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ABSTRACT In this paper, we proposed a semianalytical method for calculating the current distribution

and input impedance of a very low frequency (VLF: 3–30 kHz) linear antenna of arbitrary orientation in

a homogeneous anisotropic cold plasma. By considering the effect of the geomagnetic inclination angle,

the kernel function, in this case, has a more complicated form and requires extra analytical techniques to

deal with. The computations show that the amplitude coefficients for the ordinary wave are evidently greater

than those for the extraordinary wave. We also found that the shape of the current distribution is not sensitive

to the orientation of the antenna, but the total current moment on the antenna will be decreased when the

inclination angle becomes larger. Moreover, due to the higher attenuation rates for both the ordinary and

extraordinary waves at a propagation direction perpendicular to the magnetic field, the overall trend for the

input impedance of the antenna is increasing with the geomagnetic inclination angle. It is then concluded that

the optimal posture for a VLF space-borne linear antenna should be as parallel as possible to the direction

of the geomagnetic field in order to achieve maximum antenna efficiency.

INDEX TERMS Anisotropic plasma, arbitrary oriented linear antenna, input impedance, VLF electromag-

netic wave.

I. INTRODUCTION

As important and useful devices in information transmission

systems, linear antennas have been extensively studied during

the past few decades. It is known that the very low frequency

(VLF: 3–30 kHz) is the feasible frequency band for over-

water/underwater communications and navigation. However,

most of the existing VLF communication systems were built

on huge ground-based transmitting stations, which not only

required large investments but also were difficult to repair

in short time once damaged. Fortunately, with the progress

of space technology and the decrease on satellite launching

costs, it is now possible to develop a VLF space-borne trans-

mitting system. One of the feasible ideas was to tether the

antenna to a near-earth satellite which usually operated at a

low earth orbit of 300–400 km. For one thing, the ionospheric

plasma (F2 layer) surrounding a space-borne antenna has a

large refractive index of 50–150 in the VLF range [1], thus

the electrical length of the antenna can be greatly increased
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without increasing the geometric size. On the other hand,

the electron density at this height is relatively stable [2], so it

is reasonable to take the ambient environment of the antenna

as a homogeneous plasma when the propagation distance

is not too far. Since the 1980s, several countries especially

including the U.S. and Russia had started the investigations

on VLF space-borne transmitting and propagation experi-

ments [3]–[7]. In the joint project launched by NASA and

the Italian Space Agency (ASI) in 1992 [8], the tethered

satellite system (TSS) was connected to a space shuttle by a

20 kilometers long conducting tether, where the tether was

regarded as a linear antenna for transmitting VLF signals.

It is worth mentioning that the successful experiments imple-

mented by the U.S. and Russia had validated that VLF waves

transmitted by a space-borne antenna could effectively prop-

agate in the ionosphere and finally reach the sea surface with

detectable amplitudes [4], [6].

Relevant studies on the theory of linear antennas in plasmas

were also carried out by many researchers. In 1964, the first

analytical expressions for the impedance of a short elec-

tric dipole antenna in a cold magetoplasma were examined
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by Balmain [9]. In early 1970s, Wang and Bell [10]–[12]

derived the formulas for the radiation resistance and radiation

pattern of an arbitrarily oriented electric dipole antenna in

a cold magnetoplasma. The impedance of a dipole antenna

in a near-isotropic ionosphere was then investigated by

Vernet et al. [13] and Meyer and Vernet [14] both theo-

retically and experimentally in 1975. In 2001, the radiation

impedance of a short dipole antenna in a cold collisional

plasma was calculated by Nikitin and Swenson [15] using

a quasi-static method. Subsequently, Bell et al. [16] per-

formed detailed studies on the closed-form solutions for the

current distribution on an electric dipole antenna operating

in the plasmasphere. In 2008, the current distribution and

terminal impedance of a VLF electric dipole antenna in a

cold magnetoplasma were obtained by Chevalier et al. [17]

through finite-difference-frequency-domain (FDTD) simula-

tions. In 2015, Chugunov et al. [18] proposed a method for

calculating the charge distribution and impedance of a short

cylindrical antenna at different orientations relative to the

anisotropy axis of the medium. In a more recent paper by

He et al. [19], the analytical formulas for the current dis-

tribution and input impedance of a thin linear antenna ori-

ented along the magnetic field in an anisotropic plasma were

derived.

