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Abstract. In this work we study the stability of the four vector irreducible pieces of
the torsion and the nonmetricity tensors in the general quadratic metric-affine Lagrangian
in 4 dimensions. The goal will be to elucidate under which conditions the spin-1 modes
associated to such vectors can propagate in a safe way, together with the graviton. This
highly constrains the theory reducing the parameter space of the quadratic curvature part
from 16 to 5 parameters. We also study the sub-case of Weyl-Cartan gravity, proving that
the stability of the vector sector is only compatible with an Einstein-Proca theory for the
Weyl vector.
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1 Introduction

There is no doubt that the Theory of General Relativity (GR) is one of the most successful
theories in Physics, due to its mathematical robustness and its numerous predictions that
agree with experimental data [1, 2]. For instance, gravitational waves, which were predicted
by the theory over a hundred years ago, are still being measured for the first time in our days
[3]. Nevertheless, some cosmological and astrophysical phenomena cannot be explained in the
GR framework with just the matter content of the Standard Model of Particle Physics. For
example, the Cosmic Microwave Background does not fit the GR predictions with baryonic
matter [4].

These problems are solved assuming GR as the correct gravitational framework and mod-
elling the accelerated expansion with a new type of energy (dark energy) in the form of a
cosmological constant [5], and the rotation curves by adding a new form of matter, which
interacts weakly and gravitationally, which is known as cold dark matter.

Another perspective to tackle these and other problems is assuming that GR receives some
modifications at the appropriate scales. We know from the Lovelock theorem that any Lorentz
invariant four-dimensional local modification of the Einstein-Hilbert action of GR necessarily
introduces new degrees of freedom (d.o.f.’s) at low energies [6]. Hence, we can explore if such
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d.o.f.’s can be used to model for instance dark matter or inflation. This line of thought has
been explored in the literature for some modifications of GR (see e.g. [7–10]).

When exploring such modifications we have to be careful with the fact that the new prop-
agating d.o.f.’s may have a pathological behaviour. Consequently, we need to make sure that
the modified theory is stable for sensible solutions like cosmology or Minkowski.

In the present text, we will work in the framework of Metric-Affine Gauge (MAG) gravity,
which arises from a gauge procedure with respect to the affine group. The resulting spacetime
manifold gets equipped with a general connection not necessarily equal to the the Levi-Civita
one. In this context, the torsion and the curvature tensors associated to the connection play
the role of the gauge field strengths, although there is another natural tensor that one can
construct by covariantizing the derivative of the metric, the nonmetricity tensor. It was shown
for the simpler case of Poincaré Gauge gravity (PG), in which the nonmetricity is assumed to
be zero, that the Yang-Mills-like Lagrangian does not have the appropriate Einsteinian limit
[11].1 For this reason, in PG and, by extension, in MAG, the Lagrangian is usually constructed
as the most general quadratic combination in torsion, nonmetricity and curvature, and the
result is known as the quadratic metric-affine Lagrangian (qMAG) [14–18] (sub-cases of which
have been considered e.g. in [19–21]). For a complete review of the metric-affine framework,
see [22] (see also [16]).

We know from [17] that, apart from the usual graviton, the field content of qMAG around
Minkowski space consists of several fields with spins from 0 to 2 and one spin-3 field. We
clearly expect not all of them to be stable (see also the recent publication [18]). This motivates
the stability analysis of the fields involved in order to reduce the parameter space of the theory.

Some of the fields involved in qMAG are the spin-1 fields associated to the vector irreducible
parts of the torsion and nonmetricity, namely the axial vector and trace of the torsion, and the
two traces of the nonmetricity. The goal of this paper is to study the conditions for the stable
propagation of (at least one of) these four vector fields, together with the graviton. Some of
the questions we will address in this text are: Is there any sub-case of qMAG containing just
the GR term and stable terms for some of these four vectors? Can the four vectors propagate
safely?

In the second part of the paper we will use essentially the same techniques to analyze the
Weyl-Cartan restriction of qMAG, in which the entire nonmetricity has been reduced to just
one of its traces.

This article is structured as follows. In Section 2 we cover some basic aspects about metric-
affine gravity: Section 2.1 reviews the geometrical framework of metric-affine theories, and
later in Section 2.2, we introduce the qMAG Lagrangian, which is the base of our study,
as well as a convenient splitting of it. In Section 3 we study the conditions for the stable
propagation of the spin-1 fields contained in the vector irreducible parts of the torsion and
nonmetricity for the purely vector sector of qMAG and their implications in the tensor sector.
In Section 4 we apply our results from the general qMAG to the subclass after the evaluation
in a Weyl-Cartan geometry. Finally, we collect and discuss our results in Section 5. At the
end we include Appendix A containing the expressions of the isolated vector sectors in the
general case of qMAG, and Appendix B in which we summarize the case of quadratic Poincaré
Gauge gravity for completeness.

1Notice that the Einsteinian limit can be recovered by constructing a Yang-Mills theory in 5 dimensions
(MacDowell-Mansouri formulation) [12, 13].
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Notation and conventions
We will use the mostly minus signature for the metric (+,−,−,−) and the natural units
c = 1. We also introduce the notation H(µν) := 1

2!(Hµν +Hνµ) and H[µν] := 1
2!(Hµν −Hνµ),

and analogously for an object with n indices (2! → n!). For the covariant derivative, the
curvature, the torsion and the nonmetricity we use the definitions (2.1), (2.2), (2.5) and
(2.7), respectively. A ring will be employed to denote objects associated to the Levi-Civita
connection (̊Γµνρ, R̊...), a tilde for those that correspond to a metric-compatible torsionful
connection (Γ̃µνρ, R̃...) and a hat for Weyl-Cartan connections (Γ̂µνρ, R̂...); by extension, we
will also employ these same symbols to indicate that a certain Lagrangian has been evaluated
in one of these types of connections: L̊(Γ) := L(̊Γ), L̃(Γ) := L(Γ̃) and L̂(Γ) := L(Γ̂).

2 The metric-affine framework

2.1 Geometrical tools

Consider a smooth manifold equipped with a linear connection (M,Γµν
ρ). Such a connection

can be seen as a way of comparing vectors at two arbitrary distinct points connected by a
curve, which is understood as a notion of “parallelism”. The connection defines a covariant
derivative operator that acts on tensors as follows

∇ρHµ
ν = ∂ρHµ

ν + Γρσ
νHµ

σ − Γρµ
σHσ

ν . (2.1)

The associated curvature tensor is given in components by

Rµνρ
λ := 2

(
∂[µΓν]ρ

λ + Γ[µ|σ
λΓ|ν]ρ

σ
)
, (2.2)

which has two independent contractions, respectively, the Ricci tensor and the homothetic
curvature:

Rµν := Rµλν
λ , (2.3)

Pµν := Rµνλ
λ =

1

2
(∂µQν − ∂νQµ) . (2.4)

Another tensorial object associated to the connection is the torsion tensor,

Tµν
ρ := 2Γ[µν]

ρ , (2.5)

whose trace is given by
Tµ := Tµρ

ρ . (2.6)

