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Abstract. Let (M,g) be any compact, connected, Rieman-
nian manifold of dimension n. We use a transport of measures
and the barycentre to construct a map from (M,g) onto a Hy-
perbolic manifold (H"/A,gp) (A is a torsionless subgroup of
Isom(H™, gg) ), in such a way that its jacobian is sharply bounded
from above. We make no assumptions on the topology of (M, g)
and on its curvature and geometry, but we only assume the ex-
istence of a measurable Gromov-Hausdorff e-approximation be-
tween (H"/A,go) and (M,g). When the Hausdorff approxima-
tion is continuous with non vanishing degree, this leads to a sharp
volume comparison, if € < 64% min(injgn /a,g)> 1), then

Vol(M™, g) >

3
g
1+1 1 deg h|-Vol(X™, go).
( + 160 n(n + )\/min(inj(Hn/A’go)’l)) | deg h|-Vol(X™, go)
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1 Introduction

As a corollary of the “Théoreme Principal” (see. [1], p. 734), G. Besson, G.
Courtois and S. Gallot proved the following

Theorem 1.1. (see. ibidem) Let X and Y be two connected compact ori-
entable Riemannian manifolds of the same dimension n and f :Y — X be
a continuous map of non zero degree. If X is endowed with some metric g
whose sectional curvature Ky satisfies Ky, < —1, then, for every metric g
on'Y, one has?
(i)

Ent(Y, g)Vol(Y, g) > [degf| (n — 1)"Vol(X, go)

(i) If Ricci (g) > —(n —1)g, then Vol(Y,g) > |degf| Vol(X, go)

Moreover, in dimension n > 3 the equality is attained if and only if (Y, g) and
(X, go) are the Real Hyperbolic Spaces and if there exists a locally isometric
covering homotopic to f.

In this theorem, the property (ii) is an immediate consequence of the
property (i) and of the Bishop’s inequality.

In [6], (2006), G. Reviron proved the following

Theorem 1.2. Let (My, go) be a compact Riemannian manifold of dimension
n, whose systole® is bounded from below by ey and whose sectional curvature
K, satisfies Ky, < —k*. Let (Y, g.) be a compact Riemannian manifold of
dimension n with strictly negative sectional curvature which is £9/13-close to
(M, go) (with respect to the Gromov-Hausdorff distance) and whose systole is
bounded from below by 3. Then for any other metric g on'Y one has:

Ent (Y, )" Vol(Y,g) > ((n — 1)k)"Vol (My, go)-

In particular, when (Y, g) is negatively curved, if (Y, g) is (e0/13 — €')-close
to (M, go) with 0 < & < €9/13, and if the systole of (Y, g) is bounded from
below by €q, then

Vol (Y, g) > (%)n (1 _ i—j)nw (Mo, g5)-

2Recall that the Volumic Entropy is Ent(M,g) = img_ oo % [Volg Bar(yo, R)] being
B (yo, R) the ball of radius R centered in yo € M ; it does not depend on the point yq .
3The Systole is the length of the smallest closed geodesic not homotopic to zero.
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Proof. See [6], p. 30. O

Notice that, with respect to the Theorem 1.1, in the Theorem 1.2 the
existence of a map of non zero degree is not assumed, but deduced from the
existence of a Gromov-Hausdorff approximation.

Asin [7] (2013) and [8] (2016) any assumptions on the curvature of (M, g)
is done, we suppose only that one manifold has sectional curvature constant
and equal to -1 (what we shall call a Hyperbolic Manifold) while on the sec-
ond manifold no assumption on its curvature are done. As in the Euclidean
case ([7]) , we compare the volume of any compact connected Riemannian
manifold (M, g) with the one of a compact connected Hyperbolic Manifold
(X, go) of the same dimension, only assuming that the Gromov-Hausdorff
distance between these two manifolds is smaller than some fized positive ¢;
i.e. the estimate that we obtain is also valid for non small values of €, but it
is sharp when ¢ goes to zero.

In the Hyperbolic space, if A is a torsionless subgroup of Isom(H", can)
which acts discretely and such that the quotient space (X, go) = (H", can)/A
is a manifold, three cases may occur:

1. the quotient manifold (X, go) is compact;
2. the quotient manifold (X, go) is noncompact with finite volume;
3. the quotient manifold (X, go) is noncompact with infinite volume.

In the case 1, the injectivity radius is always bounded from below by a strictly
positive constant.

In the case 2, the infimum, with respect x € X, of the injectivity radius at
the point x is always equal to zero.

In the case 3, there are manifolds whose injectivity radius is bounded from
below, and other ones whose infimum of the injectivity radius is zero.

It is the reason why we shall only consider compact hyperbolic manifolds
(X, go) (case 1), obtaining the main result of this paper:

Theorem 1.3. Let (X, g0) be a compact hyperbolic manifold and (M, g)
be any compact Riemannian manifold, if there exists a Gromov-Hausdorff
e—approximation (X, go) — (M,g) and if € < ﬁmin [inj(X, go), 1], then
there exists a C'—map H, : (M, g) — (X, go) satisfying the following prop-
erties:

(i) H, is a 0—Hausdorff approzimation, where § = 5n, /m + 3ny/E.
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(if) For every y € M and every orthonormal basis {e;},;,, of (1,M,g,),

Z |, H,(e})]]* < n (1 + 160 n(n + 1)\/mm<mj&n 9),1) ) '

(iii) In every point, the Jacobian determinant of H, is bounded above by

(1 +160 n(n + 1)\/min(inj(§{”,g), 3 ) .

Moreover, H, 1s explicitly constructed.

2 The barycentre map for the Hyperbolic manifolds

Let A be a co-compact uniform lattice in the group of isometries of the
Real Hyperbolic Space (H",gg), where gy is the canonical metric of H"
whose sectional curvature is constant equal to -1, then the quotient man-
ifold (X, g0) = (H", go)/A is a Hyperbolic Manifold with finite volume and
injectivity radius ¢y > 0. The space H", with the canonical projection
p: H" — X is the universal covering of the manifold X, with automorphisms-
group G(H™, X') = A. For the sake of simplicity, in the sequel we shall denote
by an over-script ~ all the elements of the universal covering H", i.e. z € H".

Let (X,dX) be a metric space and let B(x,a) C (X,dX) the ball
centered at z of radius « ; we consider the covering of (X, dX) by a system of
neighbourhoods U, = B(x,a).ex of balls of fixed radius «, that is denoted
by (X% dX,) and let p*: (X% dX,) — (X,dX) be the map of projection.
Let ¢ C X be a closed loop based in x5 € X ; if ¢ can be lifted to X* in a
closed loop based in z* = (p®)~(x) , then

Definition 2.1. The p* : (X*,dX,) — (X,dX) is an «a-covering if and
only if each closed loop ¢ of base point xq € X, is such that the class of c,
denoted by [c| coincides with the null class in 7 (X, z0)/(X, Uq, x0) -

Let (M, g) be a n-dimensional connected compact orientable Riemannian
manifold without boundary and let p® : M* — M be a a-covering of the
manifold M. For the sake of simplicity, in what follows, we shall denote by
M the manifold M® and with an overline all the objects which live in this
manifold: e.g. 7 is an element of M = M®.
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We fix arbitrarily two real positive numbers a and € such that 0 < 5e <

a<s 3

2 T 2

If the Gromov-Hausdorff distance between X and M is less than e, the

main result is the Theorem 1.3 whose proof is divided in several Lemmas
occupying the most part of the present paper.

