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Abstract

We introduce a new approach to decompose a system of

viscous conservation laws with respect to each characteristic wave

structures. Under this new decomposition, the global wave inter-

actions of the system are reduced to coupling of nonlinear waves

around constant states outside shock region and a scalar conser-

vation law in the shock region to determine the behavior of local

internal shock layers. The behavior is characterized by the motion

of the viscous shock fronts. It is analyzed by the local conserva-

tion laws. We also introduce generalized diffusion waves to localize

waves in initial data.

We prove stability of a viscous shock layer of 2×2 system;

and obtain the optimal rate of convergence.

1. Introduction

We are interested in the stability problem of a viscous shock profile φ(x−
st) connecting a shock wave (u−, u+) for a system of viscous conservation

laws

ut + f(u)x = uxx, u ∈ Rn. (1.1)
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Here, the system ut + f(u)x = 0 is a strictly hyperbolic system:






λ1(u) < · · · < λn(u),

f ′(u) rj(u) = λj(u) rj(u),

lj(u) f
′(u) = λj(u) lj(u).

where λj(u), rj(u), and lj(u) are the j-th eigenvalues, right eigenvector,

and left eigenvector of f ′(u). A shock wave (u−, u+) pertaining a genuine

nonlinear characteristic field λi is a two-valued weak solution of ut +f(u)x =

0 satisfying both the Rankine-Hugoniot Condition,

f(u−) − f(u+) = s (u− − u+), (R-H)

and Lax’s entropy condition,

{
λi(u−) > s > λi(u+),

λi+1(u+) > s > λi−1(u−).
(Lax)

Here, s is the speed of the shock wave (u−, u+). Due to the Lax’s entropy

condition, we call (u−, u+) an i-th shock wave. A shock profile φ(x − st) is

a travelling wave solution u(x, t) = φ(x− st) of (1.1) connecting (u−, u+):





−s φ′ + f ′(φ) φ′ = φ′′,

lim
x→±∞

φ(x) = u±.

The stability problem of φ(x−st) has been studied by energy estimates,

[1], [3], [4], [5], [6], [18]. Particularly in [7] and [14], the stability prob-

lem is analyzed through detailed wave interactions; and the nonlinearity is

effectively analyzed.

In this paper, we introduce local conservation laws and wave front trac-

ing to decompose the solution of (1.1) into the form u(x, t) = V(x, t)+φ(x−
st− γ(t)):

∫ L+st

−L+st

[
u(x, t) − φ(x− st− γ(t))

]
dx =

∑

j<i

Cj(t) rj(u−) +
∑

j>j

Cj(t) rj(u+),

(1.2)
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where L is sufficiently large to essentially contain the shock layer, and

(u−, u+) is an i-th shock; and Cj(t) are real-valued functions.

The function γ(t) is the wave front of u(x, t); and it represents the mo-

tion of viscous shock fronts due to the nonlinear wave interactions. Indeed,

γ(t) essentially depends on the local structure of V(x, t). With this concept

of wave fronts, one can efficiently obtain an optimal convergence rate of the

solution to the shock profile. This wave front tracing approach requires the

presence of a local structure. However, we do not need to require the ini-

tial data u(x, 0) − φ(x) to have such a local structure such as the condition

‖u(x, 0) − φ(x)| ≤ O(1)(|x| + 1)−3/2. We need to introduce a generalized

nonlinear diffusion wave Θ(x, t) to localize the initial data of V(x, 0):

∂tΘ + f(u− + Θ)x − Θxx = E(x, t)(u+ − u−), (1.3)

‖Θ(x, 0) − [u(x, 0) − φ(x)]‖ ≤ δ e−α|x|, α > 0. (1.4)

Here, E(x, t) is a real-valued function with a compact support in [−1, 1] and

with the decaying structure in time

sup
x∈R

|E(x, t)| ≤ O(1)
δ

ǫ
(1 + t)−1/2(1 + ǫ2t)−1,

ǫ ≡ ‖u− − u+‖;

δ is the magnitude of the perturbation:

δ ≡ sup
x∈R

‖u(x, 0) − φ(x)‖;

and α is a positive number independent of ǫ and δ. So, for the decomposition

u(x, t) = V(x, t) + φ(x− st− γ(t)) + Θ(x, t)

the perturbation V(x, t) has a local structure in the initial data, (1.4).

Wave front tracing have been introduced to study time asymptotic be-

haviors of viscous conservation laws, [2], [5], [9], [12], [13], [15], [17], and [20].

The coupling of wave front and wave interactions could result in a sub-linear

phenomenon. Such coupling was studied in a singular behavior of Burgers

equation in the quarter plane (see [9]) and in a coupling of viscous shock

profile and viscous rarefaction wave (see [13]).
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The approach of pointwise estimates was originated from [7]. Such ap-

proach gives a rather detailed structure of solution. With the detailed struc-

ture one can analyze the nonlinear couple effectively. Thus, various types

of nonlinear viscous problem can be studied by the pointwise estimates, see

[8], [10], [11].

For the purpose to illustrate the role of localization of initial data, local

conservation laws, and wave front tracing we consider a 2x2 system with the

following setting:

Settings of the problem

ut + f(u)x − uxx = 0, u ∈ R2, (1.5)

(u−, u+) : a stationary 2-shock shock wave: s = 0, (1.6)

‖u− − u+‖ ≡ ǫ, (1.7)

φ(x) : a stationary profile of (1.5) connecting (u−, u+), (1.8)

|u(x, 0) − φ(x)| ≤ δ

{
e−|x| for x ≥ 0,

(1 + |x|)−3/2 for x
(1.9)

|∂x(u(x, 0) − φ(x))| ≤ δ

{
e−|x| for x ≥ 0,

(1 + |x|)−3/2 for x
(1.10)

Here, the parameters ǫ and δ are assumed sufficiently small

ǫ, δ/ǫ6 ≪ 1.

The wave front γ(t) will satisfy

γ(t) = γ(∞) +O(1)
δ

ǫ2
(1 + t)−1/2.

Remark 1.1. The assumptions ǫ ≪ 1 and u ∈ R2 are not necessary

for the wave front tracing. It is interesting to relax those conditions in the

future. Indeed, under this frame work many problems related to interactions

of different structures such as shock layers to boundary layers, shock layers

to rarefaction lagers are possible to study, e.g. [13].

Main Theorem. Suppose that δǫ−6 and ǫ are sufficiently small. Then,

there exist an uniformly bounded function γ and constants C , J > 1 such
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that

lim
t→∞

sup
x∈R

‖u(x, t) − φ(x− γ(t))‖ = 0,

lim
t→∞

γ(t) exists,

‖u(x, t) − φ(x− γ(t))‖ ≤ C δ

(1 + ǫ2t)
√

(1 + t)
for |x| ≤ J | log ǫ|

ǫ
.

Remark 1.2. Before this research, the optimal rate of convergence is

O(1)t−1/2. This may appears to be inconsistent with our present result.

However, in the previous approaches the wave front is fixed to be the time

asymptotic wave front γ(∞). The perturbation satisfies

‖u(x, t)−φ(x−γ(∞))‖ ≤ ‖u(x, t)−φ(x−γ(t))‖+‖φ(x−γ(t))−φ(x−γ(∞)‖.

This results in

‖u(x, t) − φ(x− γ(∞))‖ ≤ O(1)
δ

ǫ2
(1 + t)−1/2 for |x| ≤ Jǫ−1| log ǫ|.

Thus, our result is consistent with the old approaches.

In our analysis for obtaining the Main Theorem, we introduce two sets

of variables V(x, t) and W(x, t):






V(x, t) ≡
2∑

j=1

V
j(x, t) rj(u−),

Wx(x, t) ≡ V(x, t),

W(x, t) ≡
2∑

j=1

W
j(x, t) rj(φ(x− γ(t))),

V
j(x, t) =

2∑

k=1

W
k
x(x, t) lj(u−) · rk(φ(x− γ(t)))

+

2∑

k=1

W
k(x, t) lj(u−) · ∂xrk(φ(x− γ(t))).

(1.11)

Here, the variable W(x, t) is considered in the region of shock wave only.

We will introduce Theorems A and B before proving the Main Theorem.



240 TAI-PING LIU AND SHIH-HSIEN YU [September

In Theorem A, we make a weak assumptions on both V2(x, t) in the

region of shock wave x ≥ st−J0 and γ(t). Under this weak assumption, one

can obtain a global estimate of V1(x, t), a semi-global estimate of V2(x, t) for

x ≤ st− J0, and a weak estimate of ‖W(x, t)‖ in the region of shock. In the

analysis, we also introduce a special decomposition for the V. It separates

the function V into two parts Vπ and Vπ⊥ . The part Vπ decays slower and

contains smaller norm. In contrast to this, Vπ⊥ decays faster and contains

larger norm.

In Theorem B, under the necessary conditions of Theorem A we can

obtain sharper estimates about both V2(x, t) in the region of shock wave and

γ(t).

Thus, the necessary conditions of Theorems A and B yield the optimal

rates of ‖V(x, t)‖.
In Section 3 and 4, we will outline the constructions of the generalize

diffusion waves and the sketch of the proof of Theorems A and B. In Section

5, we will provide the technical lemmas needed for proving the theorems.

Finally, in the last sections we will give the detailed proof of the theorems.

2. Preliminaries

Notation 2.1.




λ±j ≡ λj(u±), j = 1, . . . , n

Λ±(ξ) ≡ −λ±i tanh
(

λ±
i ξ
2

)
.

Suppose that the strength, ǫ, of the shock (u−, u+) is sufficiently small.

The eigen vectors are normalized

li(u−)f ′′(u−)(ri(u−), ri(u−)) = 1.

Then, one has the following analytic structure of the shock profile φ(ξ) :

|λ±i | =
ǫ(1 +O(ǫ))

2
, (2.1)

‖φ′(ξ)‖ ≤ O(1) ǫ2 e−λ−
2 |ξ|(1+O(ǫ)), (2.2)

for k = 0, 1
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∣∣∣∂k
x

[
λi(φ(ξ)) − Λ−(ξ)

]∣∣∣ ≤ O(1)

{
ǫ2+k e−λ−

i (1+O(ǫ))|ξ| for ξ < 0,

ǫ2+k for ξ ≥ 0,
(2.3)

∣∣∣∂k
x

[
λi(φ(ξ)) − Λ+(ξ)

]∣∣∣ ≤ O(1)

{
ǫ2+k e−λ−

i (1+O(ǫ))|ξ| for ξ > 0,

ǫ2+k for ξ ≤ 0.
(2.4)

Structure due to the stationary 2-shock (u−, u+)

Since (u−, u+) is taken to be a stationary 2-shock of the 2×2 system

(1.5), the Lax’s entropy condition becomes






s = 0,

λ−1 < 0,

λ+
1 < λ+

2 < 0 < λ−2 ,

λ−2 = −λ+
2 (1 +O(ǫ)) =

ǫ

2
(1 +O(1)ǫ).

There are two characteristic curves entering the shock from the right of the

shock; one characteristic curve catching up with the shock from the left

of the shock; and one characteristic curve leaving to the left of the shock.

Combine this property with our initial condition that there essentially no

waves in front of the shock in the initial data. We can conclude that time-

asymptotically there are no waves in front of the shock. So, we only need to

take care the waves behind the shock; and decompose the vector r2(u−) as

follows

r2(u−) = c+ (u+ − u−) + c− r1(u−),
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where c± are real-valued constants satisfying

c+ = O(1) ǫ−1, c− = O(1) ǫ. (2.5)

The coefficients c± actually are the scattering data of a vector r2(u−) into the

shock wave (u−, u+). c− is the reflection coefficient; and c+ is the absorbing

coefficient into the shock.

3. Generalized Diffusion Waves

Due to (1.9) and (1.10), the initial data ‖u(x, 0)−φ(x)‖ does not decay

fast enough outside the shock wave region. We will take out a nonlinear

wave Θ(x, t) from u(x, t) − φ(x) such that the resulted wave has a localized

structure in the initial data.

Before we outline the construction of Θ(x, t), let’s introduce the follow-

ing notations:

Notation 3.1.

θj(ξ, τ ;λ,D) ≡ e−
(ξ−λτ)2

Dτ

√
πDτ j

for j ≥ 0,

ψi(x, t;λ) ≡
(
|x− λ t|2 + t

)−i/2
,

ηα(x, t) ≡






{√
x− λ−1 t ·

[
1 + ǫ2(x− λ−1 t)

]}−α

for x ∈ [λ−1 t+
√
t, 0]

0 else,

ρα(t) ≡
[√

1 + t (1 + ǫ2t)
]−α

.

̺(x) ≡
{
e
− 1

1−|x| for |x| < 1,

0 for |x| ≥ 1,

χ+(x) ≡

∫ x

−∞
̺(y) dy

∫ ∞

−∞
̺(y) dy

, χ−(x) = 1 − χ+(x),

v(x, t) ≡ u(x, t) − φ(x), v(x, t) ≡
2∑

j=1

vj(x, t) rj(u−).
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Due to (1.9) and (1.10), one needs only to localize the initial data for x ≤
−1. We will take out the waves in region x ≤ −1, that is, v1(x, 0) r1(u−) +

χ−(x)v2(x, 0) r2(u−). In the same time, we also need to maintain the total

masses of the residue waves parallel to (u− − u+). This can be done by

finding a function Ψ(x) with supp Ψ ⊂ [−1, 1] and

∫

R
χ+(x) v2(x, 0) r2(u−) − Ψ(x) r1(u−) dx ‖ (u+ − u−). (3.1)

Thus, we consider the vector-valued function Θ1(x, t) ≡
2∑

j=1

Θj
1(x, t) rj(u−) :





(Θ̄2

1)t + (λ−2 Θ̄2
1)x − (Θ̄2

1)xx = 0,

Θ̄2
1(x, 0) = v2(x, 0).

(3.2a)






Θ2
1(x, t) ≡ χ−(x) Θ̄2

1(x, t),

E1(x, t) ≡ (Θ2
1)t + (λ−2 Θ2

1)x − (Θ2
1)xx,

E
+
1 (x, t) ≡ c+ · E1(x, t), E

−
1 (x, t) ≡ c− · E1(x, t).

(3.2b)





(Θ1

1)t + (λ−1 Θ1
1)x − (Θ1

−)xx = −E
−
1 (x, t),

Θ1
1(x, 0) = v1(x) + Ψ(x).

(3.2c)

Θ1(x, t) ≡ Θ1
1(x, t) r1(u−) + Θ2

1(x, t) r2(u−). (3.2d)

The function Θ̄2
1(x, t) is devised to absorb the initial data v2(x, 0). The

behavior of this function is not proper when x ≥ −1, because the trans-

portation term in (3.2a) does not contain the structure of shock profile. We

need to cut off the part of Θ̄2
1 for x ≥ −1 by multiplying the cut-off function

χ−(x). It results in an extra truncation error E1(x, t)r2(u−) when one substi-

tutes χ− Θ̄2
1 into (3.2a). One can decompose the truncation error E1r2(u−)

into two parts

E1r2(u−) = E
+
1 (u+ − u−) + E

−
1 r1(u−).

The component E
−
1 r1(u−) will not interact with the viscous shock profile,

and it will travel away the region of shock wave according to the behavior
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of (3.2c). This results in the following property of Θ1(x, t):






∂tΘ1 + ∂xf
′(u−)Θ1 − ∂2

xΘ1 = E
+
1 (u+ − u−),

supp(E ±
1 (·, t)) ⊂ [−1, 1],

‖v(x, 0) − Θ1(x, 0)‖ ≡ 0 for x ≤ −1,

‖v(x, 0) − Θ1(x, 0)‖ ≤ δ e−|x| for x ≥ −1,
∫

R
(v − Θ1)(x, 0) dx ‖ (u+ − u−).

We will need to use Lemma 5.12 to estimate Θ1
1(x, t).

The function Θ1(x, t) localizes the initial data of v(x, 0) linearly. In

order to effectively localize the initial data, we need a nonlinear localization.

One needs to consider the following sequence:





(D̄2

i )t + (λ−2 D̄2
i )x − (D̄2

i )xx = (N 2[Θi] − N 2[Θi−1])x,

D̄2
i (x, 0) ≡ 0,

(3.3a)

where N (U) ≡ f(u− + U) − f(u−) − f ′(u−) U

=

∫ 1

0

∫ 1

0
ξf ′′(u− + ξξ̄U) · (U,U) dξdξ̄,

N [U] ≡
2∑

j=1

N
j [U] rj(u−),

Θ0 ≡ 0,

Θi+1 ≡ Di + Θi for i ≥ 1,

D
2
i (x, t) ≡ χ−(x) D̄

2
i (x, t),

Ei+1(x, t) ≡ (D1
i )t+(λ−2 D

1
i )x−(D1

i )xx+(N 2[Θi]−N
2[Θi−1])x,

E
+
i+1 ≡ c+ · Ei+1, E

−
i+1 ≡ c− · Ei+1,

{
(D1

i )t+(λ−1 D1
i )x−(D1

i )xx+(N 1[Θi]−N 1[Θi−1])x =−E
−
i+1,

D1
i (x, 0) ≡ 0,

(3.3b)

Di(x, t) ≡ D
1
i (x, t) r1(u−) + D

2
i r2(u−).
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In the above iteration, the updated waves Θi eventually nonlinearly localize

the initial data; and leave a sequence of waves Ei (u+ − u−) to interact with

the shock profile.