It is known that the efficiency of a linear antenna is largely

dependent on the total current moment on the antenna as

well as the input impedance. However, due to the com-

plex anisotropic characteristics of the ionosphere at the

VLF range, calculating the current distribution and input

impedance of a VLF space-borne antenna has never been

an easy task. When considering the ionospheric anisotropy,

VLF waves transmitted by a space-borne antenna will be

divided into two modes, i.e., the ordinary wave (O-wave)

and the extraordinary wave (E-wave). At heights of a near-

earth satellite, the O-wave is an evanescent wave, thereby its

influences were usually neglected when discussing the far-

field. While the E-wave is the propagable mode with a small

attenuation rate as long as the propagation direction is within

the critical angle [20]. Considering the current distribution

and input impedance of an antenna are mainly determined by

its near-field and VLF wavelengths will be greatly shortened

in the ionosphere, the ambient medium of a VLF space-

borne antenna can be regarded as a homogeneous anisotropic

plasma and both the contributions of the O-wave and

E-wave should be taken into account. It is noted that the angle

between a real space-borne antenna and the geomagnetic field

may not be fixed, but will change with the satellite moving

along the orbit [21]. Also, the importance of antenna orienta-

tion relative to the magnetic field in space plasmas had been

emphasized in a review by James [22]. Unfortunately, most of

the existing works only tackled the radiation resistance of the

antenna with an assumed current distribution, but few of them

had dedicated to computing the current distribution and input

impedance when the antenna is at arbitrary orientations to

the background magnetic field. Therefore, in order to further

analyze the effect of the geomagnetic inclination angle, it is

necessary to conduct a more comprehensive study on this

problem and seek effective methods for calculation of the

current distribution and input impedance of an arbitrarily

oriented space-borne linear antenna.

In this paper, by extending the analysis to a more general

case, we will attempt to propose a possible semi-analytical

method to solve the current distribution and input impedance

of a VLF space-borne linear antenna at arbitrary orienta-

tions to the geomagnetic field. This method is particularly

applicable to the cases when the drive voltage applied on

the antenna is relatively small compared to the background

plasma potential. As such, the ionospheric environment sur-

rounding the antenna is assumed to be a cold plasma region

with all the nonlinear sheath effects and wave-particle inter-

actions neglected. The kernel function in this case, which

has a more complicated form due to considering the antenna

orientation, is also derived. The results of this paper draw

some conclusions that are in good agreement with those

in [12], [17] and may provide heuristic suggestions to the

overall design of a practical VLF space-borne transmitting

system.

II. FORMULATIONS OF THE PROBLEM

A. ELECTRIC FIELD EXCITED BY AN ARBITRARILY

ORIENTED ELECTRIC DIPOLE

For a linear antenna of arbitrary direction, we let the static

magnetic field always be parallel to the ẑ axis, while adjust

the orientation of the antenna in the meantime. By using a

cold plasma treatment, the relative dielectric tensor for the

ambient ionosphere derived from a fluid model is expressed

as

ε̂ =





ε1 −iε2 0

iε2 ε1 0

0 0 ε3



 (1)

where

ε1 = 1 − XU

(U2 − Y 2)
(2)

ε2 = XY

(U2 − Y 2)
(3)

ε3 = 1 − X

U
(4)

U = 1 + i
v

ω
, X =

ω2
0

ω2
, Y = ωH

ω
(5)