The first Lemma gives the relation between the distances on the bases
when lifted to the covering spaces:

Lemma 2.1. ([5], theorem 3.33.) Let (X", go) be a compact hyperbolic
n—dimensional manifold, let ey be its global injectivity radius and (H", go) be
its Riemannian universal covering, let e < 15 and 0 <be < a < P — 3—25 Let
(M, g) be a n-dimensional connected compact orientable Riemannian man-
ifold with p* : M — M a a-covering of the manifold M. If the Gromov-
Hausdorff distance between X and M 1is less than €, then

1. there exists an isomorphism T between the group G(H™, X) = A of
automorphisms of the universal covering p : H" — X and the group
G(M, M) of automorphisms of the a-covering p® : M — M ;

2. there exist two maps: )
f:H" — M,
h: M — H™:
which are lifts of the e—approximations f : (X, g0) — (M,g) and h :
(M,g) — (X,g90) and which are equivariant with respect to the two

actions of A on H" and on M (via the representation ), i.e. ¥y €

G(H", X) and V¢ € G(M, M):
fov=7(1)ef,
ho( =T (¢)oh;
moreover f and ﬁ_a,re (1 4 1€, coe)—quasi isometries, more precisely
they satisfyVy € M and ¥V zZ € H":

o (7). 2) < (1 - 3—) on@ ) +2s, (@)

3¢

e fo) < (1-5) i@+, @2
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Vie H", om((ho f)(3),2) <e, (2.3)
Vg e M, on((foh)®).7) <e. (2.4)

Proof. Apply Reviron [5], Theorem 3.33 (which is settled in a much more
general context), noticing that

(7, 52) o5 (F o @), 2| <=

\@Hﬂz (7)) — omn ((ho f)(2), ;;@)’ e

To define the barycentre map it is necessary to construct an auxiliary
function. Recall that the best choice to define the barycentre of a measure
in a manifold whose sectional curvature is equal to -1, is to chose the point
& where the function & +— [y, cosh ogn(Z, 2)du(Z) attains its minimum, we
shall thus define the image of § € M by the so-called “barycentre map” as
the unique point ¥ € M where the function By : (H", o) — R* defined as:

23y(:i):/ CoshQHn(i’,é)e’cg@’f(g))dvgo(é)

attains its minimum.
Here 7 is a fixed point in M, and o : M x M — R* denotes an approximation
of the distance function which satisfies the following properties:

1. o7 — 7 < 0 < oy +, for a fixed r > 0;
2. Vv € Isom(M,g), one has o(77,7%) = o(7, );

3. IVo(w,2)|| <1+ cir?, where the gradient is taken with respect to the
first component 7.

Let © be any measure on H" such that

/ *cosh (0 (7, 2)) du(2) > 0

and

/ e e @A q(3) > 0
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for at least one £ € H" (and thus, by the triangle inequality, for every
Z € H™). Notice that this second condition is satisfied for any nonnegative
non trivial measure p on H™ such that there exists some R € R™ and 7 € H"
such that p (Bgn(Z, R)) > 0, which means that the measure is not concentrate
at infinity (i.e. it is a measure on H" and not on its ideal boundary). Let us
define the function B, : H* — R* by

Bu(z) = /n cosh (o~ (7, 2)) du(Z),

this function satisfies the

Lemma 2.2. 1. B, is continuous (in fact C*) and strictly convez.

2. Let fi be a fized selected point of H", then B,(Z) goes to +oo when
OHn (57 ’2) — 0.

3. B, admits an absolute minimum and achieves this minimum at a unique
point T, characterized by the equation:

V (cosh ggn) (2, 2)dp(Z) = 0,

H»

where the gradient is computed with respect to the first variable.

Proof of 1. Let u, v € T;H" be two tangent vectors, it is sufficient to
prove that B, admits a (continuous) second derivative DdB,(u, v) which is
positive definite. It is a classical result that, on the Hyperbolic Space, the
Hessian of hyperbolic cosinus of the distance-function is continuous, because
it satisfies

Dd (cosh gpn)|; 5 (u, v) = cosh (o (2, 2)) - go(u, v) (2.5)

where the differential are taken, as usual, with respect to the first variable z.
Let € be any selected point of H”, for any point & € By (€, 1), using (2.5)
and the triangle inequality, we can bound the first and the second derivatives
of the integrand function from above by:

IV (cosh gu ) (7, 2)[| = sinh (egn (2, 2)) ||V 0 (2, 2)|| < sinh (0an (7, 2) + 1)

Dd (cosh ggn) ; (V,W)’ < cosh (omn (%, 2) + 1) /G0 (V, V) - \/Go(W, W)

where the right-hand sides are p—integrable functions which are independent
on T; we may then apply the Lebesgue Dominate Derivation/Continuity
theorems, which imply that B, is C? and satisfies:

#,0; (v) = [ 0(V (cosh o) (7,2),v) ), (2.6)
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and, by (2.5),

DdB,|. (v,w) = Dd (cosh ggn) ; 2 (v, W)dp(Z) =

Hn

go(v, w) /n cosh (omn (Z, 2)) dp(2) = go(v, w)B,,.

It follows that DdB,|z(v,v) > 0 when v # 0z, and thus that B, is strictly
convex.

Proof of 2. Let € be a fixed point of H", applying the inequality cosh ¢ >
¢’ and the triangle inequality, we get:

23#@) > / eQHn(f,i)du@) > / eQHn(iyf)*QHn(£~72)dﬂ(§> > (. e@Hn(fc,f)

n

where C' = [, e” 2" (g’g)du(é) is a strictly positive constant. We deduce that
B, (Z) = 400 when pgn(Z,&) = +oo.

Proof of 3. As B, is continuous and goes to +oo at infinity (by 1. and
2.), it admits an absolute miminum and achieves this minimum; as B, is
strictly convex, this minimum is attained at a unique point, denoted by 7,;
as B, is strictly convex and C', this point is characterized by the equation
V3B, = 0, which, by the formula (2.6), writes:

/n V (cosh ogn) (Z,, Z)dp(Z) = 0.
U

Let us now notice that the function By, defined at the beginning of this
paper, coincides with B, where pp = pz = e (@1 (')>dv§0. Let us now prove
that py satisfies the two assumptions of the Lemma 2.2:

e it is obvious that [y, e 2" ®Adpy(Z) > 0, because the integral, to
respect to dvg,, of a strictly positive continuous function is strictly
positive.

e The second assumption is satisfied for every ¢ > 5= because of the
€0

Lemma 2.3. The function By is well defined for every ¢ > 5.
=)
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Proof: By the property 1. of the approximation p of the distance function
oy and by the the inequality (2.1) of the Lemma 2.1, we have:

0 < Byp(z) < e‘”"/ e0un (&%) g—coxr(5,£(2) dvgo( ) <

< gor s / o (&)= comn ((@).2) (1-22) dug (2),

and, by the triangle inequality, we obtain:

B, < 66<26+7"+9Hn(§:,/~1(y)))/ e_(c<1_%)_1>an(i72)d’l}§0<§).

n

We thus have only to prove that [y, e=#2m"®#)dy; (2) < +oo if and only if
B > n — 1, which exactly means that the volume entropy of H" is equal to
(n—1). O

This proves that for every ¢ > 35 , the measure 5 satisfies the assump-

tions of the Lemma 2.2; applying th1s Lemma, we get the

Lemma 2.4. For every ¢ > 5, the function By, defined by
€0

/ cosh (opn (7, 2)) e’cg@’f(‘%))dvgo(é),

is a correctly defined (i.e. finite) C? function, which admits an absolute
minimum and achieves this minimum at a unique point, denoted by Ty, which
15 characterized by the equation

V (cosh ogn) (Z, 2)e‘cg@f(5))dvgo(2) = 0.

H™

i

We define H : M — H" as the map which maps every 5 € M onto the
point Ty € M this map will be called barycentre map because, if we consider
the measure jiz = e~ (*)dy, (8) on H", then H(y) is the barycentre of yy
in the non-classical sense of [2].