In the updating procedure, we need to solve a sequence of initial value

problems in (3.3a) and (3.3b). We will need to use Lemmas 5.2, 5.4, 5.5, 5.8,

5.12, and 5.13 to analyze the convergence of this sequence. In particular, we

need a special cancellation from equations itself in order to obtain a proper

decaying rate in time for D2
i (x, t), see (6.14).

Finally, we define the diffusion wave Θ(x, t) as follows






Θ(x, t) ≡ lim
i→∞

Θi(x, t);

Θ(x, t) ≡
2∑

j=1

Θj(x, t) rj(u−)
(3.4)

and it satisfies

Θt + f(Θ + u−)x − Θxx = E(x, t) (u+ − u−), (3.5)






|Θ(x, 0) − v(x, 0)| ≡ 0 for x < −1,

l1(u−) · (v(x, 0) − Θ(x, 0)) = 0 for x ≥ 1,
∫

R
v(x, 0) − Θ(x, 0) dx ‖ (u+ − u−),

E(x, t) ≡∑∞
i=1 E

+
i (x, t).

(3.6)

Theorem DW (Diffusion Wave). Suppose that both δ/ǫ4 and ǫ are suf-

ficiently small. Then, the sequence {Di}i≥1 converges and there exists a

constant c̄ satisfying

for j = 0, 1, 2

|∂j
xΘ1(x, t)|, |∂j

xΘ1
1(x, t)|

≤ O(1) δ






θj+1(x, t;λ−1 ,D) + ǫ η(x, t) (|x| + 1)−j/2 for x ≤ 1,

ǫρ1(t) e−
|(λ−

1
−λ−

2
)x|

2 for x ≥ 1,
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|∂j
xD

1
i (x, t)| ≤ O(1) δ (c̄ǭ)i






θj+1(x, t;λ−1 ,D)+ǫη(x, t)(|x|+1)−j/2 for x≤1,

ǫ ρ1(t) e−
|(λ−

1
−λ−

2
)x|

2 for x≥1;

for j = 0, 1

|∂j
xΘ2(x, t)|, |∂j

xΘ2
1(x, t)|

≤ O(1) δ






0 for x ≥ 1,
(

1√
tj

+ ̺(x)

) [
θ1(x, t;λ−2 ,D) + ψ3/2(x, t;λ−2 )

]
for x ≤ 1,

|∂j
xD

2
i (x, t)|

≤ O(1) δ (c̄ǭ)i





0 for x ≥ 1,
(

1√
tj

+ ̺(x)
) [
θ1(x, t;λ−2 ,D) + ψ3/2(x, t;λ−2 )

]
for x ≤ 1,

supp(Di(·, t)) ⊂ [−1, 1], sup
x∈R

|Ei(x, t)| ≤ O(1) δ ǭ i−1 ρ1(t),

where ǭ ≡ δǫ−4 ≪ 1 and D > 4.

Corollary 3.2. The function E(x, t) satisfies

|E(x, t)| ≤ O(1)
δ ̺(x/2)

ǫ
ρ1(t).

By adjusting the wave front properly, we may assume that

∫

R
Θ(x, 0) − v(x, 0) dx = 0. (3.7)

4. Local Conservation Laws and Wave Front Tracing

When we take out the generalized diffusion wave Θ(x, t), from (3.5) there

is a wave E (u+−u−) left in the region of shock. This wave will residue and

result in H(t) phase shift in the shock profile. The function H(t) satisfies

H ′(t) =

∫

R
E(x, t) dx.
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We denote the total phase shift

γ(t) ≡ H(t) + γ̄(t).

4.1. System of equations with wave fronts

We set

H(t) ≡
∫ t

0

(∫

R
E(x, τ) dx

)
dτ,






H(t) = O(1)
δ

ǫ

∫ t

0
ρ1(σ) dσ,

H ′(t) = O(1)
δ

ǫ
ρ1(t),

(4.1)

A(x, t) ≡ φ(x−H(t) − γ̄(t)),

A (x, t) ≡ A(x, t) + Θ(x, t),

V(x, t) ≡ u(x, t) − A (x, t).

The function V(x, t) satisfies

Vt + (f ′(A)V)x − Vxx = −
[(

(N + I0) [V] + I1[Θ] + I2[γ̄]
)
x

+ I3[γ̄]
]

(4.2)

where

N [V] ≡
∫ 1

0

∫ 1

0
ξf ′′(A + ξ̄ξV)(V,V) dξdξ̄,

N̄ [V] ≡
∫ 1

0

∫ 1

0
ξf ′′(A )(V,V) dξdξ̄,

I0[V] ≡ [f ′(A ) − f ′(A)] V,

I1[Θ]≡
∫ 1

0

∫ 1

0
ξ̄[f ′′(u−+ξξ̄Θ)−f ′′(φ+ξξ̄Θ)](Θ,Θ)dξdξ̄+(f ′(u−)−f ′(A))Θ

(4.3)

I2[γ̄] ≡
∫ x

−∞
−E(y, t) (u+ − u−) +H ′(t) φ′(y −H(t) − γ̄(t)) dy, (4.4)

I3[γ̄] ≡ γ̄′(t) φ′(x−H(t) − γ̄(t)),

I4[V] ≡
(
f ′(u−) − f ′(A)

)
V. (4.5)
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The term N̄ [V] is a quadratic nonlinear term. Here, N [V], I0[V], I1[Θ],

and I2[γ̄] are all functions of (x, t); and satisfy






‖N [V](x, t)‖ ≤ O(1) ‖V(x, t)‖2,

‖I0[V](x, t)‖ ≤ O(1) ‖Θ(x, t)‖ · ‖V(x, t)‖,

‖I1[Θ](x, t)‖ ≤ O(1) ‖Θ(x, t)‖ · ‖φ(x−H(t) − γ̄(t)) − u−‖,

‖I2[γ̄](x, t)‖ ≤ O(1) ǫ |H ′(t)| e−λ−
2 |x−H(t)−γ̄(t)|(1+O(1)ǫ).

(4.6)

If ‖γ̄‖∞ ≤ 1, then by Corollary 3.2, (4.1), and (4.4)





|l1(u−) · I2[γ̄](x, t)| ≤ O(1) δ ǫ ρ1(t)

[
ǫ e−λ−

2 |x|(1+O(1)ǫ) + ̺(
x

2
)
]
,

|l2(u−) · I2[γ̄](x, t)| ≤ O(1) δ ρ1(t)
[
ǫ e−λ−

2 |x|(1+O(1)ǫ) + ̺(
x

2
)
]
,

(4.7)

where λ−2 = (1 +O(1)ǫ) ǫ
2 .

4.2. Local conservation laws

Since the shock wave (u−, u+) is a stationary 2-shock, the local conser-

vation defined in (1.2) becomes

∫ L

−L
V(x, t) dx = C1(t) r1(u−) ‖ r1(u−).

We set L = J0 = 2ǫ−1| log ǫ| J with J ≫ 1. On the other hand, the wave

structure ‖V(x, 0)‖ decays exponential fast. Eventually, there is almost no

wave contained in the region x ≥ J0. We can relax the upper limit in the

above integral sign to redefine the local conservation laws for a 2-shock wave

(u−, u+) of a 2x2 system as follows:

Definition 4.1.(Viscous Wave Front due to Local Conservation Laws)

The function γ̄ is chosen to satisfy

∫ ∞

−J0

V(y, t) dy ‖ r1(u−) (4.8)

where J0 ≡ 2Jǫ−1| log ǫ|.
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Since the wave structures of V essentially is contained in the region of

left to the shock wave, we consider the following decomposition regarding

the background field u−

V(x, t) ≡
2∑

j=1

V
j(x, t) rj(u−) for x ∈ R, t ≥ 0,

|V|(x, t) ≡
j∑

j=1

|Vj(x, t)|.

Integrate (4.2) over [−J0,∞) with respect to x and multiply it with l2(u−)

from the left, and use

‖A(−J0) − u−‖ = O(1) ǫ1+J

to yield that

(
−λ−2 V

2 + |V2
x| +O(1)

(
|V| · |Ax| + |Vx| · |A − u−|

))∣∣
x=−J0

+ γ̄′(t)[l2(u−)(u+ − u−) +O(1) ǫ1+JeO(1) ǫ |γ̄(t)|]

= O(1) ǫ1+J |V|(−J0, t) +
[
|N [V]| + |I0[V]| + |I1[Θ]| + |I2[γ̄]|

]∣∣∣
x=−J0

.

(4.9)

This results in the equation of γ̄′(t):

γ̄′(t) =
λ−2 V2(−J0, t) + V2

x(−J0, t)

2ǫ
(1 +O(ǫ))

+O(1)
ǫJ+1‖V(−J0, t)‖ + ‖V(−J0, t)‖2

ǫ
. (4.10)

From this expression, the dominant term for determining the behavior

of γ̄′(t) is due to V2(−J0, t). It illustrates the interactions between shock

layer and its far fields.

We also need to consider the following variables Wi to analyze V in the

region of shock.

W(x, t) ≡ −
∫ ∞

x
V(y, t) dy for x ≥ −Jǫ−1| log ǫ|, t ≥ 0
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W(x, t) ≡
2∑

j=1

W
j(x, t) rj(A), (4.11)

|W|(x, t) ≡
2∑

j=1

|Wj(x, t)|.

The relationship between Wj and Vj is

2∑

j=1

V
j(x, t)rj(u−) =

2∑

j=1

W
j
x(x, t)rj(A(x, t)) + W

j(x, t)∂xrj(A(x, t)).

With the conditions rj(u) = rj(A) +O(1)‖A − u−‖ and ‖u− − u+‖ = 2ǫ, we

have that

V
j(x, t) = W

j
x(x, t) +O(1) ǫ‖V(x, t)‖ +O(1) ǫ2 ‖W(x, t)‖. (4.12)

The system for W(x, t) is

Wt+f
′(A) Wx−Wxx = −((N +I0)[V]+I1[Θ]+I2[γ̄])− γ̄′(t) (A(x, t)−u−).

(4.13)

The equations for Vi and Wi are

W
i
t + λi(A)Wi

x − W
i
xx

= li(A) ·




2∑

j=1

W
j
(
H ′(t) + γ̄′(t) − λi(A)

)
rj(A)x





+li(A)·








2∑

j=1

2W
j
x rj(A)x+W

jrj(A)xx



−
(
(N + I0) [V]+I1[Θ]+I2[γ̄]

)




−γ̄′(t) li(u−) ·
(
u+ − φ(x−H(t) − γ̄(t))

)
. (4.14)

The condition (4.8) becomes a condition for W(x, t) at x = −J0. We apply

the expansion A(−J0, t) = u− +O(1) ǫ e−λ−
2 |J0+H(t)+γ̄(t)| to

W
2(−J0, t) = −l2(A(−J0, t))

∫ ∞

−J0

V(x, t)dx

=
(
−l2(u−) +O(1)ǫ e−λ−

2 |J0+H(t)+γ̄(t)|
)∫ ∞

−J0

V(x, t)dx
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= ǫ e−λ−
2 |J0+H(t)+γ̄(t)|‖W(−J0, t)‖

to obtain that

W
2(−J0, t) = O(1) ǫ1+J |W|(−J0, t). (4.15)

For the variable V(x, t), we need to break (f ′(A)V)x in (4.2) into (f ′(u−)V+

[f ′(A) − f ′(u−)]V)x; and then diagonalize it as follows

(Vi)t + (λ−i V
i)x − (Vi)xx

= −li(u−) ·
({

I4[V]+(N +I0) [V]+I1[Θ]+I2[γ̄]
}

x
+I3[γ̄]

)
, i = 1, 2, (4.16)

with the initial data

∫

R
V(x, 0) dx = 0,

|V1(x, 0)| ≤ δ





0 for |x| ≥ 1,

1 for |x| ≤ 1.

|V2(x, 0)| ≤ δ





0 for x ≤ −1,

e−|x| for x ≥ −1.

The integral representations of the variables Vi(x, t):

V
i(x, t) =

∫

R
θ1(x− y; t;λ−i , 4)V

i(y, 0) dy

+



I
i
1[Θ] + I

i
2[γ̄] + I

i
3[γ̄] +

6∑

j=4

I
i
j [V]



 (x, t), (4.17)

where

I
i
1[Θ](x, t) ≡

∫ t

0

∫

R
θ1
y(x− y, t− σ;λ−i , 4) ·

(
li(u−) · I1[Θ]

)
(y, σ) dy dσ,

I
i
2[γ̄](x, t) ≡

∫ t

0

∫

R
θ1
y(x− y, t− σ;λ−i , 4) ·

(
li(u−) · I2[γ̄]

)
(y, σ) dy dσ,

I
i
3[γ̄](x, t) ≡

∫ t

0

∫

R
θ1(x− y, t− σ;λ−i , 4) ·

(
li(u−) · I3[γ̄]

)
(y, σ) dy dσ,
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I
i
4[V](x, t) ≡

∫ t

0

∫

R
θ1
y(x− y, t− σ;λ−i , 4) · (li(u−) · I4[V]) (y, σ) dy dσ,

I
i
5[V](x, t) ≡

∫ t

0

∫

R
θ1
y(x− y, t− σ;λ−i , 4) ·

(
li(u−) · I0[V]

)
(y, σ) dy dσ,

I
i
6[V](x, t) ≡

∫ t

0

∫

R
θ1
y(x− y, t− σ;λ−i , 4) ·

(
li(u−) · N [V]

)
(y, σ) dy dσ,

Ī
i
6[V](x, t) ≡

∫ t

0

∫

R
θ1
y(x− y, t− σ;λ−i , 4) ·

(
li(u−) · N̄ [V]

)
(y, σ) dy dσ.

In order to obtain a proper decaying rate of V2(−J0, t), one needs carefully

analyze the representation in (4.17) with i = 2. To be precise, we want

to have some cancellation in I21[Θ], I26[V], and I26[V]. This cancellation is

particularly due to the nonlinear coupling from the V1 field to V2. We

need a proper decomposition of V1 as the following in order to handle the

cancellation properly.

Vπ(x, t) ≡
2∑

i=1

V
i
π(x, t) ri(u−), V

2
π(x, t) ≡ 0,

Vπ⊥(x, t) ≡ V(x, t) − Vπ(x, t),

V1
π ≡ I13[γ̄] + I15[Vπ] + Ī16[Vπ].

(4.18)

In this decomposition, we have separated the quadratic nonlinearity N̄ [V]

from the nonlinear term N [V]. So that, we can have a higher order estimates

on V1
π. This function has a lower decaying rate in time and a smaller L1

norm in time compared to V1
π⊥ . The functions V1

π satisfies

{
∂tV

1
π+λ−1 ∂xV1

π−∂2
xV1

π = −l1(u−) ·
(
I3[γ̄]+

{
N̄ [Vπ]+I0[Vπ]

}
x

)
,

V1
π(x, 0) ≡ 0.

(4.19)

In the following we impose a general theorem for the function V1
π.

Let ǫ0 > 0 and w(x, t) be the solution of






wt + λ−1 wx −wxx = −l1(u−) ·
(
f ′′(A)(Θ, w r1(u−)) + N̄ [w r1(u−)]

)
x

+ S(x, t),

w(x, 0) ≡ 0,

|S(x, t)| ≤ ǫ0 ρ
1(t) e−λ−

2 |x|.
(4.20)
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Lemma P. Suppose that both ǫ0 and δ are sufficiently small. Then, the

function w(x, t) satisfies

|∂i
xw(x, t)| ≤ O(1)

ǫ0

|λ−2 |






ρ1(t) e−λ−
2 |x|(1+O(ǫ)) for x ≥ 0,

min
(
|λ−2 |, t−(i+1)/2

)
Γ̄1(t) θ0(x, t;λ−1 ,D)

+ min

(√
|λ−2 |min(2,i−1), (|x| + 1)−

|i−1|
2

)
η1(x, t) for x ≤ 0,

where i = 0, 1, 2.

4.3. Scheme for constructing the ansatz of V(x, t)

The system (4.16) contains an unknown variable γ̄′; and from (4.10) the

behavior of γ̄′ essentially is dominated by the variable V2(−J0, t). The vari-

ables V2(−J0, t) and γ̄′ are coupled each other. Indeed, these two variables

are weakly coupled when both J0 and 1/δ are sufficiently large.

