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Abstract. In this paper, an energy flow model is developed to analyze transverse vibration including the effects of rotatory inertia
as well as shear distortion, which are very important in the Timoshenko beam transversely vibrating in the medium-to-high
frequency ranges. The energy governing equations for this energy flow model are newly derived by using classical displacement
solutions of the flexural motion for the Timoshenko beam, in detail. The derived energy governing equations are in the general
form incorporating not only the Euler-Bernoulli beam theory used for the conventional energy flow model but also the Rayleigh,
shear, and Timoshenko beam theories. Finally, to verify the validity and accuracy of the derived model, numerical analyses
for simple finite Timoshenko beams were performed. The results obtained by the derived energy flow model for simple finite
Timoshenko beams are compared with those of the classical solutions for the Timoshenko beam, the energy flow solution, and
the classical solution for the Euler-Bernoulli beam with various excitation frequencies and damping loss factors of the beam. In
addition, the vibrational energy flow analyses of coupled Timoshenko beams are described in the other companion paper.

Keywords: Energy Flow Analysis (EFA), energy flow model, Timoshenko beam, corrected flexural waves, rotatory inertia, shear
distortion, Euler-Bernoulli beam, Bending Dominant Flexural Wave (BDFW), Shear Dominant Flexural Wave (SDFW)

1. Introduction

Recently, the noise and vibration analyses of built-up structures at high frequency ranges have received much
attention because of technological advances and the pursuit of comfort. However, at high frequency ranges, the
traditional noise and vibration analytical tools such as the finite element method (FEM), the boundary element
method (BEM) and so on, are ineffective because of the requirement that the mesh needs to be very fine which makes
model generation difficult, turn-around time longer, and computational cost relatively high. Additionally, because
of increasing uncertainty of various analytic parameters in structural models at high frequencies, the confidence of
analytic results obtained by the traditional tools decreases. Statistical energy analysis (SEA) is one of the methods
that were developed to overcome the weaknesses of the traditional vibration tools at high frequency ranges. SEA
predicts modal- and frequency-average vibrational behavior of a structure and uses energy as a primary variable [13].
However, SEA is only well suited for high frequencies, where the modal density is high, and cannot predict the
spatial variation of energy in a subsystem because the subsystem has a single energy value. Energy flow analysis
(EFA) was developed to improve existing NVH analysis tools such as FEM, BEM and SEA. EFA models the flow
of vibrational energy in a structure as heat flow and uses a heat conduction-type differential equation as governing
equation. EFA can predict the spatial variation of energy and consider the local damping treatment in a structure.
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EFA was first introduced by Belov et al. [15]. Recently, Nefske and Sung implemented a finite element formulation of
the vibrational energy equation [2]. The developed energy flow finite element method (EFFEM) was used to predict
the vibrational response of Euler-Bernoulli beams excited by a point harmonic force. Wohlever, in his study of
vibrational energy flow in rods and Euler-Bernoulli beams, found that the vibrational far-field intensity is proportional
to the gradient of the vibrational far-field energy density when all the quantities are time- and locally space-averaged
for finite Euler-Bernoulli beams [3,4]. Bouthier extended the work of Wohlever to energy flow in membranes, thin
plates and acoustic cavity. Bouthier found that the vibration energy flow in two-dimensional structures and acoustic
cavities is also governed by a second-order differential equation as in one-dimensional structures [7-10]. Cho
established the finite element formulations for the one- and two-dimensional energy equations by developing the
joint element matrix equation for various structural joints [11,12]. Park formulated the improved vibrational analysis
for complex structures by developing the energy flow model of in-plane waves in finite coupled thin plates [1].

Until now, most researches on EFA have been restricted to the analysis of simple structures such as Euler-Bernoulli
beams and Kirchhoff plates in structural elements. Though EFA is a more suitable method at high than low frequency
range, the traditional energy flow models were not able to consider the effects of rotatory inertia and shear distortion,
which are important at high frequencies. Therefore, energy flow models for superior structural elements such as
Timoshenko beams and Mindlin plates were needed to improve the EFA vibrational predictions of a structure in the
high frequency ranges and to incorporate the effects of rotatory inertia and shear distortion. In relation to this work,
Ichchou et al. suggested a multi-propagative, simplified energy model of the Timoshenko beam [6]. However, the
suggested energy governing equations were not derived in detail and were not sufficiently verified in their works.

In this paper, the energy governing equations for the corrected flexural wave, accounting for the effects of rotatory
inertia and shear distortion in the Timoshenko beam, are derived in detail. According to the characteristics of waves,
the propagating corrected flexural waves existing in the Timoshenko beam are classified into bending dominant
flexural wave (BDFW) and shear dominant flexural wave (SDFW). Unlike the traditional energy flow models, the
derived energy governing equations have different forms depending on frequency. When the excitation frequency is
lower than the critical frequency determined by material properties and dimensions of the beam, the energy governing
equation for only BDFW like the Euler-Bernoulli beam is obtained. When the excitation frequency is higher than
the critical frequency, two energy governing equations for BDFW and SDFW are obtained. Finally, to verify the
accuracy and validity of the developed energy flow model, the energy flow solutions and classical solutions for the
simple finite Timoshenko beams are compared for several different conditions, and the results of the Timoshenko
beam model are also compared with those of the Euler-Bernoulli beam model.

2. Timoshenko beam theory

The Timoshenko beam theory includes the effects of rotatory inertia and shear distortion in the Euler-Bernoulli
beam model. These effects become increasingly important for shorter wavelength of a vibrational wave in the
medium-to-high frequency ranges. Usually, the effect of shear distortion is more significant than that of rotatory
inertia on flexural vibration [5].