The barycentre map is an equivariant almost-isometry, i.e. it is invariant
under the actions of the elements of the isometry-group A on H" and, via its
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representation 7, on M, thus it gives, by quotient, a map H : M — X which
is a Hausdorff A(n)/e—approximation if, as in the present case, the bases
are compact (A(n) is a constant depending only on the dimension n). These
two properties are synthesized in the following two Lemmas 2.5 and 2.9.

Lemma 2.5. The map H : M — H" is equivariant with respect to the two
actions of the group A on H" and on M wvia the representation ¥, given by
the Lemma 2.1; thus, making the quotient by the two actions of A on H" and
on M it provides a map H: M — X.

Proof. Let G(M, M) be the group of automorphisms of the a— covering
p® : M — M, from Lemma 2.1 it follows that there exists an isomorphic
representation ¥ : A — G(M, M) such that Vy € G(H", X), V& € H" we
have f(vi) = 7(v)f(%), we deduce that

(07

Bryg(7E) = / cosh gun (v, 2) e 2T dug, ()

= [ comhigmn(d.712) ¢ 00O Ty (2

- / cosh g (7,77'2) €TI0 g, (2) = By(3)

because dvg,(Z) is invariant by isometries. Then B,y attains its mini-
mum at y2y if and only if By attains its minimum at Zz. This implies that
H(T(v)y) = vH(y), thus the map H is equivariant. O

To prove that H is an almost-isometry, we shall prove a strongest prop-
erty, i.e. that the point H(7) is close to h(7); but we previously have to prove
the following lemmas:

Lemma 2.6. If z is a selected point of the Hyperbolic Space, then, for every
¢ > n, the function

i [ cosh gun (7, 2)e @ @02 gy, (3). (2.7)
Hn

1s correctly defined and achieves its minimum at T = T

Proof. Let v = e~¢@m @) gy, = this measure satisfies the assumptions
of the Lemma 2.2 if and only if ¢ > n, In fact, as i’ < cosht < ¢,
Jizn cosh (omn (Zo, 2)) dv(Z) is (up to a multiplicative constant) equivalent to
Jign €77 Ve @02 gys () which is finite if and only if ¢ — 1 > n — 1 (see the
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proof of the Lemma 2.3). Applying the Lemma 2.2 to the measure v, we
obtain that, when ¢ > n, the function

B, T — [ cosh(oun(F,2)) econ @0 gy, (3)
Hn

is well defined, admits an absolute minimum and achieves this minimum at
a unique point z,, characterized by the equation

/ V (cosh gmn) (2, 2) e~¢ @A gy, (2) = 0. (2.8)

Writing everything with respect to the polar (exponential) coordinates cen-

tered at Zg:
5 J0, +oo x SE- — H"
' (r,u) = expg, (- u)

(see the definitions in the proof of the Lemma 2.3), recalling that

OH"» (‘%7 ¢(T’ l_l)) =T, (VQH"> (‘%7 ¢(T, u)) =—-u
and
¢*dvg, = (sinh )" dr dvgn1
we have:

V (cosh ggn ) (Zo, 2) e ¢ @3 dy. () =
HTL

A

because [¢n-1 udvgn-1(u) = 0. This proves that 7, satisfies the equation (2.8),
T

udvgn_l(u)> e~ sinhr (sinhr)" " dr = 0

n—1
zq

and thus Z( is the unique point where the function B, attains its minimum,
ie. T, = Zg. ]

Remark 2.1. The minimality of the map
i | cosh opn (7, 2)e~cm F02) gy, (3)
Hn

expressed in the previous Lemma is nothing else than the fact that the barycen-
tre map, seen as a map of the space H" into itself is the identity-map of H™.

Before proving that the barycentre map is an almost-isometry it is nec-
essary to prove two further sub lemmas:
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Lemma 2.7. Let ABC be the geodesic triangle of the Real Hyperbolic Space
whit edges of length a, b and ¢, (as usual, the edge of length a is opposite to
the vertex A); let M be a point of the edge BC, then the following relation
holds:

cosh pgn (A, M) = (2.9)

sinh ogn (M, C') sinh o (M, B)

e h n A B ’
Ccosnl o ( ; ) sinh Omn (B’ C’) sinh OHr (B, C)

+ cosh ggn (A, C)

Proof. Let ¢ : [0,a] — H", where a = gy~ (B, C) be the normal geodesic
such that ¢(0) = B and ¢(a) = C. We set M(t) = ¢(t) and y(t) =
cosh ogn (A,¢(t)). The formula 2.6 implies

y'(8) = D (cosh ) s (7). (8) = cosh e ((0), A)]

thus y(t) is a solution of the following boundary problem:
) (2.10)

It is clear that the function

sinh(a — t) sinht

t) = cosh ogn (A, B h ogn (A, C
7l = coshom (A B) (B, 0y oo e O 5.0

is the solution of the problem (2.10). The identification y(t) = x(t) proves
the relation (2.9). O

Let 1/(e) be any finite measure without atoms on H" satisfying the inte-
grability condition: there exists some Ty € H" such that

/ e @ @02 d)(2) < +oo

(notice that this condition implies that

/n cosh (ogn (Zo, 2)) dp/ (2) < 400

for every & € H"), let b be its barycentre, i.e. the point where the function
&+ [y, cosh (omn (2, 2)) dp/ () achieves its minimum and let us consider the
geodesic triangle zbx, corresponding to the triangle of the previous lemma
setting the identifications A = z, B = b and C' = z. Let us denote by ¢
the normal geodesic [0,a] — H" joining the barycentre b to the point z and
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let M be the point of the edge bx at distance equal to n from b. From the
relation (2.9) we draw the equality:

coshn—1 .
cosh ggn (2, z) — cosh ggn (b, 2) (cosh a— ﬁ sinh a) (2.11)

sinha
— Sinh [cosh ggn (¢(n), 2) — cosh ogn (b, 2)] .

As a consequence, we have:

Lemma 2.8. For any measure (' satisfying the above integrability conditions,
let b the barycentre of the measure p' and x be any point of of H", then

/ cosh (own (x, 2)) du'(2) = cosh (ogn (b, 7)) - / cosh (omn (b, 2)) di'(2).
(2.12)
Remark 2.2. The equality (2.12) provides an estimate for ogn (b, x) in terms

of the Leibniz hyperbolic function, more precisely, an immediate consequence
of (2.12) is the equality:

2sinh <w>2 /n cosh (opn (b, 2)) dp'(z) =

= /n cosh (omn (z, 2)) dy' (2) — /n cosh (opr (b, 2)) dpi' (2)

Proof: The integrability condition satisfied by the measure p' allows to
integrate both sides of the equality (2.11): by integration, the right-hand
side of this equality goes to zero with 7, because

e [cosh (gmn (€(n), 2)) — cosh (gr~(¢(0), 2))] du'(2),

defined on | — ¢, ¢[ attains its minimum when 7 = 0, because ¢(0) = b, thus

. /n [cosh (ur (¢(n), 2)) — cosh (eur (¢(0), 2))] dp'(2)

Ui

goes to zero when 1 — 0; then, integrating and making 7 going to zero, we
get:

/n (cosh (gmn(z, 2)) — cosh (opn (b, z) cosha)) dp/'(z) = 0

coshn—1
sinhn

the equality (2.12). Replacing cosha by <2 sinh (%)2 + 1), we immediately

where a = ggn (b, z), because — 0 when 7 — 0. This ends the proof of
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deduce the formula of the Remark which follows the Lemma 2.8. O

It is now possible to show that the barycentre map H is an almost-
isometry: we shall prove that the map H is close to the ¢ -Hausdorff approx-
imation h, i.e. that the images of the same point § through H and h are
A(n)y/e— close, where A(n) a constant depending on the dimension n only.
This property is synthesized in the following

