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Abstract:
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ABSTRACT

A new theory  o f  gravity i s  p resen ted  in which gravity i s  produced 
by a mass less  v ec to r  f i e l d  in a d d i t io n  to the  usual m e t r ic  f i e l d .  I t-  
i s  found, t h a t  the  th eory  i s  compat ible with p re sen t  s o l a r  system 
experiments  and cosmological  o b se rv a t io n s .  The theory  a l so  p re d ic t s  
th e  e x i s t en c e  o f  b lack holes and o f  the  most general  types o f  weak 
plane  waves.



CHAPTER I

. INTRODUCTION

Whenever a new theory  i s  proposed, i t  should be made c l e a r  why the  

theory  i s  needed. Usually  t h i s  involves  showing how e x i s t i n g  th e o r i e s  

f a i l  to adequately- exp la in  c e r t a i n  exper imental  o r  o bse rva t iona l  r e s u l t s .  

Yet t h i s  need not be the  only j u s t i f i c a t i o n  f o r  a new th eo ry ,  and i t  is  

no t the  j u s t i f i c a t i o n  f o r  the  new theory  o f  g ra v i ty  to  be presented  here ,  

As a m a t t e r  o f  f a c t ,  t h e r e  i s  p r e s e n t l y  nothing o b s e r v a t io n a l Iy
i

wrong with  E i n s t e i n ' s  general  r e l a t i v i t y ,  the  most widely accepted

theory  of  g r a v i t y  today. As t ime goes on and the  evidence mounts in

favor  o f  general  r e l a t i v i t y ,  i t  i s  s t r a n g e  to remember t h a t  a few years

ago, as r e c e n t l y  as 1960, only two o f  general  r e l a t i v i t y ' s  p r e d ic t io n s
2

which d i f f e r e d  from Newton's theory  had a c t u a l l y  been observed,  and 

based on only th e se  two the  theory  was almost u n iv e r s a l l y  accepted .  One 

th in g  which probably gave impetus to  the  growth o f  experimental  g ra v i ty  

during the  s i x t i e s  and c e r t a i n l y  was the  mot iva t ion  behind the  recen t

l i g h t  d e f l e c t i o n  and t im e-de lay  exper iments ,  was the  appearance in 1961 

o f  a new r e s p e c t a b l e ,  c o v a r i a n t  theory  o f  g r a v i t y —the  Brans-Dicke theory .

^See a summary of  experimental  r e s u l t s  in C. M. W il l ,  Lectures in 
B. B e r t o t t i , e d . , Proceedings of Course 56 o f  the  In te rn a t io n a l  School 
o f  Physics "Enrico Fermi" , Academic Press  (1973).

p
These were the  d e f l e c t i o n  o f  l i g h t  and the  p e r ih e l io n  p recess ion  

o f  mercury.  The t h i r d  " c l a s s i c a l  t e s t "  of  r e l a t i v i t y ,  the  g r a v i t a t i o n a l  
red s h i f t ,  was o r i g i n a l Iy confirmed, but subsequent obse rva t ions  showed 
th e  r e s u l t s  to be in co n c lu s iv e .  I t  was not u n t i l  the  Pound-Rebka exper
iment in 1960 t h a t  the  red s h i f t  was v e r i f i e d .  See E. F in lay-Freundli ch ,  
P h i lo s .  Mag. 4_5, 303 (1954);  and R.V. Pound and G.A. Rebka, Phys. Rev. 
L e t t e r s  4,  337 ( I960).
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In f a c t ,  what had been l a r g e l y  missing during the  per iod  1916-1960 

was t h e  usual i n t e r p l a y  between th eory  and exper iment .  Most t h e o r i s t s  

were s a t i s f i e d  with general  r e l a t i v i t y  and were r e l u c t a n t  to  cons ider  

any o th e r  p o s s i b i l i t y .  Most exper imenters  were r e l u c t a n t  to  t a ck l e  

any o f  the  g r e a t  d i f f i c u l t i e s  involved in measuring the  extremely weak 

post-Newtonian e f f e c t s  o f  g r a v i t y ,  e s p e c i a l l y  when the  expected outcome 

o f  th e  experiment would merely be a f u r t h e r  conf i rmat ion  o f  what every 

one a l ready  "knew".

There i s  an a d d i t io n a l  d i f f i c u l t y  f o r  the  exper imenter t h a t  a r i s e s  

when th e r e  i s  only one th eory  p r e s e n t ,  and t h a t  i s  t h a t  i t  i s  not c l e a r  

which experiments a re  s i g n i f i c a n t .  This i s  e s p e c i a l l y  t r u e  f o r  general  

r e l a t i v i t y  which p r e d i c t s  a value o f  zero f o r  the  r e s u l t  o f  many exper

iments.  A null  exper imental  value i s  r e a l l y  only meaningful a g a in s t  a 

background o f  o th e r  t h e o r i e s  p re d ic t in g  non-null  r e s u l t s  f o r  the  same 

exper iment .  For example, general  r e l a t i v i t y  p re d i c t s  t h a t  a l l  neu tra l  

t e s t  bodies f a l l  a t  the  same r a t e  in a g r a v i t a t i o n a l  f i e l d  (weak equ iva

lence  p r i n c i p l e ) ,  and t h a t  the  r e s u l t  of any local  exper iment  i s  inde

pendent o f  the  v e l o c i t y  o f  the  appara tus  ( p a r t  of the s t rong  equiva- ,  

lence  p r i n c i p l e ) .  I f  the  second p r e d i c t i o n  must fo llow from the f i r s t  

in any reasonab le  theory  o f  g r a v i t y ,  then an experimental  r e s u l t  

v e r i f y in g  the  second p r e d i c t i o n  does not inc rease  our confidence  in 

general  r e l a t i v i t y .  However, i f  a theory  appears which, p re d ic t s  the  

f i r s t  but not the  second (as the  Vector-Metric  Theory d o e s ) ,  then a
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v e r i f i c a t i o n  o f  the  second p re d i c t i o n  serves  to  e l im in a te  the  i n t e r l o p e r  

and in c re a se  our conf idence  in general  r e l a t i v i t y .  The reason t h a t  the  

p re s en t  th eory  i s  needed, as a r e  o th e r  t h e o r i e s ,  i s  to  p o in t  the  way to 

f u t u r e  s i g n i f i c a n t  exper iments ,  and to make " n o n -n u l l '' some o f  the l a t e n t  

null  p r e d i c t i o n s  o f  general  r e l a t i v i t y .

3
A. Metric T h e o r i e s . An a n a ly s i s  by R. H. Dicke has shown t h a t  the

high p r e c i s io n  null  exper iments--Eotvos  exper im en ts , Hughes-Drevor

exper im ents ,  and e t h e r  d r i f t  e x p e r im en t s - - ru le  out the  e x i s t en c e  of

v e c to r  or  a d d i t io n a l  t e n so r  f i e l d s  (bes ides  the  m etr ic  f i e l d )  which

couple d i r e c t l y  to  m a t t e r .  As poin ted  out by Will and Nord tved t , 1

however, v ec to r  and t e n so r  f i e l d s  may e x i s t  along with  th e  metr ic  f i e l d

as long as the  equation  o f  motion f o r  m a t t e r  does not inc lude  them

e x p l i c i t l y .  These f i e l d s  may couple to  the  m etr ic  f i e l d  and.be involved

in  de termin ing the  fu n c t io n a l  form o f  the  m e t r i c ,  but once the  metr ic

fu n c t io n s  a re  found the  m a t te r  equat ions  of  motion w i l l  depend only

on them and on the  m a t t e r  v a r i a b le s  ( p o s i t i o n ,  v e l o c i t y , , e t c . ) .  Theories
5

which have t h i s  p rope r ty  a r e  c a l l e d  "metr ic  t h e o r i e s " .  * 3

3R. H. Dicke, The T h eo re t ica l  S ig n i f i c an c e  o f  Experimental Rela
t i v i t y , Gorden and Breach (1965).

^C. Will and K. Nordtvedt ,  J r . , Ap. J .  177, 757 (1972).

3K. Thorne and C, W il l ,  Ap. J . 163 , 595 (1970).
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G ra v i t a t io n a l  exper imental  r e s u l t s  depend on the  m e t r ic  f i e l d s  and 

can be expected to i n d i r e c t l y  d e t e c t  the  e x i s t en c e  o f  the  v ec to r  or 

t e n so r  f i e l d s  which go in to  determin ing the  m e t r ic .  In n o n -g r av i t a t io n a l  

exper iments ,  however, t h e .m e t r i c  only se rves  as a background. Coor

d in a te s  a re  always chosen so t h a t  th e  m e tr ic  i s  l o c a l l y  L o ren tz , and 

th e  e f f e c t  o f  whatever went in to  determining the  metr ic  i s  washed out.

The Eotvbs , Hughes-Drevor, and e th e r  experiments a re  a l l  non-g rav i ta t iona l  

in  t h i s  sense .  They a re  based on the  fundamental idea o f  a metr ic  and 

measure non-metric  p e r tu r b a t io n s  to geodes ic  behavior .

6B. Machian E f f e c t s . Will and Nordtvedt have s tud ied  ex ten s iv e ly  the
7

e f f e c t s  o f  g r a v i ty  which have been v a r io u s ly  c a l l e d  "Machian", 

"p re fe r r e d - f r am e " ,  and " e t h e r " .  Of these  l a b e l s  the  l a s t  two a re  f a r  

i n f e r i o r ,  implying the  e x i s t en c e  o f  a b so lu t e  space in l o g ic a l  c o n t r a 

d i c t i o n  to the  s p i r i t  o f  a l l  r e l a t i v i t y .  In f a c t ,  one need not pos tu 

l a t e  a b so lu t e  space in o rde r  to f in d  a frame which i s  in some sense 

p r e f e r r e d .  Since g r a v i t y  i s  a long-range  universa l  i n t e r a c t i o n ,  one 

might expect the  global d i s t r i b u t i o n  o f  m a t te r  to a f f e c t  local  g r a v i t a 

t i o n a l  physics  in  a Machian way and to  e s t a b l i s h  a p r e f e r r e d  frame as 

the  mean r e s t  frame o f  the  un ive rse .

^Will and Nordvedt, op c i t .
7
The term ."Machian" has been lo o se ly  app l ied  to  r e f e r  to the  d e t e r 

mination  o f  the  p r o p e r t i e s  o f  space by the  global d i s t r i b u t i o n  of m a t te r .  
See Ernst  Mach, The Science  of  Mechanics, Open Court Publ i sh ing  (1902), 
Chapter I I .
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As Will and Nordvedt p o in t  out the  mystery i s  no t ,  "How can we have 

a p r e f e r r e d  r e s t  frame in space?" ,  but "How can we ever  avoid having 

one,  r e l a t e d  to  th e  un ive rse  r e s t - f r a m e " .  Theories  which have only a 

m e t r ic  f i e l d ,  or  only a m e tr ic  and a s c a l a r  f i e l d ,  avoid these  e f f e c t s  

in th e  fo llowing way. • ‘

1. A theory  which con ta ins  only a m e t r ic  f i e l d  y i e l d s  local  g r a v i 

t a t i o n a l  physics  which i s  i d e n t i c a l  in a l l  frames which a re  a sympto t i 

c a l l y  Minkowskiian.  This follows from the  inva r iance  under boosts of 

n^v ( the  asymptotic  form o f  gyv) ,  th e  only f i e l d  coupling the  local  sy s 

tem a sy m p to t ica l ly  to  the  un ive rse ;  and from general  covar iance ,  which 

allows us to  f in d  a coo rd in a te  system in which the  m e tr ic  takes  t h i s  

Minkowski form a t  the  boundary between the  un iverse  and the  local  sy s 

tem .

2. A theory  which con ta ins  a m e tr ic  f i e l d  and a s c a l a r  f i e l d

y i e l d s  physics  which i s  i d e n t i c a l  in a l l  asymptotic  Minkowski frames.

This fo llows from inva r iance  o f  n and the  s c a l a r  f i e l d  under boostsyv

( the  s c a l a r  f i e l d ,  of course ,  i s  g e n e r a l ly  i n v a r i a n t ) .

In the  p re sen t  th eo ry ,  we inc lude  with the  metr ic  a v ec to r  f i e l d ,

K^, whose components depend on th e  choice  o f  Lorentz frame.. In some 

Lorentz frame, the  v ec to r  f i e l d  a t  a p o in t  w i l l  have a zero th  component
g

only .  This i s  the  only frame in which space is  l o c a l l y  i s o t r o p i c  and

O  '  ’

Any non-zero space p a r t  of the  background v ec to r  f i e l d  must po in t  
in some p re fe r r e d  d i r e c t i o n ,  des t roy ing  the  local  i so t ro p y  of  space.
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we def ine  t h i s  frame to  be the  p r e f e r r e d  frame in which, f o r  s i m p l i c i t y ,  

we w i l l  do much o f  the  work to  fo l low.  The apparent  i s o t ro p y  o f  the  

m a t t e r  d i s t r i b u t i o n  seen through the  t e l e sc o p e  leads  us to  be l iev e  t h a t  

t h i s  p r e f e r r e d  frame i s  a l so  the mean r e s t  frame o f  the  u n iv e r s e ,  and 

t h a t  the  p r e f e r r e d  frame i s  determined in a "Machian" way.

C. Summary o f  R e s u l t s . In the  chap te rs  to  fo l low,  we compute the p re 

d i c t i o n s  o f  the  v e c to r -m e t r i c  theory  f o r :  I )  s o l a r  system exper im ents ,

2) the  e x i s t en c e  o f  black holes o r  event hor izons ,  3) g r a v i t a t i o n a l  

r a d i a t i o n ,  and 4) cosmology. The r e s u l t s  a re  as fo l lows:

I .  S o la r  system exper im en ts . I t  i s  found t h a t  with r e s t r i c t i o n s  

on the  s t r e n g th  of  some coupling cons tan ts  the  theory  i s  compatible 

with a l l  e x i s t i n g  s o l a r  system exper im ents ,  and t h a t  f o r  a p a r t i c u l a r  

choice  o f  the  coupling c o n s tan ts  the  theory  makes the  same p re d ic t io n s  

as does general  r e l a t i v i t y .  This l a s t  p o in t  i s  of  p a r t i c u l a r  importance 

s in ce  i t  means t h a t  no s o l a r  system experiment p re s e n t ly  envis ioned  can 

d i f f e r e n t i a t e  between t h i s  theory  and general  r e l a t i v i t y .  I t  i s  ev iden t  

t h a t  experiments which a re  to  choose between these  t h e o r i e s  must involve 

higher o rder  e f f e c t s  such as occur in a) g r a v i t a t i o n a l  r a d i a t i o n ,  b) 

cosmology, o r  c) extremely p re c i se  s o l a r  system exper iments.  I t  i s  not 

c l e a r  which type o f  experiment o f f e r s  the  b e s t  p o s s i b i l i t y ,  but th e o r i e s  

such as th e se  should s tand  as a cha l lenge  to the  g r a v i t a t i o n a l  e x p e r i 

menter to  dev ise  new and b e t t e r  ways to  measure the  extremely small 

e f f e c t s  o f  post-Newtonian and pos t-post-Newtonian g r a v i t y .
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2. Black h o l e s . I t  i s  found t h a t  an event horizon e x i s t s  in a 

s t a t i c  s p h e r i c a l l y  symmetric c o n f ig u r a t io n .  Moreover, t h i s  s o lu t io n  

has the  same m e t r ic  behavior c lo se  to  the  horizon as the  Swarzschild 

s o l u t i o n  in  general  r e l a t i v i t y .

. 3. G ra v i t a t io n a l  r a d i a t i o n -.' We have found t h a t  t h e r e  a re  two

c l a s s e s  o f  r a d i a t i o n  in the  th eo ry ,  depending on the  type  o f  coupling

between the  v e c to r  and m e tr ic  f i e l d s . I f  the  coupling i s  " sc a la r - ty p e "

( t h a t  i s  , K appears  only as K Ky in the  i n t e r a c t i o n  Lagrang ian) , then ■ 
v  u

we f in d  waves o f  c l a s s  N̂ 1 ^ the  c l a s s  t y p ic a l  o f  s c a l a r - m e t r i c  t h e o r i e s .  

In the  most general  coup l ing ,  the  c l a s s  i s  H g ,  r e f l e c t i n g  the  vec to r  

n a tu re  o f  the  i n t e r a c t i o n .  Also,  th e se  l a s t  waves a re  seen to propagate 

a t  speeds e i t h e r  g r e a t e r  o r  l e s s  than the  speed o f  l i g h t ,  depending on 

th e  values  of the  coupling c o n s ta n t s .  This i s  d iscussed  in  Chapter V.

4. Cosmology. The v e c to r -m e t r i c  theory  i s  found to possess an 

a cc e p tab le  c losed  cosmology, the  p re c i s e  behavior depending on the 

coupl ing  co n s tan ts  as in Brans-Dicke theory .  I t  is  found t h a t  the  local  

c o n s t a n t  o f  g r a v i ty  i s  dependent on the  cosmological  s t r e n g th  of the  

v e c to r  f i e l d .  The observed g r a v i t a t i o n a l  cons tan t  i s  obta ined  i f  one 

p o s t u l a t e s  an energy d e n s i ty  in the  un iverse  which i s  1 , 000' times the 

observed s t e l l a r  m a t te r  d e n s i ty .  This requirement sounds l e s s  outrageous

9For a d e s c r i p t i o n  o f  t h i s  c l a s s i f i c a t i o n ,  see D. Eardle y ,  e t  a I . ,  
Phys. Rev. L e t t e r s  30, 884 (1973). There i s  a l so  a summary of  the 
scheme in  Chapter V of  t h i s  work.



When we r e a l i z e  t h a t  general  r e l a t i v i t y  re q u i re s  a . f a c t o r  o f  TOO more 

energy in the  un iverse  than the  s t e l l a r  m a t te r  p r e s e n t ly  observed in 

o rd e r  to produce a c losed  un ive rse .



