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WAVE PACKET TRANSFORMS OVER FINITE FIELDS*

A. GHAANI FARASHAHI'

Abstract. This article introduces the abstract notion of finite wave packet groups over finite
fields as the finite group of dilations, translations, and modulations. Then it presents a unified
theoretical linear algebra approach to the theory of wave packet transforms (WPT) over finite fields.
It is shown that each vector defined over a finite field can be represented as a finite coherent sum of
wave packet coefficients as well.
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1. Introduction. The mathematical theory of finite fields has significant roles
and applications in computer science, information theory, communication engineering,
coding theory, cryptography, finite quantum systems and number theory [I7, [28].
Discrete exponentiation can be computed quickly using techniques of fast expone-
ntiation such as binary exponentiation within a finite field operations and also in
coding theory, many codes are constructed as subspaces of vector spaces over finite
fields, see [I8] 20l 27] and references therein.

The finite dimensional data analysis and signal processing is the basis of digital
signal processing, information theory, and large scale data analysis. In data pro-
cessing, time-frequency (resp., time-scale) analysis comprises those techniques that
analyze a vector in both the time and frequency (resp., time and scale) domains si-
multaneously, called time-frequency (resp., time-scale) methods or representations,
see [4 [5l T6] and references therein. Commonly used coherent (structured) methods
and techniques in such analysis are time-frequency analysis which is sometimes called
as Gabor analysis [6], time-scale analysis which is called as wavelet analysis [25], and
scale-time-frequency analysis which is mostly called as wave packet methods, see [I1]
and references therein. The theory of Gabor analysis is based on the modulations
and translations of a given window vector and the phase space has a unified group
structure, see [2, [10] [12] 19] and references therein. The wavelet theory is based on
affine group as the group of dilations and translation, see [25] and references therein.
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Wavelet analysis of periodic data rely on embedding the vector space of finite size
data in the Hilbert space of all complex valued sequences with finite || - ||o-norm which
is not on finite dimensional analogous to the continuous setting as is the case in Gabor
analysis [3 [24] 29]. Some different approaches to the wavelet analysis over finite fields

studied in [7), 8 13} [15].

Wave packet analysis is a shrewd coherent state analysis which is an extension of
the two most important and prominent coherent state methods. The mathematical
theory of wave packet analysis over the local field R is originated from dyadic dilations,
integer translations, and integer modulations of a given window vector. The structure
of wave packet groups over prime fields (finite Abelian groups of prime orders) and
the notion of wave packet representation on these wave packet groups are recently
presented in [11].

In this article, we introduce the notion of wave packet group WPy associated to
the finite field F as the group of dilation, translation and modulation and we present
the abstract theory of wave packet transform over F. If y € CF is a window vec-
tor, we define the wave packet transform (WPT) Vy as the voice transform defined
on CF with complex values which are indexed in the finite wave packet group WPg.
These techniques imply a unified group theoretical based scale-time-frequency (di-
lation, translation and modulation) representations for vectors in C¥. It is shown
that the wave packet transform Vy, as a windowed transform satisfies the isometric
property and inversion formula as well.

2. Preliminaries and notation. Let H be a finite dimensional complex Hilbert
space and dimH = N. A finite system (sequence) A ={y; : 0<j <M —1} C His
called a frame (or finite frame) for H, if there exist positive constants 0 < A < B < 00
such that [4]

M—-1
(2.1) Allx[I> < > I(x,y,)1> < B||x||* for all x € H.
j=0

IfA={y;:0<j<M-—1}is a frame for H, the synthesis operator F' : C* — H
is F{c, ;Vial = Z;Vigl c;y; for all {¢; ;Vial € CM. The adjoint (analysis) operator
F*:H— CMis Frx = {(x, yj)}j]\igl for all x € H. By composing F' and F*, we get

the positive and invertible frame operator S : H — H given by

M—1
(2.2) x—= Sx=FF'x= Z (x,y;)y; forall x e H.
j=0

In terms of the analysis operator we have Al|x||3 < ||F*x||3 < B|x||3 for x € H. If
2 is a finite frame for H, the set %A spans the complex Hilbert space H which implies
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M > N, where M = |2(|. Tt should be mentioned that each finite spanning set in H
is a finite frame for H. The ratio between M and N is called as redundancy of the
finite frame A (i.e., redyy = M/N), where M = |U|. f A ={y,; : 0<j< M —1}isa
finite frame for H, each x € H satisfies the following reconstruction formulas

