
NOTICE WARNING CONCERNING COPYRIGHT RESTRICTIONS: 

The copyright law of the United States (title 17, U.S. Code) governs the making 

of photocopies or other reproductions of copyrighted material. Any copying of this 

document without permission of its author may be prohibited by law. 



Verification Decidability of 

Presburger Array Programs 

Nor ih isa Suzuki & David Je f f e r son 

June 14, 1977 
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if ail of the ve r i f i c a t i on condi t ions generated from the p rogram and asse r t i ons a re f o rmu l a s 

in a dec idab le t heo ry . We def ine a theory, wh ich we cal l P r e sbu r ge r a r r a y t h e o r y , 
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c ompa r i s o n s are pe rm i t ted for integers. We allow ar ray contents and ass ign func t i ons , and, 
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1. Introduction 

The t h e o r y of p rog ram schemata gains powe r by dea l ing w i th c lasses of p r o g r a m s 

i n s t e ad of ind iv idua l p rograms. Once we estab l i sh some resu l t about a p r og r am s c h ema w e 

c a n a pp l y that resu l t to any p rog ram which is an instance of the schema. Un f o r t una t e l y , f o r 

t h o s e of us i n t e r e s t ed in ver i f i ca t ion , the theory of p rog ram schemata has not p r o v i d e d 

many po s i t i v e resu l t s , and is st i l l unsuccessfu l in p rov id ing too ls for p r o v i n g p r o g r a m 

c o r r e c t n e s s . 

One r e a s on for this might be that schemata do not d iv ide the c lass of all p r o g r a m s in to 

t he k i nd of subc l a s ses usefu l for ver i f i cat ion. A co r r ec tnes s proof for one i n s tance of a 

s c h e m a is of almost no use when t r y ing to f ind a proof of co r r e c tnes s for ano the r i n s t an ce , 

s imp l y because the two programs may be work ing w i th en t i r e l y d i f fe rent da ta t y p e s , 

f u n c t i o n s and p red i ca tes . The fact that two programs share the same con t ro l s t r u c t u r e has 

a lmos t no ve r i f i c a t i on s ign i f i cance. 

We sugges t that p rograms be c lass i f ied accord ing to the k inds of ve r i f i c a t i on c ond i t i o n s 

t h e y gene r a t e . S ince the ver i f i ca t ion condit ions depend on bo th the p r og r am and the 

i n du c t i v e asse r t i ons , we c lass i fy not programs per se, but annotated p rog rams , c o m p l e t e 

w i t h p r e - and pos t - cond i t i on and loop invariant asser t ions. For example, if a p r o g r a m u s e s 

o n l y t y p e in tege r w i t h +, -, =, and < and if all of its induct ive asser t ions use on l y +, a n d 

< as we l l , t hen all of the ver i f i ca t ion condit ions wi l l be we l l - f o rmed formulas of P r e s b u r g e r 

a r i t hme t i c . S ince the theo ry of P re sbu rge r ar i thmetic is we l l - k nown to be dec i dab l e , t h e 

w e a k c o r r e c t n e s s p rob l em for the ent i re c lass of " P r e sbu rge r ar i thmet ic p r o g r a m s " is 

d e c i d ab l e . 

T he advan tage of this c lass i f i cat ion is that most of the var ian ts of p r og r ams w h i c h 

imp lemen t the same or the similar algorithms can be in one c lass. The a s se r t i on s of t he 

p r o g r a m s wh i ch implement the similar algorithm are v e r y s imi lar. Thus, one can use t he 

same p roo f p r o c edu r e for all the programs which implement the similar a lgor i thms. 

Un f o r t una t e l y not much wo rk has been done exp lo r ing the dec i s ion p rob l ems fo r w e a k 

c o r r e c t n e s s of c l a s ses of p rograms def ined this way . When all of the ve r i f i c a t i on c ond i t i o n s 

f o r a c lass of (annotated) p rograms fall in a dec idab le theory , we say that the c l a s s is 

v e r i f i c a t i o n dec idab le . What we wi l l exp lore here is the ve r i f i ca t i on dec idab i l i t y of c e r t a i n 

c l a s s e s of p rog rams wh i ch use a r rays . We invest igate the theo ry of a r r ays of i n t ege r s w i t h 

o p e r a t i o n s r e s t r i c t ed to addi t ion and subt ract ion and cal l this P r e sbu rge r a r r a y t h e o r y . T h e 

f i r s t r e su l t of th is pape r is in sec t ion 3: the va l id i ty p rob lem for unquant i f i ed w e l l - f o r m e d 

f o rmu l a s of P r e s b u r g e r a r ray theo ry is decidable. We conc lude f rom this that the w e a k 

c o r r e c t n e s s p rob l em for p rograms using integers and a r r ay s of in tegers and h a v i n g 

unquan t i f i e d asse r t i ons is dec idab le . We also show that s ince we can encode mu l t i p l i c a t i on 

b y us ing add i t ion and one d imensional ar rays , the theo ry is undec idab le fo r q u a n t i f i e d 

f o rmu l a s in gene ra l . 

a r e J^Z^^h^ T* i n t f . r e s t i n * ^ P ^ r - m s whose induc t i ve a s s e r t i o n s 
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p r o g r a m s , such as so r t i ng programs, but for wh ich the dec is ion p rob lem fo r the v e r i f i c a t i o n 

c ond i t i o n s g ene r a t ed is so lvab le . 

One w a y to ex tend the assert ion language is to add new ( i n te rp re ted) p r e d i c a t e 

s y m b o l s . In sec t i on 4 we cons ider the addit ion, in a l imited way , of a p red i ca te Perm(M,N) , 

mean i ng a r r a y M is a permutat ion of a r ray N. The perm pred ica te can be de f i n ed b y a 

s e c o n d - o r d e r fo rmu la as fo l lows: 

Perm(M,N) * <3f)[(Vx,y)(f(x)=f(y) => x - y ) A (Vz)(M[z]«N[f(z)])]. 

