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ABSTRACT

Thesedays sparsegrids are of increasinginterest in numerical
simulations. Basedupon hierarchicaltensorproduct bases,the
sparsegrid approachis a very efficient one improving the ratio
of investedstorageandcomputingtime to the achieved accuracy
for many problemsin theareaof numericalsolutionof partialdif-
ferentialequations.The volumevisualizationalgorithmsthat are
availablesofar cannotcopewith sparsegrids. Now we presentan
approachthat directly works on sparsegrids. As a secondaspect
in this paper, we suggestto usesparsegridsasa datacompression
methodin order to visualizehugedatasetseven on workstations
with low main memory. Becausethe sizeof datasetsusedin nu-
mericalsimulationsis still growing, this featuremakesit possible
that workstationscancontinueto handlethesedatasets. Besides
the standardsparsegrid interpolationalgorithmandthe so called
combinationapproach,we have developeda new sparsegrid in-
terpolationmethod,whichharnessesthetexture-mappinghardware
of SiliconGraphicsworkstationsfor acceleratingpurposes.There-
fore, hardwarebasedvolumerenderingbecomespossibleon com-
presseddatasetsat interactive framerates.

INTRODUCTION

In 1990sparsegrids were introducedby Zenger[17]. With their
help it is possibleto reducethe total amountof datapointsor the
numberof unknownsin discretepartialdifferentialequations.Due
to thesebenefits,sparsegridsaremoreandmoreusedin numerical
simulationsnowadays[1, 2, 5, 6].

On theotherhand,it is ratherdifficult to visualizetheresultsof
thesimulationprocessdirectlyonsparsegrids,sinceevaluationand
interpolationof function valuesis quite complicated.Becauseof
this,upto thepresenttheresultsof numericalsimulationsonsparse
grids areextrapolatedto the associatedfull grid. Thenall known
visualizationalgorithmsonfull gridscanbeperformed,e.g.particle
tracing,iso-surfaceextraction,volumerendering,etc.. However, a
majordrawbackof this procedureis the fact that theadvantageof
low memoryconsumptionof sparsegrids comesto nothingusing
theassociatedfull grid for thevisualizationstep.

Therefore,visualizationtools working directly on sparsegrids
aregoing to be an importanttopic of research.Recently, Heußer
and Rumpf presentedan algorithm for iso-surface extraction on
sparsegrids [8]. In a previous work, we introducedparticletrac-
ing on uniform sparsegrids [15]. The first aim of this paperis to
presentvolumeraycastingdirectlyonsparsegrids.Furthermore,a
secondaspectof our work is theideathatsparsegridscanbeused
for datacompressionin orderto visualizehugedatasetseven on
workstationswith a limited amountof main memory. Moreover,
using the combinationtechnique,which is presentedbelow, it is
possibleto decomposea sparsegrid into a certainnumberof uni-
form full grids of low resolution.Becauseof this, Silicon Graph-
ics’ texture hardware canbe deployed for the necessaryfunction�
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interpolation.Hence,we areableto performvolumevisualization
methodson compresseddatasetsat interactive framerates. This
is notpossibleif othercompressionmethodslikewaveletor fractal
compressionareused.However, weareableto handlesparsegrids
of level 10, which correspondto volumesof ���
	
�
� voxels. Below
theresultsof memory, time,anderroranalysesarelistedin detail.

In order to introducevolumeray castingon sparsegrids, new
methodsandclasseshadto bedeveloped.Thisspecialclasshierar-
chyandtheimplementationof our volumeray casteraredescribed
aswell.

BASICS OF SPARSE GRIDS

In thissectionabrief summaryof thebasicsof sparsegridsis given.
For a detailedsurvey of sparsegrids we refer to [1, 17]. In order
to makethisoverview easyto understandandto reducethenumber
of indices,we describeonly three-dimensionalgrids, whereasthe
sketchesrevealtheone-andtwo-dimensionalsituations.

Let ����� ������� ������� bea smoothfunctiondefinedon theunit
cubein ��� with valuesin � . Furthermore,� shouldvanishon
the boundaryof the cube. This condition is not a strongrestric-
tion but is just helpful for an elegantdescription. Of course,our
programcanhandlethree-dimensionalfunctionsandeven vector
fields without zero boundaryconditions. If sucha function � is
storedin thecomputermemory, thenfunctionvaluesat certainpo-
sitionson a spatialgrid arestoredin an array. Thesimplestmesh
is a uniform one.Now let ���! �" �$#%" �$& bea uniform grid with respec-
tive meshwidths '(�*)�+,	�- �*) , ./+0�1�2	��23 . On thesegridswe can
introducethe following partialorderingrelation: � �! �" �*#%" �$& is a re-
finementof �54  �" 4 #%" 4 & if andonly if 6%798;:$7 , .<+=�1�>	��?3 . and6(@�AB6�C�AD6 ��E :?@�AB:FC(AB: � . Thusweobtainahierarchyof meshes.