CHAPTER II

THE VECTOR-METRIC THEORY OF GRAVITY

A . ' N o ta t io n . The n o ta t io n  used in the  remainder o f  t h i s  work follows 

t h a t  o f  Adle r ,  Bazin,  and S c h i f f e r tS In t roduc t ion  to General R e l a t i v i t y . 4 1

1. Greek in d ices  take  on values  from 0 to  3. Latin  ind ices  run 

from I to  3. Repeated in d ic e s  a re  summed over  t h e i r  range 

of  va lues .

2. The m etr ic  t e n s o r  i s  denoted and has s ig n a t u re  (+ -  -  - ) •

n i s  the  Minkowski m etr ic  t e n s o r  with the  same s ig n a tu re ,  yv
Occas ional ly  g w i l l  be used to mean g ^ ,  g2 2 , or g33 , and 

t h e r e  w i l l  be no sum over s.

3. A comma ( , )  i n d i c a t e s  o rd in a ry  p a r t i a l  d i f f e r e n t i a t i o n .  A 

v e r t i c a l  bar  ( I )  i n d i c a t e s  c o v a r i a n t  d i f f e r e n t i a t i o n :

A = A -  r aA ylv y,v  yv a

4. Sign conventions  in the  d i f f e r e n t i a l  geometry a re  as fo llows:

r Ct

yv

Ra
R yBv 

R =yv

+ gv6 , p - w > '

= Fa -  Fa r- Fa F̂  ' - Fa F̂  By,v y v ,6 Xv By XB yv

R"1yctv

1R. Adler,  M. Bazin,  and M. S c h i f f e r ,  In t roduc t ion  to  General Rela- 
t i v i t y ,  McGraw-Hill (1965).
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5. The box o p e r a to r  i s  def ined  irF( ) -  na ~( ) , ag and we def ine  

a cov a r i a n t  box o p e ra to r  Q2 ( ) = ga g ( ) | a g*

6 . We work in u n i t s  whefe c = I .

B. The Lagranqia n . E i n s t e i n ' s  theory  o f  g ra v i ty  can be derived from 

v a r i a t i o n  o f  the  ac t io n  i n t e g r a l :

J’ •g[l B7rGL Rld4X

where g i s  the  de te rminant o f  g ,■ . yv
G is  Newton's g r a v i t a t i o n a l  c o n s t a n t ,

Lm = Lm(g; ^ , m a t t e r  v a r i a b l e s )  i s  the  m a t te r  Lagrahgian which

i s  a func t ion  o f  q and i t s  d e r i v a t i v e s  and o f  whatever v a r i - yv
ab les  a re  used to d esc r ibe  the  s t a t e  o f  m at te r  in the  system 

( p o s i t i o n ,  v e l o c i t y ,  e t c . ) .

The requirement t h a t  the  ac t io n  be i n v a r i a n t  under an i n f i n i t e s im a l  

v a r i a t i o n  o f  g produces the  f i e l d  equat ions  of general  r e l a t i v i t y .  

Var ia t ion  o f  the  m a t te r  v a r i a b le s  produces the  equat ions  of  motion of

m a t te r .
p

In 1961, Brans and Dicke proposed a theory in which g r a v i t a t i o n  

was produced by two f i e l d s - - a  m etr ic  t e n so r  f i e l d  and an a u x i l i a r y  

s c a l a r  f i e l d .  The ir  a c t io n  in t e g ra l  i s  w r i t t e n

2 C. Brans and R. H. Dicke,  Phys. Rev. 124, 925 (1961 ).



Tl

A  = y / I g[167TLm + .<t>R + vJd4x S

where Q is  the  s c a l a r  f i e l d  and w i s  a dimensionless  paramete r .  Once 

a g a in ,  Lm i s  a fun c t io n  o f  and m a t t e r  v a r i a b le s  only ;  does not 

e n t e r .  The Brans-Dicke f i e l d  equat ions  come from independent v a r i a 

t i o n  o f  g ^  and <j>. The equat ions  o f  motion o f  m a t te r  come from v a r i a 

t i o n  o f  the  m a t te r  v a r i a b l e s  in  Lm. Since <f> does not appear in Lm,

the  equation  o f  motion o f  m a t te r  w i l l  involve  only the  m e t r ic  and wil l  

produce a m etr ic  theory  o f  g r a v i ty .

Our reason f o r  reviewing these  t h e o r i e s  i s  t h a t  the  new theory  to 

be p resen ted  here  adds onto general  r e l a t i v i t y  in a. way s i m i l a r  to 

t h a t  o f  the  Brans-Dicke theory .  We propose a theory  of  g r a v i ty  in

which a mass less  v ec to r  f i e l d  appears in a d d i t io n  to t h e ,m e t r i c  f i e l d .

Committed to  the  s p i r i t  as well as to the  law of  general  covar iance  in 

phys ics ,  we in t roduce  no a p r i o r i  f i e l d s  o r  re fe ren ce  frames in to  the  

theo ry .  We r e q u i r e  a Lagrangian s u b je c t  to  the  fo llowing co nd i t ions :

1. The Lagrangian d e n s i ty  i s  a f o u r - s c a l a r  d e n s i ty .

2. I t  genera tes  p o s i t i v e  d e f i n i t e  f r e e  f i e l d  energ ies  f o r  both 

the  m etr ic  and the  v ec to r  f i e l d s .

3. I t  produces a "metric  theory" .

4. I t  genera tes  f i e l d  equations  con ta in ing  no h igher  than second 

d e r i v a t i v e s  of  the  f i e l d s .

Such a Lagrangian is



12

A = / / - g [ l 6irG L + R - F  Fpv + coK KyR + nKyKvR ]d4x ( I I . I )J  o m • yv y yv

where Lm = l m(g^^, m a t te r  v a r i a b l e s )  as be fo re ,

^yv = V i v  ~ ^viy in  analogy with e lec t rodynamics ,

K i s  the  v e c to r  f i e l d ,  
y

to and n a re  d imensionless  pa ram ete rs ,  and

Gq i s  an a p r i o r i  o r  "bare" g r a v i t a t i o n a l  c o n s ta n t .

C. The F ie ld  Equa t ions . The f i e l d  equat ions  a re  c a l c u l a t e d  by requir ing 

t h a t  the  a c t i o n ,  equation  I I . I ,  be s t a t i o n a r y  under independent v a r ia t ion  

o f  the  f i e l d s .  D e ta i l s  o f  the  d e r iv a t io n  a r e  given in Appendix E. V ar ia 

t i o n  of  g ^  gives  the equation

B„v -  I=MVr + " i KMKvR + KRmv -  I=MVkr + K, mv - =MvD2k)

+  TlKa KfV g p c t Rxl6 +  S v f i R m  -  i t i p A g )  -  I " [ = M V ( K a K S ) l a 6

+ I t ( K pKv ) - (KpKa ) l v o - (KvKa ) lpct]

+ A cT v + I=MVpCieFaS '  - 8”G0T„v

where K e K Kaand T a ~  7 ^  ( / ^ 1 6 v G py .
/ -g  6g

t io n  I I .2 i s

R * (3to + Tjti + n (Ka Ke ) lag = 8TTGogyvT^v 

V ar ia t ion  of  K in equation I I . I gives

OjRKy + nRyvK + 2Fyv = 0.
V I V

( I I . 2)

The c o n t r a c t i o n  of equa-r 

E StG0T. |( ( I I . 3) 

( I I . 4)
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D. The S o l u t i o n . In the  chap te rs  to  fo l l o w  ̂ the  above equat ions  wil l  

be solved in fou r  d i f f e r e n t  c o n tex t s .  To each of tne  c a s e s ,  the re  

corresponds some approximation or symmetrization o f  the  m e tr ic  which 

can be used to  s im p l i fy  the  f i e l d  equa t ions .  The fo u r  cases  a re  as 

f o l l o w s :

1. Weak G ra v i ty . I t  i s  assumed t h a t  th e re  e x i s t s  a region of

space where g r a v i ty  i s  weak and the  motion of sources  i s  slow. By weak

g r a v i ty  i t  i s  meant t h a t ,  f o r  each massive source of  the  m e t r i c ,  << I

(where r  i s  the  d i s t a n c e  from the  source o f  mass M). Slow motion o f  the
2

sources  n a t u r a l l y  means v « 1 .  These cond i t ions  a re  s a t i s f i e d  in the  

s o l a r  system and in most loca l  reg ions  o f  the  un ive rse .  When the  con

d i t i o n s  a re  s a t i s f i e d ,  one can make a general  expansion o f  the  metr ic

in powers o f  both —  and v*\ Keeping terms second o rd e r  in the  combina--
2 2 2 2t i o n  ( t h a t  i s ,  terms l i k e  G M / r  and GMv / r )  produces the  Parameter ized

3
Post-Newtonian (PPN) m e t r ic  o f  Nordtvedt and Wil l .  In Chapter I I I ,  we 

ob ta in  the  PPN m et r ic  f o r  the  v e c to r -m e t r ic  theory .

2. Event Horizon. Vishveshwara^ has shown t h a t ,  f o r  a s t a t i c  

m e t r i c ,  a su r f a ce  of  i n f i n i t e  r e d s h i f t  ( i . e . ,  a su r fa ce  on. which g^g 0 ) 3 4

3C. M. Will and K. Nordtvedt , J r . ,  Ap. J .  1 7 7 ,7 5 7  (1972).

4C. V. Vishveshwara,  J . ,  Math. Phys. 9, 1319 (1968).



i s  a l so  an event horizon  o r  a one-way membrane. The re fo re ,  the  ques t ion  

o f  whether o r  not  the  v e c to r -m e t r i c  theory  p r e d i c t s  the  e x i s t en c e  of 

b lack  ho les  as does general  r e l a t i v i t y  can be answered by a search f o r  

a su r f a ce  o f  i n f i n i t e  r e d s h i f t  in  a s t a t i c  c o n f ig u r a t io n ,  which f o r  

s i m p l i c i t y  we a l so  take  to  be s p h e r i c a l l y  symmetric. I d e a l ly  one would 

l i k e  to  have an exac t  s o l u t i o n  f o r  t h i s  c o n f ig u r a t io n ,  but t h i s  turns  

ou t  to  be an extremely d i f f i c u l t  problem whose s o lu t io n  has not y e t  

been found. Rather ,  we have expanded the  f i e l d s  in a power s e r i e s  about 

th e  event  hor izon ,  keeping the  lead ing  terms only.

3. R a d ia t io n . Weak plane: g r a v i t a t i o n a l  waves a re  desc r ibed  by 

w r i t i n g  the  m etr ic  and v e c to r  f i e l d s  as the  sum of  a c o n s ta n t  background 

p a r t  and a wave d is tu rb a n ce  p e r tu r b a t io n :

^iav riUV +

and r e q u i r in g  t h a t  h << n and t h a t  Ay << <py . Here ■3 yv pv •

n i s  the  Minkowski m e tr ic  t e n s o r ,' pv .
<j>y i s  the  cosmological  v ec to r  background,

h i s  the  m etr ic  wave, pv

Ay i s  the  v ec to r  wave;

h and Ay a re  assumed propor t iona l  to exp(ik  xy ),  with k as some 

c o n s ta n t  propaga tion  v ec to r .  So lu t ions  g iv ing  r e l a t i o n s h i p s  between
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‘fy ’ ilUVs Ay and kU ^or  weak r a d i a t i o n  a re  found in Chapter V.

4. Cosmology. The Robertson-Walker cosmological m e t r ic  with a 

neu t ra l  dus t  model f o r  m a t te r  i s  used to  e s t a b l i s h  a cosmology f o r  the  

v e c to r -m e t r i c  theo ry .  The m e tr ic  i s  assumed to  be o f  th e  form

Soo = 1

gIr-Trff^1V
In Chapter VI5 the  f i e l d  equations  a re  solved giv ing S5 the  " s ize"  of 

th e  u n iv e r s e ,  as. a fu n c t io n  o f  t ime.



CHAPTER I I I

THE PPN METRIC
.1Will and Nordvedt have a r r iv e d  a t  a general  form f o r  the  f i r s t  

post-Newtonian metr ic  v a l id  in any i n e r t i a l  coord ina te  frame.

jOO
CM. . GM. 9 GM.v.‘

1 " 2I " iT + ^ 1 + “ 3 + c I 1 11? “

GM. • GM.
-  2 O - 28 + 5 )I — • I  — + — ^Cv. ^ r 1

i r i m  r i j  i r_. 1 1

GM..
r . y

GM
+ “ pi --- + (Cl, - Q p -  OgXE y.

■ i r /  1 1 ^ d i r i

GM
V '

GM.
(a 1 "Z(Xg)I " ( W - V i )

I GM. K -I GM.
9Ok = 2 (4y + 3 + 01I '  a 2 + c I ^  T : vi + 2(1 + a 2 “ T1 1  T ^i

GM- GM
X C v t - f t i x . k  + -  a g ) !  TTW^ + «2%

i r i ' i  r-

GM,

3Jim £m + 2 ^ l  ” ft)I r i
i/ "fc h

where x- a re  c a r t e s i a n  components o f  the  i s o u r c e - t o - f i e l d - p o i n t
vec to r ,

k "fc hVi ' a re  c a r t e s i a n  v e lo c i ty  components o f  the  i source

T-ar>>
k

w are  c a r t e s i a n  components o f  the  v e lo c i ty  of  t h e  i n e r t i a l  
................... coo rd ina te  system r e l a t i v e  to  the  universe  r e s t  frame.

1C. M. Will and K. Nord tved t5 J r . ,  Ap. J .  177, 757 (1972).



f  !iM. i s  the  g r a v i t a t i o n a l  mass, o f  th e  i body, and 

G i s  the  e f f e c t i v e  g r a v i t a t i o n a l  co n s ta n t .

I t  should be a p p rec ia ted  t h a t  t h i s  form i s  based on very few assump- 

t io n s  (see  Nordtvedt ) .  The parameters B, y ,  ct-j, a ^ ,  Ct3 , in

the  m e tr ic  are  theory-dependent and may depend on cosmological  f a c to r s  

through the  in f lu en c e  o f  cosmological f i e l d s .  In general  r e l a t i v i t y  

the  PPN parameters  have th e  value

Y = S = I

01I " a 2 = a 3 = ^l =: ^2' = 

and in t h e  Brans-Dicke s c a l a r - m e t r i c  theory

_ I + to ■
Y " T T U

a I = a2 =' a 3 = cI- z Z  = 2

2 K. Nordtvedt ,  J r . , Phys.. Rev. 169, 1017 (1968).
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In sp ec t io n  o f  the  PPN m etr ic  shows t h a t  one can ob ta in  a l l  the  

PPN parameters by c a l c u l a t i n g  in th e  un iverse  r e s t  f rame, and t h a t  

one can ob ta in  a l l  but by cons ide r ing  a s in g le  .source.  For most o f  

our work we th e r e f o r e  use

2.2
g00 = I -  ♦ 26̂  -  ( 2t + I + »3 +

sOk '  ? (4'r + 3 + O1 - O2 + C1J^Vk + 1(1 + O2 - C1Ilyir  • Vjxk^  _ _

where i t  i s  noted t h a t  a pos t-post-Newtonian term is  added to  g£m
In ad d i t io n  to  the  PPN m etr ic  expansion, we wi l l  need a s im i l a r

expansion f o r  K ,

4 [ i »3̂r
V ) 2 + f ^ ( r t ) ]

( H I . 2)

= ygid^v*'  + d ' ^ C f  .-v)x&]

where 4, i s  a c o n s t a n t ,  as are  the  parameters  a . ,  b , f , d , d ' . These 

expansions a re  s u b s t i t u t e d  in to  the f i e l d  equations  ( I I . 2,  I I . 3,  and 

I I . 4 ) ,  the  d e t a i l s  o f  the  s o lu t io n  being given in Appendix A. The 

l i n e a r i z e d  equat ions  a re  f i r s t  solved f o r  a s t a t i c  so u rc e ,  giv ing f o r  y

2m - n -  2
1 - tocp(4w - i~y7 -  I +
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3

Light  d e f l e c t i o n  and r e t a r d a t i o n  experiments show t h a t  y = I , so 

we s p e c i a l i z e  to  t h a t  case .  There a re  th r e e  ways t h i s  cond i t ion  can 

be r e a l i z e d .  The f i r s t  i s  to  r e q u i r e  t h a t

<j> «  I .

This weak cosmological f i e l d  cond i t ion  reduces a l l  r e s u l t s  a r b i t r a r i l y  

c lo se  to  general  r e l a t i v i t y .  For t h a t  r e a so n , i t  i s  the  l e a s t  i n t e r -  • 

e s t i n g .  There are  two o th e r  cond i t ions  which give y = I .  These are

w = Jf1 + "I (Case I )

and ( I I I . 3)

w = 0  (Case I I )

Proceeding with th e  s o l u t io n s  f o r  each c ase ,  i t  i s  found, t h a t  

Case I ‘ Case II
I

I -I

= I ' 

i = ¥

and the  g r a v i t a t i o n a l  c o n s ta n t  in each case i s  renormalized 
Case I Case II

I + I +' o<t> + I n 2*
( I I I . 4)

3 John D. Anderson, et^ al_. , Proceedings o f  the Conference on 
Experimental Tests  o f  G ra v i ta t io n a l  T h e o r ie s , (NASA-JPL Technical 
Memorandum 33-499, 1970).
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This msans t h a t  G, the  e f f e c t i v e  g r a v i t a t i o n a l  co n s tan t  which en te r s  

the  m etr ic  and determines the  s t r e n g t h  o f  g ra v i ty  in the  s o l a r  system, 

depends on background s t r e n g th  o f  K f a r  from the  s o l a r  system. In 

Chapter VI i t  i s  seen from cosmological c o n s id e ra t io n s  t h a t  t h i s  pro

duces a time development of  G coupled to  the  evo lu t ion  o f  the  un ive rse ;  

and t h a t  the  extreme weakness of G in th e  s o l a r  system can be viewed 

as being due to  a renorm a l iza t ion  of Gq(.-1) by a l a r g e  cosmological r ^ ,  

The parameters  g and 6 come from the  s t a t i c  s o lu t io n  o f  the  f i e l d  

equat ions  to  second o rde r .  For the  two cases we get 

(Case I)

6 =  1

which agrees  with the  value in general  r e l a t i v i t y  and

6 = 1 +  ----------  ( I I I . 5)
2<j) + 2a) ( i - 4 (d)

which does n o t ,  general r e l a t i v i t y  having 6 = 1 .  U nfor tuna te ly ,  t h i s  

parameter does not  a f f e c t  e x i s t i n g  experiments to  a measurable degree.  

