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VARIOUS INVERSE SHADOWING
IN LINEAR DYNAMICAL SYSTEMS

TAEYOUNG CHOI AND KEONHEE LEE

ABSTRACT. In this paper, we give a characterization of hyperbolic
linear dynamical systems via the notions of various inverse shadow-
ing. More precisely it is proved that for a linear dynamical system
f(z) = Az of C", f has the Ty-inverse(Ts-orbital inverse or 7p-
weak inverse) shadowing property if and only if the matrix A is
hyperbolic.

1. Introduction

Consider a dynamical system generated by a homeomorphism f of
a metric space X with a metric d. For a point z € X, we denote by
O(z, f) its orbit in the system f; i.e., the set

O(z, f) ={f"(x) : n € Z}.

We say that a sequence £ = {z, € X : n € Z} is a 6-pseudo orbit of
f if the inequalities

d(f(zn), Tnt+1) <0, n€Z

"hold. A é-pseudo orbit is a natural model of computer output in a
process of numerical investigation of the system f. In this case, the
value § measures errors of the method, round-off errors, etc.

Recall that f has the shadowing property if given € > 0 there exists
d > 0 such that for any é-pseudo orbit & = {xy, : n € Z} we can find a
point y € X with the property

d(f*(y),zn) <&, n € Z.
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Of course, if f has the shadowing property formulated above, then the
results of its numerical study with a proper accuracy reflect its qualita-
tive structure.

Let N(e, A) be the e-neighborhood of A. It is said that f has the
weak shadowing property [resp. orbital shadowing property] if given € > 0
there exists 4 > 0 such that for any d-pseudo orbit £ = {x,,} of f we can
find a point y € X with the property

§ C N(e,0(y, f)) [resp. £ € N(e,0(y, f)) and O(y, f) C N(&,¢)],

where dg denotes the Hausdorff distance on the set of compact subsets
of X. The weak shadowing property was introduced in [12| and the
orbital shadowing property was introduced in [11].

Let X7 be the space of all two sided sequences & = {x,, : n € Z} with
elements z, € X, endowed with the product topology. For § > 0, let
®;(8) denote the set of all §-pseudo orbits of f. A mapping ¢ : X —
®;(6) C X% is said to be a J-method for f if p(z)o = z, where p(z)o
denotes the Oth component of ¢(z). Then each ¢(z) is a d-pseudo orbit
of f through z. For convenience, write ¢(x) for {¢(x)r}rez. Say that ¢
is a continuous d-method for f if the map ¢ is continuous. The set of all
d-methods [resp. continuous §-methods] for f will be denoted by Zo(f, 6)
[resp. Z:(f,d)]. If ¢ : X — X is a homeomorphism with dwo(f,g9) <

5, where doo(f,g) = supyex{d(f(x), 9(x)), d(f(z), g~ (x))}, then g
induces a continuous §-method ¢4 for f by defining

pg(x) ={9"™(z) :n € Z}.
Let Tn(f,0) denote the set of all continuous é-methods ¢, for f which
are induced by g € Z(X) with de(f, g) < §. We define 7,(f) by

T(f) = |J Ta(£,9),

6>0
where a = 0, ¢, h. Clearly,

Tn(f) < T(f) < To(f)-

The concept of inverse shadowing for homeomorphisms as a “dual”
notion of shadowing property was established by Corless and Pilyugin
[2], and Kloeden et al [4, 5] redefined this property using the concept
of a method. We say that f has the 7, -inverse shadowing property, for
short ISy, (o = 0, ¢, h), if for any € > O there is § > 0 such that for any
d-method ¢ in T, (f, ) and any point z € X there exists a point y € X
for which

d(f"(z),¢(y)n) <&, n € Z.
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Clearly we have the following relations among the various notions of
inverse shadowing

ISy = IS, = ISy

When we study the inverse shadowing property in the qualitative
theory of differentiable dynamical systems, an appropriate choice of the
class of admissible pseudo orbits is crucial here ([2, 3, 5, 6, 10]). More-
over the inverse shadowing properties are not related to the shadowing
property in general.