From the above figure, the essential domain of dependence for V2(−J0, t)

is separated from the concentration of γ̄′(σ)Ay(y, σ). Thus, the influence of

from γ̄′(σ)Ay(y, σ) to V2(−J0, t) is proportional to e−O(1)ǫL. This influence

can be neglected when ǫL is sufficiently large.

In this scheme we will construct the dominant behavior of V through

the following procedures.

1. The leading ansatz of V2(x, t) in x ≥ 0.
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We drop the terms
(
(N +I0)[V]+I1[Θ]

)

x
+I3[γ̄] from (4.2). Then, the

system (4.2) becomes conservative system. The resulted system is sufficient

to give the behavior of V2(x, t) for x ≥ −O(1)ǫ−1. So, we consider the

following scalar equation:

{
∂tU

2
0 + ∂x(λ̄2(x, t)U

2
0 ) − ∂2

xU
2
0 = −l2(u−) · I2[γ̄]x,

U2
0 (x, 0) = V2(x, 0),

(4.21)

where λ̄2(x, t) ≡ l2(u−)f ′(A)r2(u−). The solution U2
0 (x, t) decays exponen-

tially fast in space but algebraically in time. This function U2
0 (x, t) is eval-

uated by Lemma 5.17.

We will show that

|V2(x, t)| ≤ O(1)U2
0 (x, t) for x ≥ 0.

2. V1(x, t).

Since the function U2
0 (x, t) decays exponentially in space, the main con-

tribution to V2(−J0, t) is due to nonlinear coupling from V1(x, t). The func-

tion V1(x, t) can decomposed into two parts. The dominant behavior is

similar to the solution of the initial value problem





(U1

f )t + (λ−1 U
1
f )x − (U1

f )xx = −l1(u−) ·
(
I4[U

2
0 r2(u−)] + I2[γ̄]

)

x
,

U1
f (x, 0) = V1(x, 0).

(4.22)

This is (4.16) with i = 1 and with all the source terms replaced by −l1(u−) ·
(I4[U

2
0 r2(u−)]+I2[γ̄])x. The function U1

f (x, t) is evaluated by Lemma 5.13.

Next, we evaluate the solution U2
1 (−J0, t) of the following equation at

x = −J0:





(U2

f )t + (λ−2 U
2
f )x − (U2

f )xx = −l2(u−) · N [U1
f r1(u−)]x,

U2
1 (x, 0) ≡ 0.

(4.23)

The function U2
f is evaluated by Lemma 5.6.

The function

∫ ∞

0
|U2

f (−J0, t)| dt is almost equal to ‖γ̄′‖L1 . By (4.10),
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we define

γ̄′f (t) ≡
λ−2 U2

f (−J0, t) − ∂xU
2
f (−J0, t)

2ǫ
.

Next, we use this function to construct the slower decaying term of V1:





(U1

s )t + (λ−1 U
1
s ) − (U1

s )xx = l1(u−) · I3[γ̄f ],

Us(x, 0) = 0.

U1
s is evaluated by Lemma 5.13.

Finally, we will show that

|V1(x, t)| ≤ O(1)
[
|U1

s (x, t)| + |U1
f (x, t)|

]
. (4.24)

3. V2(x, t) for x ≤ −J0 & γ̄′(t).

We consider the problem





(U2

1 )t + (λ−2 U2
1 )x − (U2

1 )xx = −∂xN̄ [(U1
s + U2

f ) r1(u−)],

U2
1 (x, 0) ≤ |V2(x, 0)|.

(4.25)

In the evaluation of U2
1 (−J0, t), we need the cancellation similar to that

derived in (6.14) in order to handle the effect due to ∂xN̄ [U1
s r1(u−)] and to

obtain the decaying rate t−3/2.

From the function U2
1 , we define

γ̄′d(t) ≡
λ−2 U2

1 (−J0, t) − ∂xU
2
1 (−J0, t)

2ǫ

We will show that





|V2(x, t)| ≤ O(1)|U2

1 (x, t)| for x ≤ −J0,

|γ̄′(t)| ≤ O(1)|γ̄′d(t)|.
(4.26)

Remark 4.2. For the variable U2
1 (−J0, t), one needs an extra cancel-

lation on ∂xN̄ [U1
s r1(u−)] in order to obtain the rate of decaying t−3/2 in

time.
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4. V2(x, t) for x ∈ [−J0 + 1, 0].

The construction of this ansatz is a little different from the other. We

need to consider the following equation which is modified from (4.14) with

i = 2:





W 2
t + λ2(A) W 2

x − W 2
xx

= λ2(u−) ·
[
I1[Θ]+I2[γ̄d]−γ̄′d

(
u+−φ(x−H(t)−γ̄f (t))

)]

W
2(x, 0) = l2(u−) ·

∫ ∞

x
V(r, 0) dr,

|W 2(−J0, t)| ≤ O(1)ǫJ |U2
0 (0, t)|,

|∂xW 2(−Jr0, t)| ≤ |U2
1 (−J0, t)|.

(4.27)

The function W 2
x (x, t) will give the ansatz of V2(x, t) for x ∈ [−J0 + 1, 0]:

|V2(x, t)| ≤ O(1)|W 2
x (x, t)| for x ∈ [−J0 + 1, 0].

The evaluation of W 2
x (x, t) is a combination of the lemmas in Subsection 5.2.

Remark 4.3. The equation (4.27) itself is an ill-posed boundary value

problem. However, our purpose is not the existence of the solution. In stead,

we are performing a priori estimate of such solutions.

4.4. Global stability of viscous shock layer

In the previous subsection, we have mentioned the scheme for construct-

ing the ansatz V. With the ansatz, we proceed to establish the Theorems

A and B. Here, we omit the calculation of the ansatz and just state the

necessary conditions of Theorems A and B.

In the construction, we have ignored some nonlinear terms. Now, we

will show that the ansatz is still valid for the full nonlinear problem. In

the following Theorem A, both the sufficient conditions and the necessary

conditions are the ansatz, but we relax the coefficient of the ansatz in the

sufficient condition to a rather large constant in order to handle the nonlinear

term.

Theorem A. Let C ≤ | log ǫ|. Suppose that δ ≤ ǫ6, that the solution V
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of (4.2) satisfies

V
2(x, t) ≤ 2K0δ ρ

1(t)e−
λ−
2

|x|
2

(1+O(1)ǫ)

+ C
δ2| log ǫ|3

ǫ5






t−1
[
1 + ǫ

√
t
]−1

for x ∈ [−J0, 0],

t−1
[
1 + ǫ

√
t
]−1

e−
λ−
2

|x|
2

(1+O(ǫ)) for x ≥ 0,

(4.28a)

for x ∈ [−J0,∞), and that the function γ̄′(t) satisfies that

|γ̄′(t)| ≤ C

(
δ2| log ǫ|2

ǫ5
t−1
[
1 + ǫ

√
t
]−1

+ δ ǫ
J
2 ρ1(t)

)
, (4.28b)

where J0 = 2ǫ−1 J with J ≫ 1 and K0 is a constant independent of ǫ.

Then, there exist C , C0 = O(1) such that

|V1
π⊥(x, t)| (4.29a)

≤ C






δ
√
ǫ ρ1(t) e−

λ−
2

|x|(1+O(ǫ))

2 for x ≥ 0,

δΓ̄1(t)min

(√
ǫ,

1√
t

)
θ1(x, t;λ−1 ,D)+δmin

(
√
ǫ,

1√
|x| + 1

)

η(x, t)

+
δ2| log ǫ|2

ǫ3
{
|x− λ−1 t|

(
1 + ǫ|x− λ−1 t|

1
2

)}−1
for λ−1 t+

√
t ≤ x ≤ 0,

δ Γ̄1(t) min

(√
ǫ,

1√
t

)
θ1(x, t;λ−1 ,D) +

δ2| log ǫ|3
ǫ3

θ3/2(x, t;λ−1 ,D
′)

for x ≤ λ−1 t+
√
t,

for i = 0, 1, 2

|∂i
xV

1
π|(x, t) ≤ C0

δ2| log ǫ|3
ǫ3






(

θi+1(x, t;λ−1 ,D) +
ǫ η1(x, t)√
(|x| + 1)i

)

for x ≤ 0,

ǫ ρ1(t)e−λ−
2 |x|(1+O(ǫ)) for x ≥ 0,

(4.29b)

|∂xV
2|(x, t), |V2|(x, t) ≤ C δ ǫJ/2 ρ1(t) e−λ−

2 |x|(1+O(ǫ))/2 (4.29c)

+ C
δ2| log ǫ|2

ǫ4





ψ3/2(x, t;λ−2 ) for x ∈ [λ−1 t,−J0],

θ3(x, t;λ−1 ,D) for x ≤ λ−1 t,
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|W|(x, t) ≤ C δ ρ1(t)






[
ǫ−1 + δ | log ǫ|3

ǫ6

]
for x ∈ [−J0, 0],

[
ǫ−1 + δ | log ǫ|3

ǫ6

]
e−λ−

2 |x|(1+O(ǫ)) for x ≥ 0,
(4.29d)

for any fixed constants D′ > D > 4.

Remark 4.4. In the evaluation of the ansatz V1(x, t) in (4.24). we have

ignored the effects of I1[Θ] (a small given source term), I0[V] (a weakly linear

source term)1 , N [V] (a the nonlinear term), and I4[V−U2
0 r1(u−)]. Since all

those terms contain small parameters so that we can relax the coefficient C in

the sufficient condition of Theorem A and the coefficients C and C0 = O(1)

in the necessary condition are still valid.

About the domain of the ansatz V2(x, t), in Theorem A we use the

system (4.16) to approximate (4.2). So, we have ignored the structure of

shock wave in the compressive field. Thus, a sharper estimate of V2(x, t) is

only valid in regions far away from the shock layer.

About the decomposition V1
π and Vπ⊥ , when one apply a cancellation

to obtain a better decaying rate of V2(−J0, t), one needs to handle either

V1
πxxV1

π⊥ or V1
πV1

π⊥xx
. We choose the former one. It is a solution of nonlinear

scalar equation without coupling so that we can analyze it precisely.

Theorem B. Suppose that the solutions V and W satisfy (4.28a), (4.29c),

and (4.29d). Then, there exists a constant C0 > 0 such that

|γ̄′(t)| ≤ C0
δ2| log ǫ|2

ǫ5
t−1(1 + ǫ

√
t)−1, (4.30)

|W2|(x, t) ≤ C0
δ

ǫ
ρ1(t)e−

λ−
2 |x|(1+O(ǫ))

2 (4.31)

+ C0
δ2| log ǫ|3

ǫ6
t−1(1 + ǫ

√
t)−1





e−

λ−
2

|x|(1+O(ǫ))

2 for x ≥ 0,

1 for x ∈ [−J0, 0],

|V2(x, t)| ≤ 2K0δ ρ
1(t)e−

λ−
2

|x|(1+O(ǫ))

2 (4.32)

+ C0
δ2| log ǫ|3

ǫ5
t−1(1 + ǫ

√
t)−1





e−

λ−
2

|x|(1+O(ǫ))

2 for x ≥ 0,

1 for x ∈ [−J0, 0].

1The ansatz for I0[V] contains a factor δ2. So, we classify the effect from this term as a weak
term.
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Remark 4.5. This theorem gives the ansatz V2(x, t) in the shock re-

gion with information V2(−J0, t) obtained from the necessary condition of

Theorem A. This theorem uses the variable W(x, t) in order to encounter the

structure of the compressive field in the shock region effectively in the linear

stability level. Finally, we obtain that this necessary condition is stronger

than the sufficient condition of Theorem A.

Theorem C.(Local Existence Theorem) Suppose that δ is sufficient

small. Then, there existence τ > 0 independent of t such that whenever

(4.29b), (4.29c), and (4.32) are true for t ∈ [0, T ], then the condition (4.28a)

is true for t ∈ [0, T + τ ].

The proof of this theorem is a standard procedure. We omit it.

Proof of the Main Theorem.

Proof. We will prove the Main Theorem by inductions. By Theorem

C, there exists τ > 0 such that (4.28a) and (4.28b) is true for t ∈ [0, τ ].

Thus, Theorem A and Theorem B show that the Main Theorem is true for

t ∈ [0, τ ]. We suppose that for some k ∈ N the Main Theorem is true for

t ∈ [0, kτ ]. Then, from Theorem C we can conclude that (4.28a) and (4.28b)

are true for t ∈ [0, (k + 1)τ ]. Combine this conclusion, Theorem A, and

Theorem B. It follows that the Main Theorem is true for t ∈ [0, (k + 1)τ ].

So, for all k ∈ N the Main Theorem is true for t ∈ [0, kτ ]. �

5. Technical Lemma

5.1. Dissipation of waves

θα(x, t;µ,D) ≡ (t+ 1)−α/2 e
− [x−µ(t+1)]2

D(t+1) , (5.1)

ψα(x, t;µ) ≡ [(x− µ(t+ 1))2 + t+ 1]−α/2, (5.2)

ψ̄α(x, t;µ) ≡ [(x− µ(x+ 1))3 + (t+ 1)2]−α/3, (5.3)

ρα(t) ≡
[√

1 + t (1 + ǫ2t)
]−α

,

for 0 ≤ t1 ≤ t2 ≤ t, (5.4)

Iα,β,γ(x, t; t1, t2;λ, µ,D)
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≡
∫ t2

t1

∫

R
(t− σ)(−β+γ)/2(t− σ + 1)−

γ
2 e

− [y−x−λ(t−σ)]2

D(t−σ) · θα(y, s;µ,D)dydσ,

Jα,β,γ(x, t; t1, t2;λ, µ,D) (5.5)

≡
∫ t2

t1

∫

R
(t− σ)(−β+γ)/2(t− σ + 1)−

γ
2 e

− [y−x−λ(t−σ)]2

D(t−σ) · ψα(y, s;µ,D)dydσ,

Γα(t) ≡
∫ t

0
(σ + 1)−

α
2 dσ = O(1)






1 for α > 2

log(t+ 1) for α = 2

(t+ 1)(2−α)/2 for α < 2,

(5.6)

Γ̄α(t) ≡
∫ t

0
ρα(σ) dσ = O(1)






min(Γα(t),Γα(ǫ−2)) for α < 2,

min(Γ2(t), | log ǫ|) for α = 2,

1 for α > 2,

J
α1,α2;β(x, t;λ, µ;E)≡

∫ t

0

∫

R
θβ(x−y, t−σ;λ,E)ψα1(y, σ;µ)(1+σ)−α2dydσ;

(5.7)

Ψα
1 (x, t) ≡

{
0 for x < λ−1 t or x > 0,

(|x− λ−1 t|2 + t)−α/2 for x ∈ [λ−1 t, 0],
(5.8)

Ψα
2 (x, t) ≡

{
0 for x < λ−1 t or x > 0,
(
|x| + ǫt+

√
t
)−α

for x ∈ [λ−1 t, 0],
(5.9)

J
α,β
j,i (x, t; t1, t2;D) ≡

∫ t2

t1

∫

R
(t− σ)−β/2e

− (x−y−λ−
i

(t−σ))2

D(t−σ) Ψα
j (y, σ) dy dσ

(5.10)

for 0 ≤ t1 ≤ t2 < t,

Kα,β,γ(x, t; t1, t2, λ,D) (5.11)

≡
∫ t2

t1

∫

R
(t−σ+1)−

γ
2 (t−σ)(−β+γ)/2e

− [y−x+λ(t−σ)]2

D(t−σ) (σ + 1)−
α
2 e−

4ǫ|y|
D dydσ.

H
α1,α2;β
j (x, t;D) ≡

∫ t

0

∫ 1

λ−
1

σ

2

θβ(x− y, t− σ;λ−j ,D)
ρα2(σ)√
|y|α1

dy dσ,

K̂α,β(x, t;λ,D; ν) ≡
∫ t

0

∫

R
θβ(x− y, t− σ, λ,D) ρα(σ) e−ν|y|dy dσ (5.12)

K
α,β

j,i (x, t; t1, t2;D) ≡
∫ t2

t1

∫ 0

λ−
1 σ

ǫ
e
− (x−y−λ−

i
(t−σ))2

D(t−σ)

(t− σ)β/2
ψα(y, σ;λ−j ) e−

ǫ|y|
4D dydσ,

(5.13)
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K
α,β
j,i (x, t; t1, t2;D) ≡

∫ t2

t1

∫

R
ǫ
e
− (x−y−λ−

i
(t−σ))2

D(t−σ)

(t− σ)β/2
θα(y, σ;λ−j ,D) e−

ǫ|y|
4D dydσ,

(5.14)

Most of the following lemmas are due to [7]:

Lemma 5.1. Suppose that α > 0, β ≥ γ ≥ 0, and β − γ < 3. Then,

Iα,β(x, t; 0, t;λ, λ;D) = O(1)[(t + 1)(−β+1)/2Γα−1(t+ 1)

+(t+ 1)(−α+1)/2Γβ−1(t+ 1)]θ1(x, t;λ,D). (5.15)

In particular,

Iα,β(x, t; 0, t;λ, λ;D) = O(1)





θ(x, t;λ,D) for α ≥ 3, β = 1,

θ3/2(x, t;λ,D) for α ≥ 2.5, β = 2.
(5.16)

Lemma 5.2. Suppose that α ≥ 1, β ≥ γ ≥ 0, β − γ < 3, and λ < µ.