Now let GHJI bethefunctionspaceof thepiecewisetri-linearfunc-
tionsdefinedon � I " I " I andvanishingon theboundary. Addition-
ally, considerthe subspacesK �L �" �*#
" �*& of GHJI with �M8N: 7 8PO ,.�+Q�
�>	��R3 . which consistof thepiecewise tri-linear functionsde-
fined on ���L S" �$#�" �*& andvanishingon the grid pointsof all coarser
grids. Apparently, thehierarchyof gridsnaturallyintroducesa hi-
erarchyof subspacesandit follows:GHJI + IT�L 2U @ IT�$#>U @ IT�$&�U @ K �! �" �$#%" �*&WV
Hence,we have found a hierarchicalbasisdecompositionof the
functionspace GHJI . Piecewisetri-linear finite elementsareusedas
basisfunctionsin eachsubspaceKX�L S" �$#�" �*& . Thenwedefinethebasis
functionsof thesubspaceK �! �" �$#%" �*& of GHJI :Y1Z �! �" �$#�" �*&S[4  �" 4 #%" 4 &]\_^ @S� ^ C
� ^ ��` � + �a7�U @cb � ) \_^ 7 �ed Z �*)>[4 ) `

with d Z �f)>[4 ) + \ 	16%7 � � `hg '��f)i�j�58k6%7l89	 �f) - @ �
and b � \_^ ` � + mn oqp�rtsXup%r � � '��h8 ^ 8k�p�r - up�r �v�w8 ^ 8k' ��x� else .



Figure1: Examplesof basisfunctions,
Y Z @ [@ on theleft and

Y Z C [@ on
theright handside.

Figure2: Examplesof basisfunctions,
Y Z @ " C [@ " @ and

Y Z @ " C [@ " C .

Now we areinterestedin someestimationsof the interpolationer-
ror. Hence,let G� Izy GH{I be the interpolatedfunction on the grid� I " | | | " I . Then G� I is givenbyG� I + I}�! >U @ I}�*#>U @ I}�$&�U @ � �! �" �$#%" �$&

where �%�! �" �*#
" �*&�+ C r  �~  }4  2U @ C r #
~  }4 #�U @ C r &
~  }4 &�U @�� Z �L S" �*#%" �*&S[4  �" 4 #�" 4 & g Y Z �! S" �$#%" �$&>[4  �" 4 #%" 4 & V
The values � Z �! �" �*#�" �$&�[4  �" 4 #
" 4 & are called contribution coefficients and� �L S" �$#�" �*& y K �L S" �*#%" �*& is a linear combinationof the basisfunctions

of theappropriatesubspace.It canbeshown thatthefollowing es-
timationshold with regardto the

H C and
H{�

norms(compare[1,
pp.13]):� �%�! �" �*#%" �$& � C 8 �	
�/����

�X� �� ^ C @ � ^ CC � ^ C� ���� C g ' C�! ' C�*# ' C�$& � (1)� � �! S" �*#
" �$& � � 8 �� ����
� � �� ^ C @ � ^ CC � ^ C� ���� � g ' C�L ' C�*# ' C�*& � (2)

�� � � G� I �� C 8 �	
�
3 ����
� � �� ^ C @ � ^ CC � ^ C� ���� C g ' CI +M����' CI�� � (3)

�� � � G� I �� � 8 ��
	/����
�X� �� ^ C @ � ^ CC � ^ C� ���� � g ' CI +<���F' CI � V (4)

So far we have just dealtwith regularuniform meshes,which are
namedfull grids. Now let us turn to sparsegrids. Considerthe
subspacesKX�L S" �*#%" �*& with : @ Aw: C Aw: � + ��� O���� . Equations(1)and(2)
show that

� �%�L S" �$#�" �*& � � and

� �
�! �" �$#%" �$& � C have a contribution of the
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Figure3: Two-dimensionalhierarchicalsubspacedecomposition.

