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NOMENCLATURE
a tip vortex core radius

A area of vortex sheet

o angle of attack

¢ chord of foil

Cd drag coefficient

Cf skin friction coefficient

Cp pressure coefficient

Cl 1ift coefficient

Di induced drag

Ein energy in vortex core

Eo energy surrounding vortex core
Et total energy in vortex system
G,f/, K circulation

R, circulation at midspan

r, core circulation

¥ circulation density of vortex sheet

force on cross section of core

H ratio of displacement to momentum thickness
in a boundary layer

T vector element of vortex

P pressure

r radial coordinate in (x,r,®) system
R propeller radius

Rh  hub radius

A density of fluid,dummy r coordinate in propeller

calculations
S vector from control point to vortex element
3 span
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PAGE VIII

point N on 1ifting line midway between vortices
time
velocity in x direction

velocity in y direction in (x,y,z) system
veloclty in r direction in (x,r,®) direction

veloclity in z direction in (x,y,z) system
velocity direction in (x,r,®) system

free stream velocity

x component of disturbance due to a unit vortex

radial component of disturbance due to a unit vortex
tangential component of the disturbance due to a unit vortex
velocity induced by vorticity at point x

velocity vector

relative flow past a blade section, neglecting
disturbance velocities

relative flow past a blade

angular velocity of propelier

volume density of vorticity distribution

dummy coordinate for foil

durmy x coordinate for propeller

axlzi component of (x,y,z) system or (x,r,®) system,

y component of (x,y,z)system, along span of foil or blade
other component of (x,y,z) system

y coordinate of midspan

welghting factor for changing vortex spacing

velocity potential

R

& v pem g =

o ¥



" g e s N e el e e 8 S g P e s N ST X
ST SRS b o L RN TR VR e A TR ETARSTE

[\~

INTRODUCTION

The subject of this report is the interaction
kinematics and dynamics of the trailing vortex sheets in the
wake of a propeller. The effects considered to be of primary
interest are tip vortex cavitation, the downwash on the
blade surface, and the resultant change in the assumed
loading and field point velocities and pressures due to the
configuration of the fleld of trailing vorticity. It was
apparent early in this work that two Iimportant phenomena
were taking place In propeller wakes which were not
accounted for in the classical propeller design models. The
tralling vortex sheets were not remaining on helicoidal
sheets but were rolling up around a core containing the
vorticity shed from the tip region and the velocity field at
the propeller plane as a rasult was not that predicted by
theory. In this highly rotational tip region, several
factors should probably be taken into account that are
normally considered negligible in potentia! flow theory as
applied to lifting surfaces. There may be strong streamwise
pressure gradients due to either diffusion of vorticlity or
to absorbtion of the sheet vorticity into the core. These
considerations are especially important if the phenomenon of

tip vortex cavitation is to be understood.
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in Chapter | the classical vortex sheet rollup problem
from a wing with elliptical 1loading is considered in a
manner similar to that of Westwater ( 4 ). The problem |is
approached by a discrete vortex method modified by analytic
calculations near the ends of the sheet where a square root
singularity exists in the vorticity distribution. It is
found that a strip theory model is adequate for the induced
velocity calculations saving a great deal of computer time.
The argument 1is made that an Infinite vorticity, or
equivalently a finite line vortex cannot exist in a real
fiuid and the tip vorticity ig spread out over a finite
thickness.,

In Chapter 11 a model of the tip vortex core |Is
examined with the intention of calculating pressures in the
core and the effect of axial velocity gradients In the core
on the veloclity field outside the core. This analysis s
based on the balance of pressure forces due to vorticity
inside and surrounding the core and the resultant inward and
axial velocities.

Chapter 11l is an application of the results of
Chapters | and 1i to the case of an elliptically lcaded
Tifting line, The pressures in the tip vortex and kinematics
of the sheet motion are calculated, The velocities Induced
at the lifting line are calculated, and conclusions drawn as
to how this would alter the assumed load distribution,

Chapter 1V is an application of the theory developed

earlier to a wing. The actual load, tip vortex pressures,
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and vortex sheet kinematics are calculated and compared with
experimental results.

Chapter V concerns the application of the vortex sheet
kinematics and tip vortex core dynamics to the helicoldal

geometry of propellers.
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CHAPTER |

The instability of a vortex sheet shed from the
trailing edge of a wing has been the subject of much
contemplation and calculation since the beginnings of
airfoil theory. Nevertheless for most design applications
the trailing vortex sheet is assumed to lie in a flat plane
extending to infinity downstream. Prandtl, Westwater and
Kaden (Z)l,3) among others worked on the problem of vortex
sheet rollup with some success. The problem has not recelived
much attention in recent years because the velocities
induced on the surface of a wing are not greatly changed
when the sheet is considered to be rolled up instead of
straight. The rollup takes place far enough behind the wing
to be ignored in aircraft applications in general., In the
case of heavily 1loaded marine propellers, however, the
effect may not be negligible. The trailing vortex sheet does
not proceed directiy downstream but, as seen from a
propeller blade, rotates downstream on helicoidal surfaces.
If the tangential velocities due to rotation of the
propeller are large compared to the forward velocity of
the ship, the sheets may pass very close to the fcllowing
blades. The present author has reexamined the wing problem
by several numerical techniques using a discrete vortex
representation for the distribution of wvorticity in the
trailing vortex sheet.