Lemma 2.9. Let ¢y = inj(X,g), then, for any ¢ < min (64n250, 50 %50)

and for any r—approximation o of ogr such that r < 5, one has:

sinh (g (h(7). H(@)) < 4n\ﬁ n 6\/2 \F N

. / - - ! __ S n [
and thus H is a £'—approrimation, where €' = 4n ot 6/ 5 4 [+ dy/ce

Remark 2.3. An immediate corollary of this Lemma is that, if
£ < min (@50, ﬁ) there is a choice of ¢ such that

o (@), H(G)) < (4@_06 i 5m) Ve

To prove this, it is sufficient to chose ¢ = 2n, then € < min (64% €0, ﬁ)
implies that £ < min (64% €0, %C, i 50) and thus
omn (h(7), <4n1/ +6’/s + 5y/ne
0
Proof. We use here the following notations:
o duy(e) = e=c(1-33) " eun (h(@), *)dv;, () and the corresponding Leibniz func-

tion

o By(7) = [y cosh omn (7, 2)dvy(Z);
o duy = e—ce@.f (*)dvg, (e) and the corresponding Leibniz function

o By(&) = [y, cosh ogn (Z, 2)dpgy(Z).

By the sublemma 2.6 (resp. by definition), when ¢ > 35 . h(7) (resp. H(7))

is the barycentre of the measure v (resp. fiz), the Lemma 2.8 then implies:
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By(h(7)) = By(H()) cosh (oa (h(7), HD)))

Y

(2.13)

By(H(7)) = By(h()) cosh (o (h(@), h(@)) )
By the inequality (2.2) of the Lemma 2.1 and by the condition 1 of the
definition of p, we have

e e 2 By(H(y)) — By(H(7)) =

3e)—1 h(y),z e+r —co(@,f(Z =
)~ aun (h(5),2)+2e+7] _ —co(@,f( ))] dvg, (2) < 0.

— [ coshgm (A (). 2) [l
Plugging this inequality in (2.13) we get:
By(h(7)) = By(H (7)) cosh (0w (h(3). H (D))

> ¢ e 2By (T (7)) cosh (0 (A7), H(D)))

> e~ 2IB (7)) cosh? (o (h(m), (D)) )

Using the definition of By and of 1~3y, the inequality (2.1) of the Lemma
2.1 and by the condition 1 of the definition of g, we deduce from the last

inequality:
/ cosh (an(}Nl(y)7§)> e—c[(l—g’—;)an(B@),z)—Qa—r] dvg, (2) >

- N
> e—c(r+25) |:/ cosh <QHn(h(y),2)> 670(172%) QH"(h(y)’z)d’Ugo (§>:| .
(14 sinb? (0w (h(7). H())))
Let w, = Vol(S", can). Integrating with respect to the polar (exponential)
coordinates of H" centered at h(y) (for a definition and properties, see the

proof of the Lemma 2.3) the last inequality writes:

3e

e 1-2)y
wn/ cosht (sinht)" " e_c< %) dt >
0

(14 sink? (o (7). A () )
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or, equivalently, when integrating by parts:

=) (1 E) T (c(1-%))

Lsinh? (g (i), H(7) < 250 (1

o 200 Jn (c(l_g,_z)—1>
(2.14)
where J,(8) = f0+oo(sinh ) e Pldt.
We now use the
Remark 2.4. For every > n one has
|
Jn(B) = - (2.15)

[[=(8 +n — 2i)

Proof of this Remark: Integrating by parts, we get, for n > 1,
+o0 n +o0 1
/ (sinht)" e Ptdt = —/ cosht (sinht)" ™" e Pldt
0 B Jo
and, integrating one more time by parts, we have, for n > 2:

+o0 400
/ (sinht)" e P'dt = %/ [(Sinh )" + (n — 1) cosh? t(sinh t)"_Q] e P,
0 0

from which we deduce:

n(n—1)
D= e
Noticing that Jo(5) = % and Ji(8) = Wl(ﬁ-i'l)’ the last inequality provides,
by iteration, the formula (2.15). O

As ¢ may be any real number strictly greater than "5, defining g’ by
€0

g = %(1 — §_§> — 1, ¢ may be any strictly positive number, and have
c= 105

Plugging0 this and the equality (2.15) in the formula (2.14), we get:

1+ sinh? ((oue (h(7), (7)) <

€0 2

[T o(n+ne +n — 24)

< 620(26+7") X
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o2c(2e+7) n(l+¢)—-n (1 - 27?) ( - S_Z)
0 n /
(1-%) (-5 "

i (e o2 (5 (o )
- 2n+ne — 21

<

=0
2¢(2e+r) 1 1
= 36" 3 .(1+3§(€_+2_>).
5 e\" o
(“a) (1-3) 0
~ 2i—n 11 3¢
. 1 el —+— — )
g( +n(1+€’)—(22’—n) { 8(50+2a 20450)})

=1

g0
3

1+ sinh? (0w (h(7), (7)) < (2.16)

Recalling that « is chosen to be a@ = 2, we get:

2¢c(2e+r) n

c (s ) (1ra-n2)
3 3e\" ge €
(1-%) (-5 : ’

In order to explicit this upper bound, we recall the following inequalities,
that we already settled in the [7] (2013):

(a) e* <14 x e” for every z € RY;

(b) (1+2)" < 777 < == <1+ 2nua for every z € [0, 2

1-z) — 1—nz —

(€) (1+2)(1+y)(1+2)(1+u)(1+v) < (1+ TLEZEEN) <4 4 o(p gy 424
u+wv) for every (z,y, z,u,v) € (R¥)® such that z + y + z +u+v < 3,

where (c) is deduced from (b) and from the fact that, if the \;’s are positive,

then (3371, )" > T A
Applying (a), and recalling that ¢ < %, we get
° ch(Qs—‘rr) < ebee <14+6¢ce

Applying (b) and recalling that, by the assumptions of the Lemma 2.9, =<

1
a2y W€ get

° L <1+6n=,
€0

3e\" —
(1-2%)
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. <1+4(n—2)§—§) <1+8n(n—2)=.

1+¢’ : . :
Now, as ¢ = ”1(_4; ), a direct computation gives:

€0
cC—n & 15
g = 1-3 —
n c—n &

n_ &
£ - n €
1+8— ) =14+8 —"2— | <149 —.
( * 6’50) ( * 1-3-=5 £>_ * c—n &

c—n €g

and thus

Plugging all these estimates in the formula (2.16) we get:

1+ sinh? ((oue (h(7), A7) <

< (1+6ce)(1+6n5) (1+9n3) (1+8n(n+2)5) (1+ n 3).
o €0 €0 C—MNn &y

Noticing that

n

Gee+6n—+9n—+8n(n+2)—+9 <1
€0 €0 €o C—"n &

(by the assumptions of the Lemma 2.9 and the fact ¢ > n), we may apply
the formula (c), which gives:

sth(an(iL(y),H@)))§2<6c5+6n3+9n3+8n(n+2)i+9 n i)
€0 €0 €0 C—Nn &g
<16m2S +18—— 5 1 12¢e

€o C—N &

we conclude by taking the square root of this inequality and noticing that
o0 < sinh p. 0

3 The regularization and the jacobian estimation of
the (regularized) barycentre map

Using the regularization of the distance function, it is possible to prove the
Theorem 1.3 of this paper, defining the regularized barycentre as the point
T, where the function By : (H", go) — R*:

B () :/ COShQHn(j,2)€_CQT@’JZ(2))dU§O(2)
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attains its minimum, where g, is the regularized approximate distance, (see

[4] (1977)) defined as follow.

