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WAVE-NUMBER-EXPLICIT BOUNDS IN TIME-HARMONIC
SCATTERING *

SIMON N. CHANDLER-WILDE f AND PETER MONK *

Abstract. In this paper we consider the problem of scattering of time-harmonic acoustic waves
by a bounded sound soft obstacle in two and three dimensions, studying dependence on the wave
number in two classical formulations of this problem. The first is the standard variational/weak
formulation in the part of the exterior domain contained in a large sphere, with an exact Dirichlet-
to-Neumann map applied on the boundary. The second formulation is as a second kind boundary
integral equation in which the solution is sought as a combined single- and double-layer potential.
For the variational formulation we obtain, in the case when the obstacle is starlike, explicit upper
and lower bounds which show that the inf-sup constant decreases like k~! as the wave number
k increases. We also give an example where the obstacle is not starlike and the inf-sup constant
decreases at least as fast as k~2. For the boundary integral equation formulation, if the boundary
is also Lipschitz and piecewise smooth, we show that the norm of the inverse boundary integral
operator is bounded independently of k if the coupling parameter is chosen correctly. The methods
we use also lead to explicit bounds on the solution of the scattering problem in the energy norm
when the obstacle is starlike in which the dependence of the norm of the solution on the wave
number and on the geometry are made explicit.

Key words. Non-smooth boundary, a priori estimate, inf-sup constant, Helmholtz equation,
oscillatory integral operator

AMS subject classifications. 35J05, 35J20, 35J25, 42B10, 78A45

1. Introduction. In this paper we consider the classical problem of scattering
of a time-harmonic acoustic wave by a bounded, sound soft obstacle occupying a
compact set 2 C R™ (n = 2 or 3). The wave propagates in the exterior domain
Qe = R™\ Q and the boundedness of the scatterer implies that there is an R > 0
such that {z € R" : |z| > R} C Q.. We suppose that the medium of propagation
outside €. is homogeneous, isotropic and at rest, and that a time harmonic (e~'«?
time dependence) pressure field u® is incident on 2. Denoting by ¢ > 0 the speed of
sound, we assume that u’ is an entire solution of the Helmholtz (or reduced wave)
equation with wave number k = w/c > 0. Then the problem we consider is to find
the resulting time-harmonic acoustic pressure field u which satisfies the Helmholtz
equation

(1.1) Au+ k*u=0in Q.
and the sound soft boundary condition
(1.2) u=0onTI := 09k,

and is such that the scattered part of the field, u*® := u—u?, satisfies the Sommerfeld
radiation condition

a S
(1.3) a% —iku® = o(r—("1/2)
as r := || — oo, uniformly in & := z/r. (This latter condition expresses mathe-

matically that the scattered field u® is outgoing at infinity; see e.g. [14]). It is well
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known that this problem has exactly one solution under the constraint that u and
Vu be locally square integrable; see e.g. [34].

The aim of this paper is to understand the behaviour, in the important but
difficult high frequency limit £ — oo, of two standard reformulations of this problem.
Both of these reformulations are used extensively, for theoretical analysis and for
practical numerical computation. The first is a weak, variational formulation in
the bounded domain Dg := {z € Q. : |z| < R}, for some R > Ry := sup,¢q |z|.
This formulation is expressed in terms of the Dirichlet to Neumann map Ty, for
the canonical domain G := {z : || > R} with boundary I'p := {z : |z| = R}.
The mapping Tr takes Dirichlet data g € C°°(T'g) to the corresponding Neumann
data Trg = %‘Fm where v denotes the solution to the Helmholtz equation in
G i which satisfies the Sommerfeld radiation condition and the boundary condition
v = g on I'g. It is standard that the mapping Tr extends to a bounded map
Tr: HY?(Tg) — H-Y2(T'R).

Let Vg denote the closure of {v|p, : v € C§°(Q)} C H'(Dg) in the norm of
HY(Dg). Tt is well known (e.g. [39]), and follows easily by integration by parts, that
u satisfies the scattering problem if and only if the restriction of u to Dp satisfies
the variational problem: find u € Vi such that

(1.4) b(u,v) = G(v), v € Vg.

Here G is an anti-linear functional that depends on the incident field (for details
see §3), while b(-,-) is the sesquilinear form on Vi x Vg defined by

(1.5) b(u,v) := / (Vu - Vo — k*uv) do — / YT ryu ds,
Dr 'r
where v : Vg — H/?(I'g) is the usual trace operator. Equation (1.4) is our first
standard reformulation of the scattering problem.
To introduce our second reformulation, let ®(z,y) denote the standard free-
space fundamental solution of the Helmholtz equation, given, in the 2D and 3D
cases, by

SHY (k| —y)), n=2,

(I)(Ll}, y) = eilc\ac—y|
b n= 37

Ar|z —y|
for z,y € R™, x # y. It was proposed independently by Brakhage and Werner
[4], Leis [33], and Panich [40], as a means to obtain an integral equation uniquely
solvable at all wave numbers, to look for a solution to the scattering problem in the
form of the combined single- and double-layer potential
(1.6) w’(x) := Ms@(y) ds(y) —in /‘P(w,y)w(y) ds(y), x € Qe,

r Ov(y) r

for some non-zero value of the coupling parameter n € R. (In this equation 0/0v(y)
is the derivative in the normal direction, the unit normal v(y) directed into €..) It
follows from standard boundary trace results for single- and double-layer potentials
that u®, given by (1.6), satisfies the scattering problem if and only if ¢ satisfies
a second kind boundary integral equation on I' (see §4 for details). This integral
equation, in operator form, is

(1.7) (I +K —inS)p = 2g,

where I is the identity operator, S and K are single- and double-layer potential
operators, defined by (4.1) and (4.2) below, and g := —u'|r is the Dirichlet data for
the scattered field on I'.
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Choosing 1 # 0 ensures that (1.6) is uniquely solvable. Precisely,
A=1+K—-inS

is invertible as an operator on C(I') when T is sufficiently smooth, e.g. of class C?
(see [4] or [14]). The case of non-smooth (Lipschitz) I" has been considered recently
in [9] (and see [37]) where it is shown that A is invertible as an operator on the
Sobolev space H*(T"), for 0 < s < 1.

While it is established that each of these formulations is well-posed, precisely
that A~! is a bounded operator on H*(T'), 0 < s < 1, in the case of (1.6), and that
the sesquilinear form b(-, -) satisfies the inf-sup condition, that

b
" SR 5 I
0£uEVR 0veVy [[Ullvellvllva

in the case of the formulation (1.4), there is little information in the literature on
how the stability constants ||A~!|| and « depend on k, particularly in the limit as
k — oo.

This lack of theoretical understanding is unfortunate for a number of reasons.
In the first place both formulations (and similar formulations for other boundary
conditions on I') are used extensively for numerical computation. Much research has
been aimed in recent years at efficient solvers in the difficult high frequency case,
where the scatterer I', and so the region Dpg, are large in diameter compared to
the wavelength, so that the solution w is highly oscillatory and standard discretisa-
tion methods require very many degrees of freedom. This effort has included many
important developments for the solution of (1.6) and similar integral equations,
including higher order boundary element or Nystrom schemes (e.g. [22]), fast mul-
tipole methods (e.g. [17]), generalised boundary element methods using oscillatory
basis functions (e.g. [5, 32, 19]), and preconditioners for iterative solvers (e.g. [12]).
Similarly, for the solution of (1.4) at high frequency, important recent developments
have included the use of higher order hp-finite element methods (e.g. [2, 18]), the
use of oscillatory basis functions (e.g. [31] and, for methods based on more general
variational formulations, [7, 21]) and ray-based techniques (e.g. [30]).

An essential ingredient in the development of numerical analysis for these meth-
ods, in particular analysis which seeks to determine the behaviour of algorithms as
the wave number increases, is an understanding of how the stability constants of
numerical schemes depend on the wave number. Quantification of the dependence
on k of ||[A7!|| and a, i.e. of stability constants for the continuous formulation, is
an important step in this direction.

An additional and important practical issue in connection to (1.6) is how to
choose the parameter . A natural criterion when using (1.6) for numerical compu-
tation is to choose 71 so as to minimise the condition number cond A := || A || A7}
(e.g. Kress [25, 26]). To determine this optimal choice, information on the depen-
dence of ||A~!|| on k and 7 is required and will be obtained in §4.