In the  o th e r  case ,  g and 6 a re  found to  be 

(Case I I )

2pi(n + 2 ) (n + 4)(f)

4 + n^Cn + 4)
( I I I . 6 )

i (n +•3) -  In^Cn + 4)
I -  ?n^(n + 4 )------  - -
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The exper imental  r e s u l t  g ~ I re q u i re s  Ti z O1 -2 ,  or  -4 (none of which ' 

p rovides  th e  small cy re q u i re d  below).  The u n o b s e r v ab i l i ty  of  6 e f f e c t s  

in p re sen t  s o l a r  system experiments  l i m i t s  <j> ~ I or less . ,  .

Solving the  t o t a l  dynamic l i n e a r i z e d  f i e l d  equat ions  grves the  

a d d i t io n a l  PPN paramete rs :

(Case I) "3 = 0

2*1
4n

-I ?
4tj> + 4 + 6n "i" n

( I I I . 7)

(Case I I ) Cl = C3 = 0

_ 2n&(3 + fi)
iI I 2

I + ni) + ^

I 1_ 3n<j>(n + 2)

 ̂ 2 + 4n<j) + n̂ <|>“2 “ 2*1 “ 2 ~  . ~ ~ 2

( I I I . 8 )

An examination o f  the  c o n f ig u ra t io n  o f  a po in t  source i n s i d e  a massive 

sp h e r ica l  sh e l l  y i e l d s  the  second o rde r  -two-mass PPN paramete r ;

f o r  both cases .

The % parameters measure 4-momentum non-conservation and are  

expected to  be zero in t h e o r i e s  de r ived  from Lagrangian ac t ion  p r i n - ■ 

c i p l e s . ^  The a  parameters  measure the  e x i s t en c e  of liMachian" e f f e c t s

^Will and Nordtvedt1 op c i t .
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in  g r a v i t a t i o n .  Except f o r  the  case  n. = 0 ,  both cases  p r e d i c t  such p re 

f e r r e d  frame e f f e c t s .  Will and Nordtvedt^ have analyzed various  geo

physica l  and p la n e t a ry  o r b i t a l  e f f e c t s  to  a r r i v e  a t  upper l i m i t s  on 

the  a  paramete rs .  The r e s t r i c t i o n s  are®

V-'
ci 2 < * I

in Case' I , t h e r e  a re  two ways t h e se  r e s t r i c t i o n s  can, be met:

n > 34
( I I I . 9)

n  <  • I

Of spec ia l  i n t e r e s t  i s  the  case  where n = 0 (w = I )  in equat ion 

I I I . 7; then and a 2 a re  s t r i c t l y  zero .  In t h i s ' c a s e ,  renorm al iza t ion  

o f  Gq is  l o s t  and the  t o t a l  s e t  o f  PPN parameters i s  i d e n t i c a l  to those  

o f  general r e l a t i v i t y .  6 s t i l l  d i f f e r s ,  however, as can be seen by 

s e t t i n g  w = I in e q u a t i o n . I I I . 5.

6 I + I 3d)
IT 3d> - I

In Case I I ,  t h e - a  r e s t r i c t i o n s  r e q u i r e  5 6

5C. M. Will and K. Nordtvedt,  J r . , Ap1 J ,  177, 775 (1972).

6TIie o r ig i n a l  value of  a? < ,03 given by Nordtvedt and Will 
probably r e p re se n ts  an o v e r ly ^ o p t im is t i c  ev a lua t ion  of  gravimeter 
r e s u l t s .  See K. Nordtvedt,  J r . ,  Science 178, 1157 (1972).. ■
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Case I I  a l r ead y  had w - 0, so t h i s  a d d i t io n a l  r e s t r i c t i o n  or, the  magni

tude  o f  n "shows t h i s  case  to  r e p r e se n t  weak coupling to  the  m e t r ic .

To sum up, experimental  r e s u l t s  l i m i t  the  theory  to  a form f u l f i l l i n g  

one o f  severa l  c o n d i t io n s .  The f i r s t  co nd i t ion  i s  t h a t  o f  weak cosmo

lo g ic a l  v ec to r  f i e l d ,

«  I:

which i s  not i n t e r e s t i n g  because one can always p o s t u l a t e  any kind of 

f i e l d  one wants as long as i t  i s  too weak to a f f e c t  exper imental  r e s u l t s .

A second cond i t io n  i s  Case I I  where

0) << I 

n << I

which i s  a l so  not i n t e r e s t i n g ,  invo lv ing  as i t  does an extremely weak, 

coupling o f  the  v ec to r  f i e l d  to the  m e t r i c .  The l a s t  p o s s ib le  way of 

s a t i s f y i n g  experimental  r e s t r i c t i o n s  i s  t h a t  o f  Case I ,  which is

U = TjTl + I , .

n % 34 o r  n s .1 .

In the  i n t e r e s t  o f  g e n e r a l i t y ,  subsequent s ec t io n s  w i l l  not requ i re  

t h e se  c ond i t ions  a p r i o r i  but w i l l  r e f e r  to them from t im e - to - t im e .



CHAPTER IV

THE EVENT HORIZON

We f i r s t  produce the  exac t  f i e l d  equat ions  fo r  a source  which i s  

S p h e r i c a l ly  symmetric, s t a t i c ,  and a t  r e s t  in the  un iv e rse .  Then an 

approximate s o lu t io n  i s  found which i s  v a l id  near  the  event h o r i z o n . 

Choosing Sw arzsch i ld - type v a r i a b l e s ,  the  f i e l d s  a re  w r i t t e n

9OO

9rr = -e

Gee = - r

2 . 2 Q,, = - r  s in  e 
<p<t>

K0 =

K. «= 0a

Where y,  v ,  and x  a re  func t ions  o f  r  on ly .  The sp h e r ica l  symmetry and 

t ime independence a re  m anifes t  in the  form o f  th e  m e t r i c .  The absence 

Of motion through the  un iverse  i s  r e f l e c t e d  in the  vanishing of  K .

I f  a s p h e r i c a l l y  symmetric b lack hole  were moving with r e sp ec t  to the  

f i s t  frame o f  the  u n iv e r s e ,  an asymmetry could be communicated to the  

m e t f ic  v ia  a non-zero space p a r t  o f  the  vec tor  f i e l d ,  producing an 

asymmetric event hor izon .  This p o s s i b i l i t y  i s  worth i n v e s t i g a t i n g  fo r  

i t s  a s t ro p h y s ic a l  i m p l i c a t io n s ,  though t h a t  wil l  not be done here.
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Continuing with the  s o l u t i o n ,  we w r i t e  the  a c t io n  in t e g ra l  in 

terms o f  th e  Swarzschi ld  v a r i a b l e s .  F i r s t ,

R = ^ " (2 eA -  2 + 2r%' + V  - r2v" - 2rv‘ - J r A ' 2)

R00 = eV aC ^ 1V1 -  - ^ v 1 ~ ^ v ' 2 )

K0 Ir = l̂jl - ' )4e^  •

Krl0 = " r V *e1J

with a l l  o th e r  c o v a r i an t  d e r iv a t iv e s  o f  Ky being zero .  (Prime denotes

d i f f e r e n t i a t i o n  with r e s p e c t  to  r . )  Equation I I . I can then be w r i t t e n  

e> -v+X
A - J d V e  2 [ 1 6 „ G 0 Lm +  R +  oi<|>Re2 y - v  +  n *R 0 0 e 2 ‘, ' 2 v  +  2 t p ' 2 e 2 l l "v " x j  

Invar iance  o f  th e  a c t io n  under v a r i a t i o n  of  ^ gives t h e  equat ion

4-gp + (Pu + n )“j~ - 4F - 4o) ̂ e i= ( eA - l + r x , ) = 0.  ( IV . I)

Var ia t ion  o f  v gives

( 2w + n )-gp -  ( 2a) + n - e 2 ( e A - I + r x 1) + uxjie'’ f e A -  I + r x 1)

+ F =  -SttGqTq • ( IV .2)

V aria t ion  o f  x gives 

y-X
e 2 ( eA “ I -- r y ! ) + a)ct>ee (ex -  I + r y '  -  4 r y 1) - F = O. ( IV .3)
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In all of the above 

1 1
£ = 2y -  gV -  2^

P = <j>r"eS'

Q -  <pr2e?v ‘

F = (2w + + ^r^e^y'

These th re e  f i e l d  equat ions  can be made s impler  b o t h . f o r  exact  

s o lu t io n  and f o r  the  p re s en t  approximate s o l u t i o n ,  by some recombina

t i o n .  Adding to g e th e r  IV.I and IV.2 gives

v-A
(2w + n)^r(P - Q) - e 2 (rv1 + rx') + 2a)(f,ec (ex - I - r? 1) = 0

( IV.4)

where th e  s o lu t io n  i s  to be taken ex te rna l  to the  source  (Tq0 = 0).

One-fourth o f  equation  IV.I s u b t r a c te d  from equat ion IV.3 gives

y-A
2w + n ) ^ "  ™ 2o)(j)e^(ex - I - r v 1) - e (ex - I - r ; ' )  = 0 .

( IV .5)

The f i e l d  equations  f o r  a. s t a t i c  source ( IV.I to  IV .5) have been 

w r i t t e n  in a form which, i t  i s  hoped, should be amenable to  exact  

s o l u t i o n ,  though we have not made progress  in t h i s  d i r e c t i o n .  Here we 

w i l l  de sc r ib e  an approximate s o l u t i o n ,  v a l i d  near  an event hor izon ,  •
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SbtSnfieci' by a method which should be useful in o t h e r  complicated t h e o r i e s  

o f  g r a v i ty  as w e l l .

The event hor izon around a s t a t i c  s p h e r i c a l l y  symmetric source i s

a su r fa ce  r  -  r  = cons t  on which gnn = 0. Close to  the  horizon 
r  -  f . 0 ou

- < I and we can expand the  f i e l d s  in a power s e r i e s .

Soo B ^  ‘  (1 T ^ ) 5 Ca + Zan C - V - ^ ) " ]
r . - . r O x n -

o

. r  -  r

n=l " o

oo r  -  r

S r r  * "S* + i  b t—
o n=l o

Oxn)"] ( IV .6 )

Kg % ^  ^ ^ Ĉ C
O 1

. r  -  r Ovn
)"]■

n=l

Requiring t h a t  s > O guarantees  t h a t  r  = r 0 i s  indeed an event horizon. 

S u f f i c i e n t l y  c lo se  to the  h o r i z o n , the  m e tr ic  and vec to r  f i e l d s  may 

be approximated by t h e i r  lead ing  terms a lone .  When t h i s  approximation 

i i  S u b s t i t u t e d  i n to  equat ions  IV.5,  IV.4 ,  and IV.3,  they become, 

r e s p e c t iv e ly

X(u - S)[(w = D x w ^ + 2xw i*] - x l ( s  + t )  + 2ujxw(bxu - I
c

= O  ‘ ( IV .7)

(U + i x s ) [ ( w  -  i ) x w“2 + Zxw^l J -  \ x p(bxt  - I - | )

-  Zwxw(Pxt  -  I ~ -  O ( IV .8 )
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Axw-2 (u -  -gs) + Xw - 2 U 2  -  - ^ r x P Cbxt -  I -

' + o)XW Cbxt  -  I " I  -  4^ )  = 0 (V.9)

where we have defined 

. r  - .  r
x = o.

and

w = 2u - - ŝ -

¥

A = 2ii> + n.

The d e t a i l s  o f  the  s o lu t io n  f o r  s ,  t ,  and u a re  given in Appendix 

B. The r e s u l t  i s  

r  - r

9oo “ a - T

[ I  +  T T - C2 u  + n + 4 ) J — j' r r  l- " 4 a ' -  ' '  ■'r - r ,

r  - r ,

with a ,  c ,  and r Q s t i l l  a r b i t r a r y .  The a r b i t r a r i n e s s  o f  a stems from 

the  freedom to re d e f in e  t ime anyway we choose, c j u s t  r e p re se n t s  the  

freedom in the  cosmological  value o f  the  v ec to r  f i e l d .



Since the  m e tr ic  has the  same dependence on r  -  Tq as does the  

Swarzschild  m e t r i c ,  the  behavio r  near the  horizon i s  s i m i l a r  to  t h a t  

o f  general  r e l a t i v i t y .  In p a r t i c u l a r ,  the  s i n g u l a r i t y  in  gr f  a t  r  = 

i s  only a co o rd ina te  s i n g u l a r i t y ,  the  physical  components o f  the  

Riemann t e n so r  remaining r e g u la r  across  the  boundary.



CHAPTER V '

RADIATION

A . ' L inear ized  G ra v i ta t io n a l  Waves. We now cons ider  the  propagat ion o f  

weak g r a v i t a t i o n a l  waves through a region o f  empty space.  The f i e l d s  

a re  w r i t t e n

+ A

uv

where nyv and ^  a re  the  co n s tan t  cosmological  background values  o f  the  

f i e l d s  and h and Ay a re  the  loca l  wave p e r tu r b a t io n s .  By "weak" 

waves, i t  i s  meant t h a t ,  over the  region of  space to  be cons idered ,  

h" «  n and Ay << <f>y . Coordinates  a re  chosen so t h a t  n i s  theuv UV . UV

Minkowski m e tr ic .  In a l l  t h a t  fo llows we cons ider  plane  waves, w r i t t e n  

ik xy
h = e e yuv uv

i k xy 
Ay = aye y .

k^ i s  a c o n s ta n t  propagation  f o u r - v e c to r  which will  be taken to  r e p r e 

sen t  waves moving in the  z - d i r e c t i  on,  i . e . ,  k^ = ( w ,0 ,0 , - k ) .  The speed 

o f  propagation o f  t h e  r a d i a t i o n  is

and may o r  may not be equal to  the  speed o f  l i g h t  (I in  the  u n i t s  we 

have ch o sen ) .
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S u b s t i t u t i n g  th e se  express ions  f o r  th e  f i e l d s  in to  the  f i e l d  equa

t io n s  . and d isca rd in g  terms second o rd e r  or  h igher  ( i . e . , terms l i k e  
2 2A 5 Ah, h ) produces th e  fo llowing l i n e a r i z e d  equat ions  ( d e t a i l s  o f  

the  d e r iv a t io n  a re  given in Appendix C).

The g ( c o n t ra c ted )  equation (equa t ion  I I . 3) i s

R + + 3C?P -  2n#a F-6 . = 0Y ag a jg

where P = (2U'+ n)(<i>a Aa -  ha g ) has been defined for- r o t a t i o n a l

ease .  The K equation (equation I I . 4) i s  
y -

UKfr R + Tllfra R + 2F a p • pa p ia

The g equation ( I I . 2) i s  s im p l i f i e d  by adding combinations of  o th e r  pv
equat ions  to  i t ;  . ,

R O + CDlfr ) +  TllfrctIfr^R PV  Y T Y . .  -  uxfr ifr R +  i g  c f  P +  Ppavg YpTv  ̂ pv , p v

+ V “ Fc,6 ,H + pC V , + Z) ( \ V , =  -" V y a ,=.1

= 0 .

There a re  a t o t a l  o f  four teen  func t ions  which appear in these  equa

t i o n s ,  ten  components o f  hyv and fou r  o f  K . However, except fo r  the

s c a l a r  P, h appears only in the  components o f  the  Riemann te n so r  o f  
PV

which only s i x  a re  independent,  and A appears only in F which only
UV 5 Ct
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has t h r e e  independent components. The re fo re ,  a ca re fu l  check o f  any 

s o lu t io n  i s  necessary  to  be sure  t h a t  i t  i s  c o n s i s t e n t  with a l l  f o u r 

teen  independent equa t ions .

As was mentioned, coo rd ina tes  were chosen so t h a t  the  background

m etr ic  i s  l o c a l l y  Minkowskiian and the  z -a x i s  i s  along the  d i r e c t i o n  of

propagation o f  the  wave. There s t i l l  remains the  freedom of  i n e r t i a l

frame which we choose to  be the  r e s t  frame o f  the  un iverse  ( i ^ e . ,  t h a t

frame in which ^  = 0 ) .  The vanish ing  or  non-vanishing o f  the  various

components of  R and A wi l l  o f  course  depend on t h i s  choice  of yavg v

Lorentz frame, bu t ,  once the  l i n e a r i z e d  so lu t io n s  have been worked out 

in  t h i s  frame, they may be found in any frame by Lorentz t rans fo rm a t ions  

s in ce  we a re  working in a f l a t  background m e t r ic .

B. R e s u l t s . The s o lu t io n s  a re  worked out in d e t a i l  in Appendix C.

Here we simply p re s en t  the  r e s u l t s  w i th in  a c l a s s i f i c a t i o n  scheme worked 

o u t  by Douglas Ea rd ley,  e t  aj_. In t h i s  scheme, the  s ix  independent 

components o f  the  Riemann te n so r  a re  combined in to  four  Newman-Penrose 

f u n c t io n s ,  two of which a re  complex. The reason f o r  t h i s  recombination 

i s  t h a t  each of  these  fu n c t io n s  a f f e c t s  a g r a v i t a t i o n a l  wave antenna 

in  a c h a r a c t e r i s t i c  way. The reader  i s  r e f e r r e d  to the  work of

^D. Eard ley,  et_ al_. , Phys. Rev. L e t t e r s  ,30, 884 (1973).
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Eard ley,  ert f o r  d e t a i l s .  The fou r  func t ions  a re  (where the  3- 

ax is  i s  taken along the  d i r e c t i o n  o f  propagation)

^2 = " ^R0303

3̂ = t v/-R0103 + 1R0203^

*4 = R0101 '  R0202 + 2i r OI02 '

^22 “ ~(R0101 + R0202^

Besides a f f e c t i n g  an antenna ,  the  passage o f  r a d i a t i o n  could a lso
I ■ .

a f f e c t  the  g r a v i t a t i o n a l  c o n s ta n t  in  PPN-type exper im en ts - ( see  Chapter 

I I I ) .  The e f f e c t  i s  p ropo r t iona l  to

K / / "  = (4% + + h"") ..