Let ¢ :[0,400[ be a C* function (mollifier) such that
1. ¢ =1 in a neighbourhood of 0;

2. ¢(t) =0 Vt>1;

3. ¢(t) <0 Vtel0,4o0].

Now, let i(M,g) be the injectivity radius of (M,g), for r < i(M,q) we
define the function ¢, by:

() =9 (;)
Vol(S*1, can) [ ¢(2)s"~1ds — Vol(S—1, can) ) o(t) tn=1dt

¢r(t) =

The following properties have been established when o is any approxi-
mation of p3; which satisfies the above properties 1., 2. and 3. . As p,
is such an approximation it immediately comes that By is well defined for
every ¢ > 35 , is continuous, strictly convex and goes to infinity when the

geodesic dlstance from a selected point goes to infinity (see Lemma 2.2).
Thus H,(7) is well defined as the point where By attains its minimum. Thus

H, is the barycentre of the measure Py = e—cor@.f ('))dvgo, where this notion
of barycentre has been defined in the Lemma 2.2. We may thus substitute
o, and p in the Lemmas 2.4 and 2.8. Applying these Lemmas in the case
0 = o, we get the following properties for H,:

Lemma 3.1. For any ¢ > —"%, the regularized barycentre map H, is well
defined, moreover ’
1. it is an equivariant map, i.e. for every v € Isom(M,gz;) one has
FT oY= F(’V)_l © HT'
2. Let ¢ the injectivity radius of (H"/A, go), then, for every §j €M, for

: 1 c—n 1
any € < min 64n2° 64c’ T2ceo

oue (L), h(3)) < (4n+5 n >\F ravaE,

- &0 and for any r <min(e,inj(M,g)),

c—n

and thus H, is also a [(471 + 5,/ Cfﬂ) \ /% + 4\/5} — Hausdorff-appro-

ximation which is an almost inverse of f.
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Moreover the regularity of g, implies the

“— the reqularized barycentre map H, 1is

_ 3¢
1 =

Lemma 3.2. For every ¢ >
C*(M,R™) (and, in fact C).

Proof. As H" is diffeomorphic to R™, we fix a global system of coordinates
T+ (¥1,%9...,%,) which is a diffeomorphism H" — R"; the map ¢ : H" x
M — R"™ whose components are defined by:

~ _ a —cor(T.F(3 ~
®;(z,7) Z/ d (cosh o) | ; 2 (&g) e e D dug, (2) =

= / sinh g (7, 2) <ngn(g:~,z),%>e—0é’r<y’f@>dv§0(z), (3.1)
is such that ®(%,7) = Ogn if and only if # = H,(y) by the property of
the barycentre (Lemma 2.4). We prove that ® verifies the assumptions of
the Implicit Function Theorem of U. Dini in an open neighbourhood U X
V C H" x M of any point (Z,%,) € H" x M. Then there shall exist
a neighbourhood V' C V of 3, in M, a C* map h, : V' — H" and a
neighbourhood Q of (Z,7,) in H" x M such that

(z,79) € Q yeV’
and < and
o(z,y) =0 T = h. (7).

As a consequence, the uniqueness of the barycentre (i.e. of the solution of
the equation ®(&,7) = Ogn for a fixed 7 € M) implies that the locally defined
map h, given by the implicit function theorem coincides with the restriction
of the globally defined H, to V'. As h, is C' in the open neighbourhood V'
of Ty, H, is also C' on V’; as the point 7, can be chosen to be any point in
M, H, is everywhere C' on M.

Now, let us prove that we can apply the implicit function theorem to the
map P.

Step 1. The map ® is C' with respect to the couple of variables (Z,%). To
show this, consider the i—th ®; component of ®, (see (3.1)): we shall
prove that its derivative with respect to Z; exists and writes

9 0 -
= — —cor@f () dyy- (3) =

= Dd (cosh ggr) |(i72) e e @’f(é))dvgo (2)
HTL

00,
0z,
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s o o 0 o i Fs -
:/ cosh omn (7, Z) go <%, %> € cgr(y’f(z))dvgo(z% (3.2)

where the second inequality comes from (3.1). Let Zo (resp. F,) be
any point of H" (resp. of M) and let Byn(%g,1) (resp. Bi7(¥o,1) be
the unit ball centered at I, (resp. at 7,). The triangle-inequality, the
Lemma 2.1 and the property |o, — o37] < 7 of the regularized distance
(point 1. above) give

o 0
0z, 0

Dd (cosh an)|(£72) < ) e—cor(@.f(2)) < cosh ogn (%, g)e—cgr(ﬂ,f(i))

< 66(1+T+36)

The right-hand term of this inequality is a function independent on
T and on y which is dvg,(2)—integrable when ¢ > 5. Thus the

Lebesgue Dominate derivability and continuity theorems porove the equal-
ity (3.2) and the continuity of g—; with respect to the couple (Z,7)

We consider, now, a local chart § — (¥, ...,%,) in the manifold M.
In order to prove that the integral and the partial derivative commute,
i.e. that the partial derivatives with respect to the y-variables are:

00, _ o o )
ag o = —C/nslnh QH"(xyz> <ngn<x7Z)7 a_,’i'l> (34)
I \(z.y)
7. f(3 0 —cor(7,£(2)) z
(Vo (y, f(2), 5= ) e dug, (2),
JY;

let us fix again 7, in M and let § run in the geodesic unit ball B37(7, 1).
The triangle-inequality and the fact that the norm of the gradient of
the regularized distance is upper bounded: [|[Vo,|| <1+ ¢1k?r? (point
3. above) give

1 T > T 3 0 = f(3 9 —cor(B,f (2
s g (8, ( Ve (5. 2) 5 ) { Tl 7). 5 ) 070 <
’ J

< (14 ek?r2)e™ 42 coshll 4 gy (i, )]~ <755 ) e @A) (5 5y

The right-hand term is a function independent on Z and 7, whose in-

tegral converges when ¢ > 5. Then the Lebesgue Dominate Deriva-

€0
tion Theorem applies and justifies the equality (3.4); the continuity of

%(i,y) with respect to (Z,7) is again a consequence of the Lebesgue
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Dominate Continuity Theorem.

In conclusion, all the derivatives oo

92 and all the derivatives 22 exist
8xz 8@

J
and are continuous with respect to (Z,7), thus the map @ is C'.

Step 2. Let now 7, be any point in M. In order to apply the Implicit

Function Theorem, it remains to prove that (g?’ (z, @)) is a invertible
J Z7j

matrix.
By the equality (3.2)

0d; _ _ N 0 0
o7, (7,7) = MZ,7)dolz ( )

where \(Z,7) = [y, cosh omn (Z, 2)e=cer@IE) dug (2) is strictly positive

and §olz <6% , %) is positive definite. We immediately deduce that

0%,
03,

(Z,7) is invertible. O

We have now all the necessary tools to prove the main Theorem 1.3 of
this Section:

Lemma 3.3. and end of the proof of the main Theorem 1.3:
Fixc+1, ife < 64% min(gg, 1), then

(i)

€

dH(eN)? < n(l+1 )/ ———
121:“ Y T(ez)” _7’L( + 6On(n+ )) min(so,l)

for any orthonormal basis {e}}, ., of oM,

(ii) the Jacobian determinant of H, is everywhere bounded above by

((1 +1607n (n + 1)) ;)

min(eg, 1)

Proof. For the sake of simplicity, we write:

0 = Opn dz = duy, and dpg(2) = e‘cgr@’f(g))dvgo(é) .

In the computations all the differentials will be taken with respect to the
first component (i.e. ogn(Z,2) will be differentiated with respect to & and
0.(T, f(2)) will be differentiated with respect to 7). Let us recall the Lemma
2.4 (where g, may be substituted to ¢ because g, is a “good” approximation
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in the above sense) that the regularized barycentre map H, is characterized
by the implicit equation:

/ d [cosh 3(H,(7), 2)] (v)e= @ @Bz — o (3.6)
for every v € T, H".