Given the practical importance of the questions we will address, it is not sur-
prising that a number of relevant investigations have been carried out previously. In
particular, a number of authors have studied (1.6), or related integral equations, in
the canonical case when I' is a cylinder or sphere, i.e. I' = I'g, for some R > 0, espe-
cially with the aim of determining 7 so as to minimise the L?(I") condition number
of A [25, 26, 3, 23, 6, 19]. Particularly relevant are the results of Giebermann [23]
which have recently been completed and put on a rigorous footing by Dominguez
et al. [19]. It is shown in [19] that, in the 2D case, if the choice n = k is made, then

(1.9) A7 <1
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for all sufficiently large k (we are using || - |2 to denote both the norm on L?(T")
and the induced operator norm on the space of bounded linear operators on L?(T)).
This result is obtained as a consequence of the coercivity result that

(1.10) R(AY,¢) > [¢l3, v € LX),

where (-, -) is the usual scalar product on L?(I'). The same coercivity result, but
without an explicit value for the constant, is shown in the 3D case [19], so that, for
the case when T is a sphere it also holds that ||[A~!||s = O(1) as k — oo. We note
that, even for these canonical cases, establishing such bounds is not straightforward
and depends on explicit calculations of the spectrum of A and careful estimates of
Bessel functions uniformly in argument and order.

Research of relevance to the wave number dependence of (1.4) has also been
carried out. Indeed an explicit estimate of the dependence of the inf-sup constant
on the wave number has been made previously in two cases. The first is what may
be thought of as a 1D analogue of (1.4), with Vz := {u € H'(0,1) : u(0) = 0}
and b(-,-) defined by b(u,v) := fol u'v" — k*uvdr — ikv(1)u(1). The results for this
case, due to Thlenburg and Babuska [27, 28], summarised in [29], are obtained via
explicit calculations of the Green’s function for the corresponding boundary value
problem, i.e. the solution of v’ + k*u = §, on (0,1) with u(0) = 0, v/(1) = iku(1),
where d, is the delta distribution supported at y € (0,1). For this 1D problem it is
shown that, for some constants C; < Cy, the inf-sup constant given by (1.8), with

lully,, = fol |u'|%dx, satisfies

Gy Cy
(1.11) 3 <a< .

Closer still to the results of this paper is the work of Melenk [35] (or see Cum-
mings and Feng [16]), who consider the Helmholtz equation in a bounded domain
D, which is either convex or sufficiently smooth and starlike, with the impedance
boundary condition g—;f = iknu on 0D, with the normal directed out of D and n > 0.
The sesquilinear form in their case is b: H!(D) x H*(D) — C given by

(1.12) b(u,v) := / (Vu - Vo — k*uv) dx — ikn/ Yoyu ds.
D r

With this definition of b(-,-) they show that their inf-sup constant « satisfies

C
(1.13) o>,
for some constant C' > 0. The technique of argument used in [35] and [16] is to
derive a Rellich-type identity, this technique of wide applicability to obtain a priori
estimates for solutions of boundary value problems for strongly elliptic systems of
PDEs, see e.g. [38, 36, 34]. This approach, essentially a carefully chosen application
of the divergence theorem, appears to depend essentially on the starlike nature of
the domain to obtain the wave-number-explicit bound (1.13).

The arguments of [35] and [16] will be one ingredient of the methods we use in
this paper. The general structure of the arguments, though little of the detail, will
borrow heavily from two of our own recent papers [10, 8] where we show analogous
results to those presented here but for the case of rough surface scattering, i.e. the
case where I' is unbounded, the graph of some bounded continuous function, and
Q. is its epigraph. Assuming that the axes are oriented so that I' is bounded in the
xp-direction, ie. f_ <z, < fy, for x = (z1,...,2,) € T', for some constants f_
and f, the analogous sesquilinear form to (1.5) for this case is given by the same
formula, provided one redefines Dg and I'g by D := {z € Q. : z,, < R} and ' :=
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{z € Q¢ : x, = R}, chooses R > f, and sets T to be the Dirichlet to Neumann
map for the Helmholtz equation in the upper half-space {z : z, > fy}. This
Dirichlet to Neumann map is given explicitly as a composition of a multiplication
operator and Fourier transform operators. With this definition of the sesquilinear
form b(-,-) and with the inf-sup constant defined by (1.8) with

1/2
(1.14) fulvai={ [ (90 + ) e}
Dgr
we show in [10] the explicit bound for the rough surface problem that

(1.15) a>(1+V2r(k+1)H71

where k1= k(R— f_). In [8] we study an integral equation formulation for the same
problem in the case when, additionally, the function that I' is the graph of is contin-
uously differentiable. For the integral equation formulation (1.7) for this problem
(with the twist that S and K are defined with the standard fundamental solution
®(x,y) replaced by the Dirichlet Green’s function for a half-space containing §2.),
we show the bound

k
1.16 A7 Yy <2420 +4L% + = (24 5L +3L%/?)
n

where L is the maximum surface slope.

We note that Claeys and Haddar [13] have recently adapted the arguments of
[10] to study 3D acoustic scattering from an unbounded sound soft rough tubular
surface, as an initial model of electromagnetic scattering by an infinite wire with a
perturbed surface. They study a weak formulation which can be written in the form
(1.4) with a sesquilinear form which can be written as (1.5), provided one redefines
I'g to be the infinite cylinder I'p := {x € R3 : 22 + 22 = R?}, Dpg to be that part of
the region outside the tubular surface but inside I'g, and T to be the appropriate
Dirichlet to Neumann map for the Helmholtz equation in the region exterior to I'g.
Their emphasis is on showing well-posedness for this problem, including showing
that the inf-sup condition (1.8) holds, rather than on obtaining explicitly the k-
dependence, but their results do imply a lower bound on «, that a=! = O(k?) as
k — oo, the same k-dependence as (1.15).

In this paper we will obtain analogous bounds to (1.11), (1.15) and (1.16) for
the problem of scattering by a bounded sound soft obstacle. A major obstacle
in achieving this aim is understanding the behaviour of the Dirichlet to Neumann
map Tr in sufficient detail. We address this issue in §2, where our main new result
is Lemma 2.1, a subtle property of radiating solutions of the Helmholtz equation,
whose proof depends on a detailed understanding of monotonicity properties of
Bessel functions. This lemma is essential to our results and we expect will be of
value in deducing explicit bounds for a range of other wave scattering problems.

In §3 we study the formulation (1.4). Our main results are, firstly, the upper
bound on the inf-sup constant (1.8), which holds with no constraint on I', that

oG, O

— kR  Kk2R?
where the constants C; > 2v/2 and Cs depend on the shape of the domain. (Our
norm || - ||y, in (1.8) is the wave number dependent norm given by (1.14).) In the

case that the scattering obstacle (2 is starlike in the sense that x € 2 implies sz € 2,
for 0 < s < 1, we also show a lower bound, so that it holds that

1 S0, G

1.17 . < .
(117) 5+4v2kR — = kR ' k’R?
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We note that this bound establishes that, when ) is starlike, o decreases like k1
as k — oo (cf. (1.11)). Finally, we produce an example (scattering by two parallel
plates) for which

S e

for some constant C' and unbounded sequence of values of k, showing that the lower
bound in (1.17) need not hold if € is not starlike. We emphasise that these appear
to be the first bounds on the inf-sup constant in the literature for any problem of
time-harmonic scattering by a bounded obstacle in more than one dimension which
make the dependence on the wave number explicit.

We turn in §4 to the integral equation formulation (1.7). We restrict attention
to the case when (2 is starlike and I" is Lipschitz and piecewise smooth (e.g. a starlike
polyhedron). Our main result is a bound on ||A~!||2 (Theorem 4.3) as a function of
three geometrical parameters and the ratio k/7, of the wave number to the coupling
parameter. Importantly this bound shows that, if the ratio k/n is kept fixed then
|A=1]]2 remains bounded as k — oco. In particular, if the choice n = k is made
then, for kRy > 1,

1
(1.18) 1A 2 < 5 (1+6(46 + 4n + 1)),

where n = 2 or 3 is the dimension, 6 := Ry/d_ and 6_ > 0 is the essential infimum
of 2 - v over the surface T' (for example, § = 1 for a sphere, § = /3 for a cube). A
sharper (but more complicated) bound is given in Corollary 4.4. We note that a
value of n/k in the range 1/2 < n/k < 1 has been recommended based on studies
of the integral operator A for circular and spherical geometries [25, 26, 3, 23, 19] as
minimising, approximately, the L? condition number of A.