W e s h o w in sec t i on 4 that the weak cor rec tness p rob lem for annotated p rog rams u s i ng t he 

P e r m p red i ca t e in asser t ions (subject to l imitations) is dec idab le . This resu l t is v a l u ab l e 

b e c a u s e for almost e v e r y known one-a r ray sort p rogram it is the case that the i n du c t i v e 

a s s e r t i o n s ne ce s s a r y to p rove that the output is a permutat ion of the input can be w r i t t e n 

e a s i l y i n the a s se r t i on language we permit. Thus, the p rob lem of ve r i f y i ng whe t h e r o r not a 

c and i d a t e so r t i ng p rog ram sat is f ies the permutat ion condi t ion is dec idab le . 

2. Notations and Definitions 

P r e s b u r g e r ar i thmet ic is the f irst o rder theo ry of i n tegers w i th add i t ion and 

mu l t i p l i ca t i on . The par t i cu lar character i za t ion we choose has 

cons tan t s : 0,1 

func t i ons s ymbo l s : +,-

p r ed i c a t e s ymbo l s : =,<. 

Th i s t h e o r y is k n own to be dec idable [Hi lbert]. 

P r e s b u r g e r a r r ay theory , which we denote by L p A , is a two - s o r t e d t h e o r y w i t h si 

i n t ege r and so r t a r r ay of integer. We use D j to denote the domain of i n tege r s and D A 

d e n o t e the domain of a r ray of integers. The language cons is ts of, 

cons tan t s : cons tants of P resbu rge r theory; 

f unc t i on symbols; : +,-

<*,*,*> : D A X Dj X Dj -> D A , (ar ray assign) 

*[*] : 0 A X Dj -> Dj. (array access) 

W e u sed * to deno te the locat ion of the arguments 

f o r the two func t ions invo lv ing arrays, 

p r ed i ca t e symbo l s : =,<. 

Te rms of sor t in teger is def ined as fo l lows. 

1) The cons tan t s and the var iab les of sort integer are 

t e rms of sor t in teger . 
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2) If a j and ^2 are terms of sort integer, 

so a re a j + a 2 and a j - 3 2 . 

3 ) If A is a t e rm of sor t a r r ay and i is a term of 

s o r t i n teger , t hen A[ i ] is a te rm of sor t integer. 

4) T h e s e a re all the terms of sort integer. 

T e rms of so r t a r r ay are de f ined as fo l lows. 

1) V a r i a b l e s of so r t a r r ay are terms of sor t array. 

2) If A is a t e rm of sor t a r ray , and i and e are terms of 

s o r t i n tege r , then <A,i,e> is a term of sort array. 

3 ) T h e s e are all the terms of sor t ar ray. 

A tom i c formulas are de f ined as fo l lows. 

1) If a j and ^2 are terms of sort integer then 

^ a l ~ a 2 ^ a n c ' ^ a l < a 2 ^ a r e a t ° m ' c formulas. 

2 ) T h e s e a re all the atomic formulas. 

We l l - f o rmed formulas are def ined as fol lows. 

1) A tom i c fo rmu las are we l l - f o rmed formulas. 

2) If A and B are we l l - f o rmed formulas and x is a 

v a r i a b l e , then (-» A), (A v B), (A A B), (A ^ B), 

(A s B), Gx .A ) , and (Vx.A) are all we l l - f o rmed 

f o rmu la s . 

3 ) T h e s e a re all the we l l - f o rmed formulas. 

M c C a r t h y [McCa r t h y ] has in t roduced the not ion of states and d e s c r i b e d the seman t i c s 

of A l g o l - l i k e p rog rams . He de f ined two funct ions, ass ign and contents , to change s t a te s and 

o b t a i n v a l ue s of p rog ram var iab les in the state. He def ined these func t ions b y two ax ioms: 

A l . contents(ass ign(S,x,e) ,x) * e 

A 2 . contents(ass ign(S,x ,e) ,y) * contents(S,y) 

w h e r e x and y are d ist inct var iab les . 

K ap l a n [Kap lan] has s hown that these axioms are complete if the on l y w e l l - f o r m e d f o rmu l a s 
p e r m i t t e d a re equa l i t y b e tween terms and if no funct ion symbo l s are i n t e r p r e t e d e x c e p t 
a s s i g n and con ten ts . 

K ing [K ing] has used McCar thy ' s idea to descr ibe e f fects of ass ignments on a r r a y s . In 
h is f o rma l i sm assign(M,i,e) changes the va lue of the i-th e lement of a r r a y M to e, and 
con ten t s (M , i ) ob ta ins the va lue of the i-th element of a r ray M. The ax ioms c o r r e s p o n d i n g to 
M c C a r t h y ' s ax ioms are: 

A x l . i=j ^ contents(assign(M,i ,e), j) = e 

A x 2 . i^j 3 contents(assign(M,i ,e), j) = contents(MJ) . 

In th is p ape r we wi l l use more popular notat ions <M,i,e> and M[ i ] i n s tead of a s s i gn and 
c o n t e n t s r e spec t i v e l y . 
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B e s i d e s the axioms A x l and Ax2 , we use two other axioms equat ing the mean ing 

a r r a y s to func t ions . 

A x l , Vx,y,e,M.(x=y 3 <M,x,e>[y]=e). 

A x 2 . Vx ,y ,e ,M( .x /y 3 <M,x,e>[y>M[y]). 

Ax3." Vx,y,a,b.3M. (M[x]=y A (x^y ^ M[y]=b)). 

A x 4 . Vx,M,N. (M[x]=N[x] ^ M=N). 

W e wi l l deno te the above set of axioms by A. In addit ion we wi l l use the ax ioms 

P r e s b u r g e r a r i thmet i c augmented wi th equal i ty subst i tut ion axioms for any w f f s 

P r e s b u r g e r a r r a y t heo r y . We denote this set by P. 

3. Decis ion Procedure for 

P resburger Ar ray Theory 

In th is s e c t i on w e present an a lgor i thm for decid ing the t ru th or fa l s i ty of unquan t i f i ed 

f o rmu l a s of P r e s b u r g e r a r ray theory , L p A . 

The a lgo r i thm is as fo l lows. 

S t e p 1 

F r om the de f in i t i on of we l l - fo rmed formulas there is at least one o c cu r r en ce of a t e r m 

of the f o rm <M,x,e>[y] if there is at least one occur rence of the a r r a y ass ignment 

f un c t i on <M,x,e>. We el iminate this occur rence of the a r r ay ass ignment b y the 

f o l l ow i ng p ro cedu re . Let us denote the formula by R(<M,x,e>[y]), w h e r e <M,x,e>[y] 

i nd i ca tes the occu r rence in quest ion. We t ransform this formula to 

[ x - y ^ R(e) ] A [ x^y D R(M[y]) ] . 