If we now add a metric to the geometry, (M, gµν ,Γµν
ρ), which will allow to measure dis-

tances and angles in the manifold, it is possible to define a new object called nonmetricity
tensor,

Qρµν := −∇ρgµν , (2.7)

which has two independent traces that can be encoded in the objects:

Qµ := gνρQµνρ , Λµ := gνρ
(
Qνρµ −

1

4
Qνgρµ

)
. (2.8)
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Furthermore, the Levi-Civita tensor of the metric Eµνρλ := 4!δ
[1
µ δ2

νδ
3
ρδ

4]
λ

√
|g| (i.e., the canonical

volume form) establishes a Hodge duality between p-forms and (4 − p)-forms for all p’s. In
particular, this associates the totally antisymmetric part of the torsion with an axial vector:

Sµ :=
1

2
T νρλEνρλµ . (2.9)

As a result of all of this, the torsion and the nonmetricity can be expressed as:

Tµν
ρ =

2

3
T[µδ

ρ
ν] −

1

3
EµνρλSλ + tµν

ρ , (2.10)

Qµνρ =
1

4
Qµgνρ +

1

9

[
4Λ(νgρ)µ − Λµgνρ

]
+ qµνρ . (2.11)

These are implicit definitions for the tracefree tensorial parts tµνρ and qµνρ.2

In addition, the metric also allows to construct another trace for the curvature, which we
will call co-Ricci tensor,

Cµν := gρλRµρλ
ν , (2.12)

as well as a one scalar and one pseudo-scalar quantities

R := gµνRµν , H := EµνρλRµνρλ . (2.13)

Finally, it is worth recalling that any metric induces naturally a connection over the man-
ifold, called the Levi-Civita connection (for it and its associated objects we use the notation
Γ̊µν

ρ, R̊µνρλ and ∇̊µ). This connection is uniquely determined by the torsion-free (Tµνρ = 0)
and the metric-compatibility (Qµνρ = 0) conditions, as can be immediately deduced from the
identity

Γµν
ρ − Γ̊µν

ρ = Ξµν
ρ, where 2gσρΞµν

σ := Tµνρ + Tρµν − Tνρµ +Qµνρ +Qνρµ −Qρµν .
(2.14)

Here Ξµν
ρ is called distorsion tensor and allows to expand the curvature of the general con-

nection in terms of the Levi-Civita Riemann tensor:

Rµνρ
λ = R̊µνρ

λ + 2 ∇̊[µΞν]ρ
λ + 2 Ξ[µ|σ

λΞ|ν]ρ
σ . (2.15)

2.2 Quadratic metric-affine Lagrangian

Consider now a metric-affine theory of the type

SMAG[gµν ,Γµν
ρ] =

∫
LMAG(gµν , Tµν

ρ, Qµνρ, Rµνρ
λ)
√
|g|d4x . (2.16)

For the gravitational Lagrangian we choose the most general one fulfilling the following re-
quirements: (1) it only contains algebraic invariants depending on the curvature, the torsion
and the nonmetricity tensor (in addition to the cosmological constant term); (2) its terms
are at most quadratic in these quantities; (3) no odd-parity invariants are considered. The

2Although tµν
ρ is an irreducible part of the torsion under the pseudo-orthogonal group, qµνρ admits a

decomposition into two irreducible parts. However, such a splitting will not be relevant for our analysis.
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resulting Lagrangian can be parameterized as

2κLMAG := −2κΛ + a0R+ a1tµνρt
µνρ + a2TµT

µ + a3SµS
µ + b1qµνρq

µνρ + b2qµνρq
ρµν

+b3QµQ
µ + b4ΛµΛ

µ + b5QµΛ
µ + c1qµνρt

µνρ + c2QµT
µ + c3ΛµT

µ

+`2
[
Rµνρλ

(
d1Rµν(ρλ) + d2Rµν[ρλ] + d3Rµ(ρλ)ν + d4Rµ[ρλ]ν + d5Rρλµν

)
+Rµν(d6R(µν) + d7R[µν]) + Cµν(d8R(µν) + d9R[µν]) + Cµν(d10C(µν) + d11C[µν])

+Pµν(d12Rµν + d13Cµν + d14Pµν) + d15R
2 + d16H2

]
, (2.17)

where κ := 8πG is the Einstein constant, Λ is the cosmological constant, ` is a parameter with
dimensions [`] = L, and the rest of the parameters (a0, a1, ..., a3, b1, ..., b5, c1, ..., c3, d1, ..., d16)
are dimensionless.

After performing the post-Riemannian decomposition (2.15), the general Lagrangian (2.17)
can be split as follows:

LMAG = LGR + LR̊R̊ + Lv + L∗ , (2.18)

where

LGR := −Λ +
a0

2κ
R̊ , (2.19)

LR̊R̊ :=
`2

2κ

[
d15R̊

2 + (d6 − d8 + d10)R̊µνR̊
µν +

(
d2 −

d4

2
+ d5

)
R̊µνρλR̊

µνρλ

]
, (2.20)

Lv is the part that depends exclusively on the vector variables {Tµ, Sµ, Qµ, Λµ} and L∗ is
the remaining piece, which contains the terms involving only the tensor variables {qµνρ, tµνρ}
and their couplings to the vectors. Moreover, it will be also convenient to further expand the
pure vector sector as follows:

Lv = LT + LS + LQ + LΛ + Lv, mix (2.21)

with

LT := Lv|Sµ=Qµ=Λµ=0 ,

LS := Lv|Tµ=Qµ=Λµ=0 ,

LQ := Lv|Sµ=Tµ=Λµ=0 ,

LΛ := Lv|Sµ=Tµ=Qµ=0 , (2.22)

and Lv, mix being the sector containing interactions between the different vectors.
For future purposes we also introduce the metric-affine Gauss-Bonnet invariant

LGB := 3!R[µν
µνRρλ]

ρλ = R2 − (Rµν − Cµν)(Rνµ − Cνµ) +RµνρλR
ρλµν , (2.23)

which is guaranteed to be a boundary term if Λµ = 0 = qµνρ [23] (in particular, in Poincaré
and Weyl-Cartan gravity).

3 Vector sector of quadratic MAG with propagating spin-1 fields

In this section, which is the central one of this article, we are going to perform a general
analysis of the vector sector Lv. We recall one more time that the goal of the present text is
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to find sub-cases of (2.17) that propagate the usual graviton together with at least one of the
spin-1 fields in {Tµ, Sµ, Qµ, Λµ}, in a safe way. The idea would be to find necessary conditions
for such a theory by just studying the vector sector. Our approach has been inspired by the
one performed in [24], and based on the stability conditions required for vectors [25–28]. Now
we enumerate the steps we will follow:

1. Restrict the parameters so that the Einstein-Hilbert (plus Gauss-Bonnet) Lagrangian
is recovered when torsion and nonmetricity are vanishing.

2. Study the stability of each of the vector fields separately.
3. Ensure healthy interactions between vectors.
4. Constrain appropriately the kinetic matrix to avoid ghosts.