The first method chosen was to select an elliptical

loading on a 1ifting line and divide the trailiing vortex




P U ORI A - PR - - W

PAGE 5

sheet Into N discrete vortices at equal spacing along the
wing. The elliptical loading iIs chosen because this gives a
constant downwash along the span. Thus any rollup is due to
the instability of the flat sheet model rather than to
differences in velocities normal to the sheet along the
span.

The wing loading and trailing vorticity distribution

appear below,
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vorticity Is deduced by the law of Biot-Savart (4 )

The velocity induced on the sheet by the trailing
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In the case of a sheet vortex:
2,

==l (Sx ¥Ry dA @)
W@ 3% J 1513

If the control point X is within the sheet the Cauchy
principal value of the integral is intended.

If the sheet is shrunk to a line vortex:

UvGy =

Kk (5xdR 29
41T IS)3

The procedure here is to represent the sheet vortex by
a series of discrete line vortices. Since we are interested
in the motion of the sheet, the Cauchy principal value
restriction must be accounted for. This is done by always
making calculations midway between vortices., ( 5 )

Method One

The foregoing leads to the most straightforward, but
also most time consuming method for finding the actual
stable configuration for the trailing vortex sheet from a

lifting line with elliptical loading., The sheet is assumed

i e
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to start out straight downstream from the trailing edge and,
as a first estimate for this position, is assumed to remain
a flat sheet to infinity downstrzam, The sheet is divided
into discrete vortices at an even spacing on the 1ifting
line. (FIG., 1.1 )

They are also divided 1lengthwise into sections of
length delta X. The strength of the trailing vortex at
position N is the difference in bound circulation between
space position S1 and S2 since a vortex may not end in a
fluid.

We thus start the calculation with a flat grid of
vortices and downstream positions. The velocity induced by
the vorticity of the rest of the sheet is then computed at

each vortex at each discrete position downstream as follows:

{ - s -
z A= Xm,q = Xm ,qts

ALy: Ym,q - Ym g+
ALz=Zmgq - Zn,qﬂ

Y Sx= Xa,p-Xmyq
Sy = Y",b = ym)t
52 = Z'\.,P“ z m)i

IS1% = S £S5y +52

The velocity at position P(n,p) due to a vortex
element at P(m,p), has the value:
v ,%;%-,[AQ, Sz- 425y] Ve Im_ 4T a3
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For each position the velocity due to each element |is
calculated and summed to obtain the resultant induced
velocity at each point on the sheet due to the rest of the
sheet. A matrix of induced velocities Is formed due to the
present assumed position of the sheet. The streamlines
containing the vortex lines are then found, starting at the

trailing edge with a straight 1line cross section and

assuming that:

x"-)P =X“:P" +Vn p ot

A new sheet 1is thus formed by integrating the
streamlines back. If the flat plane wake were stable the
downwash would remain constant at the trailing edge and
increase to twice this value at cross sections far
downstream. The sheet would , therefore, remain straight in
cross section but slope with decreasing curvature
downstream. Due, however, to truncation errors In the
numerical methods and to roundoff error in the machine, the
calculated downwash is never exactly constant across a cross
section. The sheet will therefore not remain exactly flat,
If it is indeed unstable in the flat configuration and
stable in the rolled up position, as claimed by Kaden, it
should proceed to the rolled up position post haste. After
several iterations the sheet should be rolled up Into
whatever stable position it finds most comfortable, The
drawing in Figure(l.2 ) shows the results of dcing such a
calculation on a wing of twenty foot span with an elliptical