The equation of the corrected flexural motion in a Timoshenko beam can be obtained by using the Hamilton’s
variational principle. The Lagrangian is defined by the subtracting the potential energy from the kinetic energy. In a
Timoshenko beam, the kinetic energy can be classified into translational kinetic energy and rotational kinetic energy;

1 ov\? 1 [F ov\?
K Eranstation = 5 /P <a> dV = 5 A PA (E) dx and (1)
14

1 da\? 1 [ da\?
KE,otation = 5 /P <T§) v = 5/0 pI (a) dJJ, 2)
14

where v is the transverse displacement, « is the angle of rotation due to bending, A is the cross sectional area of the
beam, I is the second moment of area of the beam’s cross section, and p is the density of the beam. The potential
energy is classified into potential energies associated with bending moment and shear force;
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where F is the Young’s modulus, & is the shear factor, and G is the shear modulus.
Using Eqgs (1), (2), (3) and (4), the Lagrangian is given by

1 [ ov\? da\? da\? v 2
L=— Al — I|—| —EI|— ) —kGA| —— dz. 5
2/0 4 (875) e <8t> <6x> . <8x O‘) v ©)
Using the Hamilton’s variational principle in Eq. (5), the equations of corrected flexural motion and the boundary
conditions are obtained by, respectively,

e e ov 9% 0%v O
L L
- FEI 5‘_a da| =0and xGA @ —« ) dv| =0. 7
ox ox
0 0

3. Group velocity of corrected flexural wave in the Timoshenko beam

The general solutions for the homogeneous undamped problem of corrected flexural motion in a Timoshenko
beam can be expressed by

v _ 7 Kz _iwt
{a}Cde et )

where C is the constant coefficient, d is a vector of constant numbers corresponding to an eigenvector, K is the
wavenumber of a corrected flexural wave and w is the excitation frequency.
When Eq. (8) is substituted into Eq. (6), the following matrix equation is obtained;

[—pAcu2 — kGAK? kGAK } Ji—o

—kGAK —plw? — EIK? + kGA ©)

In order to have a non-trivial solution, the following characteristic equation is obtained in the upper matrix
equation;

1 1 A pw?
K4 2( = 4 = VK202 2 —0. 10
+o <E+ KG) P \Er  wea) =0 (10
By Eq. (10), the four roots are given by
2
pw? (1 1 p2wt (1 1 pwiA
K=4+\-——|=+— | £+ - - — . 11
2 (E + IQG> \/ 4 E kG + EI (i
Of the four roots, two
2
pw? (1 1 P2t (1 1 pw?A
Ki=f\|—|=4+— ) - - - — 12
! 2 (E+I$G) \/4 E wG) T EI (12)

are always imaginary and the other two roots,
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Fig. 1. The effects of bending, shear and rotatory inertia in corrected flexural wavenumber of rectangular Timoshenko beam (steel, B X H =
0.05m x 0.05 m, fo = 31746 Hz); ‘—’ is bending term and ‘---’ is shear and rotatory inertia term.

pw? (1 1 P2t (1 1\? pw?A
Ky=44| 22 (24— S ) g2 13
? 2 (E+/<;G)+\/4 E wG) "B (13)

are either real or imaginary depending on the frequency w. The frequency determining whether these roots are real
or imaginary is called the critical frequency w. and it can be expressed by

We = ,/“;;IA. (14)

For a steel beam (B x H = 0.01 m x 0.01 m), which has a rectangular cross-section, the critical frequency is
about 15.8 kHz. .
The corresponding eigenvectors d; can be expressed by
I — kGAK; . plw? + EIK? — kGA
' pAw? + KGAK? —kGAK; :

In Eq. (11), the term of pw2A / FE1, which is equivalent to the fourth power of the bending wavenumber in the

5)

Euler-Bernoulli beam can be regarded as that related to the effect of bending and the term of p 2w* (1/E — 1/kG)? / 4
can be regarded as that related to the effect of shear distortion. When w < w,, the term having the bending
effect (pw? A/ ET) becomes dominant to that having the shear effect (p?w* (1/E — 1//<;G)2/4) in Eq. (12), as the

frequency decreases. When w > w., as shown in Fig. 1, the term having the shear effect (p2w* (1/E — 1/xG)* / 4)

becomes dominant to the term having the bending effect (pw 2 A / ET)in Eqgs (12) and (13), as the frequency increases.
Therefore, below the critical frequency (w < w,), only the wave with wavenumber k; propagates and its
wavenumber can be approximated as

2
pw? (1 1 p2wt (1 1 pw2A L pw2A
=0 B (=4 —= — = ~ 16

! 2 <E+/€G>+\/ 1 \E %¢) T EI EI (16)
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where K1 = +kqj.
The wavenumbers k1 and ks of the propagating waves above the critical frequency (w > w) can be approximated
as, respectively,

pw? (1 1 p2wt (1 1\? puw24
k=4 (= + = - —
! 2 (E+I$G)+\/ 1 \F x¢) " EI
17
2
SO - R S Y VT (S W O U
e (E*%:)*\/ 1+ \8 we) Vg™
pw? (1 1 PPt (1 1\? puw24
:i _— e _ — _— —
k2 2 (E+I$G) \/ 1 \F x¢) " EI
(18)
o P et (1 1N w2
2 E kG 4 E kG E’

where Kl = iklj and KQ = ikgj

In Egs (16) and (17), the flexural wave with wavenumber k ; is influenced by bending below the critical frequency
and by shear above the critical frequency. On the other hand, the flexural wave with wavenumber k 5 propagates
in only the upper frequency ranges where the effect of shear is dominant, than the critical frequency. By these
characteristics of wavenumbers, the flexural waves with wavenumbers k; and ks can be called bending dominant
flexural wave (BDFW) and shear dominant flexural wave (SDFW), respectively.

Therefore, the two kinds of group velocities of propagating flexural waves can be obtained. Firstly, whenw < w .,
one group velocity is obtained because one kind of propagating flexural wave exists. Secondly, when w > w ., two
group velocities are obtained because two kinds of propagating waves exist.

The group velocity of BDFW can be obtained by the derivative

Ow 2k3 (EIkG) — k1pw? (EI + kGI)

o1 = ok k2pw (EI + kGI) — 2p%w3 1 + pwrGA’ (19)
Similarly, the group velocity of SDFW is obtained;
g — Ow 2k3 (EIKG) — kapw? (EI + kGI) . 20)
977 Oky  k3pw (EI 4 kGI) — 2p2w3] + pwrGA
In case of the Euler-Bernoulli beam, the group velocity is given by
2 1/4

where cyg is the group velocity for a flexural wave and k; is the flexural wavenumber ((w2pA / ET ) Y 4) in an
Euler-Bernoulli beam.