The conditions coming from the steps 1., 2. and 3. are necessary in order to have generically
safe vectors. Regarding the last step, it is true that the analysis of the kinetic matrix would
require to study not only the vector sector, but also its kinetic couplings to the tensor pieces
contained in L∗. However, as we will explain below, the conditions that we will obtain from
the analysis of this partial kinetic matrix continue being necessary conditions in the full theory.

The first step will be described in Section 3.1. In Section 3.2, we will introduce some useful
notation and expressions to eliminate certain invariants from the action. Then, in Sections
3.3, 3.4 and 3.5, we develop the second, third and fourth steps of our stability analysis,
respectively. Finally, in Section 3.6, we see the implications of this analysis in the full theory,
including L∗.

3.1 Constraints on the parameters from the Riemannian limit

When setting the torsion and nonmetricity to zero in (2.18), only the first two terms survive,
and these can be rearranged as

2κ
(
LGR + LR̊R̊

)
= −2κΛ + a0R̊+ `2

[
βR̊2 + αR̊µνR̊

µν
]

+ `2
(
d2 −

d4

2
+ d5

)
L̊GB. (3.1)

Here we have introduced the Levi-Civita Gauss-Bonnet invariant, L̊GB := LGB|Γ=Γ̊, which
can be dropped since we are working in four dimensions, and the parameters

β := d15 − d2 +
d4

2
− d5 ,

α := d10 + 4d2 − 2d4 + 4d5 + d6 − d8 . (3.2)

From now on we will work in terms of α and β instead of d2 and d6.
In order to avoid extra potentially pathological d.o.f.’s coming from higher curvature terms,

we shall require recovering just the Einstein-Hilbert Lagrangian when torsion and nonmetric-
ity are zero. Consequently, we have to impose3

α = 0 , β = 0 . (3.3)

These conditions are equivalent to the eliminations,

(I) :=

{
d6 → −d10 − 4d2 + 2d4 − 4d5 + d8,

d2 → d15 − d5 + d4
2 .

(3.4)

3In [24], it was shown that relaxing these requirements to just α = 0, allows for stable Poincaré theories.
Such theories do not propagate spin-1 fields but an additional scalar χ coming from the longitudinal part of
the torsion trace (Tµ = ∂µχ).
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3.2 Convenient basis of operators

In order to have more compact expressions, we will define the symmetric and antisymmetric
derivatives of a covector Vµ with respect to the Levi-Civita connection as

VHµν := 2∇̊(µVν),
VFµν := 2∇̊[µVν] (≡ 2∂[µVν]). (3.5)

In addition, we will use VH for the trace of VHµν , i.e., for the divergence of the vectors:
VH = 2∇̊µV µ. This kind of notation makes it easier to express the safe interactions of a
single vector field, which are given in [25].

Let Vµ andWµ be two arbitrary but different elements of {Tµ, Sµ, Qµ, Λµ}. It can be shown
that the terms with field and derivative content V V V ∇̊ are connected via a boundary term
and, similarly, those of the type V VW ∇̊ can be split into two families of terms related via
boundary terms. The explicit expressions for these three boundary terms are:

2∇̊µ(V µVνV
ν) = VHVνV

ν + 2VHµνV
µV ν , (3.6)

2∇̊µ(WµVνV
ν) = WHVνV

ν + 2(VHµν + VFµν)WµV ν , (3.7)
2∇̊µ(V µWνV

ν) = VHWνV
ν + WHµνV

µV ν + (VHµν − VFµν)WµV ν , (3.8)

which allow to perform the elimination of the terms containing the symmetric parts in favour
of the divergences VH and the antisymmetric parts VFµν , so that we just keep the invariants
of the types: {

VHVνV
ν , WHVνV

ν , VHWνV
ν , VFµνW

µV ν
}
. (3.9)

Regarding the terms with content VW ∇̊∇̊, the boundary term

2∇̊µ
(
V [µ∇̊νW ν]

)
=

1

2
R̊ VµW

µ +
1

4
(VHWH − VHµν

WHµν) + G̊µνV
µW ν +

1

4
VFµν

WFµν (3.10)

can be used to remove the terms VHµν
WHµν .

3.3 Independent healthiness of the spin-1 fields

We assume that the spin-1 part of the vectors need to propagate safely when considered
independently, namely, that each of LT , LS , LQ and LΛ (defined in (2.22)) must be a healthy
Lagrangian for a spin-1 field. Their explicit expressions (up to boundary terms) can be
found in Appendix A. From now on, due to the reasons explained in Section 3.1, we impose
α = β = 0.

For the case of the MAG Lagrangian, the possible stable terms for any vector V µ are of
the following form [25] (see also [26–28])

Ω1 = α1f (VµV
µ) + α2

VFµν
VFµν + α3G̊µνV

µV ν , (3.11)
Ω2 = α4

VHVµV
µ + α5

VHµνV
µV ν , (3.12)

Ω3 = R̊ VµV
µ +

1

2

(
VH2 − VHµν

VHµν
)
, (3.13)

where the αi’s are arbitrary coefficients. Regarding non-minimal couplings to curvature,
observe that only the combination G̊µνV

µV ν is safe. The coupling to the Ricci scalar in
(3.13) is pathological [29–32], as well as the other two terms, VH2 and VHµν

VHµν , except
when they appear in such a specific combination. Indeed, Ω3 is equal to a combination of
safe terms plus a total derivative due to the equality (3.10) with V µ = Wµ.

Now we proceed with the study of the stability of the vectors separately:
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1. Trace torsion vector. In this case the restriction of the Lagrangian after imposing the
substitutions (I) we introduced in (3.4), has a Proca form,

2κLT |(I) =
1

9
`2(4d5 − d4 + d7 − d9 + d11 − 4d15)TFµν

TFµν +

(
2a0

3
+ a2

)
TµT

µ, (3.14)

and it does not contain any dangerous couplings. Of course the signs of the coefficients
should be appropriate to avoid ghosts and/or tachyons, but in principle there is enough
freedom in the parameters to do that.

2. Weyl trace vector. Here the situation is pretty similar to the previous one. The resulting
Lagrangian is

2κLQ|(I) =
1

16
`2(d1 +d5 +d7 +2d12 +4d14−d15)QFµν

QFµν+

(
3a0

32
+ b3

)
QµQ

µ. (3.15)

Notice that the stability of these two traces is in agreement with the findings in [33, 34]
for the 4-dimensional case.