Then for any given constant E > D,

Iα,β,γ(x, t; 0, t;λ, µ;D)

= O(1)(t+ 1)(−β+1)/2Γα−1(
√
t+ 1)θ(x, t;λ,D)

+O(1)(t+ 1)(−α+1)/2Γβ−1(
√
t+ 1)θ(x, t;µ,D)

+






0 for x < λ(t+ 1) +
√
t+ 1 or x > µ(t+ 1) −

√
t+ 1

O(1)[(t + 1)(−β+1)/2Γα−1(x− λt)θ(x, t;λ,E)

+(µt− x)(−β+1)/2(x− λt)(−α+1)/2

+(t+ 1)(−α+1)/2Γβ−1(µt− x)θ(x, t;µ,E)]

for λ(t+ 1) +
√
t+ 1 < x < µ(t+ 1) −

√
t+ 1.

(5.17)

In particular,

Iα,β,γ(x, t; 0, t;λ, µ,D) = O(1)





ψ

1
2 (x, t;λ) for α = 2, β = 1,

ψ
3
2 (x, t;λ)+ψ̄

3
2 (x, t;µ) for α = 3, β = 2.

(5.18)
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Lemma 5.3. Suppose that β < 3. Then for any positive constant

E > D

Jα,β,γ(x, t; 0, 0;λ, λ,D)

= O(1)[(t+1)(−β+1)/2Γα−1(t+1)θ(x, t;λ,E)+Γβ−1(t+1)ψα(x, t;λ)]. (5.19)

In particular,

Jα,β,γ(x, t; 0, t;λ,D) = O(1)






ψ
1
2 (x, t;λ) for α ≥ 2.5, β = 1,

ψ(x, t;λ) for α > 1, β = 1,

ψ
3
2 (x, t;λ) for α ≥ 2.5, β = 2.

(5.20)

Lemma 5.4. Suppose that α > 1, 3 > β ≥ 1, and λ < µ. Then, for

any given constant E > D,

Jα,β,γ(x, t; 0, t;λ, µ,D)

= O(1)((t+ 1)(−β+1)/2Γα−1(
√
t+ 1) + (t+ 1)−αΓβ−1(t+ 1))θ(x, t;λ,E)

+(t+ 1)(−α+1)/2Γβ−1(
√
t+ 1)θ(x, t;µ,E)

+






O(1)[(t + 1)(−β+1)/2(x− λt)(−2α+2)/2

·(1 + (1 + t
|x−λt|)

−1/2Γ2α−2( t
|x−λt| + 1))

+Γβ−1(t+ 1)(|x − λt| + |λ− µ|t)−α + ((t+ 1)(−β+1)/2Γ2α(t+ 1)

+(t+ 1)(−β+1)/2Γα−1(
√
t+ 1)

+(t+ 1)(−2α+1)/2Γβ−1(t+ 1))θ(x, t;λ,E)]

for x ≤ λt−
√
t+ 1,

O(1)[(t + 1)(−β+1)/2Γα−1(x− λt)θ(x, t;λ,E)

+(µt− x)(−β+1)/2(x− λt)(−α+1)/2 + (x− λt)−αΓβ−1(t+ 1)]

for λt+
√
t+ 1 < x < µt−

√
t+ 1,

O(1)(x − µt)−αΓβ−1( (t+1)(x−µt)
x−λt )

for x > µt+
√
t+ 1.

(5.21)
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In particular,

Jα,β,γ(x, t; 0, t;λ, µ,D) = O(1)






ψ
1
2 (x, t;λ) for α ≥ 2, β = 1,

θ(x, t;λ,D) + ψ
3
2 (x, t;λ) for α ≥ 4, β = 1,

ψ
3
2 (x, t;λ) + ψ̄

3
2 (x, t;µ) for α ≥ 3, β = 2.

(5.22)

Lemma 5.5. Suppose that λ < µ, α1, α2, β ≥ 1. Then,

J
α1,α2;β(x, t;λ, µ,D)

≤ O(1)






|x−λt|−α1
[
t−

β−1
2 Γ2α2(t)+Γβ−1(t)t−α2

]
+Γβ(t)θ2α2+α1(x, t;λ,D′)

+Γ2α2+α1(t) θβ(x, t;λ,D′) for x− λt ≤ −
√
t,

t−
β
2 Γα1+2α2−1(t) + t−

2α2+α1
2 Γβ−1(t) for |x− λt| ≤

√
t,

θβ(x, t;λ,D′)Γ2α2+α1−1(t) + θ2α2+α1−1(x, t;λ,D′)Γβ(t)

+|x− λt|−α1
{
t−

β−1
2 Γ2α2(t) + t−α2Γβ−1(t)

}

+|x− λt|−α2Jα1,β(x, t; 1, t;λ, µ,D) for x ∈ [λt+
√
t, µt− λt],

where D′ > D.

Proof. Let E′ > 1.

Case. x− λt < −
√
t

∫ t−1

1

(∫

y−λσ< x−λt
E′

+

∫

y−λσ≥x−λt
E′

)
θβ(x−y, t−σ, λ;D)σ−α2ψα1(y, σ, µ)dydσ

≤ O(1)




∫ t−1

1

(t− σ)−
β−1

2 σ−α2

|x− λt|α1
dσ +

∫ t−1

1

σ−α2− (α1−1)
2 e−

(x−λt)2

D′t

(t− σ)
β
2

dσ





≤ O(1)

[
t−

β−1
2 Γ2α2(t) + Γβ−1(t)t−α2

|x− λt|α1
+ Γβ(t)θ2α2+α1(x, t;λ,D′)

+Γ2α2+α1(t) θβ(x, t;λ,D′)

]
.



264 TAI-PING LIU AND SHIH-HSIEN YU [September

Case. |x− λt| ≤
√
t.

(∫ t
2

1
+

∫ t−1

t
2

)∫

R
θβ(x− y, t− σ, λ;D)σ−α2ψα1(y, σ, µ) dy dσ

≤ O(1)

[∫ t
2

1

σ−α2−α1−1
2

t
β
2

dσ +

∫ t−1

t
2

σ−α2−α1
2

(t− σ)
β−1

2

dσ

]

≤ O(1)

[
Γα1+2α2−1(t)

t
β
2

+
Γβ−1(t)

t
2α2+α1

2

]
.

Case. x− λt ≥
√
t.

[∫ t−1

1

∫

|y−λs|≤ |x−λt|
E′

+

(∫ |x−λt|
4µ

1
+

∫ t−1

|x−λt|
4µ

)∫

|y−λσ|≥ |x−λt|
E′

]

×θβ(x− y, t− σ, λ;D)σ−α2ψα1(y, σ, µ) dy dσ

≤ O(1)




∫ t−1

1

σ−α2−α1−1
2 e−

(x−λt)2

D′t

(t− σ)
β
2

dσ

+

∫ |x−λt|
4µ

1

σ−α2 |x− λt|−α1

(t− σ)
β−1

2

dσ +

∫ t−1

|x−λt|
4µ

∫

R

|x− λt|−α2ψα1(y, σ;µ)

(t− σ)
β
2

dydσ

]

≤ O(1)
[
θβ(x, t;λ,D′)Γ2α2+α1−1(t) + θ2α2+α1−(t)Γβ(t)

+|x− λt|−α1Jα1,β(x, t; 0, t;λ, µ)
]

+O(1)|x− λt|−α2
[
t−

β
2 Γα1−1(t) + t−

α1−1
2 Γβ(t)

]
. �

Lemma 5.6. Suppose that α > 1 and 1 ≤ β < 3. Then, for any E > D,

J
α,β
1,1 (x, t; 0, t;D)

= O(1)






(
t−

β−1
2 Γα−1(t) + t−

α−1
2 Γβ−1(t)

)
θ1(x, t;λ−1 ,D) for x ≤ λ−1 t,

Jα,β(x, t; 1, t − 1;λ−1 , λ
−
1 ,D) for x ∈ [λ−1 t, 0]

θ2α(x, t; 0,D) e−
|(λ−

1 −λ
−
2 )x|

2 for x > 0,

(5.23)
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J
α,β
1,2 (x, t; 0, t;D)

= O(1)





e−

|(λ−
1

−λ−
2

)(x−λ−
1

t)|
2 θα(x, t;λ−1 ,D) for x ≤ λ−1 t,

Jα,β(x, t; 1, t − 1;λ−2 , λ
−
1 ,D) for x ∈ [λ−1 t,∞)

(5.24)

J
α,β
2,1 (x, t; 0, t;D)

= O(1)






e−
|(λ−

1 −λ−
2 )(x−λ−

1 t)|
2 θ2α(x, t;λ−1 ,D) for x ≤ λ−1 t,

Jα,β(x, t; 1, t − 1;λ−1 , λ
−
2 ,D) for x ∈ [λ−1 t, 0],

e−
|(λ−

2
−λ−

1
)x|

2
e−

x2

4Dt

(1 + ǫt)α
for x ≥ 0,

(5.25)

J
α,β
2,2 (x, t; 0, t;D)

= O(1)






θ2α(x, t;λ−1 ,D) e−
|(λ−

1
−λ−

2
)(x−λ−

1
t)|

2 for x ≤ λ−1 t,

Jα,β(x, t; 1, t − 1;λ−2 , λ
−
2 ,D) for x ∈ [λ−1 t,∞).

(5.26)

Remark 5.7. This Lemma is a consequence of straightforward calcu-

lations. We omit it.

Lemma 5.8. Suppose α1, α2, β ≥ 1. Then,

H
α1,α2;β
2 (x, t;D) ≤ O(1)






θβ(x, t;λ−2 ,D
′)
∫ t

0
Γα1(σ)ρα2(σ) dσ

+
∫ t

|x−λ−
2 t|

|λ−
1

|

(t− σ)−
β−1

2 ρα2(σ)dσ

for (λ1
2 − λ−2 )t ≤ x ≤ 0,

e−
(x−λ−

2
t)2

Dt

∫ t−1

1

1
√
t− σ

β
ρα2(σ)Γα1(σ) dσ

for x ≤ (λ1
2 − λ−2 ) t.

Lemma 5.9. Suppose that α ≥ 0, 3 > β − γ ≥ 0, γ > 0, and λ a

positive constant. Then, there exists a positive constant C such that for any
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fixed positive constant E > D +O(1)ǫ and a bound O(1) independent of ǫ,

Kα,β,γ(x, t; 0, t;D)

= O(1)






[(t+1)
−β+1

2 Γα(t+1)e−ǫt+(t+1)−
α
2 Γβ−1(ǫ−1)]e−

4ǫ|x|
D for x < D,

(x+1)
−β+2

2 (λt−x)−α
2 (1+ǫ

√
x+ 1)−1+Γβ−1(ǫ−1)(t+1)−

α
2 e−Cǫx

+Γα(ǫ−1)(t+ 1)
−β+1

2 e−Cǫ|x−λt| for 0 < x < λ(t+ 1) −
√
t,

(t+ 1)
−β+1

2 [Γα(t+ 1)e−Cǫt + Γα(
√
t+ 1)(1 + ǫ

√
t)−1]

+(t+ 1)−
α
2 Γβ−1(t+ 1)e−Cǫt for |x− λt| ≤

√
t+ 1,

(t+ 1)
−β+1

2 [Γα(
√
t+ 1)(1 + ǫ

√
t)−1e

− (x−λt)2

D(t+1)

+(t+ 1)
1
2 (x− λt)−

α
2 e−Cǫ|x−λt|

+Γα(ǫ−1)e−Cǫ|x−λt|e−Cǫ2t + ǫ
α−2

2 e−
4ǫ(x−λt)

D ]

+(x− λt)
−α−2β+3

2 e−Cǫ(x−λt) + (t+ 1)−
α
2 (Γβ−1(ǫ−1)

+Γβ−1(t+ 1))e−Cǫte−
4ǫ(x−λt)

D

for x > λ(t+ 1) +
√
t+ 1.

(5.27)

In (5.27), the term Γα(
√
t+ 1) and Γβ−1(t + 1), respectively, can be inter-

changed with Γα(ǫ−1) and Γβ−1(ǫ−1). The estimates (5.27) immediately yield

the following:

ǫKα,β,γ(x, t; 0, t;λ,D) = O(1)






ψ
1
2 (x, t;λ) for α ≥ 1, β = 1,

ǫ−
1
2ψ

3
2 (x, t;λ)+θ(x, t;λ,D) for α ≥ 3, β = 1,

ψ(x, t;λ) for α ≥ 1, β = 2,

ln ǫ ψ
3
2 (x, t;λ) for α ≥ 2, β = 2.

(5.28)

Lemma 5.10. For α > 1 and β ≥ 1, the function K
α,β

1,1 (x, t; 0, t;D)

satisfies

K
α,β

1,1 (x, t; 0, t;D)

≤ O(1)
[
t−

β−1
2 ψα(x, t;λ−1 ) + θβ(x, t;λ−1 ,D

′) + ǫ K2α,β(x, t; 0, t;D)
]
.
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By the decomposition

ψα(y, σ;λ−1 ) e−
ǫ|y|
D ≤ O(1)





σ−α e−

ǫ|y|
D for y ≥ λ−

1 σ
2 ,

ψα(y, σ;λ−1 )e−
ǫ|λ|σ
2D for y ≤ λ−

1 σ
2 ,

it follows

∫ t−1

1

(∫

y≤λ−
1

σ

2

+

∫

y≥λ−
1

σ

2

)

θβ(x− y, t− σ;λ−1 ,D) ψα(y, σ;λ−1 ) ǫ e−
ǫ|y|
D dydσ

≤ O(1)

∫ t−1

1

∫

y≤λ−
1

σ

2

θβ(x− y, t− σ;λ−1 ,D) ψα(y, σ;λ−1 ) ǫ e−
ǫ|λ−

1
y|

D dydσ

+O(1)

∫ t−1

1

∫

y≥λ−
1

σ

2

θβ(x− y, t− σ;λ−1 ,D) ǫ σ−α e−
ǫ|y|
D dydσ

≤ O(1)
[
t−

β−1
2 ψα(x, t;λ−1 ) + θβ(x, t;λ−1 ,D

′) + ǫ K2α,β(x, t; 0, t;λ−1 ,D)
]
.

Lemma 5.11. For α, β ≥ 1,

K
α,β
1,1 (x, t; 0, t;D) ≤ O(1) ǫ K2α,β(x, t; 0, t;D)

+O(1)

(
ǫ

α−1
2 θβ(x, t;λ−1 ,D

′) + ǫ e−
ǫ |λ−

1
|t

4D t−
α
2 Γβ−1(t)e−

(x−λ−
1

t)2

D′t

)
.

Proof. By the decomposition

θα(y, σ;λ−1 ,D) e−
ǫ|y|
D ≤ O(1)





σ−α e−

ǫ|y|
D for y ≥ λ−

1 σ
2 ,

θα(y, σ;λ−1 ,D)e−
ǫ|λ|σ
2D for y ≤ λ−

1 σ
2 ,

it follows

∫ t−1

1

(∫

y≤λ−
1

σ

2

+

∫

y≥λ−
1

σ

2

)
θβ(x− y, t− σ;λ−1 ,D)θα(y, σ;λ−1 ,D)ǫe−

ǫ|y|
D dydσ

≤ O(1)

∫ t−1

1

∫

y≤λ−
1

σ

2

θβ(x−y, t−σ;λ−1 ,D)θα(y, σ;λ−1 ,D)ǫe−
ǫ|λ−

1
y|

D dydσ

+O(1)

∫ t−1

1

∫

y≥λ−
1

σ

2

θβ(x− y, t− σ;λ−1 ,D) ǫ σ−α e−
ǫ|y|
D dy dσ
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≤ O(1)
[
t−1/2

∫ t−1

1
(t− σ)−

β−1
2 σ−

α−1
2 ǫe−

ǫ|λ|σ
D2 dσ e−

(x−λt)2

Dt

+ǫ K2α,β(x, t; 0, t;λ−1 ,D)
]
. �

Lemma 5.12. Suppose that α, β ≥ 1, and λ < 0. Then,

∫ t−1

0
θβ(x, t− σ, λ,D) ρα(σ) dσ

≤ O(1)






(
ρα(t)

|λ| + e−
λ2t
D2 Γ̄α(t)t−1/2

)
(1 + |x|)−(β−1) e−

2λx
D′ for x > 0,

ρα(x−λt)
|λ| (|x|+1)β−1 + ρα(x−λt)

|λ|
3−β

2 (|x|+1)
β−1

2

+ θβ(x, t;λ,D′)Γ̄α(x− λt)

for λt+
√
t < x < 0,

ρα(t)

|λ| (|λt| + 1)β−1
+ t−β/2 Γ̄α(t) for |x− λt| ≤

√
t,

θβ(x, t;λ,D′) Γ̄α(t) for x ≤ λt−
√
t,

(5.29)

where D′ > D.