We emphasise that the only comparable results to (1.18) to date are the bounds
discussed above for the case when I' is a circle or sphere, obtained by methods spe-
cialised to circular/spherical geometry. Even for this geometry the only completely
explicit bound is (1.9), shown to hold for a circle for all sufficiently large k. Our
general methods give the bound (4.15) for this case, which is almost as sharp a
result, implying that, for every 8 > 5/2, ||[A=Y|2 < 3, for all sufficiently large k Ry,
where Ry is the radius of the circle.

2. Preliminaries. It is convenient to separate off in an initial section two key
lemmas which are essential ingredients in the arguments we will make to obtain
wave number explicit bounds for both our formulations of the scattering problem,
and to gather here other material common to both formulations.

Our arguments in this paper will depend on explicit representations for solutions
of the Helmholtz equation in the exterior of a large ball. These depend in turn on
explicit properties of cylindrical and spherical Bessel functions. For v > 0 let J,, and
Y, denote the usual Bessel functions of the first and second kind of order v (see e.g.
[1] for definitions) and let H V.= J,+1Y, denote the corresponding Hankel function
of the first kind of order v. Of course, where C,, denotes any linear combination of
J, and Y, it holds that C, is a solution of Bessel’s equation of order v, i.e.

(2.1) 2207 (2) + 200 (2) + (22 = vH)C,(2) = 0.

In the 3D case it is convenient to work also with the spherical Bessel functions
Jms Ym, and hg) ‘= Jm+iym, form = 0,1,.... These can be defined directly (see e.g.
Nédélec [39]) by recurrence relations which imply that i) (2) = e*p (27 1), where
Pm 18 a polynomial of degree m with p,,,(0) = 1. Alternatively, the spherical Bessel
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functions can be defined in terms of the usual Bessel functions via the relations

22) in(@) = o122, Un() = | Yoo

It is convenient to introduce the notations
M, (2) = [HD ()], Ny(2) = |HD'(2)].

The arguments we make depend on the fact that M, (z) is decreasing on the positive
real axis for v > 0; indeed, for v > 1 it holds that zM2(z) is non-increasing [42,
§13.74]. This latter fact, together with the asymptotics of M, (z) [1, (9.2.28)] that

(2.3) M,(2) =/ — +O0(27%/?) as z — o0,
Tz
imply that
) 2 1
(2.4) zM37(z) > —, forz>0,v> 5
7T

It follows easily from the Bessel equation (2.1) that

(2 — VQ)% (M2(2)) + di‘lz (:2N2(2)) = 0.

Thus, defining the function A, for v > 0 by

(2.5) Ay (2) = M2(2)(2* = v*) + 2°N2(2) — 4—;, z >0,

it holds that
(2.6) Al(2) = 22M?(z) — 4
T

Thus A, (z) > 0, for v > % and z > 0 by (2.4). Further, from (2.3), and the same
asymptotics for N, [1, (9.2.30)], that

N,(z) = \/% +0(27%%) as z — oo,

it follows that A,(z) — 0 as z — oo, for v > 0. So

(2.7) Ay(z) <0, forz>0,v> %
It is convenient in the following key lemma and later to use the notation Gg :=
{z : |z| > R}, for R > 0. In addition, throughout this paper Vruv denotes the
tangential component of Vv, i.e. Vpv := Vv — vov/ov.
LEMMA 2.1. Suppose that, for some Ry > 0, v € C?*(Gg,) satisfies the
Helmholtz equation (1.1) in Gg, and the Sommerfeld radiation condition (1.3).
Then, for R > Ry,

(2.8) %/ @@dszo, R T)@dsgo,
r, O 0

T Tr T
and

ov

v 20,12
(2.9) R FRvards—i—R/FR (k lv|* + 5

2
- VTv|2> ds < sz%/ @@ ds.
Tr 87"
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REMARK 2.2. The first two inequalities (2.8) are well known; see, for example,
Nédélec [39]. The third inequality appears to be new, but we note that an analogous
inequality ([11, Lemma 6.1], [10, Lemma 2.2]) has been used extensively in the
mathematical analysis of problems of scattering by unbounded rough surfaces. This
inequality (proved easily by Fourier transform methods) can be viewed as a (formal)
limit of (2.9) in the limit R — oo. Closer still to (2.9) is the recent inequality of
Claeys and Haddar [13, Lemma 4.4], who study the Dirchlet to Neumann map for
the Helmholtz equation in the exterior of an infinite cylinder in R3. In fact, their
inequality implies, at least formally, the following less sharp version of (2.9) in the
2D case, namely that, for every py > 0 there exists a constant C > 0 such that,
provided kR > pg,

2R @@dsﬂz/ k2|v|2+@
I'r or Tr or

Proof. Note first that, by standard elliptic regularity results, it holds that
v € C*®(GR,). We now deal with the 2D and 3D cases separately.

Suppose first that n = 2. Choose R; € (R, R). Introducing standard cylindri-
cal polar coordinates, we expand v on I'g, as the Fourier series

v(z) = Z ame™?,

MEZ

2
_ |VTU|2> ds < C(1+kR) %/ @@ ds.
T'r or

where (R, 0) are the polar coordinates of z. Since v € C*°(I'g,) it holds that the
series is rapidly converging, i.e. that a,, = o(|m|™?) as |m| — oo, for every p > 0.
It is standard that the corresponding Fourier series representation of v in Gg, is

-~ HY (kr
(2.10) v(x) = Z ame”'w%(),
meZ H\'rn|(kR1)

where (r,6) are now the polar coordinates of z, and that this series, and all its
partial derivatives with respect to r and 6, converge absolutely and uniformly in
Gr,. Hence, defining ¢, := (|a,|* + \a_m\Q)/\Hr(nl)(le)F and p := kR, and using
the orthogonality of {¢/™? : m € Z}, we see that

H(l)( )H(l)'( )

—@ ds =2 2 T m N m] AT L|p| M

U@r s T Z |G| o .
r mez |H|m\(le)‘

203" e (R (HD @) HL () +1 Um0V 0) = T (5)Yo(0)))

d 9 ;
e = (7o (22.00) +41).

m=

where in the last step we have used the Wronskian formula [1, (9.1.16)] that

(2.12) (T (p)Yy(p) — J,,(P)Yu(p)) = 2.

Since M, (p) is decreasing on (0, 00) we see that (2.8) holds.
Similarly, noting that |V7v| = R710v/06|, we calculate that

R E2|v)? + Gv
Tr a’f'

- IVTUQ) ds =21 Y e (M2 (p)(p* — m?) + P> N7 (p)) -

m=0
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From this equation and (2.11), and recalling the definition (2.5), we see that we will
complete the proof of (2.9) if we can show the inequality that

pd

1
(2.13) S

(M7,(p)) + Am(p) <0,

forp>0and m=0,1,....

By (2.7) and since M, is decreasing on (0,00), we see that (2.13) holds for
p >0 and m € N. To finish the proof of (2.9) in the case n = 2 we need to show
(2.13) for m = 0, i.e. that

Alp) = **(Mo())Jer(p)SO, p>0.

Now A(p) = p(Jo(p) T (p) + Yo(p)Ys(p)) + Ao(p) so, using (2.1) and (2.6), it follows
that

() = A4lo) + 0 (N3(6) ~ ME (W) = p (ME(p) + N3(p) — - =

Thus

d (A(p)> _Ap) Alp) 1 d (M2(p)) > 0.

dp \ p p P> 2pdp

Since also, from the standard large argument asymptotics of the Bessel functions,
A(p)/p — 0 as p — oo, it follows that A(p) < 0 for p > 0. This completes the proof
for n = 2.

We turn now to the 3D case for which we make analogous arguments, though
the details are different. Again we choose R; € (Ry, R). Introducing standard
spherical polar coordinates (r, 8, ¢), we expand v on I'p, as the spherical harmonic
expansion

) 4
(2.14) vie) =) Y ap'Y"(6,9),

=0 m=—4¢

where (R1,6,¢) are the spherical polar coordinates of x and the functions Y™,
m = —{,... ¢, are the standard spherical harmonics of order ¢ (see, for example,
[39, Theorem 2.4.4]). We recall (e.g. [39]) that {Y;” : £=0,1,..., m=—{,...,{}
is a complete orthonormal sequence in L?(S), where S := {z : |z| = 1} is the unit
sphere, and an orthogonal sequence in H(S). Since v € C*®(T'g,) D H™(S), for
all m € N, it holds that the series is rapidly converging, i.e. that a}* = o(]¢|7?) as
|¢| — oo, for every p > 0 [39].