No te that th is is st i l l a formula of L p A . It has one fewer o c cu r r ence s of the ass ignment 

f unc t i on than the or ig inal formula. We repeat s tep 1 unti l t he re are no mo re 

o c c u r r e n c e s of the assignment funct ion. 

S t e p 2 and S t ep 3 are repea ted for each d i f ferent array. 

S t e p 2 
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If the fo rmu la is of the form R ( M [ X Q ] ) where XQ does not conta in any o c c u r r e n c e of 

c on t en t s funct ion , we c rea te a new var iab le aQ and rep lace the formula by 

M[xQ]=aQ ^ R(aQ>. If there are sti l l occur rences of the contents func t ion in R (ag ) t h e n 
w e app l y th is t rans fo rmat ion again to R(BQ) and i terate. F ina l ly we get a f o rmu l a of 
t he fo rm 

M>o] = aO 3 M x i ] 3 ^ ! D

 ( - . ( M [ x n ] = a n D R(a 0 , . - ,a n )X.-)) 

w h e r e R(aQ,...,a p) does not conta in any occu r rence of the contents func t i on . Th i s 
f o rmu la is equ iva lent to 

( M [ x 0 ] = a 0 A ... A M [ x n ] = a n ) D R(a Q , . . . ,a n ) . 

S t e p 3 

T h e r e are no nes ted occu r rences of the contents funct ion in the formula ob t a i n ed a f t e r 
s t e p 2. We conve r t the antecedent part (M[xQ]=aQ A ... A M [ x n ] = a n ) to the f o r m u l a 
Q(n) de f i ned be low. 

Q(0) s T rue . 

Q(j+1) s Q(j) A [(x 1 =Xj + 1 ^ a ^ a j + j ) A ... A ( X J » X J + 1 3 a j = a j + 1 ) ] . (j>0) 

Thus , w e ob ta in 

Q(n) 3 R(a 0 , . . . ,a n ) . 

S i n c e t h e r e is no ass ignment or contents funct ion and this fo rmu la is a f o rmu l a o f 
. P r e s b u r g e r ar i thmet ic we can dec ide the val id i ty. 

end of p r o c e d u r e . 

It is obv i ou s that this p rocedure terminates. In each i te ra t ion of s t ep 1 w e e l im ina te 

o n e o c c u r r e n c e of <M,x,e>, and in each i terat ion of s tep 2 we e l iminate one o c c u r r e n c e of 

M [ x ] . S t e p 3 te rminates because the def in i t ion of Q(n) is pr imi t ive r e cu r s i ve . What w e w i l l 

p r o v e is that the p r o cedu re t rans forms the formula to an "equ iva lent " formula. 

T h e o r e m 

sensJLTiT, ~ 7 ; 7 - T m S ' '0rmUla R ,0 ^ "eqUiVa'e"r f°™Ula R- <h* 
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P r oo f 

1. T r an s f o rma t i on by s tep 1) is correct : 

The fo l l ow ing is an obv ious consequence of A x l , Ax2 , and equa l i ty subs t i t u t i on . 

P > A | - R(<M,x,e>[y]) ^ ( X « y => R(e)) A (x^y ^ R(M[y])). 

2. T r an s f o rma t i on by s tep 2) is cor rec t : 

We p r o v e that for any formula R 

P , A |- R(M[x]) = <Va.a=M[x] D R(a)). 

b y the f o l l ow ing cha in of reason ing, 

<Va.a=M[x] o R(a)) s <Va.a«M[x] o R(M[x])) s (3a.a=M[x]> => R(M[x]) s R(M[x]). 

3. T r an s f o rma t i on by s tep 3) is correct . 

We wi l l p r o v e 

P , A | - ( M [ x 0 ] » a 0 A ... A M [ x n ] = a n ) ^ R(a Q , . . . ,a n) iff P , A | - Q(n) s R(a Q , . . . , a n 

S ince t he r e is no f r ee occu r rence of M in R(aQ,...,an), 

P , A | - ( M [ x 0 ] = a 0 A ... A M [ x n > a n ) 3 R(a Q , . . . ,a n) 

iff 

P , A | - ( 3 M . ( M [ x 0 ] = a 0 A ... A M [ x n ] - a n » 3 R(a Q , . . . ,a n). 

W e now r educe the p rob lem to showing 

P , A | - ( 3 M . ( M [ x 0 > a 0 A ... A M [ x n ] - a n » iff P , A |- Q(n), 

w h i c h w e p r o v e by induct ion on n. 

1) If n*0 the left hand s ide is 

3 M . M [ x 0 ] = a 0 . 

F r o m A x 3 P , A |- 3 M . M [ x 0 > a 0 . Since P , A |- Q(0), the p ropos i t i on is t rue for n=0 

2) A s sume the p ropos i t i on is t rue for n=j, 

that is P t A |- 3 M . ( M [ x 0 > a 0 A ... A M[Xj]»aj) iff P , A |- Q(j). 

T o p r o v e the p ropos i t i on in the fo rward d i rect ion for n=j + l 

w e assume ( 3 M . ( M [ x Q > a 0 A ... A M[xj + 1 ] = a J + 1 ) , wh ich is equivalent to 

3 M . [ ( M [ x 0 ] = a 0 A ... A M[xj]«aj) A M [ x j + 1 > a j + 1 ] . 

F o r a new a r r a y constant M Q 

( M 0 [ x 0 ] = a 0 A ... A M 0 [ x j > a - ) A M 0 [ x j + 1 > a j + 1 , 

is t r u e f r om the assumpt ion. 

Us i ng the induc t i ve hypo thes i s we can deduce 

Q(j). 

