49 53 59 61 67 71 73
57 63 65 71 75 77
69 71 77 81 83
0 73 79 83 85
0 0 8 89 91
0 0 0 93 95
o 0 o 0 0 0O O 0 97

We present a program that determines all possible combinations of Vino-
gradov—-Smarandache Tables, so that the odd number to be written as the sum
of 3 primes. Because the Vinogradov—Smarandache Tables are tridimensional,
we fix the first factor in the triplet of prime numbers so that the program will
determine the other two prime numbers, so that the sum of 3 primes to be 7.

VSi(11,13,45) =

Program 3.19. search Vinogradov—-Smarandache table.

SVSHp, n) :=| return "Error n is odd" if mod (n,2)=0
prime — SEPC(n — p)

n+l
fOI‘ ke 27

if prime, = "T“

ka—k

break
h—1
for ke last(prime)..ka

for je2.k

if n=p + prime, + prime;
8h1<—n
8n2—"="
8h3—P
8ha<—"+"
8hs — primeg
8ne—"+"
8n7 — prime;
h—h+1
break
return g
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For illustration we determine all possible cases of three prime numbers that
add up to be 559..

559 "=" 3 "+" 509 "+" 47
559 "=" 3 "+" 503 "+" 53
559 "=" 3 "+" 467 "+" 89
559 "=" 3 "+" 449 "+" 107
559 "=" 3 "+" 443 "+" 113
SVSK(3,559)=| 559 "=" 3 "+" 419 "+" 137 [,
559 "=" 3 "+" 389 "+" 167
559 "=" 3 "+" 383 "+" 173
559 "=" 3 "+" 359 "+" 197
559 "=" 3 "+" 317 "+" 239
559 "=" 3 "+" 293 "+" 263
559 "=" 5 "+" 547 "+" 7
559 "=" 5 "+" 541 "+" 13
559 "=" 5 "+" 523 "+" 31
559 "=" 5 "+" 487 "+" 67
559 "=" 5 "+" 457 "+" 97
SVSK(5,559)=| 559 "=" 5 "+" 397 "+" 157 [,
559 "=" 5 "+" 373 "+" 181
559 "=" 5 "+" 331 "+" 223
559 "=" 5 "+" 313 "+" 241
559 "=" 5 "+" 283 "+" 271
559 "=" 5 "+4" 277 "+" 277
SVSt(181,559) = ( 559, "=" 181 "+" 197 "+" 181 ).

SVS1(191,559) =0.

Program 3.20. for counting the decomposition of n (odd natural numbers n =
3) in the sum of three primes.

NVSt(n) :=| return "Error n is even" if mod (n,2) =0
prime — SEPC(n +1)
h—0
for k€ last(prime)..2
forjek.2
foriej.2
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if n=prime; + prime; + prime;
h—h+1
break
return h

The call of this program using the controls

n:=3,5..100 nvsy-1 := NVSt(n)

2

will provide the Vinogradov-Smarandache series

nvs' =(0,0,0,1,1,2,2,3,3,4,4,5,6,7,6,8,7,9,10,10,10,11,12,12,
14,16, 14,16, 16, 16,18, 20, 20,20,21,21,21,27,24,25,28,
27,28,33,29,32,35,34,30) .

3.14 Smarandacheian Complements

Let g: A— Abeastrictly increasing function, and let "~" be a given internal
law on A. Then f: A— Ais a smarandacheian complement with respect to the
function g and the internal law "~" if: f(x) is the smallest k such that there
exists a zin A so that x ~ k = g(z).

3.14.1 Square Complements

Definition 3.21. For each integer n to find the smallest integer k such that k- n
is a perfect square.

Observation 3.22. All these numbers are square free.

Numbers square complements in between 10 and 102 are: 10, 11, 3, 13, 14,
15,1, 17, 2, 19, 5, 21, 22, 23, 6, 1, 26, 3, 7, 29, 30, 31, 2, 33, 34, 35, 1, 37, 38, 39,
10, 41, 42, 43,11, 5, 46, 47, 3, 1, 2, 51, 13, 53, 6, 55, 14, 57, 58, 59, 15, 61,62, 7, 1,
65, 66, 67,17, 69, 70, 71, 2,73, 74, 3, 19, 77, 78, 79, 5, 1, 82, 83, 21, 85, 86, 87, 22,
89, 10, 91, 23, 93, 94, 95, 6, 97, 2, 11, 1 . These were generated with the program
3.27, using the command: m(C(2,10,100)" =.

3.14.2 Cubic Complements

Definition 3.23. For each integer 7 to find the smallest integer k such that k- n
is a perfect cub.

Observation 3.24. All these numbers are cube free.
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Numbers cubic complements in between 1 and 40 are: 1, 2,3, 2,5,6,7, 1, 3,
10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 5, 26, 1, 28, 29, 30, 31, 32,
33, 34, 35, 36, 37, 38, 39, 40 . These were generated with the program 3.27, using
the command: m(C(3,1,40)" = .

3.14.3 m-—power Complements

Definition 3.25. For each integer 7 to find the smallest integer k such that k- n
is a m—power.

Observation 3.26. All these numbers are m—power free.
Program 3.27. for generating the numbers m—power complements.
mC(m, ng, np) :=| for ne n,..ny
forkel.n
kn—k-n
break if trunc( Vkn)"'=kn
MCp-n,+1 < k
return mc

which uses Mathcad function trunc.

Numbers 5—power complements in between 25 and 65 are: 25, 26, 9, 28, 29,
30, 31, 1, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51, 52,
53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 16, 65 . These were generated with the
program 3.27, using the command: mC(5, 25, 6571 =.

3.15 m—factorial Complements

Definition 3.28. For each n € N* to find the smallest k such that k-n is a
m—factorial, where m e N* .

Program 3.29. for generating the series m—factorial complements.

mfC(m, ng, np) := for ne ny..ny
forjel.n
o kf(j,m)

n
if k=trunc(k)
mfcn—na+1 —k
break
return mfc
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which uses the program 2.15 and Mathcad function frunc.

Example 3.30. The series of factorial complements numbers from 1 to 25 is ob-
tained with the command mfc(1,1,25): 1, 1, 2, 6, 24, 1, 720, 3, 80, 12, 3628800, 2,
479001600, 360, 8, 45, 20922789888000, 40, 6402373705728000, 6, 240, 1814400,
5288917409079652, 1, 145152 .

Example 3.31. The series of double factorial complements numbers from 1
to 30 is obtained with the command mfc(2,1,30): 1, 1, 1, 2, 3, 8, 15, 1, 105,
384, 945, 4, 10395, 46080, 1, 3, 2027025, 2560, 34459425, 192, 5, 3715891200,
13749310575, 2, 81081, 1961990553600, 35, 23040, 213458046676875, 128 .

Example 3.32. The series of triple factorial complements numbers from 1 to 35
is obtained with the command mfc(3,1,35): 1, 1, 1, 1, 2, 3, 4, 10, 2, 1, 80, 162,
280, 2, 1944, 5, 12320, 1, 58240, 4, 524880, 40, 4188800, 81, 167552, 140, 6, 1,
2504902400, 972, 17041024000, 385, 214277011200, 6160, 8 .

3.16 Prime Additive Complements
Definition 3.33. For each n € N* to find the smallest k such that n + k € Px».

Program 3.34. for generating the series of prime additive complements num-
bers.

paC(ng, ny) :=| for ne ny..ny

pacy_p, .1 — sppn) —n
return pac

where spp is the program 2.42.

Example 3.35. The series of prime additive complements numbers between
limits n, = 1 and ny = 53 are generated with the command paC(1,53) = are:
1o00101,0321,0,1,0,3,2,1,0,1,0,3,2,1,0,5,4,3,2,1,0, 1,0, 5,4, 3, 2,
,032101,0,3,2,1,0,5,4,3,2,1,0.

Example 3.36. The series of prime additive complements numbers between
limits n, = 114 and nj, = 150 are generated with the command paC(114,150) =
are: 13,12, 11, 10,9,8,7,6,5,4,3,2,1,0,3,2, 1,0, 5,4,3,2,1,0,1,0,9,8,7,6, 5,
4,3,2,1,0,1.
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3.17 Sequence of Position

CHAPTER 3. SEQUENCES OF NUMBERS

Let a = amam-1...aoqo) be a decimal integer, and 0 < k <9 a digit. The

position is defined as follows:

min {i | a; = k},

u(k,"min",a) = { i=0,m
_1y

max {i | a; = k},

u(k,"max",a) = { i=0,m
-1,

if 3 i such that a; = k;
(3.16)
if # i such that a; = k.

if 3 i such that a; = k;
(3.17)
if 3 i such that a; = k.

Let x = {x1,x2,..., X} be the sequence of positive integer numbers, then the

sequence of position is defined as follows:

U(k,"min", x) = {u(k,"min", x1), u(k,"min", x5),..., u(k,"min", x,)}

or

U(k,"max", x) = {u(k,"max", x1), u(k, "max", x5),..., u(k,"max", x,,)} .

Program 3.37. for functions (3.16) and (3.17).

u(k, minmax, a) :=

d — dn(a,10)
m — last(d)
j<0
foriel.m
ifdi=k
j—j+1
uj—m-—i
ifj>0
return min(u) if minmax="min"
return max(u) if minmax="max"
return —1 otherwise

This program uses the program dn, 2.2.

Program 3.38. generate sequence of position.

U(k, minmax, x) :=| return "Err." ifk <0v k>9

for jel.lastx)
|Uj — u(k, minmax, x;)
return U
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Examples of series of position:

1.

Random sequence of numbers with less than 5 digits: n:=10 j:=1..n
Xj = floor(rnd(10'°), where rnd(a) is the Mathcad function for gen-
erating random numbers with uniform distribution from 0 to a, then
xT =(2749840272, 8389146924, 3712396081, 2325329044, 2316651791,
9710168987, 229116575, 1518263844, 92574637, 6438703378). In this sit-
uation we obtain:

U(7y "minuy x)T :( 17 _1) 8) _1) 2) Oy 1) _1) O) 1);
U(7,"max",x)" =(8,-1,8,-1,2,8,1,-1,4,5).

. Sequence of prime numbers p := submatrix(prime, 1,33,1,1) i.e. p* =(2,

3,5,711,13,17,19, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71, 73, 79, 83,
89,97, 101, 103, 107, 109, 113, 127, 131, 137), then:

U(]-’ ”minnr p)T :( _]-» _]-7 _]-7 _]-7 Or ]-» 1) ]-y _]-r _]-r 0) _1) 0’ _]-’ _]-7 _]-7
_1) 0) _1» 0» _1) _1) _1) _17 _1) 0) 2) 2) 2) 1) 2) O) 2);

U(]-r "max"r p)T :(_]-) _]-r _]-) _1’ ]-) ]-) ]-7 ]-r _]-) _1’ 0) _]-y 0’ _17 _]-) _]-r
-1,0,-1,0,-1,-1,-1,-1,-1,2,2,2,2,2,2, 2, 2).

Sequence of factorials n:=16 j :=1..n f; := jlie. fT =(1, 2, 6, 24, 120,
720, 5040, 40320, 362880, 3628800, 39916800, 479001600, 6227020800,
87178291200, 1307674368000, 20922789888000), then:

U(zy ”Minllyf)T :(_lr Or _17 17 17 17 _lv ]-: 3, 4! _1) _]-) 4) 2) _1) 9))
U, "max",f)T =(-1,0,-1,1,1,1,-1,1,3,4,-1,-1,8,5,-1, 13).
Sequence of Left Mersenne numbers n := 22 j:=1.n M{; := 2/ —1ie.

Mt =Q, 3, 7, 15, 31, 63, 127, 255, 511, 1023, 2047, 4095, 8191, 16383,
32767, 65535, 131071, 262143, 524287, 1048575, 2097151, 4194303), then:

u@,"min",M0)" =(0,-1,-1,1,0,-1,2,-1,0,3,-1,-1,0, 4,-1,-1, 0,
2; _1) 6) 01 5);

uQa,"max",M0)' =0,-1,-1,1,0,-1,2,-1,1,3,-1,-1,2,4,-1,-1, 5,
2,-1,6,2,5).

Sequence of Right Mersenne numbers n:=22 j:=1.n Mr; := 2/ +1i.e.
Mrt =3, 5,9, 17, 33, 65, 129, 257, 513, 1025, 2049, 4097, 8193, 16385,
32769, 65537, 131073, 262145, 524289, 1048577, 2097153, 4194305), then:

u@,"min",Mr)t =(-1,-1,-1,1,-1,-1,2,-1,1, 3,-1,-1, 2, 4, -1, -1,
3; 2; _1) 61 2) 5);



170 CHAPTER 3. SEQUENCES OF NUMBERS

uQ,"max",Mr)" =(-1,-1,-1,1,-1,-1,2,-1,1,3,-1,-1, 2, 4, -1, -1,
52,-1,6,2,5).

6. Sequence Fibonacci numbers n:=24 j:=1.n Fy:=1 F:=1 Fj :=
Fj+1 +Fj ie. FT =(1,1, 2, 3,5,8, 13, 21, 34, 55, 89, 144, 233, 377, 610,
987, 1597, 2584, 4181, 6765, 10946, 17711, 28657, 46368, 75025, 121393),
then:

u@,"min",F)" =(0,0,-1,-1,-1,-1,1,0,-1,-1,-1,2,-1,-1, 1, -1, 3,
_]-) 0) _]-y 4; Oy _]-) _]-y _]-) 3),
ua,"max",F)*=0,0,-1,-1,-1,-1,1,0,-1,-1,-1,2,-1,-1,1,-1, 3,
-1,2,-1,4,4,-1,-1,-1, 5).

7. Sequence of numbers type n": n:=13 j:=1.n N; := jlie. NT=(Q,
4, 27, 256, 3125, 46656, 823543, 16777216, 387420489, 10000000000,
285311670611, 8916100448256, 302875106592253), then:

U(G’ "min"» N)T :(_1) _1) _1) O) _1) 0) _1) 0) _11 _ly 2’ O; 6);
U(Gy "max") N)T :(_1; _1) _1) O) _1) 3) _ly 6; _1) _17 5» 9» 6);

8. Sequence of primorial numbers n:=33 j:=1..n Pj:= kP(pj, 1), where we
used the program kP, 1.14, then:

u,"min",P)' =(-1,0,-1,-1,-1,-1,-1, 2,-1,5,7,-1, 7, 5, 17, -1,
16,9, 10, 14, 23, 17, 23, 19, 28, 31, -1, 36, 36, 32, 42, 38, 44);
u(,"max",N)' =(-1,0,-1,-1,-1,-1,-1,5,-1,9,7,-1, 7, 10, 17, -1,
16,9, 10, 15, 23, 26, 31, 31, 31, 34, -1, 40, 36, 44, 42, 45, 44).

Study:

1. {U(k,"min", x)}, where {x}, is the sequence of numbers (double factorial,
triple factorial, ..., Fibonacci, Tribonacci, Tetranacci, ..., primorial, dou-
ble primorial, triple primorial, ..., etc). Convergence, monotony.

2. {U(k,"max", x)}, where {x}, is the sequence of numbers (double facto-
rial, triple factorial, ..., Fibonacci, Tribonacci, Tetranacci, ..., primorial,
double primorial, triple primorial, ..., etc). Convergence, monotony.

3.18 The General Periodic Sequence

Let .# be a finite set, and f : . — % be a function defined for all elements
of .. There will always be a periodic sequence whenever we repeat the com-
position of the function f with itself more times than card(<#), accordingly to
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the box principle of Dirichlet. The invariant sequence is considered a periodic
sequence whose period length has one term.
Thus the General Periodic Sequence is defined as:

e a; = f(s), where s € .;

* ay = f(ay) = f(f(s), where s € .¥;

* az = f(az) = f(f(a)) = f(f(f(s), where s € F;
e and so on.

We particularize . and f to study interesting cases of this type of se-
quences, [Popov, 1996/7].

3.18.1 Periodic Sequences

The n-Digit Periodic Sequence

Let ny be an integer of at most two digits and let n] be its digital reverse.
One defines the absolute value n, = |n1 - n’1 | And so on: n3 = |n2 - né|, etc. If
a number 7 has one digit only, one considers its reverse as n x 10 (for example:
5, which is 05, reversed will be 50). This sequence is periodic. Except the case
when the two digits are equal, and the sequence becomes: n,, 0, 0, 0, ... the iter-
ation always produces aloop of length 5, which starts on the second or the third
term of the sequence, and the period is 9, 81, 63, 27, 45, or a cyclic permutation
thereof.

Function 3.39. for periodic sequence.
PS(n) := |n— Reverse(n)| ,

where it uses the function Reverse, 1.6.

Program 3.40. of the application of function PS, 3.39 of r times the elements
vector v.

PPS(v,r) :=| for ke l..last(v)
ag,1 <~ Uk
forj=1.r-1
sw—0
fori=1.j-1ifj=2
if agi=a,;
ak,j —0
break
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if agj#0
ay,j+1 — PS(ay, ;)
sw—sw+1
break if sw=0
return a

The following table has resulted from commands: k := 10..99 vi_g := k
PPS(v,7) = . In table through PS(n)* understand PS(PS(...PS(n))) of k times.

Table 3.39: The two-digit periodic sequence

n | PS(n) | PS*(n) | PS¥(n) | PS*(n) | PS°(n) | PSP (n)
10| 9 0 0 0 0 0
11| 0 0 0 0 0 0
12| 9 0 0 0 0 0
13| 18 63 27 45 9 0
14| 27 45 9 0 0 0
15| 36 27 45 9 0 0
16 | 45 9 0 0 0 0
17 | 54 9 0 0 0 0
18| 63 27 45 9 0 0
19| 72 45 9 0 0 0
20| 18 63 27 45 9 0
21 9 0 0 0 0 0
22| 0 0 0 0 0 0
23| 9 0 0 0 0 0
24| 18 63 27 45 9 0
25| 27 45 9 0 0 0
26| 36 27 45 9 0 0
27| 45 9 0 0 0 0
28| 54 9 0 0 0 0
29| 63 27 45 9 0 0
30 | 27 45 9 0 0 0
31| 18 63 27 45 9 0
32| 9 0 0 0 0 0
33| 0 0 0 0 0 0
34| 9 0 0 0 0 0
35| 18 63 27 45 9 0
36| 27 45 9 0 0 0

Continued on next page
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n | PS(n) | PS*(n) | PS>(n) | PS*(n) | PS°(n) | PS°(n)
37| 36 27 45 9 0 0
38| 45 9 0 0 0 0
39 | 54 9 0 0 0 0
40 | 36 27 45 9 0 0
41 | 27 45 9 0 0 0
42| 18 63 27 45 9 0
431 9 0 0 0 0 0
4| 0 0 0 0 0 0
45| 9 0 0 0 0 0
46 | 18 63 27 45 9 0
47 | 27 45 9 0 0 0
48 | 36 27 45 9 0 0
49 | 45 9 0 0 0 0
50 | 45 9 0 0 0 0
51| 36 27 45 9 0 0
52 | 27 45 9 0 0 0
53| 18 63 27 45 9 0
54| 9 0 0 0 0 0
55| 0 0 0 0 0 0
56| 9 0 0 0 0 0
57| 18 63 27 45 9 0
58 | 27 45 9 0 0 0
59 | 36 27 45 9 0 0
60 | 54 9 0 0 0 0
61 | 45 9 0 0 0 0
62| 36 27 45 9 0 0
63| 27 45 9 0 0 0
64 | 18 63 27 45 9 0
65| 9 0 0 0 0 0
66| 0 0 0 0 0 0
67| 9 0 0 0 0 0
68 | 18 63 27 45 9 0
69 | 27 45 9 0 0 0
70 | 63 27 45 9 0 0
71| 54 9 0 0 0 0
72| 45 9 0 0 0 0
73| 36 27 45 9 0 0
74 | 27 45 9 0 0 0
75| 18 63 27 45 9 0

Continued on next page
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n | PS(n) | PS*(n) | PS>(n) | PS*(n) | PS°(n) | PS°(n)
76| 9 0 0 0 0 0
770 0 0 0 0 0 0
78| 9 0 0 0 0 0
79 | 18 63 27 45 9 0
80 | 72 45 9 0 0 0
81| 63 27 45 9 0 0
82| 54 9 0 0 0 0
83| 45 9 0 0 0 0
84| 36 27 45 9 0 0
85| 27 45 9 0 0 0
86| 18 63 27 45 9 0
87| 9 0 0 0 0 0
8| 0 0 0 0 0 0
89| 9 0 0 0 0 0
90 | 81 63 27 45 9 0
91 | 72 45 9 0 0 0
92 | 63 27 45 9 0 0
93 | 54 9 0 0 0 0
94 | 45 9 0 0 0 0
95 | 36 27 45 9 0 0
96 | 27 45 9 0 0 0
97 | 18 63 27 45 9 0
98| 9 0 0 0 0 0
99| 0 0 0 0 0 0

1. The 3-digit periodic sequence (domain 10? < n; <10 - 1):

e there are 90 symmetric integers, 101, 111, 121, ..., for which n, = 0;

e all other initial integers iterate into various entry points of the
same periodic subsequence (or a cyclic permutation thereof) of five
terms: 99, 891, 693, 297, 495.

For example we take 3-digits prime numbers and we study periodic
sequence. The following table has resulted from commands: p :=
submatrix(prime, 26,168,1,1) PPS(p,7) = . In table through PS(n)* un-
derstand PS(PS(...PS(n))) of k times.
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Table 3.40: Primes with 3—digits periodic sequences

n | PS(n) | PS*(n) | PS*(n) | PS*(n) | PS°(n) | PS%(n)
101 0 0 0 0 0 0
103 | 198 693 297 495 99 0
107 | 594 99 0 0 0 0
109 | 792 495 99 0 0 0
113 | 198 693 297 495 99 0
127 | 594 99 0 0 0 0
131 0 0 0 0 0 0
137 | 594 99 0 0 0 0
139 | 792 495 99 0 0 0
149 | 792 495 99 0 0 0
151 0 0 0 0 0 0
157 | 594 99 0 0 0 0
163 | 198 693 297 495 99 0
167 | 594 99 0 0 0 0
173 | 198 693 297 495 99 0
179 | 792 495 99 0 0 0
181 0 0 0 0 0 0
191 0 0 0 0 0 0
193 | 198 693 297 495 99 0
197 | 594 99 0 0 0 0
199 | 792 495 99 0 0 0
211 | 99 0 0 0 0 0
223 | 99 0 0 0 0 0
227 | 495 99 0 0 0 0
229 | 693 297 495 99 0 0
233 | 99 0 0 0 0 0
239 | 693 297 495 99 0 0
241 | 99 0 0 0 0 0
251 | 99 0 0 0 0 0
257 | 495 99 0 0 0 0
263 | 99 0 0 0 0 0
269 | 693 297 495 99 0 0
271 99 0 0 0 0 0
277 | 495 99 0 0 0 0
281 | 99 0 0 0 0 0
283 | 99 0 0 0 0 0
293 | 99 0 0 0 0 0

Continued on next page
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n | PS(n) | PS*(n) | PS*(n) | PS*(n) | PS°(n) | PS%(n)
307 | 396 297 495 99 0 0
311 | 198 693 297 495 99 0
313| 0 0 0 0 0 0
317 | 396 297 495 99 0 0
331 | 198 693 297 495 99 0
337 | 396 297 495 99 0 0
347 | 396 297 495 99 0 0
349 | 594 99 0 0 0 0
353| 0 0 0 0 0 0
359 | 594 99 0 0 0 0
367 | 396 297 495 99 0 0
373| 0 0 0 0 0 0
379 | 594 99 0 0 0 0
383 0 0 0 0 0 0
389 | 594 99 0 0 0 0
397 | 396 297 495 99 0 0
401 | 297 495 99 0 0 0
409 | 495 99 0 0 0 0
419 | 495 99 0 0 0 0
421 | 297 495 99 0 0 0
431 | 297 495 99 0 0 0
433 | 99 0 0 0 0 0
439 | 495 99 0 0 0 0
443 | 99 0 0 0 0 0
449 | 495 99 0 0 0 0
457 | 297 495 99 0 0 0
461 | 297 495 99 0 0 0
463 | 99 0 0 0 0 0
467 | 297 495 99 0 0 0
479 | 495 99 0 0 0 0
487 | 297 495 99 0 0 0
491 | 297 495 99 0 0 0
499 | 495 99 0 0 0 0
503 | 198 693 297 495 99 0
509 | 396 297 495 99 0 0
521 | 396 297 495 99 0 0
523 | 198 693 297 495 99 0
541 | 396 297 495 99 0 0
547 | 198 693 297 495 99 0

Continued on next page
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n | PS(n) | PS*(n) | PS*(n) | PS*(n) | PS°(n) | PS%(n)
557 | 198 693 297 495 99 0
563 | 198 693 297 495 99 0
569 | 396 297 495 99 0 0
571 | 396 297 495 99 0 0
577 | 198 693 297 495 99 0
587 | 198 693 297 495 99 0
593 | 198 693 297 495 99 0
599 | 396 297 495 99 0 0
601 | 495 99 0 0 0 0
607 | 99 0 0 0 0 0
613 | 297 495 99 0 0 0
617 | 99 0 0 0 0 0
619 | 297 495 99 0 0 0
631 | 495 99 0 0 0 0
641 | 495 99 0 0 0 0
643 | 297 495 99 0 0 0
647 | 99 0 0 0 0 0
653 | 297 495 99 0 0 0
659 | 297 495 99 0 0 0
661 | 495 99 0 0 0 0
673 | 297 495 99 0 0 0
677 | 99 0 0 0 0 0
683 | 297 495 99 0 0 0
691 | 495 99 0 0 0 0
701 | 594 99 0 0 0 0
709 | 198 693 297 495 99 0
719 | 198 693 297 495 99 0
7271 0 0 0 0 0 0
733 | 396 297 495 99 0 0
739 | 198 693 297 495 99 0
743 | 396 297 495 99 0 0
751 | 594 99 0 0 0 0
757 0 0 0 0 0 0
761 | 594 99 0 0 0 0
769 | 198 693 297 495 99 0
773 | 396 297 495 99 0 0
787 0 0 0 0 0 0
797 0 0 0 0 0 0
809 | 99 0 0 0 0 0

Continued on next page
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n | PS(n) | PS*(n) | PS*(n) | PS*(n) | PS°(n) | PS%(n)
811 | 693 297 495 99 0 0
821 | 693 297 495 99 0 0
823 | 495 99 0 0 0 0
827 | 99 0 0 0 0 0
829 | 99 0 0 0 0 0
839 | 99 0 0 0 0 0
853 | 495 99 0 0 0 0
857 | 99 0 0 0 0 0
859 | 99 0 0 0 0 0
863 | 495 99 0 0 0 0
877 | 99 0 0 0 0 0
881 | 693 297 495 99 0 0
883 | 495 99 0 0 0 0
887 | 99 0 0 0 0 0
907 | 198 693 297 495 99 0
911 | 792 495 99 0 0 0
919 | o0 0 0 0 0 0
929 | 0 0 0 0 0 0
937 | 198 693 297 495 99 0
941 | 792 495 99 0 0 0
947 | 198 693 297 495 99 0
953 | 594 99 0 0 0 0
967 | 198 693 297 495 99 0
971 | 792 495 99 0 0 0
977 | 198 693 297 495 99 0
983 | 594 99 0 0 0 0
991 | 792 495 99 0 0 0
997 | 198 693 297 495 99 0

2. The 4-digit periodic sequence (domain 10°® < n; < 10*-1), [Ibstedt, 1997]:
 thelargest number of iterations carried out in order to reach the first
member of the loop is 18, and it happens for n; = 1019

e iterations of 8818 integers result in one of the following loops (or a
cyclic permutation thereof): 2178, 6534; or 90, 810, 630, 270, 450; or
909, 8181, 6363, 2727, 4545; or 999, 8991, 6993, 2997, 4995;

e the other iterations ended up in the invariant 0.
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3. The 5-digit periodic sequence (domain 10* < n; <10° - 1):

e there are 920 integers iterating into the invariant 0 due to symme-
tries;

* the other ones iterate into one of the following loops (or a cyclic per-
mutation of these): 21978, 65934; or 990, 8910, 6930, 2970, 4950;
or 9009, 81081, 63063, 27027, 45045, or 9999, 89991, 69993, 29997,
49995.

4. The 6-digit periodic sequence (domain 10° < n; < 10°% - 1):

e there are 13667 integers iterating into the invariant 0 due to symme-
tries;

* the longest sequence of iterations before arriving at the first loop is
53 for n; = 100720;

e theloops have 2, 5,9, or 18 terms.

3.18.2 The Subtraction Periodic Sequences

Let ¢ be a positive integer. Start with a positive integer n, and let n’ be its dig-
ital reverse. Put n; = |n’ - c’, and let n} be its digital reverse. Put n, = |n’1 - c|,
and let 7, be its digital reverse. And so on. We shall eventually obtain a repeti-
tion.

For example, with ¢ = 1 and n = 52 we obtain the sequence: 52, 24, 41, 13,
30, 02, 19, 90, 08, 79, 96, 68, 85, 57, 74, 46, 63, 35, 52, ... . Here a repetition
occurs after 18 steps, and the length of the repeating cycle is 18.

First example: ¢ =1, 10 < n < 999. Every other member of this interval is an
entry point into one of five cyclic periodic sequences (four of these are of length
18, and one of length 9). When # is of the form 11k or 11k —1, then the iteration
process results in 0.

Second example: 1 < ¢ <9, 100 < n <999. For ¢ = 1,2, or 5 all iterations
result in the invariant 0 after, sometimes, a large number of iterations. For the
other values of c there are only eight different possible values for the length of
the loops, namely 11, 22, 33, 50, 100, 167, 189, 200.

For ¢ =7 and n = 109 we have an example of the longest loop obtained: it
has 200 elements, and the loop is closed after 286 iterations, [Ibstedt, 1997].

Program 3.41. for the subtraction periodic sequences.

SPS(n, ¢) :=| return |Reverse(n)-10—c| if n<10
return |Reverse(n)—c| otherwise
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The program use the function Reverse, 1.6.

Program 3.42. of the application of function f, 3.41 or 3.43 of r times the ele-
ments vector v with constant c.

PPS(v,c, 1, f) = for kel..last(v)

ag,1 — Vi

forj=1.r-1

sw—20

fori=1.j-1ifj=2
if axi=ag,;

aj—0

break

if arg,j #0

ag,j+1 < flag,j,c)

Sw—sw+1

if sw=0

ak,j < ag,; if ag,j=0

break

return a

With the commands k := 10..35 vy_g := k PPS(v,6,10,SPS) =, where PPS,
3.42, one obtains the table:

Table 3.41: 2-digits substraction periodic sequences

n fn ffn) Py A Py Py ffim P P )
10 5 44 38 77 71 11 5 0 0 0
11 5 44 38 77 71 11 0 0 0 0
12 15 45 48 78 81 12 0 0 0 0
13 25 46 58 79 91 13 0 0 0 0
14 35 47 68 80 2 14 0 0 0 0
15 45 48 78 81 12 15 0 0 0 0
16 55 49 88 82 22 16 0 0 0 0
17 65 50 1 4 34 37 67 70 1 0
18 75 51 9 84 42 18 0 0 0 0
19 85 52 19 0 0 0 0 0 0
20 4 34 37 67 70 1 4 0 0 0
21 6 54 39 87 72 21 0 0 0 0
22 16 55 49 88 82 22 0 0 0 0
23 26 56 59 89 92 23 0 0 0 0
24 36 57 69 90 3 24 0 0 0 0
25 46 58 79 91 13 25 0 0 0 0
26 56 59 89 92 23 26 0 0 0 0

Continued on next page
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n f Py Py ff P Sy ff) Py P )
27 66 60 60 0 0 0 0 0 0 0
28 76 61 10 5 44 38 77 71 11 5
29 86 62 20 4 34 37 67 70 4
30 3 24 36 57 69 90 3 0 0
31 7 64 40 2 14 35 47 68 80 2
32 17 65 50 1 4 34 37 67 70 1
33 27 66 60 60 0 0 0 0 0 0
34 37 67 70 1 4 34 0 0 0 0
35 47 68 80 2 14 35 0 0 0 0

where f(n) = |n' - c|, ' is digital reverse, ¢ =6 and fX(n) = f(f(...(f(m))) of k
times.

3.18.3 The Multiplication Periodic Sequences

Let ¢ > 1 be a positive integer. Start with a positive integer n, multiply each
digit x of n by ¢ and replace that digit by the last digit of c- x to give n,. And so
on. We shall eventually obtain a repetition.

For example, with ¢ = 7 and n = 68 we obtain the sequence: 68, 26, 42, 84, 68.
Integers whose digits are all equal to 5 are invariant under the given operation
after one iteration.

One studies the one-digit multiplication periodic sequences (short dmps)
only. For ¢ of two or more digits the problem becomes more complicated.

Program 3.43. for the dmps.

MPS(n, c) :=| d — reverse(dn(n,10))
m<—0
for kel.lastd)
m—m+ mod (dg-c,10)-10F!
return m

PPS program execution to vector (68) is
PPS((68),7,10, MPS) = (68 26 42 84 68) .
For example we use commands: k:=10..19 vy :=k.

1. If ¢ := 2, there are four term loops, starting on the first or second term and
PPS(v,c,10, MPS) =:
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Table 3.42: 2—-dmps with ¢ = 2

n fm) ffm) Py ff (o)
10 20 40 80 60 20
11 22 44 88 66 22
12 24 48 86 62 24
13 26 42 84 68 26
14 28 46 82 64 28
15 20 40 80 60 20
16 22 44 88 66 22
17 24 48 86 62 24
18 26 42 84 68 26
19 28 46 82 64 28

where f(n) = MPS(n,2) and f*(n) = f(f(...(f(n)))) of k times.

2. If ¢ := 3, there are four term loops, starting with the first term and
PPS(v,c,10, MPS) =:

Table 3.43: 2—dmps with ¢ =3

n fm ffm Py fn
10 30 90 70 10
11 33 99 77 11
12 36 98 74 12
13 39 97 71 13
14 32 96 78 14
15 35 95 75 15
16 38 94 72 16
17 31 93 79 17
18 34 92 76 18
19 37 91 73 19

where f(n) = MPS(n,3) and f*(n) = f(f(...(f(n)))) of k times.

3. If ¢ := 4, there are two term loops, starting on the first or second term
(could be called switch or pendulum) and PPS(v, ¢, 10, MPS) =:
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Table 3.44: 2-dmps with c =4

n fn) ) fin)
10 40 60 40
11 44 66 44
12 48 62 48
13 42 68 42
14 46 64 46
15 40 60 40
16 44 66 44
17 48 62 48
18 42 68 42
19 46 64 46

where f(n) = MPS(n,4) and f*(n) = f(f(...(f(n)))) of k times.

4. If c:=5, the sequence is invariant after one iteration and
PPS(v,c,10, MPS) =:

Table 3.45: 2—dmpswith ¢ =5

n f(n 2
10 50 50
11 55 55
12 50 50
13 55 55
14 50 50
15 55 55
16 50 50
17 55 55
18 50 50
19 55 55

where f(n) = MPS(n,5) and f*(n) = f(f(...(f(n)))) of k times.

5. If ¢ := 6, the sequence is invariant after one iteration
PPS(v, c,10, MPS) =:.

183

and
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Table 3.46: 2—dmps with ¢ =6

n fn 2
10 60 60
11 66 66
12 62 62
13 68 68
14 64 64
15 60 60
16 66 66
17 62 62
18 68 68
19 64 64

where f(n) = MPS(n,6) and f*(n) = f(f(...(f(n)))) of k times.

6. If ¢ := 7, there are four term loops, starting with the first term and
PPS(v, ¢, 10, MPS) =:

Table 3.47: 2—-dmpswith ¢ =7

n fm ffm) P fin
10 70 90 30 10
11 77 99 33 11
12 74 98 36 12
13 71 97 39 13
14 78 96 32 14
15 75 95 35 15
16 72 94 38 16
17 79 93 31 17
18 76 92 34 18
19 73 91 37 19

where f(n) = MPS(n,7) and f*(n) = f(f(...(f(m)))) of k times.

7. If ¢ := 8, there are four term loops, starting on the first or second term and
PPS(v,c,10, MPS) =:
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Table 3.48: 2—dmps with ¢ =8

n_ fm) ffm) P ) P
10 80 40 20 60 80
11 88 44 22 66 88
12 86 48 24 62 86
13 84 42 26 68 84
14 82 46 28 64 82
15 80 40 20 60 80
16 88 44 22 66 88
17 86 48 24 62 86
18 84 42 26 68 84
19 82 46 28 64 82

where f(n) = MPS(n,8) and f*(n) = f(f(...(f(n)))) of k times.

8. If c:=9, there are two term loops, starting with the first term (pendulum)
and PPS(v, c,10, MPS) =:

Table 3.49: 2—-dmpswith c =9

n f(n 2
10 90 10
11 99 11
12 98 12
13 97 13
14 96 14
15 95 15
16 94 16
17 93 17
18 92 18
19 91 19

where f(n) = MPS(n,9) and f*(n) = f(f(...(f(n)))) of k times.
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3.18.4 The Mixed Composition Periodic Sequences

Let n be a two-digits number. Add the digits, and add them again if the sum
is greater than 10. Also take the absolute value of the difference of their digits.
These are the first and second digits of n;. Now repeat this.

Program 3.44. for the mixed composition periodic sequences.

MixPS(n,c) :=|d — dn(n,10)
ay — Zd
Y dn(ay,10) if a, >9
ay — |dp — d;|
return dp-10+ a;

where used program dn, 2.2 and the function Mathcad }_ v, which sums vector
elements v.

For example, with n = 75 we obtain the sequence:

PPS|[(75),0,20, MixPS] =
(75 32 51 64 12 31 42 62 84 34 71
86 52 73 14 53 82 16 75),

(variable ¢ has no role, i.e. can be ¢ = 0).

There are no invariants in this case. Four numbers: 36, 90, 93, and 99 pro-
duce two-element loops. The longest loops have 18 elements. There also are
loops of 4, 6, and 12 elements, [Ibstedt, 1997].

The mixed composition periodic sequences obtained with commands; k :=
5..25 py—a:= prime,. PPS(p,0,21, MixPS) =

[ 11 20 22 40 44 80 8 70 77 50 55 10 11 0 0 0 0 0 0 0
13 42 62 84 34 71 8 52 73 14 53 82 16 75 32 51 64 12 31 42
17 86 52 73 14 53 82 16 75 32 51 64 12 31 42 62 84 34 71 86
19 18 97 72 95 54 91 18 O 0 0 0 0 0 0 0 0 0 0 0
23 51 64 12 31 42 62 84 34 71 8 52 73 14 53 82 16 75 32 51
29 27 95 54 91 18 97 72 95 O 0 0 0 0 0 0 0 0 0 0
31 42 62 84 34 71 8 52 73 14 53 82 16 75 32 51 64 12 31 O
37 14 53 82 16 75 32 51 64 12 31 42 62 84 34 71 86 52 73 14
41 53 82 16 75 32 51 64 12 31 42 62 84 34 71 8 52 73 14 53
43 71 8 52 73 14 53 82 16 75 32 51 64 12 31 42 62 84 34 71
47 23 51 64 12 31 42 62 84 34 71 8 52 73 14 53 82 16 75 32
53 82 16 75 32 51 64 12 31 42 62 84 34 71 86 52 73 14 53 0
59 54 91 18 97 72 95 54 0 0 0 0 0 0 0 0 0 0 0 0
61 75 32 51 64 12 31 42 62 84 34 71 8 52 73 14 53 82 16 75
67 41 53 82 16 75 32 51 64 12 31 42 62 84 34 71 86 52 73 14
71 8 52 73 14 53 82 16 75 32 51 64 12 31 42 62 84 34 71 0
73 14 53 82 16 75 32 51 64 12 31 42 62 84 34 71 8 52 73 0
79 72 95 54 91 18 97 72 0 0 0 0 0 0 0 0 0 0 0 0
83 25 73 14 53 82 16 75 32 51 64 12 31 42 62 84 34 71 86 52
89 81 97 72 95 54 91 18 97 O 0 0 0 0 0 0 0 0 0 0
97 72 95 54 91 18 97 O 0 0 0 0 0 0 0 0 0 0 0 0

~ o (&3]
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3.18.5 Kaprekar Periodic Sequences

Kaprekar proposed the following algorithm:

Algorthm3.45. Fie n e N*, we sort the number digits n in decreasing order, thus
the resulting number is n’, we sort the number digits 7 in increasing order, thus
the resulting number is n”. We denote by K(n) the number n' — n".