Figure 2 shows the values of group velocities in the Euler-Bernoulli beam and the Timoshenko beam with variation
of frequency.

4. Derivation of time- and space-averaged far-field energy and power of the corrected flexural wave in the
Timoshenko beam
4.1. Above the critical frequency

When w > w,, two kinds of corrected flexural waves, that is, four propagating waves exist. These waves are
commonly referred to as the far-field solution. The exponentially decaying evanescent waves, referred to as the



142 Y.-H. Park and S.-Y. Hong / Vibrational energy flow analysis of corrected flexural waves in Timoshenko beam

The Comparison of Group Velocity
10000 T T T T T T T T T

—— Euler Beam

9000 ... Timoshenko beam 1 7

=== Timoshenko beam 2

8000

7000

6000

5000

Group Velocity

4000

3000

2000}

1000

0 PP -1 L 1 1 L L 1
0 1 2 3 4 5 6 7 8 9 10

Frequency(Hz) x10°

Fig. 2. The comparison of group velocities in the Euler-Bernoulli beam and the Timoshenko beam (steel, L X B X H =1m X 0.01 m x 0.01 m,
fe = 159 kHz). ----- , cg1 of the Timoshenko beam; -, cg2 of the Timoshenko beam, —, ¢y g of the Euler-Bernoulli beam.

near-field solution, can be safely neglected in the solution, though they do not exist above the critical frequency [4].
Using one of the eigenvectors, which are given by Eq. (15), the general solutions with hysteretic damping can be
expressed by

v| —jrG Ak —jkiex kG Ak krex
{a} - (Cu {pAw2 — kG AR, } € +Ch2 pAw? — KG . AK2, €

. . (22)
+021 {]RGcAkZ: }ejkgca: + 022 {]nGcAch }ejkgcz) ejwt’

pAw? — kG .AK3, pAw? — kG AK3,

where G. and E. are the complex shear and Young’s modulus, which are defined as G. = G (1 + jn) and
E. = E (14 jn), respectively, and 7 is the structural (hysteretic) damping factor,

2
pw? (1 1 P2t (1 1 pwiA
ke = 4| 25 (= = - d
! 2 (E * nGc) +\/ T \E ) TEI™

w? (1 1 20t (1 1\° pw?4
Foe = 4| 2= (= + B (- + 2L
2 E. kG, 4 E. kG, E.1
The far-field total energy density is the sum of the potential and kinetic energy densities. The time averaged
far-field energy density can be expressed by

1 oo oo™ 1 ov ov | ov o\"
@=181(5) (5) 1o (5 o) (& <) 1 (5) ()
. (24)
+l 7 8_0& 8_0&
" \ar ) \at )

where () operator indicates a time averaged quantity and the asterisk notation indicates a complex conjugate. The

far-field total power in the corrected flexural motion is transmitted by the shear force and the moment. The power
associated with the shear force (g5) is

(23)
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ov ov ov
oo ()] o (3 -0) (&)

where V, is the shear force (V, = kG.A (Ov/0z — «v)).
The power associated with the moment (g, ) is

Oa Ja Jda
o ()] () ()]

where M, is the bending moment (M, = E.I (0a/0x)).
The time averaged far-field power can be expressed by

(@) = (@) T (D), = %Re [—ECI (Z—Z) (88—3‘)} + %Re |:—I€GCA (% — a) (%)} . 27)

In lightly damped structures, i.e., n << 1, using Eq. (17), the real and imaginary components of the complex
wavenumber k1. = k11 + jki2, k11, and k12, respectively, are well approximated as

N N U RS S U R
M= <E+I€G>+\/ : \& %) T Er ™ (8)
ko == (3) k. 29)

For the other complex wavenumber k., using Eq. (18), the real and imaginary components of ko, = ka1 + jka2,
ko1 and koo, respectively, are well approximated as

w1 1 pPPwt (1 1\? pw2 A
ko1 = 3 (E + HG) \/ 1 e + o and (30)
koo = — (g) ka1. (€1}

Substituting Eq. (22) into Egs (24) and (27), the time averaged far-field energy density and power of the corrected
flexural wave are obtained. Assuming that the structural damping for corrected flexural motion of the beam is
sufficiently small, the terms on the order of square or more of 7 can be neglected. Additionally, the locally spaced
average is used to eliminate the terms which are spatially harmonic in the time averaged far-field energy density
(Eq. (24)) and power (Eq. (27)). By this procedure, the time- and locally space-averaged far-field power and energy
density of the corrected flexural wave in the Timoshenko beam can be approximated as (Appendix A)

(q) = % [Elwkn (pAw2 — fiGAk:fl)2 + wki1 (pAwQ) (/@GA)Q} (|C11|2 g2k _ |C12|2 e_%l”)
(32)

+% {Elwkzgl (pAw2 — /@GAkgl)Q + wkot (pAwQ) (IQGA)Q} (|C21|2 e2ka2r _ |C22|2 6_2]”2”) and

(e) = i {(Elkfl + plw?) (pAw? — /iGAkfl)Q + kGApAW? (kGAKT, + pAwQ)}

(|C’11|2 k2w 4 |C’12|2 6_2’“2‘”)
(33)
Jri {(Efkgl + plw?) (pAw2 — HGAIG%I)Q + kGApAw? (kG Ak, + pAwQ)}

(1l 2 4 O =),

where (-) means the time- and locally space-averaged quantity.