A l s o b y equa l i t y subs t i tu t ion 
x r x j + i 3 M o t x i ^ M o t x j + i J 

B y equa l i t y subs t i t u t i on 
x i s s X j + l 3 a i " a j + l f o r a n y ' 

Thus , A [xj=x i + 1 3 aj=a: + 1 ] . 

l<i<j J * 

So w e can deduce Q(j+1). 
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C o n v e r s e l y , to p rove the p ropos i t i on for n=j + l in the r e ve r s e d i r ec t i on , 

a s sume Q(j + 1) that is Q(j) a ( A [xj=X: + 1 => a j=aj + 1 ] ) is t rue. 

l<i<j J j 

B y i nduc t i v e hypo the s i s 3M. A M[x:]=a: is true. 

l< i<j 

That is, f o r a new constant Mq , A (MQ[xj]»aj). 

l<i<j 

B y A x 3 , f o r new constants , ... , Mj 

M l L x j + l > a j + l A ( x l ^ x j + l D M l [ x l > a l > -

M j [ * j + l ] - a j + l A ( x j^ x j + l 3 M j t x j ] = a j > -

If x j = X j + ^ then a^=aj + ^ and thus M Q [ X ^ ] = M J [ X J + J ] or 

MqCx j^M^X j ] . Us ing Ax4 M q = M j or M Q [ x j + 1 ] = a j + 1 . 

R e p e a t i n g the above s tep for i= l to j , A (Xj=x: ^ M Q [ X : + j ] = a : + 

l<i<j 

On the o t he r hand if XJ^XJ + J
 A — A x j ^ x ] + l ^ e n ^ O " ^ ! A ��� A ^ 0 = ^ j 

o r x ^ x j + 1 A ... A x j^x j + 1 ^ M 0 [ x j + 1 > a j + 1 . 

Thu s , M 0 [ x j + 1 ] - a j + 1 . 

S o 3 M . A <M[x:]«a:>. 
l<i<j + l 

QED 

We have s h o w n that unquant i f ied P resburger ar ray formulas are dec idab le . H o w e v e r , 

w e canno t in gene ra l dec ide the val id i ty of quant i f ied P r e sbu rge r a r r a y fo rmu las . T he 

r e a s o n is that w e can encode square funct ion by an array as fo l lows: 

M [ 0 ] » 0 A Vi.i>0 o M[i + l ] -M[ i ]+ i+ i+ l . 

T h e n the mult ip l i cat ion can be per fo rmed as M[a+b]-M[a]-M[b] . W i th mu l t i p l i ca t i on 

a l ong w i t h add i t ion we can encode any recurs ive funct ions, and the va l id i t y p r o b l e m in th is 

t h e o r y be comes unso lvab le . 

The imp l i ca t ion of the ver i f i ca t ion decidabi l i ty resu l ts is that if the on l y f un c t i o n 

s y m b o l s the p r og r am uses on integer sort express ions are addi t ion and sub t r a c t i on , and the 

a s s e r t i o n s a re w r i t t en by P r e sbu rge r ar ray language, then the c o r r e c t ne s s is dec i dab l e . 

Th i s is not itself a v e r y s t rong resuit. To be able to dec ide c o r r e c t n e s s of mo r e 

i n t e r e s t i n g p r og r ams like so r t ing programs we have to f ind f iner subc l a s ses of P r e s b u r g e r 

a r r a y t h e o r y than is poss ib le by c lass i fy ing according to p renex normal f o rm quan t i f i e r 

p r e f i x e s . 

One w a y is to fo l low what the people have been do ing in p rac t i ce [Suzuk i ] . W e 
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i n t r o du c e new p red i ca te symbo ls to denote cer ta in we l l - fo rmed formulas and ob t a i n t he 

d e c i s i o n p r o c edu r e for the l imited formulas. The next sect ion deals w i th such an e x amp l e . 

4. Decis ion Procedure for Permutation 

In th is sec t i on we cons ider the prob lem of decid ing whether or not a d e s i g na t ed a r r a y 

in some p rog ram has a final va lue which is a permutat ion of its init ial va lue. Thus , w e w a n t 

a p r o c e d u r e wh i ch can p rove (or d i sprove) results of the fo l lowing fo rm: 

P A Pe rm(M,M 0 ) { program(M) } Pe rm(M,M Q ) . 

The va r i ab l e M is assumed to be the ar ray in quest ion, and M Q is its init ial v a l ue . T he 

a tomic fo rmu la Perm(M,Mg) means that the ar ray M is a permutat ion of the a r r a y M Q . T h e 

s y m b o l P s tands for o ther precond i t ions which do not use the Perm pred i ca te . 

M o r e p rec i se l y , we cons ider the class of all programs which use the data s o r t s i n t e ge r 

and a r r a y - o f - i n t e g e r . For the integers we allow operat ions + and -, and p r ed i c a t e s = and <. 

Mu l t i p l i c a t i on and d iv i s ion are exc luded, as before, so we can wo rk in the dec i dab l e t h e o r y 

of P r e s b u r g e r ar i thmet ic . For our purposes it wil l be suff ic ient to cons ide r a r r a y s w h i c h 

a re in f in i te in bo th d i rec t ions . The compl icat ions which are in t roduced by a r r a y s w i t h u p p e r 

and l owe r bounds are unnecessary for the simple sor t ing programs wh i ch are ou r t a r g e t s . 

T h e a r r a y con ten ts and assign funct ions are, of course, permi t ted for a r r ay s , but the a r r a y 

equa l i t y p red i ca te is not. 

We requ i r e induct ive asser t ions to be of the form 

P A Perm(M,M Q ) 

w h e r e e i the r conjunct may be absent. M may be any ar ray exp ress i on , but M Q must b e a 

s imp l e va r i ab l e wh i ch does not appear anywhere in the program (though it may a p p e a r in 

the P e r m con junc t of other assert ions.) P may be any u n q u a l i f i e d P r e s b u r g e r a r r a y 

f o rmu l a o ve r the so r t s integer and a r ray -o f - i n teger , but it may not conta in any o c c u r r e n c e 

of t he Pe rm pred i ca te . We call this asser t ion language Lp^ wi th Perm. 

F o r p r og r ams and induct ive asser t ions of the kind we have de s c r i bed the v e r i f i c a t i o n 

c ond i t i o n s all have the form 

(1) P1 A P e rm (M ,M 0 ) ^ P 2 A Pe rm(M,M Q ) 

w h e r e P j and P 2 are P re sbu rge r ar ray formulas, M is an a r ray exp re s s i on , and M Q rs an 

a r r a y v a r i ab l e wh i ch does not appear in M, P j , or P 2 . Most of the rema inder of th is s e c t i o n 

is d e v o t e d to a dec i s ion p rocedure for formulas of the form (1). Throughout th is a l go r i t hm 
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w e r e l y heav i l y on the resu l t of the prev ious sect ion that unquant i f i ed fo rmu las in t h e 

l anguage of P r e s b u r g e r a r r ay theory , L p A , are decidable. 