Let the function K : {1000, 1001,...,9999},
Function 3.46. for the algorithm 3.45.

K (n) = reverse(sort(dn(n,10))) - Vb(10, nrd(n, 10))
—sort(dn(n,10)) - Vb(10, nrd(n,10)), (3.18)

where function dn, 2.2, gives the vector with digits of numbers in the indicated
numeration base and the Mathcad functions: sort for ascending sorting of a
vector and reverse for reading a vector from tail to head. Function Vb provides
the vector (10”1 1072 ... 1)T, where m = nrd(n,10), i.e. the digits number
of the number 7 in base 10 10.

Examples: K(7675) = 2088, K(3215) = 4086, K(5107) = 7353.

Since 1949 Kaprekar noted that if we apply several times to any number
with four digits the above algorithm, we get the number 6147. Kaprekar [1955]
conjectured that K™ (n) = 6147 for m < 7 si n # 1111,2222,...,9999, the num-
ber 6147 is called Kaprekar constant. The studies that followed, [Deutsch and
Goldman, 2004, Weisstein, 2015a], confirmed the Kaprekar conjecture. For ex-
emplification, we consider the first 27 primes with 4 digits using the controls
k :=169..195, pi_16s := prime;, then by the call PPS(p,8,K) = we obtain the
matrix:

Table 3.50: 4—digits Kaprekar periodic sequences

n Km K:n) K3n) Kin) K°(n) K%an) K'(n)

1009 9081 9621 8352 6174 6174 0 0
1013 2997 7173 6354 3087 8352 6174 6174
1019 8991 8082 8532 6174 6174 0 0
1021 1998 8082 8532 6174 6174 0 0

1031 2997 7173 6354 3087 8352 6174 6174
1033 3177 6354 3087 8352 6174 6174 0
1039 9171 8532 6174 6174 0 0 0
1049 9261 8352 6174 6174 0 0 0
1051 4995 5355 1998 8082 8532 6174 6174
Continued on next page
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n Km K:n) K3n) Kin) K°(n) K%n) K'(n)
1061 5994 5355 1998 8082 8532 6174 6174

1063 6174 6174 0 0 0 0 0
1069 9441 7992 7173 6354 3087 8352 6174
1087 8532 6174 6174 0 0 0 0
1091 8991 8082 8532 6174 6174 0 0
1093 9171 8532 6174 6174 0 0 0

1097 9531 8172 7443 3996 6264 4176 6174
1103 2997 7173 6354 3087 8352 6174 6174

1109 8991 8082 8532 6174 6174 0 0
1117 5994 5355 1998 8082 8532 6174 6174
1123 2088 8532 6174 6174 0 0 0
1129 8082 8532 6174 6174 0 0 0
1151 3996 6264 4176 6174 6174 0 0
1153 4176 6174 6174 0 0 0 0

1163 5175 5994 5355 1998 8082 8532 6174
1171 5994 5355 1998 8082 8532 6174 6174
1181 6993 6264 4176 6174 6174 0 0
1187 7533 4176 6174 6174 0 0 0

e For numbers with 2-digits. Applying the most 7 simple iteration, i.e.
n = K(n), the Kaprekar algorithm becomes equal to one of Kaprekar con-
stants, and in these values the function K becomes periodical of periods
1 or 5, as seen in the following Table:

CK v |p
0 9 |1
9=3? 24 | 5
27=33 24 | 5
45=3%.5[12 |5
63=3%2-7(20|5
81=3% 1|5

where CK = Kaprekar constants, v = frequent and p = periodicity. 1t fol-
lows that is fixed point for the algorithm 3.45 with frequency of 9 times
(for11, 22, ...,99) with periodicity 1, i.e. K(0) = 0; 9is fixed point for func-
tion K with frequency of 24 times and with periodicity 5, i.e. K°(9) = 9;

e For numbers with 3-digits. Applying the most 7 simple iteration, i.e. n:=
K(n), the algorithm 3.45 becomes equal to one of the Kaprekar constants
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from the following Table:

CK v | p
0 9 |1
495=3%2.5.11 | 891 | 1

and in these values the function K becomes periodical of period 1, i.e.
K(CK) = CK, it follows that 0 and 495 are fixed point for the function K.

e For numbers with 4-digits. Applying the most 7 simple iteration, i.e. n:=
K(n), the algorithm 3.45 becomes equal to one of the Kaprekar constants
from the following Table:

CK v p
0 9 |1
6174=2-32.73 18991 | 1

and in these values the function K becomes periodical of period 1, i.e.
K(CK) = CK, it follows that 0 and 6174 are fixed point for the function K.

e For numbers with 5-digits. Applying the most 67 simple iteration, i.e.
n := K(n), K(n) becomes equal to one of Kaprekar constants from the

75933 =32-11-13-59 9028
82962 =2-32-11-419 5808
83952 =2%.32.11-53 4840

following Table:

CK v p
0 9 1
53955=32.5-11-109 2587 | 2
59994 =2-33.11-101 415 | 2
61974=2-32-11-313 4770 | 4
62964 =22.33.11-53 4754 | 4
63954 =2-32.11-17-19 | 24164 | 4
71973 =32.11-727 5816 | 4
74943 =32.11-757 27809 | 4

4

4

4

and in these values the function K becomes periodical of periods of 1,
2 or 4. It follows that 0 is fixed point for 3.45, i.e. K(0) =0, 53955 and
59994 are of periods 2, equivalent to K?(CK) = K(K(CK)) = CK, and the
rest are of period 4, i.e. K*(CK) = CK. We note that all CK are multiples of
32.11=99.
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e For numbers with 6-digits. Applying the most 11 simple iteration, i.e.
n:= K(n), the function K becomes equal to one of the Kaprekar constants
from the following Table:

CK v p
0 4 1
4420876 =22 % 3°-433 154591 | 7
549945 =3%-5-11%-101 840 |1
631764 =22.32.7.23-109 | 24920 | 1
642654 = 2-3%.3967 13050 | 7
750843 = 33.27809 15845 | 7
840852 = 22-32.23357 24370 | 7
851742 =2-33.15773 101550 | 7
860832 =2°-32.72.61 51730 | 7
862632 =23-32.11981 13100 | 7

and in these values the function K becomes periodical of periods 1 or 7.
It follows that 0, 549945 and 631764 are fixed points for K, and the rest are
of periods 7, i.e. K’ (CK) = CK.

3.18.6 The Permutation Periodic Sequences

A generalization of the regular functions would be the function resulting
from the following algorithm

Algorthm 3.47. Let n € N*, be a number with m digits, i.e. n=dd>...d,,. We
consider a permutation of the set {1,2,...,m}, pr = (i1, i2, ..., i;n), then the num-
ber n' is given by the digits permutations of the numb 7 using the permutation
pr, 0’ =d; di, ...d;,. The new number equals |n — /|

Program 3.48. for the algorithm 3.47.

PSP(n,pr):=d — dn(n,10,last(pr)
for kel.last(d)
ndy — d(prk)
return |\n—nd-Vb(10,last(d))|

For example, with 2 digits sequence by commands k := 1..27 v;:=13+k
PPS(v,14,(2 1)) = generates the matrix:
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Table 3.51: 2—digits permutation periodic sequences

n fm) ) Py iy P P ffm) fi(n)
14 27 45 9 81 63 27 0 5
15 36 27 45 9 81 63 27 5
16 45 9 81 63 27 45 0 5
17 54 9 81 63 27 45 9 5
18 63 27 45 9 81 63 0 5
19 72 45 9 81 63 27 45 5
20 18 63 27 45 9 81 63 5
21 9 81 63 27 45 9 0 5
22 22 0 0 0 0 0 0 1
23 9 81 63 27 45 9 0 5
24 18 63 27 45 9 81 63 5
25 27 45 9 81 63 27 0 5
26 36 27 45 9 81 63 27 5
27 45 9 81 63 27 0 0 5
28 54 9 81 63 27 45 9 5
29 63 27 45 9 81 63 0 5
30 27 45 9 81 63 27 0 5
31 18 63 27 45 9 81 63 5
32 9 81 63 27 45 9 0 5
33 33 0 0 0 0 0 0 1
34 9 81 63 27 45 9 0 5
35 18 63 27 45 9 81 63 5
36 27 45 9 81 63 27 0 5
37 36 27 45 9 81 63 27 5
38 45 9 81 63 27 45 0 5
39 54 9 81 63 27 45 9 5
40 36 27 45 9 81 63 27 5

Analysis tells us that this matrix of constants periodic sequences associated
to the permutation (2 1)T are the nonnull penultimate numbers in each row
of the matrix: 27, 45, 63, 9, 22, 33 (in order of appearance in the matrix). The
last column of the matrix represents the periodicity of each constant periodic
sequences. The constants 27, 45, 63 and 9 have the periodicity 5, i.e. PSP°(27) =
27, PSP°(45) = 45, etc. The constants 22 and 33 have a periodicity equals to 1,
i.e. PSP(22) = 0 and PSP(33) = 0. One may count the frequency of occurrence
of each constant periodic sequences.
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We present a study on permutation periodic sequences for 3—digits num-
bers having 3 digits relatively to the 6th permutation of the set {1,2,3}. The
required commands are: k:=100..999 vj_g9:=k PPS(v,20, pr) =, where pris
a permutation of the set {1,2, 3}.

1. For the permutation (2 3 1), the commands k := 970..999 vi_gg9 := k
PPS(v,20, (2 3 1)T) = generates the matrix:

Table 3.52: 3-digits PPS with permutation (23 1)T

n fm P P ffm P P,y o B P P M P

970 261 351 162 459 135 216 54 486 378 405 351 0
971 252 270 432 108 27 243 189 702 675 81 729 432
972 243 189 702 675 81 729 432 108 27 243 0 0
973 234 108 27 243 189 702 675 81 729 432 108 0
974 225 27 243 189 702 675 81 729 432 108 27 0
975 216 54 486 378 405 351 162 459 135 216 0 0
976 207 135 216 54 486 378 405 351 162 459 135 0
977 198 783 54 486 378 405 351 162 459 135 216 54
978 189 702 675 81 729 432 108 27 243 189 0 0
979 180 621 405 351 162 459 135 216 54 486 378 405
980 171 540 135 216 54 486 378 405 351 162 459 135
981 162 459 135 216 54 486 378 405 351 162 0 0
982 153 378 405 351 162 459 135 216 54 486 378 0
983 144 297 675 81 729 432 108 27 243 189 702 675
984 135 216 54 486 378 405 351 162 459 135 0 0
985 126 135 216 54 486 378 405 351 162 459 135 0
986 117 54 486 378 405 351 162 459 135 216 54 0
987 108 27 243 189 702 675 81 729 432 108 0 0
988 99 891 27 243 189 702 675 81 729 432 108 27
989 90 810 702 675 81 729 432 108 27 243 189 702
990 81 729 432 108 27 243 189 702 675 81 0 0
991 72 648 162 459 135 216 54 486 378 405 351 162
992 63 567 108 27 243 189 702 675 81 729 432 108
993 54 486 378 405 351 162 459 135 216 54 0 0
994 45 405 351 162 459 135 216 54 486 378 405 0
995 36 324 81 729 432 108 27 243 189 702 675 81
996 27 243 189 702 675 81 729 432 108 27 0 0
997 18 162 459 135 216 54 486 378 405 351 162 0
998 9 81 729 432 108 27 243 189 702 675 81 0
999 0 0 0 0 0 0 0 0 0 0 0 0

We have the following list of constant periodic sequences, with frequency
of occurrence v and periodicity p.

Table 3.53: 3—-digits PPS with the permutation (2 3 1)*

CPS v |p
0 9 |1
Continued on next page
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CPS v | p
27=33 67 | 9
54=2.33 68 |9
81=3* 94 |9
108 =22.33 71| 9
135=3%.5 70 | 9
162=2.3* 70 | 9
189=33.7 34 |9
216=23.33 30 | 9
243 =35 45| 9
333=32.37 111
351=3%-13 50 |9
378=2.33.7 50 | 9
405=3%.5 47 | 9
432 =24.33 54 | 9
459 =33.17 26| 9
486=2-3° 25| 9
666 =2-32.37 5|1
675 =33.52 50 |9
702=2-3%.13 219

9

729 =36 3

We note that all nonnull constants periodic sequences are multiples of 32.

2. For permutation (3 1 2)T we have the following list of constant periodic
sequences, with frequency of occurrence v and periodicity p.

Table 3.54: 3—digits PPS with the permutation (3 1 2)"

CPS v |p
0 9 [1
27=33 48 | 9
54=2.33 50 | 9
81 =34 529
108 =22.33 76 | 9
135=33-5 70 | 9
162=2-3% 7119
189=33.7 70 | 9

Continued on next page
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CPS v | p
216=23%.33 50| 9
243=13° 91 | 9
333=32%.37 1111
351=33-13 2719
378=2.3%.7 2819
405=3%.5 45| 9
432 =24.33 54 | 9
459=33%.17 47 1 9
486=2-3° 48 | 9
666 =2-3%2.37 5 1
675=33%.52 519
702=2-3%.13 2219
729 = 36 2119

We note that we have the same Kaprecar constants as in permutation
(2 3 1)T just that there are other frequency of occurrence.

3. For permutation (1 3 2)T, the commands k := 300..330 vi_s99 := k
PPS(,20, (13 2)") = generates the matrix:

Table 3.55: 3—-digits PPS with permutation (13 2)"

n fm ffn) P o ) Py fln)
300 0 0 0 0 0 0 0
301 9 81 63 27 45 9 0
302 18 63 27 45 9 81 63
303 27 45 9 81 63 27 0
304 36 27 45 9 81 63 27
305 45 9 81 63 27 45 0
306 54 9 81 63 27 45 9
307 63 27 45 9 81 63 0
308 72 45 9 81 63 27 45
309 81 63 27 45 9 81 0
310 9 81 63 27 45 9 0
311 0 0 0 0 0 0 0
312 9 81 63 27 45 9 0
313 18 63 27 45 9 81 63

Continued on next page
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n fm ffm) P ) P ffm) fl(n)
314 27 45 9 81 63 27 0
315 36 27 45 9 81 63 27
316 45 9 81 63 27 45 0
317 54 9 81 63 27 45 9
318 63 27 45 9 81 63 0
319 72 45 9 81 63 27 45
320 18 63 27 45 9 81 63
321 9 81 63 27 45 9 0
322 0 0 0 0 0 0 0
323 9 81 63 27 45 9 0
324 18 63 27 45 9 81 63
325 27 45 9 81 63 27 0
326 36 27 45 9 81 63 27
327 45 9 81 63 27 45 0
328 54 9 81 63 27 45 9
329 63 27 45 9 81 63 0
330 27 45 9 81 63 27 0

We have the following list of constant periodic sequences, with frequency
of occurrences v and periodicity p.

CPS v | p
0 9 |1
9=32 234 | 5
27=33 234 | 5
45=32.5[126 | 5
63=3%.7 1198 | 5
81=3% 18 | 5

4. For permutation (2 1 3)" we have the following list of constant periodic
sequences, with frequency of occurrences v and periodicity p.

CPS %
0 90
90=2-3%-5 240
270=2-3%.5 240
450=2-3%.5> | 120
630=2-5%-5-7 | 200
810=2-3%*.5 10

o O O O O =TS
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5. For permutation (3 2 1)T we have the following list of constant periodic
sequences, with frequency of occurrences v and periodicity p.

CPS v
0 90
99=32.11 240

297=33.11 240
495=32.5-11 | 120
693=3%-7-11 | 200
891 =3%.11 10

oo O O O =TS

6. For identical permutation, obvious, we have only constant periodic se-
quences 0 with frequency 900 and periodicity 1.

3.19 Erdos-Smarandache Numbers

The solutions to the Diophantine equation P(n) = S(n), where P(n) is
the largest prime factor which divides n, and S(n) is the classical Smaran-
dache function, are Erdés—-Smarandache numbers, [Erdés and Ashbacher,
1997, Tabirca, 2004], [Sloane, 2014, A048839].

Program 3.49. generation the Erd6s—-Smarandache numbers.

ES(a,b):=|j —0
fornea.b
m — max(Fa(n)‘V)
if S(n)=m
j—j+1
Sj—n
return s

The program use S (Smarandache function) and Fa (of factorization the num-
bers) programs.

Erdés-Smarandache numbers one obtains with the command ES(2,200)" =
2,3,5,6,7,10, 11, 13, 14, 15, 17, 19, 20, 21, 22, 23, 26, 28, 29, 30, 31, 33, 34, 35,
37,38, 39, 40,41, 42, 43, 44, 46, 47, 51, 52, 53, 55, 56, 57, 58, 59, 60, 61, 62, 63, 65,
66, 67, 68, 69, 70, 71, 73, 74, 76, 77, 78, 79, 82, 83, 84, 85, 86, 87, 88, 89, 91, 92, 93,
94, 95, 97,99, 101, 102, 103, 104, 105, 106, 107, 109, 110, 111, 112,113, 114, 115,
116,117,118, 119, 120, 122, 123, 124, 126, 127, 129, 130, 131, 132, 133, 134, 136,
137, 138, 139, 140, 141, 142, 143, 145, 146, 148, 149, 151, 152, 153, 154, 155, 156,
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157, 158, 159, 161, 163, 164, 165, 166, 167, 168, 170, 171, 172, 173, 174, 176, 177,
178,179, 181, 182, 183, 184, 185, 186, 187, 188, 190, 191, 193, 194, 195, 197, 198,
199.

Program 3.50. generation the Erd6s-Smarandache numbers not prime.

ESI(a,b):=j—0
fornea.b
m — max(Fa(n)‘?)
if S(m=mAS(n)#n
j—Jj+1
Sj—n
return s

The program use S (Smarandache function) and Fa (of factorization the num-
bers) programs.

Erdés-Smarandache numbers, that not are primes, one obtains with com-
mand ES1(2,200)T = 6, 10, 14, 15, 20, 21, 22, 26, 28, 30, 33, 34, 35, 38, 39, 40, 42,
44, 46, 51, 52, 55, 56, 57, 58, 60, 62, 63, 65, 66, 68, 69, 70, 74, 76, 77, 78, 82, 84, 85,
86, 87, 88, 91, 92, 93, 94, 95, 99, 102, 104, 105, 106, 110, 111, 112, 114, 115, 116,
117,118, 119, 120, 122, 123, 124, 126, 129, 130, 132, 133, 134, 136, 138, 140, 141,
142, 143, 145, 146, 148, 152, 153, 154, 155, 156, 158, 159, 161, 164, 165, 166, 168,
170,171, 172,174, 176,177, 178, 182, 183, 184, 185, 186, 187, 188, 190, 194, 195,
198.

Program 3.51. generation the Erd6s-Smarandache with nfprime factors.

ES2(a,b,nf):=[j—0
fornea..b
m — max(Fa(n)‘V)
if Sim=mArows(Fa(m)V)=nf
j—Jj+1
Sj—n
return s

The program use S (Smarandache function) and Fa (of factorization the num-
bers) programs.

1. Erddos-Smarandache numbers, that have exactly two prime factors, one
obtains with the command ES2(2,200,2)T = 6, 10, 14, 15, 20, 21, 22, 26,
28, 33, 34, 35, 38, 39, 40, 44, 46, 51, 52, 55, 56, 57, 58, 62, 63, 65, 68, 69, 74,
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76,77, 82, 85, 86, 87, 88, 91, 92, 93, 94, 95, 99, 104, 106, 111, 112, 115, 116,
117,118,119, 122, 123, 124, 129, 133, 134, 136, 141, 142, 143, 145, 146, 148,
152,153, 155, 158, 159, 161, 164, 166, 171,172,176, 177,178, 183, 184, 185,
187,188, 194 .

Erdés-Smarandache numbers, that have exactly three prime factors, one
obtains with the command ES2(2,200,3)" = 30, 42, 60, 66, 70, 78, 84, 102,
105,110, 114, 120, 126, 130, 132, 138, 140, 154, 156, 165, 168, 170, 174, 182,
186, 190, 195, 198..

Erdés-Smarandache numbers, that have exactly four prime factors, one
obtains with the command ES2(2,1000,4)" = 210, 330, 390, 420, 462, 510,
546, 570, 630, 660, 690, 714, 770, 780, 798, 840, 858, 870, 910, 924, 930, 966,
990.

Erdés-Smarandache numbers, that have exactly five prime factors, one
obtains with the command ES2(2,5000,5)T = 2310, 2730, 3570, 3990,
4290, 4620, 4830 .

3.20 Multiplicative Sequences

3.20.1 Multiplicative Sequence of First 2 Terms

General definition: if m,, my, are the first two terms of the sequence, then

my, for k = 3, is the smallest number equal to the product of two previous dis-
tinct terms.

Program 3.52. generate multiplicative sequence with first two terms.

MS2(my, my, L) :=| m — (my my)?*

j<3
while j<L
i—1
for kyel.last(im)—1
for ks € ki +1..last(m)
Y Mg, - My,
if y>max(m)
Xi—Yy
i—i+1
m;j <— min(x)
j—Jj+1
return m
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Examples:

1. ms23:= MS2(2,3,25) ms23" —(2 3 6 12 18 24 36 48 54 72 96 108 144
162 192 216 288 324 384 432 486 576 648 972 1458);

2. ms37:= MS2(3,7,25) ms377 —(3 7 21 63 147 189 441 567 1029 1323
1701 3087 3969 5103 7203 9261 11907 15309 21609 27783 35721 50421
64827 151263 352947) ;

3. ms1113 := MS2(11,13,25) ms1113" —(11 13 143 1573 1859 17303
20449 24167 190333 224939 265837 314171 2093663 2474329 2924207
3455881 4084223 23030293 27217619 32166277 38014691) .

The program MS2, 3.52, is equivalent with the program that generates the
products my, my, my - my, M5 - my, mi -ms, my - my, ms-m5, my - m;, ..., noting
that the series finally have to be ascending sorted because we have no guar-
antee that such terms are generated in ascending order. The program for this

algorithm is simpler and probably faster..

Program 3.53. generate multiplicative sequence with first two terms.

VarMS2(my, mo, L) :=| m — (my my)"

for ke 1..ceil(@)

for iel.k
m — stack[m, (m)* 171 (my)7]
return sort(m) if last(m)< L

3.20.2 Multiplicative Sequence of First 3 Terms

General definition: if m;, m,, ms, are the first two terms of the sequence,
then my, for k = 4, is the smallest number equal to the product of three previous
distinct terms.

Program 3.54. generate multiplicative sequence with first three terms.

MS3(my, my, ms, L) :=|m — (m; my ms)"
j—4
while j<L

i—1

for kyel.last(m)—1

for ks €ky+1..last(m)
for kse ko +1..last(m)
‘y < M, - My,
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if y>max(m)
Xi =)y
i—i+1
mj — min(x)
j—j+1
return m

Examples:

1. ms235:= MS3(2,3,5,30), ms235" —(2, 3, 5, 30, 180, 300, 450, 1080, 1800,
2700, 3000, 4500, 6480, 6750, 10800, 16200, 18000, 27000, 30000, 38880,
40500, 45000, 64800, 67500, 97200, 101250, 108000, 162000, 180000,
233280) ;

2. ms237 := MS3(2,3,7,30), ms237" —(2, 3, 7, 42, 252, 588, 882, 1512,
3528, 5292, 8232, 9072, 12348, 18522, 21168, 31752, 49392, 54432, 74088,
111132, 115248, 127008, 172872, 190512, 259308, 296352, 326592, 388962,
444528, 666792) ;

3. ms111317:= MS3(11,13,17,30), ms111317" —(11, 13, 17, 2431, 347633,
454597, 537251, 49711519, 65007371, 76826893, 85009639, 100465937,
118732471, 7108747217, 9296054053, 10986245699, 12156378377,
14366628991, 15896802493, 16978743353, 18787130219, 22202972077,
26239876091, 1016550852031, 1329335729579, 1571033134957,
1738362107911, 2054427945713, 2273242756499, 2427960299479) .

One can write a program similar to the program VarMS2, 3.53, that genarete
multiplicative sequence with first three terms.

3.20.3 Multiplicative Sequence of First k Terms

General definition: if m,, my, ..., my are the first k terms of the sequence,
then mj, for j = k+1, is the smallest number equal to the product of k previous
distinct terms.

3.21 Generalized Arithmetic Progression

A classic arithmetic progression is defined by: a; € R the first term of pro-
gression, r # 0, r € R ratio of progression (if > 0 then we have an ascending
progression, if r < 0 then we have a descending ratio), ag.; =ar+r=a;+k-r
for any k € N*, the term of rank k + 1. Obviously, we can consider ascending
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progressions of integers (or natural numbers) or descending progressions of
integers (or natural numbers), where a; € Z, (or a; € N) r € Z* (or r € N) and
a1 =ap+r=ay+k-r.

We consider the following generalization of arithmetic progressions. Let
a; € R the first term of the arithmetic progression and {r;} < R series of posi-
tive numbers if ascending progressions and a series of negative numbers when
descending progressions. This series we will call the series ratio. The term ay.;
is defined by formula:

k
A1 =ap+re=ar+ Y rj,
j=1

forany k= 1.

Observation 3.55. It is obvious that a classical arithmetic progression is a par-
ticular case of the generalized arithmetic progression.

Examples (we preferred to give examples of progression of integers for eas-
ier reading of text):

1. Let L:=35 k:=1..L r;:=3, then

r'—(33333333333333333333333333333
333333,

if a; :=2 and a4 := ay + ri, then result

a' —(@2 58 11 14 17 20 23 26 29 32 35 38 41 44 47 50 53 56
59 62 65 68 71 74 77 80 83 86 89 92 95 98 101 104 107)

is a classic ascending arithmetic progression with a; =2 and r = 3;
2. LetL:=35 k:=1..L r;:=k, then

rT—(1234567891011 1213 14 1516 17 18 19 20 21 22
23 24 25 26 27 28 29 30 31 32 33 34 35),

if a; := 2 and ay,; := ay + ry, then result

a' —(2 358 12 17 23 30 38 47 57 68 80 93 107 122 138 155
173 192 212 233 255 278 302 327 353 380 408 437 467 498 530
563 597 632);

then we have a generalized ascending arithmetic progression but it is not
a classical ascending arithmetic progression.
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. Let L:=30 k:=1..L ry:=k? then

rT—(1 4916 2536 49 64 81 100 121 144 169 196 225 256 289
324 361 400 441 484 529 576 625 676 729 784 841 900),

if a; := 2 and ay,1 := ay + ry, then result

a' —(2 37 16 32 57 93 142 206 287 387 508 652 821 1017 1242
1498 1787 2111 2472 2872 3313 3797 4326 4902 5527 6203 6932
7716 8557 9457);

then we have a generalized ascending arithmetic progression but it is not
a classical arithmetic progression.

Let L:=25 k:=1..L ri:= k>, then

rT—(1 8 27 64 125 216 343 512 729 1000 1331 1728 2197 2744
3375 4096 4913 5832 6859 8000 9261 10648 12167 13824 15625),

if a; := 2 and aj,1 := ay + rg, then result

a’ —(2 3 11 38 102 227 443 786 1298 2027 3027 4358 6086 8283
11027 14402 18498 23411 29243 36102 44102 53363 64011 76178
90002 105627);

then we have a generalized ascending arithmetic progression but it is not
a classical arithmetic progression.

. Let L:=38 k:=1..L ry:=1+ mod (k—1,6), then

r'—(12345612345612345612345612345
61234561 2),

if a; := 2 and ay,; := ay + ry, then result

a’' —(2 358 12 17 23 24 26 29 33 38 44 45 47 50 54 59 65 66
68 71 75 80 86 87 89 92 96 101 107 108 110 113 117 122 128
129 131);

then we have a generalized ascending arithmetic progression but it is not
a classical arithmetic progression.

If

r:=23571113 17 19 23 29 31 37 41 43 47 53 59 61 67 71
73 79 83 89 97 101 103 107 109 113 127 131 137 139 149)"
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i.e. sequence of rations is sequence of prime numbers, and a; :=2 L:=35
k:=1..L aj.1:= ay+ry, then result

a' —(2 4 7 12 19 30 43 60 79 102 131 162 199 240 283 330
383 442 503 570 641 714 793 876 965 1062 1163 1266 1373 1482
1595 1722 1853 1990 2129 2278);

then we have a generalized ascending arithmetic progression but it is not
a classical arithmetic progression.

7. Let L:=35 k:=1..L r;:=-3,then

r"—(3-3-3-3-3-3-3-3-3-3-3-3-3-3-3-3-3-3-3
-3 -3-3-3-3-3-3-3-3-3-3-3-3-3-3-3),

if a; := 150 and ay, := ay. + ry, then result

a' —(150 147 144 141 138 135 132 129 126 123 120 117 114 111
108 105 102 99 96 93 90 87 84 81 78 75 72 69 66 63 60 57 54
51 48 45)

is a classic descending arithmetic progression with a; = 150 and r = —3;
8. Let L:=30 k:=1..L ry:=—k, then

rT—(-1-2-3-4-5-6-7-8-9-10-11 —-12 -13 14 -15 -16
-17 -18 -19 -20 -21 -22 -23 -24 -25 -26 -27 -28 -29 -30),

if @; :=500 and a1 := ay + ry, then result

a' —(500 499 497 494 490 485 479 472 464 455 445 434 422 409
395 380 364 347 329 310 290 269 247 224 200 175 149 122 94
65 35);

then we have a generalized descending arithmetic progression but it is
not a classical descending arithmetic progression.

9. Let L:=25 k:=1..L ri:=—k? then

rT —(-1 -4 -9 -16 -25 -36 —49 —64 —81 —-100 -121 -144 —169
-196 -225 -256 -289 -324 -361 —400 —441 -484 -529 -576 -625),

if a; := 10000 and a1 := ay + i, then result

a' —(10000 9999 9995 9986 9970 9945 9909 9860 9796 9715 9615
9494 9350 9181 8985 8760 8504 8215 7891 7530 7130 6689 6205
5676 5100 4475);
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then we have a generalized descending arithmetic progression but it is
not a classical descending arithmetic progression.

10. Let L:=20 k:=1..L ri:=—k3, then

rT —(-1 -8 27 —64 —125 -216 343 -512 —729 -1000 —1331 —1728
—2197 -2744 -3375 -4096 -4913 -5832 -6859 —8000),

if @; :=50000 and a1 := ay + r, then result

a’ — (50000 49999 49991 49964 49900 49775 49559 49216 48704
47975 46975 45644 43916 41719 38975 35600 31504 26591 20759
13900 5900);

then we have a generalized descending arithmetic progression but it is
not a classical descending arithmetic progression.

11. Let L:=30 k:=1..L r:=—(1+ mod (k—1,6)), then

rT—(-1-2-3-4-5-6-1-2-3-4-5-6-1-2-3-4-5-6-1
—2-3-4-5-6-1-2-3 -4 -5 -6),

if a; := 200 and ay := ay + ry, then result

a® —(200 199 197 194 190 185 179 178 176 173 169 164 158 157
155 152 148 143 137 136 134 131 127 122 116 115 113 110 106
101 95).

then we have a generalized descending arithmetic progression but it is
not a classical descending arithmetic progression.

3.22 Non-Arithmetic Progression

Smarandache [2006] defines the series of numbers which are not arithmetic
progression as the series of numbers that we have for all third term the relation-
ship ayi2 # ags+1 +r, where r = ay41 — ax. This statement is equivalent to that
all rations third term of the sequence is different from the other two previous
terms.

We suggest new definitions for non-arithmetic progression. If we have a
series of real numbers {ax}, k = 1,2,... we say that the series ry = a4+ — ay,
k=1,2,...1is the series of ratios’ series {ay}.
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Definition 3.56. The real series {a}, k = 1,2,...is a non-arithmetic progression
generalization if the ratios’ series is a series of numbers who do not have the
same sign.

Definition 3.57. The real series {ay}, k = 1,2,...is anon-arithmetic progression
classical if the ratios’ series is a series of non-constant numbers.

Observation 3.58. Definition 3.57 includes the Smarandache [2006] definition
that we have non-arithmetic progression if all the third term of the series does
not verify the equality aji2 = a1 + 7 =2ap+1 —ap forany k=1,2,....

It is obvious that any classical arithmetic progression is also an arithmetic
progression generalization. Therefore, any series of non-arithmetic progres-
sion generalization is also a classical non-arithmetic progression..

Program 3.59. test program if is arithmetic progression. We consider the fol-
lowing assignments of texts.

1y :="Classical increasing arithmetic progression";

1, :="Classical decreasing arithmetic progression";

13 :="Generalized increasing arithmetic progression but not classical";
t4 :="Generalized decreasing arithmetic progression but not classical";
t5 :="Non-generalized arithmetic progression";

PVap(a) :=| for kel.last(a) -1

‘ Tk <~ Ak+1— Ak
for ke2.last(r)
npac—npac+1 if ri #1,
npag— npag+1 if sign(ry-rp)=—1
if npac=0
return ty if sign(ry) >0
return t, if sign(r;) <0
return "Error." if r1=0
if npac#0Anpag=0
return ts if sign(ry) >0
return ty if sign(ry) <0
return "Error." if r;=0
return ts if npag# 0

Examples (for tracking easier the examples we considered only rows of in-
tegers):
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1. Let L:=100 k:=2..L r1;:= mod (k—1,2), then

ri'—(1212121212121212121212121212
1212121212121212121212121212121
2121212121212121212121212121212
1212121212

ifuly:=1and uly:= uly_; +rli_;, then result

ulm —(1 245781011 13 14 16 17 19 20 22 23 25 26 28 29
31 32 34 35 37 38 40 41 43 44 46 47 49 50 52 53 55 56 58 59
61 62 64 65 67 68 70 71 73 74 76 77 79 80 82 83 85 86 88 89
91 92 94 95 97 98 100 101 103 104 106 107 109 110 112 113
115 116 118 119 121 122 124 125 127 128 130 131 133 134 136
137 139 140 142 143 145 146 148 149)

and PVap(ul) ="Generalized increasing arithmetic progression but not
classical".

2. Let L:=100 k:=2..L r2;.:= mod (k—1,3), then

2T -(1231231231231231231231231231
2312312312312312312312312312312
3123123123123123123123123123123
1231231231)

ifu2;:=1and u2y:= u2;_q + r2;_1, then result

u2' —(1 24781013 14 16 19 20 22 25 26 28 31 32 34 37 38
40 43 44 46 49 50 52 55 56 58 61 62 64 67 68 70 73 74 76 79
80 82 85 86 88 91 92 94 97 98 100 103 104 106 109 110 112
115 116 118 121 122 124 127 128 130 133 134 136 139 140 142
145 146 148 151 152 154 157 158 160 163 164 166 169 170 172
175 176 178 181 182 184 187 188 190 193 194 196 199)

and PVap(u2) ="Generalized increasing arithmetic progression but not
classical".

3. Let L:=100 k:=2..L r3;:= mod (k-1,4), then

31 -(1234123412341234123412341234
1234123412341234123412341234123
4123412341234123412341234123412
3412341234



3.22. NON-ARITHMETIC PROGRESSION 207

if u37:=1and u3y := u34_; + r34_1, then result

ud® —(1 24711 12 14 17 21 22 24 27 31 32 34 37 41 42 44 47
51 52 54 57 61 62 64 67 71 72 74 77 81 82 84 87 91 92 94 97
101 102 104 107 111 112 114 117 121 122 124 127 131 132 134
137 141 142 144 147 151 152 154 157 161 162 164 167 171 172
174 177 181 182 184 187 191 192 194 197 201 202 204 207 211
212 214 217 221 222 224 227 231 232 234 237 241 242 244 247)

and PVap(u3) ="Generalized increasing arithmetic progression but not
classical".

4. Let L:=100 k:=2..L r4;:= mod (k—1,5), then

r4a' -(1234512345123451234512345123
4512345123451234512345123451234
5123451234512345123451234512345
1234512345)

if ud, :=1and udy := udr_q + r4y_1, then result

ud' —(1 247 11 16 17 19 22 26 31 32 34 37 41 46 47 49 52
56 61 62 64 67 71 76 77 79 82 86 91 92 94 97 101 106 107 109
112 116 121 122 124 127 131 136 137 139 142 146 151 152 154
157 161 166 167 169 172 176 181 182 184 187 191 196 197 199
202 206 211 212 214 217 221 226 227 229 232 236 241 242 244
247 251 256 257 259 262 266 271 272 274 277 281 286 287 289
292 296)

and PVap(ud) ="Generalized increasing arithmetic progression but not
classical".

Examples non-arithmetic progression generalization:

e Let L:=100 k:=2..L r5;:= floor(—1+rnd(10)), then
r5'—-(120-1655-1-13652-1021335375-172
-12-1735746445-1267674606755166 -1

7230850172118-10-153-1554-117-1671
5778323-16-150-1-158)

if u57 := 10 and ub5y := u5y_1 + r5;_1, then result
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u5" —(10 11 13 13 12 18 23 28 27 26 29 35 40 42 41 41 43 44
47 50 55 58 65 70 69 76 78 77 79 78 85 88 93 100 104 110 114
118 123 122 124 130 137 143 150 154 160 160 166 173 178 183
184 190 196 195 202 204 207 207 215 220 220 221 228 230 231
232 240 239 239 238 243 246 245 250 255 259 258 259 266 265
271 278 279 284 291 298 306 309 311 314 313 319 318 323 323
322 321 326)

and PVap(u5) ="Non-generalized arithmetic progression".

e Let L:=100 k:=2..L r6;:= floor(2sin(k)?+3cos(k)®+5sin(k)? cos(k)%),
then

6’ -(11-3-12331-3-31331-2-312320-3023
21-3-21331-3-31332-1-312321-3-12331
-3-21331-2-312320-302321-3-21331-3-3
1331-1-312320-3-12331-3-2123)

if u67 := 100 and u6y := uby_q + r64_1, then result

u6’ —(100 101 102 99 98 100 103 106 107 104 101 102 105 108
109 107 104 105 107 110 112 112 109 109 111 114 116 117 114
112 113 116 119 120 117 114 115 118 121 123 122 119 120 122
125 127 128 125 124 126 129 132 133 130 128 129 132 135 136
134 131 132 134 137 139 139 136 136 138 141 143 144 141 139
140 143 146 147 144 141 142 145 148 149 148 145 146 148 151
153 153 150 149 151 154 157 158 155 153 154)

and PV(u6) =" Non-generalized arithmetic progression"

3.23 Generalized Geometric Progression

A classical generalized geometric progression is defined by: g; € R, the first
term of progression, p # 0, p € R progression ratio (if p > 1 then we have an
ascending progression, if 0 < p < 1 then we have a descending progression)
and the formula g1 = gk-p =81 pk, for any k € N*, where gi; the term of
rank k + 1.

Obviously we can consider ascending progression of integers (or natural
numbers) or descending progression of integers (or natural numbers), where
g1€Z,(orgieN),peZ" (or peN)and gg 1 :gk-p:gl-pk.

Consider the following generalization of geometric progressions. Let g; € N
the first term of the geometric progression and pj a series of positive real
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supraunitary numbers in ascending progressions or a series of real subunitary
numbers in descending progression. We call the series {p} il the series of gen-
eralized geometric progression ratios. The term gy is defined by formula

k
gk+1=gk‘pk=g1~]_[pj,
j=1

for any k e N*.
Examples (we preferred to give examples of progression of integers for eas-
ier browsing text):

1. Let L:=20 k:=1..L py:=3, then
pT—>(33333333333333333333)
if g1 :=2 and gy := gk - Pk, then result that

gl —(2 6 18 54 162 486 1458 4374 13122 39366 118098
354294 1062882 3188646 9565938 28697814 86093442 258280326
774840978 2324522934 6973568802)

which is a classical ascending geometric progression with gy =2 and p =
3

2. Let L:=15 k:=1..L py:=k, then
pT—>(2345678910 11 12 13 14 15 16)
if g1 :=1and gi+1 := gk - Pk, then result that

gl —(1 2 6 24 120 720 5040 40320 362880 3628800
39916800 479001600 6227020800 87178291200 1307674368000
20922789888000)

which is factorial sequence that is a generalized ascending geometric
progression but is not classical geometric progression;

3. Let L:=13 k:=1..L py:= (k+1)? then
pl —(4 9 16 25 36 49 64 81 100 121 144 169 196)
if g1 :=1and gi+1 := gk P&, then we obtain sequence

g’ — (1436576 14400 518400 25401600 1625702400 131681894400
13168189440000 1593350922240000 229442532802560000
38775788043632640000 7600054456551997440000);
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which is a generalized ascending geometric progression but is not classi-
cal geometric progression.