ω2
0 = Ne2

ε0me
, ωH =

∣

∣

∣

∣

eB0

me

∣

∣

∣

∣

(6)

In above formulas,ω0,ωH , andω are the plasma frequency,

gyro frequency, and operating angular frequency, respec-

tively. The magnitude of the geomagnetic field is denoted

by B0, while me, e are the mass and charge quantity of

an electron, respectively. The electron density and collision

frequency of the ionosphere are denoted by N and v, respec-

tively. ε0, µ0, and k0 = ω
√

µ0ε0 are the permittivity, perme-

ability, and wave number in free space, respectively. In the
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whole text, the time harmonic factor exp(−iωt) is assumed

and suppressed.

With a 3-D Fourier transform employed, the electric field

excited by an electric dipole with current moment I · dl = 1

in an infinite homogeneous anisotropic ionosphere could be

expressed in a triple integral form [23]. By converting the

formula from spherical coordinates to a cylindrical coordinate

system, we have

E(ρ, ϕ, z) = −iωµ0

(2π )3

∫ ∞

−∞
dkz

∫ 2π

0

dϕk

∫ ∞

0

F(kz, λ, ϕk )

B(kz, λ)

× exp {−i [kzz+ λρ cos (ϕ − ϕk)]} λdλ (7)

where

B(kz, λ) = k60

[

(

kz

k0

)4

ε3 +
(

λ

k0

)2
(

ε22 − ε21 − ε1ε3

)

+
(

kz

k0

)2 (
λ

k0

)2

(ε1 + ε3) − 2

(

kz

k0

)2

ε1ε3

+ ε3

(

ε21 − ε22

)

+
(

λ

k0

)4

ε1

]

(8)

Here the dipole is assumed to be located at the origin, and

F(kz, λ, ϕk ) is a function related to the direction of the dipole.

When the dipole is oriented along the ẑ axis (parallel to the

magnetic field), the components of Fz are

F zx = kzλ(k
2
z + λ2 − k20ε1) cosϕk−ikzλk20ε2 sinϕk (9)

F zy = kzλ(k
2
z + λ2 − k20ε1) sinϕk+ikzλk20ε2 cosϕk (10)

F zz = (k2z + λ2)k2z − k20ε1(2k
2
z + λ2) + k40 (ε

2
1 − ε22) (11)

If the dipole is oriented along the x̂ axis (perpendicu-

lar to the magnetic field), the components of Fx are given

by

Fxx = k20 (k
2
0ε1ε3−ε1λ

2−ε3k
2
z )+λ2(k2z +λ2−k20ε3)cos2ϕk (12)

Fxy = −ik20ε2(k20ε3+λ2)−λ2(k2z +λ2−k20ε3) sinϕkcosϕk
(13)

Fxz = kzλ
(

k2z + λ2 − k20ε1

)

cosϕk + ikzλk
2
0ε2 sinϕk (14)

For the purpose of simplification, we put the dipole in the

x̂-ẑ plane by rotating the coordinate axes. Thereby an arbitrar-

ily oriented electric dipole can be taken as a superposition of

the above two cases. If we define the angle between the dipole

and the ẑ axis as θb, then the functionF
θb for an electric dipole

at an angle of θb relative to the magnetic field should satisfy

the following relations






F
θb
x

F
θb
y

F
θb
z






=





F zx
F zy
F zz



 cos θb +





Fxx
Fxy
Fxz



 sin θb (15)

In this study, the tangential electric field along the direction

of the antenna is of our primary interest. Considering the

arbitrarily oriented electric dipole is in the x̂-ẑ plane, the cor-

responding component of Fθb for the tangential electric field

of a dipole at θb could be written in the following form

F
θb
tan = Fθb

z cos θb + Fθb
x sin θb

= F zz cos
2θb+Fxx sin2θb+

(

Fxz +F zx
)

sin θbcos θb (16)

It is seen that for θb = 0◦, Fθb
tan reduces to F

z
z , and if θb =

90◦, the above equation reduces to Fxx . Besides, the tangential
component of the electric field in this case is expressed by

E
θb
tan(ρ, ϕ, z) = −iωµ0

(2π )3

∫ ∞

−∞
dkz

∫ 2π

0

∫ ∞

0

F
θb
tan(kz, λ, ϕk )

B(kz, λ)
× exp {−i [kzz+ λρ cos (ϕ−ϕk)]}λdλdϕk

(17)

Nowwe introduce the integral form for the Bessel function.