Let m — (Z1(m), T2(m),...,%,(m)) be a coordinate system which is a dif-
feomorphism H" — R™. Let, as in (3.1), ®; : H* x M — R be defined

005) = [ dleos (6,9 (52 ) eI

(z,7) = (01(2,7), - - -, $2(2,7)) -

It has been proved in the Lemma 3.2 that ® is C* and, from the computation
of g‘?l and 8@ given by the formulas (3.2) and (3.4), we get, for every w €
T;H"™ and every u e T;M:

digi(w) = [, cosh (3(3, z)) do (8%,W dur (%)

daoi(w) = —e [ dlcosh (2(7,2))) (22 ) 7 (Ver (7.£.()) . u) dug(2)

(3.7)

where d; and dy denote the derivatives with respect to the parameters = and

7 respectively. As H, is regular (by Lemma 3.2), we may derive the equality
®(H,(y),y) = 0 and get:

LSl (7, )9) (dgH () + 01| (77, ) 7) (W) = 0.
for every i € {1,...,n}. Using the equalities (3.7), we get:
[ ot a8, 0).9) o (o ds () ) di )~
o [ dicosh (1,321} (55 ) 7 (Vo 52 w) i) =0

Thus we get, for every v € Ty o) H™

oldy T, (w), v) / cosh 5(F, (7). 7) dyi2() =

n
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—c [ a0 (Ve (@) 2) ) -5 (Ve F2).u) sinh 6(F,(3).2) duy ()

Let v be a unit-vector colinear to dyH,(u), then the Cauchy-Schwarz in-
equality gives:

) ([ cosh o3, 5)6%(5))2 <
<& ([ 0 (Vo @).2)3) b o, 5).2) i) - 6
([ 3 (Tem fow) s ol ).2) diga) )

From the inequalities (2.1) and (2.2) of the Lemma 2.1 and from the first
property of the regularized distance function, it comes

(1-5) acho) 2 r e i@y < (1- ) sz +2e 47

€o

As 3(h(R), TT(7)) < 8, where d = (4n +5,/7%) | [5+4/c/E by the Lemma
2.8, the triangle inequality and the fact that r is chosen such that » < e both
imply:

A7), 2) —2e+ 6 +71 < 0,(7, f(2))

/N
—_
|
ALy
N——
;Q\I
|

3e

-1
and, as € < ¢, we have (1 — 5) < %, and thus

0., F(2)) < (1 - —a) o, (7). %) + 35+ 22 47

in fact, if € is small enough, one may suppose that (1 — 23—2)_1 < 2. Plugging
these estimates in (3.8), we deduce that for every u € T;M and any v €

R 2
Hdgﬁ,ﬂ(u)H2 g~ c(30+4e+2r) (/ cosh (@(Fr(y),g)) eme(1-32) Q(Hr(y)72)d§) <

o =

( c(25+6+r7 VQ ﬁ ) ,V)2 Sinh(é(ﬁr (y)’ 2))60<138)§(Hr(y)75)d§>

(e 7(Tauty 7)) sinna(A, ), ) (D).
H»
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identifying the unit sphere of <TFT@)H”, §0|Fg> with "1, we may now con-

sider the polar coordinates
R xS"! — H"
¥ (t,w) = exXDy, ) (t-w)

one has:

o o(H. (7). p(t, W) =t,
e dZ =sinh™ 't dt d(w) where d¥ is the canonical measure on S" ',

Writing the last inequality with respect to the polar coordinates (i.e. making
zZ=(t,w)), we get:

o0

2
_ 3¢\ —1
e—c(3§+4€+2"“) Hdgﬂr(u)Hz (wn_l/ e—c(lfg—a) tCOSht . (sinh t)n—l dt)
0

< (Pe2el2etotr) (/ (/ gO(V,W)Qdﬂ(W)) (sinht)" e_c<1_§f>t dt) :
0 sn—1

([ 7(Vom o) sinn [a(7, (). ) LD g2 (3)

For any symmetric bilinear form Q in any Euclidean space of dimension n,
it is a classical result that the trace of Q with respect to the scalar product
satisfies:

Trace,, (Q Z Q(e;, ;) VolﬁS" - /S”_1 Q(w, w)di(w)

where {e;},_,., is an orthonormal basis of the Euclidean space.
As the vector v is fixed (see above), let us consider the symmetric bilinear
form

(W7 Wl) = 90(V7 W) ) gO(V7 W/)

we deduce that

wn 1 Wn—1 Wn—1
| avow? aogow Zgovez e

n

On the other hand, if {e}},<<, is an orthonormal basis of (T;;M, g) we have

Zg(vyr(ya f(g))7e;)2 _ ”Vgr<y, f<§)>H2 < (1 +Clk2?02>2'
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Let {e}}, <i<n b€ a g—orthonormal basis of Tgﬂ, plugging these estimates in
the inequality (3.9) we get, by summation

n o0 —1 2
(Z deﬁr(e;)|]2> (wnl / cosht - (sinh¢)" ™" ee(1-5%) tdt) <
i=1 0

S 0266(5(5+88+47‘) (wnl / (Slnh t)n 6—6(1—%)t dt) .
nJo

(14 e k*r?) (wn_l/ (sinht)" e_c<1_§f)t dt)
0

and thus
ec(56+8s+4r)

(Z deﬁr(eg)”Q) < ——— (L+ak®r?)?
n
=1

(c 2> (sinh tyne (%) dt>2

’ N 2
*cosht- (sinht "—1670(1*5%) 1tdzf
0

2

2 (fom(sinht)"ec<13§)t dt)

(fooo (sinh t)"e_c(l_%yltdt)

% s (L+ k)’ n

_ ec(56+8€+4r) . <1 i 35)

Let ¢ = "1(1_—255,), using the computations made in the proof of the Lemma 2.8,

0
and in particular formula (2.15), we get that:

T AN A(aF)

3e

fooo(Sinht)”e_c(l_i)iltdt In [C( a %)71}

(o) gy [ oE) e

vt [n(1+¢) + (n — 20) (1 - 3—0) (1- %)
H 2n +ne' — 21
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We thus get, making r < £:

n . 3e —2(n+1) 3e —2n
d*Hr N2 < c(50+9¢) 1— == 1— = X
ST eI < ne - *

85 2 e 2n
. (1+ ; ) (1+4(n—2)—)
e'eg €o

<n(1+3c (56 +9)) (1 r12(n — 1)5) (1 +18 ni) -

-(1+16n(n—2)3) (1+9 n i)
9N C—NE&Eg

where the last inequality deduces from inequalities (a) and (b) of the proof
of the Lemma 2.8.

Let us fix c+1,if e < 64% min(gg, 1) we may apply the Lemma 2.8 and thus
get

IN

<162 = +18n— +12 (n+ 1)e
o o

and thus § < 5 n, /% + 3 n /. Replacing in the above inequality and using
the inequality (c) of the proof of the Lemma 2.8, we obtain:

g”dyﬁr(eéw <n (1+75n(n+1)\/§0+4gn(n+1)\/g>.

€ €
1+ 32 N— ) < 1+ 160 1 .
( +32n(n+ )50) _n( + n(n+1) min(ao,l))

We conclude by noticing that, for any endomorphism A of an Euclidean space
and for any orthonormal basis {e;} of this space one has

Lo 3
<[= NIk
|det A] < (n;HA(ez)H )

and thus deduce from the above inequality that

o 3
\Jac H,| < (1+160n(n—|— 1) ;) . (3.10)

min(ep, 1)
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4 The volumes comparison

A direct consequence of the estimation (3.10) is the comparison of the vol-
umes of the manifolds (M, g) and (X, go), however this problem (and its
solution given by the following theorems and corollaries) requires some extra
assumption. We send to [7] to present some example and counterexample
showing the necessity of all these extra assumptions.