In the  un iverse  r e s t  frame t h i s  becomes .

W uv -  V  + 2»dAo - * o \ o  - . .

where the  f a c t  t h a t  h00 = -h„„ has been used.oo

We d e sc r ib e  the  s e p a ra te  modes in  Tables I and TI..
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TABLE I .  n = 0; f i v e  independent modes.

Independent
Mode Speed ( c 2 = ) Other F ie lds

Correc tion  to 
Kuff-

*22 1 None

Reifi^ I None None

Imifi4 I None None

A1 I None None

A2 I None None

Reifl3 = Imiflg = Iflg = O

At t h i s  p o in t  i t  i s  r e c a l l e d  t h a t  the  s o lu t io n  has been found only 

in  a p a r t i c u l a r  Lorentz frame. E a rd ley5 e t  al_., have shown, however, 

t h a t  i f  ifig and ifg a re  null  waves (c = I ) and i f  Ifi3 = Ifig = O in any 

frame, then they a re  zero in a l l  f r am es .
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In th e  most general  case  (n f  0) i t  i s  found t h a t  a l l  fou r  o f  the  

Newan-Penrose  func t ions  a re  p r e s e n t ,  though they t r a v e l  a t  d i f f e r e n t  

speeds .

TABLE I I .  n ^ 0 ; f i v e  independent modes.

Independent
Mode Speed (c = ) Other F ie lds

Correc tion 
to KuKtj

Re*,

Im*,

Re*,

Im*,

I -

I -

I +

I +

I +

______ Tiy
'2 '  9

I + co* •■+ n*

n*
2 2 I + co* + n*

I  n2*2
4 I + CO*2 + n*2

I n2*2
4 I x A2 X A2 I + CO* + n*

I  n*2 + n2*2 
3 I + co*2 + n*2

None

None

ê aI =

C^a2 =

*2 = r - l !*221 - c

a = 1 ^ 2 2

None

None

None

None

9 9
pi + CO* + Tl*

2co + n

X ( - c 2k2) * „

*F0g a i s  used in s t e ad  o f  Ag o r  A3 to avoid p o s s ib le  non-physical  

"coord ina te  r i p p l e "  waves. See Appendix D.
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E ard ley5 e t  al_., have c l a s s i f i e d  t h e o r i e s  of  g r a v i ty  according to 

which o f  the  metric-wave func t ions  v an ish ,  as fo llows:

Class H g .  *2 Z 0. All observers  in  such Lorentz frames measure 

a .non -zero  amplitude in the  ^  mode and agree  on the  value  o f  t h i s  

ampli tude .  (But they w i l l  g e n e r a l ly  d i s ag ree  about the  presence  or 

absence and amplitude o f  a l l  o th e r  modes.)

Class I I I 5 . -  O ^ All observers  agree on the  absence of 

1̂ 2 and the  presence  o f  (But they g e n e r a l ly  d isag ree  about the  ■ 

presence  o r  absence o f  ^  and )

Class Mg. E 0 - ^3 ’ ^4 ^ 0 ^ ^22’ 'observers agree about 

th e  presence  o r  absence o f  a l l  modes.

Class N2 - ^2 = O H ^ O E ^ 2 - All observers  agree .

Class O1 ? Ip0  = 0  = ^  e 0 ^ $99. All observers  agree."3' :4

The ve rs ion  of  the  theory  with n = 0  i s  t h e r e f o r e  o f  c l a s s  N g 5 

while the  general  n /  0 ve rs ion  i s  o f  c l a s s  I I g . In a d d i t io n  the  

n Tt 0 case  has g r a v i t a t i o n a l  waves t r a v e l i n g  a t  speeds g r e a t e r  or l e s s  

than the  speed o f  l i g h t ,  depending on the  values  of  w and n- The slower 

speed i s  in t e r e s t in g -  but  not  shocking. The f a s t e r  speed re q u i re s  some . 

a d d i t i o n a l  d i s cu s s io n .
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C. C a u s a l i t y . The usual argument a g a i n s t  the  e x i s t en c e  o f  rea l  f a s t e r -  

than - ' l i g h t  s ig n a l s  i s  t h a t  such s ig n a l s  would v i o l a t e  c a u s a l i t y .  I f  by 

c a u s a l i t y  i t  i s  meant t h a t  causes must precede t h e i r  e f f e c t s , as seen 

by a l l  ob se rv e r s ,  then c a u s a l i t y  i s  c e r t a i n l y  v i o l a t e d ,  but t h a t  i s  an 

a r b i t r a r y  and unnecessary concept o f  c a u s a l i t y .  I f  by c a u s a l i t y  i t  is  

simply meant t h a t  log ica l  paradoxes ( i . e . ,  A both sends and does not 

send a s ignal to  B) may not occur ,  then c a u s a l i t y  in t h i s  sense is  not 

v io l a t e d  by the  f a s t e r - t h a n - 1ig h t  s ig n a l s  of  t h i s  theory .

In the  r e s t  frame of  the  u n iv e r s e ,  th e re  a re  th r e e  "g ra v i ty  cones" 

in a d d i t io n  to the  l i g h t  cone,  corresponding to the  th r e e  d i f f e r e n t  

speeds of  propagation o f  the  I I^  waves.

l i g h t  cone

typ ica l  g r a v i ty  cone

As long as t h e r e  e x i s t s  a maximum speed of  p ropaga t ion ,  i t  is  p h y s i c a l Iy 

impossible  to produce c losed causal loops in space- t ime,  so i t  is  

impossible  f o r  any exper imenter to in f luence  his p a s t  and produce 

causal pa radoxes .



CHAPTER VI 

COSMOLOGY

To i n v e s t i g a t e  cosmological  s o l u t io n s  o f  the  th eo ry ,  we use a 

homogeneous dus t  model f o r  m a t te r  and a Robertson-Walker cosmological 

m e t r i c .

s OO “ 1

9I j
S ( t ) ‘

( l + f r 2)2 y

from which we can c a l c u l a t e

R00 " 3S

R = - U s s  + S2 + k) ,  
S

the  dot denot ing t ime d i f f e r e n t i a t i o n .  In the  un iverse  r e s t  frame

Kq E 0

kI  =

and we can w r i t e  down the  d e r iv a t iv e s .

(KotKe ) -  <}> + 3 ^  + + 6 <j) ^

n f
• * * >j

(J) = (f, + 3 (J)g-

*100 = *
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£0 (KqKq) -  "(#) + 3t}> g- - 6<j)— 2

;2
^ “^0  ̂ io = * * 3* 3

S u b s t i t u t i n g  these  in to  equation I I . 4,  gives 

V  Q2 4.
(2w + n ) |  + Zixi 9 K' = 0.

And in equation I I . 2, t h e r e  r e s u l t s

VS2 + K .S2(I - UHj))-— - (2m + n ) ^  + (2m + n)X<j>§ “ T .
^^ ^ 0 ^ O OO

Using V I . I to e l im in a te  second d e r i v a t i v e s  of  S reduces t h i s  to

' 2
+  K .S2(I + mj))— -y - + n<i>-̂ 2 + (2m + n)^i>|- = ^ G qTc

The and gy^ equat ions  vanish i d e n t i c a l l y ,  and the g ^  equat ion 

c o n s i s t e n t  with V I . I and V I .2.

Equation VI. I i n t e g r a t e s  to  give

S2 + K = (cp-)P

where S p i s  a c o n s ta n t  o f  i n t e g r a t i o n ,

2mp E ------ » and we def ine
m + gH

q e — r  
m + Tpl

(V I . I)

(V I .2)

is

(V I .3)

f o r  f u t u r e  use.  ■
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Equation VI.3 i n t e g r a t e s  aga in ,  y i e ld in g

b  '
t  -  ■ 5 ds

I / S p - S p 
.0

(V I .4)

The t ime development o f  S depends only  on the  s c a le  c o n s ta n t  Sq and on 

the  parameters  w arid n- I t  i s  independent of  T ^ .

Equation VI.2 i s  made f i r s t  o rder  in as f o l l o w s . Using equat ion
• I

VI .3 to e l im in a te  S and d iv id ing  by to + equat ion VI.2 becomes

■ + 4  + -  T t L i r 6OT0= - £ P )
S to + - n̂'' S Xr

S 2where we have defined x = ■=—. M ult ip ly ing  by S and def in ing

0+1

2G0M .  8 tgOtOO5'

35O

produces the  f i r s t  o rder  equat ion

3.

tqiT1V )

with s o lu t io n

I  -  K X P

(to + •^n)x^
iq+1

- %  dx +

(I -  KX^
■Jq+l

(V I .5)
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where x i s  a c o n s ta n t  o f  i n t e g r a t i o n .

The sp ec ia l  case  n = 0 , m = I i s  o f  p a r t i c u l a r  i n t e r e s t .  I t  i s  the  

case  Which e x ac t ly  reproduces  the  PPM parameters  o f  general  v̂ e i a t i v i t y .  

I t  wi l l  here be shown to have a cosmological  s o lu t io n  d i f f e r e n t  from 

the  cosmology o f  general  r e l a t i v i t y .  Also t h i s  case  r e p re s e n t s  an 

approximate s o lu t io n  f o r  one of  the  cases  allowed by equation  I I I . 9, 

namely n < .1 ,  w = I .  Choosing the  k = I o f  a c losed  cosmology and 

not ing p = 2, q = 0, equation VI.4 i n t e g r a t e s  to give

S = / t ( 2 S  - t )  , 
o

and equation V I .5 y i e l d s  ;

I f  we demand 4 ->■ 0 as t  0 ( the  i n i t i t a l  cosmological s i n g u l a r i t y ,  see

T + *  = X " X - -

Dicke^) ,  then f o r  <j> »  I ( eq u iv a len t  to Gq >> G),

Assuming Sq »  S5 these  become

S ~ /2S0t
(V I .6 )

1C. Brans and R. H. Dicke5 Phys. Rev. 124, 425 (1961 ).

V I r ’«
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The r e l a t i o n s h i p  between Hubble t ime (T^) and the p re sen t  age of 

the  un ive rse  t^  i s

M M -  u 
S

Writing

H 5 ^v  = I m s 0Th )3/ 2 .

some s u b s t i t u t i o n s  give 4— in terms o f  obse rvab le s ,
bo

(J) _ 4tt T 2 
. (T  " F 131H *

Using t h i s  in equation I I I . 4 gives

■g- -  pnT|_j  ̂ ** IO4 ( e . g . s  u n i t s )  (V I .7)

based on p = I 0"31 g/cm3 and = 2 x IO10 y e a r s .  The ac tua l  value of

I  i s  about IO7 , but th e re  i s  s u b s t a n t i a l  u n c e r t a in ty  in the  t o t a l  energy 
fa
d e n s i ty  (p) of  the  un iv e rse .  From equat ion VI.6 the  e a r ly - t im e  behavior 

o f  th e  un ive rse  i s

S ( V I . 8 )

as compared with general  r e l a t i v i t y ' s  

S - t 2/3
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A second l i m i t i n g  cosmology, compat ible  with the  second case  allowed
I

by equation  I I I . 9, i s  w ~ Tj-n » 1 .  Then p = q = I ,  and f o r  k = I we f in d

-S- = s in~^ /x  - fx - x2"
5o

. _ J u  -  1 ) / T ^ r I
* " 2 "X ( / r

where we have again  assume S -» 0, <j) 0 as t  -»■ 0. The e a r ly  time

behavior i s

sin"^ ZxT
)

/ X

t  = 3/2 ( V I , 9 )

(V I .10)

and

O IS11S02 ■

From equation  V I .9, the  age of  the  un iverse  i s  r e l a t e d  to  the  Hubble 

age by

Then M can be w r i t t e n
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M = T p s O 1 H *  

and )̂/G becomes

4 _'32t ,  2 ,TH;2/3 
% - W 1H tS ^  •

F i n a l l y ,  using t h i s  in equation  I I I . 4 gives

H ^ t„2£ ) 2/3 - IO4 ( V L l l )

i f  Y S o  . i .  .

A f i n a l  choice  o f  parameters  compat ible with Chapter I l l ' s  case  II  

i s  to = 0. In t h i s  case ,  equation  V I . I reduces  to

n f  =  0 ,

having s o lu t io n  

S = v t

where v i s  a c o n s ta n t .  Equation VI

S2 + K . S2 I ;S _ Sttg ,
12 + ^ 7 2  + ZnijlS " T V o o

which has s o lu t io n

» t -2 ,
nv n v

v2 + K 

nv2

.2 becomes
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and i s  s i n g u l a r  a t  the  o r i g i n .

Therefore  h e r e , a s  in Chapter I I I ,  case  I I  i s  seen to  be much l e s s

i n t e r e s t i n g  than case  I . The most i n t e r e s t i n g  p r e d i c t i o n s  in the  case  I

s o l u t io n s  a re  the  e a r l y  t ime behavior (equations  VI. 8 and V I .10) and the

fun c t io n a l  form o f  the  v a r i a t i o n  of  G with the  evo lu t ion  o f  the  universe

(equa t ions  VI .7 and V I .11).  The former i s  important in formation of
2th e  elements during the  big bang; the  l a t t e r  determines the  h i s to ry  

o f  th e  g r a v i t a t i o n a l  c o n s ta n t  in the  un ive rse .

^See f o r  example G. Gamow, Revs. Modern Rhys. 2J_, 367 (1949).



CHAPTER VII

CONCLUSIONS

A. Comparison o f  Theory and Experiment. In t h i s  work we have made 

severa l  p r e d i c t i o n s  o f  observab le  r e s u l t s  of  the  v e c to r -m e t r i c  theory .

■ We would l i k e  to  review these  here and make some comments on the 

empir ical  s t a t u s  o f  each r e s u l t .  A.good summary o f  experimental  

g r a v i t y  i s  found in Kip Thorne 's  Lecture  to  the  In te rn a t io n a l  Union of  

Pure and Applied Physics in 1972J

I .  PPN Parameter y . The most p re c i s e  t e s t  of  y to  da te  has been

the  time delay experiment using a c t i v e  r a d a r  to  Mariners VI and VII.
2

Anderson, ejt al_., f ind  a r e s u l t  o f

1(1 + Y) =  1.00 + .04,

or

Y -  1 . 0 0 +  .08.  .

We chose to  cons ider  w = -g- + I so as to  p r e d i c t  a va lue of

Y = I 1

S. Thorne,  Ava i lab le  as Cal Tech P r e p r in t  0AP-321 (1972).
2

John D. Anderson, et^ al_., Proceedings of the  Conference on Experi-  
mental Tes ts  of  G rav i ta t io n a l  Theor ies  (NASA-JPL Technical  Memo 33-499,
TgToy:
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in agreement with: exper iment .

2. PPN Parameter g . The v e c to r -m e t r i c  theory  preduc ts  a value 

B = I . .

The bes t  experimental  de te rm ina t ion  o f  B comes from the  r e l a t i v i s t i c
3

p e r ih e l io n  s h i f t  o f  Mercury, which i s  known to be

6ft = 43 + I secs  . / c e n t u r y  = 43(1 .00 +_ .02)

When 5ft i s  determined t h e o r e t i c a l l y  i t  i s  found t h a t  i t  i s  a c t u a l l y  

p ropor t iona l  to  B, y ,  and a l l  the  a -p a ram e te rs ,  but i t  can be shown, 

by comparison with the  e a r t h ' s  p e r ih e l io n  s h i f t ,  t h a t  the  a dependence 

i s  small and the  d e f l e c t i o n  i s  b a s i c a l l y  j u s t

6ft = 2y + 2 - B) •

The l im i t i n g  f a c t o r  on the  accuracy i s  seen to be the  accuracy of y . 

There fore  B can be no more accu ra te  than y:

B = 1 . 0 0 +  .08.

The v e c to r -m e t r ic  theory  i s  in agreement with the experimental  b ••

^C. M. W il l ,  Lectures  in B. B e r t o t t i , e d . , Proceedings,  of  Course 56 
of  the  In te r n a t io n a l  School o f  Physics "Enrico Fermi", Academic Press 
(1973),  p. 129. ; :
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3. PPN Parameters a ... The: v e c to r -m e t r i c  theory  p r e d i c t s  values 

f o r  a., o f

 ̂ 4 < ( ) ^ + 4  + 6ri + o^

___________ 4n________ _

^ 4 < j ) ^ + 4  + 6ri + ri^

«3 =

A combination o f  e a r th  t i d e ,  e a r th  r o t a t i o n  r a t e ,  and p e r ih e l io n  s h i f t  
4da ta  g ive  exper imental  l i m i t s  of

Ct-j  ̂ • I

«2 < • I

The p re d ic ted  a .  parameter i s  well w i th in  experimental  l im i t s . .  The 

requ i red  smal lness  o f  the  a-j and parameters  can only be met i f

n <■ - I •' :y

or

^ I b i d . , p. 146 and K. Nordtvedt , J r . , Science 178, 1157 (1972).
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n £ 34

There fo re ,  a ve rs ion  o f  the  theory  .in which n s a t i s f i e s  these  r e s t r i c 

t i o n s  w i l l  p r e d i c t  a -param eters  in agreement with exper iment.

4. PPN Parameters y . The v e c to r -m e t r i c  theory  p r e d i c t s  values  o f

zero f o r  both ^  and as do a l l  t h e o r i e s  in which energy and momentum

a re  conserved.  The b e s t  experimental  t e s t  of  these  parameters  i s  the
5Lunar Laser Ranging experiment ,  whose r e s u l t s  a re  not y e t  in .  The 

p re d ic t ed  change in luna r  range i s  given by

SS = 20(4B - 3 - y - ot-j + ~ i - g-tg) m e te r s ,

and the  expected accuracy  o f  the  experiment should be about 0.1 m e te r s .

A non-zero value  of ^  re tu rn ed  by t h i s  experiment would c e r t a i n l y

disprove  the  v e c to r -m e t r i c  theo ry ,  but i t  would a l so  d isprove  general  

r e l a t i v i t y ,  Brans-Dicke theo ry ,  arid any o th e r  c o n se rv a t iv e  theory .