Let L:=10 k:=1..L py:= (k+1)3, then
pT —(8 27 64 125 216 343 512 729 1000 1331)
if g1 :=7 and gx+1 := gk Pk, then result that

gT —(7 56 1512 96768 12096000 2612736000 896168448000
458838245376000 334493080879104000 334493080879104000000
445210290650087424000000);

which is a generalized ascending geometric progression but is not classi-
cal geometric progression.

Let L:=15 k:=1..L pr:=3+ mod (k—1,6), then
pT—>(345678345678345)
if g1 := 11 and gi+1 := gk - Pk, then we obtain

gT —(11 33 132 660 3960 27720 221760 665280 2661120 13305600
79833600 558835200 4470681600 13412044800 53648179200
268240896000);

which is a generalized ascending geometric progression but is not classi-
cal geometric progression.

LetL:=10 k:=1..L pj:= %, then

r (1111111111

P"l3333333333

if g1 := 3" and gy+1 := gk - P, then result that
gT—>(59049 19683 6561 2187 729 243 81 27 9 3 1)

which is a classic descending geometric progression with g; = 59049 and

_ 1.
p_§r

Let L:=10 k:=1..L py :=27k then

r (1111 1 1 1 1 1 1
p_________

if g1 := 2% and gr41 := gk - P&, then result that
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g’ —(36028797018963968 18014398509481984 4503599627370496
562949953421312 35184372088832 1099511627776 17179869184
134217728 524288 1024 1),

which is a generalized descending geometric progression but is not clas-
sical geometric progression.

8. Let L:=15 k:=1..L py:=2"[1+ mod(k-106)] then

r (1111 1 11111 1 1111

PPl2281632642248163264248

if g1 := 2*8 and gy, := g¢* P, then result that

g' —(281474976710656 140737488355328  35184372088832
4398046511104 274877906944 8589934592 134217728 67108864
16777216 2097152 131072 4096 64 32 8 1);

which is a generalized descending geometric progression but is not clas-
sical geometric progression.

3.24 Non-Geometric Progression

If we have a series of real numbers {gk}, k =1,2,... we say that the series
pi =, k=1,2,...is the series of ratios’ series {gy}.

Definition 3.60. The series {gk}, k =1,2,... is a non-generalized geometric
progression if ratios’ series {p} is a series of number not supraunitary (or sub-
unitary).

Definition 3.61. The series {gi}, k = 1,2,... is a non—classical geometric pro-
gression if ratios’ series {py} is a series of inconstant numbers.

Observation 3.62. Itis obvious that any classical geometric progression is a gen-
eralized geometric progression. Therefore, any series of non-generalized geo-
metric progression is also non—classical geometric progression.

Program 3.63. for geometric progression testing. We consider the following
texts’ assignments.

t :="Classical increasing geometric progression";
1, :="Classical decreasing geometric progression";

13 :="Generalized increasing geometric progression but not classical";
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t4 :="Generalized decreasing geometric progression but not classical";

t5 :="Non-generalized geometric progression";

PVgp(g):=| for kel.last(g)—1
o — 8k+1

8k
for ke2.last(q)

npac— npac+ 1 if px # p1
npag— npag+1if-(p1>1Apr>1) V(o1 <1Apr<1)]
if npac=0

return ty if p1>1

returnty if 0<p; <1

return "Error." if p1 <0V p1=1
if npac# 0 A npag=0

return ts if pp >1

returnty if 0<p; <1

return "Error." ifp; <0V p1=1
return ts if npag# 0

Examples:
1. Letply:=2 L:=10 k:=2..L pli:=¢, then

6 66 6666666

(5555555553

ifwly:=1and wlj:=wlk_y-pli-1, then result

6 36 216 1296 7776 46656 279936 1679616

wlt -1 = =
5 25 125 625 3125 15625 78125 390625

10077696)
1953125

and PVgp(w1) ="Classical increasing geometric progression".

2. Letp2;:= 19—0 L:=10 k:=2..L p2;:= 19—0, then

T(9999999999)
p 10 10 10 10 10 10 10 10 10 10
if w2, :=10% and w2y := w2j_, - p2x_1, then result

w2" — (1000000000 900000000 810000000 729000000 656100000
590490000 531441000 478296900 430467210 387420489)
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and PVgp(w2) ="Classical decreasing geometric progression".
3. Letp31:=2L:=17 k:=2..L p3}:=q3k-1+1, then
p3T—>(2345678910 11 12 13 14 15 16 17 18)
if w3y :=1and w3y := w3k-1 - p3k-1, then result

w3t —(1 2 6 24 120 720 5040 40320 362880 3628800
39916800 479001600 6227020800 87178291200 1307674368000
20922789888000 355687428096000)

and PVgp(w3) ="Generalized increasing geometric progression but not
classical". Note that the series w3 is the series of factorials up to 17!.

1 1
4. Let p4;:= 3 L:=10 k:=2..L p4y:=p4j_1- > then

4T (1111111 1 1 1)
P 2 4 8 16 32 64 128 256 512 1024

if w4, :=1and way := wi_; - p4y-1, then result

4T (1 111 1 1 1 1 1
wd —(1 - - —
. 2 8 64 1024 32768 2097152 268435456 68719476736

35184372088832

and PVgp(w4) ="Generalized decreasing geometric progression but not
classical".

1
5. Let p5y:= 5 Li=10 k:=2..L p5i:= pdg-y 30" then

133 9 9 27 27 81 81)

and PVgp(w5) =" Non-generalized geometric progression".
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Chapter 4

Special numbers

4.1 Numeration Bases

4.1.1 Prime Base

We defined over the set of natural numbers the following infinite base: py =
1, and for k € N* pi = primey. is the k-th prime number. We proved that every
positive integer a € N* may be uniquely written in the prime base as:

m
a=0am...a1ao(ph) = Z aipPrk »
k=0

where ar =0or 1 for k=0,1,...,m—1 and of course a,, = 1, in the following
way:

e ifpp<a<pmsrthena=py,+ry;
e ifpr<ri<priithenry=pr+r, k<m;
¢ and so on until one obtains arest r; = 0.

Therefore, any number may be written as a sum of prime numbers +e, where
e=0or 1. Thus we have

200 = 1-240-1=10(,,
30 = 1:3+0-2+0-1=100(,p,
4ap = 1-3+0-2+1-1=101(,p,
500 = 1:5+0:3+0-2+0-1=1000,p)

215
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610) = 1:5+0-3+0-2+1-1=10010,p,
7app = 1:7+0:5+0:3+0-2+0-1=100000,p) ,
8up = 1:7+0-5+0:3+0-2+1-1=10001,p)
910) = 1:7+0-5+0-3+1-2+0-1=10010,p),
10q0) = 1:7+0-5+1:3+0-2+0-1=10100(,p)-

If we use the ipp function, given by 2.40, then a is written in the prime base
as:

a=ippla)+ippla—ipp(a)) + ippla—ipp(a) — ippla—ipp(a))) + ...,
or
a=ipp(a) + ipp(ppi(a)) + ipp(ppi(a) — ipp(ppi(a))) +...
where the function ppi given by 2.46.

Example 4.1. Let a =35, then

ipp(35) + ipp(35 — ipp(35)) + ipp(35 — ipp(35) — ipp(35 — ipp(35)))
=31+3+1=35

or
ipp(35) + ipp(ppi(35)) + ipp(ppi(35) — ipp(ppi(35))) =31 +3+1=35.

This base is important for partitions with primes.
Program 4.2. number generator based numeration of prime numbers, denoted
(pD).

PB(n) :=|return 1 if n=1

Un(ipp(n))+1 < 1

r — ppi(n)

whiler Z1Ar #0
Un(ippr)+1 < 1
r — ppi(r)

vy —1 if r=1

return reverse(v)’

The program uses the programs: 7 of counting the prime numbers, 2.3, ipp in-
ferior prime part 2.40, ppi, inferior prime complements, 2.46, utilitarian func-
tion Mathcad reverse.

Using the sequence n := 1..25, v, = PB(n) the vector v was generated,
which contains the numbers from 1 to 25 written on the basis (pb):
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Table 4.1: Numbers in base (pb)

1(10) = N(pb)

1=1

2=10

3=100

4=101

5=1000

6=1001

7=10000

8=10001

9=10010
10=10100
11=100000
12=100001
13=1000000
14=1000001
15=1000010
16=1000100
17=10000000
18=10000001
19=100000000
20=100000001
21=100000010
22=100000100
23=1000000000
24=1000000001
25=1000000010
26=1000000100
27=1000000101
28=1000001000
29=10000000000
30=10000000001
31=100000000000
32=100000000001
33=100000000010
34=100000000100
35=100000000101
36=100000001000
37=1000000000000

Continued on next page
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nao) = Npb)
38=1000000000001
39=1000000000010
40=1000000000100
41=10000000000000
42=10000000000001
43=100000000000000
44=100000000000001
45=100000000000010
46=100000000000100
47=1000000000000000

4.1.2 Square Base

We defined over the set of natural numbers the following infinite base: for
keN, si = k?, denoted (sbh).

Each number a € N can be written in the square base (sb). We proved that
every positive integer a may be uniquely written in the square base as:

m
A= @ ao(sp) = Y, A" Sk »
k=0

with ap =0var=1for k=2, a; €{0,1,2}, ag € {0,1,2,3} and of course a;;, = 1,
in the following way:

o ifs,,<a<syusi,thena=s,,+ry;

e if s <1 < Sp41, then ry = s + 12, kK < m and so on until one obtains a rest
rj=0,j<m.

Therefore, any number may be written as a sum of squares+e (1 not counted as
a square — being obvious), where e € {0,1,2,3}. Examples: 4 =22 +0,5=22+1,
6=2242,7=2243,8=2-22+0,9=3%+0.

Program 4.3. for transforming a number written in base (10) based on the nu-
meration (sb).

SB(n) :=|return 0 if n=0
U\/isp(n) <1

r — spi(n)

k —+/isp(r)
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whiler >3
V< U +1
r — spi(r)
k — \/isp(r)
Vi<—V1+r
return reverse(v)- Vb0, last(v))

The program uses the following user functions: isp given by 2.48, spi given by
2.51, Vb which returns the vector (b b1 ...b%T and the utilitarian function
Mathcad reverse.

The numbers from 1 to 100 generated by the program SB are: 1, 2, 3, 10,
11, 12, 13, 20, 100, 101, 102, 103, 110, 111, 112, 1000, 1001, 1002, 1003, 1010,
1011, 1012, 1013, 1020, 10000, 10001, 10002, 10003, 10010, 10011, 10012,
10013, 10020, 10100, 10101, 100000, 100001, 100002, 100003, 100010, 100011,
100012, 100013, 100020, 100100, 100101, 100102, 100103, 1000000, 1000001,
1000002, 1000003, 1000010, 1000011, 1000012, 1000013, 1000020, 1000100,
1000101, 1000102, 1000103, 1000110, 1000111, 10000000, 10000001, 10000002,
10000003, 10000010, 10000011, 10000012, 10000013, 10000020, 10000100,
10000101, 10000102, 10000103, 10000110, 10000111, 10000112, 10001000,
100000000, 100000001, 100000002, 100000003, 100000010, 100000011,
100000012, 100000013, 100000020, 100000100, 100000101, 100000102,
100000103, 100000110, 100000111, 100000112, 100001000, 100001001,
100001002, 1000000000 .

4.1.3 Cubic Base

We defined over the set of natural numbers the following infinite base: for
keN, ¢ = k3, denoted (ch).

Each number a € N can be written in the square base (cb). We proved that
every positive integer a may be uniquely written in the cubic base as:

m
A= @ Aoch) = ), Ak Ck »
k=0
with ap =0var=1fork=2,a, €{0,1,2}, ap€ {0,1,2,...,7} and of course a,, = 1,
in the following way:
e ifcy,<a<cpmyr,thena=cy+ry;

e if ¢ <1 <cpy1, then r; = ¢ + 12, k < m and so on until one obtains a rest
rj=0,j<m.
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Therefore, any number may be written as a sum of cub+e (1 not counted as a
square — being obvious), where e € {0,1,2,...,7}.

Examples: 9=23+1,10=23+1,11=23+2,12=23+3,13=2%+4,14 = 23+5,
15=23+46,16=2-23,17=2-2341,18=2-2342,19=2.23+3,20=2.2% + 4,
21=2.2345,22=2.2346,23=2-234+7,24=3-23,25=3-23+1,26=3-23+2,
27=33.

Program 4.4. for transforming a number written in base (10) based on the nu-
meration (cb).

CB(n) :=| return 0 if n=0
k — /icp(n)
Vi —1
r—cpi(n)
k — /icp(r)
whiler >7

Vi — Vi +1

r — cpi(r)

k — /icp(r)
VW—V+r
return reverse(v) - Vb(10, last(v))

The program uses the following user functions: icp given by 2.53, cpi given by
2.56, Vb which returns the vector (b™ b™! ...b%)" and the utilitarian function
Mathcad reverse.

The natural numbers from 1 to 64 generated by the program CBare: 1, 2, 3,
4,5,6,7,10,11, 12,13, 14, 15, 16, 17, 20, 21, 22, 23, 24, 25, 26, 27, 30, 31, 32, 100,
101, 102, 103, 104, 105, 106, 107,110, 111, 112, 113, 114, 115, 116, 117, 120, 121,
122,123, 124, 125, 126, 127, 130, 131, 132, 200, 201, 202, 203, 204, 205, 206, 207,
210, 211, 1000 .

4.1.4 Factorial Base
We defined over the set of natural numbers the following infinite base: for

k € N*, fi = k!, denoted (fb). We proved that every positive integer a may be
uniquely written in the factorial base as:

m
a=Tp...a1Go ) = Y ax- fi,
k=0
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with all a; =0,1,..., k, for k € N*, in the following way:

lag = 1-U=1¢p

2000 = 1:2!40-11=10(p)

300 = 1-2!1+1-11'=11(yp

4q9) = 2-2!4+0-11=20sp)

5190 = 2-2!+1-11=21p)

6ag) = 1:3!4+0-2!4+0-11=100sp
7a0) = 1-3140-2!4+1-11=101(yp)
8agy = 1:3!+1:2!40-11=110sp
a9 = 1-31+1-21+1-11=111p
1009) = 1-3!4+2:2140-11=120yp
1lgg = 1-31+2-21+1-11=121pp
1209 = 2:314+0-2!4+0-11=2007p
13q9) = 2-3!1+0-2!+1-1!=201sp)
140090 = 2-3!+1-2!140-11=210yp
15000 = 2-3!+1-20+1-11=211(sp
1609) = 2-3!+2-2!40-1!=220sp)
17q0p = 2-314+2:214+1-11=2215y
18qg) = 3-3!+0-2!+0-1!=300sp
1909) = 3-3!4+0-2!+1-11=301(yp
2000) = 3-3!4+1-204+0-11=301(sp
2lae) = 3-3!4+1-204+1-11=311(sp
22009 = 3-3!42:2!40-11=320yp
230100 = 3-3!42:204+1-11=321sy
2400) = 1-4140-3!40-2!+0-1!=1000(p

Program 4.5. for transforming a number written in base (10) based on the nu-
meration (fb).

FB(n) :=| return 0 if n=0
k — ifpk(n)

Vi —1

r — fpi(n)

k — ifpk(r)
whiler > 1
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UV <— Vi +1
r — fpi(r)
k — ifpk(r)
Vi<—U1+r
return reverse(v)- Vb(10,last(v))

The program 4.5 uses the following user functions:

Program 4.6. provides the largest number k — 1 for which k! > x.

ifpk(x) :=| forke1..18
return k—1ifx < k!

and fpi given by 2.61, Vb which returns the vector (b b™"! ...b%T and the
utilitarian function Mathcad reverse.

4.1.5 Double Factorial Base

We defined over the set of natural numbers the following infinite base: for
k e N*, fi = k!, denoted (dfb), then 1, 2, 3, 8, 15, 48, 105, 384, 945, 3840, ... .
We proved that every positive integer a may be uniquely written in the double
factorial base as:

m
a=am...AAo(dfp) = Z ag- fi,
k=0

with all a; =0,1,..., k, for k € N*, in the following way:

lag = 1-1=1gsp

2000 = 1-:2140-11=10¢4yp)

300 = 1:3140-211+0-11=100¢p)

4a9) = 1-3140-201+1-11'=101(4zp)

51090 = 1:3!+1-2!'+0-11'=110¢4p)

6a0) = 2:3!1+0-21+0-11=200¢p)

Tao) = 2-3140-20+1-11=201(45p

8agy = 1-4!1+0-3!+0-2!1+0-1!'=1000;)
9q0) = 1-414+0-31+0-21+1-11'=100147p)
1000 = 1:4!4+0-3!+1-2!'+0-1!'=1010(47p)
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and so on 1100, 1101, 1110, 1200, 10000, 10001, 10010, 10100, 10101, 10110,
10200, 10201, 11000, 11001, 11010, 11100, 11101, 11110, 11200, 20000, 20001,
20010, 20100, 20101, 20110, 20200, ... .

The programs transforming the numbers in base (10) based on (dfb) are:

Program 4.7. for the determination of inferior double factorial part.

idfp(x) :=| return "undefined" if x <0V x > kfi28,2)
forkel..28
return kftk—1,2) if x < kflk,2)
return "Error."

Note that the number 28!! = kf(28,2) = 14283291230208 is smaller than 10'6.

Function 4.8. calculates the difference between x and the inferior double fac-
torial part,

dfpi(x) = x — idfp(x) .

Program 4.9. for determining k — 1 for which x < k!!.

idfpk(x) :=| return "undefined" if x <0V x > kf(28,2)
forkel..28
return k—1 if x < kf(k, 2)
return "Error."

Program4.10. for transforming a number written in base (10) based on numer-
ation (dfb).

DFB(n) :=| return 0 if n=0
k — idfpk(n)
Ve —1
r — dfpi(n)
k — idfpk(r)
whiler > 1

Vp — Vi +1

r — dfpi(r)

k — idfpk(r)
VWy—V+r
return reverse(v) - Vb(10, last(v))

The program 4.10 calls the function Mathcad reverse and the program Vb
which provides the vector (b b™! ... b%T.
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4.1.6 Triangular Base

Numbers written in the triangular base, defined as follows:

k(k+1)
2

tr =

)

for k € N*, denoted (tb), then 1, 3, 6, 10, 15, 21, 28, 36, 45, 55, ... . We proved
that every positive integer a may be uniquely written in the triangular base as:

m
aA=Tm-- @ oy = Y Ak l
k=0

withall a, =0,1,..., k, for ke N*.

The series of natural numbers from 1 to 36 in base (tb) is:1, 2, 10, 11, 12, 100,
101, 102, 110, 1000, 1001, 1002, 1010, 1011, 10000, 10001, 10002, 10010, 10011,
10012, 100000, 100001, 100002, 100010, 100011, 100012, 100100, 1000000,
1000001, 1000002, 1000010, 1000011, 1000012, 1000100, 1000101, 10000000 .

4.1.7 Quadratic Base

Numbers written in the quadratic base, defined as follows:

k(k+1)2k+1)
qp=—"7"")
6
for k € N*, denoted ((gb), then 1, 5, 14, 30, 55, 91, 140, 204, 285, 385, ... . We

proved that every positive integer a may be uniquely written in the quadratic
base as:

m
a="TQp...01Goqn) = ) Ak Gk »
k=0
with all a, =0,1,..., k, for k€ N*.
The series of natural numbers from 1 to 36 in base (gb) is: 1, 2, 3, 4, 10, 11,

12,13, 14, 20, 21, 22, 23, 100, 101, 102, 103, 104, 110, 111, 112, 113, 114, 120, 121,
122,123, 200, 201, 1000, 1001, 1002, 1003, 1004, 1010, 1011 .

4.1.8 Pentagon Base

Numbers written in the pentagon base, defined as follows:

K2 (k+1)?

e =,
peér 1
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for k € N*, denoted (peb), then 1, 9, 36, 100, 225, 441, 784, 1296, 2025, 3025,
... . We proved that every positive integer a may be uniquely written in the
pentagon base as:

m
a=Tp ... Q100 (peby = ), Ak Pey
k=0

with all a =0,1,..., k, for ke N*.

The series of natural numbers from 1 to 100 in base (peb) is: 1, 2, 3,4, 5,6, 7,
8,10, 11, 12,13, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26, 27, 28, 30, 31, 32, 33,
34, 35, 36, 37, 38, 100, 101, 102, 103, 104, 105, 106, 107, 108, 110, 111, 112, 113,
114,115,116, 117,118, 120, 121, 122, 123, 124, 125, 126, 127, 128, 130, 131, 132,
133, 134, 135, 136, 137, 138, 200, 201, 202, 203, 204, 205, 206, 207, 208, 210, 211,
212, 213, 214, 215, 216, 217, 218, 220, 221, 222, 223, 224, 225, 226, 227, 228, 230,
1000 .

4.1.9 Fibonacci Base

Numbers written in the Fibonacci base, defined as follows:

Jis2 = free1+ [

with fi =1, f> =2, for k € N*, denoted (Fb), then 1, 2, 3, 5, 8, 13, 21, 34, 55,
89, ... . We proved that every positive integer a may be uniquely written in the
Fibonacci base as:

m
a=Qm...a1qo ) = Y, Ak fi»
k=0

with all a; =0,1,..., k, for k € N*. With programs like programs 4.7, 4.8, 4.9 and
4.10 we can generate natural numbers up to 50 in base (Fb): 1, 10, 100, 101,
1000, 1001, 1010, 10000, 10001, 10010, 10100, 10101, 100000, 100001, 100010,
100100, 100101, 101000, 101001, 101010, 1000000, 1000001, 1000010, 1000100,
1000101, 1001000, 1001001, 1001010, 1010000, 1010001, 1010010, 1010100,
1010101, 10000000, 10000001, 10000010, 10000100, 10000101, 10001000,
10001001, 10001010, 10010000, 10010001, 10010010, 10010100, 10010101,
10100000, 10100001, 10100010, 10100100 .

4.1.10 Tribonacci Base

Numbers written in the Tribonacci base, defined as follows:

lk+3 = Ljvo + L1 + Ik
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with t; = 1, b = 2, t3 = 3, for k € N*, denoted (Th), then 1, 2, 3, 6, 11, 20, 37, 68,
125, 230 ... . We proved that every positive integer a may be uniquely written
in the Tribonacci base as:

m
a=Tm...a1do(mp = Y Ak tk,
k=0

with all ar =0,1,..., k, for k € N*. With programs like programs 4.7, 4.8, 4.9 and
4.10 we can generate natural numbers up to 50 in base (7h): 1, 10, 100, 101, 110,
1000, 1001, 1010, 1100, 1101, 10000, 10001, 10010, 10100, 10101, 10110, 11000,
11001, 11010, 100000, 100001, 100010, 100100, 100101, 100110, 101000, 101001,
101010, 101100, 101101, 110000, 110001, 110010, 110100, 110101, 110110,
1000000, 1000001, 1000010, 1000100, 1000101, 1000110, 1001000, 1001001,
1001010, 1001100, 1001101, 1010000, 1010001, 1010010 .

4.2 Smarandache Numbers

Smaranadche numbers are generated with commands: n:=1..65, S(n, 1) =,
where the function Sis givenby 2.69: 1,2, 3,4,5,3,7,4,6,5,11,4,13,7,5,6, 17,
6,19,5,7,11,23,4,10,13,9,7,29,5,31,8,11,17,7,6,37, 19, 13, 5,41, 7,43, 11,
5,23,47,6,14,10,17,13,53,9, 11, 7,19, 29,59, 5,61, 31,7,8,13, ... .

4.3 Smarandache Quotients

4.3.1 Smarandache Quotients of First Kind

For each n to find the smallest k such that - k is a factorial number.

Program4.11. calculation of the number Smarandache quotient.

SQ(n, k) :=| formel..n
kfim, k)
n

return

if mod(kfim, k), n)=0

The program kf, 2.15, calculates multifactorial.

The first 30 numbers Smarandache quotients of first kind are: 1, 1, 2,
6, 24, 1, 720, 3, 80, 12, 3628800, 2, 479001600, 360, 8, 45, 20922789888000,
40, 6402373705728000, 6, 240, 1814400, 1124000727777607680000, 1, 145152,
239500800, 13440, 180, 304888344611713860501504000000, 4 .

These numbers were obtained using the commands: 7 := 1..30, sql, :=
SQ(n,1) and sq1* —, where SQis the program 4.11.
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4.3.2 Smarandache Quotients of Second Kind

For each n to find the smallest k such that n-k is a double factorial
number. The first 30 numbers Smarandache quotients of second kind are:
1,1, 1, 2, 3, 8 15, 1, 105, 384, 945, 4, 10395, 46080, 1, 3, 2027025, 2560,
34459425, 192, 5, 3715891200, 13749310575, 2, 81081, 1961990553600, 35,
23040, 213458046676875, 128 .

These numbers were obtained using the commands: n := 1..30, sq2, :=
SQ(n,2) and sq2" —, where SQis the program 4.11.

4.3.3 Smarandache Quotients of Third Kind

For each n to find the smallest k such that 7 - k is a triple factorial number.
The first 30 numbers Smarandache quotients of third kind are: 1,1, 1, 1, 2, 3,
4,10, 2, 1, 80, 162, 280, 2, 1944, 5, 12320, 1, 58240, 4, 524880, 40, 4188800, 81,
167552, 140, 6, 1, 2504902400, 972 .

These numbers were obtained using the commands: 7 := 1..30, sg3, :=
SQ(n,3) and sg3" —, where SQis the program 4.11.

4.4 Primitive Numbers

4.4.1 Primitive Numbers of Power 2

S2(n) is the smallest integer such that S2(n)! is divisible by 2". The first
primitive numbers (of power 2) are: 2, 4, 4, 6, 8, 8, 8, 10, 12, 12, 14, 16, 16,
16, 16, 18, 20, 20, 22, 24, 24, 24, 26, 28, 28, 30, 32, 32, 32, 32, 32, 34, 36, 36, 38, 40,
40, 40, 42, 44, 44, 46, 48, 48, 48, 48, 50, 52, 52, 54, 56, 56, 56, 58, 60, 60, 62, 64,
64, 64, 64, 64, 64, 66, ... . This sequence was generated with the program Spk,
given by 4.12.

Curious property: This is the sequence of even numbers, each number be-
ing repeated as many times as its exponent (of power 2) is.

This is one of irreducible functions, noted S2(k), which helps to calculate
the Smarandache function, 2.69.

4.4.2 Primitive Numbers of Power 3

S3(n) is the smallest integer such that S3(n)! is divisible by 3”. The first
primitive numbers (of power 3) obtain with command Spk(n,3) — 3, 6, 9, 9,
12,15, 18, 18, 21, 24, 27, 27, 27, 30, 33, 36, 36, 39, 42, 45, 45, 48, 51, 54, 54, 54,57,
60, 63, 63, 66, 69, 72, 72, 75, 78, 81, 81, 81, 81, 84, 87, 90, 90, 93, 96, 99, 99, 102,
105, 108, 108, 108, 111, ... . The program Spk is given by 4.12.
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Curious property: this is the sequence of multiples of 3, each number being
repeated as many times as its exponent (of power 3) is.

This is one of irreducible functions, noted S3(k), which helps to calculate
the Smarandache function, 2.69.

4.4.3 Primitive Numbers of Power Prime

Let p € P5,, then m = Spk(n, p, k) is the smallest integer such that m!!...!
(k—factorial) is divisible by p".

Program 4.12. for generated primitive numbers of power p and factorial k.

Spk(n,p, k)= formel.n-p
return m if mod(kfim, k), p*) =0
return —1

Proposition 4.13. Foreverym> n-p, p"{m...! (k—factorial).

Proof. Case m!. Let m= (n+1)-,thenm!=1---p---2p---(n+1)p, i.e. we have
n+ 1 of p in factorial, then p” t m!.

Case m!l. Let m = (n+ 1)p, where n is odd, then m!! =1-3---p---3p---n-,
i.e. number of p in the factorial product is < n, then p™ { m!l. If n is even, then
m!=1-3---p---3p---(n+1)p and now number of p in the factorial product is
< n, then p" t m!l.

Cases m!!l, ..., m!...! (k times). These cases prove analogous. OJ

We consider command 7 := 1..40, then

Spk(n,2,1) — 2,4,4,6,8,8, 8,10, 12,12, 14, 16, 16, 16, 16, 18, 20, 20, 22, 24, 24,
24, 26, 28, 28, 30, 32, 32, 32, 32, 32, 34, 36, 36, 38, 40, 40, 40, 42, 44 .

Spk(n,2,2) — 2,4,4,6,8,8,8,10, 12,12, 14, 16, 16, 16, 16, 18, 20, 20, 22, 24, 24,
24, 26, 28, 28, 30, 32, 32, 32, 32, 32, 34, 36, 36, 38, 40, 40, 40, 42, 44 .

Spk(n,2,3) - 2,4,-1,8,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1, -1, -1, -1,
_1) _1) _ly _lr _1» _1; _1y _1) _1) _17 _lr _17 _1) _1) _1) _lr _17 _1) _1)
—1, -1, —1. In general, this case does not make sense.

Spk(n,2,4) — 2,4,-1,8,8,12,12, 16, 16, 16, 16, 20, 20, 24, 24, 24, 28, 28, 32, 32,
32,32, 32, 36, 36, 40, 40, 40, 44, 44, 48, 48, 48, 48, 52, 52, 56, 56, 56, 60 .

Spk(n,3,1) — 3,6,9,9,12, 15, 18, 18, 21, 24, 27, 27, 27, 30, 33, 36, 36, 39, 42, 45,
45, 48, 51, 54, 54, 54, 57, 60, 63, 63, 66, 69, 72, 72,75, 78, 81, 81, 81, 81 .
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Spk(n,3,2) - 3,-1,9,-1,-1,-1,-1,-1,-1, -1, -1, -1, -1, -1, -1, -1, -1,
_1; _1) _1) _1) _17 _lr _1y _1) _1) _ly _1) _1» _1; _1) _1) _l) _1» _1; _1y
-1, -1, -1, —1. In general, this case does not make sense.

Spk(n,3,3) — 3,6,9,9, 12,15, 18, 18, 21, 24, 27, 27, 27, 30, 33, 36, 36, 39, 42, 45,
45, 48, 51, 54, 54, 54, 57, 60, 63, 63, 66, 69, 72, 72,75, 78, 81, 81, 81, 81 .

Spk(n,5,1) — 5, 10, 15, 20, 25, 25, 30, 35, 40, 45, 50, 50, 55, 60, 65, 70, 75, 75, 80,
85, 90, 95, 100, 100, 105, 110, 115, 120, 125, 125, 125, 130, 135, 140, 145,
150, 150, 155, 160, 165 .

Spk(n,5,2) — 5,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1, -1, -1, -1, -1, -1,
_1) _17 _1’ _1) _lr _1) _1» _1) _11 _1, _1) _1) _1) _17 _1’ _1) _1» _1) _1»
—-1,-1, -1, —1. In general, this case does not make sense.

Spk(n,5,3) —» 5,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1, -1, -1, -1,
_]-r _]-) _]-7 _]-, _]-) _]-: _1) _]-7 _]-r _]-7 _]-, _1) _]-r _]-) _]-7 _]-, _]-) _]-: _1)
-1, -1, -1, —1. In general, this case does not make sense.

Spk(n,5,4) — 5,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1, -1, -1, -1, -1,
_1) _1) _ly _1) _1» _1) _1) _1; _1) _1) _1) _1» _1) _1) _ly _1) _1» _1) _1)
-1, -1, -1, —1. In general, this case does not make sense.

Spk(n,5,5) — 5, 10, 15, 20, 25, 25, 30, 35, 40, 45, 50, 50, 55, 60, 65, 70, 75, 75, 80,
85, 90, 95, 100, 100, 105, 110, 115, 120, 125, 125, 125, 130, 135, 140, 145,
150, 150, 155, 160, 165 .

4.5 m—Power Residues

4.5.1 Square Residues

For n € N* square residues (denoted by s,) is: if n = p{'- py?--- p§°,
then s,(n) = p""hat. printhazl,  pmintbas The sequence numbers square
residuesis: 1,2,3,2,5,6,7,2,3,10,11, 6,13, 14, 15, 2,17, 6, 19, 10, 21, 22, 23, 6,
5, 26, 3, 14, 29, 30, 31, 2, 33, 34, 35, 6, 37, 38, 39, 10, 41, 42, 43, 22, 15, 46, 47,6, 7,

10, 51, 26, 53, 6, 14, 57, 58, 59, 30, 61, 62, 21, ... .

4.5.2 Cubic Residues

For n € N* cubic residues (denoted by ¢,) is: if n = p]* - po*--- p5*, then

inf2, inf2, inf2, o
¢r(n) = pinail. pmin@azl,,min4s) The sequence numbers cubic residues

is:1,2,3,4,5,6,7,4,9,10, 11, 12, 13, 14, 15, 4, 17, 18, 19, 20, 21, 22, 23, 12, 25,
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26,9, 28, 29, 30, 31, 4, 33, 34, 35, 36, 37, 38, 39, 20, 41, 42, 43, 44, 45, 46, 47, 12,
49, 50, 51, 52, 53, 18, 55, 28, ... .

4.5.3 m—Power Residues

For n € N* m-power residues (denoted by m,) is: if n = p]* - py?--- p§*, then
min{m—-1,a,; min{m-1,a,} . min{m—1,a}

my(n) = p] P P

4.6 Exponents of Power m

4.6.1 Exponents of Power 2

For n € N*, ey(n) is the largest exponent of power 2 which divides n or
e>(n) = k if 2% divides n but 28*! does not.

Program 4.14. for calculating the number ey (n).

Exp(b,n):={a—0

k—1

whileb* < n
a— k if mod (n, b*)=0
k—Fk+1

return a

Forn=1,2,...,200 and Exp(2, n) =, the program 4.14, one obtains: 0, 1, 0, 2,
0103010201,0,4,01,0,2,0,1,0,3,0,1,0,2,0,1,0,5,0,1,0,2,0, 1,0,
3010201,0,4,01,0,201,0,301,0,2,0,1,0,6,0,1,0,2,0,1,0,3,0, 1,
02010401,0201,0,3,01,0,20,1,0,5,0,1,0,2,0,1,0,3,0,1,0, 2,0,
1,04010201,0,3,0,1,0,2,0,1,0,7,0,1,0,2,0,1,0,3,0,1,0,2,0, 1,0, 4,
01,0201,0,3,0,1,0,2,0,1,0,5,0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,4,0, 1, 0,
2,01,0,301,0,201,0,6,0,1,0,2,0,1,0, 3.

4.6.2 Exponents of Power 3

For n € N*, e3(n) is the largest exponent of power 3 which divides n or
es(n) = k if 3% divides n but 3*! does not.

Forn=1,2,...,200 and Exp(3, n) =, the program 4.14, one obtains: 0, 0, 1, 0,
0,1,002001,00,1,0,0,2,0,0,1,0,0,1,0,0,3,0,0,1,0,0,1,0,0,2,0,0, 1,
0,01,0,02,0,01,0,0,1,0,0,3,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0,0,
1,001,00,4,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0, 3,0,
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01001002001,0010,02001,0,010,0,3,0,0,1,0,0,1,0,0, 2,
001001,00200,10,01,0,040,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,
2,001,001,0,0,3,0,0,1,0,0,1,0,0,2,0,0.

4.6.3 Exponents of Power b

For n € N*, ep(n) is the largest exponent of power b which divides n or
ep(n) = k if b¥ divides n but b**! does not.

For n=1,2,...,60 and Exp(5, n) =, the program 4.14, one obtains: 0, 0, 0, 0,
1,00,00,1,0,0,0,0,1,0,0,0,0,1,0,0,0,0,2,0,0,0,0,1,0,0,0,0,1,0,0,0,0,
1,0000,1,0,0,0,0,2,0,0,0,0,1,0,0,0,0, 1.

4.7 Almost Prime

4.7.1 Almost Primes of First Kind

Let a; =2, and for k = 1, a4 is the smallest number that is not divisible
by any of the previous terms (of the sequence) ay, ay, ..., ai. If one starts by
a; = 2, it obtains the complete prime sequence and only it.

If one starts by a; > 2, it obtains after a rank r, where a, = spp(a;)? with
spp(x), 2.42, the strictly superior prime part of x, i.e. the largest prime strictly
less than x, the prime sequence:

* between a; and a,, the sequence contains all prime numbers of this in-
terval and some composite numbers;

* from a,;; and up, the sequence contains all prime numbers greater than
a, and no composite numbers.

Program 4.15. for generating the numbers almost primes of first kind de la n la
L.

API(n,L):=j—1
aj<—n
formen+1.L
sw—20
forkel..j
if mod (m,a;)=0
sw—1
break
if sw=0
j—j+1




232 CHAPTER 4. SPECIAL NUMBERS

[ |aj—m
return a

The first numbers almost prime of first kind given by AP1(10,10%) are: 10,
11,12, 13, 14, 15, 16, 17, 18, 19, 21, 23, 25, 27, 29, 31, 35, 37, 41, 43, 47, 49, 53, 59,
61,67,71,73,79, 83, 89,97, 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151,
157,163, 167,173, 179, 181, 191, 193, 197, 199, 211, 223, 227, 229, 233, 239, 241,
251, 257, 263, 269, 271, 277, 281, 283, 293, 307, 311, 313, 317, 331, 337, 347, 349,
353, 359, 367, 373, 379, 383, 389, 397, 401, 409, 419, 421, 431, 433, 439, 443, 449,
457,461, 463, 467, 479, 487, 491, 499, 503, 509, 521, 523, 541, 547, 557, 563, 569,
571, 577, 587, 593, 599, 601, 607, 613, 617, 619, 631, 641, 643, 647, 653, 659, 661,
673,677, 683, 691, 701, 709, 719, 727, 733, 739, 743, 751, 757, 761, 769, 773, 787,
797, 809, 811, 821, 823, 827, 829, 839, 853, 857, 859, 863, 877, 881, 883, 887, 907,
911,919, 929, 937, 941, 947, 953, 967, 971, 977, 983, 991, 997 (See Figure 10.1).

4.7.2 Almost Prime of Second Kind

Let a; = 2, and for k = 1, a,; is the smallest number that is coprime (a is
coprime b < gcd(a, b) = 1 with all of the previous terms (of the sequence), a,,
ag, ..., .

This second kind sequence merges faster to the prime numbers than the
first kind sequence. If one starts by a; = 2, it obtains the complete prime se-
quence and only it.

If one starts by a; > 2, it obtains after a rank r, where a; = p;- p; with p; and
p;j prime numbers strictly less than and not dividing a,, the prime sequence:

* between a; and a,, the sequence contains all prime numbers of this in-
terval and some composite numbers;

* from a,;; and up, the sequence contains all prime numbers greater than
a, and no composite numbers.

Program 4.16. for generating the numbers almost primes of second kind.

AP2(n,L):=j <1
aj—n
formen+1..L
sw0
forkel.j
if gcdim,ap) #1

sw—1

break
if sw=0
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j—Jj+1
aj<—m
return a

The first numbers almost prime of second kind given by the program
AP2(10,10%) are: 10, 11, 13, 17, 19, 21, 23, 29, 31, 37, 41, 43, 47, 53, 59, 61, 67,
71,73, 79, 83, 89, 97, 101, 103, 107, 109, 113, 127, 131, 137, 139, 149, 151, 157,
163, 167, 173, 179, 181, 191, 193, 197, 199, 211, 223, 227, 229, 233, 239, 241, 251,
257,263, 269, 271, 277, 281, 283, 293, 307, 311, 313, 317, 331, 337, 347, 349, 353,
359, 367, 373, 379, 383, 389, 397, 401, 409, 419, 421, 431, 433, 439, 443, 449, 457,
461, 463, 467, 479, 487, 491, 499, 503, 509, 521, 523, 541, 547, 557, 563, 569, 571,
577,587, 593, 599, 601, 607, 613, 617, 619, 631, 641, 643, 647, 653, 659, 661, 673,
677,683, 691, 701, 709, 719, 727, 733, 739, 743, 751, 757, 761, 769, 773, 787, 797,
809, 811, 821, 823, 827, 829, 839, 853, 857, 859, 863, 877, 881, 883, 887, 907, 911,
919, 929, 937, 941, 947, 953, 967, 971, 977, 983, 991, 997 (See Figure 10.1).