Proof. By (3.15) in the Lemma 3.3 of [10], we have that for λ 6= 0 and

D = O(1)

∫ ∞

0

e−
x2

Dσ
−λ2σ

4√
4πσ

dσ =
1

|λ| e
− |λx|√

D . (5.30)

Through this identity, we can have that for i = 0, 1

∫ ∞

0

[ |x|
t

]i e−
x2

Dσ
−λ2σ

4

√
4πσ

dσ =
1

|λ|1−i
e
− |λx|√

D . (5.31)

This yields that for all t ≥ 0

∫ t

0
θ1(x, σ;λ,D) dσ ≤ O(1)

|λ| . (5.32)
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Case. x > 0

∫ t−1

1
θβ(x, t− σ, λ,D)ρα(σ) dσ

= O(1)

(∫ t−1

t/2
+

∫ t/2

1

)
θ1(x, t− σ, 0,D′)
(x− λ(t− σ))β−1

e−
2λ|x|

D
−λ2

D
(t−σ) ρα(σ)dσ

≤ O(1) e−
2|λx|
D′

(|x| + 1)β−1

(∫ t−1

t/2
ρα(t/2) θ1(x, t− σ, 0,D′) e−

λ2(t−σ)
D dσ

+

∫ t/2

1
e−

λ2t
2D θ1(x, t, 0, 2D′) ρα(σ) dσ

)

= O(1)
e−

2|λx|
D′

(|x| + 1)β−1

(
ρα(t)

|λ| + e−
λ2t
2D t−1/2Γ̄α(t)

)
.

Case. λt+
√
t ≤ x ≤ 0.

Let E > 1.

(∫ t−1

t+ x
2λ

+

∫ t+ x
2λ

(x−λt)/E
+

∫ (x−λt)/E

1

)
θβ(x, t− σ, λ,D) ρα(σ) dσ

≤
∫ t−1

t+ x
2λ

θ1(x, t− σ, λ,D′)
|x− λ(t− σ)|β−1

ρα(x− λt) dσ

+

∫ t+ x
2λ

(x−λt)/E

θ1(x, t− σ, λ,D)

(|x| + 1)(β−1)/2
ρα

(
x− λt

E

)
dσ

+

∫ (x−λt)/E

1

θ1(x, t, λ, D̄)
(
|x|+1

λ

) β−1
2

ρα(σ) dσ

= O(1)




ρα(x− λt)

|λ| (|x| + 1)β−1
+

ρα
(

x−λt
E

)

|λ|
(
|x|+1

λ

)β−1
2

+
θ1(x, t;λ, D̄) Γ̄α

(
x−λt

E

)

(
|x|+1

λ

)β−1
2





= O(1)

[
ρα(x− λt)

|λ|(|x|+1)β−1
+

ρα
(

x−λt
E

)

|λ| 3−β
2 (|x|+1)

β−1
2

+θβ(x, t;λ,D′)Γ̄α(x− λt)

]

.

(5.33)

where D̄ = (1 − E−1)2D.
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Case. |x− λt| ≤
√
t.

(∫ t−1

t/2
+

∫ t/2

1

)

θβ(x, t− σ;λ,D) ρα(σ) dσ

= O(1)

[
ρα(t/2)

|λ| (|λt| + 1)β−1
+ t−β/2 Γ̄α(t/2)

]

≤ O(1)

[
ρα(t)

|λ| (|λt| + 1)β−1
+ t−β/2 Γ̄α(t)

]
.

Case. x− λt ≤ −
√
t

∫ t−1

1
θβ(x, t− σ;λ,D)ρα(σ)dσ ≤

∫ t−1

1

e−
(x−λt)2

Dt

|(x− λt) + λσ|β−1
√
t− σ

ρα(σ)dσ

≤ θ1(x, t;λ,D′)

|
√
t |β−1

∫ t

1
ρα(σ) dσ ≤ O(1) θβ(x, t;λ,D′) Γ̄α(t). �

Lemma 5.13. Suppose that |λ| 6= 0, ν ≥ ǫ, α, β ≥ 1. Then, the function

K̂α,β(x, t;λ,D; ν) satisfies

CaseA. |λ| = O(1), λ < 0,

When 0 ≤ t ≤ ν−1,

K̂α,β(x, t;λ,D; ν) ≤ O(1) νρα(t) e−
ν|x|
2

+O(1)Γ̄α(t)
{
min

(
1√
t
, ν

)
θβ−1(x, t;λ, D̄) + νt−

β−1
2 e−

ν|x−λt|
2

}

+O(1)






νe−
ν|x|
2

[
ρα(t)Γβ−1(t) + Γ̄α(t)t−

β−1
2 e−

νt
2

]
for x ≥ 0,

ν
[
ρα(t)Γβ−1(t) + Γ̄α(t)t−

β−1
2 e−

νt
2

]
for x ∈ [

λt

2
, 0],

ν
[
t−

β−1
2 Γ̄α(t) + Γβ−1(t)e−

νt
2 ρα(t)

]
for x ∈ [λt,

λt

2
],

νe−
ν|x−λt|

2

[
t−

β−1
2 Γ̄α(t) + Γβ−1(t)e−

νt
2 ρα(t)

]
for x ≤ λt;

When t ≥ ν−1,

K̂α,β(x, t;λ,D; ν) ≤ O(1) νρα(t)e−
ν|x|
2

+O(1)Γ̄α(t)
{
min

(
1√
t
, ν

)
θβ−1(x, t;λ, D̄) + t−

β−1
2 e−

ν|x−λt|
2
}
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+O(1)






νe−
ν|x|
2

[
ρα(t)Γβ−1(t) + Γ̄α(t)t−

β−1
2 e−

νt
2

]
for x ≥ 0,

ρα(t) min
(
(|x| + 1)−

β−1
2 , ν−

β−1
2
)

for x ∈ [
λt

2
, 0],

t−
β−1

2 ρα(x− λt) for x ∈ [λt,
λt

2
],

νe−
ν|x−λt|

2

[
t−

β−1
2 Γ̄α(t) + Γβ−1(t)e−

νt
2 ρα(t)

]
for x ≤ λt;

Case B. λ = O(1) ǫ, ν ≥ ǫ, λ > 0, x ≤ 0

K̂α,β(x, t;λ,D; ν)

≤ O(1)

(
ρα(t)

|λ| + e−
λ2t
D2 Γ̄α(t)t−1/2

)
νmax(1, |λ|β−2) e−ν|x|/2.

Proof. We can treat K̂α,β(x, t;λ,D; ν) as

K̂α,β(x, t;λ,D; ν) =

∫

R

(∫ t−1

1
θβ(x− y, t− σ, λ;D) ρα(σ) dσ

)
ν e−ν|y| dy.

This Lemma is consequence of the convolution of νe−ν|x| with
∫ t−1
1 θβ(x, t−

σ, λ,D) dσ. Consider the convolution of νe−ν|x| and the upper bound of∫ t−1
1 θβ(x, t− σ, λ,D) dσ by Lemma 5.12. Then, this lemma follows. �

5.2. Technical lemmas for compressive fields

Denote G±(x, t; y, σ) the Green functions of the following two linearized

Burgers equations:

ut + Λ±(x) ux − uxx = 0. (LB)

By Cole-Hopf transformation, we can have the Green functionsG±(x, t; y, σ):

G+(x, t; y, σ) ≡
cosh

(
λ+
2 y
2

)

cosh
(

λ+
2 x
2

) e
− (x−y)2

4(t−σ)

√
4π(t− σ)

e−
[λ+

2
(t−σ)]2

4

G−(x, t; y, σ) ≡
cosh

(
λ−
2 y
2

)

cosh
(

λ−
2 x
2

) e
− (x−y)2

4(t−σ)

√
4π(t− σ)

e−
[λ−

2
(t−σ)]2

4 . (5.34)
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We use G−(x, t; y, σ) to approximate the Green function of the linear prob-

lem:

ut + (λ2(φ(x) − s) ux − uxx = 0.

The truncation error of G−(x, t; y, σ) for the backward equation:

T (x, t; y, σ) ≡ −
(
∂σ + ∂y(λ2(φ) − s) + ∂2

y

)
G−(x, t; y, σ)

= −∂y

[
(λ2(φ(y)) − s− Λ−(y)) G−(x, t; y, σ)

]

= O(1) ǫ3 e−
λ−
2

|y|(1+O(ǫ))

4 G−(x, t; y, σ)

+O(1)ǫ2∂yG−(x, t; y, σ) ·





e−λ−

2 |y|(1+O(ǫ)) for y ≤ 0,

1 for y ≥ 0.
(5.35)

Tx(x, t; y, σ) = O(1) ǫ3 e−λ−
2 |y|(1+O(ǫ)) ∂xG−(x, t; y, σ)

+∂yO(1) ǫ2 ∂yG−(x, t; y, σ) ·
{
e−λ−

2 |y|(1+O(ǫ)) for y ≤ 0,

1 for y ≥ 0.
(5.36)

From the definition of G−(x, t; y, σ), we have that

∂xG−(x, t; y, σ)

= −λ
−
2 sinh

λ−
2 (x−y)

2 e
− (x−y)2

4(t−σ)
− (λ−

2
(t−σ))2

4

4
√
π(t− σ) cosh2 λ−

2 x
2

− ∂yG−(x, t; y, σ)

= O(1) λ−2 e
−λ−

2 |x| θ1(|x− y|, t− σ;λ−2 , 4) − ∂yG−(x, t; y, σ). (5.37)

The expansion of the Green function G−(x, t; y, σ):

Case x < 0, y < 0. (5.38a)






G−= O(1) θ1(x− y, t− σ;λ−2 , 4),

∂yG−= O(1)
[
λ−2 e

−|λ−
2 y| G− + ∂yθ

1(x− y, t− σ;λ−2 , 4)
]
,

∂2
yG−= O(1)

[
(λ−2 e

−|λ−
2 y|)2G−+λ−2 e

−|λ−
2 y|∂yθ

1(x− y, t− σ;λ−2 , 4)

+∂2
yθ

1(x− y, t− σ;λ−2 , 4)
]
,
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Case x > 0, y < 0. (5.38b)






G−= O(1) e−|λ−
2 x| θ1(x− y, t− σ;λ−2 , 4),

∂yG−= O(1)
[
λ−2 e

−|λ−
2 y| G− + e−|λ−

2 x| ∂yθ
1(x− y, t− σ;λ−2 , 4)

]
,

∂2
yG−= O(1)

[
(λ−2 e

−|λ−
2 y|)2 G− + λ−2 e

−|λ−
2 x|−|λ−

2 y| ∂yθ
1(x− y, t− σ;λ−2 , 4)

+e−|λ−
2 x| ∂2

yθ
1(x− y, t− σ;λ−2 , 4)

]
,

Case x > 0, y > 0. (5.38c)






G−= O(1) θ1(x− y, t− σ;−λ−2 , 4),

∂yG−= O(1)
[
λ−2 e

−|λ−
2 y| G− + ∂yθ(x− y, t− σ;−λ−2 , 4)

]
,

∂2
yG−= O(1)

[
(λ−2 e

−|λ−
2 y|)2 G− + λ−2 e

−|λ−
2 y|∂yθ

1(x− y, t− σ;−λ−2 , 4)

+∂2
yθ

1(x− y, t− σ;−λ−2 , 4)
]
,

Case x < 0, y > 0. (5.38d)





G−= O(1) e−|λ−
2 x| θ1(x− y, t− σ;−λ−2 , 4),

∂yG−= O(1)
[
λ−2 e

−|λ−
2 y| G− + e−|λ−

2 x| ∂yθ
1(x− y, t− σ;−λ−2 , 4)

]
,

∂2
yG−= O(1)

[
(λ−2 e

−|λ−
2 y|)2 G−+λ−2 e

−|λ−
2 x|−|λ−

2 y|∂yθ
1(x−y, t− σ;−λ−2 , 4)

+e−|λ−
2 x| ∂2

yθ
1(x− y, t− σ;−λ−2 , 4)

]
.

Lemma 5.14. For y ∈ [−J0, 0] the function G−(x, t; y, σ) satisfies

Case. −J0 ≤ x, y ≤ 0,

∣∣∣∣
∫ t

0
∂xG−(x, t; y, σ)

[
(1 + σ)(1 + ǫ

√
σ + 1)

]−1
dσ

∣∣∣∣ (5.39)

≤ O(1)






| log ǫ|
[
(1 + t)(1 + ǫ

√
1 + t)

]−1
e−

λ−
2

|x−y|
2 for x ≤ y,

| log ǫ|
[
(1 + t)(1 + ǫ

√
1 + t)

]−1
for x ∈ [y, y +

λ−
2 t
3 ],

| log ǫ|
[

1
t + ǫ√

t

]
for x ∈ [y +

λ−
2 t
3 , y + λ−2 t],

[
(1 + t)(1 + ǫ

√
1 + t)

]−1
+ | log ǫ|

[
1
t + ǫ√

t

]
e−

(x−λ−
2

t)2

4t for x ≥ y + λ−2 t,
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Case. x > 0; −J0 ≤ y ≤ 0

∣∣∣∣

∫ t

0
∂xG−(x, t; y, σ)

[
(1 + σ)(1 + ǫ

√
σ + 1)

]−1
dσ

∣∣∣∣

≤ O(1)
| log ǫ| e−λ−

2 |x| e−
λ−
2

|x−y|
2

(1 + t)(1 + ǫ
√
t)

. (5.40)

Proof. By (5.31), we have that

∫ t

0
|∂xθ

1(x− y, t− σ;λ−2 , 4)| dσ

≤ O(1)

∫ t

0

[ |x|
t− σ

+ λ−2

]
e
− (x−y)2

4(t−σ)
− (λ−

2
)2(t−σ)

4
+

λ−
2

(x−y)

2

√
t− σ

dσ

≤ O(1) e−
λ−
2

|x−y|
2

+
λ−
2

(x−y)

2 . (5.41)

Case. x ≤ y.

By (5.41) and (5.38a), we have that

∣∣∣∣∣

(∫ t/2

0
+

∫ t

t/2

)
∂xG−(x, t; y, σ) [(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

∣∣∣∣∣

≤ O(1) max
σ∈[0, t

2
]
|∂xG−(x, t; y, σ)|

∫ t
2

0
[(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

+O(1)

∫ t

t
2

|∂xG−(x, t; y, σ)| dσ · [(1 + t)(1 + ǫ
√

1 + t)]−1

≤ O(1) | log ǫ| e−
λ−
2

|x−y|
2

(1 + t)(1 + ǫ
√

1 + t)
.

Case. y ≤ x ≤ y +
λ−
2 t
3 & x ≤ 0.

∣∣∣∣∣

(∫ t/2

0
+

∫ t

t/2

)

∂xG−(x, t; y, σ) [(1 + σ)(1 + ǫ
√

1 + σ)]−1 dσ

∣∣∣∣∣

≤ O(1) max
σ∈[0, t

2
]
|∂xG−(x, t; y, σ)|

∫ t
2

0
[(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

+O(1)

∫ t

t
2

|∂xG−(x, t; y, σ)| dσ · [(1 + t)(1 + ǫ
√

1 + t)]−1
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≤ O(1) | log ǫ|
(1 + t)(1 + ǫ

√
1 + t)

.

Case. x ∈ [y +
λ−
2 t
3 , y + λ−2 t] & x ≤ 0.

∣∣∣∣∣

(∫ t/2

0
+

∫ t

t/2

)
∂xG−(x, t; y, σ) [(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

∣∣∣∣∣

≤ O(1) max
σ∈[0, t

2
]
|∂xG−(x, t; y, σ)|

∫ t
2

0
[(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

+O(1)

∫ t

t
2

|∂xG−(x, t; y, σ)| dσ · [(1 + t)(1 + ǫ
√

1 + t)]−1

≤ O(1) | log ǫ|
(

1

t+ 1
+

ǫ√
t+ 1

)
+O(1)

[
(t+ 1)(1 + ǫ

√
t+ 1)

]−1
.

Case. x ≥ y + λ−2 t & x ≤ 0.

∣∣∣∣∣

(∫ t/2

0
+

∫ t

t/2

)
∂xG−(x, t; y, σ) [(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

∣∣∣∣∣

≤ O(1) max
σ∈[0, t

2
]
|∂xG−(x, t; y, σ)|

∫ t
2

0
[(1 + σ)(1 + ǫ

√
1 + σ)]−1 dσ

+O(1)

∫ t

t
2

|∂xG−(x, t; y, σ)| dσ · [(1 + t)(1 + ǫ
√

1 + t)]−1

≤ O(1) | log ǫ|
(

1

t+ 1
+

ǫ√
t+ 1

)
e−

(x−λ−
2 t)2

4t

+O(1)
[
(t+ 1)(1 + ǫ

√
t+ 1)

]−1
.