5. Black Holes . The v e c to r -m e t r i c  theory  p r e d i c t s  the  ex is tence  

of  b lack holes  as do general  r e l a t i v i t y  and many o th e r  t h e o r i e s .  The 

p r e c i s e  d e t a i l s  o f  c o l l a p se  and a n a ly s i s  o f  the  im p l ica t io n s  of  p o s s i 

b le  non-spher ica l  event horizons (see  page 24) might have observable

Nord tvedt,  op c i t .
5
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a s t r o p h y s ic a l  p r o p e r t i e s  but t h a t  work has not y e t  been done. As f o r  

the  e x i s t en c e  of  black h o le s ,  o bse rva t iona l  evidence i s  s t i l l  very 

t e n t a t i v e .

6 . Speed o f  Gravity  Waves. One form (n = 0) o f  the  vec to r -m e t r ic  

theory  p r e d i c t s  t h a t  g r a v i ty  waves w i l l  t r a v e l  a t  the speed of  l i g h t .  

The o th e r  form (n f  0) p r e d i c t s  as many as th re e  s ep a ra te  speeds which 

may be g r e a t e r  o r  l e s s  than the  speed of  l i g h t ,  depending on the  values
I

o f  w.and n. I f  oi = Tjn + I and i f  the  background s t r e n g th  of  the  vec to r  

f i e l d  i s  taken to  be la rg e  compared to  one, the  speeds a re

2q
Sn + 2

I + 1
2

2
n

Sn + 2

C  ' 2 2 n + n2
3 Sn + 2 *

No experiment has been done to measure the  speed of  propagation of 

g r a v i t y .  What i s  needed i s  a d d i t io n a l  refinement of  g ra v i ty  wave 

d e t e c t o r s  to  g ive  us more confidence  in them and to  enable us to d e t e c t  

the  incoming d i r e c t i o n  with more accuracy .  Then the  time of  a r r i v a l  of 

g r a v i t y  waves and e lec t rom agne t ic  waves c rea ted  by a supernova or o th e r  

d i s c r e t e  event can be compared to  determine the  speed. Ea rd ley5 e t  a I

^D. Eard ley,  e t  a K  , Phys. . Rev. L e t t e r s  30, 884 (1973)..
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have considered  t h i s  type o f  experiment and expect  t h a t  i t  could have 

an accuracy o f  - K f 9 x .

7, Modes o f  Gravity  Waves. The two forms of  the  v e c to r -m e t r ic  

theory  make d i f f e r e n t  p r e d i c t i o n s  about the  kinds of  p o l a r i z a t i o n s  

p r e s e n t .  The n = 0 ve rs ion  has

$22 » p re s e n t ;

Wg . , Wg not p re s e n t .

The n Tf 0 ve rs ion  has a l l  fou r  fu n c t io n s  (both rea l  and complex p a r t s )  

p r e s e n t .  The only d e te c t io n  o f  g r a v i t a t i o n a l  r a d i a t i o n  to  da te  has 

been t h a t  o f  Weber^ whose antenna i s  not s e n s i t i v e  to  the  p o l a r i z a t i o n  

o f  the  wave which i s  e x c i t i n g  the  ap p a ra tu s .  However, ' he has used a 

sp ec ia l  d e t e c t o r ,  a d i s k ,  which should be p r e f e r e n t i a l l y  s e n s i t i v e  to 

$22 type waves and he has seen no r a d i a t i o n  in t h i s  mode. I t  should
O

a l s o  be poin ted ou t  t h a t  j u s t  r e c e n t ly  Tyson has publi shed  r e s u l t s  

d e sc r ib in g  his  obse rva t ions  with a d e t e c t o r  about 10 t imes more sens! 

t i v e  than Weber's o r ig i n a l  an ten n a , and he has seen no r a d i a t i o n  in 

any mode. The whole q u e s t i o n .o f  d e t e c t io n  o f  g ra v i ty  waves i s  y e t  to 7 *

7J .  Weber in B. B e r t o t t i , e d . , Proceedings of Course 56 of  the 
I n t e r n a t io n a l  School of  Physics "Enrico Fermi11, Academic Press  (1973).

^ J .  A. Tyson, Phys. Rev. L e t t e r s  31_, 261 (1973).
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be s e t t l e d .  When i t  i s ,  i t  should prove to  be a powerful tool f o r  

t e s t i n g  g r a v i ty  t h e o r i e s .

8 . Renormal ization of  G. When n = 0 th e re  i s  no renorm a l iza t ion  

o f  the  g r a v i t a t i o n a l  c o n s ta n t  (see  equation  I I I . 4 ) ,  but n t5 0 allows us 

to  c a l c u l a t e  G from some bas ic  cosmological  d a ta .  When n i s  small but 

not ze ro ,  the  g r a v i t a t i o n a l  c o n s ta n t  i s  given by

I
G

2
n.

When n i s  l a r g e ,  i t  i s

I _ 32tt v 2 /TpK2/3 
G " G F p l H

Th i s  the  Hubble t ime which i s  c a l c u l a t e d  from cosmological  observa t ions
g

o f  r e d s h i f t  versus  d i s t a n c e .  I t  nas changed over the  y ea r s  as a s t r o n 

omers have re - e v a lu a te d  such th ings  as the  pe r io d - lu m in o s i ty  r a t i o  f o r  

Gepheid v a r i a b l e s ,  but i t  appears to  have s t a b i l i z e d  a t  about 2 x I O1 

y e a r s .  The d e n s i t y ,  p ,  i s  a l so  t i e d  up with the  de te rm ina t ion  o f  the

Hubble t ime, s in ce  we use Hubble 's  c o n s ta n t  (H = J-) to determine the
1H

d i s t a n c e  to  g a lax ie s  whose mass we a re  counting in o rde r  to  a r r i v e  a t
“31 3a mean d e n s i t y .  The p re sen t  e s t im ate  of  p is- p = 1 0  .g/cm , based 9

9See f o r  example E. L. Schutzman, The S t r u c t u re  o f {the  Universe , 
McGraw-Hill (1968),  p. .12.
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on th e  counting o f  g a l a x i e s .  I f  th e se  values  a re  s u b s t i t u t e d  in to  the  
■ ]

express ions  f o r  t h e r e  r e s u l t s  

rn n «  I

J T h/S 0,)2/3 n » l .  .

1 7The ac tua l  va lue o f  i s  10 in c . g . s  u n i t s .  At t h i s  p o i n t ,  however, 

i t  i s  not known how much energy d e n s i ty  might be p re s en t  in the  un iverse  

in terms o f  gas ,  d u s t ,  or o th e r  forms of  energy. The re fo re ,  observa

t i o n a l  cosmology i s . n o t  in a p o s i t i o n  a t  p re sen t  to e i t h e r  prove or 

d isp rove  the  theory .

I
G IO5 x

9. Time V ar ia t ion  o f  G. 

G

I .Tjri(J)

There fore  |j- i s  given by

I f  9 i s  l a r g e ,  we have the  r e l a t i o n

S = .--^= - -I- = -H = -IQ' 10 y ea r s  1 •G <p o

s in ce  in each case  * = S. Dicke has shown10 t h a t  such a v a r i a t i o n  i s  

not i n c o n s i s t e n t  with geophysica l ,  p l a n e t a r y ,  and a s t ro p h y s ic a l  da ta .

10R. H. Dicke and P . J .E .  Peebles ,  Space Science Reviews 4_, 419 
(1965).
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B. Future Experiments . We have desc r ibed  nine p r e d i c t i o n s  of  the  

v e c to r -m e t r i c  th eo ry ,  some o f  which a re  well with in  well e s t a b l i s h e d  

exper imental  r e s u l t s ,  some o f  which may well be proven wrong by f u tu r e  

exper im ents .  Here we w i l l  b r i e f l y  de sc r ib e  what we fee l  i s  the  most 

promising way to  comple te ly  e l im in a te  th e  v e c to r -m e t r ic  theory  using 

f u t u r e  experiments and o b se r v a t io n s .  We t r e a t  the  n ^ 0 and the  n = 0 

cases s e p a r a t e ly .

I . n 7* 0 . As was seen in number 3 above, p re sen t  r e s u l t s  fo r  ct-j 

and Ct2 e f f e c t s  a l r ead y  l i m i t  n to

n < • I

or

n > 34.

Grea te r  accuracy in th e se  kinds of  Machian e f f e c t  experiments or new 

types  of  more s e n s i t i v e  experiments could f u r t h e r  r e s t r i c t  n . No 

m a t t e r  how a c c u r a t e ly  th e se  experiments a re  done, however, the  n 

•parameter can always s l i d e  away in e i t h e r  the  very small or the  very 

l a r g e  d i r e c t i o n  to provide  agreement with experiment.  What i s  needed 

a re  two a d d i t io n a l  o b se rva t ions  which na i l  the  theory  down--one fo r  

each d i r e c t i o n .
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The b e s t  cand ida te  to  s top  the  n . . «  I s l i d e  i s  an observa t iona l
■J

e s t im a te  o f  the  energy d e n s i ty  in the  un ive rse .  ^  i s  p ropor t iona l  to n ,

I  _ 2^ T 2
G " T - p l H n '

The Hubble t ime (Ty) i s  f a i r l y  well known. I f  astonomers can s e t  a 

maximum o rde r  o f  magnitude value  on the  energy d en s i ty  o f  the  universe  

(p) then the  observed g r a v i t a t i o n a l  c o n s ta n t  ~ !Cr) can provide a 

lowest  accep tab le  va lue  f o r  n •

In the  n ^ 0 r a d i a t i o n  s o lu t io n s  (see  number 6 above) we found t h a t  

th e  speed o f  propagation  o f  some o f  the  waves was p ropo r t iona l  to u ,

II + ?2 3n + 2

2 IWhen n >> I j t h i s  reduces to C = I + . I f  c u r r e n t  work in g r a v i t a 

t io n a l  r a d i a t i o n  d e te c t io n  co n t in u e s ,  one might expect to observe the  

l i g h t  and the  g r a v i ty  waves from a supernova or  o th e r  l a r g e  d i s c r e t e  

event  and compare t h e i r  a r r i v a l  t imes to  s e t  a l i m i t  on the  amount by 

which the  speed of  propagation  of  the  g r a v i t y  wave d i f f e r s  from the 

speed o f  l i g h t .  This can s e t  a maximum value on n-

Therefore  a combination of  Machian e f f e c t  experiments and energy 

d e n s i ty  o b s e r v a t i o n s , and Machian e f f e c t  experiments and g ra v i ty  wave 

propagation  speed experiments s tands  a good chance o f  showing the 

n Ti 0 ve rs ion  o f  the  v e c to r -m e t r i c  theory  to be i n c o r r e c t .
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2. n -  0 . The exper imental  d i s p ro o f  o f  t h i s  form o f  the  theory  

w i l l  be much ha rde r .  ' I t s  PPN m etr ic  i s  ex ac t ly  the  same as general  

r e l a t i v i t y ' s .  I t s  g r a v i t y  waves t r a v e l  a t  the  speed o f  l i g h t .  There 

i s  no G ren o rm a l iza t io n  to  be t e s t e d .  The only rea l  oppor tun i ty  to 

negate  t h i s  theory  during the  next decade or  so i s  in the  p o l a r i z a t i o n  

o f  g r a v i t a t i o n a l  r a d i a t i o n .  General r e l a t i v i t y  p r e d i c t s  t h a t  m at te r  

g enera te s  and t h a t  space propagates  ^ - p o l a r i z e d  waves. . We have seen 

t h a t  the  r> = 0 v e c to r -m e t r i c  theory  p r e d i c t s  the  propagation of  both 

and $p2 waves. I t  i s  c ru c ia l  here  to  so lve  the  problem o f  genera

t i o n  o f  g r a v i t a t i o n a l  r a d i a t i o n  in the  v e c to r -m e t r i c  theory  to see i f  

t h e se  s c a l a r - t y p e  waves a re  c re a te d  by g r a v i t a t i o n a l  events or i f

they a re  in some way i n h i b i t e d .  I f  the  c r e a t io n  problem i s  solved to 

show t h a t  waves should indeed e x i s t ,  then the  demonst ra t ion of 

t h e i r  non-ex is tence  (v ia  d i s k - ty p e  antenna d e t e c to r s )  would e l im ina te  

t h i s  theory  along with severa l  o th e rs  and would g r e a t l y  in c rease  our 

conf idence  in general  r e l a t i v i t y .  Of course ,  the  d e t e c t io n  of  Ogg 

waves would favo r  the  v e c to r -m e t r i c  th eory  over general  r e l a t i v i t y  

(though s c a l a r - m e t r i c  t h e o r i e s  a l so  p r e d i c t  Gu? waves).
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The c a l c u l a t i o n  o f  the  PPN m etr ic  parameters  c o n s i s t s  o f  th ree  

p a r t s .  F i r s t ,  s o lu t io n  o f  the  dynamic (moving sources') l i n e a r i z e d

equat ions  i s  undertaken to ob ta in  a l l  p o t e n t i a l s  f i r s t  o rde r  in — . 

Second, the  s t a t i c  f i e l d  equat ions  a re  solved to second o rder  in in 

o rde r  to f in d  3 and 6 . Thi rd ,  a method i s  devised to  ge t  the  two- 

source m etr ic  p o t e n t i a l  with PPN c o e f f i c i e n t  involving

Using the  PPN m etr ic  f o r  a s in g l e  source (equation I I L l ) ,  and the  

expansion o f  (equa tion  I I I . 2 ) ,  one can c a l c u l a t e  the  following d e r i 

v a t iv e s  to  l i n e a r  o rde r  in

KJKOinOIOO = + ^  + ‘
,IrVvT

r 2

V o i O k  =  V o i k O  =  ' ^ 1 +  xl < -

V o i k k  " ^ ^ 1  " 2a ^ [ 3l ^ L  -  / ]  -  2 4 ^ f  r . l

K0Kk l 00

V k i O k

- 2Tr<f)GM<5( I r ) [ 2a-| + 2agV^ + 2 + v ^ ( 2y + I + ag + ^ ) ]

_ vk]
r  r

+ d 1 - d ) [ 3 ^ ^  - v2] + A d ' - d ) f . T  
r  . r  r

- 2Tr<f)GM6 ( r )  [2  + V2 ( 2y + 1 + + C-j) ]



59

VkIkO ~ “ d + -^x-j' -  a2 +• I + c-j -  y ) [3 —r - ^ -----+ F-"a]

VkIAA '  V aIkA = " ^ d' - d)E3Ĵ - x k - vk] - 4irGM4,6(r)dvk.
r  r

Components o f  R a reyv

R00 ” ^ (y " 1 + a2
I
Za I v2] +

GM
( y  -  I  +

I

- C-J )r»a - 2ttGM6 ( r ) [2 + v^(l  + 2y + ctg + t-j)]

Rpk = ^ ( I  - Y + ^ 1 ) x k - vk] -  TrGMvkS(r )  (4y + 3 +

- Ci2 + C1 ).

We w i l l  need the  6- f u n c t io n  p a r t  of  R to s t a t i c  order  only 

R = 2Rp0 + I GitGMyS ( r ) .

Next we w r i t e  the  f i r s t  o rder  approximations  to  the  f i e l d  e q u a t i o n s . 

F i r s t ,  the  g^^-equat ion  ( I I .2) i s  w r i t t e n

(R00 - 1 r ) ( 1 -  „») + (2[o + „ U tR 00 + K0Ko l u ) = - S r f 0T0 0 I (A .U 

nex t ,  the  g-equa t ion  ( I I . 3)

R +  ( 6 w  +  3 n ) K p K ° , p p  -  ( 6 w  +  -  n K p f K ^ ^  f  K ^ , p ^ )

= SttG0T; (A.2)



60

and the  Kg-equation ( I I . 4)

ioKgR +  n KgR g 0  -  2 ( Kq iAA -  Ka i q j i ) .  , ( A . 3 )

I t  i s  p r o f i t a b l e  to e l im in a te  R in the  above th r e e  equations  by 
I Iadding ^  o f  A.2 and - -^Kq t imes A.3 to  A.I ,  giv ing

rO0 O + + K0kQIM (1 " w + I f1) + V o i b 0 Ow + | n )

" I tikOkAIAO '  (1 + i n)K0KAl0A = - 8 it g O 1 OO +  (A-4)

Keeping only the  6 - fu n c t io n  p a r t s  o f  each equat ion and s e t t i n g  v to 

ze ro ,  the  f i r s t  o rder  s t a t i c  equat ions  can be w r i t t e n .  Thus A. I ,  A.3, 

and A.4 become, r e s p e c t i v e l y .

(I -  axi))2GMy6(r) + (2co + o ) (a-j + 2)<j>GMS(r) = ZĜ T̂ ^

(2a^ + 4coy -  2m - n)<f>0M6(r) = 0

(I + mcj) + )GM6 (r) + (I - m + ) (a-j + I )(f)GM5 (r)

-  (-̂ n + l)<f>GM6(r) = G0 (2T00 - I )

(A.5) 

(A.6)

■ (A.7)

Using some r e l a t i o n s  v a l id  in Minkowski space.

To o ^ *  = = p d t  -^ 4 = 4 = 2  = ( A . 8 )
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(A.9)

(A. 10.) 

(A, 11) 

(A,12)

Experimental evidence i n d i c a t e s  y . ~ I ,  so we proceed with the  spec ia l  

case  .

a) = - n̂ + I . (A . l3)

The procedure  f o r  the  a l t e r n a t i v e  p o s s i b i l i t y ,  cu = 0, i s  s i m i l a r  and 

w i l l  not be given here .  Using A.13 and A.11 gives

a-] = - I .
p '

Keeping the  v p a r t  of  the  d e l t a - f u n c t i o n  terms and using A.13, .

A.4 i n t e g r a t e s  to
Q

(I + ^T|(j))[2 + v2 (l + 2y + Ug + e-j )]  = 2 ^ ( -^= ^= = =  " V2 )

Td3X = = -  v2 d3x = M/1 -  v2 .

equat ions  A.5 to  A.7 i n t e g r a t e  (with v = 0) to

• G02 y (I -  uxf)) + ( 2 lu + n)<f>a-] -  2q—  - 2 ( 2 w  + n)d

2y(4co) + 4a^ = 2(2w + n)

G ,
• (2 -  2m + n)tf>a-| -  2q— = - 2 ( 1  + gfti)) .