ExXAMPLE 1.1. [7] Consider the dynamical system f on the unit circle
S with coordinate x € [0,1), given by

1.
flx)=z+ 2—7;s1n(27mc).
Then it has the shadowing property. Therefore it has the 7.-inverse
shadowing property. But it does not have the 7p-inverse shadowing
property.

EXAMPLE 1.2. [8] Pseudo-Anosov maps on a compact surface have
the 7p,-inverse shadowing property but it does not have the shadowing

property.

ExamPLE 1.3. [4] Let {0,1}Z be the space of all two sided sequences
x = {x;;n € Z} with elements x; € {0,1}, endowed with a metric D
defined by

24

where x,y € {0,1}% . We also write this space as ), to shorten the
notation. Define a shift map o : ), — ), by

o(x); = %1 (i € Z),

S
D(x,y) = sup;ez, {"—y’—’} :

where x € ) ,. Then the shift homeomorphism ¢ is an expansive home-
omorphism with the shadowing property, but it does not have the 7j,-
inverse shadowing property.

Now we introduce the notion of weak [resp. orbital] inverse shadowing
which is a “dual” notion of weak [resp. orbital] shadowing.

DEFINITION 1.4. We say that f has the 7,-weak [resp. Ty-orbital]
inverse shadowing property, for short WIS, [resp. OIS,], (a =0, ¢, h), if
for any € > 0 there exists § > 0 such that for any §-method ¢ € 7,(f, 9)
and any point z € M there is a point y € M for which

¢(y) C N(e, O(z, f)) [resp. £ C N(e, O(y, f)) and O(y, f) C N(e, )]
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Clearly we have the following relations
WISy = WIS, = WIS, OISy = OIS, = OISy,
and

ISP, = OIS, = WIS, (a=0,c,h).

REMARK 1.5. Suppose that T,(f) C Tp(f) for a,b € {0,c,h}. If f
has the 7,-weak [resp. 7Tp-orbital] inverse shadowing property then it
has the 7,-weak [resp. 7,-orbital] inverse shadowing property. We can
easily show that every irrational rotation f on the unit circle S* has the
Te-weak (or Tp-inverse) inverse shadowing property, but it does not have
the 7 -inverse (or 7Tp-inverse) shadowing property. Furthermore we can
show that every rational rotation on the unit circle has the 7.-orbital
inverse shadowing property, but it does not have the 7.-weak inverse
shadowing property. It can be checked that every shift homeomorphism
does not have the 7.-weak inverse shadowing property. Moreover Choi
et al. [1] showed that the 7,-weak inverse shadowing property is generic
in the space of homeomorphisms on a compact metric space with the C°
topology.

2. Main theorem

Let A be a nonsingular matrix on C". We consider the dynamical
system f(z) = Az of C"™. We say that the matrix A is called Ayperbolic
if the spectrum does not intersect the circle {A: |A\| = 1}.

LemMA 2.1. Let (X,d) be a metric space. Assume that for two
dynamical systems [ and g on X there exists a homeomorphism h on
X such that h and h™' are Lipschitz, and f oh = hog. Then f has
the Tp,-weak inverse shadowing property [resp. Tp-inverse shadowing
property| if and only if g has the T,-weak inverse shadowing property
[resp. Tp-inverse shadowing property].

Proor. We prove the lemma only for the case of the Tp-weak inverse
shadowing property.

Assume that f has the 7j,-weak inverse shadowing property, and let
€ > 0 be arbitrary. Find &; > 0 such that the inequality d(z,y) <
€1, x,y € X, implies that d(h~!(z),h"1(y)) < e. Take §; > 0 corre-
sponding to £1 by the assumption of the 7;-inverse shadowing property
of f, and choose 6 > 0 such that d(z,y) < § implies d(h(x), h(y)) < d1.
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Let g be a d-perturbation of g, i.e., dos(7,9) < 6, and let z € X. Put
f=hogoh™. Then de(hogoh ™, hogoht) =ds(f,f) < 1. By
the 7j-inverse shadowing property of f, for the given h(z), there exists
a point y € X such that for any k € Z, we choose n(k) € Z satisfying
the inequality

d(f "®(y), fF (@) < e1.