4.8 Pseudo-Primes

4.8.1 Pseudo-Primes of First Kind

Definition 4.17. A number is a pseudo-prime of first kind if exist a permutation
of the digits that is a prime number, including the identity permutation.

The matrices Per2, Per3 and Per4 contain all the permutations from 2, 3
and 4.

1 2
Per2.—(2 1) 4.1)
112233
Per3:==| 2 3 1 3 1 4.2)
323121
111111222222
pora.| 223344113344
M%=13 4 2 423341413
4342324347131
333333444444
112244112233
2414122313102 @Y
424121323121
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Program 4.18. for counting the primes obtained by the permutation of num-
ber’s digits.

PP(n, q) :==| m — nrd(n, 10)
d — dn(n,10)
np—1 if m=1
np — cols(Per2) if m=2
np — cols(Per3) if m=3
np — cols(Per4) if m=4
sw—0
forjeq.max(q,np)
forkel.m
pd—d ifm=1
pdy. — dperzy, ;) if m=2
pdy. — d(PerSk,j) ifm=3
pdy. — d(Per4k,j) ifm=4
nn — pd- Vb(10, m)
sw—sw+1if TS(nn)=1
return sw

The program uses the subprograms: nrd given by 2.1, dn given by 2.2, Vb(b, m)
which returns the vector (b™ b™! ...b%T, TS Smarandache primality test de-
fined at 1.5. Also, the program entails the matrices (4.1), (4.2) and (4.3) which
contain all the permutation of sets {1,2}, {1,2,3} and {1, 2, 3,4}.

The first 457 of numbers pseudo-prime of first kinds are: 2, 3, 5,7, 11, 13, 14,
16,17, 19, 20, 23, 29, 30, 31, 32, 34, 35, 37, 38, 41, 43, 47, 50, 53, 59, 61, 67, 70, 71,
73,74,76,79, 83, 89,91, 92, 95, 97, 98, 101, 103, 104, 106, 107, 109, 110, 112, 113,
115,118, 119, 121, 124, 125, 127, 128, 130, 131, 133, 134, 136, 137, 139, 140, 142,
143, 145, 146, 149, 151, 152, 154, 157, 160, 163, 164, 166, 167, 169, 170, 172, 173,
175,176, 179, 181, 182, 188, 190, 191, 193, 194, 196, 197, 199, 200, 203, 209, 211,
214, 215, 217, 218, 223, 227, 229, 230, 232, 233, 235, 236, 238, 239, 241, 251, 253,
257, 263, 269, 271, 272, 275, 277, 278, 281, 283, 287, 289, 290, 292, 293, 296, 298,
299, 300, 301, 302, 304, 305, 307, 308, 310, 311, 313, 314, 316, 317, 319, 320, 322,
323, 325, 326, 328, 329, 331, 332, 334, 335, 337, 338, 340, 341, 343, 344, 346, 347,
349, 350, 352, 353, 356, 358, 359, 361, 362, 364, 365, 367, 368, 370, 371, 373, 374,
376, 377, 379, 380, 382, 383, 385, 386, 388, 389, 391, 392, 394, 395, 397, 398, 401,
403, 407, 409, 410, 412, 413, 415, 416, 419, 421, 430, 431, 433, 434, 436, 437, 439,
443, 449, 451, 457, 461, 463, 467, 470, 473, 475, 476, 478, 479, 487, 490, 491, 493,
494, 497, 499, 500, 503, 509, 511, 512, 514, 517, 521, 523, 527, 530, 532, 533, 536,
538, 539, 541, 547, 557, 563, 569, 571, 572, 574, 575, 577, 578, 583, 587, 589, 590,
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593, 596, 598, 599, 601, 607, 610, 613, 614, 616, 617, 619, 623, 629, 631, 632, 634,
635, 637, 638, 641, 643, 647, 653, 659, 661, 670, 671, 673, 674, 677, 679, 683, 691,
692, 695, 697, 700, 701, 703, 704, 706, 709, 710, 712, 713, 715, 716, 719, 721, 722,
725,727,728, 730, 731, 733, 734, 736, 737, 739, 740, 743, 745, 746, 748, 749, 751,
752, 754, 755, 757, 758, 760, 761, 763, 764, 767, 769, 772, 773, 775, 776, 778, 779,
782,784, 785, 787, 788, 790, 791, 793, 794, 796, 797, 799, 803, 809, 811, 812, 818,
821, 823, 827, 829, 830, 832, 833, 835, 836, 838, 839, 847, 853, 857, 859, 863, 872,
874, 875,877, 878, 881, 883, 887, 890, 892, 893, 895, 901, 902, 904, 905, 907, 908,
910, 911, 913, 914, 916, 917, 919, 920, 922, 923, 926, 928, 929, 931, 932, 934, 935,
937, 938, 940, 941, 943, 944, 947, 949, 950, 953, 956, 958, 959, 961, 962, 965, 967,
970, 971, 973,974, 976, 977, 979, 980, 982, 983, 985, 991, 992, 994, 995, 997 . This
numbers obtain with command APP1(2,999), where program APPI is:

Program 4.19. for displaying the Pseudo-Primes of First Kind numbers.

APPI(a,b):=|j —1
fornea..b
if PP(n,1) =1
ppj—n
j—j+1
return pp

4.8.2 Pseudo-Primes of Second Kind

Definition 4.20. A composite number is a pseudo—prime of second kind if exist
a permutation of the digits that is a prime number.

The first 289 of numbers pseudo—prime of second kinds are: 14, 16, 20, 30,
32, 34, 35, 38, 50, 70, 74, 76, 91, 92, 95, 98, 104, 106, 110, 112, 115, 118, 119,
121, 124, 125, 128, 130, 133, 134, 136, 140, 142, 143, 145, 146, 152, 154, 160, 164,
166, 169, 170, 172, 175, 176, 182, 188, 190, 194, 196, 200, 203, 209, 214, 215, 217,
218, 230, 232, 235, 236, 238, 253, 272, 275, 278, 287, 289, 290, 292, 296, 298, 299,
300, 301, 302, 304, 305, 308, 310, 314, 316, 319, 320, 322, 323, 325, 326, 328, 329,
332, 334, 335, 338, 340, 341, 343, 344, 346, 350, 352, 356, 358, 361, 362, 364, 365,
368, 370, 371, 374, 376, 377, 380, 382, 385, 386, 388, 391, 392, 394, 395, 398, 403,
407, 410, 412, 413, 415, 416, 430, 434, 436, 437, 451, 470, 473, 475, 476, 478, 490,
493, 494, 497, 500, 511, 512, 514, 517, 527, 530, 532, 533, 536, 538, 539, 572, 574,
575, 578, 583, 589, 590, 596, 598, 610, 614, 616, 623, 629, 632, 634, 635, 637, 638,
670, 671, 674, 679, 692, 695, 697, 700, 703, 704, 706, 710, 712, 713, 715, 716, 721,
722,725,728,730, 731, 734, 736, 737, 740, 745, 746, 748, 749, 752, 754, 755, 758,
760, 763, 764, 767,772,775, 776, 778, 779, 782, 784, 785, 788, 790, 791, 793, 794,
796, 799, 803, 812, 818, 830, 832, 833, 835, 836, 838, 847, 872, 874, 875, 878, 890,
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892, 893, 895, 901, 902, 904, 905, 908, 910, 913, 914, 916, 917, 920, 922, 923, 926,
928, 931, 932, 934, 935, 938, 940, 943, 944, 949, 950, 956, 958, 959, 961, 962, 965,
970, 973, 974, 976, 979, 980, 982, 985, 992, 994, 995 . This numbers obtain with
command APP2(2,999), where program APP2is:

Program 4.21. of displaying the Pseudo—Primes of Second Kind numbers.

APP2(a,b) =] j — 1
fornea..b
if TS(n)=0 A PP(n,1) =1
ppj—n
j—Jj+1
return pp

4.8.3 Pseudo-Primes of Third Kind

Definition 4.22. A number is a pseudo—prime of third kind if exist a nontrivial
permutation of the digits that is a prime number.

The first 429 of numbers pseudo-prime of third kinds are: 11, 13, 14, 16, 17,
20, 30, 31, 32, 34, 35, 37, 38, 50, 70, 71, 73, 74, 76, 79, 91, 92, 95, 97, 98, 101, 103,
104, 106, 107, 109, 110, 112, 113, 115, 118, 119, 121, 124, 125, 127, 128, 130, 131,
133, 134, 136, 137, 139, 140, 142, 143, 145, 146, 149, 151, 152, 154, 157, 160, 163,
164, 166, 167, 169, 170, 172, 173, 175, 176, 179, 181, 182, 188, 190, 191, 193, 194,
196, 197, 199, 200, 203, 209, 211, 214, 215, 217, 218, 223, 227, 229, 230, 232, 233,
235, 236, 238, 239, 241, 251, 253, 271, 272, 275, 277, 278, 281, 283, 287, 289, 290,
292, 293, 296, 298, 299, 300, 301, 302, 304, 305, 307, 308, 310, 311, 313, 314, 316,
317, 319, 320, 322, 323, 325, 326, 328, 329, 331, 332, 334, 335, 337, 338, 340, 341,
343, 344, 346, 347, 349, 350, 352, 353, 356, 358, 359, 361, 362, 364, 365, 367, 368,
370, 371, 373, 374, 376, 377, 379, 380, 382, 383, 385, 386, 388, 389, 391, 392, 394,
395, 397, 398, 401, 403, 407, 410, 412, 413, 415, 416, 419, 421, 430, 433, 434, 436,
437,439, 443, 449, 451, 457, 461, 463, 467, 470, 473, 475, 476, 478, 479, 490, 491,
493, 494, 497, 499, 500, 503, 509, 511, 512, 514, 517, 521, 527, 530, 532, 533, 536,
538, 539, 547, 557, 563, 569, 571, 572, 574, 575, 577, 578, 583, 587, 589, 590, 593,
596, 598, 599, 601, 607, 610, 613, 614, 616, 617, 619, 623, 629, 631, 632, 634, 635,
637, 638, 641, 643, 647, 653, 659, 661, 670, 671, 673, 674, 677, 679, 683, 691, 692,
695, 697, 700, 701, 703, 704, 706, 709, 710, 712, 713, 715, 716, 719, 721, 722, 725,
727,728,730, 731, 733, 734, 736, 737, 739, 740, 743, 745, 746, 748, 749, 751, 752,
754, 755, 757, 758, 760, 761, 763, 764, 767, 769, 772, 773, 775, 776, 778, 779, 782,
784, 785, 787, 788, 790, 791, 793, 794, 796, 797, 799, 803, 809, 811, 812, 818, 821,
823, 830, 832, 833, 835, 836, 838, 839, 847, 857, 863, 872, 874, 875, 877, 878, 881,
883, 887, 890, 892, 893, 895, 901, 902, 904, 905, 907, 908, 910, 911, 913, 914, 916,
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917, 919, 920, 922, 923, 926, 928, 929, 931, 932, 934, 935, 937, 938, 940, 941, 943,
944,947, 949, 950, 953, 956, 958, 959, 961, 962, 965, 967, 970, 971, 973, 974, 976,
977, 979, 980, 982, 983, 985, 991, 992, 994, 995, 997 . This numbers obtain with
command APP3(2,999), where program APP3is:

Program 4.23. of displaying the Pseudo—Primes of Third Kind numbers.

APP3(a,b) :=|j —1
fornea.b
if PP(n,2)=1An>10
pp;j—n
j—j+1
return pp

Questions:

1. How many pseudo—primes of third kind are prime numbers? (We conjec-
ture: an infinity).

2. There are primes which are not pseudo—primes of third kind, and the re-
verse: there are pseudo-primes of third kind which are not primes.

4.9 Permutation-Primes

4.9.1 Permutation-Primes of type 1

Let the permutations of 3

per3 =

W N =
N W =

2 2
1 3
3 1

N = W

3
2
1
We denote per3,(didxds), k =1,2,...,6, a permutation of the number with the

digits dy, d, ds. E.g. per3,(d1d>ds) = dydzd,. 1t is obvious that for a number of
m digits one can apply a permutation of the order m.

Definition 4.24. We say that n € N* is a permutation—-prime of type 1 if there
exists at least a permutation for which the resulted number is prime.

Program 4.25. of displaying the permutation—primes.

APP(a, b, k):=j —1
fornea.b
| sw— PP(n,1)
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if sw=k
ppj—n
j—j+1

return pp

The program using the subprogram PP given by 4.18.

There are 122 permutation—primes of type 1 from 2 to 999: 2, 3, 5, 7, 14, 16,
19, 20, 23, 29, 30, 32, 34, 35, 38, 41, 43, 47, 50, 53, 59, 61, 67, 70, 74, 76, 83, 89, 91,
92, 95, 98, 134, 143, 145, 154, 203, 209, 230, 235, 236, 253, 257, 263, 269, 275, 278,
287, 289, 290, 296, 298, 302, 304, 308, 314, 320, 325, 326, 340, 341, 352, 358, 362,
380, 385, 403, 407, 409, 413, 415, 430, 431, 451, 470, 478, 487, 490, 514, 523, 527,
532, 538, 541, 572, 583, 589, 598, 623, 629, 632, 692, 704, 725, 728, 740, 748, 752,
782, 784, 803, 827, 829, 830, 835, 847, 853, 859, 872, 874, 892, 895, 902, 904, 920,
926, 928, 940, 958, 962, 982, 985 . This numbers are obtained with the command
APP(2,999,1)T =, where APPis the program 4.25.

4.9.2 Permutation-Primes of type 2

Definition 4.26. We say that n € N* is a permutation—primes of type 2 if there
exists only two permutations for which the resulted numbers are primes.

There are 233 permutation—primes of type 2 from 2 to 999: 11, 13, 17, 31, 37,
71,73,79,97, 104, 106, 109, 112, 115, 121, 124, 125, 127, 128, 139, 140, 142, 146,
151, 152, 160, 164, 166, 169, 172, 182, 188, 190, 193, 196, 200, 211, 214, 215, 217,
218, 223, 227, 229, 232, 233, 238, 239, 241, 251, 271, 272, 281, 283, 292, 293, 299,
300, 305, 319, 322, 323, 328, 329, 332, 334, 335, 338, 343, 344, 346, 347, 349, 350,
353, 356, 364, 365, 367, 368, 374, 376, 377, 382, 383, 386, 388, 391, 392, 394, 401,
410, 412, 416, 421, 433, 434, 436, 437, 439, 443, 449, 457, 461, 463, 467, 473, 475,
476, 479, 493, 494, 497, 499, 500, 503, 509, 511, 512, 521, 530, 533, 536, 547, 557,
563, 569, 574, 575, 578, 587, 590, 596, 599, 601, 607, 610, 614, 616, 619, 634, 635,
637, 638, 641, 643, 647, 653, 659, 661, 670, 673, 674, 677, 679, 683, 691, 695, 697,
700, 706, 712, 721, 722, 734, 736, 737, 743, 745, 746, 749, 754, 755, 758, 760, 763,
764, 767,769, 773, 776, 785, 788, 794, 796, 799, 809, 812, 818, 821, 823, 832, 833,
836, 838, 857, 863, 875, 878, 881, 883, 887, 890, 901, 905, 908, 910, 913, 916, 922,
923, 929, 931, 932, 934, 943, 944, 947, 949, 950, 956, 959, 961, 965, 967, 974, 976,
979, 980, 992, 994, 995, 997 . This numbers are obtained with the command
APP(2,999,2)" =, where APPis the program 4.25.
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4.9.3 Permutation-Primes of type 3

Definition 4.27. We say n € N* is a permutation—-primes of type 3 if there exists
only three permutations for which the resulted numbers are primes.

There are 44 permutation—primes of type 3 from 2 to 999: 103, 130, 136, 137,
157,163, 167,173, 175, 176, 301, 307, 310, 316, 317, 359, 361, 370, 371, 389, 395,
398, 517, 539, 571, 593, 613, 617, 631, 671, 703, 713, 715, 716, 730, 731, 751, 761,
839, 893, 935, 938, 953, 983. This numbers are obtained with the command
APP(2,999,3)" =, where APPis the program 4.25.

4.9.4 Permutation-Primes of type m

Definition 4.28. We say n € N* is a permutation—primes of type m if there exists
only m permutations for which the resulted numbers are primes.

There are 49 permutation—primes of type 4 from 2 to 999: 101, 107, 110, 118,
119, 133, 149, 170, 179, 181, 191, 194, 197, 277, 313, 331, 379, 397, 419, 491, 577,
701, 709, 710, 719, 727, 739, 757, 772, 775, 778, 779, 787, 790, 791, 793, 797, 811,
877,907,911, 914, 917, 937, 941, 970, 971, 973, 977 . This numbers are obtained
with the command APP(2,999,4)T =, where APPis the program 4.25.

There are not permutation—primes of type 5 from 2 to 999, but there are
9 permutation—primes of type 6 from 2 to 999: 113, 131, 199, 311, 337, 373,
733,919, 991. This numbers are obtained with the command APP(2,999,6)" =,
where APPis the program 4.25.

4.10 Pseudo-Squares

4.10.1 Pseudo-Squares of First Kind

Definition 4.29. A number is a pseudo—square of first kind if some permutation
of the digits is a perfect square, including the identity permutation.

Of course, all perfect squares are pseudo-squares of first kind, but not the
reverse!

Program 4.30. for counting the squares obtained by digits permutation.

PSq(n, i) :=| m — nrd(n, 10)
d —dn(n,10)
np—1ifm=1
np < cols(Per2) if m=2
np — cols(Per3) if m=3
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np — cols(Per4) if m=4
sw—0
forjei.np
forkel.m
pd—d ifm=1
pdy — d(Peer,j) if m=2
pdk - d(Peré’k,j) if m=3
pdk — d(Per4k,j) if m=4
nn — pd- Vb(10, m)
sw—sw+1 if isp(nn)=nn
return sw

The program uses the subprograms: nrd given by 2.1, dn given by 2.2, Vb(b, m)
which returns the vector (b b™! ...b%7T and isp defined at 2.48. Also, the
program calls the matrices Per2, Per3and Per4 which contains all permutations
of sets {1,2}, {1,2,3} and {1,2,3,4}.

Program 4.31. of displaying the pseudo-squares of first kind.

APSql(a,b):=j—1
fornea..b
if PSq(n,1)=1
psqj—n
j—j+1
return psq

One listed all (are 121) pseudo—squares of first kind up to 1000: 1, 4, 9, 10, 16,
18, 25, 36, 40, 46, 49, 52, 61, 63, 64, 81, 90, 94, 100, 106, 108, 112, 121, 136, 144,
148, 160, 163,169, 180, 184, 196, 205, 211, 225, 234, 243, 250, 252, 256, 259, 265,
279, 289, 295, 297, 298, 306, 316, 324,342, 360, 361, 400, 406, 409, 414, 418, 423,
432,441, 448, 460, 478, 481, 484, 487, 490, 502, 520, 522, 526, 529, 562, 567, 576,
592, 601, 603, 604, 610, 613, 619, 625, 630, 631, 640, 652, 657, 667, 675, 676, 691,
729, 748, 756, 765, 766, 784, 792, 801, 810, 814, 829, 841, 844, 847, 874, 892, 900,
904, 916, 925, 927, 928, 940, 952, 961, 972, 982, 1000. This numbers are obtained
with the command APSqI(1,10%)T =, where APSq1 is the program 4.31.

4.10.2 Pseudo-Squares of Second Kind

Definition 4.32. A non-square number is a pseudo—squares of second kind if
exist a permutation of the digits is a square.

Program 4.33. of displaying pseudo-squares of second kind.
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APSq2(a,b) :=|j — 1
fornea..b
if PSq(n,1)=1Aisp(n)#n
psqj—n
j—j+1
return psq

Let us list all (there are 90) pseudo—squares of second kind up to 1000: 10, 18,
40, 46, 52, 61, 63, 90, 94, 106, 108, 112, 136, 148, 160, 163, 180, 184, 205, 211, 234,
243, 250, 252, 259, 265, 279, 295, 297, 298, 306, 316, 342, 360, 406, 409, 414, 418,
423, 432, 448, 460, 478, 481, 487, 490, 502, 520, 522, 526, 562, 567, 592, 601, 603,
604, 610, 613, 619, 630, 631, 640, 652, 657, 667, 675, 691, 748, 756, 765, 766, 792,
801, 810, 814, 829, 844, 847, 874, 892, 904, 916, 925, 927, 928, 940, 952, 972, 982,
1000 . This numbers are obtained with the command APSg2(1,10%)T =, where
APSq2is the program 4.33.

4.10.3 Pseudo-Squares of Third Kind

Definition 4.34. A number is a pseudo—square of third kind if exist a nontrivial
permutation of the digits is a square.

Program 4.35. of displaying pseudo—-squares of third kind.

APSq3(a,b) :=|j — 1
fornea..b
if PSq(n,2)=z1An>9
psqj—n
j—j+1
return psq

Let us list all (there are 104) pseudo—squares of third kind up to 1000: 10, 18,
40, 46, 52, 61, 63, 90, 94, 100, 106, 108, 112, 121, 136, 144, 148, 160, 163, 169, 180,
184, 196, 205, 211, 225, 234, 243, 250, 252, 256, 259, 265, 279, 295, 297, 298, 306,
316, 342, 360, 400, 406, 409, 414, 418, 423, 432, 441, 448, 460, 478, 481, 484, 487,
490, 502, 520, 522, 526, 562, 567, 592, 601, 603, 604, 610, 613, 619, 625, 630, 631,
640, 652, 657, 667, 675, 676, 691, 748, 756, 765, 766, 792, 801, 810, 814, 829, 844,
847, 874, 892, 900, 904, 916, 925, 927, 928, 940, 952, 961, 972, 982, 1000 . This
numbers are obtained with the command APSg3(1,10%)" =, where APSq3is the
program 4.35.

Question:

1. How many pseudo-squares of third kind are square numbers? We con-
jecture: an infinity.
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2. There are squares which are not pseudo-squares of third kind, and the
reverse: there are pseudo-squares of third kind which are not squares.

4,11 Pseudo—Cubes

4.11.1 Pseudo—Cubes of First Kind

Definition 4.36. A number is a pseudo—cube of first kind if some permutation
of the digits is a cube, including the identity permutation.

Of course, all perfect cubes are pseudo—cubes of first kind, but not the re-
verse!

With programs similar to PSq, 4.30, APSq1, 4.31, APSq2, 4.31 and APSq3,
4.35 can list the pseudo—cube numbers.

Let us list all (there are 40) pseudo—cubes of first kind up to 1000: 1, 8, 10, 27,
46, 64, 72, 80, 100, 125, 126, 152, 162, 207, 215, 216, 251, 261, 270, 279, 297, 334,
343, 406, 433, 460, 512, 521, 604, 612, 621, 640, 702, 720, 729, 792, 800, 927, 972,
1000 .

4.11.2 Pseudo—-Cubes of Second Kind

Definition 4.37. A non—cube number is a pseudo—cube of second kind if some
permutation of the digits is a cube.

Let us list all (there are 30) pseudo—cubes of second kind up to 1000: 10, 46,
72, 80, 100, 126, 152, 162, 207, 215, 251, 261, 270, 279, 297, 334, 406, 433, 460,
521, 604, 612, 621, 640, 702, 720, 792, 800, 927, 972 .

4.11.3 Pseudo—-Cubes of Third Kind

Definition 4.38. A number is a pseudo—cube of third kind if exist a nontrivial
permutation of the digits is a cube.

Let us list all (there are 34) pseudo—cubes of third kind up to 1000: 10, 46, 72,
80, 100, 125, 126, 152, 162, 207, 215, 251, 261, 270, 279, 297, 334, 343, 406, 433,
460, 512, 521, 604, 612, 621, 640, 702, 720, 792, 800, 927, 972, 1000 .

Question:

1. How many pseudo—cubes of third kind are cubes? We conjecture: an in-
finity.

2. There are cubes which are not pseudo—cubes of third kind, and the re-
verse: there are pseudo—cubes of third kind which are not cubes.
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4.12 Pseudo-m-Powers

4.12.1 Pseudo-m-Powers of First Kind

Definition 4.39. A number is a pseudo—m-power of first kind if exist a permu-
tation of the digits is an m—power, including the identity permutation; m = 2.

4.12.2 Pseudo-m-Powers of Second kind

Definition 4.40. A non m—power number is a pseudo-m—power of second kind
if exist a permutation of the digits is an m-power; m = 2.

4.12.3 Pseudo-m-Powers of Third Kind

Definition 4.41. A number is a pseudo-m—power of third kind if exist a nontriv-
ial permutation of the digits is an m—power; m = 2.

Question:

1. How many pseudo-m-powers of third kind are m—power numbers? We
conjecture: an infinity.

2. There are m—powers which are not pseudo-m—-powers of third kind, and
the reverse: there are pseudo-m—powers of third kind which are not m-
powers.

4.13 Pseudo-Factorials

4.13.1 Pseudo-Factorials of First Kind

Definition 4.42. A number is a pseudo-factorial of first kind if exist a permuta-
tion of the digits is a factorial number, including the identity permutation.

One listed all pseudo—factorials of first kind up to 1000: 1, 2, 6, 10, 20, 24, 42,
60, 100, 102, 120, 200, 201, 204, 207, 210, 240, 270, 402, 420, 600, 702, 720, 1000,
1002, 1020, 1200, 2000, 2001, 2004, 2007, 2010, 2040, 2070, 2100, 2400, 2700,
4002, 4005, 4020, 4050, 4200, 4500, 5004, 5040, 5400, 6000, 7002, 7020, 7200 . In
this list there are 37 numbers.
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4.13.2 Pseudo-Factorials of Second Kind

Definition 4.43. A non-factorial number is a pseudo—factorial of second kind if
exist a permutation of the digits is a factorial number.

One listed all pseudo—factorials of second kind up to 1000: 10, 20, 42, 60, 100,
102, 200, 201, 204, 207, 210, 240, 270, 402, 420, 600, 702, 1000, 1002, 1020, 1200,
2000,2001,2004, 2007, 2010, 2040, 2070, 2100, 2400, 2700, 4002, 4005, 4020,
4050, 4200, 4500, 5004, 5400, 6000, 7002, 7020, 7200 . In this list there are 31
numbers.

4.13.3 Pseudo-Factorials of Third Kind

Definition 4.44. A number is a pseudo—factorial of third kind if exist nontrivial
permutation of the digits is a factorial number.

One listed all pseudo—factorials of third kind up to 1000: 10, 20, 42, 60, 100,
102, 200, 201, 204, 207, 210, 240, 270, 402, 420, 600, 702, 1000, 1002, 1020, 1200,
2000,2001,2004, 2007, 2010, 2040, 2070, 2100, 2400, 2700, 4002, 4005, 4020,
4050, 4200, 4500, 5004, 5400, 6000, 7002, 7020, 7200 . In this list there are 31
numbers.

Unfortunately, the second and third kinds of pseudo—factorials coincide.

Question:

1. How many pseudo—factorials of third kind are factorial numbers?

2. We conjectured: none! ...that means thepseudo—factorials of second kind
set and pseudo—factorials of third kind set coincide!

4,14 Pseudo-Divisors

4.14.1 Pseudo-Divisors of First Kind

Definition 4.45. A number is a pseudo-divisor of first kind of n if exist a per-
mutation of the digits is a divisor of n, including the identity permutation.

Table 4.2: Pseudo—divisor of first kind of n < 12

pseudo—divisors < 1000 of n
1,10, 100
1,2, 10, 20, 100, 200

N~ S

Continued on next page
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pseudo—divisors < 1000 of n

1,3, 10, 30, 100, 300

1,2,4,10, 20, 40, 100, 200, 400

1,5, 10, 50, 100, 500

1,2,3,6, 10, 20, 30, 60, 100, 200, 300, 600
1,7,10, 70, 100, 700

1,2,4,8, 10, 20, 40, 80, 100, 200, 400, 800
1,3,9, 10, 30, 90, 100, 300, 900

1,2,5, 10, 20, 50, 100, 200, 500
1,11,101,110

1,2,3,4,6, 10, 12, 20, 30, 40, 60, 100, 120, 200, 300, 400, 600
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4.14.2 Pseudo-Divisors of Second Kind

Definition 4.46. A non-divisor of n is a pseudo-divisor of second kind of n if
exist a permutation of the digits is a divisor of n.

Table 4.3: Pseudo-divisor of second kind of n < 12

pseudo—divisors < 1000 of n

10, 100

10, 20, 100, 200

10, 30, 100, 300

10, 20, 40, 100, 200, 400

10, 50, 100, 500

10, 20, 30, 60, 100, 200, 300, 600
10, 70, 100, 700

10, 20, 40, 80, 100, 200, 400, 800
10, 30, 90, 100, 300, 900

10, 20, 50, 100, 200, 500

101, 110

10, 20, 30, 40, 60, 100, 120, 200, 300, 400, 600
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4.14.3 Pseudo-Divisors of Third Kind

Definition 4.47. A number is a pseudo-divisor of third kind of n if exist a non-

trivial permutation of the digits is a divisor of n.

Table 4.4: Pseudo—divisor of third kind of n < 12

pseudo—divisors < 1000 of n

O 00N Ul wih =3

— = =
N = O

10, 100

10, 20, 100, 200

10, 30, 100, 300

10, 20, 40, 100, 200, 400

10, 50, 100, 500

10, 20, 30, 60, 100, 200, 300, 600
10, 70, 100, 700

10, 20, 40, 80, 100, 200, 400, 800
10, 30, 90, 100, 300, 900

10, 20, 50, 100, 200, 500

101, 110

10, 20, 30, 40, 60, 100, 120, 200, 300, 400, 600

4.15 Pseudo-Odd Numbers

Program 4.48. of counting the odd numbers obtained by digits permutation of

the number.

Po(n, i) :=|m — nrd(n,10)

d — dn(n,10)

np—1 if m=1

np — cols(Per2) if m=2
np < cols(Per3) if m=3
np — cols(Per4) if m=4

sw—0
forjei.np
forkel.m
pd—d ifm=1
pdy. — d(Per2k,j) if m=2
pdy. — d(Per3k,j) if m=3
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pdi — dpera ) if m=4
nn<— pd- Vb(10, m)
sw—sw+1 if mod (nn,2)=1
return sw

The program uses the matrices Per2 (4.1), Per3 (4.2) and Per4 (4.3) which con-
tains all the permutation of the sets set1,2, {1,2,3} and {1, 2, 3,4}.

4.15.1 Pseudo-0Odd Numbers of First Kind

Definition 4.49. A number is a pseudo—odd of first kind if exist a permutation
of digits is an odd number.

Program 4.50. of displaying the pseudo-odd of first kind.

APol(a,b) :=j—1
fornea..b
if Po(n,1)=1
poj—n
j—j+1
return po

This program calls the program Po, 4.48.

Pseudo—-odd numbers of first kind up to 199 are 175: 1, 3, 5, 7, 9, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 21, 23, 25, 27, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 41,
43, 45, 47,49, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 61, 63, 65, 67,69, 70, 71, 72, 73,
74,75,76,77,78,79, 81, 83, 85, 87, 89, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100,
101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112,113, 114, 115, 116, 117,
118, 119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134,
135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151,
152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167, 168,
169, 170, 171, 172,173, 174, 175,176, 177, 178, 179, 180, 181, 182, 183, 184, 185,
186, 187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 198, 199 .

4.15.2 Pseudo-Odd Numbers of Second Kind

Definition 4.51. Even numbers such that exist a permutation of digits is an odd
number.

Program 4.52. of displaying the pseudo—odd of second kind.
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APo2(a,b) = j —1
fornea..b
if Po(n,1)=1A mod (n,2)=0
poj—n
j—Jj+1
return po

This program calls the program Po, 4.48.

Pseudo—-odd numbers of second kind up to 199 are 75: 10, 12, 14, 16, 18, 30,
32, 34, 36, 38, 50, 52, 54, 56, 58, 70, 72, 74, 76, 78, 90, 92, 94, 96, 98, 100, 102, 104,
106, 108, 110, 112, 114, 116, 118, 120, 122, 124, 126, 128, 130, 132, 134, 136, 138,
140, 142, 144, 146, 148, 150, 152, 154, 156, 158, 160, 162, 164, 166, 168, 170, 172,
174,176, 178, 180, 182, 184, 186, 188, 190, 192, 194, 196, 198 .

4.15.3 Pseudo-0Odd Numbers of Third Kind

Definition 4.53. A number is a pseudo-odd of third kind if exist a nontrivial
permutation of digits is an odd.

Program 4.54. of displaying the pseudo-odd of third kind.

APo3(a,b) = j—1

fornea.b
if Pon,2)=z1An>9
poj —n
j—j+1

return po

This program calls the program Po, 4.48.

Pseudo—-odd numbers of third kind up to 199 are 150: 10, 11, 12, 13, 14, 15,
16,17, 18,19, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 50, 51, 52, 53, 54, 55, 56, 57, 58,
59, 70,71,72,73,74,75,76,77,78,79, 90, 91, 92, 93, 94, 95, 96, 97, 98, 99, 100,
101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111,112,113, 114, 115, 116, 117,
118,119, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130, 131, 132, 133, 134,
135, 136, 137, 138, 139, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 151,
152, 153, 154, 155, 156, 157, 158, 159, 160, 161, 162, 163, 164, 165, 166, 167, 168,
169, 170,171, 172,173,174, 175,176, 177,178, 179, 180, 181, 182, 183, 184, 185,
186, 187, 188, 189, 190, 191, 192, 193, 194, 195, 196, 197, 198, 199 .
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4.16 Pseudo-Triangular Numbers

A triangular number has the general form n(n + 1)/2. The list first 44 trian-
gular numbers is: tT'=(1, 3, 6, 10, 15, 21, 28, 36, 45, 55, 66, 78, 91, 105, 120, 136,
153, 171, 190, 210, 231, 253, 276, 300, 325, 351, 378, 406, 435, 465, 496, 528, 561,
595, 630, 666, 703, 741, 780, 820, 861, 903, 946, 990) .

Program 4.55. for determining if » is a triangular number or not.

IT(n) :=| for k € 1..last(t)
return 0 ifty > n
return 1 iftp=n

return 0

Program 4.56. for counting the triangular numbers obtained by digits permu-
tation of the number.

PT(n,i) :=| m — nrd(n, 10)
d — dn(n,10)
np—1if m=1
np < cols(Per2) if m=2
np < cols(Per3) if m=3
np — cols(Per4) if m=4
sw+—0
forjei.np
forkel.m
pd—d ifm=1
pdy. — dperz,, ;) if m=2
pdy — d(Per3k,j) if m=3
pdy. — dpers ;) if m=4
nn — pd- Vb(10, m)
sw—sw+1 if IT(nn)=1
return sw

4.16.1 Pseudo-Triangular Numbers of First Kind

Definition 4.57. A number is a pseudo-triangular of first kind if exist a permu-
tation of digits is a triangular number.

Program 4.58. for displaying the pseudo—triangular of first kind.
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APTI(a,b) = j—1
fornea..b
if PT(n,1)=1
ptj—n
j—j+1
return pt

The program calls the program PT, 4.56.

Pseudo-triangular numbers of first kind up to 999 are 156: 1, 3, 6, 10, 12, 15,
19, 21, 28, 30, 36, 45, 51, 54, 55, 60, 63, 66, 78, 82, 87, 91, 100, 102, 105, 109, 117,
120, 123, 132, 135, 136, 147, 150, 153, 156, 163, 165, 168, 171, 174, 186, 190, 201,
208, 210, 213, 231, 235, 253, 258, 267, 276, 280, 285, 300, 306, 307, 309, 312, 315,
316, 321, 325, 345, 351, 352, 354, 360, 361, 370, 378, 387, 390, 405, 406, 417, 435,
450, 453, 456, 460, 465, 469, 471, 496, 501, 504, 505, 510, 513, 516, 523, 528, 531,
532, 534, 540, 543, 546, 550, 559, 561, 564, 582, 595, 600, 603, 604, 606, 613, 615,
618, 627, 630, 631, 640, 645, 649, 651, 654, 660, 666, 672, 681, 694, 703, 708, 711,
714,726, 730, 738, 741, 762, 780, 783, 802, 807, 816, 820, 825, 837, 852, 861, 870,
873, 901, 903, 909, 910, 930, 946, 955, 964, 990 . This numbers obtain with the
command APTI(1,999)" =, where APT1I is the program 4.58.

4.16.2 Pseudo-Triangular Numbers of Second Kind

Definition 4.59. A non-triangular number is a pseudo-triangular of second
kind if exist a permutation of the digits is a triangular number.

Program 4.60. for displaying the pseudo—triangular of second kind.

APT2(a,b) :=j —1
fornea.b
if ITm)=0APT(n1)=1
ptj—n
j—j+1
return pt

The program calls the programs IT, 4.55 and PT, 4.56.

Pseudo—-triangular numbers of second kind up to 999 are 112: 12, 19, 30, 51,
54, 60, 63, 82, 87, 100, 102, 109, 117, 123, 132, 135, 147, 150, 156, 163, 165, 168,
174, 186, 201, 208, 213, 235, 258, 267, 280, 285, 306, 307, 309, 312, 315, 316,
321, 345, 352, 354, 360, 361, 370, 387, 390, 405, 417, 450, 453, 456, 460, 469, 471,
501, 504, 505, 510, 513, 516, 523, 531, 532, 534, 540, 543, 546, 550, 559, 564, 582,
600, 603, 604, 606, 613, 615, 618, 627, 631, 640, 645, 649, 651, 654, 660, 672, 681,
694, 708, 711, 714, 726, 730, 738, 762, 783, 802, 807, 816, 825, 837, 852, 870, 873,
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901, 909, 910, 930, 955, 964 . This numbers are obtained with the command
APT2(1,999)T =, where APT2is the program 4.60.

4.16.3 Pseudo-Triangular Numbers of Third Kind

Definition 4.61. A number is a pseudo—triangular of third kind if exist a non-
trivial permutation of the digits is a triangular number.

Program 4.62. for displaying the pseudo—triangular of third kind.

APT3(a,b) :=j —1
fornea.b
if PTm2)=1An>9
pli—n
j—j+1
return pt

The program calls the program PT, 4.56.

Pseudo—-triangular numbers of third kind up to 999 are 133: 10, 12, 19, 30,
51, 54, 55, 60, 63, 66, 82, 87, 100, 102, 105, 109, 117, 120, 123, 132, 135, 147,
150, 153, 156, 163, 165, 168, 171, 174, 186, 190, 201, 208, 210, 213, 235, 253, 258,
267, 280, 285, 300, 306, 307, 309, 312, 315, 316, 321, 325, 345, 351, 352, 354, 360,
361, 370, 387, 390, 405, 417, 450, 453, 456, 460, 469, 471, 496, 501, 504, 505, 510,
513, 516, 523, 531, 532, 534, 540, 543, 546, 550, 559, 564, 582, 595, 600, 603, 604,
606, 613, 615, 618, 627, 630, 631, 640, 645, 649, 651, 654, 660, 666, 672, 681, 694,
708, 711, 714, 726, 730, 738, 762, 780, 783, 802, 807, 816, 820, 825, 837, 852, 870,
873, 901, 909, 910, 930, 946, 955, 964, 990 . This numbers are obtained with the
command APT3(1,999)" =, where APT3is the program 4.62.

4,17 Pseudo-Even Numbers

With similar programs with programs Po, 4.48, Apol, 4.50, APo2, 4.52 and
APo3, 4.54 can get pseudo—even numbers.

4.17.1 Pseudo—even Numbers of First Kind

Definition 4.63. A number is a pseudo-even of first kind if exist a permutation
of digits is an even number.