These can be solved s imul taneous ly  to  give

_ I - (oj) ( 2(0 + n + I ) 
 ̂ I + (0& (I - 4(0) •

which gives
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I + 1Jrntp

as a r en o rm a l iza t ion  o f  Gq , and the  r e l a t i o n s h i p  

I + 2y' + Kg + = 3.

(A.14)

(A.15) ■

Having found the  6 - func t ion  source t e rm s , we next f in d  so lu t io n s  to 

the  t o t a l  dynamic f i e l d  equations  o u t s id e  the  source.  The g^Q equat ion 

(A.I) becomes

(2m + n ) <j>^[(3-^—-7T-----v2 ) (2 ? i + 3y + - I - 2y -  ^  - 2ag)

+ "r-"a(3y + Og - -  I - 2y - ?1 - 2 f )]  = 0. (A.15)

This g ives  two requirements  

?1 + a 2 - I a 1 - 2a3 = 0.

I . • (A.17)
-S-j + o i g "  "2^] ~ 2f = 0,

where we have used y = I . S u b t rac t ing  one from the  o th e r  gives

a 3 “ f ' (A.18)

Equation A.3 becomes
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(2w + .  v2)(c
. r

+ v^)(2a_
r  r  J

E - Za V  + r *a ^0I2 " Z 01I - c I ^

- d + d 1) + r - a ( Z f  -  d + d 1)]
(A.19) 

0,

g iv ing

(2co + n ) («2 -  "Tja -J') = 2(d - d 1 -  2ag)

(Zto + n ) (“ 2 - "̂ ct] - ?-]) = 2(d -  d 1 - 2 f ). 

Sub t rac t in g  and using A.18 y i e l d s

(A.ZO)

(2uj + n + 4 )^ |  = 0. 

This r e q u i r e s  t h a t

C1 = O5

unless  2u + n + 4 = '0 .  However5 i f  
]

to = 2^ + 1 5 one f in d s  unique values  

equat ion  A.4,  give C1 = 0 anyway, 

r e s u l t

(A. 2,1)

t h i s  l a s t  r e l a t i o n  i s  combined with 

f o r  co and n which, when used in 

Equation A.18 y i e l d s  the  a d d i t i o n a l .

a 3 = f .  ‘ ■ (A.22)

In equation  A.16 i t  was assumed t h a t  2w + n f  0. In the  o ther  

c ase ,  2co + n = O5 equation A.19 wi l l  give a^ = f . Using t h i s  in A.4
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r e s u l t s  again in  ^  = 0. There fore  the  same PPN parameters  a re  o b ta ined ,  

r e g a rd le s s  o f  sp ec ia l  r e l a t i o n s h i p s  between w and o.

C- J=O and y  = 1 i n equation A.15 give  the  a d d i t io n a l  r e s u l t

C3 = O .

Using C- J=O and a^ = f ; A.17, A.20, and A.4 become

I
a 2 ~ 2^] = 2f

To g e t  the  ind iv idua l  values o f  and a ^ ,  the  K£ and g^^ equa

t i o n s  a re  needed. Equation I I .4 gives

(n + I ) fa 2~ ) ~ d 1 -  d - 2f

(I + <f> + (a? - ^ a ] )  = (I + n ) ( d ' - d) .

Solving th e se  s imul taneous ly  gives

2f = a 2 - <̂x.j = d'  - d = 0. (A.23)

"ml Jim

or
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Equation I I . 2 y i e l d s

(I + (u<t> + n+)R0» + (2oi + n)K0Kc IOJi + ™ Krn!Jlm̂ ° ’

or

ln<j)(d + d ' ) ]  = 0.

(A.24)

The only PPN parameters  remaining involve  second o rder  s t a t i c  terms in 

the  m e t r ic .  The s t a t i c  equations  to  second order  a re  11,2 ,

Rgod + w* + n*)-^R(T -  w*) -  (2w + n ^ K g K o ) , ^ ^  " F ' o / o n / ' "  = 0%

(A.25)
I I . 3,

R + (6w + 3n)K°K°,og + (6w +

- v ^ j [ ( l  + ox#) + n<|)) ) -
r  r

Solving f o r  a-j and using u = - n̂ + I

"" O^1 _ I O m
4(f) + 4 + 6n + n

4n

Also

d = d '  ,  I 4 |~ 1 + 4 + 6n
4(j) + 4 + 6n + n

+ 2^ o i A ioSm  + + " rOOk0r0 -  °- (A.26)
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and I I . 4 (m u l t ip l i e d  by Kq ) ,

» 0 R  ♦  U* R 0 0  +  ( K 0 K0 ) 1 1 / " 1 -  ZK0 u K0 -  ZKq Ki i i ^ g "  = 0 .  ( A . 2 7 )

I I I
Adding o f  A.26 and - o f  A.27 to A.25, and using to.= + I ,

R0 0 Cl +  | n *  +  * )  +  O n  +  3 ) K 0 KO | 0 0  -  ( 2 n  +  2 JK t m Kt l 0 ,

M n - M J K 0 K11l 0 t = O  :

where we have a l so  used the  f a c t  t h a t  to f i r s t  o rder  the  only non-zero

d e r i v a t i v e  o f  K i s  Kn i n . To second o rd e r ,  
y  x. I U

R0 0  = ( 2  -  2 6 ) ^  ■

2 2 '

v ,o  _ i/ u -  y r
KoR ioo rJu o N io 4I

K0K1 m t  M 2 B -  3 ) ^  .

Using these  gives the  r e l a t i o n

(2 - 2 3 ) 0  + 2^4)) -  O3

or  3 = I as in general  r e l a t i v i t y .  To ge t  6, which only  appears in R,
: . I

we solve  equat ions  A.25 and A.27 f o r  R. Mul tip ly ing A.27 by to + r̂i 

and adding to A.25
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.JjROl + w*(2w + n + D  -  F0/ 0[y m - (2a» + n ) K g K ^ , ^ g ^  = 0

where we have used the  f a c t  t h a t  Rqq = 0 when 3 = I .  Solving and using 

n = ZtO - 2 a

( ■ 4 » - 1 ) ^ 5 -  
I d „ r  ,
2 i -  to^(4o) -  ry

Now,

R =  ( - 4 6  -  4 6  +  8 ) ^ -  = ( 4  -  4 5 ) —- r -  ,
/

so the  6 term can a l s o  be found:

6 = 1 +  — _ - r — - - - - - - - - .
2(f) + 2co(l - 4m)

The ^2 parameter appearing in the  two mass i n t e r a c t i o n  term can be 

found by means o f  a convenient t r i c k .  The co n f ig u ra t io n  o f  a po in t  mass 

m in s id e  a sp her ica l  sh e l l  o f  mass M and rad ius  R >> r  i s  solved by two 

approaches and the  r e s u l t s  a re  compared. F i r s t ,  M i s  included as a 

source o f  the  m etr ic  and we w r i t e

g0Q = I - 2G^ - 2G^ + 43G - (2 - 43 + 2 ^ ) 6 ^ +  0(m2 ,M2 )

9 S S  =  ~ "  2 y 6 T  •

(A.28)
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This has th e  asymptotic  l i m i t  (as ^  0 but always R >> r)

gOO = 1 ‘  2Gf  

gss = '  2yt̂  *

68

(A.29)

Second, we note  t h a t  the  post-Newtonian l i m i t  i s  v a l id  in s id e  the  

s h e l l ,  so one must be a b le  to w r i t e  to  l i n e a r  order .

9ss -I

(A.30)

where i t  i s  recognized t h a t  the  presence o f  the  mass s h e l l  may a f f e c t  

G, and t h a t  the  co o rd ina tes  w i l l  be d i f f e r e n t  to  allow a' Minkowskiian 

asymptotic  l i m i t .  Comparison o f  A.29 and A.30 shows t h a t  t h e  coord ina te  

t r an s fo rm a t io n  must be

" I + GM

ax0. R

ar  _ i 
a r '  '

GM
- yF -  •

Applying t h i s  to A.28 gives

gOO = I - 2G^ + (SB - 6 -  2?2)G ^  .

But r  = (I y G ^ r ' so



9 qq = I -  2(^ T  'I- (83 -  6 -  2y - ^

Comparison with A.30 shows the effect  of M on G,

G* - G[1 - (43 - 3 - Y - ■ 2̂ '

However, the effect  of M on G is  well known from previous analysis 

Equation A.14 gave

-  G^Cl + ln (1  + 2 ^ * ( 1  - {1)(1 -  ^ ] - T
I t  -Tjjng KqKq

G* = -----V -  = G.
I + -TjTKf)

Therefore 43 - 3 - y - ?2 = 0 ’ anc ̂ since 3 = y = I ,■ this implies

0 .
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The s u b s t i t u t i o n  o f  the  lead ing  terms of IV.6,

3OO '  axS 

S r r  = " bxt 

K0 = cxu ,

in to  the  f i e l d  equat ions  has produced the  following equat ions  (equations  

IV .7, IV.8,  and IV.9):

X (u - s ) [ (w - l )x W™2 + Bxw' 1] - ^ x p' 1 (s+ t)  + 2a)XW(bxt - I - ^ )  = 0 ( B . I )

( u 4 x s ) C(W - I )X w" 2 + Bxw" 1] - 4 xP( bx t - l - | - )  - BuxW(bxt - l 4 )  = 0 
4 C4 x x (B. B)

XXw" 2 is ( u 4 5 )  + Xw- 2U2 - W ( b X ^ - l 4 )  + wXW( b X ^ - l4 - 4 )  = 0.Z Z X x x (g 2)

These a re  polynomials in x whose powers depend on the  values  o f  s ,  t ,  

and u. For var ious  ranges o f  va lues  o f  these  parameters ,  c e r t a i n  terms 

in the  polynomials w i l l  be dominant near  the  s i n g u l a r i t y .  The method of  

s o lu t io n  w i l l  be to  assume some range o f  exponents ,  s ,  t ,  and u, keep 

only lowest  o rde r  terms in x, and examine the  r e s u l t i n g  s im p l i f i e d  

equa t ions  to  see  i f  a c o n s i s t e n t  s o lu t io n  can be found. The c r i t e r i a  

f o r  in co n s i s ten cy  a re  as fo l lows:

I .  a ,  b, o r  c = 0. This i s  i n c o n s i s t e n t  with the  assumption 

t h a t  axs , f o r  example, i s  the  lead ing  term in the  power

s e r i e s .
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2. s _< 0. This i s  i n c o n s i s t e n t  with the  assumption t h a t  r  = r  

i s  an event hor izon .

[ I . w = 1]

F i r s t  assume w -  I .  Then B.l to  B.3 become ,

2X(u-s) - 5 -̂X*3"^ ( s+ t )  + 2ti)(bxt+ ^ - l ) = 0
C

(B.4)

2(u+^Xs) - - 2(i)(bx^  ̂- I ) = 0 (B.5)

2^s{u-^s )  + ^ + o)(bx^  ̂- s - 4 u ) - 0. (B,S)

I f  t > - I ,  the  lead ing  p a r t s  become

[ l a . t  > -1 ]

2A ( u - s ) - -TfX  ̂  ̂ ( s+ t )  - 2w = 0
C

(B. 7)

2 (u+^Xs) + — s + 2co = 0 (B.8)

• |^ s (U--^s) + ~u^ + ^ x*3 = 0. (B.9)

I f  P < I ,  the  second equation  reduces to

[ 1 a ( i ) .  p < 1]

4 =  o.
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So e i t h e r  a -  0 o r  s -- 0 and we have a c o n t r a d i c t i o n .  Now assuming 

t h a t  p > I 5. the  t h r e e  equat ions  become

[ T a ( i i ) .  p > 1]

X ( U-S) -W= 0

U+̂ -XS + w = 0

Xs(U-TjS) + 2u = 0.

The f i r s t  equation  gives  

. w
U = 5 + X

which, when s u b s t i t u t e d  in to  the  second equation  gives

These values* s u b s t i t u t e d  in to  the  t h i r d  equat ion  lead  to  an i neonsis 

tency .  The re fo re ,  i t  can be concluded t h a t  p = I .  '

[I a ( i i i ) .  p = 1]

Now i t  should be remembered t h a t

I I
w = 2u—gS-^ t  = I 

p = ^ s - ^ t  = I
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which can be s u b t r a c te d  to give 

u = -gS.

S u b s t i t u t i n g  t h i s  in to  equation  B.9 with p = I ,  gives

which i s  again i n c o n s i s t e n t .  Thus no value o f  p gives  a s o lu t io n  and we 

a re  fo rced  to  conclude t h a t  the  assumption leading to B.7-B.9 i s  not 

v a l i d .  Thus t  <. - I , and i t  i s  s t i l l  assumed t h a t  w = I .

• I f  t  < - I ,  B.4 and B.5 become

[ l b .  t  < -1 ]

-  ^ x p" 1 ( s+ t )  + 2o)bxt+1 = 0 
c

- ^ x p (bx*) - E w b x ^  = 0. 
c

Adding these  and d iv id in g  by xp gives 

^•(s+t) + bxt  = 0.

But t  < -I  implies, b =0 which i s  i n c o n s i s t e n t .  There fore ,  the  only 

remaining value o f  t  i s  t  = - I ..

In t h i s  case  equations  B.4 to  B.6 become
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[ l c .  t  = -1 ]

2x(u -s )  - ■^'(s+tjx^  ̂ + 2u (b -1 ) = O 
c

2(u+^- s ) -  ^ - ( b - s ) x ^   ̂ -  2w(b-l)  = O

(u-^s)  + - ^"X*3  ̂ (b-s.) = 0,

I Iand w = Zu-gS-gt = I implies  s = 4 u - l . Now i f  p < I ,  

becomes

[ l c ( i ) .  P < 1]

—̂ • ( s - l ) = 0 
c

o r  s = I .  This however, along with t  = - I ,  means p = ■ 

c o n t r a d i c t s  p < I .  p = I i s  a l so  qu ick ly  ru led  ou t .  

t  = - l ,  s = I ,  u = - g ,  and the  t h i r d  equation  i s

p c ( i i ) .  p = 1]

¥ - °
which i s  i n c o n s i s t e n t .  The only remaining p o s s i b i l i t y  

t h i$  case  the  th r e e  equat ions  a re  (using s = 4 u - l ):

the  f i r s t  equat ion

7)5—Jpt -  I ,  which 

In t h a t  case ,

i s  p > I .  In
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[ I c ( I i i ) . p > 1]

X(I-Su) -  a ) (b- l ) = O

I
U-XU+^X - ) = O

X ( 4 u - l ) (-u+2") + 2U -  0.

Adding th e  f i r s t  two and so lv ing  f o r  u gives

U 4 ( 4 X - 1 )  ' '

This r e s u l t ,  used in the  t h i r d  equa t ion ,  leads  to an inconsis tency=

All work thus  f a r  has been to  show t h a t  w = I i s  not c o n s i s t e n t  

w ith  the  f i e l d  e qua t ions .  I t  may now be assumed t h a t  w j M , and the  

same type o f  a n a ly s i s  w i l l  be performed, t h i s  time lead ing  to a solution, .  

I f  w f  I ,  then Xw " 1 may be dropped with  r e s p e c t  to xw~2 , and equations 

B.l through B.3 become

W M ]

X (u-s )(w-1) - ^ " X ^  (s+1) + Z u b x ^  = 0
C

(B.10)

(u+^Xs) (w-1) -  —2-xC*(bx^-'~) - Zubx^ ^ = O (B,T1)

x-gs(u-^s) + u2 - ^ x c* (bx*— ) + cjbxt+2 = 0,
C

( B . l 2)

where we have defined
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p-w+2 = s+2-2u :: q •

and where terms l i k e  2cowx have been dropped in favor  o f  the  cons tan t  . 

f i r s t  t e rm s .

Assuming t h a t  t  > - I ,  equations '  ES. 10 through B.12 become 

[2a.  t  > -1]

x (u - s ) ( w -1 ) -  — 1 ( s+t )  = 0
c ■

( u + |x s ) ( w - l ) t- -Tjxq" 1 s -  0 . ’
c

• | s (u -^s )  + u2 + = 0.

[ 2 a ( i ) .  q  < 1 ]

The a d d i t io n a l  assumption t h a t  q < I leads  to  = 0 in the  second
c

equa t ion ,  which i s  i n c o n s i s t e n t  with the  basic  c o n d i t io n s .  I f  q > I ,  the  

f i r s t  equation  i s  j u s t

[2a ( i i ) .  q > .1]

( u - s ) (w-1) = 0 '

which has s o lu t io n  (w ^ I ) ,  u = s .  I n s e r t e d  in the  second equation,  

t h i s  leads  to

s ( I +J*) = 0
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which i s  again  i n c o n s i s t e n t .  The assumption t h a t  q = I r e q u i r e s  more 

e f f o r t .  In t h i s  case  the  th r e e  equat ions  reduce to

[ 2 a ( i i i ) .  q = 1]

A(S-I)(W-I) + ■^|-(s+t) = 0 
C

(2s+2+As)(w-l) + ^ | s  = 0
C

Xs + (s+1)^ + — = 0
C

where we have used the  f a c t  t h a t  q = s+2-2u = I implies  2u = s+1.

Solving the  f i r s t  two equat ions  f o r  s and t  y i e l d s

S = -I  -  h  ~  H  
c  c

which i s  used in  the  t h i r d  equa t ion ,  lead ing  to an in co n s i s ten cy .  There 

fo re  one must have t  <_ - I .

[2b. t  = -1]

The assumption t h a t  t  = -I  in equations  B.10, B . l l ,  and B.12, gives 

X ( u - s ) (w-1) -   ̂ ( s - 1 ) = 0
C

(u+^-Xs) (w~l) -  ^gX^ ( b - s ) = 0 

■|s(u-^s) + u2 - —g - x ^  (b - s )  = 0.



7 8

[2b( i  Jl q > I.]

q > I reduces the  f i r s t  equation to

u-s  = 0

which can be used in  the  second equation to  give 

(l+^-Xjs = 0,  

an in c o n s i s te n c y .