sameorderof magnitude,namely � \ 	�- C | �F� I1��� ` for all subspaces
with :R@]AM:tC�A�: � + �>� O���� . Additionally, thesesubspaceshave
the samenumberof basisfunctions,namely 	 �t� I
�t� - � . Sincethe
numberof basisfunctionsis equivalentto thenumberof storedgrid
pointsandbecauseof thecontributionargumentaswell, it seemsto
beagoodideato defineasparsegrid space�H I asfollows:�H{I � + T�! s �$# s �*&�� I s C K �L �" �*#
" �*&cV
Now theinterpolatedfunction �� I y �H I is givenby�� I + }�! s �*# s �$&�� I s C � �! �" �$#�" �*& (5)

andthe interpolationerrorswith regardto the
H C and

H �
norms

aregivenby (compare[1, pp.23])

�� � � �� I �� C 8 � \ O `�g ' CI� � g ����
�X� �� ^ C @ � ^ CC � ^ C� ���� C (6)+ ���
' CI �F�f 
¡ C �t' - @I �
� C�¢ � (7)

�� � � �� I �� � 8 � \ O `�g ' CI£ � g ����
�X� �� ^ C @ � ^ CC � ^ C� ���� � (8)+ ���
' CI �F�f 
¡ C �t' - @I �
� C�¢ (9)

with � \ O ` � + ¤��{A 3� O�A �� £¥¤ O¦Az�	¨§l§ V (10)

Theseestimationsshow that the sparsegrid interpolatedfunction�� I is nearlyasgoodasthefull grid interpolatedfunction G� I .
Now we considerthedimensionsof thefunctionspacesGH I and�HJI , which correspondto the numberof nodesof the underlying

grids.Obviously, thedimensionof thefull grid spaceis givenby© : d �ªGHJI � +M����	 � I � +<�«��' - �I � V (11)

For thesparsegrid thefollowing equationholds:© : d �ª�H I � +<�«�t	 I g O C � +<���
' - @I �F�f 
¡ C �t' - @I«�
� C ¢ V (12)
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Figure4: Two-dimensionalsparsegrid of level 3.

Therefore,atremendousamountof memoryis savedif sparsegrids
areusedinsteadof full grids.

If thefunction � is givenandacertainaccuracy is required,then
it is possibleto use G� I y GH I or ��
¬ y �H ¬ whered is just slightly
greaterthan O . Dueto thevery low memoryconsumptionof sparse
grids, it is betterto usethe function �� ¬ . On the otherhandthe
function � is oftengivenin discreteform asdataseton a full grid.
In this caseit is not possibleto reacha betteraccuracy with the
sparsegrid approachthanwith theoriginal full grid data.However,
equations(7), (9), and(12)show thata very smalllossof accuracy
is rewardedwith ahugeamountof savedstorage.

Finally, recall that thesparsegrid space �H I is thedirectsumof
all subspacesK �­" 7>" 4 with :�Al.®A¯6�8kO°AB	 . Now wedefinethelevel
of a subspaceasthenumberO±+z:�A².®A¦6 � 	 . Moreover, wedefine
a levelof thesparsegrid spaceasthedirectsumof all subspacesof
thesamelevel of subspaces.Therefore, �HJI is thedirectsumof its
first O levelsandis calledasparsegrid of level O .

COMBINATION TECHNIQUE

Since the describedsparsegrid interpolationof function values
is quite complicatedand rathertime consuming,we have imple-
mentedthesocalledcombinationtechnique.This methodwasin-
troducedby Griebel,Schneider, andZengerin 1992[6]. Actually,
thecombinationmethodhasbeenusedin numericalsimulationsin
order to combinepartial solutionscomputedon smaller, suitable
full grids to the wantedsparsegrid solution. However, we start
with a datasetgiven on a sparsegrid anddecomposethe grid so
that thedatasetis representedon certainuniform full gridsof low
resolution.Now the quick andeasytri-linear interpolationcanbe
performedon eachof thesefull grids. Theresultingvalueis com-
putedby linear combinationof the tri-linear interpolatedfull grid
results.