It is [24]

Jn(λρ) = i−n

2π

∫ 2π

0

exp(iλρ cos θ ) exp(inθ )dθ (18)

By letting θ = ϕ − ϕk , it follows that
∫ 2π

0

exp[−iλρ cos(ϕ − ϕk )]dϕk = 2πJ0(λρ) (19)

∫ 2π

0

exp[−iλρcos(ϕ − ϕk )] cosϕkdϕk

= −2π i cosϕJ1(λρ) (20)
∫ 2π

0

exp[−iλρ cos(ϕ − ϕk )] cos
2 ϕkdϕk

= π [J0(λρ) − J2(λρ) cos 2ϕ] (21)

Considering the relation between J0, J1, and J2 is

J0(λρ) + J2(λρ) = 2

λρ
J1(λρ) (22)

by substituting (9)-(16) into (17) and using (19)-(22), the inte-

gral with respect to ϕk can be expressed with J0 and J1 and the

original triple integral in (17) is reduced to a double integral.

After rearrangements, Eq. (17) becomes

E
θb
tan(ρ, ϕ, z)

= −iωµ0

(2π)2

∫ ∞

−∞
exp(−ikzz)dkz

×
∫ ∞

0

[

cos2 θbS1(kz, λ) + sin2 θbS2(kz, λ, ϕ)

B(kz, λ)
J0(λρ)

+ sin2 θbS3(kz, λ, ϕ)+sin θb cos θbS4(kz, λ, ϕ)

B(kz, λ)
J1(λρ)

]

λdλ

(23)

where

S1(kz, λ) = (k2z +λ2)k2z −k20ε1(2k2z +λ2)+k40 (ε21−ε22)

(24)

S2(kz, λ, ϕ) = k20

(

k20ε1ε3 − ε1λ
2 − ε3k

2
z

)

+
(

cos 2ϕ + 1

2

)

λ2
(

k2z + λ2 − k20ε3

)

(25)

S3(kz, λ, ϕ) = −λ

(

k2z + λ2 − k20ε3

)

(

cos 2ϕ

ρ

)

(26)

S4(kz, λ, ϕ) = −2ikzλ
(

k2z + λ2 − k20ε1

)

cosϕ (27)
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FIGURE 1. Geometry and notations of an arbitrarily oriented linear
antenna in an infinite homogeneous anisotropic plasma.

Eq. (23) is the final formula for the tangential electric field

component that is needed in the following analysis.

B. CURRENT DISTRIBUTION ON A VLF SPACE-BORNE

LINEAR ANTENNA

The physical model of the present problem is illustrated

in Fig. 1. The center-driven linear antenna has symmetric

vertices with the feeding point located at the origin. The

radius and half length of the antenna are denoted by a and

h, with the condition a ≪ h satisfied. Since the ambient

environment is homogeneous and the antenna is very thin, it is

reasonable to assume that the current will aggregate on the

central axis of the antenna. If we let I (r ′) denote the current
distribution on the antenna, while let r denote an observation

point located at the surface of the antenna and in the x̂-ẑ plane

simultaneously, then the tangential electric field at the outer

surface of the antenna can be expressed as follows

E
θb
tan(r) = −iωµ0

(2π )2

∫ h

−h
G(ρ∗, ϕ∗, z∗)I (r ′)dr ′ (28)

where the kernel function G(ρ∗, ϕ∗, z∗) is given by

G(ρ∗, ϕ∗, z∗)

