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Vibration Characteristics for Piezoelectric Cylinders
Using Amplitude-Fluctuation Electronic Speckle
Pattern Interferometry

Chi-Hung Huang* and Chien-Ching Ma’
National Taiwan University, Taipei 10617, Taiwan, Republic of China

Electronic speckle pattern interferometry (ESPI) is a full-field, noncontact technique for measuring the deforma-
tion of a structure subjected to static loading or, especially, to dynamic vibration. Three-dimensional vibrations of
piezoelectric materials with cylindrical surfaces are investigated using the amplitude-fluctuation ESPI (AF-ESPI)
method. This method demonstrates the advantages of combining noise reduction, like the subtraction method,
and high fringe sensitivity, like the time-averaged method. The optical system for AF-ESPI with two in-plane and
one out-of-plane measurements is employed to study the volume vibration of a piezoelectric material for a thick
circular disk, a ring, and a thin-walled tube. Because the clear fringe patterns measured by the AF-ESPI method
will be shown only at resonant frequencies, both the resonant frequencies and the complete vibration mode shapes
in three dimensions are obtained experimentally. Finally, impedance analysis and the finite element method are
also utilized, and the results are compared with the measurements obtained by AF-ESPL. It is shown that the
numerical calculations and the experimental results agree fairly well for both the resonant frequencies and the

mode shapes in three-dimensional configurations.

I. Introduction

HEN a coherentlaser beam illuminates a rough surface, we

can observe the curious granular appearance of such a sur-
face. This is known as the speckle effect. The speckle effect is no
longer looked upon as only noise but also as an information car-
rier, which can be used in many applications. The sensitivity of the
speckle method is controlled by the size of speckles, which is the
resolution limit of the speckle method. Making use of a standard
television camera to digitize the speckles and to record the fringe
patterns eliminates the use of photographic film. This method is
known as electronic speckle pattern interferometry (ESPI).

ESPI is a full-field, noncontact, and real-time measurement me-
thod of deformation for structures subjected to various kinds of
loadings. As compared with conventionalfilm recording and optical
reconstruction proceduresused for holographicinterferometry,! the
interferometricfringe patterns of ESPI can be displayeddirectlyin a
videomonitor. The comparativeadvantage of operationallows ESPI
to extend its application compared with other optical measurement
techniques. ESPI was first proposed by Butters and Leendertz,> who
investigated the out-of-plane measurement of a vibrating disk. The
most widely used experimental setup to study dynamic responses
by ESPI is the time-averaged vibration ESPI method? The dis-
advantage of this method is that the interferometry fringes repre-
sent the amplitude but not the phase of the vibration. To improve
this shortcoming, the phase-modulation method, using the refer-
ence beam modulation technique, was developed to determine the
relative phase of displacement*-> Shellabear and Tyrer® used ESPI
to make three-dimensionalvibration measurements. Three different
illumination geometries were constructed, and the orthogonal com-
ponents of vibration amplitude and mode shape were determined.
To reduce the noise coming from the environment, the subtraction
method was developed”-® The subtraction method differs from the
time-averaged method in that the reference frame is recorded be-
fore vibration and is continuously subtracted from the incoming
frames after vibration. However, the interferometric fringe visibi-
lity of the subtraction method is not good enough for quantitative
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measurement. To increase the visibility of the fringe pattern and
to reduce the environmental noise simultaneously, an amplitude-
fluctuation ESPI method was proposed by Wang et al.’ for out-
of-plane vibration measurement. In the amplitude-fluctuation ESPI
method, the reference frame is recorded in a vibrating state and
subtracted from the incoming frame. Consequently, it combines the
advantagesof the time-averagedand subtractionmethods, i.e., good
visibility and noise reduction.

Since Pierre and Jacques Curie discovered the piezoelectric ef-
fect in 1880, there had been a large amount of research and
applications !®!! such as piezoelectricactuators, ultrasonic motors,
nondestructive testing devices, etc. Piezoelectricity describes the
phenomenon that the material induces an electric charge when sub-
jectedto stress and, conversely,induces strain when the electric field
is applied. Although the behavior of piezoelectric material can be
determined by linear piezoelasticity,the Maxwell equations, piezo-
electric constitutive equations, and the boundary,'? it is difficult to
obtain the analytical solutions even for a simple geometry.