3. Axial torsion vector. The restriction of the Lagrangian in this case is given by

2κLS |(I) =
1

36
`2(−8d5 + 2d4 − d7 + d9 − d11 + 4d15)SFµν

SFµν +
(
a3 −

a0

6

)
SµS

µ

−1

9
`2(4d5 − d4)G̊µνS

µSν +
1

24
`2(24d16 − 2d5 − d4)SH2

− 1

18
`2(4d5 − d4)R̊ SµS

µ. (3.16)

The only remaining unhealthy terms are the ones related to the symmetric part of
the derivative and the non-minimal coupling to the Ricci scalar. Therefore, to ensure
stability we must impose {

0 = 4d5 − d4,

0 = d5 − 4d16.
(3.17)

4. Second trace of the nonmetricity. In this case, after restricting the Lagrangian, we
obtain

2κLΛ|(I) =
1

81
`2(7d1 + 9d5 − d3 + 2d8 + 12d10 + 9d11 − d15)ΛFµν

ΛFµν

+
(
b4 −

a0

18

)
ΛµΛ

µ +
1

2187
`2(36d1 + 18d3 + 33d8 + 78d10 − 8d15)(ΛµΛ

µ)2

+
1

54
`2(2d1 + d3 + d8 + 6d10 + 4d15)ΛH2

+
2

81
`2(4d1 + 2d3 + 5d8 + 6d10 − 6d15)R̊ ΛµΛ

µ

+
1

9
`2(d8 − 2d10 − 4d15)ΛHR̊

+
8

81
`2(2d1 + d3 + 4d8 − 7d15)G̊µνΛ

µΛν

− 1

486
`2(24d1 + 12d3 + 17d8 + 62d10 + 4d15)ΛHΛµΛ

µ. (3.18)
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Here, the vanishing of the coefficients of the unhealthy terms ΛH2, ΛHR̊ and R̊ ΛµΛµ,
lead to the following set of conditions:

0 = 2d1 + d3 + 8d10,

0 = d8 − 2d10,

0 = d15,

(3.19)

The stability conditions that we have imposed so far, i.e., (I) (see (3.4)) together with
(3.17) and (3.19), lead us to the following parameter eliminations in the original Lagrangian:

(II) :=
{
d2 → d5, d3 → −2(d1 + 4d10), d4 → 4d5, d6 → d10,

d8 → 2d10, d15 → 0, d16 →
1

4
d5

}
. (3.20)

3.4 Additional stability conditions from the mixed sector

After the previous analysis, only the parameters {d1, d5, d7, d9, d10, d11, d12, d13, d14} survive
for the curvature-square sector. Under these restrictions the isolated vector sectors (3.16),(3.14),
(3.15) and (3.18) become Proca Lagrangians:

2κLS |(II) = − 1

36
`2(d7 − d9 + d11)SFµν

SFµν +
(
a3 −

a0

6

)
SµS

µ , (3.21)

2κLT |(II) =
1

9
`2(d7 − d9 + d11)TFµν

TFµν +

(
2a0

3
+ a2

)
TµT

µ , (3.22)

2κLQ|(II) =
1

16
`2(d1 + d5 + d7 + 2d12 + 4d14)QFµν

QFµν +

(
3a0

32
+ b3

)
QµQ

µ , (3.23)

2κLΛ|(II) =
1

27
`2(3d1 + 3d5 + 8d10 + 3d11)ΛFµν

ΛFµν +
(
b4 −

a0

18

)
ΛµΛ

µ . (3.24)

If we define
γ := d1 + 2d5 + 4d10, (3.25)

and use it to eliminate d10, the mixed sector can be expressed:

2κLv,mix|(II) =

1

12
`2(2d5 + d9 + 2d13 − 2γ)ΛFµν

QFµν +
1

9
`2(γ − d9 + 2d11)ΛFµν

TFµν

− 1

12
`2(γ + 2d7 − d9 + 2d12 − 2d13)QFµν

TFµν +
2

81
`2(γ − 3d7 + 3d11)SFµνΛ

µSν

+
1

36
`2(4d5 + 2d7 + d9 + 2d12 + 2d13 − 3γ)(?QF )µνΛ

µSν

+
1

81
`2(4d1 − 4d5 + 3d9 + 6d11 + 5γ)(?ΛF )µνΛ

µSν +
2

27
`2(γ − d7 + d11)(?TF )µνΛ

µSν

+
(
b5 −

a0

4

)
QµΛ

µ +
(
c2 −

a0

2

)
QµT

µ +

(
c3 +

2a0

3

)
ΛµT

µ

+
1

81
`2γ

[
8

3
ΛµT

µSνS
ν +

4

3
SµT

µSνΛ
ν − 1

2
SµQ

µSνΛ
ν − ΛµQµSνSν − SHΛµS

µ − 2ΛHSµS
µ

]
+

2

729
`2
(
10d1 − 8d5 + 9(d7 + d9 + d11) + 7γ

)
(ΛµS

µ)2

− 2

729
`2
(
16d1 − 20d5 + 9(d7 + d9 + d11) + 4γ

)
ΛµΛ

µSνS
ν (3.26)
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where (?VF )µν := 1
2
VFαβEαβµν .

In order to avoid the propagation of ghostly modes, we need to impose γ = 0, since this is
the only way to remove the dangerous combination SHΛµS

µ+2ΛHSµS
µ. To better understand

why such a combination is problematic, consider the object

J := VHWµV
µ + χ WHVµV

µ , (3.27)

where Vµ and Wµ are generic (but different) vector fields and χ is some real parameter. After
introducing Stückelberg fields and taking an appropriate decoupling limit, we will effectively
have Vµ → ∂µv and Wµ → ∂µw, and therefore we get (in Minkowski spacetime):

J → �v∂µw∂
µv + χ �w∂µv∂

µv

= v̈v̇ẇ + χẅv̇2 + . . .

= (1− 2χ)v̈v̇ẇ + . . . , (3.28)

where in the last step we have integrated by parts in the time direction. We see that J gives a
non-trivial contribution to the Hessian matrix and, consequently, allows for an Ostrogradski
mode in flat spacetime unless χ = 1/2. In our case, we have the combination SHΛµS

µ +
2ΛHSµS

µ, which means χ = 2. Hence, we need to impose γ = 0 to ensure stability. Together
with the previous substitution rules, we get

(III) := (II) ∪
{
d10 → −

1

4
(d1 + 2d5)

}
=
{
d2 → d5, d3 → 4d5, d4 → 4d5, d6 → −

1

4
(d1 + 2d5),

d8 → −
1

2
(d1 + 2d5), d10 → −

1

4
(d1 + 2d5), d15 → 0, d16 →

1

4
d5

}
. (3.29)

It is interesting to observe that the pathological terms that we have dropped in Sections 3.3
and 3.4 involve either the axial vector Sµ, the second trace of the nonmetricity Λµ, or both,
but neither the trace torsion Tµ nor the first trace of the nonmetricity Qµ.

3.5 Analysis of the kinetic matrix for purely vector MAG

The vector sector of the Lagrangian has the form

Lv|(III) = LFF + LFVV + LVV + LVVVV , (3.30)

where the subscripts indicate the number of field strengths and vectors in each term. We
omit the explicit expressions after imposing (III), which can be immediately obtained from
the ones above.

Let us ignore for a moment the tensor sector L∗. In Section 3.6, we will see that our
conclusions remain valid even when including it. Having said this, the only remaining analysis
is to study the kinetic matrix for the vector propagation. We need to check that the eigenvalues
of the matrix are of the correct sign, so that none of them is a ghost. If we make the following
identification

K1 :=
1

6
(2d7 − d9 + 2d12 − 2d13), K4 := −1

6
(2d5 + d9 + 2d13),

K2 :=
2

9
(d9 − 2d11), K5 := − 4

27
(d1 − d5 + 3d11),

K3 := −1

4
(d1 + d5 + d7 + 2d12 + 4d14), ζ :=

1

9
(d7 − d9 + d11), (3.31)
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we can then write the kinetic sector as

LFF = −1

4
`2 (K)ij

(i)Fµν
(j)Fµν , (i)F := (SF , TF , QF , ΛF ) (3.32)

where we have introduced the kinetic matrix

K :=


ζ 0 0 0
0 −4ζ K1 K2

0 K1 K3 K4

0 K2 K4 K5

 . (3.33)

Note that the absence of kinetic coupling between the axial vector and the rest is justified by
the fact that the Lagrangian is parity preserving.