The solution of the Dirichlet problem for the Helmholtz equation in the exterior
of a sphere is discussed in detail in [39]. It follows from (2.14) and [39, (2.6.55)]
that, for x € Gg,,

S R (kr)
2.15 = TY0, ),
(2.15) v(x) ;:%m;ga[ 7 ( )hﬁl)(le)

where (1,6, ¢) are now the polar coordinates of z, and hence that [39, (2.6.70)-
(2.6.74)]

" o ¢ (1’ ,
(216) Py =13 Y apve.o) e B0

pr hy" (kRy)

(1)
hy (kr)
Voo(z }j §: VY8, ¢) —A———,
Z 0m=—¢ hy)(le)
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where Vg is the surface gradient operator on S and
(2.17) / IVsY™|?ds = 0(¢+1).
s

Hence, using the orthonormality in L?(S) of the spherical harmonics Y/", we see
that, where ¢, := |h{"” (kRy)| 72320 __, |a™? and p := kR,

ov 2 v N N (D)
/”ardS—R/S (8) 3 (10 d(2) = Rp 3o oni )

oo .
1% d ( (1) 2) 1
2.18 =R ——(|h -
(2.18) ;)Cg(muw 1),
where in the last step we have used (2.2) and (2.12). Recalling that |h§l)(p)| =
VT/(2p)Myi1/2(p) is decreasing on (0,00), we see that (2.8) holds.
Similarly, but using also the orthogonality of the surface gradients Vg¥;™ in
L?(S) and (2.17), we calculate that

2 2, [0V ’ 2
E*|v|® + e — Vol | ds
Tr T
=3 e (IO = e+ 1)+ 20 () )
=0
Thus
2
R ﬁ@ds—FR k?|v)* + dv — |V7v)? ds—ZkRg/ @@ds
T'n or T'r or T'r or
1 o0
= EZCKB[(F))’
£=0
where
2
p-d !
Bu(p) =5 0 (0P ) + 11 (o) Poe? = e+ 1)) + 0 Y ) = 2.

But straightforward calculations, using the definitions (2.2), yield that
T
Bi(p) = 5 Aep1/2(p)s p >0, £=0,1,....

Thus, applying (2.7), we see that By(p) < 0 for £ = 0,1,... and p > 0, which
completes the proof of (2.9). O

The following lemma is another key component in obtaining our wave-number
explicit bounds. Of course, the first equation is just a special case of Green’s first
theorem. The second is a Rellich-Payne-Weinberger identity, essentially that used in
[35] to obtain an estimate for the solution of the Helmholtz equation with impedance
boundary condition in an interior domain (or see [16]). In the case k = 0 it is a
special case of a general identity for second order strongly elliptic operators given
in Lemma 4.22 of [34] (or see [38, Chapter 5]). For completeness, we include the
short proof of this key step in our arguments.

LEMMA 2.3. Suppose that G C R"™ is a bounded Lipschitz domain and that
v € H%(G). Then, for every k > 0, where g :== Av+k?v and the unit normal vector
v is directed out of G, it holds that

(2.19) /(|Vv|2—k2|v\2+gz7) dx:/ v@ds
G oc 0

v
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and

/ ((2 = )| Vo> + nk?[v|* + 2R (gz - VD)) dz =
G

|’ ov
) 2,12 _ 2 VT —
(2.20) /ac <3: v (k [v]* + ‘6V |Vl ) + 2R (:r 70 81/)) ds.

Proof. In the case v € C?(G), these equations are a consequence of the diver-
gence theorem, fG V-Fdr = faG f-vds, which holds for every vector field F € C*(G)
(see e.g. McLean [34] for the case when G is Lipschitz). Equation (2.19) follows by
applying the divergence theorem to the identity |Vov|? — k2?|v|? + gv = V - (1Vv)
integrated over G. Equation (2.20) follows by applying the divergence theorem to
the identity

(2 = n)|Vol* + nk?|v]* + 2R (gz - Vo) = V - [z (K*|v]* = |Vv[?) 4 2R (z - VOV)]

0
integrated over G, and then noting that z - Vv =« - I/a—v +2-Vpv on 0G. The

_ 14 _
extension from C?(G) to H%(G) follows by the density of C?(G) in H?(G) and by
the continuity of the trace operator v : H'(G) — H'Y?(0G). O

3. The scattering problem and weak formulation. In this section we
formulate the scattering problem precisely, state its weak, variational formulation,
and obtain explicit lower bounds on the inf-sup constant (1.8), using the results of
the previous section.

To state the scattering problem we wish to solve precisely, let H(Q.) C H(€2,)
denote the closure of C§°(£.), the set of C°° functions on . that are compactly
supported, in the norm of the Sobolev space H'(€2.). Let Hé’loc(Qe) denote the set
of those functions, v, that are locally integrable on €, and satisfy that ¢y € H}(Q.)
for every compactly supported x € C=(€) := {v|g, : v € C*°(R™)}. Then our
scattering problem can be stated as follows. For simplicity of exposition we restrict
attention throughout to two specific cases. The first is when the incident wave u’
is the plane wave

(3.1) ul(z) == e* e R™.

THE PLANE WAVE SCATTERING PROBLEM. Given k > 0, find u € Hy'*°(Q.)N
C?(Qe) such that u satisfies the Helmholtz equation (1.1) in Q. and u® := u — u’
satisfies the Sommerfeld radiation condition (1.3), as r = || — oo, uniformly in
T=afr.

The above is the scattering problem that we will focus on in this paper. But it
is essential to our methods of argument in this section to consider also the following
scattering problem where the source of the acoustic excitation is due to a compactly
supported source region in §2..

THE DISTRIBUTED SOURCE SCATTERING PROBLEM. Given k > 0 and g €
L2(.) which is compactly supported, find u € Hé’lOC(QG) such that u satisfies the
inhomogeneous Helmholtz equation

(3.2) Au+ k*u =g in Q,

in a distributional sense, and u satisfies the Sommerfeld radiation condition (1.3),
as r = |x| — oo, uniformly in & = x/r.

Recall that, for R > Ry := sup,cq |z|, we define Dg := {x € Q. : || < R} and
Vg := {v|p, : v € HY(Q)} € HY(Dg). We note that Vz is a closed subspace of
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HY(Dg). Throughout this section, (-,-) will denote the standard scalar product on
L?(Dg) and || - ||2 the corresponding norm, i.e.

1/2
(u,0) = / ub dz, |v||2:—<v,v>“2—{/ Ivfdx} '
Dgr Dr

It is convenient to equip Vg with a wave number dependent norm, equivalent to the
usual norm on H'(Dg), and defined by (1.14).

As discussed in §1, our first reformulation of the plane wave scattering problem
is as the following weak/variational formulation: find u € Vx such that

(3.3) b(u,v) = G(v), v € Vp.

In this equation b is the bounded sesquilinear form on Vg given by (1.5) and G € V3,
the dual space of Vg, is given by

(3.4) Glv) = /F Kk ( aaf _ TRw') ds.

As defined in §1, the operator Tg : H'/2(T'g) — H~'/2(I'g), which occurs in both
(1.5) and (3.4), is the Dirichlet to Neumann map. Explicitly, in the 2D case, if
¢ € H'/?(T'g) has the Fourier series expansion

HY (kr)
i [m|
(3.5) Tro(a) =k Y ame™ ——— zeTp
MmEZL H |(71L)‘ (kR)

Similarly, in the 3D case, if ¢ € HY/ 2(I'g) has the spherical harmonics expansion

oo L
$x) =Y > afY"(0,9),

£=0 m=—/¢

where (R, 0, ¢) are the spherical polar coordinates of z, then (see (2.16) or [39]),

s QTGFR,

3:5) Troe) k3 3 apvpio,)h 47)
. ) £=0 m=—/¢ c ’ h§1)(kR)

where both the series (3.5) and (3.6) are convergent in the norm of H—Y/2(T'g).
Moreover, from Lemma 2.1, we have the following key properties of Tr (see [39]).
COROLLARY 3.1. For all R > 0 and all $ € H/?(Tg) it holds that

R [ Trods <0 and S | ¢Trods > 0.
I'r 'r

That the plane wave scattering problem and the weak formulation (3.3) are
equivalent is standard. Precisely, we have the following result (see e.g. [29] or [39]).
THEOREM 3.2. If u is a solution to the plane wave scattering problem then
u|py € Vi satisfies (3.3). Conversely, suppose u € Vg satisfies (58.8), let Fg := yu®
be the trace of u® = u — u' on T'g, and extend the definition of u = u’ 4+ u® to €,
by setting u®|q, to be the solution of the Dirichlet problem in Gr, with data Fpr
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on I'r (this solution given explicitly by (2.10) and (2.15), in the cases n = 2 and
n = 3, respectively). Then this extended function satisfies the plane wave scattering
problem.