B e f o r e w e g ive the dec is ion p rocedure , however , we shou ld note that the t h e o r y w e 

a re d e v e l o p i n g is app l i cab le to almost all known one -a r r ay sor t ing p rog rams . In e a ch c a s e 

t h e y con f i ne themse l ves to the P resburge r ar ithmetic s ub t heo r y of the i n t e ge r s . 

F u r t h e r m o r e , they sa t i s fy the asser t ion language rest r i c t ions we made s ince loop i n va r i a n t s 

s u f f i c i e n t l y s t r ong to p r o ve the pe rmuta t i on -p rese rv ing p r ope r t y of the p r o g r am c an be 

w r i t t e n v e r y natura l l y in the asser t ion language L p A wi th Perm. In fact, t hey usua l l y c a n be 

w r i t t e n as s ing le Pe rm atomic formula without the need for the opt iona l P r e s b u r g e r a r r a y 

f o rmu l a con junc t that we al low. In that sense the result we p resen t is s t r o n g e r t han 

n e e d e d fo r our target sor t p rograms. 

We now p r o c eed w i th the dec is ion procedure for formulas of the fo rm (1). 

S t e p 1: 

F o rmu l a (1) can be b r o ken into two smal ler formulas, namely 

(2) P j A P e r m ( M , M 0 ) D P 2 

and 

(3) P t A P e rm (M ,M Q ) o Pe rm(N ,M 0 ) . 

C l e a r l y f o rmu la (1) is TRUE if and on ly if formulas (2) and (3) are bo th TRUE. 

We can d i spose of (2) eas i ly by noting that since M q does not occu r in P j o r P 2 , t he 

Perm(M,MQ> conjunct of the hypo thes i s is i r re levant and can be e l iminated. F o rmu l a (2) is 

t r u e if and on l y if 

(4) P j D P 2 

is t r ue . S ince (4) is in Lp^, its t ru th is decidable. The proof that (2) is equ i va l en t to (4) is 
qu i t e sho r t . 

P j A Perm(M,MQ> 3 ?2 I Assumpt ion 

V M q ^ P j A P e rm (M ,M 0 ) 3 P 2 ) | V-gen 

P j A 3 M Q . ( P e r m ( M , M Q » D P 2 | M Q does not occur f ree in P j or P 2 

?l 3 P 2 I 3M 0 . ( Pe rm(M,M 0 ) )=TRUE 

Each s t e p in the above t rans fo rmat ion is revers ib le , so (2) is t rue if and on ly if (4) is t r u e . 

If (4) is fa lse we terminate the dec is ion procedure negat ive ly . If not, we c on t i nue to 
t r y to p r o v e formula (3). 
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S t e p 2: 

B e c au s e Pe rm is an equ iva lence re lat ion, formula (3) is equ iva lent to 

(5) P1 A P e rm(M ,M Q ) 3 Perm(M,N) 

Once again, because M Q does not occur f ree in P j , M, or N , w e can demons t r a t e , b y a 

p r oo f nea r l y ident ica l to the one in s tep 1, that the second conjunct of (5) is i r r e l e van t and 

(5) is t r u e if and on ly if 

(6) P j z> Perm(M,N) 

is t r u e . 

In (6) bo th M and N are terms of a r ray sort, i.e. 

M « <...<VM,i,e>...> and 

N = <...<VN,j,f>...> . 

Thus , bo th M and N rep resen t inf inite ar rays to which at most f in i te number of c h a n g e s 

( a s s i gn ope ra t i on s ) have been made. Since P̂  is unquant i f ied, it can on ly c on s t r a i n the 

v a l u e s of a f in i te number of the e lements of M and N. Consequent l y , the on l y w a y that (6) 

c an be t r u e for all ass ignments of the var iab les — in part icu lar for all ass ignments of V ^ 

and VJ\J — is fo r V ^ and Vpj to be the same var iable. 

Thus , if V ^ is not the same var iab le as Vfyj, terminate negat ive ly . 

E xp l ana t i on about S tep 3: 

We now come to the heart of the decis ion procedure. By s tep 2 we can r ew r i t e (6) as 

(7) Pl 3 Perm(<...<V,i,e>...><...<V,j,f>...>) 

Fo rmu l a (7) says that a r r ay V, after a certa in finite sequence of ass ign ope r a t i o n s , is a 

p e rmu t a t i o n of the same ( inf inite) ar ray V after a d i f ferent f in i te s equence of a s s i gn 

o p e r a t i o n s . Each ass ign ope ra t i on can be v iewed as the removal of one e lement f r om the 

a r r a y V and the inser t ion of another . We come, then, to the fundamenta l idea of ou r 

d e c i s i o n p r o c e d u r e : if we let 1^ be the multiset of e lements i n se r ted into the f i r s t a r r a y b y 

a s s i gnmen t s , and D^ be the mult iset of elements de leted from it by ass ignments , and if w e 

let 1^ and D(\j be de f ined s imi lar ly for the second term, then (7) holds if and on ly if 

(8) I M + D N = I N + D M 

is TRUE as a mult iset equat ion w i th the assumption P j . (The + s tands for mult iset un ion.) 

M o r e p r e c i s e l y , s ince Iy , D^, and D|\j are multisets of terms, we must show that (8) is 

t r u e fo r all ass ignments of the var iab les for which P j is TRUE, i.e. 
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<9> P l 3 l M + D N s I N + D M 

At th i s po int w e are in a pos i t ion to conclude that formulas of the form of (1) are d e c i d ab l e . 

W e have r e d u c e d it to the p rob lem of decid ing the t ru th of formulas of the f o rm (9). S i n ce 

in (9) the mul t i se ts in the consequence are f inite and exp l i c i te l y l is ted, we can e x p r e s s t h e 

e q u a t i o n as a f in i te set of d is juncts of conjuncts. For example, the fo l lowing f o rmu la in t he 

f o r m of (9) 

P 3 {a,b,c} «.{d,e,f} 

c a n be e x p r e s s e d less t e r se l y as 

P 3 (a=d A b=e A c=f) v 

(a=e A b «d A c=f) v 

(a=f A b=e A c=d) 

w i t h s ix d i s junc t s . In genera l , there wil l be n! d is juncts if the mul t i sets c on t a i n n 

e x p r e s s i o n s each . The resu l t ing formula is in Lp^, and the re fo re dec idab le . But u s i ng t he 

d e c i s i o n p r o c e d u r e for L p A d i rec t l y in this way wou ld be in to le rab ly s low in most c a s e s , and 

t h e r e f o r e w e p r o p o s e a more pract ica l cont inuat ion of the dec is ion p rocedu re in s t e p 3 . 