In order to have a ghost-free theory there cannot be negative eigenvalues for this matrix,
so that, after diagonalization and normalization of the fields, we get a −1/4 in front of each
F 2 term in (3.32). Of course, some of the fields can be non-propagating and, in such a case,
the kinetic matrix will be positive semi-definite. At this point, it is convenient to recall some
elemental criteria for positive definite and positive semi-definite matrices:

• A matrix is positive definite (semi-definite) if and only if all of its principal minors are
positive (respectively non-negative). In particular, the elements of the diagonal must
be positive (respectively non-negative).4

However, for positive definite matrices there is a stronger result:
• Sylvester’s criterion: a matrix is positive definite if and only if all of its leading (starting

in the upper-left corner) minors are positive.
We will use this in the following subsections to detect ghostly behaviors in the kinetic matrix.

3.5.1 Implications of a propagating axial torsion

The fact that the kinetic term of the axial torsion is decoupled from the rest allows to extract
some immediate conclusions about the implications of its presence in the spectrum of the
theory. Consider that the axial vector propagates in a healthy way. Since it is decoupled
from the rest, this is true if and only if ζ > 0. Let us now focus on the kinetic matrix that
mixes the rest of the vectors:

K(3) =

−4ζ(< 0) K1 K2

K1 K3 K4

K2 K4 K5

 . (3.34)

Here there are two cases depending on how many of these three vectors propagate:
1. Some of them propagate. Since the first element of the diagonal fails to be non-negative,

at least one of the vectors is a ghost.
2. None of them propagate. This is only possible if K(3) = 0, which contradicts the hy-

pothesis ζ > 0.
Notice that the latter implies that the axial torsion cannot propagate alone.

This analysis leads us to a very strong restriction: a ghost-free setting with propagating
axial torsion Sµ cannot be realized by any set of parameters of the theory (3.30). Therefore,
it is not possible to have a subclass of (3.30) with four healthy propagating vectors.

4A principal minor is a minor calculated after eliminating some columns (i-th, j-th,...) and the rows with
the same label (i-th, j-th,...). In particular, the elements of the diagonal are principal minors.
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3.5.2 Purely vector MAG with three propagating spin-1 fields

The conclusions of Section 3.5.1 enforce the elimination of the kinetic term of the axial torsion
vector by imposing

ζ = 0 (⇔ d7 − d9 + d11 = 0). (3.35)

Accordingly, now the kinetic matrix reads 0 K1 K2

K1 K3 K4

K2 K4 K5

 , (3.36)

where the coefficients {Ki} continue being independent. Notice that this matrix cannot be
positive definite (neither negative definite) because the first element of the diagonal is not a
positive number. If we assume that the three remaining vectors propagate (i.e. that none of
the eigenvalues is vanishing), then the matrix must be indefinite and, therefore, there is at
least one ghost.

We then conclude that the situation in which three vectors are propagating (none of them
being a ghost) cannot be realized by any set of parameters of the theory (3.30).

Observe that the situation is analogous to Ricci-Based gravity theories without projective
symmetry [35, 36]: the projective mode, which does not have a kinetic term, implies the
existence of a ghost if all the fields propagate.

3.5.3 Purely vector MAG with two propagating spin-1 fields

So far we have seen that it is not possible to have either four or three healthy propagating
vectors. Let us explore the case of two. The starting point is, again, the matrix (3.36) and, in
order to provide dynamical terms for two vectors, it must be positive semi-definite with just
one zero eigenvalue. Due to this positive semi-definiteness, all the principal minors must be
non-negative. If we compute the ones obtained after removing the second row and column,
and the one coming from the elimination of the third ones, we get the conditions

det

(
0 K1

K1 K3

)
= −K2

1 ≥ 0, det

(
0 K2

K2 K5

)
= −K2

2 ≥ 0. (3.37)

This is only possible if K1 and K2 are vanishing, which implies the elimination of trace of the
torsion from the kinetic sector.

At this point we can collect all of our parameter restrictions:

(IV) := (III) ∪ {ζ → 0, K1 → 2, K2 → 0}

=
{
d2 → d5, d3 → 4d5, d4 → 4d5, d6 → −

1

4
(d1 + 2d5),

d8 → −
1

2
(d1 + 2d5), d9 → 2d7, d10 → −

1

4
(d1 + 2d5),

d11 → d7, d13 → d12, d15 → 0, d16 →
1

4
d5

}
. (3.38)
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The resulting Lagrangian is:

Lv|(IV) = −1

4
`2(QFµν ,

ΛFµν)

(
M3 M4

M4 M5

)(
QFµν
ΛFµν

)
+
(
a3 −

a0

6

)
SµS

µ

+

(
a2 +

2a0

3

)
TµT

µ +

(
b3 +

3a0

32

)
QµQ

µ +
(
b4 −

a0

18

)
ΛµΛ

µ

+
(
b5 −

a0

4

)
QµΛ

µ +
(
c2 −

a0

2

)
QµT

µ +

(
c3 +

2a0

3

)
ΛµT

µ

+
4

729
`2
(
5d1 − 4d5 + 18d7

)
(ΛµS

µ)2 − 8

729
`2
(
4d1 − 5d5 + 9d7

)
ΛµΛ

µSνS
ν

+
2

9
`2(d5 + d7 + d12)(?QF )µνΛ

µSν +
8

81
`2(d1 − d5 + 3d7)(?ΛF )µνΛ

µSν , (3.39)

where

M3 := K3|(IV) = −1

4
(d1 + d5 + d7 + 2d12 + 4d14), (3.40)

M4 := K4|(IV) = −1

3
(d5 + d7 + d12), (3.41)

M5 := K5|(IV) = − 4

27
(d1 − d5 + 3d7). (3.42)

After the previous parameter restrictions, the vectors Tµ and Sµ continue appearing in the
vector Lagrangian Lv as auxiliary fields or Lagrange multipliers (depending on the values of
the parameters). If we stick to the purely vector Lagrangian (i.e., we impose L∗ = 0 in the
full theory), one now has to integrate the corresponding equations of motion and/or use the
resulting constraints in order to ensure that the remaining vectors (Qµ and Λµ) propagate
safely.

3.6 Implications in the full theory

Let us finally comment what we can learn from the previous analysis concerning the full theory,
including the tensor sector L∗. Firstly, notice that the conditions (3.29) are still needed to
ensure generically safe couplings between the different vectors and the graviton. Secondly,
regarding the conditions obtained in Section 3.5, one can also prove that these are also
necessary conditions (according to our hypothesis of having at least one healthy propagating
spin-1 field among {Tµ, Sµ, Qµ, Λµ}). It is true that we have only analyzed one part of the
total kinetic matrix, since we have ignored the tensor parts and their kinetic couplings to
vectors. However, the arguments we used to kill coefficients are based on the presence of non-
positive numbers in the diagonal. A full kinetic sector that is positive definite (i.e., ghost-free)
also requires the nullity of such coefficients. Therefore, we can conclude that the conditions
(3.38) are necessary in the full theory. However, note that they are not sufficient, because the
total stability requires also the analysis of L∗.