Pseudo—even numbers of first kind up to 199 are 144: 2, 4, 6, 8, 10, 12, 14, 16,
18, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 32, 34, 36, 38, 40, 41, 42, 43, 44, 45, 46,
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47,48, 49, 50, 52, 54, 56, 58, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 72, 74, 76, 78,
80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90, 92, 94, 96, 98, 100, 101, 102, 103, 104, 105,
106, 107, 108, 109, 110, 112, 114, 116, 118, 120, 121, 122, 123, 124, 125, 126, 127,
128, 129, 130, 132, 134, 136, 138, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149,
150, 152, 154, 156, 158, 160, 161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 172,
174,176, 178, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 192, 194, 196,
198.

4.17.2 Pseudo-Even Numbers of Second Kind

Definition 4.64. Odd numbers such that exist a permutation of digits is an even
number.

Pseudo—even numbers of second kind up to 199 are 45: 21, 23, 25, 27, 29, 41,
43, 45, 47, 49, 61, 63, 65, 67, 69, 81, 83, 85, 87, 89, 101, 103, 105, 107, 109, 121,
123, 125,127, 129, 141, 143, 145, 147, 149, 161, 163, 165, 167, 169, 181, 183, 185,
187, 189.

4.17.3 Pseudo-Even Numbers of Third Kind

Definition 4.65. A number is a pseudo—even of third kind if exist a nontrivial
permutation of digits is an even.

Pseudo—even numbers of third kind up to 199 are 115: 20, 21, 22, 23, 24, 25,
26, 27,28, 29, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 60, 61, 62, 63, 64, 65, 66, 67, 68,
69, 80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 100, 101, 102, 103, 104, 105, 106, 107, 108,
109,110, 112, 114, 116, 118, 120, 121, 122, 123, 124, 125, 126, 127, 128, 129, 130,
132, 134, 136, 138, 140, 141, 142, 143, 144, 145, 146, 147, 148, 149, 150, 152, 154,
156, 158, 160, 161, 162, 163, 164, 165, 166, 167, 168, 169, 170, 172,174, 176, 178,
180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 192, 194, 196, 198.

4.18 Pseudo-Multiples of Prime

4.18.1 Pseudo-Multiples of First Kind of Prime

Definition 4.66. A number is a pseudo-multiple of first kind of prime if exist a
permutation of the digits is a multiple of p, including the identity permutation.

Pseudo—-Multiples of first kind of 5 up to 199 are 63: 5, 10, 15, 20, 25, 30, 35,
40, 45, 50, 51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 65, 70, 75, 80, 85, 90, 95, 100, 101,
102, 103, 104, 105, 106, 107, 108, 109, 110, 115, 120, 125, 130, 135, 140, 145, 150,
151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 165, 170, 175, 180, 185, 190, 195.
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Pseudo-Multiples of first kind of 7 up to 199 are 80: 7, 12, 14, 19, 21, 24, 28,
35, 36, 41, 42, 48, 49, 53, 56, 63, 65, 70, 77, 82, 84, 89, 91, 94, 98, 102, 103, 104,
105, 109, 112, 115, 116, 119, 120, 121, 123, 126, 127, 128, 130, 132, 133, 134, 135,
137, 139, 140, 143, 144, 145, 147, 150, 151, 153, 154, 156, 157, 158, 161, 162, 165,
166, 168, 169, 172, 173, 174, 175, 179, 182, 185, 186, 189, 190, 191, 193, 196, 197,
198.

4.18.2 Pseudo-Multiples of Second Kind of Prime

Definition 4.67. A non-multiple of p is a pseudo-multiple of second kind of p
(prime) if exist permutation of the digits is a multiple of p.

Pseudo—Multiples of second kind of 5 up to 199 are 24: 51, 52, 53, 54, 56, 57,
58, 59, 101, 102, 103, 104, 106, 107, 108, 109, 151, 152, 153, 154, 156, 157, 158,
159.

Pseudo-Multiples of second kind of 7 up to 199 are 52: 12, 19, 24, 36, 41, 48,
53, 65, 82, 89, 94, 102, 103, 104, 109, 115, 116, 120, 121, 123, 127, 128, 130, 132,
134, 135, 137, 139, 143, 144, 145, 150, 151, 153, 156, 157, 158, 162, 165, 166, 169,
172,173,174, 179, 185, 186, 190, 191, 193, 197, 198.

4.18.3 Pseudo-Multiples of Third Kind of Prime

Definition 4.68. A number is a pseudo-multiple of third kind of p (prime) if
exist a nontrivial permutation of the digits is a multiple of p.

Pseudo—Multiples of third kind of 5 up to 199 are 46: 50, 51, 52, 53, 54, 55, 56,
57, 58,59, 100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 115, 120, 125, 130,
135, 140, 145, 150, 151, 152, 153, 154, 155, 156, 157, 158, 159, 160, 165, 170, 175,
180, 185, 190, 195.

Pseudo—Multiples of third kind of 7 up to 199 are 63: 12, 19, 24, 36, 41, 48,
53, 65,70,77,82, 89,94, 102,103, 104,109, 112, 115,116,119, 120, 121, 123, 127,
128, 130, 132, 133, 134, 135, 137, 139, 140, 143, 144, 145, 147, 150, 151, 153, 156,
157, 158, 161, 162, 165, 166, 168, 169, 172, 173, 174, 179, 182, 185, 186, 189, 190,
191, 193, 197, 198.

4.19 Progressions

How many primes do the following progressions contain:

1. The sequence {a-p,+b}, n =1,2,... where (a,b) = 1, i.e. ged(ab) =1,
and pj, is n-th prime?
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Example: a:=3 b:=10 n:=25 k:=1..n gy := a- px + b, then g* — (24,
19, 5%, 31, 43, 7%, 61, 67, 79, 97, 103, 11, 7-19, 139, 151, 13?, 1117, 193,
211, 223,229, 13-19, 7-37, 277, 7-43). Therefore in 25 terms 15 are prime
numbers (See Figure 10.2).

2. Thesequence {a" + b}, n=1,2,...,where (a,b) =1,and a # +1 and a # 0?

Example: a:=3 b:=10 n:=25 k:=1..n g := a* + b, then in sequence ¢
are 6 prime numbers: 13, 19, 37, 739, 65571 and 387420499 (See 10.2).

3. Thesequence {n" +1}, n=1,2,...2

(a) First 10 terms from the sequence {n" +1} are: 2, 5, 28, 257, 3126,
46657, 823544, 16777217, 387420490, 10000000001, of which 2, 5
and 257 are primes (See Figure 10.2).

(b) First 10 terms from the sequence {n" —1} are: 0, 3, 26, 255, 3124,
46655, 823542, 16777215, 387420488, 9999999999, of which 3 is
prime (See Figure 10.2).

4. The sequence {p,#+1}, n=1,2,..., where p,, is n-th prime?

(a) First 10 terms from the sequence {p,#+ 1} are: 3, 7, 31, 211, 2311,
30031, 510511, 9699691, 223092871, 6469693231 of which 3, 7, 31
and 211 are primes (See Figure 10.2).

(b) First 10 terms from the sequence {p,#—1} are: 1, 5, 29, 209, 2309,
30029, 510509, 9699689, 223092869, 6469693229 of which 5, 29, 2309
and 30029 are primes (See Figure 10.2).

5. The sequence {p,##+1}, n=1,2,..., where p, is n-th prime?

(a) First 10 terms from the sequence {p,##+ 1} are: 3, 4, 11, 8, 111, 92,
1871, 1730, 43011, 1247291 of which 3, 11, 1871 and 1247291 are
primes (See Figure 10.2).

(b) First 10 terms from the sequence {p,##—1} are: 1, 2, 9, 6, 109, 90,
1869, 1728, 43009, 1247289 of which 2 and 109 are primes (See Fig-
ure 10.2).

6. The sequence {p,###+2}, n=1,2,..., where p, is n-th prime?

(a) First 10 terms from the sequence {p,###+2} are: 4, 5, 7, 23, 233,
67,1107, 4391, 100949, 32047 of which 5, 7, 23, 233, 67 and 4391 are
primes (See Figure 10.2).
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(b) First 10 terms from the sequence {p,### —2} are: 0, 1, 3, 19, 229, 63,
1103, 4387, 100945, 32043 of which 3, 19, 229 and 1103 are primes
(See Figure 10.2).

7. The sequence {n!!+2}and {n!'+1}, n=1,2,...2

(a) First 17 terms from the sequence {n!! + 2} are: 3, 4, 5, 10, 17, 50, 107,
386, 947, 3842, 10397, 46082, 135137, 645122, 2027027, 10321922,
34459427 of which 3, 5, 17, 107 and 947 are primes (See Figure 10.2).

(b) First 17 terms from the sequence {n!!' -2} are: -1, 0, 1, 6, 13, 46, 103,
382, 943, 3838, 10393, 46078, 135133, 645118, 2027023, 10321918,
34459423 of which 13, 103, 2027023 and 34459423 are primes (See
Figure 10.2).

(c) First 22 terms from the sequence {n!!! + 1} are: 2, 3, 4, 5, 11, 19, 29,
81, 163, 281, 881, 1945, 3641, 12321, 29161, 58241, 209441, 524881,
1106561, 4188801, 11022481, 24344321 of which 2, 3, 5, 11, 19, 29,
163, 281, 881, and 209441 are primes (See Figure 10.2).

(d) First 22 terms from the sequence {n!!'-1} are: 0, 1, 2, 3, 9, 17, 27,
79, 161, 279, 879, 1943, 3639, 12319, 29159, 58239, 209439, 524879,
1106559, 4188799, 11022479, 24344319 of which 2, 3, 17, 79 and
4188799 are primes (See Figure 10.2).

8. The sequences {2" + 1} (Mersenne primes) and {n! + 1} (factorial primes)
are well studied.

4.20 Palindromes

4.20.1 Classical Palindromes

A palindrome of one digit is a number (in some base b) that is the same
when written forwards or backwards, i.e. of the form d; d5 ... d>d;. The first few
palindrome in base 10 are 0, 1, 2, 3,4, 5,6, 7, 8,9, 11, 22, 33, 44, 55, 66, 77, 88,
99, 101, 111, 121, ... [Sloane, 2014, A002113].

The numbers of palindromes less than 10, 10%, 103, ...are 9, 18, 108, 198,
1098, 1998, 10998, ... [Sloane, 2014, A050250].

Program 4.69. palindrome generator in base b.
gP(v,b) :=| fork e 1..last(v)

n—n+uvg-b"
m — m+ nrd(vy, b)
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return n

The program use the function nrd, 2.1.

Program 4.70. of generate palindromes and primality verification.

PgP(a,B,1,b,t,IsP) :=| j — 0
forkiea,a+r.B
V] «— k1
forkyea,a+r.p
Uy — kz
forksea,a+r.
V3 «— k3
n—gPwb)
if IsP=1

if IsPrime(n)=1
j—j+1
Sj —n
otherwise
j—j+1
Sj —n
return sort(S)

This program use subprogram gP, 4.69 and Mathcad programs IsPrimeand sort.

There are 125 palindromes of 5—digits, in base 10, made only with numbers
1, 3, 5, 7 and 9, which are obtained by running Pgp(1,9,2,10,0,0)" — 11111,
11311, 11511, 11711, 11911, 13131, 13331, 13531, 13731, 13931, 15151, 15351,
15551, 15751, 15951, 17171, 17371, 17571, 17771, 17971, 19191, 19391, 19591,
19791, 19991, 31113, 31313, 31513, 31713, 31913, 33133, 33333, 33533, 33733,
33933, 35153, 35353, 35553, 35753, 35953, 37173, 37373, 37573, 37773, 37973,
39193, 39393, 39593, 39793, 39993, 51115, 51315, 51515, 51715, 51915, 53135,
53335, 53535, 53735, 53935, 55155, 55355, 55555, 55755, 55955, 57175, 57375,
57575, 57775, 57975, 59195, 59395, 59595, 59795, 59995, 71117, 71317, 71517,
71717, 71917, 73137, 73337, 73537, 73737, 73937, 75157, 75357, 75557, 75757,
75957, 77177, 77377, 77577, 77777, 77977, 79197, 79397, 79597, 79797, 79997,
91119, 91319, 91519, 91719, 91919, 93139, 93339, 93539, 93739, 93939, 95159,
95359, 95559, 95759, 95959, 97179, 97379, 97579, 97779, 97979, 99199, 99399,
99599, 99799, 99999.

Of these we have 25 prime numbers, which are obtained by running
Pgp(1,9,2,10,0,1)T — 11311, 13331, 13931, 15551, 17971, 19391, 19991, 31513,
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33533, 35153, 35353, 35753, 37573, 71317, 71917, 75557, 77377, 77977, 79397,
79997, 93139, 93739, 95959, 97379, 97579 .

Program 4.71. the palindromes recognition in base b.

RePal(n,b) :=d — dn(n,b)
u — last(d)
return 1 ifn=1
m — floor(4)
forkel.m

return0 if dk# dy—j.1
return 1

Program 4.72. the palindromes counting.

NrPa(m,B) :=| forbe2..B
forkel.b™
Vi — RePal(k, b)
forpel.m
NPy_ < ¥ submatrix(v,1,b*,1,1)
return NP

The number of palindromes of one digit in base b is given in Table 4.5 and
was obtained with the command NrPa(6, 16).

4.20.2 Palindromes with Groups of m Digits

1. Palindromes with groups of one digit in base b are classical palindromes.

2. Palindromes with groups of 2 digits, in base b, are:

dvdydzdy...dy3dy2dy 1 dpdy1dpdy-3dy—...dzdsdd

or

dydadsdy...dp-3dp2dy1dydy-3dy—>...dsdydrdy,
where d; €{0,1,2,...,b—1}and be N*, b= 2.

Examples: 345534, 78232378, 782378, 105565655510, 1055655510,
3334353636353433, 33343536353433.
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b\b* | b B2 B3] bt b° bo
2 1 2 4 6 10 14
3 2 4 10 16 34 52
4 3 6 18 30 78 126
5 4 8 29 49 149 250
6 5110 41 71 251 432
7 6|12 54 96 390 684
8 7114 70 | 126 574 | 1022
9 8|16 88 | 160 808 | 1456

10 9|18 | 108 | 198 | 1098 | 1998
11 | 10 | 20 | 130 | 240 | 1451 | 2661
12 | 11 | 22 | 154 | 286 | 1871 | 3455
13112 |24 | 180 | 336 | 2364 | 4392
14 | 13 | 26 | 208 | 390 | 2938 | 5486
15| 14 | 28 | 239 | 449 | 3600 | 6751
16 | 15 | 30 | 270 | 510 | 4350 | 8190

Table 4.5: Number of palindromes of one digit in base b

3. Palindromes with groups of 3 digits in base b, are:

or

dydods...dy s5dp-sdp 3dy2dy dpdy-s5dy-ady3...dydrds3

where di € {0,1,2,...,b—1} and b € N*, b = 2. Examples: 987987,
456567678678567456, 456567678567456, 123321123, 123234234123,
676767808808767676.

4. andsoon.

Examples of palindromes with groups of 2 digits in base b =3 are: 1, 2,30 =
1010(3), 40 = 1111(3), 50 = 1212(3), 60 = 2020(3), 70 = 2121(3), 80 = 2222(3), or in
base b = 4 are: 1,2, 3,68 = 1010(4), 85 = 1111(4), 102 =1212 =(4) 119 = 1313(4),
136 = 2020(4), 153 = 21214y, 170 = 22224y, 187 = 23234y, 204 = 3030(4), 221 =
3131(4), 238 = 3232(4), 255 = 3333(4). It is noted that 1111(3), 2222(3), 1111(4),
22224y and 33334 are palindromes and a single digit.

Numbers of palindromes with groups of one and two digits, in base b, b =
2,3,...,16, for the numbers 1,2,...,b™, where m = 1,2,...,6 are found in Table
4.6.
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b\b* | b2 B3] bt b° o
2 1 2 4 7 13 23
3 2 4 10 20 50 116
4 3 6 18 39 123 351
5 4 8 29 65 245 826
6 5110 41 96 426 1657
7 6|12 54 | 132 678 2988
8 7114 70 | 175 | 1015 4991
9 8|16 88 | 224 | 1448 7856
10 9118 | 108 | 279 | 1989 | 11799
11 | 10 | 20 | 130 | 340 | 2651 | 17061
12 | 11 | 22 | 154 | 407 | 3444 | 23904
13 |12 | 24 | 180 | 480 | 4380 | 32616
14 | 13 | 26 | 208 | 559 | 5473 | 43511
15|14 | 28 | 239 | 645 | 6736 | 56927
16 | 15| 30 | 270 | 735 | 8175 | 73215

Table 4.6: Number of palindromes of one and two digits in base b

Numbers of palindromes with groups of one, two and three digits, in base
b=2,3,...,16, for the numbers 1,2, ..., b™ where m=1,2,...,6 are found in Ta-
ble 4.7.

Unsolved research problem: The interested readers can study the m-digits
palindromes that are prime, considering special classes of m-digits palin-
dromes.

4.20.3 Generalized Smarandache Palindrome

A generalized Smarandache palindrome (GSP) is a number of the concate-
nated form:

a\ay...ap-1a0ndn-1...A2041

with n =2 (GSP1), or

alaz...an_lananan_l ...dgdl

with n = 1 (GSP2), where all a4y, ay, ..., a, are positive integers in base b of
various number of digits, [Khoshnevisan, 2003a,b, Evans et al., 2004], [Sloane,
2014, A082461], [Weisstein, 2015b,c].

We agree that any number with a single digit, in base of numeration b is
palindrome GSP1 and palindrome GSP2.

Examples:
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b\b* | b 2] B3] bt b° o
2 1 2 4 7 13 25
3 2 4 10 20 50 128
4 3 6 18 39 123 387
5 4 8 29 65 245 906
6 5110 41 96 426 1807
7 6|12 54 | 132 678 3240
8 7114 70 | 175 | 1015 5383
9 8|16 88 | 224 | 1448 8432

10 9118 | 108 | 279 | 1989 | 12609
11 | 10 | 20 | 130 | 340 | 2651 | 18161
12 | 11 | 22 | 154 | 407 | 3444 | 25356
13 |12 | 24 | 180 | 480 | 4380 | 34488
14 | 13 | 26 | 208 | 559 | 5473 | 45877
15|14 | 28 | 239 | 645 | 6736 | 59867
16 | 15| 30 | 270 | 735 | 8175 | 76815

Table 4.7: Number of palindromes of one, two and three digits in base b

1. The number 123567567312(1g) is a GSP2 because we can group it as
(12)(3)(567)(567)(3)(12) i.e. ABCCBA.

2. The number 23523 = 10067(;¢) is also a GSP1 since we can group it as
(23)(5)(23), i.e. ABA.

3. The number abcddcbae) = 2882395322 1¢) is a GSP2.

Program4.73.
GSPI1(v, b) := gP(stack(v, submatrix(reverse(v), 2, last(v),1,1)), b) ,

where stack, submatrix and reverse are Mathcad functions.

Program 4.74.
GSP2(v, b) := gP(stack(v, reverse(v)), b) ,

where stack and reverse are Mathcad functions.
Examples:

1. Ifv:=(17 3 567 )T, then

(@) GSPI(v,10) =173567317(10) and GSP2(v,10) = 173567567317 10) ,

(b) GSPI(1,8) =291794641 1) = 173567317 and
GSP2(1,8) = 1195190283985(1¢) = 173567567317 g) .
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2. Ifu:=(31 3 201 1013 ) then

(@) GSPI(u,10)=3132011013201331(;¢) and
GSP2(u,10) =31320110131013201331 39y ,

(b)

GSP1(u,5) = 12079019075103110) = 31320110132013315) and
GSP2(u,5) = 31320110131013201331 1
=313201101310132013315) .

Program 4.75. for generating the palindrome in base b of type GSP1 or GSP2
and eventually checking the primality.

PgGSP(a, B,0,b, f,IsP) :=| j — 0
forkiea,a+p..B

vy — ki
forkyea,a+p..B
Uy — kg
forksea,a+p..p
V3 «— IC3

n«— f(n,b)

if IsPrime(n)=1 if IsP=1
j—j+1

Sj —n
otherwise
j—j+1

Sj —n

return sort(S)

Examples:

1. All palindromes, in base of numeration b = 10, of 5 numbers from the set
{1,3,5,7,9} is obtained with the command

z = PgGSP(1,9,2,10,GSP1,0)

and to display the vector z: zU — 11111, 11311, 11511, 11711, 11911,
13131, 13331, 13531, 13731, 13931, 15151, 15351, 15551, 15751, 15951,
17171, 17371, 17571, 17771, 17971, 19191, 19391, 19591, 19791, 19991,
31113, 31313, 31513, 31713, 31913, 33133, 33333, 33533, 33733, 33933,
35153, 35353, 35553, 35753, 35953, 37173, 37373, 37573, 37773, 37973,
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39193, 39393, 39593, 39793, 39993, 51115, 51315, 51515, 51715, 51915,
53135, 53335, 53535, 53735, 53935, 55155, 55355, 55555, 55755, 55955,
57175, 57375, 57575, 57775, 57975, 59195, 59395, 59595, 59795, 59995,
71117, 71317, 71517, 71717, 71917, 73137, 73337, 73537, 73737, 73937,
75157, 75357, 75557, 75757, 75957, 77177, 77377, 77577, 77777, 77977,
79197, 79397, 79597, 79797, 79997, 91119, 91319, 91519, 91719, 91919,
93139, 93339, 93539, 93739, 93939, 95159, 95359, 95559, 95759, 95959,
97179, 97379, 97579, 97779, 97979, 99199, 99399, 99599, 99799, 99999 and
length(z) — 125.

2. All prime palindromes, in base b = 10, of 5 numbers from the set

{1,3,5,7,9} is obtained with the command
zp = PgGSP(1,9,2,10, GSP1,1)

and to display the vector zp: zp' — 11311, 13331, 13931, 15551, 17971,
19391, 19991, 31513, 33533, 35153, 35353, 35753, 37573, 71317, 71917,
75557, 77377,77977,79397, 79997, 93139, 93739, 95959, 97379, 97579 and
length(zp) — 25

3. All prime palindromes, in base b = 10, of 5 numbers from the set

{1,4,7,10,13} is obtained with the command
sp= PgGSP(1,13,3,10, GSP1,1)

and to display the vector sp: sp’ — 11411, 14741, 17471, 74747, 77477,
141041, 711017, 711317, 741347, 1104101, 1107101, 1131131, 1314113,
1347413, 1374713, 1377713, 7104107, 7134137, 13410413, 131371313 and
length(sp) — 20.

Program 4.76. of recognition GSP the number 7 in base b.

RecGSP(n, b) :=|d — dn(n, b)

m — length(d)

return 1 if m=1

jm — floor(})

forjel.jm
dy — submatrix(d,1,j,1,1)
dy — submatrix(d,m+1-j,m,1,1)
return 1 if dy = do

return 0
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Program 4.77. of search palindromes GSP (y = 1) or not palindromes GSP (y =
0) from «a to B in base b.

PGSP(a,3,b,y) :=

j<—0
fornea.p
if RecGSP(n,b)=y
j—j+1
Sjyl ~—n
Sj2 < dn(n,b)
return S

With this program can display palindromes GSP, in base b = 2, from 1 by

16:

1 1)
3 (11
5 (101
7 @111
9 (1001
10 (1010
11 101 1)
13 (1101)
| 15 1111 |

PGSP(1,2%,2,1) =

Program 4.78. the GSP palindromes counting.

NrGSP(m, B) :=| forbe2..B

forkel.b™

Vi — 1 if RecGSP(k, b)=1
v — 0 otherwise
foruel.m
NPy,_1,, < ¥ submatrix(v,1,b",1,1)
v<—20

return NP

The number of palindromes GSP, in base b, are given in Table 4.8, using the
command NrGSP(6,16):
Unsolved research problem: To study the number of prime GSPs for given

classes of GSPs.
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b\b* | b B2] B3 b* b° o
2 1 2 4 9 19 41
3 2 4 10 32 98 308
4 3 6 18 75 303 1251
5 4 8 29 145 725 3706
6 5110 41 246 1476 9007
7 6|12 54 384 2694 19116
8 7114 70 567 4543 36743
9 8|16 88 800 7208 65456
10 9118 | 108 | 1089 | 10899 109809
11 | 10 | 20 | 130 | 1440 | 15851 175461
12 | 11 | 22 | 154 | 1859 | 22320 269292
13 |12 | 24 | 180 | 2352 | 30588 399528
14 | 13 | 26 | 208 | 2925 | 40963 575861
15| 14 | 28 | 239 | 3585 | 53776 809567
16 | 15| 30 | 270 | 4335 | 69375 | 1113615

Table 4.8: Number of palindromes GSP in base b

4,21 Smarandache-Wellin Primes

1. Special prime digital subsequence: 2, 3, 5, 7, 23, 37, 53, 73, 223, 227,
233, 257, 277, 337, 353, 373, 523, 557, 577, 727, 733, 757, 773, 2237, 2273,
2333, 2357, 2377, 2557, 2753, 2777, 3253, 3257, 3323, 3373, 3527, 3533,
3557, 3727, 3733, 5227, 5233, 5237, 5273, 5323, 5333, 5527, 5557, 5573,
5737, 7237, 7253, 7333, 7523, 7537, 7573, 7577, 7723, 7727, 7753, 7757
..., i.e. the prime numbers whose digits are all primes (they are called
Smarandache-Wellin primes). For all primes up to 107, which are in num-
ber 664579, 1903 are Smarandache-Wellin primes.

Conjecture: this sequence is infinite.

Program 4.79. of generate primes Wellin.

Wellin(p, b, L) :=

forkel..L

d — dn(py, b)
swl<—0
forjel.last(d)
h—1
sw2<—0
whilepp<b
lif pp<b
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sw2+—1
break
h—h+1
swl—swl+1 if sw2=1
if swl=last(d)
i—i+1
Wi < Pk
return w

The list Smarandache-Wellin primes generate with commands L := 1000
p := submatrix(prime, 1, L,1,1) and Wellin(p,10, L) =.

2. Cira-Smarandache-Wellin primes in octal base, are that have digits only
primes up to 8, i.e. digits are: 2, 3, 5 and 7. For the first 1000 primes,
exist 82 of Cira-Smarandache-Wellin primes in octal base: 2, 3, 5, 7, 23,
27, 35, 37, 53, 57, 73, 75, 225, 227, 235, 255, 277, 323, 337, 357, 373, 533,
535, 557, 573, 577, 723, 737, 753, 775, 2223, 2235, 2275, 2325, 2353, 2375,
2377, 2527, 2535, 2725, 2733, 2773, 3235, 3255, 3273, 3323, 3337, 3373,
3375, 3525, 3527, 3555, 3723, 3733, 3753, 3755, 5223, 5227, 5237, 5253,
5275, 5355, 5527, 5535, 5557, 5573, 5735, 5773, 7225, 7233, 7325, 7333,
7355, 7357, 7523, 7533, 7553, 7577, 7723, 7757, 7773, 7775 . Where, for
example, 7775(g) = 4093(10). The list Smarandache-Wellin primes in octal
base generate with commands L := 1000 p := submatrix(prime,1,L,1,1)
and Wellin(p,8, L) =.

3. Cira-Smarandache-Wellin primes in hexadecimal base, are that have dig-
its only primes up to 16, i.e. digits are: 2, 3, 5, 7, b and d. For the first
1000 primes, exist 68 of Cira-Smarandache-Wellin primes in hexadecimal
base: 2,3,5,7, b, d, 25, 2b, 35, 3b, 3d, 53, b3, b5, d3, 223, 22d, 233, 23b,
257,277, 2b3, 2bd, 2d7, 2dd, 32b, 335, 337, 33b, 33d, 355, 35b, 373, 377,
3b3, 3d7, 527, 557, 55d, 577, 5b3, 5b5, 5d b, 727, 737, 755, 757, 773, 7b5,
7bb, 7d3, 7db, b23, b2d, b57, b5d, b7b, bb7, bdd, d2b, d2d, d3d, d55,
dab7, dbd, dd3, dd5, ddb. Where, for example, ddb6) = 3547(10). The
list Smarandache-Wellin primes in hexadecimal base generate with com-
mands L:=1000 p := submatrix(prime, 1, L,1,1) and Wellin(p, 16, L) =.

4. The primes that have numbers of 2 digits primes are Cira—Smarandache-
Wellin primes of second order. The list the Cira-Smarandache-Wellin
primes of second order, from 1000 primes, is: 2, 3, 5, 7, 11, 13, 17, 19, 23,
29,31,37,41, 43,47,53,59,61,67,71,73,79, 83, 89,97, 211, 223, 229, 241,
271, 283, 307, 311, 313, 317, 331, 337, 347, 353, 359, 367, 373, 379, 383,
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389, 397, 503, 523, 541, 547, 571, 719, 743, 761, 773, 797, 1103, 1117, 1123,
1129, 1153, 1171, 1303, 1307, 1319, 1361, 1367, 1373, 1723, 1741, 1747,
1753, 1759, 1783, 1789, 1907, 1913, 1931, 1973, 1979, 1997, 2311, 2341,
2347, 2371, 2383, 2389, 2903, 2917, 2953, 2971, 3119, 3137, 3167, 3719,
3761, 3767, 3779, 3797, 4111, 4129, 4153, 4159, 4337, 4373, 4397, 4703,
4723, 4729, 4759, 4783, 4789, 5303, 5323, 5347, 5903, 5923, 5953, 6113,
6131, 6143, 6173, 6197, 6703, 6719, 6737, 6761, 6779, 7103, 7129, 7159,
7307, 7331, 7907, 7919 . The total primes Cira-Smarandache-Wellin of
second order, from 664579 primes, i.e. all primes up to 107 are 12629. The
list Smarandache-Wellin primes in hexadecimal base generate with com-
mands L:=1000 p := submatrix(prime, 1, L,1,1) and Wellin(p,100, L) =.

. Primes that have numbers of 3 digits primes are Cira-Smarandache-

Wellin primes of third order. The list the Cira-Smarandache-Wellin
primes of third order, from 10® primes, is: 2, 3, 5, 7, 11, 13, 17, 19, 23,
29,31,37,41, 43,47, 53, 59, 61,67,71,73,79, 83, 89,97, 101, 103, 107, 109,
113,127,131, 137, 139, 149, 151, 157, 163, 167,173,179, 181, 191, 193, 197,
199, 211, 223, 227, 229, 233, 239, 241, 251, 257, 263, 269, 271, 277, 281, 283,
293, 307,311, 313,317, 331, 337, 347, 349, 353, 359, 367, 373, 379, 383, 389,
397,401, 409, 419, 421, 431, 433, 439, 443, 449, 457, 461, 463, 467, 479, 487,
491, 499, 503, 509, 521, 523, 541, 547, 557, 563, 569, 571, 577, 587, 593, 599,
601, 607,613,617,619, 631, 641, 643, 647, 653, 659, 661, 673, 677, 683, 691,
701,709,719, 727,733,739, 743, 751,757,761, 769, 773,787, 797, 809, 811,
821, 823, 827, 829, 839, 853, 857, 859, 863, 877, 881, 883, 887,907,911, 919,
929,937,941, 947, 953,967,971, 977,983, 991, 997, 2003, 2011, 2017, 2029,
2053, 2083, 2089, 2113, 2131, 2137, 2179, 2239, 2251, 2269, 2281, 2293,
2311, 2347, 2383, 2389, 2467, 2503, 2521, 2557, 2593, 2617, 2647, 2659,
2677, 2683, 2719, 2797, 2857, 2887, 2953, 2971, 3011, 3019, 3023, 3037,
3041, 3061, 3067, 3079, 3083, 3089, 3109, 3137, 3163, 3167, 3181, 3191,
3229, 3251, 3257, 3271, 3307, 3313, 3331, 3347, 3359, 3373, 3389, 3433,
3449, 3457, 3461, 3463, 3467, 3491, 3499, 3541, 3547, 3557, 3571, 3593,
3607, 3613, 3617, 3631, 3643, 3659, 3673, 3677, 3691, 3701, 3709, 3719,
3727, 3733, 3739, 3761, 3769, 3797, 3821, 3823, 3853, 3863, 3877, 3881,
3907, 3911, 3919, 3929, 3947, 3967, 5003, 5011, 5023, 5059, 5101, 5107
5113, 5167, 5179, 5197, 5227, 5233, 5281, 5347, 5419, 5431, 5443, 5449,
5479, 5503, 5521, 5557, 5563, 5569, 5641, 5647, 5653, 5659, 5683, 5701,
5743, 5821, 5827, 5839, 5857, 5881, 5953, 7013, 7019, 7043, 7079, 7103,
7109, 7127, 7151, 7193, 7211, 7229, 7283, 7307, 7331, 7349, 7433, 7457,
7487, 7499, 7523, 7541, 7547, 7577, 7607, 7643, 7673, 7691, 7727, 7757,
7823, 7829, 7853, 7877, 7883, 7907, 7919 . The total Cira-Smarandache-
Wellin primes of third order, from 664579 primes, i.e. all primes up to
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107 are 22716. The list Smarandache-Wellin primes in hexadecimal base
generate with commands L := 1000 p := submatrix(prime,1,L,1,1) and
Wellin(p,1000, L) =.

In the same general conditions of a given sequence, one screens it selecting
only its terms whose groups of digits hold the property (or relationship involv-
ing the groups of digits) p. A group of digits may contain one or more digits,
but not the whole term.
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Chapter 5

Sequences Applied in Science

5.1

Unmatter Sequences

Unmatter is formed by combinations of matter and antimatter that bind
together, or by long-range mixture of matter and antimatter forming a weakly—
coupled phase.

And Unmmatter Plasma is a novel form of plasma, exclusively made of mat-
ter and its antimatter counterpart.

5.1.1 Unmatter Combinations

Unmatter combinations as pairs of quarks (g) and antiquarks (a), for g = 1
and a = 1. Each combination has n = g + a = 2 quarks and antiquarks which
preserve the colorless, [Smarandache, 2004a,b, 2005], [Sloane, 2014, A181633].

1.

if n = 2, we have: ga (biquark - for example the mesons and antimes-
sons), so the pair is (1, 1);

if n = 3 we have no unmatter combination, so the pair is (0, 0);
if n =4, we have qqaa (tetraquark), the pair is (2,2);

if n =5, we have qqqqa, qaaaa (pentaquark), so the pairs are (4,1) and
(1,4);

if n =6, we have qqqgaaa (hexaquark), whence (3, 3);

if n=7,wehave gqqqqqaa, qqaaaaa (septiquark), whence (5,2), (2,5);

. if n = 8, we have qqqqqqqa, qqqqaaaa, qaaaaaaa (octoquark),

whence (7,1), (4,4), (1,7);

269
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8. if n =9, we have qqqqqqaaa, qqqaaaaaa (nonaquark), whence (6, 3),

(3,6);

9. if n = 10, we have qqqqqqqqaa, qqqqqaaaaa, qqaaaaaaaa (de-

caquark), whence (8,2), (5,5), (2,8);

From the conditions
g+a=n
qg—a=3k

result the solutions
_n- 3k

a 2
B n+3k
2

that must be a, g € N*, then result that

— {n—ZJ <k< V—_ZJ and ke Z.
3 3

Program5.1. for generate the unmatter combinations.

UC(n, z) :=| return "Error." if n<2
return (1 )T if n=2
return (0 0)7 if n=3 A z=1
. ny .

i hﬂoor(g) if z=0

-2
i«—ﬂoor(ns ) if z=1
j—1
forke—i.i
n-3k

a —

if a=trunc(a)

qaj — da

j—j+1
n+3k

a9 2

if q=trunc(q)

qa; —q

j—j+1

return qa

In this program was taken into account formulas 5.2, 5.3 and 5.4.

(5.1)

(5.2)

(5.3)
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Program 5.2. for generate the unmatter sequences, for n=a,a +1,..., 3, where
a,BeN*, a<p.

UCS(a, B,2):=|S — UC(a, z)
fornea+1.
S — stack(S, UC(n, z))
return S

For a = 2 and $ = 30, the unmattter sequence is: UCS(«, 83, nDT—=1,1,0,0,
2,2,4,1,1,4,3,3,5,2,2,5,7,1,4,4,1,7,6,3,3,6,8,2,5,5,2,8,10, 1, 7, 4, 4,
7,1,10,9,3,6,6,3,9,11,2,8,5,5,8,2,11,13,1,10,4,7,7,4,10, 1, 13, 12, 3, 9,
6,6,9,3,12,14,2,11,5,8,8,5,11, 2, 14, 16, 1, 13, 4,10, 7, 7, 10, 4, 13, 1, 16, 15,
3,12,6,9,9,6,12,3,15,17,2,14,5,11, 8, 8,11, 5,14,2,17,19, 1, 16,4, 13,7, 10,
10,7,13,4,16,1,19.

5.1.2 Unmatter Combinations of Quarks and Antiquarks

Unmatter combinations of quarks and antiquarks of length n = 1 that pre-
serve the colorless.

There are 6 types of quarks: Up, Down, Top, Bottom, Strange, Charm and 6
types of antiquarks: Up”", Down", Top", Bottom", Strange", Charm”.

1. For n =1, we have no unmatter combination;

2. For combinations of 2 we have: ga (unmatter biquark), [mesons and
antimesons]; the number of all possible unmatter combinations will be
6 x 6 = 36, but not all of them will bind together. It is possible to com-
bine an entity with its mirror opposite and still bound them, such as:
uu’, dd", ss", cc", bb" which form mesons. It is possible to combine,
unmatter+ unmatter = unmatter, as in ud" + us" = uudd" ss" (of course
if they bind together)

3. For combinations of 7 we have: qqqqqaa, qqaaaaa (unmatter septi-
quarks); the number of all possible unmatter combinations will be 6° x
62 + 62 x 6° = 559872, but not all of them will bind together.

4. For combinations of 8 we have: gqqqqaaaa, qqqqqqqa, qaaaaaaa (unmat-
ter octoquarks); the number of all possible unmatter combinations will
be 67 x 61 + 6% x 6% + 6! x 67 = 5038848, but not all of them will bind to-
gether.
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5. For combinations of 9 we have: qqqqqqaaa, gqqaaaaaa (unmatter non-
aquarks); the number of all possible unmatter combinations will be
6% x 63 +6% x 6% = 2 x 69 = 20155392, but not all of them will bind together.

6. For combinations of 10 we have: gqqqqqqqaa, qqqqqaaaaa, qgaaaaaaaa
(unmatter decaquarks); the number of all possible unmatter combina-
tions will be 3 x 6'° = 181398528, but not all of them will bind together.

7. Etc.

Program 5.3. for generate the sequence of unmatter combinations of quarks
and antiquarks.

UCqa(a,B,z):=|j —2
fornea.p
ga— UC(n,z)
ti—0
for kel,3..last(qa)
tj — t]. + 9%+ qak+1
j—j+1
t3—0 if z=1
return t

For a =2 and 8 = 30, the sequence of unmatter combinations of quarks and
antiquarks is:

Lﬂiqa(a,ﬁ,lfr—+0,36,0,1296,15552,46656,559872,5038848,
20155392, 181398528, 1451188224, 6530347008, 52242776064,
391820820480, 1880739938304, 14105549537280, 101559956668416,
507799783342080, 3656158440062976, 25593109080440832,
131621703842267136, 921351926895869952, 6317841784428822528,
33168669368251318272, 227442304239437611008,
1535235553616203874304, 8187922952619753996288,
55268479930183339474944, 368456532867888929832960,

1989665277486600221097984 .

I wonder if it is possible to make infinitely many combinations of quarks /
antiquarks and leptons / antileptons ... . Unmatter can combine with matter
and / or antimatter and the result may be any of these three. Some unmatter
could be in the strong force, hence part of hadrons.
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5.1.3 Colorless Combinations as Pairs
of Quarks and Antiquarks

Colorless combinations as pairs of quarks and antiquarks, for g, a = 0;

1. if n =2, we have: ga (biquark - for example the mesons and antimessons),
whence the pair (1, 1);

2. if n = 3, we have: qqq, aaa (triquark — for example the baryons and an-
tibaryons), whence the pairs (3,0), (0, 3);

3. if n = 4, we have gqaa (tetraquark), whence the pair (2,2);
4. if n =5, we have gqqqa, qaaaa (pentaquark), whence the pairs (4, 1), (1,4);

5. if n = 6, we have qqqqqq, qqqaaa, aaaaaa (hexaquark), whence the pairs
(6,0), (3,3), (0,6);

6. if n =7, we have gqqqqaa, gqaaaaa (septiquark), whence the pairs (5,2),
(2,5);

7. if n = 8, we have qqqqqqqa, qqqqaaaa, qaaaaaaa (octoquark), whence
the pairs (7,1), (4,4), (1,7);

8. if n =9, we have gqqqqqqqq, gqqqqqaaa, qqqaaaaaa, aaaaaaaaa (non-
aquark), whence the pairs (9,0), (6,3), (3,6), (0,9);

9. if n = 10, we have gqqqqqqqaa, qqqqqaaaaa, qqaaaaaaaa (decaquark),
whence the pairs (8,2), (5,5), (2,8); There are symmetric pairs.