In general, there are two numerical methods that are usually used
to study the vibrating problem of piezoelectric materials; one is the
variational approximation method, and the other is finite element
analysis. Eer Nisse!® applied the calculus of variation to the analy-
sis of piezoelectricdisks, and the solutions were compared with the
experimental results obtained by Shaw.!* Kharouf and Heyliger'?
used the Rayleigh-Ritz method to solve static and axisymmetric
vibration problems for piezoelectric disks, hollow cylinders, and
composite cylinders. The variation method is a powerful and accu-
rate technique for simple geometries, and the finite element method
(FEM) is an alternative method for the analysis of piezoelectricma-
terial in various complicated configurations. Kunkel et al.!® stud-
ied the vibration modes of PZT-5H ceramics disks as regards the
diameter-to-thickness D/ T ratio ranging from 0.2 to 10. Guo et
al.!'” presented the results for PZT-5A piezoelectricdisks with D/ T
of 20 and 10. Adelman and Stavsky'® derived electroelastic equa-
tions for solving the axisymmetric vibrations of radially polarized
piezoelectrichomogeneousceramics tubes. Influences coming from
boundary conditions and the ratio of inner/outer radii are discussed
in detail. They then extended the method to study the problems of
radially polarized composite piezoelectric cylinders and disks.!”

In addition to variational and numerical methods, experimen-
tal techniques have been employed for investigating vibration
modes and natural frequencies of piezoelectric transducers. Shaw'*
used an optical interference technique in which a stroboscopically
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illuminated multiple beam is applied to measure the surface mo-
tion of thick barium titanate disks. Chang® employed dual-beam
speckle interferometry to measure the in-plane displacement.

In this paper, we employ the optical method based on amplitude-
fluctuation ESPI (AF-ESPI) to study the three-dimensional vibra-
tion of piezoelectricmaterial of a thick disk and ring that are axially
polarized. In addition, a thin-walled tube with radial polarizationis
discussed. The advantageof using AF-ESPI is that both the resonant
frequency and the corresponding vibration mode are determined ex-
perimentally. The numerical FEM with a three-dimensional model
and an experimental impedance analysis is also used to study the
problem, and the results are compared with those of the AF-ESPI
method. It is shown that the resonant frequency difference between
AF-ESPI and impedance analysis is smaller than that between AF-
ESPI and the FEM.

II. Theory of AF-ESPI for Out-of-Plane and In-Plane
Vibration Measurements

A. Out-of-Plane Vibration

The optical system of the ESPI setup for out-of-plane vibrating
measurement is shown by Ma and Huang.?! After the specimen
vibrates, the light intensity of the reference image detected by a
charge-coupleddevice (CCD) camera can be expressed by the time-
averaged method as

1 T
11=;/ {IA+IB+2\/E
0
2w
X COS |:¢ + T(l +c059)Acoswt:|} dr 1)

where

I, = objectlight intensity

Ip = referencelight intensity

CCD refreshing time

phase difference between object and reference light
wavelength of laser

angle between object light and observation direction
vibration amplitude

angular frequency

E x>«
I nn

Let I'= (2w /A)(1 4+ cosf) and T =2mx /w, where m is an inte-
ger. Then Eq. (1) can be worked out as

I = I, + Iy + 2/ 1,15(cos ) Jo(T A) 2

where J; is a zero-order Bessel function of the first kind.
After image processing and rectifying, the intensity of the first
image can be expressed as

I =1+ Iz + 21, 13|(cosp)Jo(TA)| 3)

As the vibration of the specimen goes on, we assume that the
vibration amplitude has changed from A to A + AA. The light in-
tensity of the second image can be represented as

1 T

I, = —/ {Iy+ Ig +2y/ 115 cos[¢p +T(A+ AA)coswt]}dr
T Jo

4)

Expanding Eq. (4) using Taylor series expansion and neglecting
the higher-order terms, we rewrite Eq. (4) as follows:

L=1,+ Iz +2/1,15(cosp)[1 — AT2(AA?]J(TA)  (5)

By image processingandrectifying, /, can be similarly expressed
as

L =1y + Iy + 21415 (cos $)[1 — 1T2(AA]Jp(TA)|  (6)

When these two images (the first and second images) are sub-
tracted by the image processing system, i.e., Eq. (3) is subtracted

from Eq. (6), and are rectified, the resulting image intensity can be
expressed as?!