[ 2 b ( i i ) o  q < U

q < I im pl ies  a s o l u t i o n  when

s = l 

b = I ,

and in  o rd e r  to  have q < I , i t  i s  necessa ry  t h a t  x+2-2u < I ,  o r  

u > I .

This appears to  be a v a l i d  s o l u t i o n .  However, s u b s t i t u t i n g  these  r e s u l t s  

i n to  the  y equat ion  (equa t ion  IV.I )  g iv e s ^

The reason f o r  doing t h i s  i s  t h a t  during the  a lg e b r a i c  s i m p l i f i 
c a t i o n  which led  to  equat ions  IV.5 and IV .6 (B.l and B . 2 ) , we in troduced 
i n t o  the  u equa t ion  elements which Were lower order  in  x than the  o r i g 
i n a l .  Thus, the  s a t i s f y i n g  o f  t h i s  lowest o rde r  p a r t  g ives  the  i l l u s 
t r a t i o n  o f  s a t i s f y i n g  a l l  t h r e e  e q u a t io n s ;  but i t  i s  the  lowest  order  
p a r t  o f  the  o r i g i n a l  t h r e e  equations  which must in f a c t  be s a t i s f i e d .



| (u+^-A)[(2u-l )x + 2x ^] - to - ~ - ( u - l )  + -^^ x ^0 = 0, 

whose lead ing  terms a re

(u+^-A) ( 2 u - l ) - 2"(u—̂-) + = 0,

with s o l u t i o n  ;

u = 0 o r  u = I .

This is. i n c o n s i s t e n t  with the  requirement o f  u > I ,  so t h i s  i s  in f a c t  

no s o l u t i o n .

[ 2 b ( i i i ) .  q = 1]

A s o l u t i o n  i s  found when q = s+2+2u = I .  Then 2u = s+1, and the 

equat ions  B.10, B . l l ,  and B.12 become

X ( s - 1 ) (w-1) + —̂ -(s-l)  = 0
C

( 2s+2+Xs) (w-1) - —2"(b0s) = 0 
c

Xs + (s+1 - —Tj-(b-s) = 0.
c .

The f i r s t  equation  i s  solved by s = I . Using t h i s  in both the  second 

and t h i r d  equations  gives
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Here, then ,  i s  a s o lu t io n  

r - r

900 = o ■
I c'

9r r  = - n + 4  i “ ^ +4^ r - r .
r - r

kO = c~ r ~

S u b s t i t u t i o n  o f  t h i s  s o lu t io n  in to  the  o r ig i n a l  th r e e  equat ions  gives 

co n s i s t e n cy ,  with a ,  c ,  and r 0 s t i l l  a r b i t r a r y .

F in a l ly  i t  i s  necessary  to make the  assumption o f  t  < -I in equa

t i o n s  B.10, B . l l ,  and B.12. F i r s t ,  we t r y  t  < -2 .  Then the  th ree  

equa t ions  become

[2c.  t  < -2 ]

-  ( s+ t )  + 2u)bx^+^ = 0 
c

- ^ 7XqBxt  - 2tobxt+2 = 0
C

■̂ 2bq+^ + Oibx^+2 “ 0.

Adding the  second and t h i r d  gives
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-mb = O

which i s  i n c o n s i s t e n t  with the  bas ic  c o n d i t io n s .  Therefore  t  > 

[2d.  t  = -2]

The assumption t h a t  t  = -2 produces the  th ree  equat ions

x (u -s )  (w-1) - ~ 2"X̂  ̂ ( s -2 )  + 2mb = 0 
c

(u+^XS) (w-1 ) - -  2mb -  0

| s ( u - ^ s )  + U2 -  ^ | x q ™2 + mb = 0 .

[ 2 d ( i }. q < 2]

I f  q < 2 the  second equation i s

7 “ °

which i s  i n c o n s i s t e n t .

[ 2 d ( i i ).  q > 2]

I f  q > 2, the  th r e e  equations  a re

x (u - s ) ( w - 1 ) + 2mb = 0 

(u+^Xs) (w-1) - 2mb = 0

(B.13)

(B.14)

( B. 1-5)
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(u—IjS) + + tub = 0.

Adding the  f i r s t  and second equat ions  to g e th e r  and remembering t h a t  

w.?M gives

,, -  3Xs
u 4 n + i y  -

Using t h i s ,  the  second and t h i r d  equat ions  reduce to

Xs2̂ ± l l % 2 )  - 2™b = 0
(4A+4)^

2 .(^ -4) (4A-2) + gwb = 0 
As (4A+4)d

which a re  i n c o n s i s t e n t  with  s > 0 .  Now i f  q = 2, s = 2u and equat ions  

B.13, B.14, and B.15 become

[ 2 d ( i i i ) .  q = 2] 

o
-Au^ + 2 cob = 0

U2 + TfAu - -H- - 2(ob = 0 
2 c 2

U2 -  + cob = 0.
C

Sub t rac t in g  the  t h i r d  from the  second and adding o n e -h a l f  o f  the  f i r s t  

y i e l d s

-2wb = 0
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which i s  i n c o n s i s t e n t .  We have now exhausted a l l  p o s s i b i l i t i e s  with 

t  = -2 ,  and have l im i t e d  a p o s s ib le  second s o lu t io n  to  the  range 

-2  < t  < - I .

In t h i s  c a se ,  equat ions  B.10, B . l l ,  and B.12 reduce to 

£2e. -2 < t  < - I J

X( u - s ) (w-1) - — (s +t ) = 0 
c

(u+^-Xs) (w-1) -  ^gX^ t  = 0 
c

^ s ( u - ^ s )  + u2 - ^ x c,+t = 0.

[ 2 e ( i ) .  q < 1}

I f  q <. I , then t  < -I  implies  t h a t  q+t < 0, and the  second equa

t i o n  i s  j u s t

which i s  i n c o n s i s t e n t .  The remaining p o s s i b i l i t y  ( q . > I )  reduces the  

f i r s t  equation  to

R e ( i i ) .  A > T l

X( u - s ) (w-1) = 0

o r ,  s in ce  w ^ I ,
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u = s .

P u t t in g  t h i s  i n to  the  second and t h i r d  equations  gives

( l - f l x ) s ( w - l ) - ^  = 0
c

( I t l x ) S 2 - SjjxOt t  = 0
C

which can only be solved i f

S = W-I -  Zu-vjS—Tjt- I

o r

t  = s -2 .

( B . 1 6 )

I f  these  r e s u l t s  a re  s u b s t i t u t e d  in to  equation  B . l , t h e r e  r e s u l t s

x ( s - s ) [ s x s  ̂ t  2xs ] - -Tf(Zs-Z) + 2to[bx^s  ̂ - x  ̂ -  (s+I )x^J = 0

C (B.17)

Now the  l i m i t s  on t  (-2  < t  < - I ) g ive  l i m i t s  on s (0 < s < I ) ,  so i t

i s  p o s s ib le  to compare the  orders  o f  some o f  the  terms in B.17.

s-1 < Zs-I < s 

s-1 < 0 < s

The lowest o rde r  term (xs ~^) van ishes .  However, i t  must be remembered 

t h a t  the  bas ic  expansion o f  the  f i e l d s  was a power s e r i e s ,  and i f  one
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goes beyond the  lead ing  term in. the  power s e r i e s ,  the  next o rder  c o n t r i 

but ion  w i l l  be a t  l e a s t  one power h ig h e r ,  o r  xs . The re fo re ,  the  second 

lowest  o rde r  terms in ES.17, -

- •^2"(2s - 2) + 2ti)bx^S  ̂ , (B.18)
c

must a l so  van ish ,  s in ce  any terms a r i s i n g  from cont inu ing  t h e  power 

s e r i e s  expansion must be o f  d i f f e r e n t  ( g r e a t e r )  o rde r  than B.18. I t  i s  

t h e r e f o r e  necessary  t h a t

-  - | ( s - l )  + 2(obx2s" 1 = 0 .
C

II f  s f  j ,  t h i s  reduces to

s = l -

b = 0

I
which i s  i n c o n s i s t e n t .  I f  s = ^ ,  then

' (B.19)
2wc2

and

Now, i f  these  values  a re  used in equat ion  B.2,  th e re  r e s u l t s
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- ^-JX ^ ^  -  2o)b -  0.

I /O
The x™ z term vanishes  because o f  equat ion  B.16, and an argument l i k e  

t h e  one lead ing  to  the  vanish ing  o f  B.18, leads  to

—rf - 2wb -  0
c

which i s  i n c o n s i s t e n t  with B.19.

There i s ,  t h e r e f o r e ,  only one s o lu t io n  to the  th r e e  e q u a t i o n s ,

B. l ,  B.2,  and B.3,  which i s  c o n s i s t e n t  with the  assumptions o f  an event 

hor izon;  and t h a t  is

9

K

r r

Zl
0

with a ,  c,

a o

and r 0 a r b i t r a r y .



APPENDIX C

We f i r s t  de r ive  the  l i n e a r i z e d  form o f  the  f i e l d  e q u a t i o n s . The 

f i e l d s  a re  w r i t t e n

9

K

uv

u

V  h

+ AX

wv

where h «  n , A «  <j> , and n and <j) a re  co n s tan t  cosmological wv wv w w wv w
values  o f  the  f i e l d s  (coo rd ina te s  a re  chosen so t h a t  nyv i s  the  Minkowski 

m e tr ic  t e n s o r ) .  Then the  cu rv a tu re  t e n so r s  a re

^ y a v B  2 ^ w v  , a B  ^aB »wv ^wB iOtv ^ a v  ,y'B^

r XV = I fcj2hPV + h , p v -  2h“p , J

R = D h  - h

WV

ctB
»aB

where h = nyvh^v . The d e r i v a t i v e s  appearing in the  f i e l d  equations a re  

(remember K e K^K^g^^)

K,pv = 2* X , p v  -  ^ 6hCS-PV

D 2 K =  2 * t ] 2 A^ -  ♦ “ 't'f S 2 Ila 6

(Ka K6) la6 ■ Z A 6 i6 a  ♦ A 6Ra6 -  A 6D 2Ha6

D2 IK K W lP 2Av + ^ A  - \  O11A d X cP  H6ct ,Bv -  h V 5Bct

-  -  h ^ ^ )



^ ( V 0 ) 1 1 1 0 - * \ , v a  +  t X l l l ^ V a i =V +  V ai=P

+ 2tat8Rp«v6 - t a t 6 h =3,pv

-  ^ t X h8O1V6 " h6V1=B + c 2 h VC1

- V aI fh8O1P6 ‘ h8P1O6 t  c 2 h PC1

. 8 8

in which case ,  one can a l so  w r i t e  the  combination

D2 ( V )  " (KpKa ) ]va - (KvKa ) . = 4> F a + ( ( , F a - 2<#>(V'FIya y v , a  v y ,a

+ t a t 8 h O6 lPV -  t a X 1VO +

Thus the  equation ( I I . 2) can be w r i t t e n ,

R, „ !1 + , i tZ )  + s f l o t Pt V " K v  " K 2Spv1 t  2ro ta fX 1PV "  S p K '  

-  ( «  +  f i ) A 8 ( h a e , ; V -  S 1 1 0 2 Kc t 6 )  +  T i f l t l l Rv a  +  ♦ / „ „ )

+  P A X R v a v 6  -  S v v X s )  -  P S u v A X o  t  I n t a f X 1V =  t l X 1P = 1

- I n f t PpVa i = t X p a i O1 = 0 ■

where < T  = <f>a . The g equation ( I I . 3) i s

R + + a f p  -  = O

where we have defined P e (2w+n)(^A^ - 01̂ h a g ) f o r  r o t a t i o n a l

The Ky equation  ( I I . 4) i s

'yav3 

A ).v , y a

( C . l )

(C.2)

ease .
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w* R + n<f)aR + 2F a = 0. y ya y , a (C.3)

Based on C.3 a lo n e ,  the  fo llowing equat ion  can a l so  be w r i t t e n .

I.M ul t ip ly ing  equation  C.2 by y i e l d s

■ K vr + r>9yV<fra/ Rae + f g yv^ p  - = 0.

Dott ing equat ion  with *p and m u l t ip ly in g  by ^g^y gives

1“V t2fi + ^ 9Pvta t6fia S +' 9Pvt a p C6 1B =

Adding these  l a s t  t h r e e  equat ions  to  C.l r e s u l t s  in a s im p l i f i e d  ve rs ion  

o f  the  gyv equa t ion .

Rpv O * M 2 )  + Tl^qi6Rllav6 - + I s illP 2P + Pjllv t- V t V 1B

" I 9 t a IpPp1V + pCv1P1 -  I?9 + fiX t PpVa i C + t VpP0 1C1 = ° :  (C' 4)

A s o lu t io n  i s  now assumed in which the  p e r tu rb a t io n s  (h and A )y v y

a re  plane waves moving in the  z d i r e c t i o n .

i K
h = e e y yv yv

A" -  aye ll<l|X .
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i s  a propagation  4 -v e c to r  whose components a re  given by

kp = (Ck9Os O5 - k) (C .5)

where c i s  not n e c e s s a r i l y  the  speed o f  l i g h t  (which i s  equal to  one in 

our  u n i t s ) ,  but i s  the  speed o f  propaga tion  of  g r a v i ty  waves.

There a re  f i f t e e n  non-zero components o f  the  Riernann t e n s o r ,  not 

counting permuta tions  o f  the  s u b s c r i p t s ,  but o f  t h e s e ,  only s ix  are  . 

independent.  These s ix  can be taken to  be

R0101 ' R0102 ’ R0202 ’ R0103 ’ R0203 R0303.

The remaining nine a re  given by

R1313 = 1T r OIOI c

D = I - '  P
K1 323 T T l  0 2

_ I ■
R2323 ~ T*0202  c

R0131 = " Cr OIOI

I
R0132 = R0231 = ' c  R01 02

R0232 = " 0*0202

]
R0313 = 0*0103 

R0323 = c*0203.
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The components o f  a re  a l so  l i n e a r  combinations o f  the  f i r s t  s ix .

R00 " " R0101 " R0202 “ R0303

R01 “  "  3 * 0 1 0 3

R02 “ 3*0203

*03 “ c^R0101 + R0202^

r H  = 0  - 1 ^ r 0IOI 
c

R12 = (1 " 1T )R0102

R22 " (I " ^2)*0202

R13 " R0103

R23 = R0203

33

m d  R is

2^R0101 + R0202^ + R0303 ’

R ? "2(1 - 1 2 ^ R0101 + R0202^ " 2R0303"
■ c

We have a l ready  chosen coord ina tes  so t h a t  the  background metr ic  is  

Minkpwsiian, and o r i e n te d  the  th re e  space coord ina tes  so t h a t  the  z -ax is  

i s  along the  d i r e c t i o n  o f  propagation of  the  wave; but th e re  s t i l l  e x i t s
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th6 freedom o f  choice  o f  i n e r t i a l  frame, s ince  any boost w i l l  leave n 

unchanged. To s im p l i fy  c a l c u l a t i o n s ,  we choose to work in the  r e s t  

frame o f  the  un iv e rse .  In t h i s  frame

M 0

The vanishing o r  non-vanishing of  va r ious  components o f  Rviavg wi l l  depend 

oh t h i s  choice  o f  r e fe re n ce  frame, but once th e  l i n e a r i z e d  components 

a r e  found in One frame, they may be determined in any frame by the 

a p p l i c a t i o n  o f  Lorentz t r a n s fo rm a t io n s .

In the  r e s t  frame o f  the  u n iv e r s e ,  the  equation (C.3) i s

(We assume for the  t ime being that n J6 0), W hen£= . l ,  t h e r e  r e s u l t s

( C . 6 )

and & = 2 gives

(C. 7)

Setting & = 3 yields

( C . 8 )
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The Kq equat ion  i s

* " * R00 + 2Fo " ,o = 0,

which,  using the  express ions  f o r  R and Rqq and the  r e s u l t  'C.8 ,  gives 

(2w + n)*RQ3Q3 = 2FQ*^ + (2w + n - 

However Fq01 a  and Fq0 q a re  not independent.

n U. „  r* 3  — n _  Ir- _  I r  _  Ir- CL

F0 , a  ~ F0 ,3 " “F03,3 “ c 0 3 , 0  " " c 3 0 , 0  ~ " Cf S ,cr

So Rq303 i s  given by

R - 2 0  - c 2 ) r  
•0303 n<i> ' 0 , a ’ (C.9)

This i s  a l l  the  informat ion  a v a i l a b l e  from the  fou r  K equat ions .  

There remain ten g ^  equat ions  which w i l l  determine Rqiq1 - p-q202,R0303’ 

A , and c ,  These equat ions  a re  (equa tion  C.4)

2 2 '

( I I )  ^ g ( l  + w<j) ) + n* Rq102 = O

(11) R11O + V )  + I t 2R0101 - ^cf P - ^ o a jll = 0 '

m )  R12O + «*z ) * ^ 2R0202 - » 0  .

(13) R^jO + «♦ ) + n4i RgiQ3 - i3 = 0 ,

(33) R23U + w# ) + n# Rg2Q3 - Zn̂ oZiS ~ 0



( 0 1 )  Rq 1 ( I  +  <i)<j>2 ]  -  T p v P F q -J . q  -  C^n. +  2 ) 4 ' F 1 ^ ^  =  0

(02) Rggtl + wfj)2) -  ^ni(J)Fgg q -  (-gn + 2)<j)Fg^^ = 0 ■

( 6 3 )  RggCl  +  W+2 ) +  P , g g  -  2 F g » ^  = 0

(00) RggCl + OJfj,2 ) -  OXjj2R + + Pj00 -  ( n  + 3)4,Fg*^ = 0

(33) R33(I + ojcj)2 ) + HcjJ2R0303 " ] r f p  + Pj33 + (n -  l)*Fo*',a = 0

We now re w r i t e  th e se  ten e q u a t i o n s , inco rpo ra t ing  the  express ions

f o r  R and the  in format ion  gleaned from the K equa t ions ,
y v  U -

(12) Rgi Qgttl -  -tg-) (I + (jj^) + n'cj)2] = O (0 .10)
c

(11) Rq101[(I -^g)(I + ojcj)2) + n<j>2]' -  ]jE?P ~ CjjFga ja = O

(22) Rg202[(I - -tg)(l + ojcj)2) + n*2] ~ - CjjFgctsa = 6.