Finally, one interesting remark to mention is that, although {Tµ, Sµ} appear as auxiliary
fields or Lagrange multipliers in (3.39), this does not mean that they are non-dynamical
in the full theory, because in principle they are also kinetically coupled to the tensor pieces.
However, we do expect them to be non-dynamical, because the argument used in Section 3.5.3
to eliminate K1 and K2 can also be applied to the other off-diagonal kinetic terms mixing Tµ
and the tensor pieces. A detailed analysis of this question is left for future research.
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4 General quadratic Weyl-Cartan with propagating vector fields

Here we are going to perform a general analysis under the restrictions qµνρ = Λµ = 0. The
resulting Lagrangian only depends on the three vector variables Tµ, Sµ and Qµ, as well as on
the tensor part tµνρ. Under these conditions, the resulting Lagrangian, L̂MAG, contains several
invariants that are linearly dependent with the rest (up to boundary terms), so they can be
dropped without loss of generality. To be precise, the following properties of Weyl-Cartan
geometries5

R̂µν(ρλ) =
1

4
Pµνgρλ , Ĉµν = −R̂µν +

1

2
Pµν (4.1)

allow to eliminate the terms with {d1, d3, d8, d9, d10, d11, d13} from L̂MAG. To remove the
d4 term, we notice that for these geometries

4RµνρλRµ[ρλ]ν = R̂µνPµν −
1

4
PµνPµν − R̂µνρλR̂µν[ρλ] − R̂µνρλR̂ρλµν −

1

4
Ĥ2 . (4.2)

Finally, the elimination of d5 can be done thanks to the fact that the term R̂µνρλR̂ρλµν can
be expressed in terms of others already present in the Lagrangian by using the Gauss-Bonnet
invariant,

L̂GB = R̂2 − 4R̂µνR̂
νµ + R̂µνρλR̂

ρλµν , (4.3)

which is a boundary term in Weyl-Cartan geometry. In other words, the parameters

{d1, d3, d4, d5, d8, d9, d10, d11, d13} (4.4)

can be absorbed in an appropriate redefinition of the rest.
After all of this, we can conclude that the most general Weyl-Cartan Lagrangian contained

in (2.17) is of the form:

2κLWC := −2κΛ + a0R̂+ a1tµνρt
µνρ + a2TµT

µ + a3SµS
µ + b3QµQ

µ + c2QµT
µ

+`2
[
d̂2R̂

µνρλR̂µν[ρλ] + R̂µν(d̂6R̂(µν) + d̂7R̂[µν])

+Pµν(d̂12R̂µν + d̂14Pµν) + d̂15R̂
2 + d̂16Ĥ2

]
, (4.5)

where the hatted parameters are the ones absorbing (4.4).
As it was done in the general metric-affine case, it is convenient to introduce the analogous

splittings
LWC = LGR + LR̊R̊ + L̂v + L̂∗ , (4.6)

and
L̂v = L̂T + L̂S + L̂Q + L̂v, mix , (4.7)

where the different pieces of the splitting coincide with the ones in (2.18) after evaluating in
a Weyl-Cartan geometry.

First, in order to recover the Einstein-Hilbert Lagrangian in the Riemannian limit, we get
the conditions

(̂I) :=
{
d̂2 → d̂15 , d̂6 → −4d̂15

}
(4.8)

(compare with (3.4)).
5We are not putting a hat over the homothetic curvature because there is no difference between the general

metric-affine one and the Weyl-Cartan one (see (2.4)).

– 14 –



4.1 Pure vector sector of quadratic Weyl-Cartan

We follow essentially the steps of the Sections 3.3 and 3.4. Then, from the stability of the
separated vector sectors we get, as for the metric-affine case, that the parts L̂T |(̂I) and L̂Q|(̂I)
are already of the Proca form, and that removing the dangerous terms of L̂S |(̂I) enforces

d̂15 = d̂16 = 0 . (4.9)

Now one should be careful since, due to the absence of Λµ, there is no analogous of (3.19).
Therefore, so far we have only required the substitutions

ˆ(II) :=
{
d̂2 → 0, d̂6 → 0, d̂15 → 0, d̂16 → 0

}
. (4.10)

Under these conditions the full vector Lagrangian reduces to a kinetic and a mass sector
as follows:

2κL̂v| ˆ(II) = −1

4
`2 (K̂)AB

(A)Fµν
(B)Fµν +

(
−a0

6
+ a3

)
SµS

µ +

(
2a0

3
+ a2

)
TµT

µ

+

(
3a0

32
+ b3

)
QµQ

µ +
(
−a0

2
+ c2

)
QµT

µ, (4.11)

with (A)F := (SF , TF , QF ) and where the kinetic matrix is given by

K̂ :=

 1
9d7 0 0
0 −4

9d7
1
3(d7 + d12)

0 1
3(d7 + d12) −1

4(d7 + 2d12 + 4d14)

 . (4.12)

We observe the same problem that was present in Section 3.5: the presence of the axial
torsion introduces a ghost in the theory that can only be removed by taking d̂7 = 0. The
resulting kinetic sub-matrix still does not allow the remaining vectors to propagate unless the
non-diagonal term vanishes (d̂12 = 0), which eliminates the trace of the torsion as a dynamical
field. We can sum up the restrictions so far in

ˆ(III) :=
{
d̂2 → 0, d̂6 → 0, d̂7 → 0, d̂12 → 0, d̂15 → 0, d̂16 → 0

}
. (4.13)

The result is the Lagrangian

2κL̂v| ˆ(III) =
1

4
`2d14

QFµν
QFµν +

(
a3 −

a0

6

)
SµS

µ +

(
a2 +

2a0

3

)
TµT

µ

+

(
b3 +

3a0

32

)
QµQ

µ +
(
c2 −

a0

2

)
QµT

µ , (4.14)

in which we will require d14 < 0 in order to prevent Qµ from propagating ghostly modes.