In the case that supp(g) C Dg, the distributed source scattering problem is
equivalent, in the same precise sense as in the above theorem, to the following
variational problem: Find u € Vg such that

(3.7) b(u,v) = —(g,v), v € Vpg.

It is well known that both scattering problems have exactly one solution. Indeed
this follows from the above equivalence and the fact that the variational problem
(3.3) has exactly one solution u € Vg for every G € V}; (see e.g. [29, 39]). In turn,
this follows from uniqueness for the scattering problem (which follows from Rellich’s
lemma [14]) and from the fact that b(-, -) satisfies a Garding inequality [29, 39] (the
first inequality in Corollary 3.1 plays a role here together with the compactness
of the embedding operator from Vg to L?(Dg)). Further, we have the following
standard stability estimate (see [29, Remark 2.20]).

LEMMA 3.3. The inf-sup condition (1.8) holds and, for allu € Vg and G € V}
satisfying (3.3), it holds that

(3-8) [ullve < CllG]lv;,

with C = a~'. Conversely, if there exists C > 0 such that, for all u € Vg and
G € Vi satisfying (3.3), the bound (3.8) holds, then the inf-sup condition (1.8)
holds with o > C~1.

The second part of the above lemma shows that we obtain a lower bound on
the inf-sup constant « if we show the bound (3.8) for all w € Vz and G € V3
satisfying (3.3), and this will be the strategy that we will employ to obtain wave-
number-explicit lower bounds on «. The following lemma reduces the problem
of establishing (3.8) to that of establishing an a priori bound for solutions of the
special case (3.7). The proof (very close to that of [10, Lemma 4.5]) depends on
the observation that, if u € Vg satisfies (3.3), then u = ug + w, where ug,w € Vg
satisfy

bo(uo,v) = G(v) and b(w,v) = 2k*(ug,v), Yv € Vg,

where by : Vg X Vg — C is defined by

bo(u,v) = (Vu, Vo) + k*(u,v) —/ Yo Tryuds, u,v € Vpg.
I'r
It follows from Corollary 3.1 that Rbo(v,v) > |||, v € Vg, so that [Jugl|v,
[Gllv; by Lax-Milgram, and (3.9) and (1.14) imply that [lwl|y, < 2kC||ug)|2
206l N
LEMMA 3.4. Suppose there exists C > 0 such that, for all w € Vi and g
L?(Dg) satisfying (3.7) it holds that

IAINA

m

(3.9) lullve < &7 Clgll2.

Then, for all u € Vg and G € Vj satisfying (3.3), the bound (3.8) holds with
C<1+2C.

We have reduced the problem of obtaining lower bounds on the inf-sup constant
to the problem of obtaining a bound on the solution to a scattering problem, namely
the distributed source scattering problem stated above. We will shortly bootstrap
to the case where we require no smoothness on I', but our first bound on the
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solution to this problem is restricted to the case where I' is smooth and €2 is starlike.
Specifically, we require the following assumption.

ASSUMPTION 1. Let S := {x € R™ : |z| = 1}. For some f € C(S,R) with
mingegs f(£) > 0, it holds that T' = {f(2)& : & € S}.

LEMMA 3.5. Suppose that Assumption 1 holds, u is a solution to the distributed
source scattering problem, R > Ry, and supp(g) C Dg. Then

(3.10) kllullvi, < (n =1+ 2V2kR)||g]2.

Proof. Since Dpg is a smooth domain, by standard elliptic regularity results [24]
we have that u € H?'°°(Dg). Thus we can apply Lemma 2.3 to u in Dg to get, by
adding n — 1 times the real part of (2.19) to (2.20), that

2

/ (IVul® + K2 Jul? + R (g(22 - Vi + (n — 1)7))) dm:—/:z:-y 0ul” s

Dr T (9V

du® )
—|—/FR (R <l€2|u|2 + 371; — |VTu|2> +R <(n —1u 8?) ) ds,

where we have also used the Dirichlet boundary condition (1.2), that w =0 on T
Since z - v > 0 on I'; applying Lemma 2.1 and then using (2.19), we see that

/ (IVul® + K*[u]® + R (9(2z - Vi + (n — 1)n))) dx

R

< QkR%/

ﬂ@ ds = QkR%/ gudz.
Tr 87‘

Dr
Applying the Cauchy-Schwartz inequality, and noting that

b2
(3.11) 2ab < ea® + —,
€

for a,b > 0, € > 0, we deduce that

lullt, < (n =1+ 2kR)|gllz]|ull2 + 2R gll2|Vull2

lgli3
2k2

1
< §||u|\2VR + (4k*R%* + (n — 1 + 2kR)?).

Thus
K2 ully, < llgl3(4k*R? + (n — 1 + 2kR)?),

from which (3.10) follows. O

Combining Lemmas 3.3, 3.4, and 3.5, we obtain the following corollary.

COROLLARY 3.6. If Assumption 1 is satisfied, then the inf-sup condition (1.8)
holds with o~ <14 2(n — 14 2v/2kR) < 5 + 4V/2kR.

We proceed now to establish that Lemma 3.5 and Corollary 3.6 hold if € is
starlike. Precisely, we require only the following, relaxed version of Assumption 1.

ASSUMPTION 2. It holds that 0 & Q. and, if x € Q., then sx € Q. for every
s> 1.

To establish these generalisations we first prove the following technical lemma
(cf. [10, Lemma 4.10]).

LEMMA 3.7. If Assumption 2 holds then, for every ¢ € C§°(2.), and R > Ry,
there exists f € C*°(S,R) with mingegs f(£) > 0 such that

suppp C Q= {sf(z) eR": 2 € S, s > 1}.
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and Gr C QU C Q..

Proof. Clearly, it is sufficient to consider the case when R = 1. So suppose R =
1,1et U :=supppUTy, let B:={sx: 2z € U, s > 1}, and let ¢ := dist(U,T)/4, so
dist(B,T) = dist(U,I') =46 and 0 < § < . Let By := {& € R" : dist(z, B) < 20}

Let Ne Nand S; C S, j =1,...,N, be such that each S; is measurable and
non-empty, S; NS, =0, for j #m, S = U;V=1 S;, and diam(S;) <4, j =1,...,N.
For j =1,...,N choose Z; € S; and let

fj=inf{|z| : x € Bs, z/|z| € S,}.
Then 20 < f; <1-26, j =1,...,N. Define f: S — R by
f(@):=fjifteeS;, j=1,..,N.

Then f € L®(S,R); in fact f is a simple function and 25 < f(&)
Choose € with 0 < ¢ < 0 and let J € C*°[0,2] be such that J
€?/2 <t <2, and, where eg := (0,0,1), such that [¢ J(1 —e3-9)
JsJ(1—2-9)ds(y) =1, & € S. Define f € C=(S,R) by

f(@) = /S J(1—2-9)f@)ds(g), FeS.

and let © be defined as in the statement of the lemma. Then f and € have the
properties claimed.
To see that this is true note first that, since J(1 — & -¢) =0 if | — §| > ¢,

(3.12) min [f(9)] < f(#) < max |f(@)], &

[g—2&| <e [g—&| <e

m

S,

so that G1 C Q.. Now every § € S is an element of S;, for some j € {1,...,N},
and f(9) = f; and |§ — 2| < §. Thus it follows from (3.12) that, for every & € S,
f(&) < fm, for some m for which |, — &| < e +J. Now let = fi,&, ¥y = fin@m.
Then |z —y| < |& — &,| < €+ ¢ and dist(y, B) = 20, so that

dist(z, B) > dist(y, B) — |z —y| > 20 — (e + ) > 0.

Thus z € B and so f(£)% ¢ B. Thus U C B C Q, and so supp¢ C U C Q0..
Arguing similarly, for all & € S, f(&) > f, for some m for which |Z,,—Z| < e+9.
Defining z = f,,& and y = f,,&, it holds that

dist(z, B) < dist(y, B) + |z —y| < 2§ + e+ 0 < 40,

so that z € Q. and hence f(Z)z € Q.. Thus, for all z € S, st € Q. for s > f(&),
ie. QL C Q.. 0O

With this preliminary lemma we can proceed to show that Lemma 3.5 holds
whenever Assumption 2 holds. In this final lemma (cf. [10, Lemma 4.11]) we use
explicitly the fact that b(-,-) is bounded. In fact, examining the definition (1.5),
clearly we have that

(3.13) [b(u, )| < cllullval[vllve,  u,v €V,

where ¢ := 1+ ||7]|?||Tr|| and ||7y|| denotes the norm of the trace operator v : Vg —
H'2(I'g) while ||Tg|| denotes the norm of Tk as a mapping from H'Y?(Tg) to
H=Y2(T'g).