Going into details,it canbe proofedthat the two-dimensional
interpolatedfunction �� I y �H I is givenby�� I + }�! s �$#>U I s @ � ��! �" �$# � }�! s �$#>U I � ��! S" �*# (13)

where � ��! �" �*# denotesthe bi-linear interpolationof functionvalues
on the respective full grid. Figure5 revealsthe two-dimensional
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Figure5: A two-dimensionalsparsegrid of level 3 canbe recon-
structedby linearcombinationof five full gridsof low resolution.

situation.Then,it is easilyshown thatthethree-dimensionalinter-
polatedfunction �� I y �H I canbecomputedin asimilarway:�� I + }�L s �*# s �*&�U I s C � ��! �" �*#%" �$&� 	 g }�! s �$# s �$&>U I s @ � ��! �" �$#�" �*&A }�! s �*# s �$&>U I � ��L �" �*#
" �*& (14)

where � ��L S" �$#%" �*& denotesthe tri-linear interpolationof functionval-
uesontherespectivefull grid. Noticethattheusedfull gridsconsist
of thesamenodesasthecorrespondingsparsegrid.

Now let usturn to thebenefitof thecombinationtechnique.The
totalnumberof summandsof thestandardsparsegrid interpolation
ona three-dimensionalsparsegrid of level O is givenbyI} �$U @ : \ :³Az� `	 + �£ O \ O¦A<� ` \ O¦A´	 ` (15)

(compareequation(5)), whereasthetotalnumberof tri-linearinter-
polationsof thecombinationmethodaddsup toI}�$U I - C : \ :�A<� `	 + 3 	 O \ O � � ` Az� (16)

in thethree-dimensionalcase(seeequation(14)).
However, the main advantageof the combinationtechniqueis

thefactthatuniform full gridsareused.Thus,it hasbeenpossible
to exploit thetexturehardwareof SiliconGraphicsworkstationsfor
the interpolationof function values. Hereby, we are able to use
volumeraycastingon sparsegridsinteractively.

IMPLEMENTATION

Volumerenderingcontinuesto be an importantutility of display-
ing volumetric three-dimensionalscalardata setsresulting from
measurementor simulation.Additionally, theimportanceof sparse
grids in numericalsimulationsis continuouslygrowing. However,
sofar volumevisualizationalgorithmscouldonly handledatasets
given on full grids. Herewe presenta volumeray casterthat can
copewith sparsegrids, i.e. our tool directly workson compressed
datasets.



In this sectionwe aregoing to describethe implementationof
our vµ olumeray caster. The first subsectionpresentsthe different
waysof implementingtheneededinterpolationroutine.In thesec-
ondsubsectiontheusedlighting modelsandtransferfunctionsare
described.

The graphicaluserinterfaceof our programwasdevelopedus-
ing RapidApp,an interactive tool for creatingapplications[13].
RapidApp’s predefinedinterfacecomponentsfacilitate the useof
OpenGLandOpenInventor.

Our new interpolationroutineson sparsegrids andthe adapted
volumevisualizationmethodshavebeenimplementedin anobject-
orientedmannerasC++ classes.

Interpolation on Sparse Grids

All volume ray castingmethodshave in commonthat they must
evaluatethe function � at certainpositions,which are in general
not at grid points. Therefore,thevalueof � at sucha positionhas
to beinterpolated.As mentionedabove,this interpolationonsparse
gridsis differentfrom thatoneon full grids.

In contrastto thetri-linear full grid interpolation,thesparsegrid
interpolationdoesnotoperatelocally, becauseonebasisfunctionin
everysubspacecontributesto thefunctionvalue.Sincethecompli-
catedsparsegrid interpolationis oneof the mosttime consuming
operationsduringthevolumerenderingprocesson sparsegrids, it
is importantto executetheinterpolationasfastaspossible.

Using Impr oved Sparse Grid Interpolation

Normally, thecontributioncoefficientsof thesparsegrid arestored
in a binary tree [1, 2, 8]. Then a recursive tree traversalhasto
be performedin orderto interpolatethe function value. This tree
traversalis very slow. Althoughcachingstrategiescanincreasethe
efficiency of thetraversal[8], thecomputationof thevaluesremains
rathertimeconsuming.

In orderto avoid the treetraversalandto acceleratethe access
to thecontribution coefficients,we have developeda new, very ef-
ficientdatastructurebaseduponarrays.Therefore,wehave imple-
mentedaparticularC++classhierarchy. Dueto thelimited amount
of space,wecanjustgiveavery brief ideaof theclasses.