=
∫ ∞

−∞
exp(−ikzz∗)dkz

×
∫ ∞

0

[

cos2 θbS1(kz, λ) + sin2 θbS2(kz, λ, ϕ∗)

B(kz, λ)
J0(λρ

∗)

+ sin2θbS3(kz,λ,ϕ∗)+sin θbcos θbS4(kz,λ,ϕ∗)

B(kz, λ)
J1(λρ

∗)

]

λdλ

(29)

It is noted that (ρ∗, ϕ∗, z∗) represents the relative coordi-

nate between r and r ′. We have

ρ∗ = |(r − r ′) sin θb − a cos θb| (30)

z∗ = (r − r ′) cos θb + a sin θb (31)

ϕ∗ =
{

0, if (r − r ′) sin θb − a cos θb ≥ 0

π, if (r − r ′) sin θb − a cos θb < 0
(32)

Since antennas can be regarded as good conductors,

according to the boundary condition, the tangential electric

field at the surface of the antenna should always equal to zero.

In addition, the tangential component of the electric field at

the feeding point should approximately equal to the drive

voltage if the feeding gap is adequately small. Considering all

of the above, the boundary condition satisfied by the antenna

is

E
θb
tan(r) = −V0δ(r), −h < r < h (33)

where V0 denotes the drive voltage and δ(r) is the Dirac delta

function.

According to the theory proposed by King et al. [25],

the current distribution of a center-driven linear antenna in

a homogeneous isotropic medium consists of three sinusoid

current terms with an exponential decaying factor. By using a

similar method with King and taking into account the effects

of both the O-wave and E-wave in an anisotropic ionosphere,

the current distribution on a VLF space-borne linear antenna

can be derived as

I (r ′) =
{

Ao sin[βo(h− |r ′|)] + Bo[cos(βor
′) − cos(βoh)]

+Co

[

cos

(

βor
′

2

)

− cos

(

βoh

2

)]}

e−αo|r ′|

+
{

Ae sin[βe(h− |r ′|)] + Be[cos(βer
′) − cos(βeh)]

+Ce

[

cos

(

βer
′

2

)

− cos

(

βeh

2

)]}

e−αe|r ′| (34)

where Ao, Bo, Co, Ae, Be, and Ce are complex amplitude

coefficients for the O-wave and E-wave, respectively, which

are yet to be determined. Besides, βo, αo, βe, and αe are

the phase constants and attenuation rates for the O-wave and

E-wave, respectively. We write

ko = βo + iαo, ke = βe + iαe (35)

and the formulas for the wave numbers of the O-wave (ko)

and the E-wave (ke) as a function of θb are given by

k2o,e

=
k20

2
(

ε1sin
2θb+ε3cos2θb

)

[

ε1ε3

(

1+cos2θb

)

+
(

ε23−ε22

)

sin2θb

±
√

(

ε21 − ε22 − ε1ε3
)2
sin4 θb + 4ε22ε

2
3 cos

2 θb

]

(36)

Now we will solve the six indeterminate coefficients via

the boundary condition. Let

I1(r
′) = exp(−αo|r ′|) sin[βo(h− |r ′|)] (37)
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I2(r
′) = exp(−αo|r ′|)

[

cos(βor
′) − cos(βoh)

]

(38)

I3(r
′) = exp(−αo|r ′|)

[

cos

(

βor
′

2

)

− cos

(

βoh

2

)]

(39)

I4(r
′) = exp(−αe|r ′|) sin[βe(h− |r ′|)] (40)

I5(r
′) = exp(−αe|r ′|)

[

cos(βer
′) − cos(βeh)

]

(41)

I6(r
′) = exp(−αe|r ′|)

[

cos

(

βer
′

2

)

− cos

(

βeh

2

)]

(42)

and

Vj(r) =
∫ h

−h
G(ρ∗, ϕ∗, z∗)Ij(r

′)dr ′ (43)

where j = 1, 2, 3, 4, 5, 6. Then Eq. (28) can be rewritten as

E
θb
tan(r) = −iωµ0

(2π )2

[

AoV1(r) + BoV2(r) + CoV3(r)

+AeV4(r) + BeV5(r) + CeV6(r)
]

(44)

Next, we multiply a function Ii(r) on both sides of the

above equation and make an integration to r from −h to h.