As shown in Egs (32) and (33), above the critical frequency, the far-field power and energy density of the corrected
flexural wave in the Timoshenko beam are separated into the terms of each wave component, which is BDFW or
SDFW.
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4.2. Below the critical frequency

When w < w,, only two far-field solutions exist and the other solutions are near-field solutions. The far-field
solutions neglecting the near-field solutions, are given by

v o 7jI€GCAk15 —jkicx inGCAklc jkicx jwt
{a} N (CH {pAw2 — kG AK3, } ¢ + 0 pAw? — kG .AK3, ¢ “ (34
where
pw? (1 1 PPt (1 1\? pw2 A
b = 4| 22 (= — . 35
! 2 (E * HGC) +\/ 1 \E wa.) TEI (33)

In lightly damped structures, i.e., n < 1, using Eq. (16), the real and imaginary components of the complex
wavenumber k1. = k11 + jki2, k11, and k12, respectively, are well approximated as

pw? (1 1 pPPwt (1 1\? pw2A
kg = B [ = + — — - d 36
1 2 (E+/<;G)+\/ 1 \F x¢) " EL ™ (36)
bio == (1) k. (37)

As above the critical frequency, by substituting Eq. (34) into Eqgs (24) and (27), the time-averaged far-field energy
density and power of the corrected flexural wave are obtained. Assuming that the structural damping is sufficiently
small, the terms on the order of the square or more of 7 are neglected. The locally spaced average is also used
to eliminate terms that are spatially harmonic in the time averaged far-field power and energy density. The time-
and locally space-averaged far-field power and energy density in the Timoshenko beam can be approximated as
(Appendix A)

(q) = % [Elwkn (pAw2 - fiGAk:fl)2 + wk11 (pAwQ) (/@GA)Q}
(33)
(|011|262k12x — |012|2€_2k12x) s and

(e) = i {(Elkfl + plw?) (pAw® — nGAkfl)Q + kGApAw? (RGAK, + pAwQ)}
(39)
(ICnf? e 4 |Craf? em2hee ).

5. Derivation of energy governing equation for the corrected flexural wave in the Timoshenko beam
5.1. Above the critical frequency

For a lightly damped rod, a one-dimensional structure, a simple relationship exists between the local values of
power and the gradient of the energy density. In case of the Euler-Bernoulli beam, the relationship between the local
values of far-field power and energy density of a flexural wave could be obtained by the time average and local space
average [4]. No such relationship between the local values of far-field power and energy densities of the corrected
flexural wave in the Timoshenko beam can be easily developed for the general case, unlike the Euler-Bernoulli beam.

When w > w, the time- and locally space-averaged far-field power and energy density, which are expressed
by Egs (32) and (33), respectively, are composed of two kinds of wave components, the BDFW and SDFW. Both
far-field power and energy density can be separated into the terms of each wave component. The time- and locally
space-averaged far-field energy density can be expressed by

(e) = (e1) + (€2) and (40)
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The time- and locally space-averaged far-field power can be expressed by

(@) = (@) + (@) - (A1)

In Egs (40) and (41), “1” and “2” in the subscripts denote BDFW and SDFW respectively.
The time- and locally space-averaged far-field energy density and power of BDFW with wavenumber k ;. are
given respectively by
1
(e1) = 1 [(Elk;fl + plw?) (pAw® — /@GAkfl)Q + kGApAw® (kGAKT, + pAwQ)}
(42)
(|011|2 62]“22c + |012|2 6_2k12x) and

1
() = 3 {Elwku (pAw? — nGAk%l)Q + wki1 (pAw?) (/{GA)ﬂ (|C’11|2 e2kizT _|C 6721“129”) . (43)
The time- and locally space-averaged far-field energy density and power related to SDFW are, respectively,

(€2) = % [(Elk:gl + prQ) (pAw2 - /@GAk%l)Q + kGApAw? (/@GAk%l + pAwQ)}

(44
(|021|2 €2k222c + |022|2 6_2k22x) and
(q2) = % {Elwkgl (pAw® — nGAkgl)Q + wka1 (pAw?) (/{GA)ﬂ (|C’21|2 k222 _ | Cyy)? 6_2k22x) . (45)

Above the critical frequency, because the effect of shear is dominant to that of bending, the square of k 11, which
is the real part of the wavenumber k., can be approximated as

271 1 p2wt (1 1\° pw24
g2 =P (2 L
1= <E+I€G>+\/ 1 (E ,@G) TR
2 2,4 2
Jet (1 1y, e 1
¥ <E+I€G>+\/ 1 (E G (46)

271 1 2 1 1 271 1 271 1 2
Y SO U Nk S U Y ey S U WY O NS B WYl
FE kG 2 EF kG 2 kG F kG

Using Eq. (46), the group velocity (Eq. (19)) of BDFW having the wavenumber % ;. can be approximated by
ow kGk11
= T = "
Substituting Eq. (46) into Eqs (42) and (43), the relationship between the time- and locally space-averaged far-field
power {7 ) and energy density (€1), is derived by

(fjl> — _03;1@

nw oz
In case of SDFW having the wavenumber ko, by the procedure used in the previous case, the relationship between
the time- and locally space-averaged far-field power (G2) and energy density (€5) can be obtained. Above the critical
frequency, because the effect of shear are dominant to that of bending, the square of k 2; can be approximated as

2 2,4 2 2
ppoo s (L Ly et (1 LA petd
2 EF kG 4 E kG EI
2 2,4 2
pw 1 1 prw 1 1
~N— | =+ — | - - - — 4
AL ) (L) @

(L LY |1 LN _pe? (L LN et (1 1) pe?
2 E kG 2 E kGJ| 2 E kG 2 kG E) E°

g1 : (47

(48)
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Using Eq. (49), the group velocity (Eq. (20)) of SDFW having the wavenumber % 5. can be expressed by
ow FEkoy
= Dot = =
Substituting Eq. (49) into Egs (44) and (45), the relationship between the time- and locally space-averaged far-field
power (=) and energy density (€2), is derived by
_ % 0(e)

nw Ox

ng . (50)

(G2) = (51

The power injected by the external loads into an elastic medium is dissipated by damping and is transmitted to the
neighboring media. For a steady state elastic system, the power balance equation can be written as