Besidesabstractbaseclasses,classesfor input, andotheraux-
iliary classes,the classesof interestarenamedhbSparseGrid,
hbLevel, andhbSubspace. The classhbSparseGrid con-
tains a stack of O levels of class hbLevel. Furthermore,
hbLevel comprisesthe respective numberof subspaces\R\ O�A� ` O�¶1	 ` , denotedhbSubspace. TheclasshbSubspace contains
an arrayof the size 	 I - @ timesdatadimension,wherethecontri-
bution coefficients are stored. The function value at an arbitrary
position is computedby meansof formula (5). In order to com-
puteafunctionvalue,theclasshbSparseGrid containsamethod
calcValue(...). This methodsendsa ‘calcValue()’ to
eachhbLevel to accumulatethe contributions to the resulting
value. Then the methodhbLevel::calcValue(...) per-
forms a loop over all subspacesof the currentlevel. In this loop,
the requiredbasisfunction is determinedby meansof the coordi-
natesof thecurrentposition.Recallthatonly onebasisfunctionper
subspaceis unequalto zeroat a certainpositionbecauseall basis
functionsarehat-functionswith disjunctsupports.Hence,weknow
the requiredcontribution value. Now the ‘height’ over thecurrent
positionin the tri-linear hat-functionis determinedandmultiplied
with thecontribution value. Thus,we obtainthetotal contribution
of this subspaceto the function value. Additionally, we compute
the gradient,which is neededfor the illumination of iso-surfaces,
in this loop by looking up the correct‘height’ of the derivative of
thehat-function,asimplebox-function.

Using the Combination Technique

Since the low resolution full grids neededby the combination
methodareuniformgrids,thefunctionvaluescanbestoredin three-
dimensionalarrays.Thus,thecalcValue(...) methodof the
accordingderivedclasshbCombinationSparseGrid canad-
dressthe necessaryfunction valuesin a tight loop. This fact and
the smallernumberof requiredbasicarithmeticoperationsmakes
the combinationtechniquean order of magnitudefasterthan the
previouslydescribedsparsegrid interpolationevenfor low levels.

Emplo yment of Texture Hardware

OpenGL is a graphicsstandardintroducedby Silicon Graphics
and now maintainedby the OpenGLArchitectureReview Board
(ARB). OpenGLcontainsroutinesfor texturemapping,usingspe-
cial graphicshardwarewhenever possible.Several vendorsadded
someextensionsfor three-dimensionalso calledvolumetextures.
By usingtheseextensionsourclasshbOglSparseGrid is ableto
exploit thehardwarein SGI’s graphicssystemsRealityEngineand
MaximumImpact, whichareableto performthenecessarytri-linear
interpolationfor volumetexturing in hardware.For moreinforma-
tion abouttheextensionsandSiliconGraphicshardwaresee[12].

Becausesinglepoint interpolationsareratherinefficient — sev-
eral functions have to be called, the hardware has to be ini-
tialized, resultshave to be fetchedback — the ray casterwas
rewritten so that it rendersall rayssimultaneously. Now the tex-
ture hardware can be utilized to draw a completeplanetextured
with the volumedata. Accordingto formula (14), several values
have to be addedand subtractedfor eachsparsegrid interpola-
tion. For eachof theseinterpolationfunctions,a planeis drawn
with a certain volume texture representingthe function. Then
the occurringplanesarecomposedusingtheGL FUNC ADD EXT
andGL FUNC REVERSE SUBTRACT EXT blendingextensionsof
OpenGL.

In orderto switchquickly betweenthedifferentvolumetextures,
they all have to fit into texturememoryat thesametime. By using
thetexture-nameextensionof OpenGL,pre-loadedtexturescanbe
selectedfor renderingalmostinstantly. Recallthatthecombination
techniqueusesfull gridsof size \ 	 � A�� `¸· \ 	 7 A�� `�· \ 	 4 A�� ` .
Ontheotherhand,volumetextureshave to beof size 	S¹ · 	
º · 	
» .
Hence,quitea lot of texturememoryis wasted,which is a scarce
resource.

In principle, OpenGLsupportsvolume texturesfeaturinga so
calledborderof size2 in every directionsothatthementionedfull
gridswouldfit almostseamlessly. Unfortunately, thesetexturebor-
dersarenot implementedin todayshardware.

Whenusinghardwarefor mathematicalcomputations,accuracy
canbequitea problem. On Silicon Graphicsmachinestheblend-
ing operationcanbe performedwith 12 bits at most. Sincepixel
valuesareautomaticallyclampedto valuesin theinterval � �ª���>� , all
textureelementshaveto bescaleddown by thenumberof functions
contributing positive values.For a level 10 sparsegrid, 91 of 136
functionscontribute positive data,which meansa loss of almost
7 bits, resultingin only 5 bits of accurateinformation. Sincewe
have at best12 bits of accurateinformationin the color-buffer, it
is sufficient to useonly 2 bytesof texturememoryper voxel. Al-
thoughvisible artifactsareremarkablysmall,somecanbeseenin
thevideoandcolorplates(compareFigures(8), (9), and(10)).