Let us now suppose that h is a continuous Hausdorff e—approximation,
then its degree is correctly defined. By the Lemma 2.5, the map H, is
equivariant with respect to the two actions of A on H" and on M, thus it
induces a quotient-map H, : M — X which is C' (by the Lemma 3.2) and
also has a correctly defined degree. We then have the following:

Lemma 4.1. When h is continuous, the maps h and H, : M — X are
homotopic, thus they have the same degree.

Proof. Let us consider the probability measure pi; on H", defined by

o—cor () ]
T = Van -
W=\ T e @i odug (z) )

If 07 denotes the Dirac measure at the point Z, from the fact that

# > | cosh (gm (¥, 2)) d(6:)(2) = cosh (oun (', 7))

attains its minimum when 7’ = 7, and from the Lemma 2.2 we deduce that
T = bar(dz) and that h(y) = bar(dq)-

In the affine space of probability measures on H", let us consider the path
t > vl defined by vh = (1 —t) py +t Oj(y)- For every ¢ € 0, 1], the measure
V% satisfies the equivariance property: in fact

Vg = (1—1) g +1 00 = (1= 1) pog + 01 i) =
= (1 =0T (0)etg +t (TH(1)05q) = (7)1

e Let us define Wy(y) = bar(vh). As bar(vy.u) = v(bar(p)) (see Lemma
2.5) for any isometry ~ and for any measure u satisfying the assumption
of the definition of the barycentre, we get:

Uiy - 7) = bar(vyy) = bar [(7 ' (7))], vy

= (7' (7)) bar(vy) = (F (7)) o Wu(7),
and thus the map ¥, provides (by quotient) a map ¥, : M — H"/A.
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o As yg = gy and V% = 0y, We have U, = H, and ¥; = h and thus

‘110 = Hr and \111 = h.

e (t, )+ U,(7) is a continuous map:
Proof. For the sake of simplicity, in the sequel, we denote by dvg,(2)
by dz. As his C° it is a limit (in the C%-topology) of a sequence hy
of €™ maps M"™ — X and, for k great enough, Ay is homotopic to h.
As hy lifts to a C*°-equivariant map hy : M — H", we define Vék to be

_k .

(1 — )z + 103, () ani\I/t (7) = bar (VL)
Let @ :[0,1] x H* x M — R" be defined by ® = (¢4, ..., ¢,), where ¢;
is defined by:

&t 7,7) = (/n e—CQr(yJZ(Z))dE) (/n d [cosh 0] |(z,z) ((,;Z) duék(§)>

(4.1)
where m — (Z;(m),...,Z,(m)) is a (globally defined) coordinate sys-
tem H" — R™. From the fact that @f () = bar(v% ), we deduce that
@f (7) is the (unique) solution & of the equation ®(¢,z,y) = 0.

Let A =(Ay,...,A,), B=(B1,...,B,), Cand D = (Dy,...,D,) be
the R"—valued functions defined by:

0 _a
A = [ dleoh oo (5 ) e @

Bi(i,7) = C(§) - Di(%,7),

where

D@ = [ dleonillon () (31.) (9

by continuity, we have decided that

) 0 . . J
d [cosh 0] |(z.2) (6%) == ll_I}glcd [cosh 9] |(z,2) <(%> )

From the definition of ® and 1/%7,6,

O(t,z,7) = (1—1t) Az,y) +t B(2,7).

the equation (4.1) writes:

When ¢ > —*5, the same arguments as in the proof of the Lemma 2.4,

implies that, for every i, A;, C' and D; are well defined, because the
corresponding integrands are integrable.
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— Since ® is derivable with respect to t, it follows that

od

ot
which is independent on ¢, and thus continuous with respect to
(t,Z,7) if and only if it is continuous with respect to (Z,7); more-
over, for all Z € Byn (%o, 1) and for all § € By;(7,, 1) the properties
of the regularized distance function and the triangle inequality al-
low to write:

—A(7,7) + B(Z,7)

|V (cosh @)(i72)||6—c9r(@f(2)) < cosh [@(50,2) + 1] e_c[gﬁ@mf(g))—”—l]_

(4.2)
As the right-hand side of 4.2 is integrable on H" with respect to
dvg, and is independent on (Z,7), the Lebesgue Dominate Con-
vergence Theorem allows to deduce the continuity, with respect
to (Z,7), of the function A(Z,7) from the continuity of the inte-
grand function. In the same way, we prove that C'is a continuous
function. Moreover, the map D;:

(,79) — d [cosh 9] ; (88@) (07, ) (%) =

Hn

. 0 e o~ T (=
= d [cosh ]z, ) (g) (=0, if &=h(y))
is continuous with respect to (&,7) since hy, is continuous and the
map (Z, @) — cosh gz ) is C. We then conclude that B(Z,7) is
a continuous function of the couple (Z,7), that %—‘f is a continuous
function of the couple (Z,7) and that %—‘f is a continuous function

of the triple (t,Z,7).

By definition, we have:

- . 0
D;(%,7) = d|cosh g] |(i,fzk(@)) (8&) 3 (4.3)

which is a continuously differentiable function because cosh(9)(z, 2)
is a C'™ with respect to (Z,Z) (this is easily verified outside the
diagonal, on a neighbourhood of the diagonal, this deduces from
the fact that cosh(g)(Z,Z) may be written as a C*° function of
(%, %))

Let a;(%,y,2) = d[cosh ]|,z (%) e~ @.J®) (g, is the inte-
grand of the function A;).
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Then, by definition of covariant derivative,

da;
0z,

o 0 - (s
5 T —cor(y,f(%))
(z,9,%) = Dd[cosh 9] |z, (axj 8%) e +

0 _F
+d [cosh ] |(z,) (D < 81;1) e—cor@f(2) _

reoq - O O\ ooz
= cosh [0(Z, 2)] - o <%, 8&«) e—cor@f(2)
7 i

0 s
sinh [é(fv 2)] ’ dé|(5z,2) (D ) %) e—cgr(y,f(z))‘

From this, and from the fact that, the coordinate system being

fixed,

and

9
9z,

k3

D 5 2| are bounded in every compact set
0% ek ’

and in particular on Bgn(Zg, 1), we deduce that, for every & €
By (Z,1) and 5 € By7(7, 1)

< O - cosh [3(F, 3)] e~ @) <

< (O} - cosh [o(Tg, 2) + 1] o~ clor@o.f()+14r)

As the right-hand side of this inequality does not depend on (Z,7)
and is integrable with respect to Z (under the usual assumption
c> 35 ) and as the integrand 52 a“i depends continuously on (Z,7),

the bounded derivability/ Contlnmty theorem of Lebesgue implies
that A; is continuously differentiable to respect & and that

8A 80@

Yy r,y,2) dz = 4.4
e - [ Gen (4.4
0 s
~ 0 (555 ) [ comlata. 2 e
—l—/ d[coshg] |z | D_o 0 e @) gz
n =z @ 85{:1
Similarly, let us fix a local coordinate system m — (g, (m), ..., y,(m))

of M, which is defined in some geodesic ball By (Yo, 2r1) centred at
some arbitrary fixed point 7, € M, the 7=’s are then bounded on

By(Wy,71). As o, is regular, a;(%,7, 2) is derlvable with respect to
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y; and these derivatives are continuous with respect (Z,7), more-
over it writes:

&Li
Y;

5 T3 - 0
(7,7,%) = —c d(cosh g)(j,g) (8_:E) .

_ 9 o
g (VQT@, f(2)), T) e~ @@z
JY;
noticing that |[Vg| and ||o,|| are bounded everywhere, we get