Case. x ≥ 0, y ∈ [−J0, 0].

From (5.38b) and (5.41),

∣∣∣∣∣

(∫ t/2

0
+

∫ t

t/2

)

∂xG−(x, t; y, σ) [(1 + σ)(1 + ǫ
√

1 + σ)]−1 dσ

∣∣∣∣∣

≤ O(1) e−λ−
2 |x|

(∫ t/2

0
+

∫ t

t/2

)[
λ−2 θ1(x− y, t− σ,−λ−2 , 4)

+∂yθ
1(x− y, t− σ;−λ−2 , 4)

]
·
[
(1 + σ)(1 + ǫ

√
σ)
]−1

dσ

≤ O(1) | log ǫ| e−λ−
2 |x| e−

λ−
2 |x−y|

2

[
(1 + t)(1 + ǫ

√
t)
]−1

. �
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The following two lemmas are consequences of Lemma 5.14.

Lemma 5.15. The function G−(x, t; y, σ) satisfies

λ−2

∣∣∣∣
∫ t

0

∫ 0

−J0

|∂xG−(x, t; y, σ)|
[
(σ + 1)(1 + ǫ

√
σ)
]−1

dydσ

∣∣∣∣

≤ O(1)






(
| log ǫ| + |λ−2 | |x+ J0|

) [
(t+ 1)(1 + ǫ

√
t)
]−1

for x ≤ 0,

| log ǫ| e−λ−
2 |x|

[
(1 + t)(1 + ǫ

√
t)
]−1

for x ≥ 0.

Lemma 5.16. For x ≥ −J0 + 1, the function G−(x, t; y, σ) satisfies

|
∫ t

0
|∂x∂yG−(x, t;−J0, σ) |

[
(σ + 1)(1 + ǫ

√
σ)
]−1

dσ

≤ O(1)






J | log ǫ|2
[
(1 + t)(1 + ǫ

√
1 + t)

]−1
for x ∈ [−J0, 0],

J | log ǫ|2 e−λ−
2 |x| e−

λ−
2

|x−y|
2

(1 + t)(1 + ǫ
√
t)

for x ≥ 0.

Lemma 5.17. There exists K0 ≥ 2 which is independent of ǫ such that

∫ t

0

∫

R
|∂xG−(x, t; y, σ)| e−λ−

2 |y|(1+O(ǫ))ρ1(σ)dydσ ≤ K0

ǫ
e−

λ−
2

|x|
2 ρ1(t),

∫ t

0

∫

R
|∂xG−(x, t; y, σ)|

[
l2(u−) · I2[γ̄](y, σ)

]
dydσ ≤ K0 δe

−λ−
2

|x|
2

(1+O(1)ǫ)ρ1(t)

for all t ≥ 0, where I2[γ̄] is defined in (4.2).

Proof. We use the formula (5.34) for the Green function G−(x, t; y, σ).

So, we have that

∂xG−(x, t; y, σ) ≤ O(1) e−
|λ−

2 x|
2

(|x|−|y|)( ǫ√
t− σ

+
1

t− σ

)
e
− (x−y)2

8(t−σ)
− (λ−

2
)2 (t−σ)

4

This yields

∫ t−1

0

∫

R
∂xG−(x, t; y, σ) ρ1(σ) e−λ−

2 |y|/2dydσ
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≤ O(1) e−
λ−
2 |x|
2

∫ t−1

0

[
ǫ+

1√
t− σ

]
ρ1(σ) e−O(1)(λ−

2 )2(t−σ) dσ

≤ O(1)

ǫ
ρ1(σ) e−

λ−
2 |x|
2 . (5.42)

The function I2[γ̄](y, σ) satisfies

‖I2[γ̄](y, σ)‖ ≤ O(1)
e−|y| + |λ−2 | e−|λ−

2 y|
√
σ(1 + ǫ2σ)

; where |λ−2 | =
ǫ

2
(1 +O(1)ǫ).

From the above two, it follows

∫ t−1

0

∫

R
∂xG−(x, t; y, σ) I2(y, σ) dy dσ ≤ O(1)√

t(1 + ǫ2t)
e−

|λ−
2

x|
2 .

This concludes the lemma. �

6. Proofs Theorems DW, A and B

Proof of Lemma P

Proof. The integral representation of the solution w(x, t) is

w(x, t) =

∫ t

0

∫

R
θ1(x− y, t− σ;λ−1 , 4) · · ·

(
l1(u−) ·

[
f ′′(A)(Θ, wr1(u−))

+N̄ [w]
]

y
(y, σ) + S(y, σ)

)
dydσ. (6.1)

By Lemma 5.13 with (α, β) = (1, i+ 1) and (λ, ν) = (λ−1 , λ
−
2 ) we have that

∣∣∣∣∂
i
x

∫ t

0

∫

R
θ1(x− y, t− σ;λ−1 , 4)S(y, σ)dydσ

∣∣∣∣

≤ O(1)
ǫ0

|λ−2 |






ρ1(t)e−λ−
2 |x|(1+O(ǫ)) for x ≥ 0,

min
(
|λ−2 |, t−(i−1)/2

)
Γ̄1(t)θ1(x, t;λ−1 ,D)

+ min
(√

|λ−2 |min(2,i−1), (|x| + 1)−
|i−1|

2

)

× η1(x, t) for x ≤ 0.

(6.2)

When both δ and ǫ0 ≪ λ−2 , the effect from the nonlinear term N̄ [w]y and
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f ′′(A)(Θ, w) are much less than the source term S(x, t). Then, a standard

Picard’s iteration,

wk(x, t) =

∫ t

0

∫

R
θ1(x− y, t− σ;λ−1 , 4) ·

(
l1(u−) ·

[
f ′′(A)(Θ, wk−1r1(u−))

+N̄ [wk−1]
]

y
(y, σ) + S(y, σ)

)
dydσ, (6.3)

will prove this Lemma. We omit the details of this proof. �

Proof of Theorem DW

Proof. Let E′ ∈ (0, 1) and E = 4/(1 − (E′)2).

From the definition of Θ̄2
1(x, t),

Θ̄2
1(x, t) =

(∫

|y|>E′|x−λ−
2 t|

+

∫

|y|<E′|x−λ−
2 |

)
θ1(x− y, t;λ−2 , 4)v

2(y, 0)dy

= O(1)δ
[
ψ3/2(x, t;λ−2 ) + θ1(x, t;λ−2 , E)

]
.

Therefore,

Θ2
1(x, t) =






0 for x ≥ 1,

O(1)δ
[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
,

(6.4)

|∂xΘ2
1(x, t)| =






0 for x ≥ 1,

O(1)δ
[
θ2(x, t;λ−2 , 2E) + t−1/2ψ3/2(x, t;λ−2 )

+ ρ1(t)̺(x)
]
,

(6.5)

E1(x, t) = O(1)δ̺(x, t)ρ1(t),

E
−
1 (x, t) = O(1)δǫ̺(x, t)ρ1(t).

By Lemma 5.12 with (α, β) = (1, 1), we have that

Θ1
1(x, t) =

∫

R
θ1(x− y, t;λ−1 , 4)

[
v1(y, 0) + Ψ(y)

]
dy

+

∫ t

0

∫

R
θ1(x− y, t− σ;λ−1 , 4)E

−
1 (y, σ)dydσ



2009] SHOCK WAVE TRACING 279

= O(1)δ
[
θ1(x, t;λ−1 , E) + ψ3/2(x, t;λ−1 )

]

+O(1)δ

∫ t

0
θ1(x; t− σ;λ−1 , 4)ǫρ

1(σ)dσ

≤ O(1)δ






θ1(x, t;λ−1 , E) + ψ3/2(x, t;λ−1 ) for x < λ−1 t,

θ1(x, t;λ−1 , E) + ǫη1(x, t) for λ−1 t ≤ x < 1,

ǫρ1(t)e−|λ−
1 |x/2 + θ1(x, t;λ−1 , E) for x ≥ 1.

(6.6)

Differentiate the above with respect to x, we obtain that

|∂xΘ1
1(x, t)|

= O(1)δ






θ2(x, t;λ−1 , E) + t−
1
2ψ3/2(x, t;λ−1 ) for x < λ−1 t,

θ2(x, t;λ−1 , E) + ǫη1(x, t)(|x| + 1)−
1
2 for λ−1 t ≤ x < 1,

ǫρ1(t)e−|λ−
1 |x/2(|x|+1)−1+θ2(x, t;λ−1 , E) for x ≥ 1.

(6.7)

In order to evaluate D̄2
1, we need some extra cancellations from the equations.

First, we need to handle the nonlinear terms N [Θ1] as follows

N [Θ1] =
∑

1≤i,j,k≤2

∫ 1

0

∫ 1

0
ξC k

ij(u− + ξξ̄Θ1)Θ
i
1Θ

j
1dξdξ̄rk(u−)

where C k
ij(u) ≡ lk(u−)f ′′(u)(ri(u−), rj(u−)). We define

ik
ij ≡

∫ t

0

∫

R

(∫ 1

0

∫ 1

0
θ1(x− y, t− σ;λ−k , 4)

×ξ
[
C

k
ij(u− + ξ̄ξΘ1)(Θ

i
1Θ

j
1)(y, σ)

]

y
dξdξ̄

)
dydσ.

The function D̄2
1(x, t) can be represented as

D̄
2
1(x, t) =

∑

1≤i,j≤2

i2
ij(x, t). (6.8)

From the above estimates of Θ1
1 and Θ2

1, we have that

Θ1
1(x, t)Θ

2
1(x, t)
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≤ O(1)δ2






[
θ1(x, t;λ−1 , E) + ψ3/2(x, t;λ−1 )

][
e−

(λ−
1 )2t

4E√
t

+ (1 + t)−3/2
]

for x ≤ λ−1 t,

[
θ1(x, t;λ−1 , E) + ǫη1(x, t)

][
e−

(λ−
1 )2t

4E√
t

+ (1 + t)−3/2

]

for x ∈ [λ−1 t, λ
−
1 t/2],

[
e−

(λ−
1

)2t

4E√
t

+ ǫρ1(t)

][
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]

for x ∈ [λ−1 t/2, 1],

0 for x ≥ 1.

This, ρα(t) ≤ ǫ−2α(1 + t)−3α/2, and ηα(x, t) ≤ ǫ−2αψ3α(x, t;λ−1 ) yield that

Θ1
1(x, t)Θ

2
1(x, t)

≤ O(1)






δ2
[
θ4(x, t;λ−1 , E) + ψ3/2(x, t;λ−1 )t−3/2

]
for x ≤ λ−1 t,

δ2
[
θ4(x, t;λ−1 , E) + ǫ−1ψ3/2(x, t;λ−1 )t−3/2

]

for x ∈ [λ−1 t, λ
−
1 t/2],

δ2ǫ−1ψ3(x, t;λ−2 ) for x ∈ [λ−1 t/2, 1],

0 for x ≥ 1.

Substitute (λ, µ) = (λ−2 , λ
−
1 ) into Lemma 5.2 with (α, β) = (4, 2) to yield

that

∫ t

0

∫

R
θ2(x− y, t− σ;λ−2 )θ4(y, σ;λ−1 , E)dydσ = O(1)ψ3/2(x, t;λ−2 ), (6.9)

and substitute (λ, µ) = (λ−2 , λ
−
2 ) into Lemma 5.4. with (α, β) = (3, 2); and

Lemma 5.5. with (β, α1, α2) = (2, 3/2, 3/2) to yield that

∫ t

0

∫

y>
λ
−
1 σ

2

θ2(x− y, t− σ;λ−2 )ψ3(y, σ;λ−2 )dydσ

= O(1)ψ3/2(x, t;λ−2 ), (6.10)
∫ t

0

∫

y<
λ−
1

σ

2

θ2(x− y, t− σ;λ−2 )ψ3/2(y, σ;λ−2 )(σ + 1)−3/2dydσ

≤ O(1)t−1/4ψ3/2(x, t;λ−2 ). (6.11)
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By combining (6.9), (6.10), and (6.11), we have that

i221(x, t), i
2
12(x, t) ≤ O(1)

δ2

ǫ
ψ3/2(x, t;λ−2 ). (6.12)

By Lemma 5.3 with (λ, µ) = (λ−2 , λ
−
2 ) and (α, β) = (3, 2),

i222(x, t) = O(1)δ2ψ3/2(x, t;λ−2 ). (6.13)

For the term i211, we need to consider that

i211(x, t) =

∫ t

0

∫

R
θ1(x−y, t−σ;λ−2 , 4)

(
C

2
11Θ

1
1Θ

1
1

)

y
dydσ

= O(1)

∫ t

0

∫

R
θ1(x−y, t−σ;λ−2 , 4)‖Θ1y(y, σ)‖ · Θ1

1(y, σ)2; dydσ

−
∫ t

0

∫

R
θ1(x−y, t−σ;λ−2 , 4)C

2
11

{∂σ + λ−2 ∂y − ∂2
y}Θ1

1(y, σ)2

(λ−1 − λ−2 )
dydσ

+

∫ t

0

∫

R
θ1(x−y, t−σ;λ−2 , 4)C

2
11

{∂σ + λ−1 ∂y − ∂2
y}Θ1

1(y, σ)2

(λ−1 − λ−2 )
dydσ

≡ j1 + j2 + j3. (6.14)

By the estimates for Θ1(x, t),

‖Θ1x(x, t)‖Θ1
1(x, t)

2

≤ O(1)δ3






[1 + ǫ−2t−
1
2 + ǫ−1]θ4(x, t;λ−1 , 2E) + ǫ−3t−

1
2ψ

9
2 (x, t;λ−1 )

for x ≤ λ−1 t/2,

ǫ−3t−
9
2 (|x| + 1)−

1
2 +ǫ−2

[
θ8(x, t;λ−2 , 2E)+t−

7
2ψ

3
2 (x, t;λ−2 )

]

for x ≤ [λ−1 t/2,−1],

(
ǫ3ρ3(t) + e−

(λ−
1

)2t

4E

)
e−

−|λ−
1

x|
2E for x ≥ −1.

By Lemma 5.2 with (α, β) = (4, 1), (λ, µ) = (λ−2 , λ
−
1 ); and by (5.22) with

(α, β) = (9/2, 1), (λ, µ) = (λ−2 , λ
−
1 ), we have that

∫ t

0

∫

y≤λ−
1 σ/2

θ1(x− y, t− σ;λ−2 , 4)‖Θ1y(y, σ)‖Θ2
1(y, σ)2dydσ

≤ O(1)
δ3

ǫ3

[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
. (6.15)
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When y ∈ [λ−1 t/2, 0] and ι, τ > 0, we may treat t−ι and ψτ (x, t;λ−2 ) as

ψι(x, t;λ−1 ) and ψτ/2(x, t;λ−1 ) respectively. Then, by Lemma 5.2, with (α, β) =

(8, 1), (λ, µ) = (λ−2 , λ
−
1 ); and by (5.22) with (α, β) = (17/4, 1), (λ, µ) =

(λ−2 , λ
−
1 ),

∫ t

0

∫ −1

λ−
1 σ/2

θ1(x− y, t− σ;λ−2 , 4)‖Θ1y(y, σ)‖Θ2
1(y, σ)2dydσ

≤ O(1)
δ3

ǫ3

[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
. (6.16)

By Lemma 5.13 with ν = O(1) and λ = λ−2
∫ t

0

∫

y≥−1
θ1(x− y, t− σ;λ−2 , 4)‖Θ1y(y, σ)‖Θ2

1(y, σ)2dydσ

≤ O(1)

∫ t

0

∫

y≥−1
θ1(x− y, t− σ;λ−2 , 4)

[
ǫ3ρ3(σ) + e−O(1)σ

]
e−O(1)|y|dydσ

≤ O(1)δ3






[
ǫ2ρ3(t) + ǫ−1e−O(1)t + e−O(1)ǫ2t

]
e−|λ−

2 x| for x ≤ 1,

O(1)ǫ2ρ3(t) + ǫ−1e−O(1)ǫt for x ≥ 1.
(6.17)

From (6.15), (6.16), and (6.17) we have that

j1 ≤ O(1)
δ3

ǫ3

[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
. (6.18)

By integration by parts,

j2 =O(1)

∫ t

0

∫

R
‖Θ1y(y, σ)‖

∣∣∣∣∂y

(
θ1(x− y, t− σ;λ−2 , 4)Θ

1
1(y, σ)2

)∣∣∣∣dydσ

=O(1)

∫ t

0

∫

R
θ2(x− y, t− σ;λ−2 , E)‖Θ1y(y, σ)‖Θ1

1(y, σ)2dydσ

+O(1)

∫ t

0

∫

R
θ1(x−y, t−σ;λ−2 , E)‖Θ1y(y, σ)‖Θ1

1y(y, σ)Θ1
1(y, σ)dydσ.(6.19)

Similar to (6.18), we have

j2 ≤ O(1)
δ3

ǫ3

[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
. (6.20)
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By the equation for Θ1
1(x, t) in (3.2c), we have

j3 = O(1)

∫ t

0

∫

R
θ1(x−y, t−σ;λ−2 , 4)

(
Θ1

1(y, σ)E −
1 (y, σ)+Θ1

1y(y, σ)2
)
dydσ

≡ j1
3 + j2

3. (6.21)

Since

Θ1
1(x, t) · |E −

1 (x, t)| ≤ δ2ǫ2ρ2(t)̺(x),

by Lemma 5.12 with λ = λ−2 , D = O(1), and (α, β) = (2, 1), we have

χ− · j1
3 ≤ O(1)

δ2

ǫ
χ− · ψ2(x, t;λ−2 ). (6.22)

In the evaluation of j2
3, we need to use (6.7); and break the function η(y, σ)2

(1 + |y|)−1 for y ≤ 0 as follows

η(y, σ)2(1 + |y|)−1

≤ O(1)






0 for y ≤ λ−1 σ +
√
σ,

[√
|y − λ−1 σ||y − λ−1 σ|

]−2
σ−1 for y ∈ [λ−1 σ +

√
σ, λ−1 σ/2],

ρ2(σ)(|y| + 1)−1 for y ∈ [λ−1 σ/2, 0].