From the conditions 5.1 result the solutions 5.2, that must be a, g € N, then
result that
n n
3] =k=|Z]| and kez. (5.4)
3 3
For a = 2 and S = 30, the unmattter sequence is: UCS(a, $,0)" — 1, 1, 3, 0,
0,3224114,6,0,3,3,0,6,5,2,2,5,7,1,4,4,1,7,9,0,6, 3,3,6,0,9, 8, 2,
5528,101,7,4,4,7,1,10,12,0,9,3,6,6,3,9,0,12, 11, 2, 8,5, 5, 8, 2, 11, 13,
1,10,4,7,7,4,10,1,13,15,0,12,3,9,6,6,9, 3, 12,0, 15, 14, 2, 11, 5, 8, §, 5, 11,
2,14,16,1, 13, 4,10,7,7,10,4, 13,1, 16, 18, 0, 15, 3, 12,6, 9, 9, 6, 12, 3, 15, 0, 18,
17,2, 14,5, 11, 8, 8,11, 5, 14, 2, 17, 19, 1, 16, 4, 13, 7, 10, 10, 7, 13, 4, 16, 1, 19,
where UCS is the program 5.2.
In order to save the colorless combinations prevailed in the Theory of Quan-
tum Chromodynamics (QCD) of quarks and antiquarks in their combinations
when binding, we devised the following formula, [Smarandache, 2004a, 2005]:
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q is congruent with a, modulo 3; where g = number of quarks and a = number
of antiquarks. To justify this formula we mention that 3 quarks form a colorless
combination and any multiple of three combination of quarks too, i.e. 6, 9, 12,
etc. quarks. In a similar way, 3 antiquarks form a colorless combination and any
multiple of three combination of antiquarks too, i.e. 6, 9, 12, etc. antiquarks.

e If n is even, n = 2k, then its pairs are: (k+3m, k—3m), where m is an
integer such that both k+3m =0and k-3m = 0.

e If nisodd, n =2k + 1, then its pairs are: (k+3m+2,k—3m—1), where m
is an integer such that both k+3m+2>=0and k—3m—-1=0.

5.1.4 Colorless Combinations
of Quarks and Qntiquarks of Length n > 1
Colorless combinations of quarks and antiquarks of length n = 1, for g = 0

and a=0.
Comment:

e If n =1 there is no colorless combination.

e If n = 2 we have ga (quark antiquark), so a pair (1, 1); since a quark can
be Up, Down, Top, Bottom, Strange, Charm while an antiquark can be
Up”, Down”, Top™, Bottom”, Strange”, Charm” then we have 6 x 6 = 36
combinations.

e If n = 3 we have gqq and aaa, thus two pairs (3,0), (0,3), i.e. 2 x 63 = 432,

* If n = 4, we have gqaa, so the pair (2,2), i.e. 6* = 1296.

For a@ =2 and g = 30, the sequence of unmatter combinations of quarks and
antiquarks is:

l]an(a,ﬁ,Ofr—+0,36,432,1296,15552,139968,559872,

5038848, 40310784, 181398528, 1451188224, 10883911680,
52242776064, 391820820480, 2821109907456, 14105549537280,
101559956668416, 710919696678912, 3656158440062976,
25593109080440832, 175495605123022848, 921351926895869952,
6317841784428822528, 42645432044894552064,
227442304239437611008, 1535235553616203874304,
10234903690774692495360, 55268479930183339474944,

368456532867888929832960, 2431813116928066936897536 ,

where UCqa is the program 5.3.
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5.2 Convex Polyhedrons

A convex polyhedron can be defined algebraically as the set of solutions to
a system of linear inequalities
M-x<b

where M is a real m x 3 matrix and b is a real m—vector. Although usage varies,
most authors additionally require that a solution be bounded for it to qualify as
a convex polyhedron. A convex polyhedron may be obtained from an arbitrary
set of points by computing the convex hull of the points.

Explicit examples are given in the following table:

1. Tetrahedron, m =4 and

1 1 1 2
1 -1 -1 0
11 a1 [P |
-1 -1 1 0
2. Cube, m =6 and
1 0 0 1
-1 0 0 1
0 1 0 1
o -1 o |"*S|1|’
0 0 1 1
0 0 -1 1
3. Octahedron, m =8 and
1 1 1 1
1 1 -1 1
1 -1 1 1
1 -1 -1 1
111 [P
-1 1 -1 1
-1 -1 1 1
-1 -1 -1 1

Geometrically, a convex polyhedron can be defined as a polyhedron for
which a line connecting any two (noncoplanar) points on the surface always
lies in the interior of the polyhedron. Every convex polyhedron can be repre-
sented in the plane or on the surface of a sphere by a 3—-connected planar graph
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(called a polyhedral graph). Conversely, by a theorem of Steinitz as restated by
Griinbaum, every 3-connected planar graph can be realized as a convex poly-
hedron (Duijvestijn and Federico 1981).

1. Given n points in space, four by four non-coplanar, find the maximum
number M (n) of points which constitute the vertexes of a convex polyhe-
dron, [Tomescu, 1983]. Of course, M (n) = 4.

2. Given n points in space, four by four non-coplanar, find the minimum
number N(n) = 5 such that: any N(n) points among these do not consti-
tute the vertexes of a convex polyhedron. Of course, N(n) may not exist.



Chapter 6

Constants

6.1 Smarandache Constants

In Mathworld website, [Weisstein, 2015g], one finds the following constants
related to the Smarandache function.

Observation 6.1. All definitions use S for denoting Smarandache function 2.67.

The Smarandache constant is the smallest solution to the generalized An-
drica’s conjecture, x = 0.567148..., [Sloane, 2014, A038458].
Equation solutions

p—-(p+g*=1, pePsy, (6.1)

where g = g, = pn+1 — pn is the gap between two consecutive prime numbers.
The solutions to equation (6.1) in ascending order using the maximal gaps,
[Oliveira e Silva, 2014], [Cira, 2014].

Table 6.1: Equation (6.1) solutions

p g | solution for equation (6.1)

113 14 0.5671481305206224. ..
1327 34 0.5849080865740931....
7 4 0.5996694211239202....

23 6 0.6042842019286720. ..
523 18 0.6165497314215637. ..
1129 22 0.6271418980644412...
887 20 0.6278476315319166. ..
31397 72 0.6314206007048127. ..
Continued on next page

277
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p solution for equation (6.1)

89 0.6397424613256825. ..

19609 52 0.6446915279533268. ..

15683 44 0.6525193297681189...

9551 36 0.6551846556887808. ..

155921 86 0.6619804741301879...
370261 | 112 0.6639444999972240. ..
492113 | 114 0.6692774164975257. ..
360653 96 0.6741127001176469...
1357201 | 132 0.6813839139412406...
2010733 | 148 0.6820613370357171...
1349533 | 118 0.6884662952427394. ..
4652353 | 154 0.6955672852207547. ..
20831323 | 210 0.7035651178160084. ..
17051707 | 180 0.7088121412466053...
47326693 | 220 0.7138744163020114...
122164747 | 222 0.7269826061830018. ..

3 2 0.7271597432435757...

191912783 | 248 0.7275969819805509. ..
189695659 | 234 0.7302859105830866. . .
436273009 | 282 0.7320752818323865. ..
387096133 | 250 0.7362578381533295. ..
1294268491 | 288 0.7441766589716590. ..
1453168141 | 292 0.7448821415605216. ..
2300942549 | 320 0.7460035467176455. ..
4302407359 | 354 0.7484690049408947. ..
3842610773 | 336 0.7494840618593505. ..
10726904659 | 382 0.7547601234459729. ..
25056082087 | 456 0.7559861641728429...
42652618343 | 464 0.7603441937898209...
22367084959 | 394 0.7606955951728551...
20678048297 | 384 0.7609716068556747. ..
127976334671 | 468 0.7698203623795380. ..
182226896239 | 474 0.7723403816143177...
304599508537 | 514 0.7736363009251175...
241160624143 | 486 0.7737508697071668. ..
303371455241 | 500 0.7745991865337681...
297501075799 | 490 0.7751693424982924. ..
Continued on next page

o |0]
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p g | solution for equation (6.1)
461690510011 | 532 0.7757580339651479...
416608695821 | 516 0.7760253389165942. ..
614487453523 | 534 0.7778809828805762. ..
1408695493609 | 588 0.7808871027951452....
1346294310749 | 582 0.7808983645683428. ..
2614941710599 | 652 0.7819658004744228. ..
1968188556461 | 602 0.7825687226257725. ..
7177162611713 | 674 0.7880214782837229...
13829048559701 | 716 0.7905146362137986. ..
19581334192423 | 766 0.7906829063252424. ..
42842283925351 | 778 0.7952277512573828. ..
90874329411493 | 804 0.7988558653770882. ..
218209405436543 | 906 0.8005126614171458...
171231342420521 | 806 0.8025304565279002. ..
1693182318746371 | 1132 0.8056470803187964. ..
1189459969825483 | 916 0.8096231085041140...
1686994940955803 | 924 0.8112057874892308...
43841547845541060 | 1184 0.8205327998695296. ...
55350776431903240 | 1198 0.8212591131062218...
80873624627234850 | 1220 0.8224041089823987....
218034721194214270 | 1248 0.8258811322716928. ..
352521223451364350 | 1328 0.8264955008480679. ..
1425172824437699300 | 1476 0.8267652954810718...
305405826521087900 | 1272 0.8270541728027422. ..
203986478517456000 | 1224 0.8271121951019150...
418032645936712100 | 1370 0.8272229385637846. ..
401429925999153700 | 1356 0.8272389079572986. ...
804212830686677600 | 1442 0.8288714147741382...
2 1

1. The first Smarandache constant is defined as

S1=

o0

= S(n)!

1
—— =1.09317...,

279

(6.2)

[Sloane, 2014, A048799]. Cojocaru and Cojocaru [1996a] prove that S;
exists and is bounded by 0.717 < S; < 1.253.
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Cojocaru and Cojocaru [1996b] prove that the second Smarandache con-

stant
2 S(n)
Sy = —— = 1.71400629359162.. (6.3)
n=2 n!

[Sloane, 2014, A048834] is an irrational number.

Cojocaru and Cojocaru [1996c¢] prove that the series

o0
Z - ~ 0.719960700043708 (6.4)

converges to a number 0.71 < S3 < 1.01.

Series
o0 nl)ﬁ

Sala) = Z —_— (6.5)

=TT stm
m=2

converges for a fixed real number a = 1. The values for small a are

S4(1) = 1.72875760530223... ; (6.6)
S4(2) = 4.50251200619297... ; (6.7)
S4(3) = 13.0111441949445..., (6.8)
S4(4) = 42.4818449849626... ; (6.9)
S4(5) = 158.105463729329..., (6.10)

[Sloane, 2014, A048836, A048837, A048838].
Sandor [1997] shows that the series

00 n-1
Z ) tl (6.11)

converges to an irrational.

Burton [1995] and Dumitrescu and Seleacu [1996] show that the series

x  S(n)
o (n+1)!

6= (6.12)

converges.



6.2. ERDOS-SMARANDACHE CONSTANTS 281

7. Dumitrescu and Seleacu [1996] show that the series

X S(n)
S, = _ 6.13
! n;r (n+r1)! ( )
for r e N, and
X Sn)
Sg = _— 6.14
’ n;r (n—r)! ( )
for r e N*, converges.
8. Dumitrescu and Seleacu [1996] show that
o 1
Sq = 6.15
9 Z S (6.15)

converges.

9. Burton [1995], Dumitrescu and Seleacu [1996] show that the series

& 1

So=),

e — 6.16
=2 (S(m)* - V/Sn)! (©-10)

and
© 1

Si1 =
! ngz (Sm)* - V(S + !

converge fora e N, a > 1.

(6.17)

6.2 FErdos-Smarandache Constants

The authors did not prove the convergence towards each constant. We let
it as possible research for the interested readers. With the program ES, 3.49,
calculate vector top 100 terms numbers containing Erdos—-Smarandache, es =
ES(2,130). The vector es has 100 terms for n := last(es) = 100 and last term
vector es has the value 130, because esjastes) = 130.

1. The first constant Erdos—Smarandache is defined as

(o]

1 L |
ES, = — = Z —— =0.6765876023854308... , (6.18)
= eskl = esk!

it is well approximated because

=1.546-1072%Y,
eSy:
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2. The second constant Erd6s—Smarandache is defined as
X esp L oesg
ES, = — = — =4.658103698740189..., (6.19)
e N L e Y o
it is well approximated because

es
—"-1.393-1071%¢ .
n!

3. The third constant Erdos—-Smarandache is defined as
& 1 n 1
ES3=)_ - ~ ) p =0.7064363838861719... , (6.20)
k=1 k=1
[lesj = Iles;
j=1 j=1
it is well approximated because

1
——=3.254-107'73,

n
[]es;
j=1

4. Series
(o] ka
ESs(@)=} ——, (6.21)
k=1
[Tes;
j=1
then
e Thecasea =1
nok
ES,(1) = Z - - 0.9600553300834916...
k=1 1—[ es;
Jj=1
it is well approximated because — =3.254-10"171,
[Tes;
j=1
e Thecasea =2
n 2
ES,(2) = Z P =1.5786465190659933...
k=1 [Tes;
j=1
2
it is well approximated because =3.254-1071%%

n
[]es;
j=1
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e Thecasea =3

n 3
ES,(3) = Z =3.208028767543241...
k=1 [Tes;
j=1
3
itis well approximated because — =3.254-107167
[Tes;
j=1
e Thecasea =4
n 4
ES (4) = Z . =7.907663276289289...
k=1 [Tes;
j=1
4
it is well approximated because — =3.254-10716°,
[Tes;
j=1
e Thecasea =5
n k5
ES,(5) = Z . =22.86160508982205...
k=t 1_[ esj
j=1
5
it is well approximated because — =3.254-1071%3
[Tes;
j=1
5. Series
®© (—1 k+les no(—1 k+les
Esy= Y SN €%k s CD €Sk ) 1o06707306811478  (6.22)
k! k!
k=1 k=1
it is well approximated because
-1 n+1
CDT e 393.107156
n!
6. Series
X es nes
ESg=) —%_ =~y —K_—17703525971096077, (6.23)

2 (k+1)! = (k+ 1)
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it is well approximated because

es
" -1.379-1071%8
(n+1)!

7. Series
oo

ES:(r) =Y ——k

: 24
&= (k+1)! (.24

with r € N*, then

o The case r = 1 (be noticed as ES7(1) = ESg)

n

esSy
ES;(1) =
7 k;(kﬂ)!

=1.7703525971096077 ,

es
it is well approximated because " -1.379-1071%8,

n+1)!

e Thecaser=2

n

es
ES;2) =y —~

k12! =0.17667118527354841,
k=2 :

es
it is well approximated because ( T -1.352.1071%,
n

+2)1

e Thecaser=3

n

es
ES;@3) =y —~

13 =0.0083394778946466 ,
k=3 :

es
it is well approximated because ———— =1.313-1071%,
(n+3)!

8. Series
oo

_ eSi
ESg(r) _kgr o

) (6.25)

with r € N*, then

e Thecaser=1

n

es
ESs() =y —~

ST =8.893250907189714 ,
k=1 ‘%7 4

es
it is well approximated because ( ”1)' =1.393-1071%*,
n—1)!



6.2. ERDOS-SMARANDACHE CONSTANTS 285

e Thecaser=2

n

es
ES()~ Y —~_ =12.69625798917767

=, (k-2)!
it is well approximated because ( "2)' =1.379-1071%%,
n-2)!
e Thecaser =3
n
ESg(3) = =16.756234041646312,
k=3 (k_ )
es
it is well approximated because ( "3)' =1.351-1071%0,
n-23)!
9. Series
o0 n
ESq = Z i ; i =0.6341618804985396 , (6.26)
it is well approximated because
1
——— =1.535-10"%.
Z es;!
j=1
10. Series
ESio(a) f ! (6.27)
@)=y, ———, .
=1 es,‘j\/esk!
then
e Thecasea =1
n
ESip(1) = Z =0.5161853069935946 ,
k=1 €Sk esk
1
it is well approximated because ———— =9.566-10"113,
esiy/ esy!
e Thecase a =2
n
ES1p(2) = Z =0.22711843820442665 ,
k=1 \/ esy!
1
it is well approximated because ———— =7.358-10"11°,

2 |
es v/ esk!
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e Thecasea =3

ES1p(3) = ké m =10.10445320547192125,
it is well approximated because 1 =5.66-10"117
esy esy!
11. Series
ESi(a) = i SR S , (6.28)
i=1 es?y/(es+1)!
then
e Thecasea =1
1 1
ESi() = k; Y ] =0.28269850314464495,
1
it is well approximated because m =8.357-107114,
e Thecase a =2
1 1
ES11(2) = kgl W =0.1267281413034069 ,
.. . 1 ~116
it is well approximated because W =6.429-10 )
e Thecasea =3
1 1
ES;13) = kgi m =0.05896925858439456 ,
it is well approximated because ! =4.945-107118

esiy/(esg+1)!

6.3 Smarandache-Kurepa Constants

The authors did not prove the convergence towards each constant. We
let it as possible research for the interested readers. With the program SK
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2.74, calculate vectors top 25 terms numbers containing Smarandache-Kurepa,
skl = SK(, p), sk2= SK(2, p) and sk3 = SK(3, p), where

p=(23571113 17 19 23 29 31 37 41 43 47 53 59 61 67 71
73 79 83 89 97)T .

Vectors skl (2.93), sk2 (2.95) and sk3 (2.97) has 25 terms.

1. The first constant Smarandache—Kurepa is defined as

1
SK; = . (6.29)
Program 6.2. for the approximation of SKj.
SKi(sk):=SK—0
for kel.last(sk)
1
SK — SK+ — if skxp #-1
Skk! f k 4
return SK
Thus is obtained:
e SKj(skl)float,20 — 0.55317460526232666816... ,
it is well approximated because
———=1.957-107%%;
Sk iase(sk1)!
* SKi(sk2)float,20 — 0.55855654987879293658...,
it is well approximated because
1
———=38-107%;
Skzlast(skZ)!
* SKj(sk3)float,20 — 0.55161215327881994551...,
it is well approximated because
1 -52
— =7.117-10""".
Skslast(sk?))!
2. The second constant Smarandache—Kurepa is defined as
& sk
SKy= Y =X, (6.30)
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Program 6.3. for the approximation of SKj.
SKy(sk):=SK—0
for kel.last(sk)
sky .
SK<—SK+7 lfSkk¢—1

return SK

Thus is obtained:

e SKy(skl)float,20 — 2.967851980516919686... ,
it is well approximated because

Skllust(skl)
last(sk1)!

* SKy(sk2)float,20 — 5.5125891876109912425...,
it is well approximated because

=1.354-107%4;

sk2 last(sk2)
last(sk2)!

* SKy(sk3)float,20 — 5.222881245790957486... ,
it is well approximated because

=2.063-107%4;

sk3 last(sk3)

=2.708-107%*,
last(sk3)!

3. The third constant Smarandache-Kurepa is defined as

1

SK; = Z p ) (6.31)
k=1 1_[ Skj
j=1

Program 6.4. for the approximation of SKj.

SK3(sk):=|SK —0
for kel.last(sk)
if skp#-1
prod — 1
forjel.k
prod— prod- skj if skj# -1

SK — SK +

prod

return SK
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Thus is obtained:

* SK3(skl)float,20 — 0.65011461681321770674...,
it is well approximated because

1

last(sk1)
Sklj

=4.301-10725;

Jj=1

* SK3(sk2)float,20 — 0.62576709781381269162...,
it is well approximated because

1

last(sk2)
sk2 j

=1.399-107%9;

j=1

* SK3(sk3)float,20 — 0.6089581283188629847...,
it is well approximated because

1

last(sk3)
sk3 j

=4.621-1073" .

j=1

4. Series
o0 ka

SKy(a) = Z P

k=1 Hskj

j=1

(6.32)

Program 6.5. for the approximation of SKy(a).

SKy(sk,a) :=|SK <0
for kel.last(sk)
if skp#-1
prod — 1
forjel.k
prod— prod- sk; if skj# -1
a

SK — SK +

prod
return SK
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We define a function that is value the last term of the series (6.32)

last(sk)*
last(sk)

[T sk;

j=1

U4(sk,a) :=

Thus is obtained:

e Casea =1,
- SK4(skl,a)float,20 — 0.98149043761308041099...,
it is well approximated because U4(skl,a) = 1.075-10724;
- SKy(sk2,a)float,20 — 0.78465913770543477708...,
it is well approximated because U4(sk2, a) = 3.496 - 10~28;

- SK4(sk3,a)float,20 — 0.77461420238539514113...,
it is well approximated because U4(sk3, a) = 1.155-1072%;

e Casea =2,
- SKy(sk1,a)float,20 — 2.08681505420554993...,
it is well approximated because U4(skl,a) = 2.688-10723;
- SKy(sk2,a)float,20 — 1.1883623850019734284...,
it is well approximated because U4(sk2, a) = 8.741-107%7;

- SK4(sk3, a)float,20 — 1.2937484108637316754...,
it is well approximated because U4(sk3, a) = 2.888-10728;

e Case a =3,
- SK4(skl,a)float,20 — 5.9433532880383150933....,
it is well approximated because U4(skl,a) = 6.721-1072%;
- SKy(sk2,a)float,20 — 2.3331345867616929091...,
it is well approximated because U4(sk2, a) = 2.185-10725;

- SK4(sk3, a)float, 20 — 3.1599744540262403647 ...,
it is well approximated because U4(sk3, a) = 7.22-107%7;

e Case a =4,
- SKy(skl,a)float,20 — 20.31367425449123713...,
it is well approximated because U4(sk3, a) = 1.68-1072°;

- SKy(sk2,a)float,20 — 6.0605166330133984862...,
it is well approximated because U4(sk3, a) = 5.463 - 10724;

- SK4(sk3, a)float,20 — 10.61756990155963527 ...,
it is well approximated because U4(sk3, a) = 1.805-1072.



6.3. SMARANDACHE-KUREPA CONSTANTS 291

5. Series ol
X (-1 k
SKs=Y. ()k% . (6.33)
k=1 :

Program 6.6. for the approximation of SKs.

SKs5(sk):=SK—0
for kel.last(sk)
-1 k+1 k
SK — SK + ()k% if skyp# -1
return SK .

We define a function that is value the last term of the series (6.33)

(—1)lastsk)+1 Skiast(sk)

last(sk)!

U5(sk) :=

Thus is obtained:

* SKs(skl)float,20 — 2.4675046664369494917...,
it is well approximated because U5(sk1) = 1.354-107%4;

* SK5(sk2)float,20 — 0.15980474179291864895...,
it is well approximated because U5(sk2) = 2.063 - 10~24;

* SKs5(sk3)float,20 — —1.130480977547589544 ...,
it is well approximated because U5(sk3) = 2.708- 10724,

6. Series f
00 skx

SKg = . 6.34

¥ ,;(k+ 1)! (634

Program 6.7. for the approximation of SKg.

SKg(sk):=|SK —0
for kel.last(sk)

k
SK — SK + —2k
(k+ D!

if sk # -1

return SK

We define a function that is value the last term of the series (6.34)

SKias(sk)

U6(Sk) = m .

Thus is obtained:
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* SKg(skl)float,20 — 1.225145255840940818...,
it is well approximated because U6(sk1) = 5.207-10725;

* SKs(sk2)float,20 — 2.0767449920846168598...
it is well approximated because U6(sk2) = 7.935-1072%;

* SKg(sk3)float,20 — 2.0422612109916229114...,
it is well approximated because U6(sk3) = 1.041-1072°.

7. Series - ¢
SKk
SK- = .
7 k§ (k+1)!

(6.35)

Program 6.8. for the approximation of SK7(r).
SK7(sk,r):=[|SK —0
for ker.last(sk)

Skk
SK — SK +
(k+1)!

if sky#-1

return SK

We define a function that is value the last term of the series (6.35)

N klast(sk)

Ut(sk,r):= (last(sk)+ 1)’

Thus is obtained:

e Caser=1
- SK7(skl,r)float,20 — 1.225145255840940818...,
it is well approximated because U7(sk1,r) = 5.207-10725;
- SK7(sk2,r)float,20 — 2.0767449920846168598... ,
it is well approximated because U7(sk2,r) = 7.935-10725;
- SK7(sk3,r)float,20 — 2.0422612109916229114...,
it is well approximated because U7(sk3,r) = 1.041-107%%;
e Caser=2
- SK7(skl,r)float,20 — 0.042873028085536375389...,
it is well approximated because U7(sk1,r) = 1.929-10727;
- SK7(sk2,r)float,20 — 0.25576855146026900397 ... ,
it is well approximated because U7(sk2,r) = 2.939-1072;

- SK7(sk3,r)float,20 — 0.25678656434224640866... ,
it is well approximated because U7(sk3,r) = 3.857-107%7;
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e Casea =3,
- SK;(skl,r)float,20 — 0.0068964092695284835701...,
it is well approximated because U7(sk1,7) = 6.888-1072;
- SK7(sk2,r)float,20 — 0.0077613102362227910095...,
it is well approximated because U7(sk2,r) = 1.05-10728;

- SK7(sk3,r)float,20 — 0.00094342579874230766729...,
it is well approximated because U7(sk3,r) = 1.378-10728,

8. Series P
SK; = .
8(r) kgr Y

Program 6.9. for the approximation of SKg(r).

(6.36)

SKg(sk,r):=|SK — 0
for ker.last(sk)

SK — Sk + Sk
(k—71)!

if sky#-1

return SK

We define a function that is value the last term of the series (6.36)

S klast(sk)

UB(sk,r) = (last(sk)—r)!"

Thus is obtained:

e Caser=1
- SKg(skl,r)float,20 — 5.2585108358721020744...,
it is well approximated because U8(sk1,r) = 3.385-10723;
- SKg(sk2,r)float,20 — 10.245251373119774594...,
it is well approximated because U8(sk2,r) =5.1576-107%3;
- SKg(sk3,r)float,20 — 8.9677818084073938106...,
it is well approximated because U7(sk3,7) = 6.769-10723;
e Caser=2
- SKg(skl,r)float,20 — 8.052817310007447497 ...,
it is well approximated because U8(sk1,7) = 8.123-107%2;

- SKg(sk2,r)float,20 — 12.414832179662003511...,
it is well approximated because U7(sk2,r) = 1.24-10721;

- SKg(sk3,r)float,20 — 9.3374979438253485524... .,
it is well approximated because U7(sk3,r) = 1.625-10721;
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e Case o =3,
- SKg(skl,r)float,20 — 13.276751543252094323....,
it is well approximated because U8(sk1,r) = 1.868-1072;
- SKg(sk2,r)float,20 — 10.795894008560432223....,
it is well approximated because U8(sk2,r) = 2.847-10727;

- SKg(sk3,r)float,20 — 8.7740584270103739767,
it is well approximated because U8(sk3,r) =3.737-1072°,

9. Series
x 1

SKo =) — .
k=l Zskj!

j=1

(6.37)

Program 6.10. for the approximation of SKy.

SKq(sk):=|SK —0
for kel.last(sk)
if skp#-1
sum«—0
forjel.k
sum«— sum+ sk;! if sk;j#-1
SK — SK+ L

sum
return SK

Program 6.11. that is value the last term of the series (6.37).

U9(sk) :=|sum —0
for jel.last(sk)
sum«— sum+ sk;! if sk;j# -1

return
sum

Thus is obtained:

* SKy(sk1l)float,20 — 0.54135130818666812662...,
it is well approximated because U9(sk1) — 7.748-1072;

* SKy(sk2)float,20 — 0.51627681711181976487...,
it is well approximated because U9(sk2) — 6.204-10737;
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* SKy(sk3)float,20 — 0.50404957787232673113...,
it is well approximated because U9(sk3) — 1.768-107°2,

10. Series
® 1

SKio= )

k=1 Sk;:\/ Skk! .

Program 6.12. for the approximation of SKj.

(6.38)

SKiyo(sk,a) :=|SK —0
for kel.last(sk)

1
SK — SK +
SO!

kk \ Sk!

if sky#-1

return SK

Program 6.13. that is value the last term of the series (6.38).

U10(sk,a) :=| for k = last(sk)..1
1
return = if sk #-1

sk skg!

Thus is obtained:

e Casea=1,
- SKjo(skl,a)float, 12 — 0.439292810686... ,
it is well approximated because U10(sk1,a) = 6.662-107'2;
- SKjo(sk2,a)float,20 — 0.44373908470389981298...,
it is well approximated because U10(sk2, @) = 6.092-1072;
~ SKio(sk3, a)float, 20 — 0.43171671029085234099. ..
it is well approximated because U10(sk3, @) = 6.352-10728;
* Casea =2,
- SKiyo(skl,a)float,13 — 0.1958316244233...,
it is well approximated because U10(sk1,a) = 3.172-10713;
- SKjo(sk2,a)float,20 — 0.19720311371907892905...,
it is well approximated because U10(sk2, a) = 1.904-1072!;
- SKjo(sk3, a)float,20 — 0.19458905271804637084...
it is well approximated because U10(sk3,a) = 1.512-1072%;

e Case a =3,
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_ SKuo(sk1,a)float, 14 — 0.09273531642709.....,

it is well approximated because U10(sk1,a) = 1.511-107'4;
- SKjo(sk2,a)float,20 — 0.093089207952192019765...,

it is well approximated because U10(sk2, a) = 5.949-10723;
- SKjo(sk3,a)float,20 — 0.092531651675929962703...,

it is well approximated because U10(sk3, @) = 3.601-1073;

e Case a =4,

— SKio(sk1,a)float, 16 — 0.0452068407230367 ...,

it is well approximated because U10(sk3, @) = 7.194-10715;
- SKjo(sk2,a)float, 20 — 0.045290737732775804922. ..,

it is well approximated because U10(sk3, a) = 1.859-10724;

- SKjo(sk3,a)float,20 — 0.045173453286382795647 ...,
it is well approximated because U10(sk3, @) = 8.574-10733,

11. Series
SK; i ! (6.39)
1= —_— . .
k=1 Sk;:\/ (skr+1)!

Program 6.14. for the approximation of SKj;.

SKii(sk,a) :=|SK—0
for kel.last(sk)

1
SK —SK+ ——————= if sk #-1
sk (sg+1)!
return SK

Program 6.15. that is value the last term of the series (6.38).

Ull(sk,a):=| for k= last(sk)..1

1
return ————— if sk # -1

sk (skp + 1!

Thus is obtained:

e Casea =1,
- SKi1(skl,a)float,12 — 0.240518730353...,
it is well approximated because U11(skl,a) = 6.662-107'2;

- SKj1(sk2,a)float, 20 — 0.24277337011690480832...
it is well approximated because U11(sk2, a) = 6.092-1072;
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- SKi1(sk3, a)float,20 — 0.23767438713448743589.. .,
it is well approximated because U11(sk3, a) = 6.352-10725;
e Case a =2,
- SKj1(skl,a)float, 13 — 0.1102441365259...,
it is well approximated because U11(sk1,a) =3.172-10713;

- SKj1(sk2,a)float,20 — 0.11087662573522063082...
it is well approximated because U11(sk2, @) = 1.904-1072;

- SKi1(sk3, a)float,20 — 0.10977783145765213226...
it is well approximated because U11(sk3,a) = 1.512-1072%;
e Case a =3,
- SKj1(skl, a)float, 14 — 0.05291501051360...,
it is well approximated because U11(sk1,a) = 1.511-107%;
- SKq1(sk2,a)float,20 — 0.053071452693399642756... ,
it is well approximated because U11(sk2, @) = 5.949-10723;
- SKj1(sk3,a)float, 20 — 0.052838582271346066972.... ,
it is well approximated because U11(sk3, @) =3.601-10731;
e Case a =4,
- SKi1(skl,a)float,16 — 0.0259576233294432...,
it is well approximated because U11(sk3, ) = 7.194-107'5;
- SKq1(sk2,a)float,20 — 0.025993845540992037418...,
it is well approximated because U11(sk3, @) = 1.859-1072%;

- SKj1(sk3,a)float, 20 — 0.025945091303465934837 ...,
it is well approximated because U11(sk3, a) = 8.574-10733,

6.4 Smarandache-Wagstaff Constants

The authors did not prove the convergence towards each constant. We let
it as possible research for the interested readers. With the program SW 2.82
calculate vectors top 25 terms numbers containing Smarandache-Wagstaff,
swl=SW(, p), sw2= SW(2, p) and sw3= SW(3, p), where

p=(2 357111317 19 23 29 31 37 41 43 47 53 59 61 67 71
73 79 83 89 97)T .

Vectors swl (2.98), sw2 (2.99) and sw3 (2.100) has 25 terms.
In a similar manner with Smarandache-Kurepa constants were obtained
Smarandache-Wagstaff constants, which are found in following table.
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Table 6.2: Smarandache-Wagstaff constants

Name Constant value Value the last term
SWi(swl) 0.55158730367497730335. .. 1.389-1073
SWi(sw2) 0.71825397034164395277. .. 1.216-10734
SWi (sw3) 0.70994819257251365270. .. 2.9893-107%°
SWa(swl) 1.0343637569611291909. .. 3.868-10~%°
SWa(sw2) 4.2267823464172704922. .. 1.999-107%
SWa(sw3) 5.1273356604617316278. .. 2.643-107%*
SWs(swl) 0.65219770185345831168. .. 6.208-10723
SWs(sw2) 0.54968878346863715478... 1.985-10730
SWs(sw3) 0.54699912527156976558. .. 6.180-10732
SWi(swl,1) | 1.8199032834559367993... 1.552-1072!
SWi(sw2,1) | 0.87469626917369886975. .. 4.963-1072°
SWi(sw3,1) | 0.81374377609424443467. .. 1.545-10730
SWi(swl,2) | 6.5303985125207189262... 3.880-107%°
SWi(sw2,2) | 1.8815309698588492643. .. 1.241-107%
SWy(sw3,2) | 1.4671407531614048561... 3.862-1072°
SWi(swl,3) | 29.836629842971767949... 9.700-1071
SWy(sw2,3) | 5.4602870746051287154. .. 3.102-10726
SWi(sw3,3) | 3.1799919620918477289... 9.656-107%8
SWi(swl,4) | 161.01437206742466933... 2.425-107Y
SWi(sw2,4) | 19.652380984010238861... 7.755-1072%
SWy(sw3,4) | 8.0309117554069796125... 2.414-10726
SWs(swl) —0.96564681546640958928... | 3.868-102°
SWs(sw2) 1.8734063576918609871. .. 1.999-10~%
SWs(sw3) 2.3298081028442529042. .. 2.643-107%4
SWe(swl) 0.33901668392958325553. .. 1.488-107%°
SWe(sw2) 1.8764315154663871518. .. 7.687-10726
SWe(sw3) 2.0885585895284377234. .. 1.017-107%°
SWs(swl,1) | 0.33901668392958325553. .. 1.48-107%8
SWr(sw2,1) | 1.8764315154663871518... 7.687-10726
SW5(sw3,1) | 2.0885585895284377234. .. 1.0167-107%°
SWr(swl,2) | 0.084141103378415065393... 5.510-10728
SW;(sw2,2) | 0.090257150078331834732. .. 2.847-107%7
SWs(sw3,2) | 0.13102847128229505811... 3.765-107%7
SW5(swl,3) | 0.00010061233843047075978... | 1.968-10~%°
SW5(sw2,3) | 0.0009621231898758737862... | 1.017-107%8
SW-(sw3,3) | 0.0075668414805812168739... | 1.345-10728

Continued on next page
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Name Constant value Value the last term
SWe(swl,1) | 2.173961760187995128... 9.670-107%*
SWe(sw2,1) | 5.9782465282928175363... 4.996-107%3
SWe(sw3,1) | 8.9595673801550634215... 6.608-10723
SWe(swl,2) | 2.7111929711924074628. .. 2.320-107%?
SWe(sw2,2) | 5.315290260964323833... 1.199-1072!
SWg(sw3,2) | 12.533730523303497135... 1.586-1072!
SWe(swl,3) | 2.2288452763809560596. .. 5.338-10721
SWe(sw2,3) | 8.3156791068197439503. .. 2.758-10720
SWe(sw3,3) | 20.136561600709999638. .. 3.648-1072°
SWy(swl) 0.54531085561770668291... 5.872-10719
SWy(sw2) 0.32441910792206133261... 3.028-10736
SWey(sw3) 0.32292213990139703594. .. 4.921-107°!
SWig(swl, 1) | 0.4310692254141283029. .. 6.211-1073
SWig(sw2,1) | 0.56715198854304553087. .. 3.557-1071°
SWio(sw3,1) | 0.54969992215171005647... 4.217-107%
SWig(swl,2) | 0.19450893949849271072... 1.035-1073
SWio(sw2,2) | 0.23986986064238086601... 1.148-10720
SWio(sw3,2) | 0.23631653581644449211... 1.029-10728
SWig(swl,3) | 0.092521713489107819791... 1.726-1074
SWig(sw2,3) | 0.107642020542344188. .. 3.702-107%?
SWio(sw3,3) | 0.1069237140845950118... 2.509-10730
SWig(swl,4) | 0.045172218019205576526. .. 2.876-107°
SWip(sw2,4) | 0.050212320370560015101... 1.194-107%3
SWig(sw3,4) | 0.050067728660537151051... 6.119-10732
SWii(swl, 1) | 0.23745963081186272553. .. 6.211-1073
SWii(sw2,1) | 0.30550101247582884341... 3.557-1071°
SWhi(sw3,1) | 0.29831281390164911686... 4.217-107%
SWii(swl,2) | 0.10975122611929470037... 1.035-1073
SWii(sw2,2) | 0.13243168669643861815. .. 1.148-10720
SWii(sw3,2) | 0.13097335030519627439... 1.029-10728
SWii(swl,3) | 0.052835278683252704210... 1.726-1074
SWii(sw2,3) | 0.060395432210142668039. .. 3.702-1072%?
SWii1(sw3,3) | 0.060101248246962299788. .. 2.509-10730
SWii(swl,4) | 0.025944680389944764723. .. 2.876-107°
SWii(sw2,4) | 0.028464731565636192167... 1.194-107%8
SWii(sw3,4) | 0.028405588029145682932. .. 6.119-10732

299



300 CHAPTER 6. CONSTANTS

6.5 Smarandache Ceil Constants

The authors did not prove the convergence towards each constant. We
let it as possible research for the interested readers. With the program Sk
2.92 calculate vectors top 100 terms numbers containing Smarandache Ceil,
skl := Sk(100,1), sk2 := Sk(100,2) , sk3 := Sk(100,3), sk4 := Sk(100,4), sk5 :=
Sk(100,5) and sk6 = Sk(100,6) given on page 90.

lasi(:’ik) 1 OZO“ 1
Ski(sk) := — = —_—. (6.40)
last(sk) sk o sk
Sko(sk):= Y. T'k =) . (6.41)
k=1 : k=1 "™
last(sk) 1 0o 1
Sks(sk):= ), ——=) ——. (6.42)
k=1 H Skj k=1 H Skj
j=1 j=1
last(sk) k¢ 0o k¢
Ska(sk,a):= ), —— =) ——. (6.43)
k=1 H skj k=1 H skj
j=1 j=1
last(sk) (_1)k+lsk o) (_1)k+lsk
Sks(sk):= Y. o LYY z £, (6.44)
k=1 : k=1 :
last(sk) Skk o] Skk
Skg(sk) := ~ . 6.45
6(sk) k; k+1)! k; k+1)! (6.45)
last(sk) Skk o) Skk
Sk;(sk,r) := =~ . 6.46
7(sk, ) ,; (k+1)! ,; (k+1)! (6.46)
last(sk) Skk 00 Skk
Skg(sk,r) = ~ . (6.47)
° k; (k—r)! ,;r (k—r)!
last(sk) 1 00 1
Sko(sk):= ), — ~ ) . (6.48)
k=1 Zskj! k=1 Zskj!
j=1 j=1
last(sk) 1 0o 1
Skio(sk,a):= ) ~ ) . (6.49)

k=1 sk,’é‘\/skk! k:lsk;j Skk!
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last(sk) 1 o) 1
Ski1(sk,a) := =~ .
! kZ:"l skiiv/ (skyx+1)! kg'l sk (ski+1)!