V- q + Tdiss = Tin, (52)

where 74,55 and 7;, are the dissipated power by the damping of the system and the input power, respectively. From
the works of Cremer and Heckl [5], the time averaged dissipated power in an elastic medium with small structural
damping is proportional to the time averaged total energy density in the form

Tdiss = Nw (€) . (53)

By using the power balance equation (Eq. (52)), the energy transmission relations (Eqs (48) and (51)) and the
power dissipation relation (Eq. (53)), the second order partial differential equations which take the far-field total
energy density related to each kind of wave as a primary variable, can be derived respectively,

_a & @)

o 2 + nw (€1) = 71 in, and (54)
2 2 /=
Cy2 d <62> _
T e di? + nw (€2) = T2 in. (55)
The homogeneous solutions of the two energy governing equations are obtained respectively as follows.
(€1) = Ae™ ' 4+ Be®® and (56)
(€2) = Ce 92" + De??, (57)

where A, B, C and D are constants, which are determined by the boundary conditions, and ¢ ; and ¢ are defined
as nw/cq1 and Nw/cga, respectively. Considering the global energy density (Eq. (40)) of the sum of (€ 1) and (&),
the global energy density can be expressed by

(&) = Ae™"'" 4 Be?'™ 4 Ce™ %27 4 De?2", (58)

To express the solution as Eq. (58), a fourth order differential equation that takes the global energy density as a
primary variable is required. This homogeneous differential equation can be expressed as

) () e (5) () e

Multiplying the left side of Eq. (59) by (c g1 cgg)2 / (nw)3 to express the quantity of each term in Eq. (59) as that

of a power, the following new-typed energy governing equation can be obtained as

2d4 i 2 2 d2 -
ettt {(2) (B 52 om0

Using Eqgs (52) and (60), the relationship between the time- and locally space-averaged global energy density and
global power can be expressed as

o leqep)’ dle) [ (e 2\ | d@
o=t () (2)re
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Naturally, this energy transmission relation (Eq. (61)) can be verified by substituting Eqs (32), (33), (46), (47),
(49) and (50) into Eq. (61). The energy governing equation which is analogous to Eq. (60) was simply suggested
by Ichchou et al. [6]. However, they did not directly derive the energy transmission relation (Eq. (61)), which is
most important in the derivation of the energy governing equation, for the corrected flexural wave in the Timoshenko
beam by using the classical solutions based on the displacement solutions for the Timoshenko beam and did not
sufficiently verify suggested energy governing equations. In their works, assuming that the energy transmission
relations (Eqs (48) and (51)) of the two kinds of flexural waves in the Timoshenko beam are established, the
relationship between global energy density and global power (Eq. (61)) was obtained by simple combination of
the two assumed energy transmission relations. However, though the energy transmission relations in the rod and
Euler-Bernoulli beam are found [4], the establishment of the energy transmission relations (Eqs (48) and (51))
in the Timoshenko beam can not be guaranteed without direct derivation in Section 5. Additionally, the fourth
order differential energy governing equation (Eq. (60)), which needs four boundary conditions in order to obtain its
solution, is not an appropriate form for describing the energetics of the corrected flexural wave in the Timoshenko
beam. In one-dimensional energetic models such as those of the Timoshenko beam, the model having a homogeneous
domain has only two boundary conditions at both ends. Therefore, for the corrected flexural wave of the Timoshenko
beam, the second order differential energy governing equations (Eqs (54) and (55)) representing the energetics of
each kind of propagating wave are more reasonable than the fourth order differential energy governing equation
(Eq. (60)) representing the global energy of two kinds of propagating waves. Above all, to analyze the coupled
Timoshenko beam structure as will be presented later in the other companion paper, the energetics of one kind of
propagating wave like Eq. (54) or Eq. (55) has to be considered.

5.2. Below the critical frequency
When w < w,, one kind of BDFW having the wavenumber k. exists. The time- and locally space-averaged

far-field energy density and power are given by Eqs (39) and (38) respectively. Below the critical frequency, because
the bending effect is dominant than shear effect, the square of k11, which is the real part of k1., can be approximated

as
2 2,4 2 2 2
pw 1 1 prw 1 1 pw? A pw? A
Bo=" =4+ — - - — ~ . 62
n= (E+/<;G)+\/ 1 (E <G) T EI EI (62)
Using Eq. (62), the group velocity (Eq. (19)) of BDFW having the wavenumber k 1. can be expressed b
gEq group y (BEq g p y
Ow EI Ww2EIN\Y?
=— =9k - =2 ) 63
Cg1 Ok 11 A ( A ) (63)

This approximated group velocity is identical to that of the flexural wave in the Euler-Bernoulli beam. Substituting
Eq. (62) into Egs (38) and (39), the relationship between the time- and locally space-averaged far-field power (q)
and energy density (€), is derived by

<—> _ C?Jl 0 <é>
“= nw Or
By using the power balance equation (Eq. (52)), the energy transmission relations (Eq. (64)) and the power
dissipation relation (Eq. (53)), the second order partial differential equation which takes the total energy density as
a primary variable can be derived as
(o)

T W + nw <é> = T1,in (65)

(64)

When w < w,, the energy governing equation for a BDFW in the Timoshenko beam is almost equivalent to that for
a flexural wave in the Euler-Bernoulli beam. Therefore, the derived energy governing equations are represented in
the general form including not only the Euler-Bernoulli beam theory used for the conventional energy flow model [4]
but also the Rayleigh, shear, and Timoshenko beam theories.