Ray Casting on Sparse Grids

In this sectionthe usedvolume visualizationalgorithmsare de-
scribedbriefly. For a detailedpresentationof volume rendering
techniqueswereferto [3, 4, 7, 9, 10, 11, 16].

The ideabehindvolumeray castingis that raysaretracedback
from eachpixel of thewantedimageinto thevolume. While trac-



Figure6: Iso-surfaceof pressurein a cavity flow computedby the
combinationtechnique.

ing backa ray from a pixel, contribution valuesof hit voxels are
integratedor summedup in orderto computethe intensityof this
pixel.

We have implementedthreedifferent visualizationtechniques
into our program.In theX-ray method,which providesX-ray like
images,the intensityof a pixel is calculatedby evaluatingthe line
integralof functionvaluesalongtheray.

Anotheralgorithmwe have implementedis theso calledmaxi-
mumintensityprojectionmethod.Here,the intensityof a pixel is
themaximumfunctionvalueoccurringon thecorrespondingray.

Extractingiso-surfacesis athird techniquewehaveimplemented
in our tool so far. To find aniso-surfaceto a given iso-value,each
ray is tracedanda patchis displayedif the differenceof current
functionvalueandiso-valuechangesthesign. In orderto useLam-
bertianor diffusereflectionfor illuminationof theresultingsurface,
the gradientof the function is needed.Recall that the gradientis
normalto all iso-surfaces.

RESULTS

In orderto appraisethepresentedapproaches,we comparethere-
sultsof our visualizationtool with resultsobtainedby theprogram
Tivor, a very efficienthardwarebasedvolumerendererworking on
uniform full grids [14]. The testswereperformedon several data
sets.Two of themarecavity flow datasets,givenon a full grid of
level 6, i.e.

£ �
� nodes.Thesedatasetsaretheresultof anumerical
flow simulationandcontainpressureandtemperaturedistributions
of theflow. Anotherdataset,givenon a full grid of level 8 ( 	
� £ �
nodes),containsasphericalharmonic(Legendre’s function),which
displaysasolutionof theSchr̈odingerequationof ahydrogenatom.

Figures(8), (9), and(10)show X-ray imagesof thepressureval-
uesin thementionedcavity flow. Theseimageshavebeenrendered
in order to reveal differencesbetweenthe threeimplementedin-
terpolationalgorithms.In theOpenGLpicture,smallflaws canbe
detected,whereasthe combinationtechniqueand the sparsegrid

Figure7: Iso-surfaceof pressurein acavity flow displayedbyTivor.

methodrendernearlyidenticalimages.Theartifactsin theOpenGL
pictureoccurbecauseof thealreadymentionedlossof accuracy us-
ing thehardwarefor mathematicaloperations.

In the other figures,sparseand full grid resultsare compared
usingdifferentlighting modelsanddatasets.The full grid results
havebeenobtainedby usingTivor.

Figures(6) and (7) display iso-surfacesof the pressurein the
cavity flow dataset. In Figures(11) and(14), thesamedatasetis
visualizedby meansof themaximumintensityprojectionlighting
model. In further maximumintensityprojectionimages(Figures
(12)and(15)),thedatasetof asphericalharmonicfunctionis visu-
alized.Finally, thetemperaturedistributionin thecavity flow is de-
pictedin Figures(13)and(16)by usinganX-ray andanemission-
absorptionlighting model.

Now let usconsidertheperformanceof ourvolumevisualization
program.Sincethe time consumptionof theX-ray andmaximum
intensityprojectionalgorithmsis dataindependentandexactly the
same,we usedtheX-ray methodon thefirst datasetto determine
the computingtimes. The iso-surfaceextraction takes abouttwo
timeslonger thanthe othermethods.Furthermore,the total time
of theiso-surfacecomputationdependson thesizeof theextracted
surface.

In orderto estimatethetimeslistedbelow, imagesof resolution	1�1� · 	
�
� pixelswerecomputed.Thepicturesin thecolorplateare
renderedin the sameresolutionaswell. In our visualizationtool,
it is possibleto scalesuchimagesat nearlyno costanddisplayfor
instanceanimageof size �
�
� · �
�
� on screen.