In the formulas (6.40-6.50) will replace sk with sk1 or sk2 or ... sk6.

(6.50)

Table 6.3: Smarandache ceil constants

Name Constant value

Ski(skl) 1.7182818284590452354
Ski(sk2) 2.4393419627293664997
Ski(sk3) 3.1517898773198280566
Sk (sk4) 3.7781762839623110876
Ski(skb) 4.2378985040968576110
Ski(sk6) 4.6962318374301909444
Sko(skl) 2.7182818284590452354
Sko(sk2) 2.6348327418583415529
Sko(sk3) 2.6347831386837383783
Sko(sk4) 2.6347831386836427887
Sk, (sk5) 2.6347831386836427887
Sko (sk6) 2.6347831386836427887
Sks(skl) 1.7182818284590452354
Sks(sk2) 1.7699772067340966537
Sks(sk3) 1.7701131436269234662
Sks(sk4) 1.7701131436367350613
Sks(skb) 1.7701131436367350613
Sks(sk6) 1.7701131436367350613
Ska(sk1,1) | 2.7182818284590452354
Sky(sk2,1) | 2.9372394121769037872
Sky(sk3,1) | 2.9383677132426964633
Sky(sk4,1) 2.9383677134004179370
Sky(sk5,1) | 2.9383677134004179370
Sky(sk6,1) | 2.9383677134004179370
Sky(sk1,2) | 5.4365636569180904707
Sky(sk2,2) | 6.3788472114323090813
Sky(sk3,2) | 6.3882499784201737207
Sky(sk4,2) | 6.3882499809564429861
Sky(sk5,2) 6.3882499809564429861
Sky(sk6,2) | 6.3882499809564429861

Continued on next page
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Name

Constant value

Sky(sk1,3)
Sky(sk2,3)
Ska(sk3,3)
Sky(sk4,3)
Sk4(sk5,3)
Sky(sk6,3)

13.591409142295226177
17.731481467469518346
17.810185157161258977
17.810185197961806356
17.810185197961806356
17.810185197961806356

Sk5(8k1)
Sks(sk2)
Sks(sk3)
Sk5($k4)
Sk5(8k5)
Sks(sk6)

0.3678794411714423216

0.45129545898907722102
0.45134506216368039562
0.45134506216377598517
0.45134506216377598517
0.45134506216377598517

Skg(skl)
SkG(SkZ)
Skg(sk3)
Ske(sk4)
Ske(skb)
Skg(sk6)

1.0

0.98332065600291383328
0.98331514453906903611
0.98331514453906341319
0.98331514453906341319
0.98331514453906341319

Sky(sk1,2)!
Sk;(sk2,2)
Sk7($l€3, 2)
Sk7(sk4,2)
Sk7(8k5, 2)
Sk7(sk6,2)

0.11505150487428809797
0.11227247442226469528
0.11227192327588021556
0.11227192327587990317
0.11227192327587990317
0.11227192327587990317

Sk (sk1,3)
Sk;(sk2,3)
Sk;(sk3,3)
Sk (sk4,3)
Sk;(sk5,3)
Sk (sk6,3)

0.0051030097485761959461
0.0047060716126746675110
0.0047060215084578966275
0.0047060215084578801863
0.0047060215084578801863
0.0047060215084578801863

Sk;(sk1,4)
Sk7($k2,4)
Sk;(sk3,4)
Sko(sk4,4)
Sk7(sk5,4)
Sk;(sk6,4)

0.000114832083181754236600
0.000065219594046380693870
0.000065215418694983120250
0.000065215418694982298187
0.000065215418694982298187
0.000065215418694982298187

Skg(sk1,1)

5.4365636569180904707

Continued on next page

1SK7(sk1,1) = SKs(sk1)... SK7(sk6,1) = SKg(sk6)
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Name

Constant value

Skg(sk2,1)
Skg(sk3,1)
Sk3(8k4, 1)
Skg(Sk’S, 1)
Skg(sk6,1)

5.1022877129454360911
5.1018908875486106943
5.1018908875470812615
5.1018908875470812615
5.1018908875470812615

Skg(skl,2)
Skg(skz, 2)
Skg(sk3,2)
Skg(sk4,2)
Skg(SkS, 2)
Skg(sk6,2)

8.1548454853771357061
7.1480978000537264745
7.1453200222759486967
7.1453200222530072055
7.1453200222530072055
7.1453200222530072055

Skg(sk1,3)
Skg(sk2,3)
Skg(sk3,3)
Skg(sk4,3)
Skg(sk5,3)
Skg(sk6,3)

10.873127313836180941
8.8314441108416899115
8.8147774441750232447
8.8147774438538423680
8.8147774438538423680
8.8147774438538423680

Skg(skl)
Skq(sk2)
Sko(sk3)
Sk9(8k4)
Skg(SkS)
Sko(sk6)

1.4826223630822915238
1.5446702350540098246
1.5446714960716397966
1.5446714960716397966
1.5446714960716397966
1.5446714960716397966

Sklo(Skl, 1)
Sklo(skz, 1)
Sklo(Sks, 1)
Skyg(sk4,1)
Skio(sk5,1)
Sklo(SkG, 1)

1.5680271290107037107
2.1485705607791708605
2.7064911009876044790
3.1511717572816964677
3.4599016039136594552
3.7624239581989503403

Skl()(Skl, 2)
Skio(sk2,2)
Ski1o(sk3,2)
Sk10(8k4,2)
Sk10(8k5, 2)
Sk10(8k6, 2)

1.2399748241535239012
1.4820295340881653857
1.7198593859973659544
1.9302588979239212805
2.0953127335005767356
2.2593316697202178974

Sklo(skl, 3)
Sk10(8k2,3)
Skio(sk3,3)
Skio(sk4,3)

1.1076546756800267505
1.2156553766098991247
1.3228498484138567230
1.4233398208190790660

Continued on next page
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Name

Constant value

Sk10(8k5, 3)
Sk10(5k6,3)

1.5087112383659205930
1.5939101462449901038

SkH (Skl, 1)
Ski1(sk2,1)
Sky1(sk3,1)
Skll (Sk4, 1)
Sk11 (Sk5, 1)
Skll (Sk6, 1)

1.0128939498871834093
1.3234047869734872073
1.6249765356359900199
1.8766243840544798818
2.0602733507289191532
2.2415757227314687400

Ski1(sk1,2)
Skll (Sk2,2)
Sk11 (Sk3,2)
Skll (Sk4,2)
Skll (Sk5,2)
Skn (S]C6,2)

0.83957287300941603913
0.97282437595501178612
1.10438931993466493290
1.22381269885269296020
1.32056051527626897540
1.41691714458488924910

Sk11(sk1,3)
Skll (sk2, 3)
Skll (Sk?), 3)
Sk11 (Sk4, 3)
Skll (Sk5, 3)
Skll (Sk6, 3)

0.76750637030682730577
0.82803667284162935790
0.88824280769856038385
0.94547228007452707047
0.99514216074174737828
1.04474683622289388520

6.6 Smarandache-Mersenne Constants

The authors did not prove the convergence towards each constant. We let it
as possible research for the interested readers. With the program SML 2.94 and
SMR 2.96 calculate vectors top 40 terms numbers containing Smarandache-
Mersenne, n := 1..40, smlp:= SML(prime,)), smlw := SML(2n—1), given on page
92 and smrp := SMR(prime,)), smrw := SMR(2n — 1), given on page 92. Us-
ing programs similar to programs SK1 6.2-SK11 6.14 was calculated constants
Smarandache-Mersenne.

last(sm) 1

SMy(sm)= ). . (6.51)
-1 Smy!
last(sm) smy

SMy(sm)= ) - (6.52)

k=1
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last(sm) 1
SMa(sm)= ) ——. (6.53)
k=1 Ilj_sm;
last(sm) k&
SMy(sm,a) = Z —_ where a e N* . (6.54)
k=1 Ilj-, sm;
J
last(sm) -1 k+1sm
SMs(sm)= Y. ()—'k (6.55)
=1 k!
last(sm) Sy
SMg(sm) = 6.56
s(sm) k; Tl (6.56)
last(sm) sm
SMz(sm,r)= ) 2Tk where reN* . (6.57)
o (k+1)!
last(sm) sm
SMg(sm,r)= Y ——— where reN*. 6.58)
k:r (k_r)!
last(sm) 1
SMo(sm)= ) ——— (6.59)
k=1 Zj:l Smk!
last(sm) 1
SMyo(sm,a@)= ) ———, where aeN"*. (6.60)
=1 smg smy!
last(sm) 1
SMy(sm,a)= ) , where a e N*. (6.61)

k=1 smp\/(smg+1)!

In the formulas (6.51-6.61) will replace sm with smlp or smlw or smrp or smrw.

Table 6.4: Smarandache-Mersenne constants

Name Constant value Value the last term
SM;(smlp) 0.71689296446162367907. .. 4.254-1077°
SM; (smlw) 1.7625529455548681481. .. 4.902-107%
SM, (smrp) 1.5515903329153580293. .. 4.254-1077°
SM, (smrw) 2.7279850088298130535. .. 1.406-1077°
SMy(smlp) 1.8937386297354390132. .. 7.109-10%
SM(smlw) 2.8580628971756003018. .. 4.780-10%7
SMy(smrp) 0.88435409570308110516. .. 7.106-10747
SM(smrw) 1.8664817587745350501. .. 6.863-107%7

Continued on next page
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Name Constant value Value the last term
SMs(smlp) 0.67122659824508457394. . 5.222-107>3
SMs(smlw) 1.6743798207846741489. .. 6.111-1074
SMs(smr p) 1.6213314132399371377... 8.770-107%°
SMs(smrw) 2.7071160606980893623. .. 2.243-10731
SMy(smlp,1) | 1.5649085118184007572... 2.089-107°!
SMy(smlw,1) | 2.5810938731370101206... 2.444-107%
SMy(smrp,1) | 4.1332258765524751774... 3.508-107%7
SM,(smrw,1) | 5.5864923376104430121... 8.974-10730
SMy(smlp,2) | 3.9106331251114174037... 8.356-10~>0
SMy(smlw,2) | 4.9941981422394427409... 9.777-1074
SMy(smrp,2) | 11.837404185675137231... 1.403-107%
SMy(smrw,2) | 15.26980028696103804. .. 3.590-10728
SMy(smlp,3) | 10.653791515005141146... 3.342-107%
SMy(smlw,3) | 12.088423092839839475... 3.911-107%
SMy(smrp,3) | 39.302927041913622498. .. 5.613-107%
SMy(smrw,3) | 53.644863796864365278... 1.436-10726
SMs(smlp) —0.3905031434783375128. . -7.109-10~%
SMs(smlw) 0.58007673972219526962. . —4.780-107%
SMs(smr p) -0.13276679090380714341... | —7.109-107%
SMs(smrw) 0.85258790936171242297. .. -6.863-10~%7
SMg(smlp) 0.54152160636801684581. .. 1.734-107%8
SMg(smlw) 1.0356287723533406243. ... 1.166-10748
SMg(smrp) 0.25825928231171221647. .. 1.734-10748
SMg(smrw) 0.75530886756654392948. ... 1.674-10748
SM;(smlp,2) | 0.12314242079796645308. .. 4.128-107>0
SM;(smlw,2) | 0.12230623557364785581... 2.776-107%0
SMz(smrp,2) | 0.059487738877545345581... | 4.128-107°°
SM;(smrw,2) | 0.059069232762245306011... | 3.986-107%°
SM7(smlp,3) | 0.0064345613772149429216... | 9.600-107°2
SM;(smlw,3) | 0.0063305872508483357372... | 6.455-107%2
SM7(smrp,3) | 0.0029196501300934203105... | 9.600-107°2
SM;(smrw,3) | 0.0028676244349701518512... | 9.269-107%?
SMg(smlp,1) | 5.0317015083535379435... 2.843-107%
SMg(smlw,1) | 5.8510436406486760859... 1.912-107%
SMg(smrp,1) | 2.2657136563817159215... 2.843-107%
SMg(smrw,1) | 3.1751240304194110976... 2.745-107%
SMg(smlp,2) | 9.7612345513619487842... 1.109-107%
SMg(smiw,2) | 9.0242760612601416584. .. 7.457-107%4
SMg(smrp,2) | 4.1295191146631057347... 1.109-107%3

Continued on next page
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Name Constant value Value the last term
SMg(smrw,2) | 3.7593504699750039665. .. 1.071-107%
SMg(smlp,3) | 14.504395800227427856... 4.214-107%
SMg(smlw,3) | 12.21486768404280473... 2.834-107%2
SMg(smrp,3) | 5.7444969832482504712... 4.214-107%
SMg(smrw,3) | 4.5906776136611764786... 4.069-107%?
SMy(smlp) 0.56971181817608535663. .. 1.937-107%
SMy(smlw) 1.4020017036535156398. ... 1.202-107%2
SMy(smr p) 1.3438058059670733965. . . 1.970-1078
SMy(smrw) 1.8600161722383592123. .. 6.567-1078
SMio(smip,1) | 0.56182922629094674981. .. 1.125-10%4
SMio(smlw,1) | 1.630157684938493886... 1.795-107%°
SMio(smrp,1) | 1.4313028466067383441... 1.125-10"4
SMio(smrw,1) | 2.5922754787881733157... 6.697-10740
SMyo(smlip,2) | 0.23894083955413619831... 1.939-1043
SMio(smlw,2) | 1.2545998023407273118... 4.603-107%7
SMyo(smrp,2) | 1.1945344006412840488. .. 1.939-10743
SMio(smrw,2) | 2.2446282430004759916. .. 1.1959-10~4!
SMyo(smip,3) | 0.10748225265502766995. .. 3.343-107%
SMyo(smlw,3) | 1.1111584723169680866. .. 1.180-10728
SMyo(smrp,3) | 1.0925244916164133302... 3.343-107%
SMio(smrw,3) | 2.1085527095304115107... 2.136-107%3
SMy,(smip,1) | 0.30344340711709933226... 1.464-10~%
SMii(smlw,1) | 1.0399268570536074792... 2.839-1072%6
SMy(smrp,1) | 0.9446396368342379653. .. 1.464-107%2
SMi(smrw,1) | 1.7297214313345287702... 8.870-107%!
SMy1(smlp,2) | 0.13207517402450262085. .. 2.524-107%
SMi:(smlw,2) | 0.84598708313977015251... 7.279-10728
SMy;(smrp,2) | 0.81686599189767927686. .. 2.524-107%
SMi;(smrw,2) | 1.5485497608283970434. .. 1.58-107%2
SMi;(smlp,3) | 0.060334409371851792881... | 4.352-10"%°
SMi:(smlw,3) | 0.76905206513210718626. .. 1.866-1072°
SMyy(smrp,3) | 0.75994293154985848019... 4.352-10746
SMi(smrw,3) | 1.4749748193334142711... 2.829-1074
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6.7 Smarandache Near to Primorial Constants

The authors did not prove the convergence towards each constant. We
let it as possible research for the interested readers. With the program SNtkP
2.88 calculate vectors top 45 terms numbers containing Smarandache Near to
k Primorial, n := 1..45, sntp := SNtkP(n,1), sntdp := SNtkP(n,2) and snttp :=
SNtkP(n,3) given on page 89 and by (6.62-6.64). Using programs similar to pro-
grams SKI — SK11, 6.2-6.14, was calculated constants Smarandache near to k
primorial.

sntp:i=(122 -1333 -1 -157 —-1137543 17 47
747 7 11 23 47 47 13 43 47 555 47 11 17 7 47

23 19 13 47 41 7 43 47 477 (6.62)

sntdp:=(22235 -171355583138383131383
19 7 7 7 23 83 37 83 23 83 29 83 31 83 89 13 83 83

11 97 13 71 23 83 43 89 89)" (6.63)

snttp:=(2 223557 11234311897 7711112319
71 37 13 23 89 71 127 97 59 29 127 31 11 11 11 127 113 37

103 29 131 41 37 31 23 131)7 (6.64)

last(s) 1
SNtPi(s)= ) —. (6.65)
=1 Sk!
last(s)
SNtPy(s) = =. (6.66)
k!
k=1
last(s) 1
SNtP3(s)= ) ——. (6.67)
k=1 Ilj_;8;
last(s) k&
SNtPy(s,a)= ) , where a e N*. (6.68)

k
k=1 Hj=l Sj
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last(s) -1 k+ls
SNtPs(s)= Y. ED sk (6.69)
k=1 k!
last(s) Sk
SNtPg(s) = 6.70
6(5) k; ISy (6.70)
last(s)
SNtP;(s,1r) = , where re N* . 6.71
7(s,7) k; e (6.71)
last(s)
SNtPg(s,r)= ) ————, where reN". (6.72)
k:r (k_r)!
last(s) 1
SNtPy(s)= ) —¢ (6.73)
k=1 XGp Sk!
J
laszt(:s) 1
SNtPig(s,a) = ————, where aeN"*. (6.74)
k=1 8§ v/ Sk!
last(s)
, where a e N* . (6.75)

SNtPy(s,a)= )

k=1 S,‘:\/ (s + D!

In the formulas (6.65-6.75) will replace s with sntp or sntdp or snttp.

Table 6.5: Smarandache near to k primorial constants

Name Constant value Value the last term
SNtP(sntp) 2.5428571934431365743. .. 3.867-107%
SNtP,(sntdp) 1.7007936768093018175. .. 6.058-107137
SNtPy(snttp) 1.6841271596523332717... 1.180-1072%2
SNtP,(sntp) 2.3630967934998628805. . . 3.929-107>®
SNtPy(sntdp) 3.5017267676908976891... 7.440-107°°
SNtPy(snttp) 3.5086818448618034565. .. 1.095-107%*
SNtP3(sntp) 1.8725106254184368208. .. 1.902-10746
SNtPs(sntdp) 0.92630477141852643895... 3.048-107°
SNtP3(snttp) 0.92692737191576132359... 7.637-107%2
SNtP,(sntp,1) 3.4198909215383519666. . . 8.560-10"%°
SNtPy(sntdp,1) | 1.5926089060696178054. .. 1.371-10758
SNtP4(snttp,1) | 1.5951818710249031148... 3.437-107%0

Continued on next page
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Name Constant value Value the last term
SNtP4(sntp,2) 9.0083762775802033621. .. 3.852-107%8
SNtP,(sntdp,2) | 3.5661339881230530766... 6.171-107°7
SNtP,(snttp,2) | 3.5731306093562134618... 1.547-10758
SNtP,(sntp,3) 33.601268780655137928. ... 1.733-107%!
SNtP4(sntdp,3) | 10.05655962385479256... 2.777-107%
SNtPy(snttp,3) | 10.036792885247337658... 6.959-107°7
SNtPs(sntp) 0.35476070426989163902. .. 3.929-107>®
SNtPs(sntdp) 1.2510788222295556551... 7.440-107%°
SNtPs(snttp) 1.2442232499898234684. . . 1.095-107%
SNtPg(sntp) 0.92150311621958362854. .. 8.541-107°7
SNtPg(sntdp) 1.4488220738476987965. .. 1.617-107°
SNtPg(snttp) 1.4498145515325115306. ... 2.381-107%6
SNtP;(sntp,2) 0.10067792162571842448. .. 1.817-107°8
SNtP;(sntdp,2) | 0.10518174020177436646.. . 3.441-107%8
SNtP;(snttp,2) | 0.10530572828545769371... 5.065-1078
SNtP;(sntp,3) 0.0028612773389160206688... | 3.786-10~%
SNtP;(sntdp,3) | 0.0034992898623021328169... | 7.170-107%
SNtP;(snttp,3) | 0.0035130621711970344353... | 1.055-107%9
SNtPg(sntp,1) 4.1541824026937241559. ... 1.768-107°3
SNtPg(sntdp,1) | 5.7207762058536591328... 3.348-107%
SNtPg(snttp,1) | 5.762598971655286527... 4.928-10723
SNtPg(sntp,2) 4.6501436396625714979. .. 7.779-107°2
SNtPg(sntdp,2) | 6.4108754573319424904. .. 1.473-107°!
SNtPg(snttp,2) | 6.6209627683988696642. .. 2.168-107°!
SNtPg(sntp,3) 4.126169449994612004. . . 3.345-107>°
SNtPg(sntdp,3) | 7.9082950789773488585... 6.334-1070
SNtPg(snttp,3) | 8.7576630556464774578... 9.324-107>°
SNtPy(sntp) 1.4214338438480314719. .. 3.866-107°T
SNtPy(sntdp) 1.0466424860358234656. . . 1.040-107152
SNtPy(snttp) 1.055311342837214453. .. 5.902-107223
SNtPyy(sntp,1) | 2.218747505497683865... 4.184-107%
SNtPyo(sntdp,1) | 1.2778419356685079191... 8.745-10~"1
SNtPyy(snttp,1) | 1.2414085582609377035... 8.294-107114
SNtPyy(sntp,2) | 1.5096212187703265236... 8.902-10734
SNtPyy(sntdp,2) | 0.59144856965778964572. .. 9.826-107"3
SNtPyy(snttp,2) | 0.58415307582503530822. .. 6.331-107116
SNtPyy(sntp,3) | 1.2260357559936064516... 1.894-107%°
SNtPyy(sntdp,3) | 0.28337095760325627718... 1.104-10774

Continued on next page
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Name Constant value Value the last term
SNtPyg(snttp,3) | 0.28191104877850708976... 4.833-107118
SNtPy (sntp,1) | 1.3610247806676889023. .. 6.039-10733
SNtPy(sntdp,1) | 0.71307955647334199639. .. 9.218-10772
SNtPy(snttp,1) | 0.69819605640188698911... 7.219-10711°
SNtPy(sntp,2) | 0.98733649403689727251... 1.285-10~34
SNtPy(sntdp,2) | 0.33523656456978691915. .. 1.036-10773
SNtPy(snttp,2) | 0.33225730607103958582... 5.510-107117
SNtPy(sntp,3) | 0.83342721544339356637... 2.734-10736
SNtPy(sntdp,3) | 0.16190395280891818924. .. 1.164-1077°
SNtPy(snttp,3) | 0.16130786627737647051... 4.206-10719

6.8 Smarandache-Cira constants

The authors did not prove the convergence towards each constant. We let it
as possible research for the interested readers. With the program SC2.70 calcu-
late vectors top 113 terms numbers containing Smarandache-Cira sequences
of order two and three, n:=1..113, sc2 := SC(n,2) and sc3 := SC(n,3) given on
page 81. We note with m := last(sc2) = last(sc3).

s2' -(1232537435113137541731957 11234513
67295314111773371913 541743 115234747517 13
53611 719295956131 7413116717237 714733751911
13795641 837 17 43 29 11 89 5 13 23 31 47 19 497 7 11 5 101
17 103 13 7 53 107 6 109 11 37 7 113)

se3" -(1232537235113137541731957 11233513
3729531411177 33719135417 43 115234747517 13
53311 719295956131 7413116717237 713733751911
13 7956418371743 29 11 895 13 23 31 4719497 7 11 5 101

17 103 13 7 53 107 3 109 11 37 7 113)

m

SCi(sc2) =
1(se2) k;sczk!

float,20 — 3.4583335851391576045 ,
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SCi(se3) =)

SCs(sc2)=)_

SC3l(sc3) =)

SCa(sc2,1) =)
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m

3 'ﬂoat,ZO — 4.6625002518058242712
k=1 SC k-

m

SC2
SCy(sc2) = Z 7ﬂ0at,20 — 2.6306646909747437367 ,

k=1

m sc3p

SCy(sc3) = Z ———float,20 — 2.6306150878001405621 ,

i1 K

m

P float,20 — 1.7732952904854629675,

k=t H SC2
j=1

m

ﬂOélt,ZO — 1.7735747079550529244,
k=1

[]sc3k

j=1

m

. float,20 — 2.9578888874303295232,

k=1 [ sc2k
=1

m

float,20 — 2.9602222193051036183,

SCa(sc3,1) =)
k=1

m
SCy(sc2,2) =)
k=1

m

SCa(sc3,2) =)

j=

k

2

sc3y
1

float,20 — 6.5084767524852643905,

SC2p

j=1

2

float,20 — 6.5280646160816429818,

k=1 []sc3
j=1

m

SCa(sc2,3) =)

3

float,20 — 18.554294952927603195,

k=1 [ sc2k
=1

m

SCy(sc3,3)= )

3

float,20 — 18.719701016966392423,

k=1 l_[ sC3

j=1
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m k+1
SCs(sc2) = Z( 1) S

——F float, 20 — 0.45546350985738070916 ,

(1) 1se3,

= float,20 — 0.45551311303198388376,

SCs(sc3) = Z

>
—

m

sc2
2
SCg(sc2) = kzl(k )

m

SCq(sc3) = kzl r

m

SCr(sc2,2) =)
k=2

float,20 — 0.98272529215953150861 ,

ﬂoat 20— 0.98271978069568671144 ,

ﬂoat 20— 0.11219805918720652342 ,

(k+2)!

m

SC7(sc2,3) =)

(k 2)'ﬂoat 20— 0.1121975080408220437,
k=2

m

sc2
SC;(sc2,3) = Z k float,20 — 0.0046978036116398886027 ,

=, (k+3)!

m

sc3
SC;(sc3,3) = Z float,20 — 0.0046977535074231177193 ,

=, (k+3)!

m

S
SCg(sc2,1) = kzl T

m

SCg(sc3,1) = kzl -

ﬂoat 20— 5.0772738578906499358 ,

ﬂoat 20— 5.076877032493824539 ,

nosc2p

SCg(sc2,2) = kgz =2

float,20 — 7.0229729491778632583 ,

m

sc3
SCy(sc3,2
8(sc3,2) = kzz —2

ﬂoat 20 — 7.0201951714000854806 ,

m

SCq(sc2,3) = kzg 3

ﬂoat 20 — 8.3304435839100330540,
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m

SCq(sc3,3) = kzg 3

ﬂoat 20— 8.3137769172433663874 ,

m

SCy(sc2) = ) ————float,20 — 1.5510516488142853476,

k

k=1
Y sc2g!
j=1

m

1
S§Cy(sc3) = Z ——  float,20 — 1.5510540589248305324,

k
Z C3k

m
SCl()(SCZ, 1) = Z

1
k=1SC2r\/SC2p!

float,20 — 3.2406242284919649811,

m
SCio(sc3, 1) =)

1
k=15SC3r\/sc3y!

float,20 — 4.1028644277885635587,

m
SCio(sc2,2)= )

1
k=1 5254/ 524!

float,20 — 1.7870808548071955299,

m
SCio(sc3,2)= )

1
k=1 5¢37+/ 53!

float,20 — 2.1492832287173527766,

m
SCio(sc2,3) =)

1
k=1 5¢23/5c2;!

float,20 — 1.3045045248690711166,

m
SCio(sc3,3) =)

1
k=1 5¢33 /53!

float,20 — 1.4584084801526035601,

m
1
SCyi(sc2,1) = Z float,20 — 1.8299218542898376035,

=1 SC2r\/(sc2) + 1)!

m 1
SCii(sc3,1)= )

k=15SC3r\/ (sc3i+1)!

float,20 — 2.2987446364307715563,
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m

SCii(sc2,2)= )

1
fl
k=1 5¢25+/(se2; +1)!

oat,20 — 1.1168191325442037858,

mn 1

SCi1(sc3,2) = )
k=1 5¢3%1/(sc3+1)!

float,20 — 1.3139933527909721081,

m
1
SCq1(sc2,3) = Z float,20 — 0.87057913102041407346,
k=1 5¢23/(sc2 +1)!

m 1

SCH (863,3) =
kgl ¢33/ (se3 +1)!

float,20 — 0.95493621492446577773.

6.9 Smarandache-X-nacci constants

Let n:= 1..80 be and the commands sf,, := SF(n), str,, := STr(n) and ste,, :=
STe(n), then

sz—>(1346512861215101272420129121830
8 30 24 12 25 21 36 24 14 60 30 24 20 9 40 12 19 18 28 30
20 24 44 30 60 24 16 12 56 75 36 42 27 36 10 24 36 42 58 60
15 30 24 48 35 60 68 18 24 120 70 12 37 57 100 18 40 84 78 60)

str' =(13741475791987612521528 121831128
297303991277 5214 153528 21 12 19 28 39 31 35 12 82
8 52 55 29 64 15 52 124 39 33 35 14 12 103 123 64 52 68 60
12 15 52 35 100 28 117 31 132 12 31 19 52 28 37 39 18 31)

ste! =(136469859132091086 10539 48 28 18 20 35
18 76 10 9 8 7 68 20 15 20 53 30 9 58 48 78 28 19 18 63 20 68
35 28 18 46 108 76 10 158 9 52 8 87 133 18 68 51 20 46 35 78
20 17 138 35 30 230 20 72 58 76 48 118 78 303 30)
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m
SXi(s) = —.
je=1 Sk!
m
SXy(s) =Y 2k
o k!
n 1
SX3(8)=)_ T
k=1117-15;
m a
SXu(s,a) =) ———, where @eN".
k=111j=15j
m -1 k+18
SX5(s) = Z ()—k
k=1 k!
m Sk
SXg(s) = S E—
8(s) k; (k+1)!
SX7(s, 1) = f _Sk where r e N*
A TS T '
SXg(s, 1) = i Sk where r e N*
8 y - k:r (k— r)' ) .
>
SXq(s) =
o Xk sl
j
n 1
SXio(s,a) =) , where a e N* .
k=1 sg Sg!
mn 1
SXn(s,a)=)_ , where a e N* .

k=18 \/ (sp+ 1!

(6.76)

(6.77)

(6.78)

(6.79)

(6.80)

(6.81)

(6.82)

(6.83)

(6.84)

(6.85)

(6.86)

In the formulas (6.76-6.86) will replace s with sfor stror steand m := last(sf) =
last(str) = last(ste).

The authors did not prove the convergence towards each constant. We let it
as possible research for the interested readers.

Table 6.6: Smarandache-X-nacci constants

Name

Constant value

Value the last term

SXi(sf)

1.2196985417298194908. ..

1.202-107%

Continued on next page
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Name Constant value Value the last term
SX;(str) 1.2191275540999213351. .. 1.216-10734
SX(ste) 1.2211513449585368892. .. 3.770-1073
SXo(sf) 3.4767735904805818975. .. 8.383-107118
SX,(str) 3.9609181504757024515. .. 4.331-107118
SXy(ste) 3.7309068817634133077. .. 4.192.107118
SX3(sf) 1.4335990041360201401. .. 1.513-107108
SX;3(str) 1.3938571352678434235. .. 7.402-107108
SX;(ste) 1.4053891469804807777. .. 5.461-107109
SX4(sf,1) | 1.9877450439442829197... 1.210-107106
SX4(str,1) | 1.8623249618930151417... 5.922-107106
SXs(ste,1) | 1.9022896785778318923... 4.369-107107
SX,(sf,2) | 3.3850953926486127438... 9.681-10710°
SX4(str,2) | 2.9794588765640621423... 4.737-107104
SX4(ste,2) | 3.1247358165606852605... 3.495-107105
SX4(sf,3) | 7.2154954684533914439. .. 7.745107 103
SX,(str,3) | 5.8572332489153350088... 3.790-107102
SX4(ste,3) | 6.4153627205469027224. .. 2.796-107103
SX5(sf) —0.056865679752101086683... | —8.383-10"118
SXs5(str) 0.6077826491902020422. .. -4.331-107118
SXs(ste) 0.37231832989141262735... -4.192-107118
SXs(sf) 1.2262107161454250477. .. 1.035-107119
SXg(str) 1.3459796054481592511... 5.347-107120
SXg(ste) 1.2936674214665211769. .. 5.175-107120
SX7(sf,2) | 0.16798038219142954409... 1.262-107 12T
SX7(str,2) | 0.19185625195487853146... 6.521-107122
SX7(ste,2) | 0.18199292568493984364. .. 6.311-1071%2
SX7(sf,3) | 0.0069054909490509753782... | 1.52-107123
SX;(str,3) | 0.010883960530019286262... | 7.857-1071%4
SX7(ste,3) | 0.0093029461977309121111... | 7.604-107124
SXg(sf,1) | 7.3209769507255575585... 6.707-107116
SXg(str,1) | 8.8169446348716671749... 3.465-107116
SXg(ste,1) | 8.0040346392438852968... 3.353-107116
SXg(sf,2) | 11.411117402547284927... 5.298-107 114
SXg(str,2) | 14.678669992110622025... 2.737-107114
SXg(ste,2) | 12.450777109170763294. .. 2.649-107114
SXg(sf,3) | 14.903259849189180761... 4.133-107 112
SXg(str,3) | 19.449822942788797955... 2.135-107112
SXg(ste,3) | 14.890603169310654296... 2.066-107112

Continued on next page
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Name Constant value Value the last term
SXy(sf) 1.1775948782312684824. .. 2.103-107 123
SXg(str) 1.1432524801852870116. .. 1.340-107%
SXg(ste) 1.1462530152136221219. .. 4.886-107%8
SXio(sf,1) | 1.2215596514691068605. .. 1.827-107%
SXjo(str,1) | 1.2239155500269214276. .. 3.557-1071°
SXjo(ste,1) | 1.2300096122076512655... 2.047-10718
SXi10(sf,2) | 1.0643380628436674107... 3.045-10°%
SXi0(str,2) | 1.0645200726839585165... 1.148-1072°
SXio(ste,2) | 1.0656390763277979581... 6.822-10720
SX10(sf,3) | 1.0194514801361011603... 5.075-107%/
SXio(str,3) | 1.0194518909553334484. .. 3.702-1072?
SXjo(ste,3) | 1.0196556717297023297... 2.274-107%!
SX11(sf,1) | 0.81140316439268935525... 2.340-107*
SXy1(str,1) | 0.81207729582854199505. .. 6.289-10720
SXii(ste,1) | 0.81447979678562282739... 3.676-1071°
SXi1(sf,2) | 0.73793638461692431348... 3.899-10746
SXq1(str,2) | 0.7379744330358397038. .. 2.029-1072!
SXji(ste,2) | 0.73841432833681481939... 6.822-10720
SX11(sf,3) | 0.71654469002152894246. .. 6.498-10~8
SXy1(str,3) | 0.71654048115486167686... 6.544-10723
SXi1(ste,3) | 0.716620239259230028. .. 2.274-10721

6.10 The Family of Metallic Means

The family of Metallic Means (whom most prominent members are the
Golden Mean, Silver Mean, Bronze Mean, Nickel Mean, Copper Mean, etc.) com-
prises every quadratic irrational number that is the positive solution of one of
the algebraic equations

¥*-n-x-1=0o0r xX>-x-n=0,

where 7 € N. All of them are closely related to quasi-periodic dynamics, being
therefore important basis of musical and architectural proportions. Through
the analysis of their common mathematical properties, it becomes evident that
they interconnect different human fields of knowledge, in the sense defined in
"Paradoxist Mathematics". Being irrational numbers, in applications to differ-
ent scientific disciplines, they have to be approximated by ratios of integers —
which is the goal of this paper, [de Spinadel, 1998].
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The solutions of equation n

2

—-n-x—1=0are:

x>—n-x-1solve x—

n+vn2+4
n—-vn2+4
2

319

(6.87)

If we denote by s, (n) positive solution, then for 7 := 1..10 we have the solutions:

s1(n) —

V5 +2

2
V2+1
V13+3

2
V542
Vv29+5

2
v10+3
V53+7

2
v17+4
v85+9

2
V26+5

1.618033988749895
2.414213562373095
3.302775637731995
4.236067977499790
5.192582403567252
6.162277660168380
7.140054944640259
8.123105625617661
9.109772228646444
10.099019513592784

The solutions of equation n? — x — n = 0 are:

2

X

1+v4n+1

—x— lve, x — 2
x—nsolve,x - Va1

2

(6.88)
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If we denote by s, (n) positive solution, then for 7 := 1..10 we have the solutions:

s2(n) —

V5 +2
2

2
v13+1
2
V17+1

2
V21+1
2

3
v29+1
2
v33+1
2
v37+1

2
v41+5
2

1.6180339887498950
2.0000000000000000
2.3027756377319950
2.5615528128088303
2.7912878474779200
3.0000000000000000
3.1925824035672520
3.3722813232690143
3.5413812651491097
3.7015621187164243




Chapter 7

Numerical Carpet

7.1 Generating Cellular Matrices

Function7.1.

tion 10.

Concatenation function of two numbers in the base on numera-

conc(n, m) :=|return n-10 if m=0

return n- 104010 4 1 orherwise

Examples of calling the function conc: conc(123,78) — 12378, conc(2,3) —
23, conc(2,35) — 235, conc(23,5) — 235, conc(0,12) — 12, conc(13,0) — 130.

Program 7.2.

Concatenation program in base 10 of all the elements on a line,

all the matrix lines. The result is a vector. The origin of indexes is 1, i.e.

concM(M) :=

ORIGIN:=1

¢ — cols(M)
for kel..rows(M)
Vi — Mg
forje2.c-1
Vi — conc(vg, Mg, j) if My, j#0
otherwise
sw—0
foriej+1.c
if Mpi#0

sw—1

break
U — conc(vg, My, ;) if sw=1
Vi — conc(Vg, My.c) if My,c#0
return v

321
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Matrix concatenation program does not concatenate on zero if on that line after
the zero we only have zeros on every column. Obviously, zeros preceding a
non-zero number have no value.

Examples of calling the program concM:

1 3 5 135
M = 11 13 concM(M) = 1113 ,
17 23 17023
1 1
M=(1 2 1 concM(M) =1 121
1 1

Using the function conc and the matrix concatenation program one can gen-
erate carpet numbers. For generating carpet numbers we present a program
which generates cellular matrices. Let a vector v of m size smaller than the size
of the cell matrix that is generated.

Definition 7.3. By cellular matrix we understand a square matrix having an
odd number of lines. Matrix values are only the values of the vector v and
eventually 0. The display of vector values v is made by a rule that is based on a
function f.

Program 7.4. Program for generating cellular matrices, of n x n (n odd) size,
with the values of the vector v following the rule imposed by the function f.

GMC(v, n, f) :=| return "Nr. cols and rows odd" if mod (n,2) =0
nm — n+l
2
An,n —0
forkel.n
forjel.n

q < lk—m|

s—[j-m|

Arj < Vrgo+1 if f(g,8)+1<last(v)
return A

Example 7.5. for calling the program to generate cellular matrices. Let the vec-
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tor v = (13 7 1)" and function fi(q, s) := g + s. Thus we have:

000 O 0ODO
000 1 O0O0O
001 7 100
M:=GMC(v,7,f1)=1 0 1 7 13 7 1 0 |,
001 7 100
000 1 0O0O0
000 0 O0O0O
1
171
N :=concM(M) — | 171371
171
1
With the command sequence: k :=1..last(N),
0
0 1
0 32-19
IsPrime(Ny) — | 0 |, factorNy— | 409-419 |,
0 32-19
0 1
0

we can study the nature of these numbers by using functions Mathcad factor,
IsPrime, etc.