loading. For this sample calculation 31 vortices were used
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and the calculation was carried far enough downstream to be
rolled up although the spacing is too wide to distinguish
detalls of the roll up mechanism in the ¢tip region. Two
further plots are shown in Figures (1.3) and (1.4). These
assume a wing of two foot span with an elliptical 1load
distribution, The magnitude of the circulation at the
midspan Is three feet squared per second. The first plot Is
of results using only nineteen trailing vortices. It 1is
obvious that one foot downstream the sheet is no longer
flat, but the effect is far more marked in the second plot
for which 99 trailers were used. It 1is obvious that the
choice of vortex spacing has an effect on the ultimate
shape computed in the tip region, although the motion of the
sheet in general away from the tip may be similar in the two
cases. In fact, the smaller the spacing is chosen, the more
dramatic the results at the tip. Since the kinematics and
dynamics of the fluid in the tip region are of major
importance, especially if cavitation Is to be accurately
anticipated, this ambiguity in detailed results must be
resolved. This problem, will however be deferred for the
moment, to consider the more mundane question of calculation
time. The two calculations for 99 and 19 vortices consume
respectively 20 and 12 minutes of computer time on a 360
Model 65. This fact dooms further examination along this
path to financial disaster. No practical propeller design
method could ever be sucessful with so expensive a

caiculation at its base, considering the inevitable added
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calculation required to apply a method to the helicoidal

geometry of propeller wakes.

Method Twoq

A more efficient means of calculating the trailing
vortex paths was sought to decrease the number of
computations required. Since the effect of one element of a
vortex on the velocity at a control point is proportional to
the Inverse of its distance to the control point squared, it
would seem that the major effect is that of the nearby
elements. A slight inaccuracy in the locations of the vortex
elements far from the point in question may not cause a
significant error in the final result., A strip theory model
was , therefore , used assuming that the shape of the
sheet cross section at each downstream position was constant
from that section upstream to the foil and downstream to
infinity., This greatly simplifies the calculations since the
trailers may be considered straignt lines parallel to the X

axis at each position and the induced velocity may be

calculated analytically.
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The procedure is to start out at the trailing edge with
the sheet straight in cross section as before and calculate
the induced velocities on the sheet. The vortex locations at
the next station downstream are then found from:

Xp,e,l =)-(.p +V At
where delta T is the spacing in the downstream direction
divided by the wing velocity Uo. this procedure eliminates
the need for iteration and storing large arrays of positions
and induced velocities and gives results approaching those

of the first method., See Figures (1.5) and (1.6)

Method Three

The obvious fallacy in the methods discussed so far |Is
that a discrete vortex model of the elliptical 1loading may
not give a constant downwash except in the case of
vanishing spacing. The singularity iIn trailing vortex
strength is represented rather poorly with such a mode}, |If
the model is such that the tip vortex immediately moves out
of the plane of the rest of the sheet, the rollup will

proceed Immediately. See below,

>))) | (o

L
—p

If , however , this area at the end of the wing Is
represented in a meore mathematically satisfying manner by
evaluating the downwash at the tip due to the singularity
analytically, the sheet still rolis up. This argument is

necassary only in an ideal fluid since in a real fluid the
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vorticity may not remain infinite for any finite length of
time. A line vortex may not maintain a zero core thickness
but will diffuse over a finite area. Nevertheless the ideal
fluid argument is worth pursuing both for the sake of
consistancy and to see if it invalidates the previous
results,

First, an expression is needed for the downwash at the

\
tip due to a loading in the tip area of form: /«ﬁ?

The velocity induced at a point s near the tip by such a

loading between y=0 andy=L can be calcuiated from the law of

Biot-Savart.
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The point of this discussion is that there is a finite
downwash due to the inverse square root singularity in the
trailing vorticity distribution even when the tip Is
approached. To represent this effect with a discrete vortex
model it is necessary to consider the last vortex out to
experience a downwash due to the singularity in the

vorticity distribution in the last interval. This problem
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should be taken account of in the computation of the motion
of the sheet. The method used was to introduce a control
point just inside the tip vortex. The strength of the tip

vortex is weighted so that the proper velocity is calculated

at this point B.

‘1“-9 ncxt VorTE» Ln

F\ b w r‘t\.b - MMtk
= ) Crp b >b
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b
P=TtipxW=Tepr g=¢

The velocities and positions of this point B are calculated
at each control point rather than those of the tip vortex.
The tip vortex position is obtained by extrapolating the

position of the next vortex in through point B.

I f this value !s wused in the induced velocity
calculations according to the strip theory of Method two,
the triggering is less sudden but the final rollup

configuration is the same. See Figures (1.7) and (1.8)

Method Four
The problem of ambiguous results in the wing tip region

must now be considered., Since the results depend on the

3
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vortex spacing selected, there must be a Jlength
characteristic of the flow which would give a scale for the
spacing selection. There is no ambiguity in the results if a
real foil is towed in a real fluid., Since the problems occur
at the tip of the wing, it is suspected that the length
scale sought has some relation to the configuration of the
flow in a real fluid in the tip region. The most obvious
approach to this problem is to define a size for the viscous
core at the tip. The wusual means of doing this 1is by
equating the total kinetic energy per foot downstream in the
ultimate rolled up wake to the induced drag on the foil.
Assuming that the final configuration is two Rankine
vortices of strength G,the kinetic energy may be calculated
as follows. The vortices are assumed to be s feet apart and

to have core radius a. {6)