Here we know that foh = ho g implies
hlo fk =g¢*oh™! and h"lofk =g oh™! for any k € Z.

This shows that for any k¥ € Z, we can choose n(k) € Z satisfying the
inequality

dG@"®r ) ¢* @) <e, ke
This means that g has the 7;,-weak inverse shadowing property. 0

LEMMA 2.2. Let (X,d) be a metric space. If the dynamical sys-
tem f™(z) = A™z (m € N) on X has the T,-weak inverse shadowing
property, then the dynamical system f(x) = Az on X has the Tj,-weak
inverse shadowing property.

PROOF. Assume that the dynamical system f™ has the 7j-weak
inverse shadowing property. Let £ > 0 be arbitrary and L be a Lipschitz

constant of f. Take 0 < &1 < min{;#— | 1 <4 < m} such that

i ' ¢ -
d(z,y) <e1 = d(f'(z), f'(y)) < — (l<i<m)
Choose 6; > 0 corresponding to €1 by the assumption of the 7j-weak

inverse shadowing property of f™. Now we find 0 < § < min{%,el}
such that

doo(9,/) <8 = duol', 1) < 2 (1 <i <m)

Let g be a é-perturbation of f, ie., deo(g,f) < 6, and let z € X.
Then g™ be a d;-perturbation of f™. By the T,-weak inverse shadowing
property of f™, there exists y € X such that for any k € Z, we choose
n(k) € Z satisfying the inequality

d((f™)"® (@), (™) W) < e1.
Then for any k € Z and 0 < j < m,

d(f™ "0 (@), g™ (y)) < e.

Hence we can easily show that for any | € Z, we choose #(l) € Z satisfying
the inequalities

d(f{Ox), g (v)) <&, le.
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This means that f has the 7;-weak inverse shadowing property. O

LeEMMA 2.3. [9] Let A be a hyperbolic matrix on C™ . Then there
exists C' > 0, a natural number m, 0 < A < 1, invariant linear subspaces
S(p) and U(p) of T,C" for p € C™ such that

1. T,C" = S(p)® U(p);

2. |A™F(v)| < CM*|v|, v e S(p), k>0;

3. |A"™ ()| < CAFv|, wveU(p), k<0;

4. If P(p) and Q(p) are the projectors in T,C™ onto S(p) parallel to

U(p) and onto U(p) parallel to S(P) with the property P(p) +
Q(p) = I(p), then

|P(p)I| and [|Q(p)I| < C.

LEMMA 2.4. [9] Let A be a non-hyperbolic matrix, and A be an
eigenvalue of A with |\| = 1. Then there exists a nonsingular matrix T
such that J = T'AT is a Jordan form of A and the matrix J has the

form
B 0
C D

where B is the nonsingular m x m complex matrix with the form

A0 ... 00
1 2 ... 00
00 ... 1 A

LEMMA 2.5. [Schaduer-Tychonoff Theorem| Let A be a closed, con-

vex set in a Banach space and f : A — A a continuous function. If f(A)
is compact, then f has a fixed point.

THEOREM 2.6. For a linear dynamical system f(z) = Az of C", the
following conditions are mutually equivalent:

1. f has the Tp-inverse shadowing property,

2. f has the Ty-orbital inverse shadowing property,

3. f has the Ty-weak inverse shadowing property,

4. The matrix A is hyperbolic.

PrROOF. By the definition, the implications (1) = (2) = (3) hold.
We prove that (3) = (4) and that (4) = (1).