By repeating this procedure for all I1-I6 and using the bound-

ary condition (33), Eq. (44) can be reformulated in terms of

matrix multiplication. We write

V0 · Ĩ = iωµ0

(2π )2

(

T̃ · D̃
)

(45)

where

Ĩ = [I1(0) I2(0) I3(0) I4(0) I5(0) I6(0)]
′ (46)

D̃ = [Ao Bo Co Ae Be Ce]
′ (47)

Here, the superscript ′ in above vectors represents matrix

transpose, and T̃ is a 6×6 matrix with each of its element

expressed as

Tij =
∫ h

−h

∫ h

−h
G(ρ∗, ϕ∗, z∗)Ii(r)Ij(r

′)dr ′dr (48)

It should be pointed out that the above formula contains

the kernel function of the antenna as defined in (29), whose

integrand is a highly oscillating function and thereby not

suitable for direct integration. Hence, in the next section,

we will further process the kernel functionG(ρ∗, ϕ∗, z∗) with
some analytical techniques.

C. EVALUATION OF THE KERNEL FUNCTION

According to Eq. (8), the denominator of the integrand of

G(ρ∗, ϕ∗, z∗) can be written in the following form

B(kz, λ) = k20ε3

[

k2z (λ) − k21 (λ)
] [

k2z (λ) − k22 (λ)
]

(49)

where ±k1 and ±k2 are the zeros of B(kz, λ). We have

k21 (λ) = −b(λ) +
√

b2(λ) − 4c(λ)

2
(50)

k22 (λ) = −b(λ) −
√

b2(λ) − 4c(λ)

2
(51)

FIGURE 2. Selection of the integration path in the kz plane.

where

b(λ)= λ2
(

1 + ε1

ε3

)

− 2k20ε1 (52)

c(λ)= λ4
(

ε1

ε3

)

+λ2k20

(

ε22−ε21

ε3
− ε1

)

+k40
(

ε21−ε22

)

(53)

If we define the two zeros in the upper plane of kz as k1
and k2, then−k1 and−k2 must have negative imaginary parts.

It is seen that ±k1, ±k2 are also the poles of the integrand of

G(ρ∗, ϕ∗, z∗). By applying the residue theorem, the integral

with respect to kz can be further expressed with the sum of

residues at the poles. To ensure the wave always decays with

the propagation distance, exp(−ikzz∗) must be an attenuating

factor. Thus, we let the integration path close from the upper

plane of kz (containing the poles of k1 and k2) when z
∗ < 0,

and let the path close from the lower plane (containing

−k1 and −k2) if z∗ > 0. A schematic diagram illustrating

the selection of the integration path is shown in Fig. 2.

Considering all of the above, Eq. (29) could be rewritten

as

G(ρ∗, ϕ∗, z∗) = ± π i

k20ε3

[ ∫ ∞

0

(Res1 + Res2)J0(λρ
∗)λdλ

+
∫ ∞

0

(Res3 + Res4)J1(λρ
∗)λdλ

]

(54)

where ‘‘+’’ corresponds to z∗ < 0 and ‘‘−’’ corresponds to

z∗ > 0. Also, the four residues at k1 and k2 are given by

Res1 = exp(ik1|z∗|)

× cos2 θbS1(k1, λ) + sin2 θbS2(k1, λ, ϕ∗)

k1(k
2
1 − k22 )

(55)

Res2 = exp(ik2|z∗|)

×cos2 θbS1(k2, λ) + sin2 θbS2(k2, λ, ϕ∗)

k2(k
2
2 − k21 )

(56)
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TABLE 1. Amplitude coefficients for the O-wave and E-wave at different geomagnetic inclination angles.