148 Y.-H. Park and S.-Y. Hong / Vibrational energy flow analysis of corrected flexural waves in Timoshenko beam

Fexp( jor)

A
\ 4

5 v

Fig. 3. Simply supported, transversely vibrating Timoshenko beam excited by a harmonic point force.
6. Numerical examples

To verify the derived energy governing equation for the corrected flexural wave of the Timoshenko beam, numerical
analyses are performed for the finite Timoshenko beam simply supported at both ends and excited by a transverse
harmonic point force, as shown Fig. 3. The time- and locally space-averaged far-field energy density of corrected
flexural wave is calculated by solution (Eq. (66)) of the energy governing equation developed for the vibrating
Timoshenko beam, and the power distribution in the beam is obtained by Eq. (67).

nw . nw

— 0w 4 nw . _ . z
€gl cg1 < z S ‘
(&) = (Aiij + Benng )+ (Ce “z” 4 Decoz™) (w > we) (66)
Ae 917 + Becst (w < wc)
,C?Ja(él) _ 2y 9(e2) S
(@) = 172‘" 6((951) nw Oz (w > we) )
~ o (w < we)

For some examples, the energy density and power distributions obtained by the developed energy flow model for
the Timoshenko beam are compared with the results obtained by the classical solution for the Timoshenko beam,
the classical solution and the EFA solution for the Euler-Bernoulli beam [4]. In the first example, the dimensions of
the beam, shown in Fig. 3, are L x B x H = 1 m x 0.0l m x 0.01 m and the material properties of the beam are
assumed to be the same as those of steel. The force is located at o = L /2 in the beam and its amplitude is ' = 1 N.
The time averaged input power for the EFA solutions can be calculated as follows:

o1 ot ow(zo,t)\ "
I, = 2Re{(FeJ ) x (7{% ) } (68)

where Jw /0t can be obtained by the classical solution expressed as Eq. (B4) or (B5). The slenderness ratio (L/H )
of this model is 100, and the critical frequency is about 159 kHz. When the excitation frequency is f = 1 kHz,
the spatial distributions of the energy density and power obtained by each solution for various values of structural
damping (n = 0.01, n = 0.05, 7 = 0.1 and n = 0.2) are shown in Figs 4 and 5, respectively. Figures 4 and 5 show
that the developed EFA solutions represent well the global variation of the classical solutions for the Timoshenko
beam, regardless of structural damping. The beam model in this example can be regarded as a thin beam, because
of the large value for the slenderness ratio (L/H = 100) and the high critical frequency (f. = 159 kHz). When
f = 1kHz, because the wavelength of the BDFW (A ~ 0.3) is longer than the maximum length of the cross-section
of the beam (H = B = 0.01), the effects of rotatory inertia and shear distortion are not dominant to the effect
of bending. Therefore, as shown in Figs 4 and 5, the results obtained by the Timoshenko beam theory are almost
equivalent to those by the Euler-Bernoulli beam theory. Figures 6 and 7 show the distributions of the energy density
and power obtained by each solution for various excitation frequencies when the structural damping is = 0.01. In
Figs 6 and 7, the developed EFA solutions of this case, as in the previous case, represent well the global variation
of the classical solutions for the Timoshenko beam, regardless of the excitation frequency. On the other hand, as
the excitation frequency increases, the results from the Timoshenko beam model and the results from the Euler-
Bernoulli beam model become widely different because the effects of rotatory inertia and shear distortion, which are
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Fig. 4. The energy density level distributions of the Timoshenko beam (L/H = 100, f. = 159 kHz) when f = 1 kHz. The reference energy

density is 10~ 2J/m: (a) = 0.01, (b) = 0.05, () = 0.1, (d) = 0.2: -----
of the Euler-Bernoulli beam, —, EFA solution of the Timoshenko beam; ---, EFA solution of the Euler-Bernoulli beam.

not considered in the Euler-Bernoulli beam theory, become dominant. Additionally, the effects of rotatory inertia
and shear distortion cause the energy density from the Timoshenko beam model to decay faster than that from the
Euler-Bernoulli beam model because the energetic damping term (nw/c4) of the structure becomes large as the

excitation frequency increases.

, classical solution of the Timoshenko beam; —, classical solution
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Fig. 4, continued.

For the next examples, the dimensions of the beam shown in Fig. 3 are changedto L x B x H = 1 m x 0.05m
x 0.05 m. In this model, the slenderness ratio (L/H) is 20 and the critical frequency is about 31.7 kHz. In this case
like the previous cases, the energy density distribution obtained by the developed EFA solution for the Timoshenko
beam model agrees well with that by the classical solution at all frequency ranges. Because this model is thicker than
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Fig. 5. The power level distributions of the Timoshenko beam (L/H = 100, f. = 159 kHz) when f = 1 kHz. The reference power is
1012 W/m: (a) n = 0.01, (b) n = 0.05, (c) n = 0.1, (d) y = 0.2: ----- , classical solution of the Timoshenko beam; -, classical solution of the
Euler-Bernoulli beam, —, EFA solution of the Timoshenko beam; ---, EFA solution of the Euler-Bernoulli beam.

the previous model, as shown in Fig. 8, the energy density distributions obtained by the solutions for the Timoshenko
beam differ greatly from those for the Euler-Bernoulli beam even at low frequency ranges.

In the last examples, the model which has the dimensions of L x B x H = 1 m x 0.1 m x 0.1 m is applied.
This model has the slenderness ratio (L/H) of 10 and the critical frequency of 15.9 kHz. In this case, as shown in
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Fig. 5, continued.

Fig. 9, the effects of rotatory inertia and shear distortion are dominant in almost all frequency ranges. Therefore, as
the excitation frequency increases and the beam grows thicker, the effects of the rotatory inertia and shear distortion
in the Timoshenko beam become very important.
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Fig. 6. The energy density level distributions of the Timoshenko beam (L/H = 100, f. = 159 kHz) when n = 0.01. The reference energy
density is 10712 J/m: (a) f =5 kHz, (b) f =30kHz (c) f = 150 kHz, (d) f = 200 kHz: ----- , classical solution of the Timoshenko beam; -
classical solution of the Euler-Bernoulli beam, —, EFA solution of the Timoshenko beam; ---, EFA solution of the Euler-Bernoulli beam.