Proof of (3) = (4) : Assume that f has the 7;-weak inverse shadowing
property. To obtain a contradiction, assume that the matrix A has an
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eigenvalue A such that |A|=1. Lemma 2.4 shows that there exists a

nonsingular matrix T such that J = T AT is a Jordan form of A and
the matrix J has the form

B 0

C D

where B is the nonsingular m x m complex matrix with the form

A0 ... 00
1 A ... 00
0 0 ... 1 A

Then, for the dynamical system g{z) = J(z) and the homeomorphism
h(z) = T(x), the equality foh = hog holds. Since the homeomorphisms
h and h~! are Lipschitz in C*, Lemma 2.1 implies that ¢ has the Tj-
weak inverse shadowing property. Let 6 > 0 corresponding to € = 1 by
the definition of the 7;-weak inverse shadowing property of g. Denote
by z; the ¢-th component of a vector z € C*. We fix a point w € C"
with |wi| = 3 and construct a d-perturbation g of g as follows :

g(z1, ... ,wn) = <)\w1 (1 + 550?])’“%)2’“"(‘]@”>'

Let y = (y1,...,Yn) be an arbitrary vector in C™. Since for £k — oo,
(3(y)1)F leaves on the 1-neighborhood of S3 = {x1 € C : |z1| = 3}, there
exists k(y) € N such that (§(y)1)*®¥) leaves on 1-neighborhood of Ss.
This means that g*®)(y) leaves on 1-neighborhood of O(w,g). Hence
we show that g does not have the 7j-weak inverse shadowing property,
and so the contradiction completes the proof.

Proof of (4) = (1) : Assume that the matrix A is hyperbolic. It suffices
to show that f(z) = Az has the Lipschitz 7,-inverse shadowing property,
i.e., there exist positive numbers §y and L such that for if g is a 4-
perturbation of f with § < 4y, then for any p € C™ there exists a point
zg € C" satisfying the inequalities

19" (z0) — f5(p)| < LS, k€ Z.

Denote by S(p) the invariant subspace of T,C" corresponding to the
eigenvalues A; of A such that |A;| < 1, and by U(p) the invariant
subspace of T,C™ corresponding to the eigenvalues A\; of A such that
|A;| > 1. By Lemma 2.3, there exist C' > 0, a natural number m,



522 Taeyoung Choi and Keonhee Lee

0 < X <1, invariant linear subspaces S(p) and U(p) of T,C" for p € C"

such that

(al) T,C" = 5(p) © U(p);

(22) [A™(v)| < ONfo|, v e S(p), k20

(a3) A=k (v)] < CA7F|o|, v e U(p), k < 0;

(ad) If P(p) and Q(p) are the projectors in T,C™ onto S(p) parallel to
U(p) and onto U(p) parallel to S(P) with the property P(p) +
Q(p) = I(p), then

1P@I, IREII < C.

By Lemma 2.2, it is enough to show that f™(z) = A™(x) has the 7-
inverse shadowing property. To simplify the notations, we assume that
the inequalities (a2) and (a3) hold with m = 1 (another possibility holds
similarly.)

Fix a point p € C™" and identify the tangent space T,C™ with the linear
space of C". For a point x € C", we define a mapping a, : C* — T,C"
by ap(x) = (z — p)p. It is easy to see that the following statements hold:
(bl) the mapping a, : C* — T,C" is continuous ;
(b2) lap(z) — ap(y)| < |& —y| for 2,y € C
(b3) there exists a positive number 7/(independent of p) such that a,, is

a diffeomorphism of the set

By(p) ={z € C": |z —p| < 7'}
onto its image for which Dap(p) = I and

(2.1) la;l(v) — agl(v’)j < 2Jv — '] for v,V € a,(By(p)).

In formula (2.1) and below, for v € ap(B,(p)), we denote by a,*(v) the
unique point x € B,/(p) such that a,(z) = v.
Take
L=4Ly+1,

where Ly = C%f—i. For r > 0, denote W,.(p) ={v € T,C" : |v| < r}. It
is easy to see that we can choose a positive number r < 7' (where 7’ is
from the property (b3) of the mappings a,) such that, for any p € C,
the inclusions W, (p) C ap(B,(p)) hold, hence the mappings

Fpy=aspofoa,’

are defined on W,.(p). We assume that, for the chosen r, any mapping
F, can be represented as

(2.2) Fy(v) = A(v) + G(v),
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where
(2.3) GW)| < —— for ve Wi(p).
2Lo
We take -
§< 8= —
<%= 5,

and fix a d-perturbation g of f, ie., dw(g,f) < 6, and p € C*. We
denote pr = f*(p) and g = g. We introduce the following mappings
defined for v € W,.(px); G are the mappings in the representation (2.2)
for the points py,

— -1 — -1
Qr=ap,,,0f0a, and Vp=ap_  ogoa, .