G z

s/

ry
X

The velocity potential of the flow outside the core Is given

The kinetic energy outside the cores is given by:
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H

The kinetic energy inside the cores !s:

a
20 (1 6\ _r* _ 26"
Ewn = ‘{f(zm) i 2T Ar =

o

This gives a total kinetic energy per foot or induced drag

of:

E S / 7 &
E:{f_[l‘)"flo(-’*“ +a -a] - D
T T Ny s val) ¢

since a is presumed much smaller than the span:

Di, = ;oz {1 +"‘f/03(~—--—2'5;1a>]

if the loading is elliptical: .
C
a=.197s Cc1=,-r-“——

This gives a measure of the core size., However there are two
major objections to this procedure. First the area close to
the wing Is of major practical Iimportance and the total
circulation certainly may not be considered absorbed into

the core immediately on departure from the ¢trailing edge.
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Second, in a model which assumes small pertubation
velocities in the downstream direction any concentration of
vorticity from elisewhere in the sheet in the core s
impossible. The vortices must move with the fluid and If
there Is no sink at the core center, there can be no net
flow into the core region. By observing the paths of the
vortices Iin the models considered so far, it is obvious that
this is true. There Is no concentration of vorticity In the
core region but rather a roliup of large diameter about Iit.
This fact leads to the third obiection wnich is that in real
flows a concentration in the core region is possible and ,
in fact , likely by allowing axial changes in velocity and
pressure in the core. This introduces a sink or source at
the core center in the two~dimensional models and
invalidates the energy argument.The method used fcr this
analysis must look more closely at the formation of the core
near the wing. It was suggested by McCormick (7 ) that the
important dimension was the boundary layer thickness.

As was mentioned above, the deliberations about the
principal value of the induced velocity integral at the tip
when the slope of the bound circulation strength is Infinlite
are somewhat beside the point in a real fluid. Such a strong
vorticity as would be expected at the tip of a wing with
elliptical loading must be spread out over a finite area in
a real fluid, If this vorticity is being shed from a wing
tip , 1t must be spread out over the boundary layer

thickness of the fluid on the under (pressure) surface of

© - PN e T N SR AR e Sk

- s 2k
s T
YUy
L N,
N T R

* “;:":(‘353
. iy



——

e e Lanal =
A .

. o S —

R

PAGE 26

the wing when this fluid reaches the wing tip. If there s
seperation of the flow around the tip, this area would ,of
course, be greater. The tip vortex is , therefore , not a
line vortex but has a finite core and the velocities due to
it are finite everywhere. The core region describes a solid
body rotation about its center.

The infinite value of vorticity at the tip has now
disappeared , and the core vorticity 1is symmetrical about
the center of the core. The velocity induced at the center
of the core by the core itself is therefore zero. The rest
of the sheet induces an upward velocity at the core center,
The rollup phenomena is now easily visualized. The end of
the sheet starts up while the rest of the sheet bends down,
The core then pulls the sheet out and the sheet pulls the

core in toward midspan. (See below)

Jx

Since this model is the one that the author feels
represents physical reality best , it will be used in the
remainder of the paper. Results wusing this method are
similar to those of the other systems (See Figure 1.9 ), but

for further investigations into the dynamics of the tip
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vortex core region this model seemed most appropriate.

The vortex spacing at the tip is chosen small enough so
that several vortices are included in the tip. The strength
of the tip vortex 1is then evenly divided between these
vortices that lie within a boundary layer thickness of the
tip. The rollup kinematics show 1little dependence on the
choice of boundary layer thickness. This question does
become more important when the dynamics of the core region
are being considered. The minimum pressure at the center of
the rotating region is for instance dependent on the core
diameter selected. The success of this model in eliminating
the previous difficulties with ambiguous results due to
various choices of spacing may be observed by comparing

figures (1.9) and (1.10).
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CHAPTER 11

The preceding analysis , as may be seen from the
results of Chapter 1, does not lead to a concentration of
vorticity in the core region, although it does give a rollup
of the vortex sheet. As a matter of fact , it is ({impossible
for any concentration of vorticity to occur in a model which
assumes the streamwise velocity to be constant. The only
mechanism which can produce a concentration of vorticity,
which implies a concentration of fiuid since the vortices
move with the fluid, is a sink at the core in the two
dimensional strip theory model, which corresponds to an
increase in the axial velocity in the three dimensional
problem. Batchelor in ( 8 ) investigated the diffusion of a
line vortex and the axial velocities and core pressure
gradients assocliated therewith, His analysis is , however |,
limited to the region far downstream from the wing where all
vorticity is considered concentrated in the core region and
there is no additional vorticity entering the core from the
sheet, His model is , therefore , one with a deacceleration
of the axial velocities due to an increase of pressure
downstream, The pressure rises downstream due to the viscous
deacceleration of tangential velocities in the core region
and the resultant decrease in centrifugal forces. The core
therefore expands and weakens downstream in the far
downstream region. Professor Sheila Widnall and Thomas
McMahon conducted a preliminary investigation of the tip

vortex rollup problem using Batchelor's model, (9)
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Batchelor begins his analysis with the assumption that
the motion is axisymmetric and the following equations of
motion are valid in axisymmetric incompressible fiow:

b
eudiyy sy Y-S SR vy v u

e W v o = 590, v [y ]
3- wI%y v M%< v [Viw = "]

where:

Jr I+ L d
-4- v* =adxr Tdyr v dr

The assumption 1is made that axial gradients are small

compared to radial gradients. Thus:

d J
<<dr

v LKA

These assumptions are valid for the tip vortex dynamics
considered in this report. The radial velocity is never more
than two percent of the axial velocity and axial changes in

velocity are small compared to radial changes. Thus

equations =1~ through -4- become:

ﬂF-qugx+V'Jfgr=‘

2
oo = b=y
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The integral form of equation =6- is:
0 ZCL
- pe P [ Wh
p :
r -
In the region far downstream, Batchelor finds a solution for
this system of equations of form:

r, —Uorl
~lo- W= 27Y ['"»Q 1y X

If the core radius a is defined as the radius where the
tangential velocity w is a maximum, this core radius may be
solved for:
X

- af= fLZL_- (f.21553)

1 Uo

This assumes that the core had zero radius (was a point
vortex) at x=0. The change of core radius with distance

downstream is:

da _ a

~#
—

B ] 2X

The magnitude of this quantity is Important In determining
the importance of viscous effects in the core region near
the wing. In the problems dealt with here .02 feet may be
taken as a typical value for the core radius near the wing
as derived from the boundary layer thickness., Uo Is
typically 25 feet per second and the kinematic viscosity of
water is about ten to the minus five feet squared per
second, These values give for the downstream distance x

which is a measure of how long it takes a point vortex to
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diffuse to a core radius a:

2= y. 25x0.0004 _
13- xx FERO509 - 198t

In other words, the vortex would have to start as a point
vortex 198 feet upstream to have diffused to a core radius

of .02 feet at the trailing edge. At this value of x:

-4~ ic: z ‘:'%%q: . 00005 ft/‘.f.t.

Therefore, it is concluded that in water the core radius
does not change fast enough due to viscosity to have any
significant effect on results in the region close to the
wing.

Near the wing, however, the model 1is considerably
altered. It is possible to have vorticity from the sheet
enter the core, thus increasing the circulation and lowering
the core pressure downstream. This gives rise to an
increasing axial velocity in the core region and an inward
component of velocity at the core surface.

The mechanics of the analysis proceed as follows. The
wing s divided up into trailers as before and the last few
are considered to be in the boundary layer and of constant
strength, The boundary layer is assumed to be identical with
the core thickness and the vorticity 1{is assumed to be
diffused over the surface of the core. The model s
therefore, at each downstream section, a Rankine vortex with

a group of trailing vorticies outside it.
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Initiaily at the wing when the sheet is stralght, the

minimum pressure in the core is easily calculated assuming

axial symmetry and a small effect of the sheet on the core.

f r<a. 2
oY p(r):: ;%D - ]9¥¥'c{r'

a. r
::flféi. Fdr - 202 ( dr + P
Yr2a' ). 4= o3

PR
= POD - aglk‘ [~ r* E?;?;a}.

The pressure force on the upstream end of the core is:

a
Fup= (omr /DC") dr

I fk
=mra [ Ro- ﬁ;fzcaz} fsn?-i* [x=ri]dr
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é Further downstream two effects act to decrease the core

TR TR

= pressures and forces. The rollup of the vortex sheet
3
- increases the circulation surrounding the core and any flow

into the core brings in circulation from the sheet. The

IR 7
PR o

first effect, that of the sheet rollup, is small due to the

fact that the sheet vorticity Is small compared to that in

the core and the 1/R5 term in the pressure integral (above),

This effect is approximated, however , in the following way
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both for the sake of completeness and to trigger the
concentration phenomenon.