The time measurementsof the sparsegrid and software com-
bination methodwere performedon a Silicon GraphicsO2 with
a 195 MHz R10000processor. The performanceof the hardware
basedcombinationtechnique(OpenGL)wasmeasuredon an SGI
Onyx with RealityEngineIIgraphicspipeand16MB texturemem-
ory. Additionally, we testedthis methodon anSGI IndigoC Maxi-
mumImpactwith 4 MB texturememory. This machineis slightly
slower than the Onyx. Moreover, due to the smalleramountof
texturememory, the IndigoC canjust handlegrids up to level 8 in



hardware,whereastheOnyx worksevenwith gridsof level 11.
The¼ timesof the softwarebasedalgorithmsaregiven in CPU-

seconds.However, the times of the hardware basedmethodare
measuredin real-timesecondsbecausetheCPUwasnotworkingto
itscapacitybutwaswaitinguntil thegraphicshardwarehadfinished
its computations.

level 5 6 7
sparsegrid 257s 792s 2125s

combination 19 s 61 s 167s
OpenGL 1.2s 2.8s 6.3s

level 8 9 10
sparsegrid 5750s 15800s 42125s

combination 570s 1725s 5080s
OpenGL 15.4s 36.6s 88.5s

The table shows that renderingtimes of both software imple-
mentationsapproximatelyincreaseby a factorof threeevery time
theusedlevel risesby one,whereasthemeasuredtimesof thehard-
warebasedimplementationincreaseby afactorof aroundtwo if the
level risesby one.

Also thetablerevealsthespeedup factorsof thedifferentalgo-
rithms.Thecombinationmethodis betweeneightandfifteentimes
fasterthan the sparsegrid algorithm. Furthermore,the OpenGL
hardwaremethodis between15 and60 timesfasterthanthesoft-
warecombinationtechnique.This resultsin a speedup factorbe-
tween225 and 500 from the sparsegrid to the hardware based
method.

Finally, we have to correlatetheseresultsto therenderingtimes
of Tivor. Both cavity datasets,given on a full grid of size

£ � � ,
canbehandledanddisplayedby Tivor on bothanSGI Onyx RE2
andIndigoC MaximumImpactinteractively. However, thespherical
harmonicdatasetof size 	
� £ � cannotbeprocessedon anIndigoC .
Renderingthis dataseton theOnyx takesabout20 seconds.How-
ever, to achieve theresult,Tivor needsaround500MB mainmem-
ory. Sucha hugeamountof memoryis usedbecause,for fastren-
dering,Tivor requiresadditionalinformationlike normalsbesides
theactualdataset.Of course,adatasetof level 9 ( ���%	 � ) couldnot
berenderedusingtraditionalfull grids.

Thegreatbenefitof thesparsegrid techniqueis thelow number
of requiredgridpoints.Thenext tableshowsthememoryconsump-
tion of a typicaldatasetresultingfrom anumericalsimulation.As-
sumethat a floatingpoint valueis given at eachgrid node. Thus,
weobtainthefollowing results:

level 5 6 7
pointsof full grid 313 � £ � � �%	 � �

full grid 128kB 1 MB 8 MB
sparsegrid 6 kB 15kB 35 kB

combination 22 kB 59kB 152kB
OpenGL 43 kB 124kB 338kB

num.low res.full grids 31 46 64
level 8 9 10

pointsof full grid 	1�
� � ���S3 � �S�c	1� �
full grid 64 MB 512MB 4 GB

sparsegrid 83 kB 200kB 450kB
combination 377kB 914kB 2.1MB

OpenGL 884kB 2.2MB 5.4MB
num.low res.full grids 85 109 136

This tableshowsthatsparsegridsareverysuitablefor compressing
hugedatasets.Dueto this, it is possibleto visualizesuchdataeven
onsmallworkstations.

Thelastrow of thetablecontainsthenumberof full gridsthatare
combinedto a specificsparsegrid. In caseof theOpenGLimple-
mentation,thisnumberis equivalentto thenumberof usedtextures.

Thecombinationtechniquerequiresmorestoragethantheactual
sparsegrid algorithm sincesomeof the needednodesare stored
several times. The OpenGLversionof the combinationmethods
consumesabouttwiceasmuchmemoryasthesoftwareversionbe-
causeeachof theusedtextureshasto have dimensionsthatcanbe
written astwo to the : -th power. Nevertheless,comparedwith the
original full grid dataset,bothimplementationsof thecombination
techniquerequireanegligible amountof memory.