Let E be the space of sequences
V={wnel,C':kecZ}
such that ||V]|eo = supji|<co k| < 2Lod.
For a natural number m, we introduce the space E,. of sequences
V ={v, € T,,,C" : [k] < m}
with the norm
IV m = maxg<mlve] < 2Lod.

Denote by my, and ﬁfn,m < I, the natural projectors of E to E,, and
of E; to En,, respectively. For a sequence V € E, let Z(V) = {z(V)},
where

Zk+1(V) = G’k(vk) + \I/k(vk) — @k(vk).
Since | f(z)—gx(z)] < ¢ for all z and k, and vy, € W,.(pg) by the definition
of the space E and by our choice of ¢, it follows from (b2) and (2.3) that

(2.4) 1Z(V)]leo < —zi—ouvnoo +d.

Define an operator R on the space E as follows : R(V) = {wg}, where

k 00
25)  wp= Y Ap)Pp)a(V) - D AT m)Qp)z(V).

i=—0 i=k-+1
The inequalities (a2)-(a4) show that
IR(V)lleo < Lol|Z(V)]]co,

hence it follows from (2.4) that R maps E into itself.
Now it suffices to show that the operator R has a fixed point in
E. Consider the space E with the topology of uniform convergence on
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compact subsets of Z. For a natural number m, we define the operator
Ry E— Ey, by
B (V) = {wy : |k| < m},

where
k m
wy = ATPE)(V) = Do ATQR)A(V).
i=—m i=k+1

Since the values 2x(V), [k| < m, are determined by the values vg, |k| <
m + 1, each operator R,, is continuous.

The operator m,,R maps a sequence V € E to the sequence {wy :
|k| < m}, where the wy are given by formula (2.5). Fix a number [ > m
and consider the operator w\ R, mapping a sequence V € E to the
sequence {wj : |k| < m}, where

k l
wp =Y APE)A(V) - S AFQp)z(V).
i=—1 i=k+1
Let us estimate
NTmBR(V) — 75 Ri(V)|m

= Maxgj<m|wWr — Wl

—1-1 o0
< 2LoC%d max|k|§m< Z ARty Z )\i_k>
i=—00 i=l41
2 7y1—
< 4LoCdA ™
- 1-X

This estimate implies that the operator 7,,R is the uniform limit (as
I — o0) of the continuous operators 7, R;, hence the operator mmR is
continuous. It follows from our choice of topology of the space £ that
the operator R is continuous. It is easy to see that the image R(E) is
relatively compact in E. Since R maps F into itself, Lemma 2.5 implies
the existence of a fixed point of R in E.

If V = R(V) for some V € E, then

pU

Vkt1 = Avg + 2g1 (V)
= Avg + Gg(vy) + Y(vg) — Pr(vk),

i.e., vky1 = Pg(vg). This means that, for the sequence of points {z} =
a;kl (vk)}, the equalities zx 41 = gx(zx) hold. The inclusion V € E and
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the property (b3) of the mappings a, imply the inequalities

9" (o) — F*(p)| = |k — prl = lay, (vk) — ap (Op)]
< | — Op, | < 4Lod < L6.

Therefore, f has the Lipschitz 7j-inverse shadowing property, and so
completes the proof. O

REMARK 2.7. Remark 2.1 in [11] and Theorem 3.2.1 in [9] say that,
for a linear dynamical system f(z) = Az of C", the following conditions
are mutually equivalent:

1. f has the shadowing property,

2. f has the orbital shadowing property,
3. f has the weak shadowing property,
4. the matrix A is hyperbolic.
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