FIGURE 3. Current distributions on the antenna at several different geomagnetic inclination angles.

Res3 = exp(ik1|z∗|)

× sin2 θbS3(k1, λ, ϕ∗)+sin θb cos θbS4(k1, λ, ϕ∗)

k1(k
2
1 − k22 )

(57)

Res4 = exp(ik2|z∗|)

× sin2 θbS3(k2, λ, ϕ∗)+sin θb cos θbS4(k2, λ, ϕ∗)

k2(k
2
2 − k21 )

(58)

Now G(ρ∗, ϕ∗, z∗) has been reduced to a single infinite

integral containing the Bessel functions J0 and J1. By apply-

ing fast Hankel transforms to J0 and J1 as is addressed

in [26]–[28], the integral of (54) can be numerically eval-

uated with guaranteed accuracy. Once the kernel function

is computed, the components of T̃ are readily obtained

through numerical methods, and the current distribution on

the antenna can be completely determined by solving the six

amplitude coefficients. Furthermore, the input impedance of

the antenna Zin is also obtained readily. We write

Zin = V0

I (0)
(59)

So far, we have derived the method for calculating the

current distribution and input impedance of an arbitrarily ori-

ented linear antenna in an anisotropic plasma. Next, the cor-

responding computations will be carried out.

III. COMPUTATIONS AND DISCUSSIONS

With the above methods, computations are carried out when

the antenna is placed at different angles to the geomag-

netic field. The results for the six amplitude coefficients are

listed in Table 1, and those for the current distribution are

shown in Fig. 3. The parameters used in the computations are
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TABLE 2. Wave numbers, wave lengths, and input impedances at several different geomagnetic inclination angles.

taken as follows: the operating frequency is f = 12.5 kHz,

the magnitude of the geomagnetic field is B0 = 0.5 × 10−4

T, and the electron density and collision frequency of the

ionosphere are taken as N = 1.4 × 1012 m−3, v = 103

s−1, respectively. Thereby we have ω0 = 6.6 × 107 arc/s,

ωH = 8.6 × 106 arc/s, and the condition ω0 > ωH > ω

is satisfied. Besides, the feeding voltage is V0 = 1 V, and

the length and radius of the linear antenna are taken as 2h =
100 m, a = 0.01 m, respectively. It is addressed in [20] that

the E-wave is a propagable wave only when the propagation

direction is within the critical angle. The critical angle θc is

determined by the following equation

θc = tan−1

√

−ε3

ε1
(60)

Since θc ≈ 89◦ in the VLF range, the range of θb used in

our computations is between 0◦ ∼ 89◦.
From Table 1 it is found that the magnitude of the coef-

ficients for the O-wave is obviously greater than that for

the E-wave. Despite the six amplitude coefficients vary sig-

nificantly with θb, the current distributions in Fig. 3 are

all close to triangular distributions and are very similar to

each other no matter how the geomagnetic inclination angle

changes. This is because a 100-m space-borne linear antenna

is technically not an electrically short antenna due to the high

refractive index of the ionosphere at the VLF range, thus

its current distribution is slightly deviated from a triangular

distribution [17]. It is also noticed that when θb is larger,

all the coefficients will become smaller and the current on

the antenna will decrease rapidly. We may infer that the cur-

rent distribution on a VLF space-borne linear antenna is not

sensitive to the orientation of the antenna, but the amplitude

of the current will diminish as the geomagnetic inclination

angle increases. As is observed fromFig. 3, the current always

reaches its maximum at the feeding point, and will gradually

reduce to zero at the two terminals. This indicates that the

effective radiation unitsmainly concentrate on themiddle part

of the antenna, and how to increase the total current moment

on the antenna with limited power will be the key to improve

the efficiency of a space-borne linear antenna.