The analysis assumes axial symmetry and , therefore ,
the outside vorticity must be considered to be evenly
distributed about the axis. This is approximated by
calculating the angle subtended by each section of the sheet
on the core and considering the effective strength of that
vortex on the core pressure is this angle divided by two pi.
times its real strength., Its radius from the core center R

is considered to be that of the discrete vortex,

This model is , of course , crude but the effect is in
any case small compared to the concentration effects in the
core region itself,

The major effect is that of the increasing core
circulation due to absorbtion of the trailing vortex sheet
into the core. This may be represented as follows. A length
delta X of the core is considered with a pressure force F
acting on it in the axial direction. A radial velocity V is
assumed at first to be zero. Using the momentum equation in

the x direction over a control volume of radius a and length
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delta x:

.
u,
ks, F,

X momentum out /sec.=.oma? Ul
X momentum (n/sec. =.omatul +2ma_pv Uy ax
F = F}Q[Quf - AUl ~ 2ax vuo]

from cont[n,aLtB Wy = W, *flV/‘L} AX

V=& Jl-2u, + Us~ T
"fAX[ (o] { y( (e} Zul) ._*.ﬁn?-a,z

The original F is calculated from the small rollup effect

described in the previous pages. The resulting radial

velocity V means that a sink of strength 2 aV per unit
length Is pulling fluid, and sheet vorticity with it In

toward the core. The resulting increase in core strength s

£
:
-
¢
i
5,
f
{

calculated by assuming that all sheet vorticity within a
F: 1 radius difference of V delta T is added to the core strength
and subtracted from the sheet strength. (The stretching

effect is neglected.
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This gives a decreased pressure on the downstream end
and a resultant increase of axial veloci;y and sink
strength., The calculation is repeated until the radial
velocity converges to a limit. The new vortex positions may
now be calculated and the process moved to the next down

stream position.

X(s)
Pe
S, S2 Y
.{}

It is entirely possible that the tangential velocity in
the core is not proportional to the distance from the core
center. However, it may be assumed that the tangential
velocity is a smooth function of radius from core center to
core radius, If , for example , a parabolic velocity profile
is assumed, the pressure at core center is only changed 6.3
percent. The Rankine vortex is therefore assumed to be a
reasonable approximation for the purpose of calculating

minimum pressures. It is also assumed that the axial
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velocity is uniform across the core crosssection and equal
to Uo outside the core. The more rigorous method for
seiecting these initial axial velocities would be through
calculating the head at each radius and completing the
energy balance. However, this fluid in the core has passed
through the boundary layer on the wing and has iost an
indeterminant amount of energy. For want of a better

appremimation the axial velocity is , therefore , assumed

uniform.
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CHAPTER 111

The purpose here is to apply the theory of the previous
chapter to a 1lifting 1line load and try to use It to
calculate the resultant core pressures and the motion of the
sheet. It Is apparent that the minumum pressure coefficient
is dependent on core diameter, load and the 1load
distribution over the span, and the amount of rollup that
has taken place.

To evaluate these effects, & lifting line with a span of
two feet was 1loaded with various elliptical 1loads and
boundary layer thicknesses. The motions of the trailing
vortex sheets are calculated and the pressures in the core
region estimated. The greatest attention was given to the
wake near the trailing edge of the foil since this has the
most effect on the foii itself,

The program operates in a manner similar to that of
method four in Chapter !, The only modification necessary is
a line sink at the core center and axial and radial
velocities are calculated in the core region. The minimum
pressure is calculated at the core center at each down
stream position, A flow diagram for this program is shown in
Figure (3.1 ). Runs were made at a variety of different
boundary layer thickness, maximum circulations, and
downstream spacings to determine the effect of these
parameters on the minimum pressure,

In Figure (3,2 ) the minimum pressure, y coordinate of

the core center, axial velocity in the core, and radial
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Maximum circulation in ft.2 per sec.

Figure 3.3 lHinimum pressure coefficient in the
tip vortex core for various maximum
circulations. These resultis are
calculated for an elliptically
loaded lifting line with 1.67 foot
span. The boundary layer thickness
Is assumed to be ,001 feet,
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velocity at the core boundary are plotted for various
distances downstream for a maximum circulation of 3 feet

squared per second and a boundary layer thickness of .01

feet. The results show that there is an Iimmediate radial
flow into the core close behind the trailing edze with a

corresponding drop in the pressure. This is why tip vortices

are sometimes observed to cavitate a short distance behind
the foil rather than exactly at the foil. It is apparent
that for the minimum pressure calculations the spacing in
the downstream direction must be taken quite fine near the
foil to obtain the details near the foil., If only the
kinematics of the sheet are required, the spacing may be

much coarser. In Figure (3.3 ) the minimum pressure is

plotted versus maximum circulation for a boundary 1layer
thickness of 0.001 feet, a thickness that corresponds to a