7. Conclusion

For the improved vibrational analysis of beam structures in the medium-to-high frequency ranges, the energy
flow model for the finite coupled Timoshenko beam was newly developed. First, the energy governing equations

5
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Fig. 6, continued.

for the corrected flexural wave in the Timoshenko beam were derived by using the classical solutions based on
the displacement solutions for the Timoshenko beam. The derived energy governing equations have two different
forms depending on the excitation frequency and are the general model of the energetics for transverse motion,
incorporating not only the Euler-Bernoulli beam theory, used for the conventional energy flow model but also the
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Fig. 7. The power level distributions of the Timoshenko beam (L/H = 100, f. = 159 kHz) when n = 0.01. The reference power is 10~12 W/m:
(a) f =5kHz, (b) f =30kHz, (¢) f = 150 kHz, (d) f = 200 kHz: ----- , classical solution of the Timoshenko beam; -+, classical solution of
the Euler-Bernoulli beam, —, EFA solution of the Timoshenko beam; ---, EFA solution of the Euler-Bernoulli beam.

Rayleigh, shear, and Timoshenko beam theories. When the excitation frequency is lower than the critical frequency,
the energy governing equation for one propagating flexural wave, BDFW, like the energy governing equation of the
Euler-Bernoulli beam is obtained. When the excitation frequency is higher than the critical frequency, the energy
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Fig. 7, continued.

governing equations for two kinds of propagating flexural waves, BDFW and SDFW, are found.

To verify the developed energy flow model, numerical analyses for various examples were performed. In single
finite Timoshenko beams, the developed energy flow solutions agree well with the global variation of the classical
solutions for the Timoshenko beam at various excitation frequencies and damping loss factors. Generally, as
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Fig. 8. The energy density level distributions of the Timoshenko beam (L/H = 20, f. = 31.7 kHz) when 17 = 0.01. The reference energy
density is 10712 J/m: (a) f =2kHz, (b) f = 18 kHz, (¢) f = 70 kHz, (d) f = 130 kHz: ----- , classical solution of the Timoshenko beam;
classical solution of the Euler-Bernoulli beam, —, EFA solution of the Timoshenko beam; ---, EFA solution of the Euler-Bernoulli beam.

the excitation frequency and damping loss factor increase, the results from the energy flow models between the
Timoshenko beam and Euler-Bernoulli beam were remarkably different.

The derived energy flow model for the finite Timoshenko beam can be effectively used for the advanced prediction
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Fig. 8, continued.

of the time- and locally space-averaged far-field energy density and power distributions of built-up structures
composed of beams in the high frequency ranges if the extended researches on the coupling relationships of the
Timoshenko beam are performed, which are described in the other companion paper.
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Fig. 9. The energy density level distributions of the Timoshenko beam (L/H = 10, f. = 15.9 kHz) when 17 = 0.01. The reference energy
density is 10~12 J/m: (a) f =15kHz, (b) f =10kHz, (c) f = 30kHz, (d) f = 60 kHz: ----- , classical solution of the Timoshenko beam; -
classical solution of the Euler-Bernoulli beam, —, EFA solution of the Timoshenko beam; ---, EFA solution of the Euler-Bernoulli beam.
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Appendix A. Derivation of time- and locally space-averaged energy and power

A.1. Above the critical frequency

When w > w,, the time averaged total energy density and power can be written as
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The far-field transverse displacement v and the angle of rotation due to bending o which are given by Eq. (22),
can be rewritten as

V= (Plle_jklcx + Plgejklcx + Pgle_jk%x + ngejk%x) e™* and (A3)

(AD)

a = (Qne*jkux + ngejk“m + Qme*jkzcz 4 Q226jk2cx) eiwt7 (A4)

where P;; and ();; are the complex coefficients of the exponential in Eq. (22).
Substituting Eqs (A3), (A4) and (22) into Eq. (Al), each term of the time averaged far-field energy density
(Eq. (A1)) is obtained as

#(5) 3—2‘) [EI{W(\ 51 1Qf") + (105 + 5l

+ |klc| <Q12 Q12 Q ) + |k2c| ( Q21 (QQ_Q)* - Q2_2 (Q;l)*) (AS)

+kic (k2e)” ( Q) - QL () — QL (Q4) +Qn (ng)*)
+kae (kc)” ( 21 (Q ) Q21( )* Q2( Tl) + @ (QIQ)*>H ’
1o (52) (5) = e foaw {16 + 17af?) + (17550 + 1Pl

+P ((P)" + (B)" + (Pn)") + P (P5)" + (P5)" + (P2)") (A6)
<

(PR)"+ (P) "+ (PR)") + Pu (PH)"+ (P)"+ (7)) }]

() (5) = trelore {(ail v1oaf) + (aif +ow)

+Q1 ()" + (@) + (@2)") + o ((@h)" + (@5) + (@z)") (AT)
+@4 ((Q1) + (@) +(Qm)) + @ (@) +(Qn) +(@h)")}] and

iﬁGA (% —a) (a—Z—a)* = iRe [kGA (pAw?)* {(|CT]? +\012| ) (Ict]* +1cxl)
+C ((C)" +(C4) + (C)") + O ((C1)" + c; Csn)") (A8)
+C1 ((C1)" + (Cn) + (C)") + Cx ((CH)" + ( 02*1 .

where [ ij]i means [] X exp (Fjkiz).
The each term of the time averaged far-field power (Eq. (A2)) is obtained as

e [-51(55) (5) ] = 0 [Br {ome (@i - 0aF) w05 - o)
wki.Q1 ((Qﬁ)* + (Qéﬁ)* + (Q§2) ) wk1cQ7, (( ) (QQI)* + (Q52)*) and (A9)
k@i (@) + (@) +(@2)) —wha@a Q1)+ Qi) + (@5)) }]
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Ov v\"
! Re IHGA <8_ ) (E) ] _
ghie [~inGA (pAw®) { (G (P)" + Oy ()" + Gy (P)" + O (B)")
+Ct ((PR) + ()" + (P)") + O ()" + (P3)" + (Pw)")
+5 (PR)" + (PR)" + (PR)") + Cx (PR)" + (PR)" + (P)") }]

For small damping, because the effect of shear is dominant to that of bending, the complex wavenumbers are
approximated by Eqgs (28)-(31),

kre = ki1 (1—jg) and koo = ko1 (1—jg). (A11)

(A10)