FIGURE 4. Input impedance of the antenna varying with the geomagnetic
inclination angle.

Fig. 4 shows the results of the input impedance of the

antenna varying with the geomagnetic inclination angle. All

parameters are same with those used in Fig. 3 except the

antenna length is taken as 2h = 50 and 100 m, respectively.

It is found that because of the complex anisotropic properties

of the ionospheric plasma in the VLF range, there will be

dramatic variations on the input impedance of the antenna as

θb changes, and this phenomenon is more evident if the

antenna is shorter. Despite those fluctuations, the overall

trend for the input impedance is increasing with θb, which

indicates that the efficiency of a VLF space-borne linear

antenna will be decreased when the geomagnetic inclination

angle becomes larger. This conclusion is in good agreement

with the ones drawn in [12] and [17] that the power delivery

is optimal for an antenna parallel to the static magnetic field.

And a possible reason for that is the wave numbers for the

O-wave and E-wave in an anisotropic ionosphere are also

varyingwith the propagation direction. Table 2 lists the values

of βo, αo, βe, and αe at several different θb, in which one

may see that the attenuation rates for both the O-wave and

E-wave will increase with the inclination angle of the
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antenna. This could explain why the input impedance shown

in Fig. 4 will keep increasing as θb approaches θc. Therefore,

in order to realize maximum antenna efficiency in practical

applications, the optimal orientation for a VLF space-borne

linear antenna should be as parallel as possible to the direction

of the geomagnetic field.

Table 2 also provides the corresponding refractive indices

(ne) and wavelengths (λe) for the E-wave at different θb,

as well as the input impedances at several typical antenna

lengths. It follows that because of the high refractive index

of the ionosphere in the VLF range, the wavelength of the

E-wave is greatly shortened in the ionosphere. Also, both the

refractive index and wavelength in an anisotropic plasma are

dependent on the propagation direction. Since the refractive

index increases with θb, the wavelength for the propagable

mode in the ionosphere will become shorter when the incli-

nation angle is larger. As is different with that in an isotropic

medium, the half-wavelength antenna does not have a small-

est input impedance in this case. Nevertheless, the input

impedances of a 1/4-wavelength or 1/3-wavelength antenna

seem to be relatively small. Finally, as similar as those shown

in Fig. 4, the input impedances at all antenna lengths will

increase with the geomagnetic inclination angle.

IV. CONCLUSIONS

In this paper, the problem of a VLF linear antenna of arbitrary

orientation in a homogeneous anisotropic cold plasma is

treated both analytically and numerically. The kernel function

in this case includes the effect of the geomagnetic inclination

angle and thus has a more complicated form. The obtained

results are particularly applicable for small drive voltages so

that those nonlinear sheath effects are allowed for omittance.

Computations show that the amplitude coefficients for the

O-wave are much greater than those for the E-wave, and

the current distribution on the antenna is not sensitive to the

orientation of the antenna. It is also found that the overall

trend for the input impedance of the antenna will increase

with the geomagnetic inclination angle, and because of that,

the total current moment on the antenna is decreased when

the inclination angle becomes larger. In order to maximize the

antenna efficiency, the optimal posture for a VLF space-borne

linear antenna should be as parallel as possible to the geomag-

netic field since the antenna has a smallest input impedance

when θb tends to zero. Moreover, we found that the half-

wavelength antenna is not highly efficient in an anisotropic

plasma, while the 1/4-wavelength or 1/3-wavelength anten-

nas have a more promising input impedance. With the fast

development of space technology, space-borne transmitters

will play a more and more important role in contempo-

rary VLF transmitting systems. Hence, the proposed method

might be helpful to practical space-borne applications for

cases where the antenna orientation is variable.
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