laminar flow on the pressure side of the rudder model of

Chapter 1V, The minimum pressure is strongly dependent on

the maximum circulation especially at very small boundary

FEN RO 2o

layer thicknesses as would seem reasonable according to

equation -9~ of Chapter 1Il. The vertical component of

At 2 ot e

induced velocity was plotted for a maximum circulation of

eremis bt

1.86 feet squared per second on a lifting line of 1.67 feet

span. See Fig. (3.4), It is clear that the downwash from

e

this trailing vortex sheet is anything but constant although

the load is elliptical, The induced velocity 1Is in fact

T e R

positive at the tip. This clarifies some discrepencies

between propeller design theory and practice, assuming that
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the results are analogous for propeller blades. A blade
designed for elliptical load distribution would in fact be
much more highly loaded in the tip region than anticipated
due to this upwash. The tip vortex would be correspondingly
stronger and the minimum pressure in the core would be
lower. Propeller designers have tended to reduce their
design load drasticly in the tip region to prevent tip
vortex cavitation. These results indicate that the 1load Is
inevitably greater than predicted in the tip region If
lightly or moderately loaded propeller theory is used. The

boundary thickness must be known accurately if the minimum

pressure 1Is to be predicted with any confidence. The

dependence of minimum pressure on boundary layer thickness

is indicated in Figure (3.5)
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i [ l | i
This is from a lifting line with
span of 2 feet and an elliptical
load distribution of 3 ft¥sec.
30 - maximum circulation. 19 trailers —
are used with 5 in the fine
spacing at the end.
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CHAPTER 1V

The results of Chapter IlIl offer the possibility of
experimental verification. The minumum pressure coefficient
may be determined by observing the point where cavitation
begins in the tip vortex core in a moving stream of water of
known pressure and veloclity., The calculations of the
preceding chapter provide a method for determining the
minimum pressure coefficient in the vortex core. When this
pressure coefficient becomes equal to the cavitation index
of the filow, a vapor core should be observed in the tip
vortex. The foil selected for tnese tests was a bronze

rudder model with the following characteristics:

span 10"
root chord 8.925"
tip chord 5.360"

sweep of 1/4 chord 11 degrees aft

geometric aspect ratio 1.40
taper ratio .60
section type NACA 66

thickness to chord ratio root .2, tip .1

The boundary layer thickness 1is of course a critical

parameter in the calculation of minimum pressures in the

vortex core as shown in Fig., (3.5). To make an accurate

estimate of boundary layer thicknesses, it is necessary to

know the pressure distribution on the pressure side of the

foil, This is calculated for various angles of attack wusing
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the published characteristics for this two dimensional
section from Abbott and Doenhoff ( ). Of course the interest
here is only in the flow aft of the stagnation point., The
high pressures forward of the stagnation point may be
disregarded since this fluid passes to the other side of the
wing. For the integration of the boundary layer equations
back from the stagnation point to obtain the displacement
thickness | am indebted to Professor Jerome Milgram () who
has programmed the methods of Truckenbrodt(i2) and Spance(i3).
In both of these methods Ludweig and Tillmann's (I3) equation

for the wall shear stress is used:
".268  _ -.678 H
CF: .Z%é Re 1O

It is assumed that the boundary layer is turbulent in these
calculations. Thié assumption is reasonable for ship
propellers but leads to difficulty in the experimental work
with this rudder model., It was necessary to add strips of
plastic aluminum to the pressure side of the foil to ~roduce
a turbulent condition on the model. Cross flow effects were

not taken into account and this may cause the

calculated
boundary 1layer thickness to be greater than the true
thickness., Sample results are shown in Figure (4.1).

Truckenbrodt's method does not converge properly in an

adverse pressure gradient and therefore only the metheod
developed by Spence is used in the 1low angle of attack
range. it is felt by Professor Milgram that the difficulty

in the application of Truckenbrodt's method lies i{n his
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numerical handling of the equations at high values of H (the
ratio of displacement thickness to momentum thickness)
rather than an inherent fault of the method. in the range of
values of angle of attack above 5 degrees, the two methods
agree nicely., It is felt that these methods give a better
estimate of the boundary layer thickness than that used by
McCormick (7), which does not take the pressure gradients
due to the potential flow around the foil into account.

The computer program described in Chapter IV s used to
calculate the motions of the sheet and minimum pressure
coefficient in the vortex cores. The loading Is assumed to
be elliptical so that the downwash is constant across the
span. For a span of 1.67 feet ( twice the real span due to
the image effect of the tunnel wall ) and a chord at
midsection of .745 feet, the circulation at midsection s

computed as follows for angle of attack*C:

LO Ul
CL:{', __J° ~ _7:..T_1.f('__ = 3’324_

—'2~ﬁu°‘c | +2 s

With a tunnel water velocity of 25 feet per second:

M=.517 %

where ®is in degrees. The downwash may also be computed

assuming that the sheet remains flat:

C.cC
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The 1ift coefficient for this low aspect foil was checked
using a lifting surface computer program developed by S.
Widnall(15)., This program gives a slightly lower 1lift
coefficient at each angle of attack.
CL.=2.57X