I=1-1

Vs 1p
2

|(cos §)T*(AA) Jo(TA)| (7)

B. In-Plane Vibration

The optical setup of the system for in-plane vibration measure-
ment is shown by Ma and Huang.?' Similar to the out-of-plane
vibration case, the first and second image intensities, i.e., I; and I,
forin-plane vibration using the time-averagedmethod are expressed
as

I =1, + I + 2/ 141p|(cos ¢) Jo (I A")| ®)

L =1, + Iy + 2y 1L, Ig|(cosp)[1 — T2 (AAN]J(TVAN|  (9)

where I, and I are as earlier defined and

A’ = vibration amplitude of in-plane vibration
" = Q27/))(2sind’)
0’ = half of the angle between two illumination lights

Subtracting Eq. (9) from Eq. (8) and rectifying by the image
processing system, we can obtain the image intensity as?!

I=L-1

Ay

= |(cos )72 (AA")? Jy(I"A")

(10)

From Egs. (7) and (10), we find that both the out-of-plane and
in-plane vibration fringe patterns obtained by the AF-ESPI method
are dominated by a zero-order Bessel function J, . The advantages
for the proposed AF-ESPI method compared with the conventional
subtraction method are discussed in detail by Ma and Huang.2!
Combining the out-of-plane with two in-plane optical setups by
the AF-ESPI method, we can construct three-dimensional vibration
characteristics of the piezoelectric material, including resonant fre-
quencies and mode shapes at the same time. This is different from
the impedance analysis, which has been used widely in determining
only the resonant frequency for piezoelectric material.

III. Experimental and Numerical Results

The vibration of piezoelectric material is electroelasticin nature,
and it is necessary to include the coupled electrical field with the
elastic behavior. In other words, the equation of linear elasticity is
coupledto the charge equation of electrostaticsusing the piezoelec-
tric constants. The system of equations that governs the behavior of
the vibration characteristics of piezoelectric material is presented
in detail by Tiersten.'? The linear piezoelectric constitute equations
are

Tij = C[Ejk[skl — e Ex, D; = ejsu + E[S,(Ek 1n
where 7;;, D;, 5;;, and E; representthe stress, electric displacement,
strain, and electric field, respectively;and cﬁk,, €j, and 85( are the
elastic, piezoelectric,and dielectricconstants, respectively. Because
of the symmetry, in general, the compressed matrix notationis intro-
duced in place of the tensor notation. This matrix notation consists
of replacingij or kI by p or g, where i, j, k, and! take the values 1,
2,3 and p and g take the values 1-6. By virtue of the transformation,
we can make the identifications

E E

C[jkl = Cl’q’ €kl = e[q»

Tij = Tp (12)
and the constitute equations (11) can be rewritten as
T, = ch S,
where s5;; = §, whenk =/ and ¢ =1,2, 3 and 2s;; = S, when k #1
and g =4, 5, 6.
Because the polarized piezoelectric ceramics have the same sym-
metry as a hexagonalcrystal, which canbe modeled as a transversely

— e Ex, D, =e¢,S,+e Ex  (13)
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Diameter = 50 mm
Height = 20 mm

v Outer diameter = 50 mm

Inner diameter = 20 mm
Height =15 mm

Outer diameter = 20 mm
Inner diameter = 18 mm
Height = 40 mm

X,
X{

Fig.1 Geometric dimensions and configurations of the circular disk,
circular ring, and thin-walled tube.

isotropic material, the elastic, piezoelectric,and dielectricconstants
are represented in matrix form as

_clE1 clE2 C1E3 0 0 0 ]
clE2 clE1 C1E3 0 0 0
; cE cE 5 0 0 0
=0 0 0 c& o0 0 (14)
0 0 0 0 Ccf 0
o 0 0o o o & ; i

ey=]0 0 0 e5 0 0 (15)

ey, 00
eisj =10 ¢, O (16)
0 0 &5

Because of their wide application in precision mechanics and
ultrasonics, piezoelectric materials with cylindrical shapes are se-
lected for experimental and numerical investigations. The three
types of cylindrical specimens that will be discussed in the anal-
ysis are a thick circular disk, a ring, and a thin-walled tube. The
piezoelectric materials are made of Pb(Zr - Ti)O; ceramics, and the
modal numberis PIC-151 (Germany Physik InstrumenteCompany).
The electroelasticpropertiesand geometric dimensions of the speci-
mens are shown in Table 1 and Fig. 1, respectively. The polarization
direction of the circular disk and of the ring is axial, and the top
and bottom surfaces are covered with silver electrodes. However,
the polarization direction of the thin-walled tube is radial, and the
inner and outer surfaces are covered with silver electrodes.