4.2 Implications in the full quadratic Weyl-Cartan

The previous restrictions, ˆ(III), correspond to just keeping the term PµνPµν in the original
curvature-square sector of the Lagrangian (4.5). From the definition (2.4), one easily realizes
that this quadratic term belongs entirely to the vector sector. Consequently, the tensor part
reduces to just a mass term,

L̂∗| ˆ(III) =
1

2κ

(
−a0

2
+ a1

)
tµνρt

µνρ , (4.15)
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which implies

2κLWC| ˆ(III) = 2κLGR + 2κL̂v| ˆ(III) (4.16)

= −2κΛ + a0R̊+
1

4
`2d14

QFµν
QFµν +

(
a3 −

a0

6

)
SµS

µ +
(
a1 −

a0

2

)
tµνρt

µνρ

+

(
a2 +

2a0

3

)
TµT

µ +

(
b3 +

3a0

32

)
QµQ

µ +
(
c2 −

a0

2

)
QµT

µ . (4.17)

Let us finally discuss what happens with the non-dynamical fields {Tµ, tµνρ, Sµ}. The axial
vector Sµ is decoupled from the rest of the fields. When 6a3 = a0, it is absent, and if
6a3 6= a0, Sµ becomes an auxiliary field whose equation of motion has Sµ = 0 as unique
solution. The same happens for the tensorial part tµνρ under the conditions 2a1 = a0 and
2a1 6= a0, respectively. So both fields can be eliminated from the theory. Concerning the
trace vector Tµ, its coupling to the trace of the nonmetricity requires distinguishing three
cases:

1. 2c2 = a0: similar situation as the one discussed above for Sµ and tµνρ. The vector Tµ
simply drops from the theory and we get the Einstein-Proca theory

L1 = −2κΛ + a0R̊+
1

4
`2d14

QFµν
QFµν +

(
b3 +

3a0

32

)
QµQ

µ. (4.18)

2. 2c2 6= a0 and 3a2 = −2a0: the torsion trace Tµ acts as a Lagrange multiplier that essen-
tially sets the trace of the nonmetricity to zero. Consequently, we reach a degenerate
case without vectors, i.e., GR is recovered.

3. 2c2 6= a0 and 3a2 6= −2a0: then Tµ acts as an auxiliary field whose equation of motion
gives:

Tµ =
3

4

a0 − 2c2

2a0 + 3a2
Qµ . (4.19)

If we plug this back in the Lagrangian (4.17), we get the Einstein-Proca theory

L2 = −2κΛ + a0R̊+
1

4
`2d14

QFµν
QFµν +

[
− 3

16

(a0 − 2c2)2

2a0 + 3a2
+

3a0

32
+ b3

]
QµQ

µ . (4.20)

To sum up, we have seen that the tensor piece tµνρ of quadratic Weyl-Cartan is trivialized, as
well as the axial torsion. Only Qµ and Tµ survive, the latter being just either an auxiliary field
or a Lagrange multiplier. In the non-trivial cases (i.e., different from GR) one recovers Proca
Lagrangians for the Weyl vector Qµ. It is interesting to notice that the stability conditions
are sufficiently strong to eliminate other healthy vector interactions apart from the standard
kinetic and mass terms for Qµ.

5 Final discussion

In this paper we have considered the quadratic metric-affine theory and explored the impli-
cations of imposing the absence of ghosts in the vector sector defined by {Tµ, Sµ, Qµ, Λµ}.
We have first concentrated on the pure vector metric-affine gravity, in which the torsion is
assumed to contain only the trace and the axial part, and the nonmetricity contains only its
two traces. In order to demand the vector stability, we have followed the procedure specified
at the beginning of Section 3. After performing such a procedure, we have been able to reduce
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the parameter space of the quadratic curvature part, which is the one carrying the dynamics
of the four vector variables, from 16 to just 5 parameters, namely {d1, d7, d12, d14, d15}.

These same techniques can be used in the vector sector of the Weyl-Cartan restriction
of the quadratic metric-affine action. As a result of the procedure described in the previous
paragraph, we found that all the torsion contributions (including the tensorial part) disappear
from the theory and the only non-trivial (i.e., different from pure GR) results are the Einstein-
Proca Lagrangians forQµ given in (4.18) (if 2c2 = a0) and (4.20) (if 2c2 6= a0 and 3a2 6= −2a0).
The entire vector dynamics is controlled by the parameter d14, which must be negative in
order to ensure non-ghostly propagation. Moreover, the parameter b3 can be adjusted in
both cases to avoid tachyonic instabilities. The fact that such Proca theories are compatible
with our stability requirements is actually a remarkable result (although expected by virtue
of (2.4)). Compare for example, with the Poincaré Gauge gravity case, in which the stability
of vectors does not allow for any dynamics and fully trivializes both the vector and the tensor
sectors (see Appendix B or the original publication [24]).

At this point, we would like to enumerate some limitations of the present work:
1. We have not considered odd parity invariants and one might ask whether they can help

to solve the instability issues. Due to the evidence from the Poincaré Gauge gravity
case in [24], there is no reason to think that this is possible.

2. We have studied the quadratic Lagrangians constructed under the requirements de-
scribed at the beginning of Section 2.2, i.e., as postulated in the context of gauge
gravity theories. This indeed justifies why do we get so restrictive conditions, since we
are not considering all of the possible invariants up to dimension-4.

3. In addition to the previous point, it is worth highlighting that our results are only valid
in 4 dimensions. In higher dimensions, additional operators are expected to survive.

4. Lastly, the method we use is oblivious to stable theories in which the vectors do not
propagate. Examples of this are R2 or R(µν)Rµν , which can be seen as an f(R) or a
Ricci-Based theory, respectively.

We highlight one more time the main message of Section 3: although we have just focused
on studying the vector sector of quadratic metric-affine gravity, the resulting conditions (see
(3.38)) are necessary for the stability of vector in the full theory, including the tensor couplings
L∗. We found that among the surviving parameters from the curvature square terms, namely
{d1, d7, d12, d14, d15}, all except d14 give contributions to the kinetic sector of the tensor parts
qµνρ and tµν

ρ and their kinetic couplings to the vectors. The case d1 = d7 = d15 = 0 leads
to d12 = 0, which is needed in order to prevent one of the vectors from being a ghost. As a
result, one of them disappears and we arrive at a stable Einstein-Proca Lagrangian for Qµ.
However, due to the size of the expressions for the tensor sector, we have not been able to
find a rigorous proof in favor of d1 = d7 = d12 = d15 = 0 as the only restriction that gives a
stable theory. There could be further boundary terms to be extracted and one might arrive
at a stable theory in which some of the tensor parts propagate.

Finally, it is worth remarking the fact that the tensor parts qµνρ and tµν
ρ (around Minkowski

space) contain modes of spin greater than 1, in particular several spin-2. It is well-known that
having more than one spin-2 field in a theory requires a very exhaustive tunning of the pa-
rameters to avoid instabilities and, in our case, these tensor parts are coupled in very involved
ways to the rest of the fields of the theory. Since we only have the freedom to choose the
four parameters {d1, d7, d12, d15}, it does not look clear that we could be able to reach such
a level of tunning. Moreover, the stability of just the vectors {Tµ, Sµ, Qµ, Λµ} is enough to
reduce enormously the space of parameters, as commented above. Therefore, we conjecture
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that having a fully stable theory (with one of these vectors) is a strong enough requirement
that would lead to d1 = d7 = d12 = d15 = 0. Nonetheless, such a claim would have to be
confirmed in future studies.
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A Full expressions of the 1-vector restrictions

Here we present the expression of the pure vector parts (2.22), which, for convenience, have
written in terms of {α, β} instead of {d2, d6}:

2κLS =
1

36
`2(−8d5 + 2d4 − d7 + d9 − d11 − 4β + 4d15)SFµν

SFµν

+
(
a3 −

a0

6

)
SµS

µ +
1

108
`2(3β + α)(SµS

µ)2 +
1

9
`2(d4 − 4d5 + α)G̊µνS

µSν

+
1

24
`2(24d16 − 2d5 − d4)SH2 − 1

18
`2(4d5 − d4 + 6β + α)R̊ SµS

µ, (A.1)