Then, by Lemma 5.8 with (α1, α2, β) = (2, 2, 1), we have that for x ≤ 1

∫ t

0

∫ 0

λ−
1 σ/2

θ1(x− y, t− σ;λ−2 ,D)(|y| + 1)−1η2(y, σ)dydσ

≤ O(1)






1
ǫ

[
θ1(x, t;λ−2 ,D) + ρ1(|x− λ−2 |)

]
for (

λ−
1
2 − λ−2 )t ≤ x ≤ 0,

e−
(x−λ

−
2 t)2

D′t
(

1
ǫ
√

t
+ 1

(1+ǫ2t)−2

)
for x ≤ (

λ−
1
2 − λ−2 )t.

(6.23)

For y ∈ [λ−1 σ, λ
−
1 σ/2],

(|y| + 1)−1η2(y, σ) ≤ O(1)σ−1ψ3(y, σ;λ−1 )ǫ−4 ≤ O(1)ψ4(y, σ;λ−1 ).

Then, by Lemma 5.4 with (α, β) = (4, 1) will have that

∫ t

0

∫ λ−
1 σ/2

λ−
1 σ

θ1(x− y, t− σ;λ−2 , 4)
η2(y, σ)

|y| dydσ
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≤ O(1)
1

ǫ4

[
θ1(x, t;λ−2 ,D) + ψ3/2(x, t;λ−2 )

]
.

So, we have that

χ−j2
3 ≤ O(1)

δ2

ǫ4

[
θ1(x, t;λ−2 ,D

′) + ψ3/2(x, t;λ−2 )
]
.

For the term i2
22(x, t), by Lemma 5.1 with (α, β) = (2, 2) and Lemma 5.3

with (α, β) = (3, 2) it follows

i2
22(x, t) ≤ O(1)δ2

[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
.

As a consequence of the estimates of i2
ij , there exist c0 and c1 which are

independent of ǫ and ǭ such that

D
2
1(x, t) ≡ χ−D̄

2
1(x, t) ≤ c0ǭ





δ
[
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

]
for x ≤ 1,

0 for x ≥ 1,

(6.24)

where ǭ = δ/ǫ4.

This also yields that





E2(x, t) ≤ c1ǭδρ

1(t)̺(x),

E
−
2 (x, t) ≤ c1ǭδǫρ

1(t)̺(x).

By similar procedures, we will have that

|∂xD
2
1(x, t)|

≤ O(1)ǭ





δ
[

1√
t
+ ̺(x)

](
θ1(x, t;λ−2 , E) + ψ3/2(x, t;λ−2 )

)
for x ≤ 1,

0 for x ≥ 1.

For the term D1
1(x, t), we have the representation

D
1
1(x, t) =

∑

1≤i,j≤2

i1
ij(x, t) +

∫ t

0

∫

R
θ1(x− y, t− σ;λ−1 , 4)E

−
2 (y, σ)dydσ.

The ways of estimating i1
11 is similar to that in (6.13), so we omit the calcu-

lation, here. The method to estimate i112 is similar to that for obtaining i2
21
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in (6.12). We omit it, too. We have that

|i1
11|, |i1

12|, |i1
21| ≤ O(1)δ

(
δ

ǫ
ψ3/2(x, t;λ−1 ) + δθ1(x, t;λ−1 )

)
.

The way of estimating i1
22(x, t) is rather simpler compared to the estimate

of i2
11(x, t) in the following sense:

i1
22(x, t) ≤ O(1)δ2

∫ t

0

∫

y<1
|∂yθ

1(x− y, t− σ;λ−1 , 4)|

×
[
θ2(y, σ;λ−2 , 4) + ψ3(y, σ;λ−2 )

]
dydσ

≤ O(1)δ2






θ3/2(x, t;λ−1 , E) + ψ3/2(x, t;λ−1 ) for x ≤ λ−1 t+
√
t,

θ1(x, t;λ−1 , E) + ρ1(x− λ−2 t) for x ∈ [λ−1 t, 0],

e−
|λ−

1
−λ−

2
| x

2 ρ1(t) for x ≥ 0.

By Lemma 5.13 with ν = 1 and (α, β) = (1, 1), it follows

∫ t

0

∫

R
θ1(x− y, t− σ;λ−1 , 4)E

−
2 (y, σ)dydσ

≤ O(1)δǭ






θ1(x, t;λ−1 , E) for x ≤ λ−1 t−
√
t,

θ1(x, t;λ−1 , E) + ǫρ1(x− λ−1 t) for λ−1 t+
√
t ≤ x ≤ 1,

ρ1(t)e−|(λ−
1 −λ−

2 )x|/2 for x ≥ 1.

So, we conclude that

D
1
1(x, t)≤O(1)δǭ






θ1(x, t;λ−1 , E)+ψ3/2(x, t;λ−1 ) for x ≤ λ−1 t+
√
t,

θ1(x, t;λ−1 , E) + ǫη(x, t) for λ−1 t+
√
t≤x≤0,

ǫρ1(t)e−
|λ−

1
−λ−

2
|x

2 for x ≥ 0,

(6.25)

and similarly,

|∂xD
1
1(x, t)|

≤ O(1)δǭ






1√
t

[
θ1(x, t;λ−1 , E) + ψ3/2(x, t;λ−1 )

]
for x ≤ λ−1 t+

√
t,

1√
|x|+1

[
θ1(x, t;λ−1 , E) + ǫη(x, t)

]
for ≤ λ−1 t+

√
t ≤ x ≤ 0,

ǫρ1(t)e−
|λ−

1 −λ
−
2 |x

2 for x ≥ 0,



286 TAI-PING LIU AND SHIH-HSIEN YU [September

So, the theorem is true for Di when i = 1. Through the above procedure for

obtaining the estimates for ‖D1(x, t)‖, one can show the theorem is true for

all i ≥ 1. �

Proof of Theorem A.

Proof. If we can find a constant C to satisfy (4.29), then this theorem

is proved. So, we may assume the existence of such a constant C which

satisfies

C ≤ | log ǫ|. (6.26)

Combining (4.29) and (4.28), we obtain a global ansatz for the behavior of V

in space and time. Then, through the Green functions θ1(x− y, t− σ;λ−i , 4)

one has the following integral representation of Vi for i = 1, 2:

V
i(x, t)=

∫

R
θ1(x−y; t;λ−i , 4)Vi(y, 0)dy+

[
I
i
1[Θ] + I

i
2[γ̄]+I

i
3[γ̄]+

6∑

j=4

I
i
j[V]

]
(x, t),

(6.27)

We introduce a partition of unit matrix to localize the structure of shock:

P1(x) = χ+(x− J0)r2(u−) · l2(u−), P2 = 1 − P1.

We will regroup the representation for V1(x, t) as that in (4.18)

V
1(x, t) = V

1
π(x, t) + V

1
π⊥(x, t),

V
1
π(x, t) ≡

(
I
1
3[γ̄] + I

1
5[Vπ] + Ī

1
6[Vπ]

)
(x, t),

V
1
π⊥(x, t) ≡

∫

R
θ1(x− y, t;λ−1 , 4)V

1(y, 0)dy

+

[
I
1
1[Θ] + I

1
2[γ̄] + I

1
4[P 1V]

]
(x, t)

+

[
I
1
4[P 2V] +

(
I
1
5[V] − I

1
5[Vπ]

)
+
(

I
1
6[V] − Ī

1
6[Vπ]

)]
(x, t).(6.28)

By Lemma P with ǫ0 = δ we have such a C0 = O(1) to satisfy (4.29b).

In the representation of V1
π⊥ in (6.28), the functional I11[Θ] + I12[γ̄] +

I14[P 1V] is independent of the constant C . This functional will give the

dominant ansatz of V1
π⊥ .
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We proceed to establish the estimates for Vπ⊥ .

By Theorem DW and (4.3),

‖I1[Θ](x, t)‖ ≤ O(1)δǫρ1(t)e−λ−
2 |x|(1+O(ǫ)).

By Lemma 5.13 with (α, β) = (1, 2), ν = λ−2 , and λ = λ−1 , it follows that

|I11[Θ](x, t)| ≤ O(1)δ






min
(

1√
t
,
√
ǫ
)
Γ̄1(t)θ1(x, t;λ−1 ,D)

+ min
(

1√
|x|+1

,
√
ǫ
)
η1(x, t) for x ≤ 0,

√
ǫρ1(t)e−λ−

2 |x|(1+O(ǫ)) for x ≥ 0,

(6.29)

Apply Lemma 5.13 with (α, β) = (1, 2) and ν = λ−2 and ν = 1 to the

estimates in (4.7) for I2[γ̄] to yield

|I12[γ̄](x, t)| ≤ O(1)δ





ǫΓ̄2(t)θ2(x, t;λ−1 ,D) + ǫ√

|x|+1
η1(x, t) for x ≤ 0,

ǫ3/2ρ1(t)e−λ−
2 |x|(1+O(ǫ)) for x ≥ 0.

(6.30)

By (4.28a) for V2,

|l1(u−) · I4[P 1V](x, t)| ≤ O(1)| log ǫ|ǫδρ1(t)e−λ−
2 |x|(1+O(ǫ)).

Then, by Lemma 5.13 with (α, β) = (1, 2) and λ = λ−1 it yields

|I14[P 1V](x, t)|

≤ O(1)| log ǫ|δ






min
(√

ǫ, 1√
|x|+1

)
η1(x, t)

+ min
(√

ǫ, 1√
t

)
Γ̄1(t)θ1(x, t;λ−1 ,D) for x ≤ 0,

√
ǫρ1(t)e−λ−

2 |x|(1+O(ǫ)) for x ≥ 0.

(6.31)

The estimates (6.29), (6.30), and (6.31) yield that

(
|I11[Θ]| + |I12[γ̄]| + |I14[P 1V]

)
(x, t)
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≤ O(1)






δ
√
ǫ| log ǫ|ρ1(t)e−

λ−
2 |x|(1+O(ǫ))

2 for x ≥ 0,

δΓ̄1(t)| log ǫ|min
(√

ǫ, 1√
t

)
θ1(x, t;λ−1 ,D)

+ δ| log ǫ|min
(√

ǫ, 1√
|x|+1

)
η(x, t) for λ−1 t+

√
t ≤ x ≤ 0,

δΓ̄1(t)| log ǫ|min
(√

ǫ, 1√
t

)
θ1(x, t;λ−1 ,D) for x ≤ λ−1 t+

√
t,

(6.32)

For the other functionals, we substitute (4.29a) and (4.29b) with C ≤

| log ǫ| into I14[P 2V], I15[V] − I15[Vπ], and I16[V] − I16[Vπ]. Due to the choice

J0 = ǫ−1| log ǫ|J with J ≫ 1, we have that

|e−λ−
2 |x|(1+O(ǫ))χ−(x− J0)V

2(x, t)| ≪ δǫt−3/2e−3λ−
2 |x|(1+O(ǫ))/4.

On the other hand,

e−λ−
2 |x|(1+O(ǫ))‖V1

π⊥(x, t)‖ ≤ O(1)C
√
ǫ| log ǫ|δρ1(t)e−3λ−

2 |x|(1+O(ǫ))/4

≤ O(1)
√
ǫ| log ǫ|2δρ1(t)e−3λ−

2 |x|(1+O(ǫ))/4.

e−λ−
2 |x|(1+O(ǫ))‖V1

π(x, t)‖ ≤ O(1)C
δ2| log ǫ|3

ǫ3
ρ1(t)e−3λ−

2 |x|(1+O(ǫ))/4

≤ O(1)
δ2| log ǫ|4

ǫ3
ρ1(t)e−3λ−

2 |x|(1+O(ǫ))/4.

By combining the above three estimates, we have

‖P 2V(x, t)‖ ≤ e−λ−
2 |x|(1+O(ǫ))

(
|V1(x, t)| + |χ−(x− J0)||V2(x, t)|

)

≤ O(1)δ| log ǫ|2
√
ǫρ1(t)e−3λ−

2 |x|(1+O(ǫ))/4.

Then, by Lemma 5.13 with (α, β) = (1, 2) and λ = λ−1 , ν =
3λ−

2
4 , we have

|I14[P 2V](x, t)|

≤ O(1)δ| log ǫ|2
√
ǫ






min
(√

ǫ, 1√
|x|+1

)
η1(x, t)

+ min
(√

ǫ, 1√
t

)
Γ̄1(t)θ1(x, t;λ−1 ,D) for x ≤ 0,

√
ǫρ1(t)e−3λ−

2 |x|(1+O(ǫ))/4 for x ≥ 0.

(6.33)
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For the term I15[V] − I15[Vπ], it follows

∣∣∣l1(u−) · (I5[V] − I5[Vπ])(x, t)
∣∣∣

=
∣∣∣l1(u−) · I5[Vπ⊥ ](x, t)

∣∣∣

≤ O(1)C | log ǫ|δ2
[θ3(x, t;λ−1 ,D)

ǫ2
+
θ5/2(x, t;λ−1 ,D)

ǫ3
+ η1(x, t)2

]

≤ O(1)| log ǫ|2δ2
[
θ3(x, t;λ−1 ,D)

ǫ2
+
θ5/2(x, t;λ−1 ,D)

ǫ3
+ η1(x, t)2

]
. (6.34)

This yields that

∣∣∣(I15[V]−I
1
5[Vπ])(x, t)

∣∣∣ ≤ O(1)






| log ǫ|2δ2θ3/2(x,t;λ−
1 ,D)

ǫ3
for x ≤ λ−1 t+

√
t,

δ2| log ǫ|2
ǫ3|x−λ−

1 t|(1+ǫ|x−λ−
1 t|) for λ−1 t+

√
t ≤ x ≤ 0,

| log ǫ|2δ2

ǫ2
ρ1(t)e−λ−

2 |x|(1+O(ǫ)) for x ≥ 0.

(6.35)

For the term I16[V] − Ī16[Vπ],

∣∣∣N [V] − N̄ [Vπ]
∣∣∣ ≤

∣∣∣N [V] − N̄ [V]
∣∣∣+
∣∣∣N̄ [V] − N̄ [Vπ]

∣∣∣

≤ O(1)
(
|V|3 + |Vπ⊥ | · |V|

)
. (6.36)

By assuming that δ ≪ ǫ6, we have that

|V|3(x, t) ≤ O(1)δ2ǫ






θ3(x, t;λ−1 ,D) for x ≤ λ−1 t+
√
t,

θ3(x, t;λ−1 ,D) + ψ
9
2 (x, t;λ−1 )

+ ψ
9
3 (x, t;λ−1 ) for λ−1 t+

√
t ≤ x ≤ 0,

t−9/2 e−λ−
2 |x|(1+O(ǫ)) for x ≥ 0,

(6.37)

|V| · |Vπ⊥ | ≤ O(1)






δ2ǫ2θ
5
2 (x, t;λ1

1,D) + δǫθ3(x, t;λ−1 ,D)

for x ≤ λ−1 t+
√
t,

δ2ǫ2θ
5
2 (x, t;λ−1 ,D) + δǫψ3(x, t;λ−1 )

for x ∈ [λ−1 t+
√
t,−J0],

δǫt−3 for x ∈ [−J0, 0],

δǫt−3e−λ−
2 |x|(1+O(ǫ)) for x ≥ 0.