To measure the three independent components of displacement
for volume vibrations, one out-of-plane and two in-plane ESPI sys-
tems are arranged to perform the experimental measurement. The
technique of AF-ESPI for out-of-planeand in-plane vibration mea-
surements presented in the preceding section is still applicable for
cylindrical surfaces provided that the assumption of the plane wave
of light beams is satisfied. The plane of the CCD camera is chosen
to coincide with the Cartesian coordinate x,-x; plane, as shown in

Table1 Material properties

of PIC-151

Quantity PIC-151
cfy, 10" N/m? 10.76
5 10.04
h 6.312
ch 6.385
ch 1.962
cto=(cE —cB)/2 2024
ez, N/'Vm —9.6
€33 15.1
€is 12.0
&n /€0 1110
£33/€0 852
p. kg/m’ 7760

£0=28.85x 10~ F/m

plane (x,)

in-plane (x,)

&
Z
FEM result

FEM result
+
+
-+ +4]
+
+
in-plane (x,) FEM result

Fig.2 First mode shape of the circular disk obtained by AF-ESPI and
FEM.

Fig. 1, and the x; axis is in the normal direction. The out-of-plane
optical systemused will measure the displacementcomponentalong
the x, direction of the cylindrical surface. Hence, displacements of
the cylindrical surface measured by the out-of-planesetup consistof
displacementsalong the radial and angular directions. Similarly, the
two in-plane setups will measure the displacement magnitudes in
the x, and x5 directions. However, the regions of the two light beams
overlap, which causes the interferometry,and the focus plane of the
CCD camera cannot cover the entire cylindrical surface; hence, the
clarity and the resolution of fringe patterns are not as good as that
for plane surfaces.

A 30-mW He-Ne laser with wavelength A =632.8 nm is used
as the coherent light source. We use a CCD camera (Pulnix Com-
pany) and a P360F (Dipix Technologies, Inc.) frame grabber with a
digital signal processor onboard to record and process the images.
To achieve the sinusoidal output, a function generator HP33120A
(Hewlett Packard) connected to a 4005 power amplifier (NF Cor-
poration) is used. Because the electrical impedance of the piezo-
electric transducer drops to a local minimum when it vibrates at
a resonant frequency, the resonant frequency can also be deter-
mined by impedance analysis, and it is carried out by using an
HP4194A impedance/gain-phase analyzer (Hewlett Packard). Nu-
merical results of resonant frequencies and mode shapes are calcu-
lated by the ABAQUS finite element package?? in which 20-node
three-dimensional brick elements (C3D20E) are selected to ana-
lyze the problem. Both the experimental measurements obtained
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Fig.3 Second mode shape of the circular disk obtained by AF-ESPI
and FEM.

in-plane (x,)

out-of-plane (x,)

FEM result FEM result

FEM result

out-of-plane (x FEM result

Fig.4 Third mode shape of the circular disk obtained by AF-ESPI and
FEM.

by impedance analysis and the numerical calculation will be used
in the comparison with the result measured using the AF-ESPI
method.

The experimental procedure of the AF-ESPI technique is per-
formed as follows. First, a reference image is taken after the spec-
imen vibrates, then the second image is taken, and the reference
image is subtracted by the image processing system. If the vibrating
frequency is not the resonant frequency, only random distributed
speckles are displayed and no fringe patterns will be shown. How-
ever, if the vibratingfrequencyis in the neighborhoodof the resonant
frequency, stationary distinct fringe patterns will be observed. Then
the function generatoris carefully and slowly turned; the number of
fringes will increase and the fringe pattern will become clearer as the
resonant frequency is approached. From the aforementioned exper-
imental procedure, the resonant frequencies and the correspondent