LEMMA 3.8. Suppose that Assumption 2 holds, u is a solution to the distributed
source scattering problem, R > Ry, and supp(g) C Dgr. Then the bound (3.10)
holds.
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Proof. Let V := {#|p, : ¢ € C3°()}. Then V is dense in Vi. Recall
that the distributed source scattering problem is equivalent to (3.7). Suppose u
satisfies (3.7) and choose a sequence (u,,) C V such that ||um, — ulv, — 0 as
m — 0. Then Uy, = dm|py, with ¢, € C5° (), and, by Lemma 3.7, there exists
fm € C=(S,R) with min f > 0 such that supp ¢, € Q™ and Gr c Q™ ¢ Q.,
where QU™ = {sfn(2) € R" : & € S, s > 1}. Let Vlém) and b, denote the
space and sesquilinear form corresponding to the domain Qém). That is, where
Dg%m) = "™\ Gg, V]gbm) is defined by V}gm) = {¢|Dgn) ¢ € HY Q)Y and by,
is given by (1.5) with Dg and Vi replaced by Dg’” and Vém), respectively. Then
Dg%m) C Dpg and, if v, € Vlém) and v denotes v, extended by zero from Dg%m) to
Dg, it holds that v € V. Via this extension by zero, we can regard Vém) as a
subspace of Vi and regard u,, as an element of V}gm).

For all v € Vlgm) C Vg, we have
bon (U, ) = b, v) = —(g,v) — b(u — U, V).
Let u), and v, € Vlgm) be the unique solutions of

b (Ul ) = —(9,v),  bm(ul,v) = —blu — um,v), Yv€E VP(am).

m?

!

Lllyon < E1Clgll, where € =
n — 1+ 2v/2kR, while, by (3.13), Lemma 3.3 and Corollary 3.6,

Clearly u,, = ul, + !/, and, by Lemma 3.5, |lu

gy o < e(1+20) | = v

Thus [y, = i oo [ty 0 < k=1 Clgll>. O

Combining Lemmas 3.3, 3.4, and 3.8, we obtain the following generalisation of
Corollary 3.6, which is our main lower bound on the inf-sup constant and the main
result of this section.

COROLLARY 3.9. If Assumption 2 is satisfied, then the inf-sup condition (1.8)
holds with o~ <14 2(n — 14 2v/2kR) < 5 + 4V/2kR.

We finish the section by obtaining two upper bounds on the inf-sup constant,
which will show, among other things, that the above bound is sharp in its depen-
dence on k in the limit £ — oo.

To obtain these bounds we modify the construction of Ihlenburg [29] for a weak
formulation of a 1D Helmholtz problem. We note first that, for every non-zero
w € Vg,

|b(w, v)|
a<l sup —————.
0#£veVR ”w”VR”vHVR

Now choose w € Vg N H?(Dg) such that w = Vw = 0 on I'g. Then, integrating by
parts, for v € Vg,

[b(w,v)| =

/ (Vw - Vo — k*wd) d
Dgr

/ (Aw + k*w) vdz|.
Dr
Thus, and recalling the definition (1.14),

|b(w, v)| [Aw + Ewlla[lvlla _ |Aw + kw]2

(3.14) < <
[wllvallvllvs lwllve l[vllva k2 {|lwll
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Now define u(x) = e**1w(x). Then the above bound holds with w replaced by w,

and

ow(x)
8.1‘1

Au(z) + Ku(z) = (m i Aw(x)> gikes

so that

blu o)l _ [[Au+Kulp 21k + Al
lullvallvllve = k*[lull2 k2 {|lwll2
We have shown most of the following lemma.

LEMMA 3.10. Suppose w € Vg N H3(Dg) is such that yw = yVw = 0 and w
is non-zero. Then the inf-sup constant (1.8) is bounded above by

_G G
~ kR k2R%’
where Cy := QR‘ . ’2 /w2, Co = R?|Aw|2/||wll2 and C1 > 2v/2 ~ 2.83.

Proof. It only remains to show the last inequality. Since yw = 0, we can
approximate w in the H'(Dg) norm arbitrarily closely by @ € C§°(Dg). Then
C} > 2+/2 follows by a standard Friedrichs inequality (e.g. [10, Lemma 3.4]) which
gives that |2 < (R/v2)[| 22 |12, D

We note that in the case that Assumption 2 holds so that Corollary 3.9 applies,
we have both upper and lower bounds on the inf-sup constant, namely (1.17), where
(7 and (5 are as defined in Lemma 3.10.

The left hand bound in (1.17) holds for every domain £, satisfying Assumption
2. To check its sharpness, let us consider the case when Q = {0} and D = R™\ {0}.
In this special case, Vg = H'(Dg) and the solution of the plane wave scattering
problem is just u = u', i.e. the scattered field is zero. Taking in this case w(x) =
F(|z|/R), where F(t) := (1 — t?)2, we calculate that

C =9 Jo (F'(£)2tr—1dt { 2v/30/3 ~ 3.65, n =2,

n [L(F@)2tr—1dt | 2V33/3~383, n=3.

Thus, defining c_ := (44/2)7%, for this example the bounds (1.17) bracket kRa
fairly tightly, predicting that, in the limit kR — oo, kR« is in the range [c_, C4]
with C1/c_ < 8v66/3 ~ 21.7.

The above results show that ka is bounded above in the limit & — oo and is
also bounded below if Assumption 2 holds. If Assumption 2 does not hold then «
may not be bounded below by a multiple of k~!. The following example shows this
behaviour. It is convenient in this example to write z € R™ as x = (&, x,,) where
T = (SCh N 7l’n_1).

Choose A > 0 and let 2 := Q,UQ_ where Qy :={z € R" : z,, = £A4, |z]| < A},
so that € consists of two parallel lines of length 2A distance 2A apart in the 2D
case, two parallel disks of radius A in the 3D case. Choose R > Ry = v2A and
define the function w by

o cos(kz,)F(|2|/A), [2] <A, |z,] < A,
w(z) = { 0, otherwise,

and suppose that k € A :== {(m +1/2)m/A : m € N}. Then w € Vg N H*(Dg) and
w = Vw = 0 on I'g, so that (3.14) holds. Further,

A% cos(kxn) F(|Z|/A), 7] < A, on| < 4,
0, otherwise,

Aw(z) + kKw(z) = {
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where F(t) := F"(t) + (n — 2)F'(t)/t. Thus, for k € A, the inf-sup constant is
bounded above by

|Aw + Kw|s  C:

n

= R w|e k242

(3.15)

where C} := \/fol F2(t)tr=2dt/ fol F2(t)tn=2dt.

4. Integral equation formulations. In this section we will obtain estimates
explicit in the wave number for integral equation formulations of scattering prob-
lems, focussing on the plane wave scattering problem introduced in §3 and on the
integral equation (1.7) and its adjoint.

Throughout this section we assume, essential to the integral equation method,
a degree of regularity of the domain, namely that Q. is Lipschitz (which implies
that the interior of 2, denoted 2; = R™ \ €0, is also Lipschitz). We note that the
invertibility of the integral equation (1.7) and its adjoint for the general Lipschitz
case has recently been established in [9, §2], by combining known results for layer-
potentials on Lipschitz domains in [41, 20, 36, 34].

Given a domain G, let H'(G;A) = {v € HY(G) : Av € L*(G)} (A the
Laplacian in a weak sense). This is a Hilbert space with the norm |[|v||g1(g;a) =
{[[lv]?+|Vv|?>+|Av|?]dz}'/2. If G is Lipschitz, then there is a well-defined normal
derivative operator [34], the unique bounded linear operator 9, : H'(G;A) —
H~'/2(9G) which satisfies

8,,1):% =v -V,
almost everywhere on I', when v € C®(G).

Our integral equation formulations will be based on standard acoustic layer
potentials and their normal derivatives. In the case when the domain €. is Lipschitz,
for ¢ € L?(T") we define the single-layer potential operator by

(4.1) Se(w) = 2 [ Bla9)ely) dsts), w e,

and the double-layer potential operator by

(1.2 Ko(o) = 2 [ Zo) dsir), wer,

where the normal v is directed into .. We define also the operator K’, which arises
from taking the normal derivative of the single-layer potential, by

0®(x

(4.3) K'o(z) =2 g M@(y) ds(y), = e€T.