S u b trac t ing  th e se  l a s t  two equat ions  gives

(Rg101 - Rq2 0 2 ^t(l ” "̂ 2")(I + wcj,2 ) + n.cj) I - 0. ( C. l l )

Adding (11) and (22) gives

(Rg101 + R0202^t(l ~ ^ )  (I + wcj,2 ) + rvp2] = .D2P + 2^Fgctja ' (0-12)

94
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S u b s t i t u t i o n  o f  (%8 f o r  Rqiqi  + Rq2q2 g iv e s ,

D2P = ~ —7~'~0 + w*2 + a f 2 )2FQ“ •n_(j) u ,a

Cont inuing,  using equat ions  C.6 and C.7

(13) [^ (1 + n.<j)2) - F ^ f i5YlirIa ,« = 0

(23) '. [ ^ O  + w*2 + nci>2 ) -  I  ^ T T Y l r Ea i Ci = 0 ■ ’ 

where we have a lso  used the  f a c t  t h a t

• F02,3  = " ! fQE,O = ! fE0 1O = ^  1 ^  ,a

and a s i m i l a r  express ion  f o r  Fq1 q . The same type 

used in the  (01) and (02) equat ions  to  g ive

(01) Ff -O  + OKf,2 ) - 2 + I - ^ f l i - I F 1 a = 0
n<p ^ c - I  ’a

( 0 2 )  [ 4 ( 1  + Mtj)2 ) -  2 + ~  — ] F 2a = 0 .

In w r i t i n g  the  (03). eq u a t io n ,  Rqq = 1 ( Rq1 q1 + Rq2q2 

v ia  equation  C.8 and th e  f a c t  t h a t  Fq01 = -cFna
•J ja U ,a

(03) [ % 1  + w*2 ) + 2c]F % - - 4 -----a  ? = 0,o<i> u >a

2
or  D2P = 1(1 + w*2 + n / ) 2 Vntf) u ,a

(C .12)

(C.13) 

(C.14)

of  conversion is

(C.1.5)

■ (C.16)

) is- e l im ina ted  ■ • 

i s  a l so  used.

(0.17)
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in  agreement with C.12. Before w r i t i n g  down the  (00) and (.33) equa

t i o n s ,  we note  t h a t ,  based on the  K equat ions  a lone .

R00 = - R0303 " ( R0101 + R0202^

I
R33 ~ R0303 2 vxOI01 ' "0202

2 p a
0 ,a

■■ 2Cr a 
n<i) 0 ,a( R0101 + R0202^

R = ™̂ R0303 ~ 2 ^1 " " 7 ^ R0101 + R0202^ =

Then, using C.17 f o r  □  P, the  (00) and (33) equat ions  a re  both

%r[3(c2 - 1)(1 + + n4>2) - n<f>2(n + 1) ] F^ = 0.
U  ,C Z

( C . I 8 )

These a re  a l l  o f  the  g ^  eq u a t io n s ,  and we proceed to so lve  them. 

Equation C.10 i s  s a t i s i f e d  i f  . .

n .2
c  =  I -

I + + n<i>2
(C.19)

So Rq-] Q2 must obey

R0102 e I 6

ik  xu 
u ( 0 . 20)

with k r e p re se n t in g  a wave with speed given by 0.19.  Equation 0.11
u

i s  a l so  s a t i s f i e d  i f



R0101 ~ R0202 e26

with the  same k

1kZ jl (C.21)

Equations C.13, €..14, € .15 ,  and €.16 are  a l l  s a t i s f i e d ,  i f  

2 ( 0 . 22)
I -r cjtj) + n<()

which means t h a t  (us ing €.6 and C.7)

i  k 1Xy
R0103

I k nXy

R0203

Il m CD

. , i  k

Fi a , .

i-vy

.1 j-i..  ̂ i k ' x
Y . .  '  ^ 4 '  v

where i s  the  propaga tion  v ec to r  f o r  a wave with speed given by 

0 .2 2 .  F in a l ly  0 .12 ,  0 .17 ,  and 0.18 a re  s a t i s f i e d  i f

2 T +
I 2 2 . 2I n + n<k
3 i . ,2 , .2I f  ouj) + n<()

(0 .23)

and

R0101 + R0202 e S e

ik"xy 
v
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‘0303 = 2 -eBe
Q

. . . ' ik"x
■ a . -  e y
0 ,a 2c2 5

d ?  = 'c2  - 1

I k
J - l CI + H 2 + V k 5G v

where k" i s  the  propagation  v ec to r  f o r  a wave moving a t  speed given by 

C.23.

To sum up, a l l  o f  the  four teen  equat ions  a re  s a t i s f i e d  by 

Rr'0102 e I e

ik  xu 
u

R0101 " R0202 £2e

ik  xy 
y

R0103 e3e

i k ‘xy 
y

R0203 " e4e

i k 1 xy 
y

ik"xy 
y

R0101 + R0202 eB6

R
* 0 3 0 3  c „ 2  Be

i k 1 xy
r  a  =  i i i _ e  e  y  ■ 
hI ,a  2 c 1 3e

i k ‘xy
c  a  =  J I i r e  e  y

2 c 1 4
Ii v y

Foa ,«
. . I k nXBi__e p y



where

K3
I +

'h<l>
T ~~ZI + axj) + r|(j>

.2 . 2 . .n <f>
4 ,  . ,2 x  2I + co<j) + n<#>

,u2
I/"

k3

2 2 2 
= I + I *  t n  *

I + coif) + ri(J)

In a l l  t h a t  has been done u n t i l  now, i t  has been assumed t h a t  

n Ti 0. The o th e r  case  n = 0 must be taken s e p a r a t e ly .  The K equa-
Xj

t i o n s  (C.3) are  then

For £ =.1 and & = 2,  t h i s  becomes 

D 2 A-, = O 2 Ag = O 

For £ = 3,  one has

F “' 3 ,a
O

Using the  l a s t  equat ion in the  Kq equation gives

LO(J)R = -2Fna = O. U ,a  ■

(C.24)

(C.25)

(C.26)



Then the  g equation  (C.2) gives  the  a d d i t io n a l  r e s u l t  

Scfq = -R = 0

where Q = otCjŝ h ^ ) .

• The (01) equation i s

™ X l 0 3 (1 + ^ 2 )  = 2^ l 01ia = 0 

where we have used C.24. The re fo re ,

R0103 = °'5

which a lso  s a t i s f i e s  the  (13) equa t ion .

S im i l a r ly  the  (02) and (23) equa t ions  are  s a t i s i fed ,by

R0203 = 0

Fpa = 0 '£ ,a

The remaining equat ions  a re  (us ing  C.25 and 0.27)

(12) Rgiggfl + w(f>‘_)(l - -̂ g-) = 0

(11) Rqiq -] (I +-OXj) )̂ (I - Tg-) = 0

(22) ^QgQgfl + w$^)(l -  ^g-) = 0
c

100

(C.27)

(C.28)

and
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( o s )  (,(R0101 +  R q 2 0 2 ^ 1 +  ) +  Q } 0 3  0

P O
(OO) “^0303^ + .  ̂ ~ ( Rqi oi ^0202^ ^  + uit̂   ̂ + ^ OO ~ ^ (C.29)

(33) Rq303CI + (OCj) ) -  -y (R 0101 + R0 2 0 2 ' ^  + + 0,33 = 0
c

I f  c /  I then Rq101 and Rq203 must vanish due to  equat ions  C.28, 

and the  only s o lu t io n  i s  the  t r i v i a l  one o f  no r a d i a t i o n .  I f  C = T 5 

then the  th r e e  C.28 equa t ions  are  s a t i s f i e d  i d e n t i c a l l y  and the  th ree  

C.29 equa t ions  reduce to

R + R = Q,00-
K0101 k0202 , ^ 2 I + (Dcj)

R0303 = °*

The s a t i s f y i n g  o f  C.28 impl ies  t h a t  Rq101 - R0202 and Rq102 are  

u n sp ec i f ied  by the  f i e l d  equa t ions .  Also

means t h a t  t h e r e  i s  no physical  lo n g i tu d in a l  waveJ  but 

F106 = 0 and
I i d

do allow non-zero A1 , Ag, which produce physical  t r a n s v e r s e  waves. 1

1See Appendix D.



APPENDIX D

I t  i s  here  shown t h a t  Fq a “ 0 does not r e p r e se n t  phys ica l  waves

F0 ■ 0

i s  solved i f

Fqcx a  al lows the  propagation o f  a non-zero

r e l a t i o n s h i p  between i t s  components. However,

we now show t h a t  t h i s  i s  not  a physica l  wave a t  a l l ,  but a "coordinate

r i p p l e "  which can be c re a te d  by a coo rd in a te  t r a n s fo rm a t io n ,  and t h a t
. ’ ' . . .  

t h i s  wave has no observable  e f f e c t s .

Consider a coo rd in a te  system (xy ) in which th e re  i s  no wave d i s 

tu rbance  to  the  v ec to r  f i e l d .

Thus, i t  would appear t h a t  

v ec to r  wave with the  above

Kp = U 0 , 0 , 0 , 0 ) , .

and e f f e c t  a coo rd in a te  t r ans fo rm a t ion  xy ^  x y where 

X0  = x° + -^ -s in (a jx°  - Kx^)UMj,o

In the  new co o rd ina te  system
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o

or

K0 = <|>0 + S q C O S  (wx° - kx3 ) = <j>0 + Aq 

Ko = -  - a  cos(a)X° - kx3 ) = - -̂ AO 0) O CU

This i s  j u s t  the  type o f  wave requ i red  f o r  Fq” a = 0.

There a re  two ways t h i s  wave could be observed. I t  could couple 

to  the  m etr ic  v ia  the  f i e l d  equations  o r  i t  could a f f e c t  the  g r a v i t a t i o n  

a 'I c o n s ta n t  as in Chapter I I I .  . In the  f i e l d  equations  i t  only appears 

in t h r e e  express ions

' Y , *  '  and *°(AQ -

The f i r s t  two a re  obvious ly  zero ;  the  t h i r d  can be shown to be zero.  

The coo rd in a te  t r an s fo rm a t io n  t h a t  induced the  v ec to r  wave wi l l  a l so  

induce a m e t r ic  wave in an o therwise  f l a t  background

g . J i b i s i 5
^  9xm ax" r

9OO '  12V f ?  V  " (1 + V+oX1 + V *o)r'oo9 X 9 X

9OO '  1 + 2aO^O  5 1 + hOO

Then

(A0 " ^ 0fl0O} = 0
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and the  wave c a n ,have no observab le  e f f e c t  on the  m e t r ic .

F i n a l l y ,  th e  coo rd in a te  r i p p l e  could a f f e c t  K ; Which, as was 

seen in Chapter I I I ,  determines,  th e  e f f e c t i v e  g r a v i t a t i o n a l  coupling 

c o n s ta n t .  However,
'  . .

k Z "  =  U p  +  A i i H t v  +  Av H n v v  +  Kp v )

-  f / .  + Zt0A0"00 + t 02h°0

V *
Noting t h a t  h00 = -Pqq = - Z h J , i t  i s  seen t h a t  i s  unchanged 

(as a s c a l a r  must be).

Therefore  the  wave

A0 -  A0COSkiiXv 

a

A3 = F coskPx*1

i s  an unphysical  coo rd ina te  wave, and may not be counted as a mode of  

p ropaga t ion .



APPENDIX E

The a c t io n  i n t e g r a l  i s  

A  = jd^x[L.| + L2 + L3 +' + L5] ,

wi th

. = /-gl6TrG^Lm(gy v , m a t te r  v a r i a b l e s ) ,

L 2  F  V ^ g R 1

L_ = w/=gK K^R,0 y

■ L4 = T1Z ^ K 11Kv Ri i v ,

L 5  *

wi th  .

= Ku I v - K'vly'

We r e q u i re  t h a t  the  a c t io n  be i n v a r i a n t  under v a r i a t i o n  o f  

a t io n  o f  L-| de f ines  the  s t r e s s - e n e r g y  t e n s o r  f o r  m a t te r .  ,

—  — 5  S ttG T 
A g  Sgvv ’ 0 vv

Vari -

(E-I )

L2 a l so  occurs in general  . r e l a t i v i t y ,  from which the  v a r i a t i o n  i s  known
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to  be I

. .SL2 '

/Cg y v (Ev2)

looks much l i k e  a Brans-Dicke Lagrangian term', and

5 Lg __ a x
— '—  = a)/-gK' K R + toK K ------ ( / - g R ) .
gg%v P v a gguv  ̂ ^

The l a s t  term is  the  same as the  v a r i a t i o n  Brans and Dicke performed

to  ge t  t h e i r  f i e l d  e q u a t i o n s . K' Ky e K corresponds to the  s c a l a r  q>,
^ 2

and we can use t h e i r  r e s u l t  to  w r i t e

/ - I  Sgvv
io(K K R  + KRy v  y v -  29y v KR + KI y v - SpvP 2W ( E . 3 )

Lg i s  analogous to  the  f r e e  f i e l d  energy o f  the  Maxwell f i e l d  of e l e c t f o -
3dynamics, whose s t r e s s - e n e r g y  t e n s o r  has been found to  be

I 6L3 

S g ^
2F r  +y a  v

•ctB (E.4)

i
See ,  f o r  example, James L. Anderson, P r in c ip le s  of  R e l a t i v i t y  

P h y s ic s , Academic Press (1967) ,  p. 345.

^C. Brans and R. H. Dicke, Phys. Rev. 124, 925 (1961 ).

3 ’ ’See,  f o r  example, Adle r ,  Bazin ,  and S c h i f f e r , In t roduc t ion  to
General R e l a t i v i t y , McGraw-Hill (1965) ,  p. 326. ,
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In L^5 v a r i a t i o n  o f  gyv gives

+ A g K V G R a g (E.5)

The l a s t  t e rm 's  c o n t r ib u t io n  to th e  a c t io n  is

■ SI = Jd4Xv^gKa K3SRag 

From the  d e f i n i t i o n  o f  R n , one can w r i t eCtg

5R=6 = t6^ h 6 -

where i t  should be noted t h a t  Sr ^ i s  a t e n s o r  even though r ^ i s n ' t /ctg 3 a g
Therefore

s i  == / d 4x ^ [ K V ( 5r a = ) , v - . K l t s (OraJ)  ]

/ d ^ A g C f ^ K ^ r ^  - KaK6S r J ) + (Ka K6) liiS r J  - ( K V ) 1i SvJ r ]a g  Iy Iy  a g Iy  a  g '

Writ ing the  express ion  in parentheses  as a s in g le  v e c to r ,

y = KctKij5r 3 _ Ka K3SF J 5 •
• a g  a g

v i e  c o l l e c t  to g e th e r  a p e r f e c t  d ivergence ,

I b i d . , p . '307.



whose c o n t r ib u t io n  to  the  in t e g r a l  vanishes  when the  boundary' o f  the  

region o f  i n t e g r a t i o n  i s  taken a t  i n f i n i t y .  The in t e g r a l  then reduces

to

«1 = / d V g a A i b ^ r "  -  (KciKb ) | 66 r 1‘i | ] i

Now

/ = 9 " « %  '  6 C-c Sl " V s 6-c S
S

I

(/=9)
^ 6 /-c

C- K s s vV6Sliv) , a  + J t z=A) . . V g vv

-  K ( S vV6Svv) , .

The second te rm 's  c o n t r ib u t io n  to the  i n t e g r a l  i s  then

S I 2  =  +  K x -c S ( kA s Cs v V6 S i j v )

I n t e g r a t i n g  by p a r t s  gives
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I i'j 4
g” 4s-,Pv

lag pv (E.6)

where ( / ^ ? 01) a = / ^ ,C a , a has again been used. 

The remaining, term i s

fill = Jd4XZ^(KljKv) ^ s r i".

I t  can be shown t h a t  f o r  any te n so r  Mvv ■

JdttXẐ gMljv s r  01 = %rd4xZ-g[M + M + M - M  
a  u v  4 ;  a u va y v  a v y  y a v  . y v a

+ M ' ' -  M ' • ] QaeSgy v , 
v a y  v y a  1B3

Applying t h i s  to  (KyKv ) 1 gives
I a

I f ,4 a g  y v
. 61I = 2 / d ) , v :+ W i ; - '  ( kZ v) 1J 16S 6S

J l 1 = l / d 4x/^g[(Ka K ) + (K°K ) -  n 2 (K K I l i g lr-
I • u I v a  v  I y a  y  v (E.7)

P u t t in g  E.6 and E.7 i n to  E.5 and g a ther ing  E.l through E.5 y i e l d s  t h e

g f i e l d  equa t ion :  
yv

I IR -  R + io(K KR + KR -  -^g KR + K -  g OD K)y v  y v  y  v  y v  <- y v  I y v  y v

+ + V p .  " X V  " X pW ci6 + e  < W '

-  W  IV. -  (K/ “ ' .P «( Kv Ka) , „  J  + 2Fu«F“ v + k v Fa 6F“ e ' 8t6Ot UV



n o

The K equat ion  is . s t r a i g h t  forward.  Ky d oes .no t  appear in e i t h e r  

L-J or  L2 ; in  Lg and L^ the  v a r i a t i o n  i s  simply

I ^ 3-----------— 2 u)K R
vCg 6 KM ' P

—  —  = 2n KvR .
v q f  6 K*  , ^

Lr can be w r i t t e n  o

4  -  - c SCSl l V '  - K3 ,a>9V“=V6.

Then

6 L 5  -  - ^ , y K ^ M g ' - V 6 -  gv 6g " )

I n t e g r a t i o n  of  J d x  L5 by p a r t s  y i e l d s

SL5 = 4[/^gKa j 3 (gyV 3 - 9 ^ 9 ^ ) ]  K11,, V  , y

6L5 '  ^ < ^ 8  - K6 , „ ) s" V 6] , v«Kv .



m

So the  c o n t r ib u t io n  to the  f i e l d  equation  i s

.J-----!L = 4p gX

The Kjj f i e l d  equation i s  th e r e f o r e

" V  + " kVrpx, + 2Fp“ m 0
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