FEM result

F EMres ult

Fig. 5 Fourth mode shape of the circular disk obtained by AF-ESPI
and FEM.

out-of-plane {x,) in e (x3)

FEM result FEM result
in-plane (x,) FEM result
}i1
+
Yot
FEM result

e+ )+H

Fig. 6 First mode shape of the circular ring obtained by AF-ESPI and
FEM.

mode shapes can be determined at the same time using the AF-ESPI
optical system. To save space here, only the first four mode shapes
are presented. Figures 2-5 show the experimental and numerical
results for the first four vibration mode shapes for the thick circular
piezoelectric disk; both the out-of-plane and in-plane motions are
shown in each mode. Note that face B in Fig. 1 represents the pro-
jection of the cylindrical surface of the disk in the view direction.
Hence, it will appear as a rectangular configuration for both the ex-
perimental and numerical results. The displacementin the axial di-
rection, i.e., x3 direction, of the circular disk, as shown in Figs. 2-5,
will be denoted as the out-of-planemotionin face A and the in-plane
motion in face B. Similarly, the displacementin the x; direction will
be denoted as the in-plane motion and the out-of-plane motion in
faces A and B, respectively. Because clarity of the fringe patternsis
obtained only at resonant frequenciesby AF-ESPI optical measure-
ment, we can find the resonant frequencies and the correspondent
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FEM result FEM result
+
FEM result
/
out-of-plane (x,) FEM result
e B

Fig.7 Second mode shape of the circular ring obtained by AF-ESPI
and FEM.

out-of-plane (x,)  in-plane (x;)

FTEMM result
in-plane (x,) FEM result
.
out-of-plane (x,) FEM result
T =

Fig.8 Third mode shape of the circular ring obtained by AF-ESPI and
FEM.

mode shapes at the same time. As shown in Figs. 2-5, mode shapes
of face A for out-of-plane(in-plane) measurement match with those
of face B for in-plane (out-of-plane) measurement on the boundary
between faces A and B. We can see that experimental results are in
good agreement with FEM numerical calculations. We indicate the
phase of displacements in the finite element results using a + or —
sign; the regions of the same sign represent the motion in phase, and
the nodal lines appear between the + and — signs. The amplitude
of vibration mode occurring in a particular direction is relatively
small if the finite element result shows a blank in the region, i.e., the
in-plane motion in the x3 direction for Fig. 2 and the out-of-plane
motion in the x; direction for Fig. 5.

Figures 6-9 show the first four vibrationmodes of a thick circular
ring using the AF-ESPI and the FEMs. The dashed lines shown in
Fig. 9 for the out-of-planemotion in the x5 and x; directionsindicate
that there is an out-of-phaseregion, but the magnitude is out of the

in-plane (x;)

FEM result FEM result

Fig. 9 Fourth mode shape of the circular ring obtained by AF-ESPI
and FEM.

FEM result FEM result FEM result

Fig.10 First mode shape of the thin-walled tube obtained by AF-ESPI
and FEM.

resolution for the AF-ESPI method. From the experimental fringe
patterns, we can observe that the nodal lines are slightly eccentricin
some modes, which means that there might be defects in the circular
ring piezoelectric material due to improper manufacture process or
polarization. The optical AF-ESPI method not only has the ability
to measure the resonant frequencies and mode shapes but also can
be applied as a nondestructivetesting method to examine the quality
of piezoelectric materials.

Figures 10-13 show the first four vibration modes of the thin-
walled tube using experimental and numerical methods. Because
we are interested in the vibration of the cylindrical surface for the
thin-walled tube, three independent vibrations in each resonant fre-
quency, i.e., two in-plane and one out-of-plane, are shown. The
fringe patterns of the fourth mode in the x; and x, directionsare ob-
scure compared with those in the x3 direction, as shown in Fig. 13.
This is because displacements in the x; and x, directions are much
smaller than those in the x; direction, which leads to the visibility
of fringe patterns in the former case beyond the sensitivity of the
AF-ESPI method. This also implies that the behavior of the fourth
modeis dominatedby the vibrationin the axial directionforin-plane
motion.
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Table 2 Results of resonant frequencies obtained from
AF-ESPI, impedance analysis, and FEM for the circular
disk, circular ring, and thin-walled tube