We note that the right hand sides of these equations are well-defined at least for
almost all x € T', (4.1) understood in a Lebesgue sense (that Sp(z) is well-defined
in this sense for almost all z € T follows from Young’s inequality), while the double-
layer potential and K’ must be understood as Cauchy principal values [36]. Fur-
ther, all three operators are bounded operators on L?(T") [36]. In fact [34], it holds
that, for |s| <1/2,

S - Hs—l/Q(F) N HS—H/Q(F),

K- HS+1/2(F) N HS+1/2(F),
K- Hsfl/2(r) HH571/2(F)’
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and these mappings are bounded.

These operators can also be characterised as traces on I' of single- and double-
layer potentials defined in . and ;. Introducing, temporarily, the notations 9:F,
9} and 9;; denoting the exterior and interior normal derivative operators, mapping
H'(Qe; A) and H'(;; A), respectively, to H—1/2(T), it holds that [34]

(4.4) K'o=(0FS+0,8) ¢, ¢eH YD),

where S is defined by
(45) Sel@) == [ B dstw), we R
r

It is shown in e.g. McLean [34] that S : H~Y?(T') — H“°°(R"), and clearly
(A + k?)Sp = 0 in R™ \ T, so that the right hand side of (4.5) defines a bounded
operator on H—/2(T).

From [15, Theorem 3.12] and [34, Theorems 7.15, 9.6] it follows that, if u
satisfies the plane wave scattering problem, then a form of Green’s representation
theorem holds, namely

(4.6) u(z) = u'(z) — /1“ O(z,y)0,uly) ds(y), =€ Q..

Two integral equations for d,u can be obtained by taking the trace and the normal
derivative, respectively, of (4.6) on T', namely 0 = u* — SO,u and d,u = d,u’ —
0,80, u. Note that, to simplify the notation, we have not explicitly used the trace
operator 7 in these equations or later in this section. Its presence is assumed
implicitly. Since [34] we have the jump relations that on I' we have 2S¢ = Sp and
20,Sp = —p + K'¢p, for p € H-Y/2(T'), we can write these equations as

So,u = 2u', O,u+ K'O,u=20,u.

It is well known (e.g. [14]) that each of these integral equations fails to be
uniquely solvable if —k2 is an eigenvalue of the Laplacian in Q for, respectively,
Dirichlet and Neumann boundary conditions, but that a uniquely solvable inte-
gral equation is obtained by taking an appropriate linear combination of the above
equations. Clearly, for every n € R it follows from the above equations that

(4.7) A'Oyu = f,
where

A =T+ K'—insS,
I is the identity operator, and

oul
ov

f(z) :=2—(z) — 2inpu’(z), zeTl.
We have shown the first part of the following theorem, which is standard (e.g. [14])
in the case when I is smooth; for the extension to the case of Lipschitz I see [9].
THEOREM 4.1. If u satisfies the plane wave scattering problem then, for every
n € R, d,u € H-Y?(T) satisfies the integral equation (4.7). Conversely, if ¢ €
H=Y2(T') satisfies A'¢p = f, for some n € R\ {0}, and u is defined in Q. by
(4.6), with d,u replaced by ¢, then u satisfies the plane wave scattering problem
and O,u = ¢.
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Note that, since we know that the plane wave scattering problem is uniquely
solvable, this theorem implies that the integral equation (4.7) has exactly one solu-
tion in H~1/2(T).

The integral equation (4.7) is an example of a so-called direct integral equation
formulation, obtained by applying Green’s theorem to the original scattering prob-
lem. A related, indirect integral equation formulation, dating back to Brakhage
and Werner [4], Leis [33], and Panich [40], is obtained by looking for a solution
to the scattering problem in the form (1.6), for some density ¢ € H'/?(T) and
some 77 € R\ {0}. This combined single- and double-layer potential is in C?(,),
satisfies the Helmholtz equation and Sommerfeld radiation condition, and [34] is
in H%°¢(Q,). Thus it satisfies the plane wave scattering problem if and only if it
satisfies the boundary condition that u® = —u’ on I'. Using the standard jump
relations for Lipschitz domains [34], we see that this holds if and only if the integral
equation (1.7) is satisfied, i.e. if and only if

Ap =29

where g(x) := —u’(z), z € T, is the required Dirichlet data on T', and A := I + K —
inS. This is the integral equation formulation introduced in [4, 33, 40].

Note that the above mapping properties of S, K, and K’ imply that, for |s| <
1/2,

(4.8) A HTV2(D) - HTYA(D), A HS YD) — HV2(D),

and these mappings are bounded. It is shown moreover in [9] (or see [37] for the
case A’ and s = 0), by combining the standard arguments for these integral equa-
tions when T is smooth (see e.g. [14]) with known properties of integral operators
on Lipschitz domains [41, 20, 36, 34], that, for n € R\ {0}, these mappings are
bijections, which of course implies that their inverses are bounded by the Banach
theorem. Further [36], K’ is the adjoint of K and S is self-adjoint, so that A’ is the
adjoint of A in the same sense, namely that

(4.9) (¢, AP)r = (A'p,¢)r, for ¢ € L*(T), ¢ € L*(T),

where (¢,¢)r = fr #pds. Since H'(T) is dense in H~1(I') and the mappings
(4.8) are bounded, it follows by density that the duality relation (4.9) holds, more
generally, for ¢ € H=571/2(T") and ¢ € H*T'/2(T"), provided |s| < 1/2. This implies
that the norms of A and A~! as operators on H*"!/2(T") coincide with those of A’
and A7, respectively, as operators on H~5~1/2(T"), for |s| < 1/2. In particular, we
note that

_ -1

(4.10) AT |2 = [[ A2

where, here and in the remainder of the paper, || - |2 denotes both the norm on
L?(T') = H%(T) and the induced norm on the space of bounded linear operators on
L3(T).

Following this preparation, we show now the main result of this section, which is
an explicit bound on |A~|]2 = A"~ |2 in terms of the geometry of I" and the wave
number, in the case when € is starlike and Lipschitz. For brevity and to simplify
the arguments somewhat we also assume that I' is piecewise smooth. Precisely, we
make the following assumption, which is intermediate between Assumptions 1 and
2 introduced in §3.

ASSUMPTION 3. For some f € C%Y(S,R) with minges f(2) > 0, it holds that
I = {f(@&)& : & € S}. Further, for some M € N, it holds that S = U;VilSj,
with each S; open in S, Ssing =5\ uj”ilsj a set of zero (surface) measure, and
fls, € C2(S;,R), forj=1,...,M.
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REMARK 4.2. As an important example, we note that Assumption 3 is satisfied
if T is a polyhedron, provided the interior of Q, Q; = R™\ Q., is starlike with respect
to the origin, i.e. x € Q; implies sx € Q; for 0 < s < 1. Explicitly the function f is
then defined by f(&) := max{s > 0: s € Q} and, if 'y, ..., T'p; denote the sides
of T (each T'j open inT') and Tgjng :=T"\ Ujl‘/ilfj the edges and corners of I, then
Assumption 3 holds with Sj = f~1(T;), j=1,...,M and CUsing = f(Ssing)-

Note that, if Assumption 3 holds (and, more generally, whenever I" is piecewise
smooth) the integrals (4.2) and (4.3) are well-defined in the ordinary Lebesgue sense
almost everywhere on I', in fact, provided = ¢ T'sing = f(Ssing). Note also that if
Assumption 3 holds then 0 < §_ < d; < Ry, where

6_:= inf (z-v), dy:= sup (x-v),
ZEEF\Fsing( ) + HEGF\Fsmg( )

and Ry = maxger |z|. Let us also define

0= sup |z —(xz v)v| < Ry.
2€MN\sing

The main result of this section is the following theorem. We postpone the proof
until the end of the section.
THEOREM 4.3. Suppose that Assumption 3 holds and n € R\ {0}. Then

(4.11) A 2 = |4l < B
where
/2
1 5e 4672\ [6, (K2 n—2 &2  (1+2kRy)?]"
B:== —- (S 1)+ |
2+Ka+ﬁ>B(w+ A2 T

To help make the expression for B more comprehensible, let us consider some
examples. Suppose first that I" is a circle or sphere, i.e. I' = {z : |z| = Ro}. Then
0_ =64 =Rpand 0* =0so

1 K2 on—2 (H%RO)T/Q
412 B:+[1++ + .
(4.12) n%> " Roln 2Rgn?

\]

In the 2D case that I" is a regular polygon (centred on the origin) with M sides,
d_ =04 = Rocos(m/M) and 6* = Rysin(n/M), so

1 - 2 w (14 2kRy)2 1"?
413) B =~ (1 At 2—) 1+~ 4 tan? =
(4.13) 2t { At * n? R vd 2R2%n? cos?(m /M)

In the limit M — oo this recovers (4.12), and for a square (M = 4) this simplifies
to

1 k2 (14 2kRo)%]"?
414 B=_+[104+5— 4 — 2200
(4.14) 2+[0+5n2+ T

Similarly, for the cube Q = {z : |z;| < a, j = 1,2,3} of side-length 2a we have
§_ =64 =a, 6" =+2a, Ry = v/3a, so that

1
B=-+3

1/2
21 (142v§kay] /
: mTeve

3 - -
* 7> * aln| - 18a2n?