S t e p 3 : 

W e beg i n b y comput i ng 1^, I N , D^, and D N using the fo l lowing 

s y m b o l i c a lgor i thm. 

b e g i n 

mu l t i se t of i n tege r exp re s s i on : I y , I N , D^, D N ; 

a r r a y e x p r e s s i o n : M, N, MM, NN, X; 

i n t ege r e x p r e s s i o n : i,e; 

J M *- *N D M <- D N 0; 

M M <- M ; NN <- N ; 

do 

M M - < X, i ,e> -* D M «- D M + {X[i]} ; I M <~ I M + {e}; M M «- X || 

o d

 N N ~ < X > l ' e > - D N «" ° N + {X[i]J; I N - I N + {e}; NN <- X 

e n d 

The f i r s t four l ines of the algorithm are dec larat ions indicat ing the t y p e s of 

e x p r e s s e s the va r i ab les may take as va lues. The do - od const ruc t is D i f k s t r a ' s 
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nonde t e rm in i s t i c r epe t i t i ve guarded command construct [Di jkstra]. The ~ s ign is a p a t t e r n 

ma t ch o p e r a t o r wh ich can be read "is of the form". It re tu rns t rue or fa lse a c c o r d i n g to 

w h e t h e r or not the match succeeds , and has the s ide-ef fect of b ind ing the va r i ab l e s in t he 

r i g h t - h a n d argument wheneve r the match succeeds. 

Hav ing computed 1^, I|\j, D^ and D^, we need to p rove (9). We can do this if w e h a v e 

an a lgo r i t hm for p rov ing 

(10 ) P d S j - s 2 

w h e r e P is a P r e s bu r ge r a r r ay formula and S j and S 2 are mult isets of in teger e x p r e s s i o n s . 

W e p r o p o s e to f ind pa i rs of e lements e^ € S j and e 2 * S 2 such that 

P 3 e j = e 2 . 

W h e n e v e r we f ind such a pair of equal express ions we remove them f rom the mu l t i s e t s 

and con t i nue w i th the smal ler mult isets, attempting to show 

P 3 S 2 - {e{} = S 2 - { e 2 } . 

The fo l l ow ing i te ra t ion wi l l remove pairs of equal e lements f rom and S 2 : 

do 

x € S i A y * S 2 A [P z> x=y] -* Si «- Si - {x}; S 2 *- S 2 - {y} 

od 

Once again we have used Di jkstra 's i terat ive guarded command cons t ruc t . The g u a r d is 

i n t e n d e d to be a ra ther e l abo ra te pat te rn match operat ion wh ich means "f ind x € S j and y € 

S 2 s u c h that ' P ^ x=y ' is t rue" . If the pat tern match succeeds , the va r i ab l e s x and y a r e 

b o u n d to the matching e lements, the act ion to the right of the a r r ow is e xe cu t ed , and the 

i t e r a t i o n con t inues . If the pa t te rn match fails, the i terat ion terminates . 

It might seem that wr i t i ng the loop the way we did makes the a lgor i thm o b s c u r e . W e 

c ou l d as we l l have wr i t t en the fo l lowing doub ly nested loop. 

f o r all x « Si do 

fo r ail y € S 2 do 

if [P 3 x = y ] 

then 

( S x <- S j - {x}; 

S 2 «- S 2 - {y} 

) . 

H o w e v e r , we felt that the expl ic i t double loop s t ruc ture p rec ludes oppo r t un i t i e s f o r 

op t im i z a t i o n wh i ch cou ld be important in an actual implementat ion. 

If th is i t e ra t ion succeeds in reduc ing and S 2 to empty, then formula (10), and h e n c e 
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f o rmu l a (1), a re TRUE, and the dec i s ion p rocedure terminates. Howeve r , if and S 2 a r e 

not r e d u c e d to empty , it is not necessa r i l y the case that (10) is FALSE , as w e exp l a i n in the 

nex t s t e p . 

S t e p 4: 

Once all s u ch pa i rs of e lements wh ich are equal as a consequence of P have b e e n 

r e m o v e d , the rema in ing mult isets st i l l may or may not be equal . It may h appen that u nde r 

o ne as s i gnment of va lues to the p rog ram var iab les the multiset e lements are p a i rw i s e equa l 

a c c o r d i n g to one co r r e spondence , and under another assignment the e lements a re p a i r w i s e 

equa l unde r a d i f f e ren t co r r e spondence . There might be no two e lements wh i c h a r e 

p a i r a b l e unde r all ass ignments. P r obab l y the simplest example of th is phenomenon is t he 

f o l l o w i n g : 

T R U E = {V[i],<V,i,l>[j]} = {V[j],<V,j,l>[i]} � 

In any ass ignment in wh i ch i=j holds, the mult isets are equal because the i r f i r s t 

e l e m e n t s a re equa l and their second e lements are equal. And in any ass ignment in w h i c h ij^j 

ho l d s , the mul t i se ts are also equal , but the elements are pa i red accord ing to the o t h e r 

c o r r e s p o n d e n c e . Thus , the mult isets are equal under all ass ignments, but t he r e is no pa i r of 

e l e m e n t s wh i c h a re equal under all ass ignments. 

In o r d e r to dec ide the t ru th of 

( 11 ) P 3 S i = S 2 

w e r e w r i t e the fo rmu la as 

( 12 ) P => { m j I i < k } « { n f I i < k } 

F o r m u l a (12) is equ iva len t to 

( 13 ) P A ( m j * n j v m j=n2 v ... v mj=n^ v ( m ^ n ^ A m j ? ^ A ... A m ^ n ^ )) 

3 { m; I i < k } = { n } i i < k } . 

F o rmu l a (13) can be b roken up into smal ler formulas such that (13) is t rue if and 

o n l y if all of the fo l l ow ing k+1 formulas are t rue. 