AF-ESPI, Impedance FEM,
Mode Hz analysis, Hz Hz
Disk
1 35,620 35,775 35,990
2 61,820 62,025 64,036
3 73,700 73,750 76,854
4 90,770 91,025 92,005 FEM result FEM result FEM result
5 109,100 109,150 110,351 N s B
Ring
1 26,850 27,150 26,639
2 77,500 78,050 79,685 @ [ -
3 82,860 83,150 84,023 N
4 106,200 106,250 107,100 =0 - -
5 145,250 145,300 143,991 — =
Tube Fig. 13 Fourth mode shape of the thin-walled tube obtained by AF-
1 33,020 33,100 32,235 ESPI and FEM.
2 46,000 46,100 44,267
3 52,700 53,000 51,428
4 113,400 114,000 112,839 . ! | I
5 186,400 187,000 186,577 L
Circular Disk
Diameter = 50 mm
—~ Height = 20 mm
out-of-planc (x;)  in-plane (x,) in-plane (x;) g 3 N =4
: 9 ‘\ h A |
= / 1A I iV
5 ENNEIAY ANE|
3 N [
EL \ [ atso N1 1Y
F f | T
V 63025 109150
FEM result FEM result FEM result é 5715 i e
TN - -
&iij’/ q T 0 75k 150k
— a) Frequency (Hz)
=) N4
kfﬁz i E i i %
Tff;\\§ _ + — T ; Circular Ring I
I+ E OD =50 mm, ID = 20 mm
Fig. 11 Second mode shape of the thin-walled tube obtained by AF- e \ Height = 15 mm Y,
ESPI and FEM. c § I
S’ 4
_ . 2 N ] I
out-of-plane (x;)  in-plane (x,) in-plane (x,) g é f' /‘ ) // \ -
BN T 7\ |
Q'( L
E \ oy {
= T
’ 2715 78050 [ V 143300
T i TU0LS: T
; 83150
0 80k 160k
FEM result FEM result FEM result b) Frequency (HZ)
+
o
(- 2 Thin-walled Tube
\ S | OD =20 mm, ID = 18 mm
— ey k Height = 40 mm
S i
RN I\
Fig.12 Third modeshape of the thin-walled tube obtained by AF-ESPI 8 \ ;\
and FEM. ,_Cg T ! i
& i “!\ / | {r/\
Table 2 shows the first five resonant frequencies of the described é 3810 4610& / \[
specimens obtained using AF-ESPI, impedance analysis, and the : i 11400 LA
FEM. The impedance curves for the specimens measured from 5 \{
HP4194A are shown in Fig. 14. The discrepancy between AF-ESPI ! 53001
and impedance analysis is smaller than that between AF-ESPI and -
FEM. However, the difference between the experimental data and 0 100k 200k
FEM may be a result of the measurement of the material properties ¢) Frequency (Hz)
and a defect of the piezoelectric material, which is generated by the Fig. 14 Impedance curves of the a) circular disk, b) circular ring, and

manufacturing process. ¢) thin-walled tube.
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IV. Conclusions

It has been shown that the optical ESPI method has the advan-
tages of noncontact and full-field measurement, submicron sensi-
tivity, validity of both static deformation and dynamic vibration,
and direct digital image output. The AF-ESPI method has been
employed to investigate in-plane and out-of-plane vibration for
three-dimensional configurations of a circular disk, a ring, and a
thin-walled tube for piezoelectric ceramic material. Both in-plane
and out-of-plane experimental vibration mode shapes on each face
of the specimens are obtained, and the results compare very well
with numerical finite element calculations. From the experimental
fringe patterns, we can find that the sensitivity and resolution of
the AF-ESPI method are much better than the conventional sub-
traction method. The resonant frequencies of the piezoelectric ma-
terial are usually determined experimentally by impedance anal-
ysis. However, the resonant frequencies can also be obtained ex-
perimentally from the proposed AF-ESPI method. The resonant
frequencies obtained by the AF-ESPI method are in good agree-
ment with the impedance analysis; in addition, full-field pictures of
mode shapes are also displayed at the same time using AF-ESPL.
The AF-ESPI method is applicable to many situations in engineer-
ing vibration analysis for two- or three-dimensional measurement,
as long as the vibration amplitude reaches the sensitivity of the
AF-ESPI method.
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