We note that (4.12) can be compared with the results of Dominguez et al.
[19] who have shown, when T is a circle, the bound (1.9) that ||A7!||s < 1 for all
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sufficiently large k, if the choice n = k is made. Our results Theorem 4.3 and (4.12)
predict for the circle, if we choose 1 = k, that

(1 + 2kR0)2:| 1/2

1
4.1 A7y < =+ |2
(415) 4 < g+ 2+ O5E

2
The right hand side of this equation is a decreasing function of kRg on (0, c0) which
approaches the limit 2.5 as kRy — oo. Thus our results show for a circle that,
for every 6 > 2.5, ||[A7!|]2 < 6 for all sufficiently large kRy. This bound is close
to the result of [19] although we use much more general methods than the explicit
calculation of eigenfunctions and eigenvectors used in [19], which are only available
for a circular geometry. On the other hand the authors also show, importantly, the
coercivity (1.10), which our methods do not seem to be well adapted to obtain.

If we follow Dominguez et al. [19] and choose n = k we obtain the following
simplification of the bound in Theorem 4.3 for the case kRy > 1. To obtain the
second inequality we use that 64 /0_ < 6 and 6*/5_ < 6.

COROLLARY 4.4. If Assumption 3 holds, n =k, and kRg > 1, then

1/2
. 1 1 op 42\ [0y (n—2)Ry 6**]  9R?
= <— —_— -_— _— —_ — 5
472 = 14 ”2—2+Ka_+52_ ot el tw
1
<5 (1+0(40 +4n+ 1)),

where 0 := Ry /d_.

We finish the section by providing a proof of Theorem 4.3. Clearly, given that
we already know that A and A’ are invertible as operators on L?(I") and we have
(4.10), this theorem is implied as a corollary of the following lemma (cf. [8, Lemma
3.3]).

LEMMA 4.5. Suppose that Assumption 3 holds and n € R\ {0}. Then, for all

¢ e LA(T),
(4.16) |4 ¢||2 > B~ H|p]|2-

Proof. Let Y C L2(T') denote the set of those functions ¢ that are Holder
continuous and are supported in I' \ T's;ng. Since Y is dense in L*(T') and A’ is
bounded on L?(T") it is sufficient to show that (4.16) holds for all p € Y.

So suppose ¢ € Y, and define the single-layer potential u by

u(w)i= [ Blay)e)isty) = [ e p)e)dsty), o e B
r r
where T C I'\T'sing is the support of ¢. From standard properties of the single-layer
potential (e.g. [14]) we have that u € C(R*) N C*(R™\T). Further, it follows from
[14, Theorem 2.17] that Vu can be continuously extended from 2. to {2 and from
Q; to 0, with limiting values on I' given by

1

@I Vus() = [ Ve eli)ds) F 5e@rla), el

where, as before, v(z) is the unit normal vector at z, directed into 2., and

Vug(z) == lir&_ Vu(z £ ev(x)), xzel.

We note from (4.17) that the tangential part of Vu, Vru, is continuous across
T". On the other hand, the normal derivative jumps across I', with

Bui 1

W(‘x) =5 [K’(p(x) + (p(l‘)] ’ zel \ Fsing~

(4.18) -
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Since also u(z) = £S¢(z), € T, defining

1 1
9= 54 =5+ K —nS)p,

we see that

Oou_

(4.19) S

1’)*“7“(1'):9(55)7 xer\rsing~
Further, from (4.18) we see that

Ou- iy Qi

(4.20) (@) -

(:C) :gO(ZL‘)7 xEF\Fsing-
Note that to complete the proof we have to show that
(4.21) llell2 < 2B|g|l2-

We will achieve this by bounding the normal derivatives of u on I' via applications
of Lemma 2.3 in €; and in Dg, for some R > Rg.

Before proceeding we note first that equations (2.19) and (2.20) do hold with
v replaced by v and G = Q; or G = Dg, although we have not shown that u €
H?(G) so that we cannot apply Lemma 2.3 directly. To derive these equations when
G = Q;, we can first apply Lemma 2.3 with v = v and G = s, for s € (0,1),
and then take the limit s — 17, noting that Au + k?u = 0 in Q; and u € C1(Q).
Arguing similarly, these equations also hold with v replaced by v and G = Dg.
Thus, recalling that our normal vector v on I' points out of )., we have, taking the
imaginary part of (2.19) with v = v and G = Q; and G = Dp, the identities

(4.22) S / a 85:‘ ds = 0,
(4.23) / Ous s = C‘/ a2 s
Tr 87"
Taking v = u and G = §; and adding (2.20) to (n — 2) times the real part of (2.19)
gives
2 2 2 2, |Ou- ’ 2
2k |u|*dz = z-v |k ul*+|—=—| —|Vruyl
Q r ov
Ou_

(4.24) +R|([(n—2)u+ 2z - Voru] —— 5 ds.

Finally, taking v = w and G = Dg, for some R > Ry, and adding (2.20) to the real
part of (2.19), we have

/ (3= m)|Val® + (n— DR [uf?) do =
Dr
2 12, | QU ? 2 Ouy
- z-v | Eul*+ || —|Voul* | +R([a+ 2z Vra] — ds
T (91/ 81/
dul? d
(4.25) +/F <<k2|u|2+‘37: —|VTu|2>+§R< aﬁ)) ds.
R

Using these four identities and Lemma 2.1 we will complete the proof.
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We start by using (4.19) to replace du_/dv in (4.22). Applying Cauchy-
Schwarz, we see that

ol =3 [ a0ds| < fulall,
so that
(4.26) lullz < [71~*llgll2.
Alternatively, from (4.22) we have that
Ou_
§R/im] U= s =0,
r aV
and, using (4.19) and Cauchy-Schwarz, we see that
Ou_
4.27 — < .
@2m) 1% <ot

It remains to bound the L? norm of du, /Ov in terms of ||g||2. To achieve this
goal we first bound ||V ||z using (4.24). From this equation we have that

5|1V rull2 §/:v-u|VTu|2ds§
T

2

i [(n = 2)[|ull2 + 26" Vrull2]

u— Ou—
v a

where we have used that |z - Vyu| = |(x — (z - v)v) - Vyul. From (4.26) and (4.27)
it follows that

84 k2[|ull3 + 84

)

2 k® n—2 2 -
O_[|[Vrullz < |04 F‘i‘l +W lgllz + 26* ([ Vrull2]lgll2-

Finally, applying (3.11) to the last term on the right hand side, we deduce that

5 2 n—2 67
Sl < [0 (5 +1) + 2 2l

so that

1/2

) 2(n —2 62
(4.28) [Vrulls < { (; <n +1> (5—|77|)+2<52} lgll2-

2

To finish the proof, we start from (4.25), apply Lemma 2.1, valid since u is a
T ds <

radiating solution of the Helmholtz equation, and then use equation (4.23), to see
3u+

that
2 </ ou
T-v
8U 2 - T

v
9 Ouy 8u+

x-v|Vrul+ R [a+ 2z - Vra] — | + 2kRS ds.
T ov aV

Applying Cauchy—Schwarz and (3.11), we see that

.

ou
< S IV rul2 + (1 + 2kR)|ull2 —*

5*2
(5+ + = ) IVrull3 + ’

ou .
H + +2(5 ||VT’IL||2

2

8u+ (1+ 2kR)

ull3-
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Hence, and using (4.26) and (4.28),

51,2

oy 46%2 2(1 + 2kR)?
2(55 + % ) 1orulg + g

Op 45N 6y (K2 (n—2) 6], (L+2%kR?]
< ey v LT .
! [<5 e ) [5 (772 H) T Tt e | ol

This bound holds for all R > Ry and hence also for R = Ry. Combining this bound
with (4.27) we see that we have shown (4.21) and so finished the proof of the lemma.
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