In Egs (A5)-(A10), the square terms, such as |Pf§ 2,- e Qfl 2,- --and ‘Cfﬁ 2, are exponentially decayed in space,
and the other terms, Q7; (Qr») - and Cy, (Cy;)”, are spatially harmonic. In these equations, all of the second
and higher order terms of structural damping are neglected, and the energy density and power are space-averaged

over a half wavelength of the corrected flexural wave as in Eq. (A12) to eliminate spatially harmonic terms.

k'l +7‘r/2k‘i1 k'l +7r/2k.;1
(e) = L/ (eYdx and (q) = L/ (qydx (i =1,2). (A12)
™ 771‘/2]{21'1 ™ *7\'/2]9751

The time- and locally space-averaged far-field power and energy density can be expressed as

(@) = % [Efwku (pAw? — /iGAkfl)Q + wki1 (pAw?) (nGA)ﬂ

(1Cuf? et -y -2

1 , (A13)
5 | Blwhor (pAw? = kGAKS,)® + what (pAw?) (kGA)?|
(|C’21|2 ka2 _ |C’22|2 67%2”) and
(e) = i {(Elkfl + plw?) (pAw® — fiGAk:fl)Q + kGApAW? (kGAKT, + pAwQ)}
(100 e 4 Craf e=20r)
(A14)

Jri {(Efkgl + plw?) (pAw2 — HGAIG%I)Q + kGApAw? (kG Ak, + pAwQ)}
(|021|2 e2k222 |y e—2k22:c) .
A.2. Below the critical frequency
When w < w,, the time averaged total energy density and power can be expressed as Eqs (A1) and (A2). In this

frequency range, because only one kind of propagating wave exists, the far-field transverse displacement v and the
angle of rotation due to bending o, which are given by Eq. (34), can be rewritten as

v = (Pye %1% + Ppelke®) et and (A15)
a = (Qrie TMeT + QraelhieT) et (A16)

Substituting Eqs (A15), (A16) and (34) into Eq. (A1), each term of the time averaged far-field energy density
(Eq. (Al)) is obtained as



Y.-H. Park and S.-Y. Hong / Vibrational energy flow analysis of corrected flexural waves in Timoshenko beam 163

LB (3—3) (3—2‘)* = 2re BTGP (051 +enl) - (ef (@) +en @h))}]. @
Lo (2 (%) = L oo (1 + 12il?) + 23 (P)” + P (P2}, 15

1 0 da\" 1 . .
1 (5) (5) = 1re o {(1Q0F +1anf) + 0 (@) + @i (@) Y e A1)
1 ov Ov *
ZI{GA (@OL (a&) =

(A20)

For small damping, because the effect of bending is dominant to that of shear, the complex wavenumber is
approximated by Eqs (36) and (37)

kie = k11 (1 —jg) . (A21)

In this case, as in the previous case, all of the second and higher order terms of the structural damping are
neglected, and the energy density and power are space-averaged over a half wavelength of the corrected flexural

wave to eliminate spatially harmonic terms.
The time- and locally space-averaged far-field power and energy density can be expressed as

(@) = % [Efwku (pAw? — /iGAkfl)Q + wki1 (pAw?) (nGA)ﬂ

(A22)
(|011|2 e2kize _ |012|2 672]6121) and
(e) = i {(Elkfl + plw?) (pAw? — /iGAkfl)Q + kGApAwW? (kGAKT, + pAwQ)}
(A23)

(1Ol et -2

Appendix B. Classical solution for Timoshenko beam

The equation of corrected flexural motion for Timoshenko beam excited by a harmonic point force F' are given
by

0a 0%a ov
plﬁ—ECI@—K/GCA (a—a) =0and (Bl)
2 2
pA% — RGLA (% - g—z) = —F(z — xo)el. (B2)

The general solution of Eqs (B1) and (B2), as shown in Eq. (22), is

v —jrG Ak —jkiex kG Ak ke
{a} - (Cu {pAw2 — kG AR, } € +Ch2 pAw? — KG . AK2, €

7jnGcAk2c —jkacx jnGcAk2c jkacx Jjwt
+Ca {pAw2 kG AR, } eI A O an? —raoakz (€ )¢

where C;; is the complex coefficient which is determined by boundary conditions.

(B3)
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In case of the simple beam shown in Fig. 3, total domain of the beam can be separated into two homogeneous
domains without the external force by the border of = (. From Eq. (B3), the general solutions for each homogeneous
domain are

U1 . —jKGcAk’lc —jkicx jKGcAk'lc jkicx
{m } N <CH {pAw2 — kG Ak3, } ¢ + 0 pAw? — kG AK3, €

(B4)
—jkG Ak koo JrG Ak hsez ) jwt
+Ca1 {pAw2 _ KGcAkSC } € + Ca psz _ K/GcAk/’%C & e’*", and
vy | _ —jkG Ak —jkiew JrGe Ak ke
{ag } o <D11 {pAw2 — kG AK3, } € + D1 pAw? — KG AK2, ¢ ®5)
,]‘IiGcAkzc —jkacx jHGCAkQC koo jwt
D2 {pAw2 — kG A3, } € + D2 pAw? — kG AK2, [ € e

The eight unknown constants in Eqs (B4) and (B5) require eight boundary conditions to completely specify the
problem. At both simply supported ends, the bending moment and transverse displacement are zero;

8041 o 8042
EI(%)A =0 Ef(ax)

x=0

=0, wvi|,_o=0and v2|,_;, =0 (Bo6)
=L

In the loading position, x, the moment and shear force equilibrium relationships are

g1 (222 _pr(%n —0and (B7)
ox e—z0 ox e—z0
rGA % — a1 - kGA % — (g = F. (B8)
ox w—zo Ox -

The other two conditions impose continuity of transverse displacements and bending angles. The continuity of
transverse displacements and bending angles leads to the relationships,

U2|x:x0 - ’U1|x:x0 = 0and 9)

2l = 1y, =0 (B10)

Using the classical solutions solved by these boundary conditions, the time averaged total energy density and
power are obtained by Eqs (24) and (27).
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