(6.38)
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The above two estimates yield that

∣∣∣(I16[V] − Ī
1
6[Vπ]

∣∣∣(x, t) ≪
∣∣∣(I15[V] − I

1
5[Vπ]

∣∣∣(x, t). (6.39)

So, (6.32), (6.33), (6.35), (6.39) conclude that

|V1
π⊥(x, t)|

≤ O(1)






δ
√
ǫ| log ǫ|ρ1(t)e−

λ
−
2 |x|(1+O(ǫ))

2 for x ≥ 0,

δΓ̄1(t)| log ǫ|min
(√

ǫ, 1√
t

)
θ1(x, t;λ−1 ,D)

+ δ| log ǫ|min
(√

ǫ, 1√
|x|+1

)
η(x, t)

+ δ2| log ǫ|2
ǫ3

{
|x− λ−1 t|

(
1 + ǫ|x− λ−1 t|

1
2

)}−1

for λ−1 t+
√
t ≤ x ≤ 0,

δΓ̄1(t)| log ǫ|min
(√

ǫ, 1√
t

)
θ1(x, t;λ−1 ,D)

+ δ2| log ǫ|3
ǫ3

θ3/2(x, t;λ−1 ,D
′)

for x ≤ λ−1 t+
√
t,

(6.40)

For estimating V2, we need to use the estimate (6.40) and (4.29b) with

C0 = O(1); and assume C ≤ | log ǫ| for (4.29c). Then, we decompose I21[Θ],

I25[Vπ], and Ī26[V] − Ī26[Vπ]:

I
2
1;ij [Θ] ≡

∫ t

0

∫

R
θ1(x− y, t− σ;λ−2 , 4)

×
(
ΘiΘj l2(u−)f ′′(A)(ri(u−), rj(u−))

)

y
(y, σ)dydσ,

I
2
5;i[Vπ] ≡

∫ t

0

∫

R
θ1(x− y, t− σ;λ−2 , 4)

×
(
Θi

V
1
πl2(u−)f ′′(A)(ri(u−), r1(u−))

)

y
(y, σ)dydσ,

Ī
2
6;i[V,Vπ] ≡

∫ t

0

∫

R
θ1(x− y, t− σ;λ−2 , 4)

×
(
V

i
π⊥V

1
πl2(u−)f ′′(A)(ri(u−), r1(u−))

)

y
(y, σ)dydσ,
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Then, regroup (6.27) as follows

V
2(x, t) =

∫

R
θ1(x− y, t;λ−2 , 4)V

2(y, 0)dy

+
(
I
2
1;11[Θ] + I

2
5,1[Vπ] + Ī

2
6[Vπ] + 2Ī

2
6;1[V,Vπ]

)
(x, t)

+
∑

1≤i,j≤2
(i,j) 6=(1,1)

I
2
1;ij [Θ](x, t) +

(
I
2
2[γ̄] + I

2
3[γ̄] + I4[V]

)
(x, t)

+
(
I
2
5[Vπ⊥ ] + I

2
5,2[Vπ] + 2Ī

2
6;2[V,Vπ] + Ī

2
6[Vπ⊥ ]

+(I26[V] − Ī
2
6[V])

)
(x, t). (6.41)

The procedure for estimating
∑

1≤i,j≤2
(i,j) 6=(1,1)

I21;ij [Θ]+(I22[γ̄]+I23[γ̄]+I4[V])+(I25[Vπ⊥ ]

+I25,2[Vπ] + 2Ī26;2[V,Vπ] + Ī26[Vπ⊥ ] + (I26[V]− Ī26[V])) essentially is identical to

the procedure for obtaining (4.29a). We omit the details and just state the

result:

∣∣∣I22[γ̄] + I
2
3[γ̄] + I4[V]

∣∣∣(x, t)

≤ O(1)






δǫJ/2ρ1(t)e−λ−
2 |x|(1+O(ǫ))/2 for λ−1 t ≤ x ≤ −J0,

δǫJ/2ρ1(t)e−λ−
2 |x|(1+O(ǫ))/2 for x ≤ λ−1 t,

(6.42)

∣∣∣
∑

1≤i,j≤2
(i,j) 6=(1,1)

I
2
1;ij [Θ] + I

2
5[Vπ⊥ ] + I

2
5,2[Vπ] + 2Ī

2
6;2[V,Vπ]

+Ī
2
6[Vπ⊥ ] + (I26[V] − Ī

2
6[V])

∣∣∣(x, t)

≤ O(1)






δ2| log ǫ|2
ǫ4

ψ3/2(x, t;λ−2 ) for λ−1 t ≤ x ≤ −J0,

δ2| log ǫ|2
ǫ4 θ3(x, t;λ−1 ,D) for x ≤ λ−1 t.

(6.43)

We need to apply the procedure for obtaining i2
11 in (6.14) to I21;11[Θ] +

I25,1[Vπ]+ Ī26[Vπ]+2Ī26;1[V,Vπ] in order to obtain a sufficient decaying rate of

V2(−J0, t). However, we need to modify the procedure in order to obtain the

optimal rate for Ī26;1[V,Vπ]. So, we need to rewrite ∂yl2(u−)f ′′(A)(r1(u−),
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r1(u−))V1
πV1

π⊥ as follows

∂y

[
l2(u−)f ′′(A)(r1(u−), r1(u−))V1

πV
1
π⊥
]

=
∂σ + λ−1 ∂y − ∂2

y

λ−1 − λ−2

[
l2(u−)f ′′(A)(r1(u−), r1(u−))V1

πV
1
π⊥
]

−
∂σ + λ−2 ∂y − ∂2

y

λ−1 − λ−2

[
l2(u−)f ′′(A)(r1(u−), r1(u−))V1

πV
1
π⊥
]
. (6.44)

∂σ + λ−1 ∂y − ∂2
y

λ−1 − λ−2

[
l2(u−)f ′′(A)(r1(u−), r1(u−))V1

πV
1
π⊥
]

(6.45)

= O(1)ǫ2e−λ−
2 |y|(1+O(ǫ))

V
1
πV

1
π⊥+O(1)l1(u−)

(
I3[γ̄]+(I0[Vπ]+N̄ [Vπ])y

)
V

1
π⊥

+∂y

[
O(1) l1(u−)

(
I0[Vπ⊥ ] + I1[Θ] + I2[γ̄] + I4[V] + N [V] − N̄ [Vπ]

)
V

1
π

+O(1)V1
π⊥∂yV

1
π

]
+O(1)l1(u−)(I0[Vπ⊥ ]+I1[Θ]+I2[γ̄]+I4[V]+N [V]

−N̄ [Vπ])∂yV
1
π +O(1)ǫ2e−λ−

2 |y|(1+O(ǫ))l1(u−)(I0[Vπ⊥ ] + I1[Θ]+I2[γ̄]

+I4[V]+N [V] − N̄ [Vπ])V1
π+2

[
l2(u−)f ′′(A)(r1(u−), r1(u−))V1

π⊥∂
2
yV

1
π

]
.

By (6.44) and (6.45),

Ī
2
6;1[V,Vπ]

= O(1)

∫ t

0

∫

R
θ1(x− y, t− σ;λ−2 , 4)

[
ǫ2e−λ−

2 |y|(1+O(ǫ))
V

1
πV

1
π⊥

+V
1
π⊥∂yV

1
π + l1(u−) ·

{
(I3[γ̄] + (I0[Vπ] + N̄ [Vπ])y) V

1
π⊥

+
(
I0[Vπ⊥ ] + I1[Θ] + I2[γ̄] + I4[V] + N [V] − N̄ [Vπ]

)
∂yV

1
π

+ǫ2 e−λ−
2 |y|(1+O(ǫ)) l1(u−)(I0[Vπ⊥ ] + I1[Θ] + I2[γ̄] + I4[V]

+N [V] − N̄ [Vπ])V1
π + f ′′(A)(r1(u−), r1(u−))V1

π⊥∂
2
yV

1
π

}]
(y, σ) dydσ

+O(1)

∫ t

0

∫

R
∂yθ

1(x− y, t− σ;λ−2 , 4)l1(u−)
[
I0[Vπ⊥ ] + I1[Θ]

+I2[γ̄] + I4[V] + N [V] − N̄ [Vπ]
]
V

1
π(y, σ) dy dσ. (6.46)

Finally, by the technical lemmas in Section 5 we can have that

Ī
2
6;1[V,Vπ](x, t) ≪ δ ǫJ/2 ρ1(t) e−λ−

2 |x|(1+O(ǫ))/2
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+O(1)






δ2| log ǫ|2
ǫ4

ψ3/2(x, t;λ−2 ) for x ∈ [λ−1 t,−J0],

θ3(x, t;λ−1 ,D) for x ≤ λ−1 t.
(6.47)

The rest of the proof for (4.29c) is similar to the proof for (4.29a). We omit

it; and conclude there exists C = O(1) to satisfy (4.29a).

The estimate (4.29d) is a consequence of (4.28) and (4.29) in the region

x ≥ −J0. �

Proof of Theorem B.

Proof. In this theorem, we need to show that there exists a constant

C = O(1) to satisfy (4.28a) and (4.28b).

By substituting (4.29a), (4.29b), and (4.29c) into (4.10). Then, it results

in the existence of C1 = O(1) to satisfy (4.28b):

|γ̄′(t)| ≤ C1

(
δ2| log ǫ|2

ǫ5
t−1
[
1 + ǫ

√
t
]−1

+ δ ǫ
J
2 ρ1(t)

)
, (6.48)

Now, we need to consider the variable W(x, t). The relationship between

V(x, t) and W(x, t) is due to (4.11):

Wx(x, t) ≡ V(x, t).

This yields that

Wi
x(x, t) ≡ Vi(x, t) +O(1) ǫ2|W|(x, t) e−λ2|x|(1+O(1)ǫ),

Wi
x(−J0, t) ≡ Vi(−J0, t) +O(1) ǫ2+J |W|(−J0, t).

(6.49)

Since we want to have a sharper estimate for V2(x, t) only, by the relationship

in (4.12) the structure of V2 is dominated by W2
x. We are interested in the

variables W2
x(x, t) and W2(x, t) only.

From (4.15), we have the data for W2(−J0, t):

W
2(−J0, t) = O(1) ǫJ+1 |W|(−J0, t). (6.50)

From (4.14), we have the equation for W2(x, t):

∂tW
2 + λ2(A)∂xW

2 − ∂2
xW

2 = S1(x, t) + S2(x, t), (6.51)
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where the function S1(x, t) and S2(x, t) are

S1(x, t) ≡ l2(u−) · I2[γ̄]. (6.52)

|S2(x, t)| ≤ O(1)
[
ǫ2 |W|(x, t) (|H ′(t)| + |γ̄′(t)|) + ǫ2 |V|(x, t)

+ǫ3 |W|(x, t)
]
e−λ−

2 |x|(1+O(ǫ))
[
|(N + I0)[V]| + |I1[Θ]|

]
(x, t)

+|γ̄′(t) l2(u−) · (u+ − φ(x−H(t) − γ̄(t)))| (6.53)

Under the condition (4.28a) with C ≤ | log ǫ| and the conditions (4.29b) and

(4.29d), for x ≥ −J0 the functions S1(x, t) and S2(x, t) satisfy

|S2(x, t)|
≤ O(1)

[
δ2 | log ǫ|ρ2(t) + δǫ2| log ǫ|2ρ1(t) + δ2 | log ǫ|4 ρ2(t)

]
e−λ−

2 |x|(1+O(ǫ))

+O(1) ·






δ4| log ǫ|8
ǫ10

t−2(1 + ǫ
√
t)−2 + δ2 | log ǫ|2 ρ2(t) + δ2ρ2(t)

+
δ2| log ǫ|2

ǫ4
t−1(1 + ǫ

√
t)−1 for x ∈ [−J0, 0],

[δ4| log ǫ|8
ǫ10

t−2(1 + ǫ
√
t)−2 + δ2 | log ǫ|2 ρ2(t) + δ2ρ2(t)

+
δ2| log ǫ|2

ǫ4
t−1(1 + ǫ

√
t)−1

]
e−λ−

2 |x|(1+O(ǫ)) for x ≥ 0.

(6.54)

We consider that

∫ t

0

∫ ∞

−J0

G−(x, t; y, σ)
[
∂σW

2+λ2(A)∂yW
2−∂2

yW
2−S1−S2

]
(y, σ) dydσ = 0.

Here, G−(x, t; y, σ) is the green function of (LB) given in (5.34). Then,

through integration by parts and (5.35):

W
2(x, t) −

∫ ∞

−J0

G−(x, t; y, σ)W2(y, 0)dy+

∫ t

0

∫ ∞

−J0

T (x, t; y, σ)W2(y, σ)dydσ

+

∫ t

0

[
G−(x, t;−J0, σ) W

2
y(−J0, σ) − ∂yG−(x, t;−J0, σ) W

2(−J0, σ)
]
dσ

−
∫ t

0

∫ ∞

−J0

G−(x, t; y, σ) (S1 + S2)(y, σ)dydσ = 0, (6.55)

where T (x, t; y, σ) is the truncation error of G−(x, t; y, σ) defined in (5.35).
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By (5.36), we have that

∫ t

0

∫ ∞

−J0

Tx(x, t; y, σ)W2(y, σ) dydσ

=

∫ t

0

∫ ∞

−J0

O(1)ǫ3 e−λ−
2 |y|(1+O(ǫ))∂xG−(x, t; y, σ) W

2(y, σ) dydσ

+

∫ t

0

∫ ∞

0
O(1)ǫ2 e−λ−

2 |y|(1+O(ǫ))∂yG−(x, t; y, σ) W
2
y(y, σ) dydσ

+

∫ t

0

∫ 0

−J0

O(1)ǫ2∂yG−(x, t; y, σ) W
2
y(y, σ) dydσ. (6.56)

In the RHS of (6.55), the variable W2(y, σ) satisfies (4.29d); the variables

W2(−J0, t) and W2
y(−J0, t) satisfy (6.50) and (6.49) with the function

|W|(−J0, t) satisfying (4.29d). So, combined with (6.56) we have that

|W2
x|(x, t) ≤

∫ ∞

−J0

|∂xG−(x, t; y, σ) W
2(y, 0)| dy+O(1)

[
T+B+S1 +S2

]
(x, t),

(6.57)

where

T(x, t) ≡
∫ t

0

∫ ∞

−J0

ǫ2| log ǫ||∂xG−(x, t; y, σ)|δρ1(σ)e−λ−
2 |y|(1+O(ǫ)) dydσ

+

∫ t

0

∫ ∞

−J0

ǫ2∂yG−(x, t; y, σ)| log ǫ|δρ1(σ) e−λ−
2 |y|(1+O(ǫ))/2dydσ,

B(x, t) ≡
∫ t

0
|∂xG−(x, t;−J0, σ)|

[
δ2| log ǫ|2

ǫ4
[
σ (1 + ǫ

√
σ)
]−1

+ǫJ+1| log ǫ|δρ1(σ)

]
dσ

+

∫ t

0
|∂x∂yG−(x, t;−J0, σ) ǫJ | log ǫ|δρ1(σ) dσ, (6.58)

S1(x, t) ≡
∫ t

0

∫ ∞

−J0

|∂xG−(x, t; y, σ) S1(y, σ)| dydσ,

S2(x, t) ≡
∫ t

0

∫ ∞

−J0

|∂xG−(x, t; y, σ) S2(y, σ)| dydσ.

By Lemma 5.17,

|T(x, t)| ≤ O(1) ǫ| log ǫ| δe−λ−
2 |x|/2 ρ1(t).
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By (5.38)

∫ ∞

−J0

|∂xG−(x, t; y, 0)|W2(y, 0)dy ≤ δρ1(t) e−λ−
2 |x|/2.

By Lemma 5.16,

B(x, t) ≤ O(1)·





(
δ2 | log ǫ|4

ǫ4 + δ ǫJ−2 | log ǫ|3
) [

(t+ 1)(1 + ǫ
√
t+ 1)

]−1
for x∈ [−J0+1, 0]

e−λ−
2 |x|(1+O(ǫ))

(
δ2| log ǫ|4

ǫ4 +δ ǫJ−2| log ǫ|3
) [

(t+1)(1+ǫ
√
t+1)

]−1
for x≥0.

By Lemma 5.17,

S1(x, t) ≤ K0 δ ρ
1(t) e−

λ−
2

|x|
2 .

By Lemma 5.17 and Lemma 5.15, we have

|S2(x, t)| ≤ O(1) ǫ| log ǫ|δρ1(t) e−λ2|x|/2

+O(1)






0 for x ≥ 0,

δ2| log ǫ|3
ǫ5(t+ 1)(1 + ǫ

√
t+ 1)

for x ∈ [−J0, 0].

The above five estimates yields estimates for W2
x. By the relation (4.12)

with ‖W(x, t)‖ from (4.29d) and with ‖V(x, t)‖ from (4.29) and (4.28), we

conclude the estimate of V2(x, t) for Theorem B. The estimates W2(x, t) is

a by-product. We omit it. �
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