M—1 M—1
(2.3) x= > (5y)y;= Y (xy)S ;.
§=0 j=0

In this case, the complex numbers (x, S_ly]-> are called frame coefficients and the
finite sequence 2A® := {S~'y; : 0 < j < M — 1} which is a frame for H as well, is
called the canonical dual frame of 2. A finite frame A = {y,; : 0 < j < M —1} for His
called tight if we have A = B. If A = {y; : 0 < j < M —1} is a tight frame for H with
frame bound A, then the canonical dual frame 2° is exactly {A™ly; : 0 <j < M -1}
and for x € H we have [4]

M—1

(2.4) X = (X, ¥7)¥;-
0

NS

Jj=

For a finite group G, the finite dimensional complex vector space C¢ = {x :
G — C} is a |G|-dimensional Hilbert space with complex vector entries indexed by
elements in the finite group GLI. The inner product of two vectors x,y € C¢ is
(x,¥) = >_,cc%(9)y(g), and the induced norm is the || - [|2-norm of x, that is [|x[[> =
V({x,x). For CZ~ | where Zy denotes the cyclic group of N elements {0,...,N =1},
we simply write CV at times.

Time-scale analysis and time-frequency analysis on finite Abelian group G as
modern computational harmonic analysis tools are based on three basic operations
on CY. The translation operator Ty : C¢ — C% given by Tx(g) = x(g — k) with
g,k € G. The modulation operator M, : C& — C& given by Myx(g) = £(g)x(g) with
g€ Gand/l e (A?, where G is the character/dual group of G. As the fundamental
theorem of finite Abelian groups provides a factorization of G into cyclic groups, that
is, G 2 ZnN, X LN, X --- X Zn, as groups, which implies G~ G, we can assume that
the action of £ = (¢1,...,4q) € Gong= (91,---,94) € G is given by

Ug) = ((lr, Lo, ..., La), (91, -, 9a)) = Heej(gj%

where ey, (g;) = €2™49/Ni for all 1 < j < d. Thus,
9) = (1, oy o) (1 gu)) = PO /N b Nt V)

1|G| denotes the order of the group G, or, more generally, the cardinality of a set G.
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The character/dual group G of any finite Abelian group G is isomorphic with G
via the canonical group isomorphism ¢ — ey, where the character ey : G — T is
given by es(g) = £(g) for all g € G. The third fundamental operator is the discrete
Fourier Transform (DFT) Fg : CY — C% = C% which allows us to pass from time
representations to frequency representations. It is defined as a function on G by

(2.5) Fa(x)(0) =x(¢ 5 > x(g
v | geqG
for all £ € G and x € CE. That is equivalently

Ni—1 Ng—1

‘FG(X)(K):X \/ﬁ Z Z gla'”agd ((gla"'agd)a(gla”-agd))

91=0 9a=0

for all £ = (6q,...,4q) € G and x € (CG.A Translation, modulation, and the Fourier
transform on the Hilbert space C¢ = C% are unitary operators with respect to the
|| - |l2-norm. For £,k € G = G we have (Ty)* = (Tx)"* = T_j, and (M)* = (M;)~! =
M_,. The circular convolution of x,y € C is defined by

y(k—g) forkeG.

xy(k) = \/Iﬁ > x(g

geG

In terms of the translation operators, we have x * y (k) \/\? > geq X(9)Tyy(k) for

k € G. The circular involution or circular adjoint of x € C% is given by x*(k) =
x(—Fk). The complex linear space C¢ equipped with the || - ||;-norm, that is ||x||; =
> gec 1x(g)], the circular convolution, and involution is a Banach *-algebra, which
means that for all x,y € C¢ we have

1
[x*yl < —=Ixllllylls and [Ix[[» =[x

|G

The unitary DFT (2] satisfies

=

Tpx = MpX, Myx =T /X, X* =X, X*xy=X.y

for x,y € C¢ k€ G and / € G. See standard references of harmonic analysis such
as [9, 22 29] and references therein.