CONCLUSION

Wehaveintroducedvolumeraycastingonsparsegrids.Thisallows
to carry out volumevisualizationdirectly on sparsegrids without
transformingtheresultsof numericalsimulationsonsparsegridsto
the associatedfull grids. Note that in real applicationsit is often
impossibleto load suchfull grids of about �S�c	1� � nodesinto the
mainmemoryof aworkstation.

Secondly, thesparsegrid approachcanbeusedasacompression
methodin orderto realizevolumerenderingin hugedatasetson
workstationswith asmallamountof mainmemory.

By dint of usingtexture hardware,we have beenableto over-
comethetardinessof sparsegrid interpolation.Therefore,it is pos-
sible to usevolumevisualizationon sparsegrids interactively, in
contrastto othercompressionapproaches.

Thereareseveral directionsof futurework. The first aim is to
implementfurther transferfunctionsandlighting modelsinto our
visualizationprogram,for instanceanemission-absorptionmodel.
As a secondgoal,we intendto useOpenGLin orderto accelerate
thesurfaceandvolumeilluminationaswell.
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tion networks. In L. Bouǵe, M. Cosnard,Y. Robert, and
D. Trystram,editors,SecondJoint InternationalConference
on Vector and Parallel Processing, pages217–228,Berlin,
1992.CONPAR/VAPP, Springer-Verlag.



[6] M. Griebel, M. Schneider, and C. Zenger. A combina-
tion techniquefor the solution of sparsegrid problems. In
P. de GroenandR. Beauwens,editors,InternationalSympo-
siumonIterativeMethodsin LinearAlgebra, pages263–281,
Amsterdam,1992.IMACS,Elsevier.

[7] H.-C. Hege,T. Höllerer, andStallingD. VolumeRendering.
TechnicalReport93-7, Konrad-Zuse-Zentrumfür Informa-
tionstechnikBerlin, 1993.

[8] N. HeußerandM. Rumpf. Efficient visualizationof dataon
sparsegrids. In H.-C. Hege andK. Polthier, editors,Visual-
izationand Mathematics, Berlin. Springer-Verlag. In prepa-
ration.

[9] A. Kaufman.VolumeVisualization. IEEE ComputerSociety
Press,1991.

[10] M. Levoy. Displayof Surfacesfrom VolumeData.Computer
Graphics& Applications, 8(3):29–37,May 1988.

[11] M. Levoy. EfficientRayTracingof VolumeData.ACMTrans-
actionsonGraphics, 9(3):245–261,July 1990.

[12] Silicon GraphicsInc., MountainView, California. OpenGL
onSiliconGraphicsSystems, 1996.

[13] Silicon GraphicsInc., MountainView, California. RapidApp
User’s Guide, 1996.

[14] O. Sommer, A. Dietz, R. Westermann,andT. Ertl. An In-
teractive VisualizationandNavigationTool for MedicalVol-
umeData. In N. M. ThalmannandV. Skala,editors,WSCG
’98, TheSixthInternationalConferencein Central Europeon
ComputerGraphicsand Visualization’98, volumeII, pages
362–371,Plzen,CzechRepublic,February1998.University
of WestBohemiaPress.

[15] C. Teitzel,R. Grosso,andT. Ertl. ParticleTracingon Sparse
Grids. In R. Rau,U. Lang,andD. Bartz,editors,Ninth Eu-
rographicsWorkshopon Visualizationin ScientificComput-
ing, Blaubeuren,Germany, April 1998.EG,TheEuroGraph-
icsAssociation.

[16] J. WilhelmsandA. vanGeldern.A CoherentProjectionAp-
proachfor Direct Volume Rendering. ComputerGraphics,
25(4):275–284,July 1991.

[17] C. Zenger. Sparsegrids. In Parallel Algorithmsfor Par-
tial Differential Equations:Proceedingsof theSixthGAMM-
Seminar, Kiel, 1990.



Figure8: Sparsegrid algorithm Figure9: Combinationtechnique Figure10: OpenGLmethod

Figure11: MIP imageof a cavity flow on
asparsegrid.

Figure12: MIP imageof ahydrogenatom
onasparsegrid.

Figure13: X-ray imageon a sparsegrid
dataset.

Figure14: For comparison:MIP imageof
acavity flow on a full grid.

Figure15: For comparison:MIP imageof
ahydrogenatomon a full grid.

Figure 16: For comparison: Emission-
absorptionimageon a full grid dataset.
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