( 14 ) P A m ^ n j => { m, I i < k } = { nj I i < k} 

p A m j = n k D { m, I i < k } = { n s I i < k } 

P A ( m ^ n j A m 1 ^ n 2 A ... A m j ^ n k ) => { mj | i < k } = { n s | i < k } 

Each of the formulas of (14) can in turn be fur ther s impl i f ied as 
f o l l o w s : 

(15 ) P A m ^ n j = > { m i | 2 < i < k } = { n j | i < k A i ^ l } 
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P A m j = n k 3 { m j | 2 < i < k } = { n j | i < k A i ^ k } 

(15*) P A ( m ^ n j A m^r\2 A ... A m j ^ n k ) ^ FALSE 

W e a b b r e v i a t e (15*) as 

(16*) P 3 ( m i * S 2 ) 

In (15) ail of the mult isets are smaller by one than those in (11). Th is fact f o rms t he 

ba s i s of a r e c u r s i v e p rocedu re for prov ing (or d i sprov ing) formula (11). We de f i n e a 

r e c u r s i v e p r o c e d u r e TESTEQUAL (P , S j , S 2 ) which re turns TRUE or F A L S E ac co rd i ng to the 

t r u t h of (12) . The mult isets S j and S 2 must have the same number of e x p r e s s i o n s in t hem. 

T E S T E Q U A L w o r k s in four s teps . 

(i) If S i = S 2 = { } , the p ro cedu re re turns TRUE immediately. 

(i i) A s an op t im i za t i on the p rocedu re then checks that P is sat i s f iab le . If P is unsa t i s f i ab l e , 

T E S T E Q U A L r e t u rn s TRUE immediately. 

(i i i) C h o o s e an e lement m j f rom S j and break (11) into the f i rst k - cases of (15) . Ca l l 

T E S T E Q U A L r e cu r s i v e l y to test them. The recu r s i ve cal ls must ail r e t u r n t r ue , o r 

T E S T E Q U A L r e t u r n s fa lse. 

( iv) Tes t (16*) and r e t u r n its t ru th value. 

He re is the body of the p rocedure in an A lgo l - l i ke syntax. 

B o o l e a n p r o c e d u r e TESTEQUAL (P , S 1 , S 2 ) ; 

b e g i n 

f o rmu l a : P,R; 

mul t i se t of i n tege r exp ress ions : S j , S 2 ; 

i n t ege r e xp r e s s i o n s : x,y; 

Commen t : S j and S 2 must have equal cardinal i ty; 

if | S 1 | ^ | S 2 | t hen abort; 

Commen t : Null mult isets are a lways equal; 

if S j - U t hen r e t u r n TRUE; 

Comment : Check that P is sat isf iable; 

if [ -P] then r e t u r n TRUE; 

Commen t : Check all cases of (15) except (15*); 

x «- cho i c e (S j ) ; 

f o r all y « S 2 do 

if not TESTEQUAL(P A x=y , S t - {x} , S 2 - {y} ) then r e t u rn FALSE ; 
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Comment : Re tu rn the result of (16*); 

r e t u r n [P D (x * S 2 ) ] 

e n d . 

A g a i n we use [P ] -no ta t ion as a Boolean express ion meaning "P is t rue" . Of c o u r s e w e 

o n l y u se this no ta t ion w h e n P is a formula in a theory known to be dec idab le . The c ho i c e 

f u n c t i o n mere l y r e t u rn s some (random) element of its mult iset argument. We have b e e n 

r a t h e r l oose w i th some of the syntax in this program, but we trust that the r e ade r w i l l b e 

ab l e to s u p p l y the miss ing in terpre ta t ions from the d iscuss ion above. 

A f e w addi t ional remarks should be made about the dec i s ion p r o c edu r e w e h a v e 

d e s c r i b e d above . Our expe r i ence indicates that for the kinds of p rog rams peop l e a c tua l l y 

w r i t e , s t e p 4 of our dec i s i on p rocedure is unnecessary; if the ve r i f i ca t i on cond i t i on is in fact 

a t h e o r e m , this is e s tab l i shed by s tep 3. There fore , if this dec is ion p r o cedu r e is e m b e d d e d 

in a r ea l ve r i f i e r , it might be w ise to issue a warn ing message to the user b e f o r e (or i n s t e ad 

o f ) p r o c e e d i n g to s t ep 4, s ince the worst case complex i ty of the TESTEQUAL is at least n! in 

t he s i z e of the mult iset arguments. 

W e have on ly t r ea t ed the case that the values of the a r ray e lements are i n t ege r . 

H o w e v e r , the p r o cedu r e can be adapted for a r rays of rea ls if the a l l owed ope r a t i o n s o n 

r e a l s a re w i th in Ta r sk i an ar i thmet ic [Tarski]. As a matter of fact, the dec i s i on p r o c e d u r e 

c a n be adap ted for any data t ype in which the equal i ty among terms is dec idab le . 

W e o b s e r v e the p r o cedu r e for reals. The formula we are go ing to dea l w i t h has the 

f o r m 

P A Perm(A,AO) ^ Perm(B,AO) 

w h e r e A and B are te rms of sort array of reals and P is an unquant i f i ed w e l l - f o r m e d 

f o r m u l a of the t w o - s o r t e d theo ry of integers and reals. The res t r i c t i on here is that w e do 

not a l l ow any mixed so r t terms or atomic formulas, so that y ou cannot equate or add t e rms 

of i n t ege r and rea l . Because of this rest r ic t ion one cannot use a rea l te rm to be the i ndex 

in to an a r r a y . 

The p r o c edu r e de s c r i b ed in this sect ion can be ca r r i ed out wi thout modi f i ca t ion, e x c e p t 

w h e r e w e have to test the t ru th of part icular unquant i f ied formulas. In such cases w e c an 

a p p l y the p r o cedu r e of the prev ious sect ion to el iminate a r rays . Then we can t r a n s f o r m 

the f o rmu l a to con junc t i ve normal form. Al l of the conjuncts have to be va l i d . E a ch 

c on j un c t cons i s t s of d i s junc t ion of atomic formulas and we can spl i t these atomic f o rmu l a s 

i n to t w o c lasses , one for in teger and the other for rea l . The va l id i ty of bo th d i s j unc t i ons 

a r e i ndependen t , and w e can use the separate dec is ion p rocedu res for in teger and r ea l . 