2κLT =
1

9
`2(4d5 − d4 + d7 − d9 + d11 + α+ 4β − 4d15)TFµν

TFµν +

(
2a0

3
+ a2

)
TµT

µ

+
2

54
`2(α+ 3β)

[
4(TµT

µ)2 + 9TH2 + 12R̊ TµT
µ − 18THR̊− 12THTµT

µ
]
, (A.2)

2κLQ =
1

64
`2(4d1 + 4d5 + 4d7 + 8d12 + 16d14 + α+ 4β − 4d15)QFµν

QFµν +

(
3a0

32
+ b3

)
QµQ

µ

+
1

1024
`2(α+ 3β)

[
3(QµQ

µ)2 + 12QH2 + 64R̊QµQ
µ + 256QHR̊+ 24QHQµQ

µ
]
, (A.3)

2κLΛ =
1

324
`2(28d1 + 36d5 − 4d3 + 8d8 + 48d10 + 36d11 + α+ 4β − 4d15)ΛFµν

ΛFµν

+
(
b4 −

a0

18

)
ΛµΛ

µ

+
1

8748
`2(144d1 + 72d3 + 132d8 + 312d10 + 37α+ 59β − 32d15)(ΛµΛ

µ)2

+
1

108
`2(4d1 + 2d3 + 2d8 + 12d10 + 7α+ 19β + 8d15)ΛH2

+
1

81
`2(8d1 + 4d3 + 10d8 + 12d10 + α+ 3β − 12d15)R̊ ΛµΛ

µ

+
1

9
`2(d8 − 2d10 − 2α− 5β − 4d15)ΛHR̊

+
4

81
`2(4d1 + 2d3 + 3α+ 14β + 8d8 − 14d15)G̊µνΛ

µΛν

− 1

486
`2(24d1 + 12d3 + 17d8 + 62d10 − 4α− 31β + 4d15)ΛHΛµΛ

µ. (A.4)
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B Review of results in the metric-compatible case

In this appendix we review the results about the stability of the metric-compatible limit of
metric-affine gravity, Poincaré Gauge theory, for completeness. In [37] it was found that,
apart from the usual graviton, the matter content of Poincaré Gauge gravity consists of two
massive spin-2, two massive spin-1 and two spin-0 fields. In [38, 39], the authors performed
a Hamiltonian analysis of the theory and found that the only modes that could propagate
without any pathological behavior were the two spin-0 with different parity. Recently, authors
in [24] arrived at the same conclusions using simpler arguments, based on the stability of the
vector sector (as we do in the present text). In the following, we will explain the reasoning
behind the latter.

First, we compute the metric-compatible limit of the MAG Lagrangian (2.17),

2κLPG := 2κL̃MAG

= −2κΛ + a0R̃+ a1tµνρt
µνρ + a2TµT

µ + a3SµS
µ + `2d5L̃GB

+`2
[
d̃2R̃

µνρλR̃µνρλ + d̃6R̃
µνR̃(µν) + d̃7R̃

µνR̃[µν] + d̃15R̃
2 + d̃16H̃2

]
, (B.1)

where we have absorbed the redundant parameters in {d̃2, d̃6, d̃7, d̃15, d̃16} and dropped the
term with the torsionful Gauss-Bonnet invariant.

Now we do the substitution (̃I) = {d̃2 → d̃15, d̃6 → −4d̃15} (compare with (4.8)) to recover
the Einstein-Hilbert limit. To impose the stability of the massive spin-1 fields in the particle
spectrum, we again consider the pure vector sector containing the trace Tµ and the axial
component Sµ of the torsion (as in [24]), obtaining

L̃v|(̃I) =
1

9
λTFµν

TFµν − 1

36
(λ− ρ)SFµν

SFµν +
1

2
m2
TTµT

µ +
1

2
m2
SSµS

µ

+
2

81
ρSµS

µTνT
ν +

4

81
σ(SµT

µ)2 +
ρ

18

(
2G̊µνSµSν + R̊SµS

µ
)

− 1

27
ρ
(
THSµS

µ − 2SFµνS
µT ν

)
− 2

27
σSHSµTµ +

1

72
(2σ + ρ)SH2. (B.2)

Additionally, the involved parameters relate to the ones of the original Lagrangian as

λ := `2d̃7 , m2
T :=

4

3
a0 + 2a2 ,

ρ := −4`2d̃15 , m2
S := −a0

3
+ 2a3 ,

σ := `2(−d̃15 + 36d̃16) . (B.3)

From the full vector Lagrangian (B.2) written in this form, it is easy to identify the unstable
terms: SH2, whose elimination requires 2σ + ρ = 0, and the non-minimal coupling R̊SµSµ,
which leads us to ρ = 0. This in combination with the previous condition results in ρ = σ = 0.
There are actually other pathological terms, with the schematic form WHVµV

µ, but they
disappear after the previous restrictions.

The stability conditions ˜(II) := {d̃2 → 0, d̃6 → 0, d̃15 → 0, d̃16 → 0} eliminate all the
interactions and only leave the free quadratic part

L̃v| ˜(II) =
1

9
λTFµν

TFµν − 1

36
λSFµν

SFµν +
1

2
m2
TTµT

µ +
1

2
m2
SSµS

µ , (B.4)
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where the kinetic terms for Tµ and Sµ have necessarily opposite signs, hence signaling the
unavoidable presence of a ghost. Therefore, the only stable possibility is to exactly cancel
both kinetic terms. Consequently, the entire vector sector becomes non-dynamical.

After imposing all of these conditions, which we summarize in ˜(III) := {d̃2 → 0, d̃6 →
0, d̃7 → 0, d̃15 → 0, d̃16 → 0}, the full quadratic Poincaré Lagrangian (B.1) becomes:

2κLPG| ˜(III) = −2κΛ + a0R̊+
(
a1 −

a0

2

)
tµνρt

µνρ +
1

2
m2
TTµT

µ +
1

2
m2
SSµS

µ. (B.5)

After eliminating the torsional sector by using the corresponding equations of motion, we
arrive at just GR. Again, the stability of the vector sector reduces the theory to the Einstein-
Hilbert Lagrangian. Nevertheless, one can go beyond the procedure presented in this paper
(see beginning of Section 3) and look for stable theories in which the spin-1 fields in {Tµ, Sµ}
do not propagate. This means there is room, e.g. for the longitudinal modes of the vectors
(a scalar and a pseudoscalar) to propagate safely, allowing for non-trivial torsion terms. In
fact, one can show that under the appropriate inequalities given in [24], the following subclass
of the PG Lagrangian (B.1) is a stable bi-scalar theory where the longitudinal mode of the
vectors propagate safely:

LPG,biscalar = −2κΛ + a0R̃+ a1tµνρt
µνρ + a2TµT

µ + a3SµS
µ +$1R̃

2 +$2H̃2 . (B.6)

Finally, let us remark that non-linear extensions of quadratic PG gravity have been considered
to stabilize some modes of the theory [40].
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