As it turns, the function fi(q, s) = g + s will generate the matrix

0o 0 0 0 0 0 O
0 0 0 w3 0 O O
0 O Vg Uz Us 0 0
M := 0 v3 vp vy v, v3 0 ,
0 O Vg Uz Us 0 0
0 0 0 w3 0 O O
0O 0 0 0 0 O0 O

therefore if the vector has m (m < n) elements and the generated matrix size is
2n + 1 it will result a matrix that has in its center vy, then, around v, and so on.
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By concatenating the matrix, the following carpet number will result:

0

Us
U3U2 V3
concM(M) = V3UV2UV1V20V3
U3U2 V3

U3

0

or, if we concatenate the matrix M; := submatrix(M, 1, rows(M), 1, n+ 1) will re-
sult:

U3
V32
concM(M,) =] vsvovr |,
V32

U3

or, if we concatenate the matrix Mo := submatrix(M,1,n+ 1,1, n+ 1) will result:

concM(M>) = —

7.2 Carpet Numbers Study

As seen, the function conc, the program GCM with the function f and the
subprogram concM allow us to generate a great diversity of carpet numbers.
We offer a list of functions f for generating cellular matrices with interesting
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structures.:

flk,j) =
Lk, j) =
f3lk, ) =
falk, j) =
Gk, j) =

felk,j) =

f7(k)]) =
falk,j) =
folk,j) =

fl()(k)j) =
ik, j) =

le(k)j) =

k+j,
k=l
max(k, j),
min(k, j),
k-j,
k+1
Vil

_kw
j+1|’

min(|k - j|,k, ),
[max(k, j) +1
min(k,j)+1-‘ '
min(S(k+1),S(j+1),

[k-sin(j)® + jcos(k)®] ,

]

where S is the Smarandache function.

325

(7.1)
(7.2)
(7.3)
(7.4)
(7.5)

(7.6)

(7.7)
(7.8)
(7.9)

(7.10)
(7.11)

(7.12)

Let the vector v:= (1 3 9 7)T, therefore the vector size is m = 4, cell matrices

that we generate to be of size 9.

1. The case for generating function f; given by formula (7.1).

M, := GMC(v,9, 1) =

S OO OO oo oo
O O OO NOoO o oo
S OO N OO oo
SO N O WwWw-NN oo
O N O W k- W WO
SO N O Ww oo o

S OO N OO oo

S OO O NOoO o oo

SO O OO O oo oo
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0
7
797
79397
N := concM(M;) — | 7931397
79397
797
7
0

0

7

797
79397
k:=1.last(Ny), Ny, factor— | 3-53-83-601
79397
797

7

0

2. The case for generating function f, given by formula (7.2).

139707 9 31
313979313
931393139
793131397
M, :=GMC(v,9,f,)=1 0 7 9 3 1 3 9 7 0
793131397
93 1393139
313979313
139707 9 31

139707931

313979313

931393139

793131397

N, := concM(M,) — 7931397

793131397

931393139

313979313

139707931
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k:=1..last(N>), Ny, factor—

112-19-67-907
3-19-23472
6011549739
793131397
3-53-83-601
793131397
601 -1549739
3.19-23472
112-19-67-907

3. The case for generating function f3 given by formula (7.3).

M5 := GMC(v,9, f3) =

coocoocococooo
O NNNNNNNOo
© N WO W ® O oo

N3 := concM(M3) —

k:=1..last(N3), N3, factor—

S N O W WwWww oo
O N O W k- WW-NOo
O N O© W Wwww-NOo
SO N O © O O oo
S NN NN Oo

0
TN
7999997
7933397
7931397
7933397
7999997
T

0

0
7-239-4649
73-109589
7933397
3-53-83-601
7933397
73-109589
7-239-4649
0

S oo oo oo oo

327



328 CHAPTER 7. NUMERICAL CARPET

4. The case for generating function f; given by formula (7.4).

0793139 70
7793139 77
999313999
3333133133
My:=GMC(v,9,f)=]11 1 1111111
333313333
999313999
779 3139 77
0793139 70

7931397

779313977

999313999

333313333

Ny := concM(M,) — | 111111111

333313333

999313999

779313977

7931397

3-53:83-601

13565710597
263-761-4993
19-31-61-9277
k:=1..last(Ny) , Ny factor— | 32-37-333667
19-31-61-9277
263-761-4993
13-5657-10597
3-53-83-601

5. The case for generating function f5 given by formula (7.5).

o
o
o

Ms := GMC(1,9, f3) =

cooN—~NOo oo
OO0 oW~ WO oo
= e e e e e
O N W W WO O
cocooN~-~NOo oo
oOcococo~o0oo0coo

(= eNeNel ==
O N O W= WO
(==l e N =]
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1
717
919
7931397
N5 := concM(Ms) — | 111111111
7931397
919
717
1

1
3-239
919
3-53-83-601
k:=1.last(Ns), Ns factor— | 3*-37-333667
3-53-83-601
919
3-239
1

7.3 Other Carpet Numbers Study

Obviously, square matrices can be introduced using formulas or manually,
and then to apply the concatenation program concM. Using the vector con-
taining carpet numbers we can proceed to study the numbers the way we did
above.

1. Carpet numbers generated by the series given by formula, [Smarandache,
2014, 1995]:

k
C(n, k) =4nH(4n—4j+1), for 1<sk<n
j=1
and C(n,0) =1 forany neN.

Program7.6. to generate the matrix M.

GenM(D) :=| for nel..D
forkel.n
Mn,n—k+1 —~Cn-1,k-1)
return M
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If D :=7 and we command M := GenM(D), then we have:

1 0 0 0 0 0 O

4 1 0 0 0 0 O

40 8 1 0 0 0 O

M= 504 108 12 1 0 0 O
9360 1872 208 16 1 0 0

198900 39780 4420 340 20 1 O

1

5012280 1002456 111384 8568 504 24

1
41
4081
N := concM(M) — 504108121
93601872208161
198900397804420340201
501228010024561113848568504241

k:=1..last(N),

1
41
7-11-53
Ny factor — 11-239-191749
32.17-1367-447532511
83-2396390334993016147
31-3169-5341781-955136233518518099

2. Carpet numbers generated by Pascal triangle. Let the matrix by Pascal’s
triangle values:

Program 7.7. generating the matrix by Pascal’s triangle.

Pascal(n) :=| for kel.n+1
forjel.k
My, j — combin(k—1, j—1)
return M
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The Pascal program generates a matrix containing Pascal’s triangle.

M := Pascal(10) =

1 0 0 O 0 0 0 0 0 0 O
1 1 0 O 0 0 0 0 0 0 O
1 2 1 O 0 0 0 0 0 0 O
1 3 3 1 0 0 0 0 0 0 O
1 4 6 4 1 0 0 0 0 0 O
1 5 10 10 5 1 0 0 0 0 O
1 6 15 20 15 6 1 0 0 0 O
1 7 21 35 35 21 7 1 0 0 0
1 8 28 56 70 56 28 8 1 0 O
1 9 36 84 126 126 84 36 9 1 O
1 10 45 120 210 252 210 120 45 10 1

Using the program concM for concatenating the components of the ma-
trix, it results the carpet numbers:

1
11
121
1331
14641
N :=concM(M) — 15101051 ,
1615201561
172135352171
18285670562881
193684126126843691
1104512021025221012045101

whose decomposition in prime factors is:

k:=1..last(N),
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Ni factor —

43-37562827
29-5935701799
18285670562881
5647-34298587945253
13-197-4649-92768668286052709

CHAPTER 7. NUMERICAL CARPET

1
11
112
113
114
7-2157293

3. Carpet numbers generated by primes.

Program 7.8. for generating matrix by primes.

MPrime(n) :=| for kel.n+1

forjel.k

My, j — prime;

return M

Before using the program MPrime we have to generate the vector of
primes by instruction: prime := SEPC(100), where we call the program

1.1.

M := MPrime(10) =

(NG \CR NG N \CTI NI \ ORI G \C R S

W W W WWWwWwWwwwOo

[9) BN &) BNS) BNS) BES) BN S) BES) BN S) B e e}

o 0 0 0o 0 0 O
0o 0 0 0O 0 0 O
0o 0 0 O 0 0 O
7 0 0 0 O O0 O
71 0 0 0 0 O
71 13 0 0 0 O
7 11 13 17 0 0 O
7 11 13 17 19 0 O
7 11 13 17 19 23 O
7 11 13 17 19 23 29

Using the program concM for concatenating the matrix components we
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have the carpet numbers:

2
23
235
2357
235711
23571113
2357111317
235711131719
23571113171923
2357111317192329

N :=concM(M) —

whose decomposition in prime factors is:
k:=1..last(N),

2
23
5-47
2357
7-151-223
23-29-35339
11-214282847
7-4363-7717859
61-478943-806801
3-4243-185176472401

Ny factor —

4. Carpet numbers generated by primes starting with 2, as it follows:

M:=| 31 37 41 43 47
53 39 61 67 71 73 O
79 83 89 97 101 103 107 O
109 113 127 131 137 139 149 151 O
157 163 167 173 179 181 191 193 197

2 0 0 0 0 0 0 0
3 5 0 0 0 0 0 0
7 11 13 0 0 0 0 0
17 19 23 29 O 0 0 0
0 0 0

0

O O O O O OO

Using the program concM for concatenating the matrix components we
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have the carpet numbers:

2
35
71113
17192329
N := concM(M) — 3137414347 ,
535961677173
79838997101103107
109113127131137139149151
157163167173179181191193197

whose decomposition in prime factors is:

k:=1..last(N),

2
5:7
7-10159
7-11-223277
Ny factor — 2903-1080749
3-13-13742607107

7-41-3449-80656613189
3-857-35039761-1211194223021
10491377789 -14980221886391473

5. Carpet numbers generated by primes starting with 3, as it follows:

3 0 0 0 0 0 0
5 7 0 0 0 0 0
11 13 17 0 0 0 0
19 23 29 31 O 0 0

0 0

M:=| 37 41 43 47 53
59 61 67 71 73 79 O
83 89 97 101 103 107 109 O
113 127 131 137 139 149 151 157 O
163 167 173 179 181 191 193 197 199

(=l el elele]
O O OO O OO

Using the program concM for concatenating the matrix components we
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have the carpet numbers:

3
57
111317
19232931
N := concM(M) — 3741434753
596167717379
838997101103107109
113127131137139149151157
163167173179181191193197199

whose decomposition in prime factors is:

k:=1..last(N),

3
3-19
111317
3-6410977
Ny factor — 7-577-926327
13-45859055183
3251-258073546940359

3-41-467-1969449193731640277

7-1931-47123-2095837 122225561597

7.4 Ulam Matrix

In the Ulam matrices, [Ulam, 1930, Jech, 2003], the natural numbers are
placed on a spiral that starts from the center of the matrix. Primes to 169 are in

red text. On the main diagonal of the matrix, there are the perfect squares, in
blue text

Program7.9. for generating Ulam matrix.

MUlam(n) :=|return "Error. n if mod (n,2)=0vn<1
Apn<—0
n+l

nm «—

I—(m m)

kf—rows(l)

forsel.n—m
ki — kg
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c—s
forres—1.—s

I —stack[l,(im+r m+c)]
forces—1.-s

I—stack[I,(im+r m+c)]
forre—-s+1.s

I —stackl[l,(m+r m+c)]
force—-s+1.s

I —stack[l,(m+r m+c)]
kf—rows(l)
for keki.kr

Altiy, 1) — K
return A

For exemplification, we generate the Ulam matrix of 13 lines and 13 columns
by using command MUlam(13).

U := MUlam(13) =

145 144 143 142 141 140 139 138 137 136 135 134 133 ]
146 101 100 99 98 97 96 95 94 93 92 91 132
147 102 65 64 63 62 61 60 59 58 57 90 131
148 103 66 37 36 35 34 33 32 31 56 89 130
149 104 67 38 17 16 15 14 13 30 55 88 129
150 105 68 39 18 5 4 3 1229 54 87 128
151 106 69 40 19 6 2 11 28 53 86 127
152 107 70 41 20 7 8 9 10 27 52 85 126
153 108 71 42 21 22 23 24 25 26 51 84 125
154 109 72 43 44 45 46 47 48 49 50 83 124
155 110 73 74 75 76 77 78 79 80 81 82 123
156 111 112 113 114 115 116 117 118 119 120 121 122

| 157 158 159 160 161 162 163 164 165 166 167 168 169 |

—

Using the command concM(submatrix(U,1,7,1,13) —, for concatenating
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the components of submatrix U, we get the carpet Ulam numbers:

145144143142141140139138137136135134133
146101100999897969594939291132
14710265646362616059585790131
14810366373635343332315689130
14910467381716151413305588129
15010568391854312295487128
15110669401961211285386127

Ulam matrix only with primes, then concatenated and factorized:

[0 0 0 0 0 0 139 0 137 0 0 0 O
0 101 0 0 0 97 0 0 0 0O 0 0 ©
0 0 0 0 0 0 6 0 5 0 0 0 131
0 103 0 37 0 0 0O O 0 31 0 8 0
1499 0 67 0 17 0 0 0 13 0 0 0 O
0O 0 0 0 0 5 0 3 29 0 0 0
Up:=[151 0 0o 0 19 0 0 2 11 0 53 0 127
0 107 0 4 0 7 0 0 0 0 0 0 ©
0 0 71 0 0 0 23 0 0 0 0 0 ©
0 109 0 43 0 0 0O 47 0 0O 0 8 0
0 0 73 0 0 0 0 0 79 0 0 0 ©
0 0 0 113 0 0 0 0 0 0O O 0 O
[ 157 0 0 0 0 0 163 0 0 0 167 0 O
concM(Up) —
1390137 3.7-53-1249
10100097 32.7-160319
61059000131
1030370000031089 53-1117153- 17402221
14906701700013 3-107- 46438323053
503029 41-12269
15100019002110530127 | factor— | 3-1021-3203-1539123815843
10704107 46722921
7100023 7-31-32719
1090430004700083 3-83-599-7310913133
730000079
113 [113]
15700000163000167 7-17-29-43-163-19949 - 32537
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Chapter 8

Conjectures

1. Coloration conjecture: Anyhow all points of an m—dimensional Euclidian
space are colored with a finite number of colors, there exists a color which
fulfills all distances.

2. Primes: Let 4y, ay, ..., ay, be distinct digits, 1 < n <9. How many primes
can we construct from all these digits only (eventually repeated)?

3. More generally: when ay, ay, ..., a,, and n are positive integers. Conjec-
ture: Infinitely many!

4. Back concatenated prime sequence: 2, 32, 532, 7532, 117532, 13117532,
1713117532, 191713117532, 23191713117532, ... . Conjecture: There are
infinitely many primes among the first sequence numbers!

5. Back concatenated odd sequence: 1, 31, 531, 7531, 97531, 1197531,
131197531, 15131197531, 1715131197531, ... . Conjecture: There are in-
finitely many primes among these numbers!

6. Back concatenated even sequence: 2, 42, 642, 8642, 108642, 12108642,
1412108642, 161412108642, ... . Conjecture: None of them is a perfect
power!

7. Wrong numbers: A number n = a) a, ... ai, of at least two digits, with the
property: the sequence ai, ay, ..., dk, bi+1, Di+2, ... (Where by, ; is the
product of the previous k terms, for any i = 1) contains »n as its term.)
The authors conjectured that there is no wrong number (!) Therefore,
this sequence is empty.

8. Even Sequence is generated by choosing G = {2,4,6,8,10,12,...}, and it is:
2,24,246,2468, 246810, 24681012, ... . Searching the first 200 terms of the
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sequence we didn’t find any n-th perfect power among them, no perfect
square, nor even of the form 2p, where p is a prime or pseudo-prime.
Conjecture: There is no n-th perfect power term!

. Prime-digital sub-sequence "Personal Computer World" Numbers Count

of February 1997 presented some of the Smarandache Sequences and
related open problems. One of them defines the prime-digital sub—
sequence as the ordered set of primes whose digits are all primes: 2, 3,
5,7, 23,37, 53, 73, 223, 227, 233, 257, 277, ... . We used a computer pro-
gram in Ubasic to calculate the first 100 terms of the sequence. The 100-
th term is 33223. Smith [1996] conjectured that the sequence is infinite.
In this paper we will prove that this sequence is in fact infinite.

Concatenated Fibonacci sequence: 1, 11, 112, 1123, 11235, 112358,
11235813, 1123581321, 112358132134, ... .

Back concatenated Fibonacci sequence: 1, 11, 211, 3211, 53211, 853211,
13853211, 2113853211, 342113853211, ... . Does any of these numbers is
a Fibonacci number? [Marimutha, 1997]

Special expressions.

(a) Perfect powers in special expressions x? + y*, where gcd(x,y) =
1, [Castini, 1995/6, Castillo, 1996/7]. For x = 1,2,...,20 and y =
1,2,...,20 one obtains 127 of numbers and following numbers are
primes: 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 593, 32993, 2097593,
59604644783353249. Kashihara [1996] announced that there are
only finitely many numbers of the above form which are products
of factorials. In this note we propose the following conjecture: Let
a, b, and c three integers with a- b nonzero. Then the equation:

a-x¥+b-y*=c-z",

with x, y, n = 2, and gcd(x,y) = 1, has finitely many solutions
(x, ¥, z, n). And we prove some particular cases of it, Luca [1997a,b].

(b) Products of factorials in special expressions. Castillo [1996/7] asked
how many primes are there in the n-expression

X: X: X
X+ Xy, (8.1)

where n,x1,x2,...,x, > 1, and gcd(x,x2,...,x,) = 12 For n =
3 expression x;* + x,° + x3' has 51 prime numbers: 3, 5, 7, 11,
13, 19, 31, 61, 67, 71, 89, 103, 181, 347, 401, 673, 733, 773,
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1301, 2089, 2557, 12497, 33049, 46663, 78857, 98057, 98929,
135329, 262151, 268921, 338323, 390721, 531989, 552241, 794881,
1954097, 2165089, 2985991, 4782977, 5967161, 9765757, 17200609,
35835953, 40356523, 48829699, 387420499, 430513649, 2212731793,
1000000060777, 1000318307057, 1008646564753, where x1, x2, X3 €
{1,2,...,12}. These results were obtained with the following pro-
grams:

Program 8.1. of finding the numbers of the form (8.1) for n = 3.

P3(ayx, by, ay, by, az,b;) = j —1
for x€ ay..by
foryeay.by
forzea,..b,
if ged(x,y,z) =1
sej—xV+y*+z
j—j+1
sse — sort(se)
k<1
Si < Sse;
for je2.last(sse)
if sk # ssej
k—k+1
Sk < ssej
return s

X

The program uses Mathcad function ged, greatest common divisor.
Program 8.2. of extraction the prime numbers from a sequences.

IP(s):=| j — 0
for kel.last(s)
if IsPrime(si) =1
j—Jj+1
pSj — Sk
return ps

The program uses Mathcad function IsPrime.

For n =4 expression x;? +x,* + x3* + x;" has 50 primes: 5, 7, 11, 13, 23, 29,
37,43,47,71, 89, 103, 107, 109, 113, 137, 149, 157, 193, 199, 211, 257, 271,
277,293, 313,631,677,929, 1031, 1069, 1153, 1321, 1433, 2017, 2161, 3163,
4057, 4337, 4649, 4789, 5399, 6337, 16111, 18757, 28793, 46727, 54521,
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64601, 93319, where x1, x», x3, x4 € {1,2,...,5}. These results have been
obtained with a program similar to 8.1.

13. There are infinitely many primes which are generalized Smarandache
palindromic number GSP1 or GSP2.



Chapter 9

Algorithms

9.1 Constructive Set

9.1.1 Constructive Set of Digits 1 and 2
Definition 9.1.

1. 1,2 belongto S;

2. if a, b belong to S, then ab belongs to S too;

3. onlyelements obtained by rules 1. and 2. applied a finite number of times
belong to S.

Numbers formed by digits 1 and 2 only: 1, 2, 11, 12, 21, 22, 111, 112, 121,
122, 211, 212, 221, 222, 1111, 1112, 1121, 1122, 1211, 1212, 1221, 1222, 2111,
2112, 2121, 2122, 2211, 2212, 2221, 2222, ... .

Remark 9.2.
1. there are 2 numbers of k digits in the sequence, for k=1,2,3,...;

2. to obtain from the k-digits number group the (k + 1)-digits number
group, just put first the digit 1 and second the digit 2 in the front of all
k—digits numbers.

9.1.2 Constructive Set of Digits 1,2 and 3

Definition 9.3.

1. 1, 2,3 belongto S;
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2. if a, b belong to S, then ab belongs to S too;

3. onlyelements obtained by rules 1. and 2. applied a finite number of times
belongto S.

Numbers formed by digits 1, 2, and 3 only: 1, 2, 3, 11, 12, 13, 21, 22, 23, 31,
32,33,111, 112, 113, 121, 122, 123, 131, 132, 133, 211, 212, 213, 221, 222, 223,
231, 232,233, 311, 312, 313, 321, 322, 323, 331, 332, 333, ... .

Remark 9.4.
1. there are 3¥ numbers of k digits in the sequence, for k= 1,2,3,...;

2. to obtain from the k-digits number group the (k + 1)-digits number
group, just put first the digit 1, second the digit 2, and third the digit 3
in the front of all k—digits numbers.

9.1.3 Generalized Constructive Set

Program 9.5. for generating the numbers between limits « and  that have the
digits from the vector w.

Cset(a, B, w) :=| b — last(w)

j—1

fornea.p
d — dn(n, b)
for kel.last(d)

wdy — W(di+1)

csj — wd- Vb(10, k)
j—j+1

return cs

The program uses the subprograms dn, 2.2, and function Vb(b, m) that returns
the vector (b™ b1 ...p"T.

1. The first 26 numbers from 0 to 25, with digits 3 to 7 are: 3, 7, 73, 77,
733, 737, 773, 777, 7333, 7337, 7373, 7377, 7733, 7737, 7773, 7777, 73333,
73337, 73373, 73377, 73733, 73737, 73773, 73777, 77333, 77337.

2. The numbers from 0 to 30, with digits 1, 3 and 7 are: 1, 3, 7, 31, 33, 37, 71,
73, 77,311, 313, 317, 331, 333, 337, 371, 373, 377, 711, 713, 717, 731, 733,
737,771,773,777,3111, 3113, 3117, 3131.
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The numbers from 3 to 70, with digits 1, 3, 7 and 9 are: 9, 31, 33, 37, 39,
71,73,77,79,91,93,97,99, 311, 313, 317, 319, 331, 333, 337, 339, 371, 373,
377,379,391, 393,397,399, 711,713, 717,719, 731, 733, 737,739, 771, 773,
777,779,791,793,797,799,911, 913, 917, 919, 931, 933, 937, 939, 971, 973,
977,979, 991, 993, 997, 999, 3111, 3113, 3117, 3119, 3131, 3133, 3137.

The numbers from 227 to 280, with digits 1, 2, 3, 7 and 9 are: 2913, 2917,
2919, 2921, 2922, 2923, 2927, 2929, 2931, 2932, 2933, 2937, 2939, 2971,
2972, 2973, 2977, 2979, 2991, 2992, 2993, 2997, 2999, 3111, 3112, 3113,
3117, 3119, 3121, 3122, 3123, 3127, 3129, 3131, 3132, 3133, 3137, 3139,
3171, 3172, 3173, 3177, 3179, 3191, 3192, 3193, 3197, 3199, 3211, 3212,
3213, 3217, 3219, 3221.

Romanian Multiplication

Another algorithm to multiply two integer numbers, a and b:

let k be an integer = 2;

write a and b on two different vertical columns: col(a), respectively
col(b);

multiply a by k, and write the product a; on the column col(a);

divide b by k, and write the integer part of the quotient b; on the column
col(b);

...and so on with the new numbers a; and b, until we geta b; < k on the
column col(b);

Then:

write another column col(r), on the right side of col(b), such that: for
each number of column col(b), which may be a multiple of k plus the rest
r (wherer €{0,1,2,...,k—1}), the corresponding number on col(r) will be
r;

multiply each number of column a by its corresponding r of col(r), and
put the new products on another column col(p) on the right side of col(r);

finally add all numbers of column col(p), a x b = the sum of all numbers
of col(p).
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Remark 9.6. that any multiplication of integer numbers can be done only by
multiplication with 2, 3, ..., k, divisions by k, and additions.

Remark 9.7. This is a generalization of Russian multiplication (when k = 2); we
call it Romanian Multiplication.

This special multiplication is useful when k is very small, the best values
being for k = 2 (Russian multiplication — known since Egyptian time), or k =
3. If k is greater than or equal to min{10, b}, this multiplication is trivial (the
obvious multiplication).

Program 9.8. for Romanian Multiplication.

RM(a,b, k) :=lw—(a b "="0)
r — mod (b, k)
Q—(abra-r)
while b>1
a—a-k

b
b— —
ﬂoor(k)
r — mod (b, k)

Q < stack[Q,(a b r a-1)]

wig— Y QW
return stack(Q, w)

73 97 1 73
146 48 0 0
292 24 O 0
584 12 0 0
RM(73,97,2) = 1168 6 0 uE
2336 3 1 2336
4672 1 1 4672
73 x97 "=" 7081
73 97 1 73
219 32 2 438
657 10 1 657
RM(73,97,3) = 1971 3 0 E
5913 1 1 5913
73 x97 "=" 7081
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73 97 7 511
730 9 9 6570
RM(73,97,10)=| .00 o o 0
73 x97 "=" 7081
RM (2346789,345793,10) =
2346789 345793 3 7040367
23467890 34579 9 211211010
234678900 3457 7 1642752300
2346789000 345 5 11733945000
23467890000 34 4 93871560000
234678900000 3 3 704036700000
2346789000000 0 0 0
2346789 x345793 "=" 811503208677

Remark 9.9. that any multiplication of integer numbers can be done only by
multiplication with 2, 3, ..., 9, 10, divisions by 10, and additions — hence we
obtain just the obvious multiplication!

Program 9.10. is the variant that displays the intermediate values of the multi-
plication process.

rm(a, b, k) :=|s—a- mod (b, k)
while b>1
a—a-k

b
b— -
ﬂoor(k)
s—s+a- mod (b, k)
return s

Example of calling: rm(2346789,345793,10) = 811503208677.

Remark 9.11. that any multiplication of integer numbers can be done only by
multiplication with 2, 3, ..., 9, 10, divisions by 10, and additions — hence we
obtain just the obvious multiplication!

9.3 Division with k to the Power n

Another algorithm to divide an integer number a by k", where k, n are in-
tegers ge2, Bouvier and Michel [1979]:
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write a and k" on two different vertical columns: col(a), respectively
col(k™);

divide a by k, and write the integer quotient a; on the column col(a);
divide k" by k, and write the quotient g; = k"~ ! on the column col(k™);

...and so on with the new numbers a; and q;, until we get g,, = 1 (= k%)
on the column col(k™);

Then:

write another column col(r), on the left side of col(a), such that: for each
number of column col(a), which may be a multiple of k plus the rest r
(where r € {0,1,2,..., k—1}), the corresponding number on col(r) will be
r;

write another column col(p), on the left side of col(r), in the following

way: the element on line i (except the last line which is 0) will be k"~ ;

multiply each number of column col(p) by its corresponding r of col(r),
and put the new products on another column col(r) on the left side of
col(p);

finally add all numbers of column col(r) to get the final rest 7", while the
final quotient will be stated in front of col(k")’s 1. Therefore:

a
o =a, andrest 1, .

Remark 9.12. that any division of an integer number by k" can be done only by

divisions to k, calculations of powers of k, multiplications with 1, 2, ..., k—1,

additions.

Program 9.13. for division calculation of a positive integer number k of power
n where k, n are integers = 2.

Dkn(a, k,n):=|c1) — a

forjel.n
cj2— mod(cj,k)
i1
Cj,g «— k] . ijg
C]"1
Cj+1,1 < floor o
Cjy1,2 < "rest"
3
Ccjr1,3 — L
return ¢
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The program call Dkn, 9.13, for dividing 13537 to 27:

13537 1 1

6768 0 0

3384 0 0

1692 0 0

Dkn(13537,2,7) = 846 0 0
423 1 32

211 1 64

105 "rest" 97

The program call Dkn, 9.13, for dividing 21345678901 to 3°:

21345678901 1 1

7115226300 0 0

2371742100 0 0

790580700 0 0

263526900 0 0

Dkn(21345678901,3,9) = 87842300 2 486
29280766 1 729

9760255 1 2187

3253418 2 13122

1084472 "rest" 16525

The program call Dkn, 9.13, using symbolic computation, for dividing
2536475893647585682919172 to 1113:

Dkn(2536475893647585682919172,11,13) —

2536475893647585682919172 2 2
230588717604325971174470 10 110
20962610691302361015860 2 242
1905691881027487365078 2 2662
173244716457044305916 7 102487
15749519677913118719 6 966306
1431774516173919883 9 15944049
130161319652174534 9 175384539
11832847241106775 4 857435524
1075713385555161 1 2357947691
97792125959560 10 259374246010
8890193269050 5 1426558353055
808199388095 0 0

73472671645 "rest" 1689340382677
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Program9.14. for dividing an integer with k", where k, n € N*, k, n = 2, without
displaying intermediate results of the division.

dkn(a,k,n) = R0
forjel.n
r — mod (a, k)
R—R+Kk™.r
a
a«—ﬂoor(E)

return (a "rest" R)

Examples of dialing the program dkn, 9.14:

dkn(13537,2,7) = (105 "rest" 97),

dkn(2536475893647585682919172,11,13) —
(73472671645 "rest" 1689340382677)

9.4 Generalized Period

Let M be a number in a base b. All distinct digits of M are named gener-
alized period of M. For example, if M = 104001144, its generalized period is
g(M) =10,1,4}. Of course, g(M) is included in {0,1,2,...,b—1}.

The number of generalized periods of M is equal to the number of the
groups of M such that each group contains all distinct digits of M. For example,
ng(M) = 2 because

M=104001144 .
Yy

Length of generalized period is equal to the number of its distinct digits. For
example, [¢(M) =3.

Questions:

1. Find ng, lg for p, , n!, n", {/n.

2. For a given k = 1, is there an infinite number of primes p,, or n!, or n",
or {/n which have a generalized period of length k? Same question such
that the number of generalized periods be equal to k.

3. Let ay, ay , ..., ap be distinct digits. Is there an infinite number of
primes p,, or n!, or n”, or {/n which have as a generalized period the
set{ay, ay,...,ap}?
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9.5 Prime Equation Conjecture

Let k > 0 be an integer. There is only a finite number of solutions in integers
p, q, x, y, each greater than 1, to the equation

xP—yl=k. 9.1)

For k = 1 this was conjectured by Casseles [1953] and proved by Tijdeman
[1976], [Smarandache, 1993a, Ibstedt, 1997].

Lemma 9.15. Let,q = 2 be integers and suppose that x,y are nonzero integer
that are a solution to equation xP — y1 = 1. Then p and q are necessarily distinct.

Cassells’ theorem is concerned with Catalan’s equation for the odd prime
exponents p and q. We first prove the easy part of this result.

Proposition 9.16. Let p > q be two odd primes and suppose that x, y are nonzero
integers for which xP — y9 = 1. Then both of the following hold:

1. qlx;
2. |xlzq+qP7".

Program 9.17. for determining all solutions of the equation (9.1) for p and ¢q
give and k € {ay, ax +1,..., b}, y€{ay, a, +1,...,by}.

Pec(p, ay, by, q, ax, by) :=| return "Error." if p<qvVv ay, <by,V ar < by
S—("x""p" "y" "q" "k")
for ke ay..by
foryeay.b,
xr— {/k+y4
for floor(xr)..ceil(xr)
S —stack(S,(x p y q k)] if xP—-yi=k

return S

Calling the program Pec by command Pec(5, 2, 103,3,19,2311) =:

Table 9.1: The solutions of the equation (9.1)

HXH Al n n_.n Al n Hkll

2 5 2 3 24
4 5| 10 3 24
Continued on next page
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X" [y " g
3 5 6 3 27
3 5 5 3| 118
3 5 4 3] 179
3 5 3 3| 216
3 5 2 3] 235
4 5 9 3] 295
5 5| 14 3| 381
4 5 8 3| 512
4 5 7 3| 681
4 5 6 3| 808
4 5 5 3| 899
6 5| 19 3| 917
5 5| 13 3] 928
4 5 4 3] 960
4 5 3 3| 997
4 5 2 3 | 1016
7 5| 25 3| 1182
5 5| 12 3| 1397
23 5| 186 3 | 1487
5 5| 11 3| 1794
6 5| 18 3] 1944
5 51 10 3| 2125

9.5.1 Generalized Prime Equation Conjecture

Let m = 2 be a positive integer. The Diophantine equation

y=2-x1-X2Xm+k, (9.2)
has infinitely many solutions in distinct primes y, x1, X2, ..., Xm.
Let us remark that y € 2N* +1 and the unknowns x1, Xz, ..., X;;, have a similar

role.

Program 9.18. for complete solving the equation (9.2) for m = 3.

Pecg3(y, k) :=|S — ("x1" "x2" "x3")

orxiel.y—k-2
y
forxpel+x.y—k-1
forxsel+x,..y—k
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S — stack[S, (xy xp x3)] if2-x1-X2-x3+k=y
return S

The program is so designed as to avoid getting trivial solutions (for example
x1 =1, xp =1and x3 = (y— k)/2) and symmetrical solutions (for example for y =
13 we would have the solutions x; = 1, x» = 2 and x3 = 3 but any permutation
between these values would be solutions of the equation 2x; x,x3 + 1 = 13).

Examples of calling the program Pecg3:

Hxl n Hx2H lleH

1 2 162
1 3 108

1 4 8l

1 6 54

1 9 36

Pecg3(649,1)=| 1 12 27
2 3 54

2 6 27

2 9 18

3 4 27

3 6 18

3 9 12
"x1" "x2" "x3"

1 3 105

1 5 63

1 7 45

Pecg3(649,19)=| 1 9 35
1 15 21

3 5 21

3 7 15

5 7 9

For k=4, k=5, ... similar programs can be written to determine all untrite
and unsymmetrical solutions.
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Indexes

Index of notations
N=1{0,1,2,...};
N* =N\ {0} =1{1,2,...},;
P., =1{2,3,5,7,11,13,...}, P53 = {3,5,7,11,13,...};
I, =1{1,2,...,s}: the set of indexes;
R : the real numbers;
7(x) : the number of prime numbers up to x;
[x] : the integer part of number x;
{x} : the fractional part of x;
0 (n) : the sum of the powers of order k of the divisors of r;
o(n) : the sum of the divisors of n; o(n) = o1 (n);
s(n) : the sum of the divisors of n without n; s(n) = o(n) — n;
La] : the lower integer part of a; the greatest integer, smaller than a;
[a] : the upper integer part of a; the smallest integer, greater than a;
n| m: ndivides m;
n{m: ndoes not divide m;
(m, n) : the greatest common divisor of m and n; (m, n) = gcd(m, n);

[m, n] : the smallest common multiple of m and n; [m, n] = lcd(m, n);
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Mathcad Utility Functions

augment(M,N) : concatenates matrices M and N that have the same number of
lines;

ceil(x) : the upper integer part function;

cols(M) : the number of columns of matrix M,

eigenvals(M) : the eigenvalues of matrix M;

eigenvec(M, ) : the eigenvector of matrix M relative to the eigenvalue A;
eigenvecs(M) : the matrix of the eigenvectors of matrix M;

n factor — : symbolic computation function that factorizes n;

floor(x) : the lower integer part function;

ged(ny,ny,...) : the function which computes the greatest common divisor of
ny,ng,...;

last(v) : the last index of vector v;

Ilcm(ny, ny,...) : the function which computes the smallest common multiple of
np, ny,...;

max(v) : the maximum of vector v;
min(v) : the minimum of vector v;
mod (m, n) : the rest of the division of m by n;
ORIGIN : the variable dedicated to the origin of indexes, 0 being an implicit value;
rref(M) : determines the matrix row-reduced echelon form;
reverse(M) : reverses the order of elements in a vector, or of rows in a matrix M.;
rows(M) : the number of lines of matrix M;
solve: the function of symbolic solving the equations;

stack(M, N) : concatenates matrices M and N that have the same care number of
columns;
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submatrix(M, ky, jr, ke, j¢) : extracts from matrix M, from line k; to line j, and from
column k. to column j., a submatrix;
trunc(x) : the truncation function;

Y v: the function that sums the components of vector v .
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Mathcad User Arithmetical Functions

conc: concatenation function of two numbers in numeration base 10, 7.1;

concM : concatenation program in base 10 of all elements on a line, for all of matrix
lines, 7.2;

ConsS : program for generating series of consecutive sieve, 2.39;
cpi: function inferior fractional cubic part, 2.56;
cps : function superior fractional cubic part, 2.57;

dks : function of digit-summing in base b of power k of the number n written in base
10, 2.1;

dn : program for providing digits in base b, 2.2;

dp: function for calculation of the digit-product of the number ), 2.28;
fpi: the inferior factorial difference part function, 2.61;

fps: the superior factorial difference part function, 2.62;

kConsS : program for generating the series of k—ary consecutive sieve, 2.38;
kf: function for calculating the multifactorial, 2.38;

icp: function inferior cubic part, 2.53;

ifp: function inferior factorial part, 2.58;

isp : function inferior square part, 2.48;

ip : function inferior function part, 2.64;

ipp: inferior prime part function, 2.40;

nfd : program for counting unit of digits of prime numbers, 1.11;

nPS: program for generating the series n—ary power sieve; 2.37;

nrd : function for counting the digits of the number () in base b, 2.1
TS: the program for S (Smarandache function) primality test, 1.5;

pL: the program for determining prime numbers Luhn of the order o, 1.8;
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ppi: first inferior difference part function, 2.46;

pps : first superior difference part function, 2.47;

Psp: program for determining the numbers sum — product in base b, 2.32;
P, : function product of all positive divisors of n(g);

Py, : function product of all positive proper divisor of n);

Reverse: function returning the inverse of number n¢) in base b, 1.6;
SAOC: sieve of Atkin Optimized by Cira for generating prime numbers, 1.3;
Sgm : program providing the series of maximal gaps;

SEPC: sieve of Erathostenes, linear version of Prithcard, optimized of Cira for gener-
ating prime numbers, 1.1;

sp: function digital product in base b of number 7,), 2.90;
scp : function superior cubic part, 2.54;

sfp: function superior factorial part, 2.59;

spi: function inferior fractional square part, 2.51;

sps: function superior fractional square part, 2.52;

spp : function superior prime part, 2.42;

SS: sieve of Sundaram for generating prime numbers, 1.2;
ssp: function superior square part, 2.49;

Z; : function pseudo-Smarandache of the order 1, 2.109;
Z, : function pseudo-Smarandache of the order 2, 2.113;

Z3 : function pseudo-Smarandache of the order 3, 2.120;
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Mathcad Engendering Programs

GMC': program 7.4 for generating cellular matrices;

GR: program 3.14 for generating general residual numbers;

GSt: program 3.15 for generating the GoldbachaAS-Smarandache table;
mC': program 3.27 for generating free series of numbers of power m;

NGSt: program 3.17 which determines all the possible combinations (irrespective of
addition commutativity) of sums of two primes that are equal to the given even
number;

NVSt: program 3.20 for counting of decompositions of n (natural odd number n = 3)
in sums of three primes;

Pascal : program 7.7 for generating the triangle of Pascal matrix;

mC: program 3.27 for generating m—power complements’ numbers;

mfC: program 3.29 for generating the series of m—factorial complements;
MPrime: program 7.8 for generating primes matrix;

paC: program 3.34 for generating the series of additive complements primes;

P271 : program 3.11 for determining Diophantine Z equations’ solutions le(n) =n;

SVSt: program 3.19 for determining all possible combinations in the VinogradovaAS-
Smarandache tables, such as the odd number to be written as a sum of 3 prime
numbers

VSt : program 3.18 for generating Vinogradov-Smarandache table;
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Over 300 sequences and many unsolved problems and conjectures related to
them are presented herein. These notions, definitions, unsolved problems,
questions, theorems corollaries, formulae, conjectures, examples,
mathematical criteria, etc. on integer sequences, numbers, quotients,
residues, exponents, sieves, pseudo-primes squares cubes factorials, almost
primes, mobile periodicals, functions, tables, prime square factorial bases,
generalized factorials, generalized palindromes, so on, have been extracted
from the Archives of American Mathematics (University of Texas at
Austin) and Arizona State University (Tempe): "The Florentin
Smarandache papers" special collections, University of Craiova Library,
and Arhivele Statului (Filiala Craiova & Filiala Valcea, Romania).

This book was born from the collaboration of the two authors, which
started in 2013. The first common work was the volume "Solving
Diophantine Equations", published in 2014. The contribution of the
authors can be summarized as follows: Florentin Smarandache came with
his extraordinary ability to propose new areas of study in number theory,
and Octavian Cira - with his algorithmic thinking and knowledge of
Mathcad.
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