Thus , w e can dec ide the permutat ion p rope r t y of a r rays of rea l w i th the same bas i c 

a l go r i t hm. 
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Example 

The fo l l ow ing is an inser t ion sort program. We can show that the f inal a r r a y is the 

p e r m u t a t i o n of the init ial a r ray by the dec is ion procedures g iven in this paper . 

The anno ta ted p rogram is 

a s s e r t Perm(A,AQ); 

J<-2; 

i n va r i an t Perm(A,AQ) 

wh i l e J<N do 

beg i n 

KEY«-A[J]; 

I«-J-l ; 

up: a s se r t Perm(<A,I+l ,KEY>,A 0 ); 

if A[IJ<KEY then goto exit; 

A[I+1>-A[I]; 

if I>1 then goto up; 

ex i t : A[I+1]*-KEY; 

J<-J+l 

end ; 

a s s e r t Perm(A,AQ>; 

S ince th is p r og ram conforms to the rest r i c t ions of the P r e sbu rge r a r r ay p r og r ams w i t h 

Perm(A,AQ> asse r t i ons , its co r rec tness is dec idable. 

The ve r i f i c a t i on condit ions are 

1) P e r m ( A , A 0 ) 3 P e rm(A ,A Q ) 

2) P e r m ( A , A 0 ) A J<N 3 Perm(<A,J,A[J]>,A Q) 

3 ) P e rm (A ,A 0 > A - J<N 3 Pe rm(A ,A 0 ) 

4) A[I]<KEY A Perm(<A,I+l ,KEY>,A 0 ) 3 Perm(<A,I+l,KEY>,A 0) 

5 ) 1<I-1 A -A[I]<KEY A Perm(<A,I+l,KEY>,A 0) 3 Perm(«A,I+l ,A[I]>,I ,KEY>,A 0 ) 

6) A[I]<KEY A Perm(<A,I+l ,KEY>,A 0 ) 3 Perm(<A l I+l ,KEY>,A 0 ) 

7) -1<I -1 A -A[I]<KEY A Perm(<A,I+l,KEY>,A 0) 3 Perm(«A,I+l ,A[I]>,I ,KEY>,A 0 ) . 

The non - t r i v i a l ver i f i ca t ion condit ions are 5) and 7), wh ich are v e r y s imi lar . Let us 

e xam ine 5). 

V C 5: 1<I-1 A -A[I]<KEY A Perm(<A,I+l,KEY>,A 0) 3 Perm(«A,I+l ,A[I]>,I ,KEY>,A 0 ) 
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S t e p 1 T r an s f o rm to 

1<I-1 A -A[I]<KEY 3 Perm(<A,Kl,KEY>,«A,I+l,A[I]>,I,KEY>) 

S t e p 2 The base a r ray var iab les of the two ar ray terms are the same; p r o c eed . 

S t e p 3 

I M - {KEY} 

D M = {A[I+1]} 

I N - (A[I] , KEY} 

D M « { A [ I + 1 ] , < A , 1 + 1 , A [ I ] > [ I ] } . 

T r a n s f o r m to P 3 Iy+Dfyj-Ifg+Dy form, i.e. 

1<I-1 A -A[I]<KEY => {KEY , A[I+1] , <A,I+1,A[I]>[I]}«{A[I] , KEY , A[I+1]}. 

B y i n spec t i on we can see that the two mult isets wou ld be reduced to empty by S t e p 3, 

b e c a u s e 

1<I-1 A -A[I]<KEY 3 KEY=KEY 

1<I-1 A -A[I]<KEY 3 A[I+1]-A[I+1] 

1<I-1 A -A[I]<KEY 3 <A,I+1,A[I]>[I>A[I] 

S t e p 4 Unneces sa r y , because s tep 3 reduced the mult isets to null. 

5. Conclusion 

Unl ike the dec idab i l i t y resu l ts for program schemata, ver i f i ca t ion dec i dab i l i t y is not 

i n f l u enced by the cont ro l s t ruc tu re of programs. . That is, the dec idab i l i t y r e su l t s a re not 

s en s i t i v e to ind iv idua l programming s ty le or to var iat ions in algorithms for the same task . 

Our pe rmuta t i on dec idab i l i ty resul ts can be appl ied to almost all of the s o r t i n g 

p r o g r a m s peop l e usua l ly wr i te . We there fo re feel that the methods d e v e l o p e d in th i s p a p e r 

s h o w s the va lue of hav ing domain speci f ic , spec ia l ly i n te rp re ted p red i ca tes su ch as P e r m in 

the a s s e r t i on language. Had we not used the Perm pred icate as we did, we might h a ve had 

to w r i t e a s e c ond - o r d e r formula to exp ress the same thing, such as the f o l l ow ing : 

P e r m ( M , N ) = QF)(Vx)(Vy)[ F(x) = F(y) D x - y A M [ X ] = N[F(x)] ] 

It seems v e r y un l ike ly that ver i f i ca t ion condit ions a l lowing this kind of quan t i f i c a t i on o v e r 

f unc t i ons wi l l be dec idab le . 

The next ta rge t of our r e sea r ch wil l be the o rde redness p r ope r t i e s of P r e s b u r g e r 
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a r r a y s . Even tua l l y we hope to f ind a single asser t ion language in wh i ch the i nduc t i v e 

a s se r t i on s for bo th the o rde rednes s and permutat ion p rope r t i e s of o rd i na r y so r t p r o g r a m s 

c an be e xp r e s s ed , and for wh ich we can f ind an a lgor i thm to dec ide the r e s u l t i n g 

v e r i f i c a t i o n cond i t ions . 

The r e are va r i ou s o ther d i rect ions that future r e sea r ch in this a rea might take . F o r 

e a c h a lgor i thm domain we should t ry to establ ish asser t ion vocabu la r i es fo r wh i c h the 

r e su l t i ng ve r i f i c a t i on cond i t ions are decidable. When dec is ion p rocedu res are d i s c o v e r e d , 

t h e y shou ld be fo rmu la ted in such a way that they can p rov ide usefu l debugg ing i n f o rma t i on 

w h e n a proof fai ls. And , of course , a long range goal is to bui ld a v e r i f i e r wh i c h c an 

r e c o g n i z e p rog rams of the dec idab le domains, and ve r i f y them wi thout human aid. 
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