Oa: (#,7, )
ay] ) y7

< Cysinh [§(7, 7)] e~ ®F gz <

< Cysinh [3(i0, 2) + 1] e (e @S Fri4r) gz

for every (7,7, Z) such that & € Byn(Zo,1) and § € By;(7y, 1)
As the right-hand side of this inequality does not depend on (z,7)
and is integrable with respect to Z (when ¢ > - 38 ), the bounded

derivability /continuity theorem of Lebesgue proves that A; is con-
tinuously differentiable with respect to y;’s and that

8AZ - 8ai ~ — o\ g~
T,Y) = T,7,2)dz.
8yj( v) Hnﬁ'@j( v, %)

A similar argument proves that C(7) is continuously differentiable
with respect to 7 (and thus, trivially with respect to Z). We thus
get that A, C and D are C' and thus ® is C! because all its
partial derivatives are continuous.
Moreover, the equality (4.3) gives:

0D; oL
axj ( ) Dd [COSh Q] ’(a: hi (7)) <axl 8%)

0

Bac al’z

N :
=i (55 9%) / coh#(2.2) d (5,9 ()

+/nd[coshé]| )(Dag 3(;) d(‘Sﬁk@)) (2).
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From this computation and from 4.4, we deduce:

00, A, )}
—(1— . .
o5, 105 ® -5z,

o 0 _:
= q _— . J— r =~ —Cor yf( )
Jo (5@ , ajj) {(1 t) /n cosh 9(7,2) e dz

+t-C(7) - /n cosh 0(7, 2) d (5ﬁk(y>> (5)]

+(1—t)/nd[cosh§]| )(Da 0

oz axl

+ (@) / dfeosh 8] | (D n %) d(aﬁk(m) (2)

o0 - o
~i0 (51 5 ) O [ eoshold.2) vl

+ZF O,(t, z,7),

) e—cgr(?,f(i))dg

the last term being deduced from the definition of the ®;’s and
from the fact that

ax 8_5(:1 Z Fﬂ@xl

At the point (¢,Z,7) such that ¢(¢,z,7), this last term vanishes
and we get:

00, (0 0 _ .
a@_%(%/%) aw/memwm%@>
s C(7) 2:(1,2.7)

is invertible, because the matrix g (% , %) is 1nvelrt1ble7 being
i J

a positive definite symmetric matrix.

The Implicit Function Theorem of U. Dini implies the existence
of a C' map ¢ : V — H", where V € [0,1] x M is an open
set containing (tg,7,) such that, in a suitable neighbourhood of
(to, Yo; To = V(to,Y,)) stands the equivalence:

O(t,7,7) =0 <= & = q(t,7)
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moreover, from the fact that the equivalence
~ ~ =k, , _ <k, _
(1Y) =0= =V (,7) =V, (7)

is valid for every (t,#,7) we deduce the coincidence on V' of @f

and ¢: we deduce that @f is C' on a neighbourhood of (to,7); as
(to,Jy) may be chosen arbitrarily in [0, 1] x M, we conclude that

T s everywhere C! with respect to (¢,7).

— ﬁf is thus a C'-homotopy of @lg = H, on @If — hy, more-
over each @f is equivariant because, for every v € Isom(M,q),
one has v, = (r7'(7))., (because pyy = (r7(7)).py and
O () = Or—1(y)in(y)) 2nd because for every I € Isom(H", go), one
has bar(l,u) = libar(,u)], see the beginning of the proof of this
Lemma, and thus the family @f induces, by quotient, a family of
maps V¥ which provides a C'' homotopy such that Wf = H, and
Uk = h,.. Since H, is homotopic to hy, which is homotopic to h,
we conclude that H, is homotopic to h; moreover, since the degree
is preserved by homotopy, we conclude that

deg (H,) = deg (h)

OJ
The following Theorem gives an estimation of the volumes of the bases
(Xa gO) and (Mv g)

Theorem 4.2. Let (X", g9) be a compact hyperbolic manifold, let gy be a
lower bound of the injectivity radius of (X™, go). For any oriented manifold
(M™, g), if there exists a continuous Gromov-Hausdorff e—approximation h :
(M™,g) = (X", go) such that e < g min(ep, 1), then

3

Vol(M", g) > (1 + 160 n(n + 1) ) | deg h| - Vol(X™, go).

min(eg, 1)

Proof. Let us denote by w, the volume form of (M, ¢g) and w,, the one of
(H"/A, go). As H, is regular (by Lemma 3.2) we may write

[ dnc ), = [ ey = deg(#) [ = deg ) [
M M X X

the last inequality coming from the Lemma 4.1. We deduce that

/M |Jac (H,)|dv, > |deg(h)|Vol(H" /A, go). (4.5)
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As |Jac (H,)| is everywhere bounded (from above) by

n

<1 +160 n(n+ 1), /——— ) , the inequality (4.5) gives

min(ep,1)

(L+momn+m c

N > .
e ) Vel(Mg) > [deg ()] VoI(X.u)

g

Remark 4.1. In this proof we seem to suppose that the manifold (M, g) is
oriented. In fact we do not need to make the orientability assumption: in
fact in the above proof, the sign of the Jacobian is not relevant, because the
inequality (4.5) uses the absolute value of the Jacobian.

Howewver, in the not-oriented case the above notion of degree is not relevant,
we must replace it by the notion of absolute degree (denote by Adeg), with
values in Z /27, and which only says whether the degree is trivial or not. In
this case, the corollary would be:

Corollary 4.3. Under the assumptions of Theorem 4.2, if M is not oriented,
when the absolute degree is not trivial, then

3

(Hﬂmnm+n ) Vol(M, g) > Vol(X, go).

min(ep, 1)

Proof: The co-area formula, (see [3], p. 104-107) gives:

[ Pact) ) duy(o) = [ 3 1)) duy (o)

M H» /A

It is thus sufficient to prove that H, is surjective obtaining, for all z € H" /A,
tH'({z}) > 1. If Adeg h # 0, by Lemma 4.1 we deduce that Adeg H, # 0,
and thus H, is surjective. Il

If the e—approximation h is not continuous, we must notice that the
barycentre map H,, that we just have constructed, is still regular and its
degree is well defined, we thus obtain the more general

Theorem 4.4. Let (X", go) be a compact hyperbolic manifold, let ey be a
lower bound of the injectivity radius of (X™, go). For any oriented manifold
(M™,q), if there exists a measurable Gromov-Hausdorff e—approximation h :
(M™,g) — (X", go) such that ¢ < 5= min(eo, 1), then

Vol(M, g) > (1 + 160 n(n + 1) c 0 ) | deg H, |Vol(X, go).

min(eo,
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Proof. The proof of this Theorem is the same as the proof of the The-
orem 4.2, except for the fact that we no more have to use the equality
deg H, = deg h, i.e. we no more use the Lemma 4.1. O

Remark 4.2. The Theorems 4.2 and 4.4 provide a new simpler proof and
a generalization of the results that we referred at the beginning of this paper,
which also compared the volumes of (M, g) and (X, go), i.e. the Theorem
1.1 of G. Besson, G. Courtois and S. Gallot and the Theorem 1.2 of G.
Reviron; notice that our result contain no assumption on the geometry (cur-
vature, entropy,...) of (M, g), except the (crude) assumption that there exists
a e—Gromov-Hausdorff approzimation from (M, g) to (X, go) (and a no van-
ishing condition on the degree of H, or h). Moreover, in this article we got an
extension to the Hyperbolic Manifold what above obtained for the Flat Torus
in [7]: both spaces admits an explicit volume form and an easy computation
of the barycentre. On the contrary in [8] we obtained analogues estimates for
manifold with pinched curvature for which the volume form is not explicit.
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