The results both from the program and experimental are
plotted in figure (4.6). The points represented by small
circles on this plot were measured by observing the
pressure at which cavitation first appeared in the tip
vortex core., The pressure in the cavity was then assumed to
be vapor pressure. Some error may be expected due to this
assumption. The cavity pressure may well be higher due to
alr content in the water. The consistency of the results as
the tunnel remained under vacuum for several hours, however,
indicates that this effect was not major. The initial rurs
were ﬁade with a tip rounded with plastic putty. The
initial job was rough and the maximum span was about at the
three quarter chord point rather than at the trailing edge.
This caused the tip vortex to form forward of the leading
edge and to seperate avound the tip. The Reynolds number of
the flow around this model was about 10° and some difficulty
was encountered in obtaining turbulent flow in the favorable
pressure gradient on the pressure side of the foil. The tip
was rebuilt with putty and the foil was carefully smoothed
with steel wool., See Fig. (&,5). Turbulence stimulation was
provided by a spanwise strip of putty along one side of the

foll at the point of maximum thickness. The results obtained
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with this foil are also piotted in Filgure (4.6). It is
evident that when the smooth side is the pressure side the
foil cavitates much more readily at 1low angles of attack
than when the turbulence stimulation is on the pressure
side. Transition to turbulent flow 1is indicated by the
results for the smooth pressure side at high angles of
attack. The critical cavitation numbers for the two cases
then approach each other. These results compare favorably
with those of McCormick(7) although the hysterisis effect
that he observed was not apparent in these tests. The
critical cavitation number was the same when the critical
point was approached from low pressures or from high
pressures. The results indicate that the foil cavitates at
slightly higher pressures than anticipated by theory. This
may be explained by the fact that the 1ift in the tip region
is higher than predicted by theory as discussed in Chapter
I1l. The laminar flow boundary layer thickness is calculated
without taking account of the pressure gradlent along the
blade. Since  this report is concerned with marine
propellers, which operate in a highly turbulent flow
normally, the laminar results are interesting only In a
purely academic sense. |f, however, the reader is tempted to
apply these results to cases where the flow Is truly laminar
it would be advisable to program a laminar boundry 1layer
thickness calculation for a variable pressure gradient in

the outer flow.
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The trajectory of the tip vortex was plotted (Fig.
4.2) for the rudder model at an eight degree angle of
attack. Its position at one foot downstream from the
trailing edge is .135 feet above the center of the sheet.
This agrees with the photograph (Fig.4.3) of the rudder
operating in these conditions in the Propeller Tunnei. (The
angle of attack is negative in the photograph so that 1lift
is down and the tip vortex is the 1lower curve.) It was
observed during these tests that the tip vortex moved in the
free stream direction, in other words along the axis of the
tunnel, shortly after ieaving the traliling edge while the
}est of the trailing vortex sheet curved downward as
predicted by airfoil theory. This agrees with the
calculations of this paper (see Fig. 4.2) and 1is explained
by the fact that, if most of the tralling vorticity is
concentrated in the core, there 1is nothing to induce a
pertubation velocity on the tip vortex but its image, which
is far away. The downwash due to the image vortex, assuming
that it is 1.67 feet away and that the <circulation at
midspan is 3 feet squared per second is less than one
degree. Therefore the tip vortex moves in the freestream
direction as soon as it has absorbed most of the rest of the
vorticity. The spanwise trajectory of the tip vortex is
shown in the photograph of Figure (4.5). The eight degree
angle of attack with 25 feet per second water speed
condition was maintained for this photograph. Again the tip

vortex curves sharply in the vicinity of the foill and then
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proceeds nearly straight dowmstream, The calculated spanwise

trajectory is shown for comparison in Figure (4.7).
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1 | l | |
X iliddie of sheet

e Tip vortex
0.0
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ft.

Distance downstream in ft,

3

Y o'e o's

FIG. 4.2 calculated trajectory of the tip vortex core
and the wake at midspan for the rudder model

at 8 degrees angle of attack and 25 ft./sec.

water speed.
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at 8 degrees angle of attack and 25 ft./sec,
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FIG., 4.4 A top view of the rudder model showing

turbulence stimulating strips.
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FIG. 4,5 A top view of the rudder model operat




PAGE 58

CALCULATIONS ASSUMINGA ;
LAMINAR BOUNDARY LAYER |

.o
o= points with oms\na,l Th

x - Curbulence stimulaTion
on pressvre side

4> turbvlence sTimolaTlion
on sveclion side
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§ ' FIG, 4,6 Minimum pressure coefficient for the rudder
o
% model at tip vortex cavitation inception
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CHAPTER V

If the wake configuation, induced velocities, and
minimum pressures due to a lifting line wing can be
calculated as in Chapter |V, there 1is no reason why the
lifting line model of a propeller can not be handled