Let H be a complex finite dimensional inner product space with dimH = N. Let
U(H) be the group of all unitary operators on H, which is precisely the matrix group
of all unitary N x N-matrices with complex entries. A projective group representation

7:G—=>UMH) =2 Upyxn(C)
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of G is a family of unitary operators {m(g) : ¢ € G} such that

m(99") = cal(g. 9" )m(g9)n(g") forg.g' € G

for unimodular numbers c;(g,¢’). The projective group representation 7 is called
irreducible on H, if {0} and H are the only 7-invariant subspaces of H.

3. Harmonic analysis over finite fields. Throughout this section, we present

a summary of basic and classical results concerning harmonic analysis over finite fields.
For proofs we refer readers to see [I4l, 17, 21, 23], 28] and references therein.

Let F = I, be a finite field of order g. Then there is a prime number p and an
integer number d > 1 in which g = p?. Every finite field of order ¢ = p? is isomorphic
as a field to every other field of order ¢. From now on, when it is necessary we denote
any finite field of order ¢ = p? by F, otherwise we just denote it by F. The prime
number p is called the characteristic of F, which means that

P
p.T:ZT:O for all 7 € F.
k=1

The absolute trace map t : F — Z, is given by 7 — t(7) where

d—1
t(r) = erk for all 7 € F.
k=0

The absolute trace map t is a Z,-linear transform from [ onto Z,. It should be
mentioned that in the case of prime fields, the trace map is readily the identity map.

There exists an irreducible polynomial P € Z,[t] of degree d and a root 6 € F of
P such that the set

Bp:={67:5=0,...,d—1} ={1,0,6%...,0972 9411

is a linear basis of I over Z,. Then By is called as a polynomial basis of F over Z,
and ¢ is called as a defining element of F over Z,,. Let H = Hy € Zng be the d x d
matrix with entries in the field Z, given by Hjx := t(67*F) for all 0 < j k < d — 1,
which is invertible with the inverse S € Zng. Then the dual polynomial basis

(3.1) Bo:={Op:k=0,....d—1},

given by

d—1
(3.2) Ok =Y Sit,
j=0
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satisfies the following orthogonality relation
(3.3) t(0%0;) = 0,
forall j,k=0,...,d—1.

PROPOSITION 3.1. Let F be a finite field of order ¢ = p® with trace map t : F —
Zy. Then:

1. For T € F, we have the following decompositions

d—1

d—1
T = ZT(k)ek = ZT[k]@k,
k=0

k=0

where for all k =0,...,d — 1, we have
Ty = t(7Ok), T = t(r6%).

2. For T € F, the coefficients (components) {74y : k =0,...,d — 1} and {7y :
k=0,...,d—1} satisfy

d—1 d—1
Ty = Sk TR = HiTg),

§=0 j=0
forallk=0,...,d—1.
Let 0 € IF be a defining element of IF over Z;,. Then 0 defines a Z,-linear isomor-
phism Jy : F — Zg by
(3.4) v Jo(1) =19 = (1(1) )=y for all 7 € F.
Then the additive group of the finite field F, F*, is isomorphic with the finite elemen-
tary group Z;‘f via Jy. Thus, using classical dual theory on the ring Z;‘f we get

d

er,(19) = €1, (T0.79) = €1 <Z T(k)T(/k)> for all 7,7" € F.
k=1

REMARK 3.2. The dual (character) group of the finite elementary group Z;‘f, that

is @, is precisely
{ec:t=(t1,...,0a) €23},

where the additive character ey : Z;‘f — T is given by

2mi b - g

d
P ) = H ezk,p(gk) for all g= (gla ce. agd) € ZZ?

ec(g) = e1p(l - g) =exp <
k=1
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with £ - g = ZZ:l Ekgk-

Let x : F — T be given by

2mit
X(7) :=exp ( i (T)) =e1,(t(r)) forall T eF.
p
Since the trace map is Zp-linear, we deduce that x is a character on the additive
group of F (i.e x € F).

PROPOSITION 3.3. Let F be a finite field of order ¢ = p® with trace map t : F —
Zy. Then:

1. Forr,7 € F, we have

d—1d—1 d—1d—1 d—1 d—1
= Hi7() (k) Z Z STl T = Z (k) Tl = Z TR T(k)-
7=0 k=0 7=0 k=0 =0 k=0

2. For r,7" € F, we have

d d
X(r7') = ey (Z T(k)T[lk]> =elp <Z T[k]T(Ik)> :
k=1 k=1

For v € F, let x,, : F — T be given by

2mit(yT)

) ) =e1,(t(yr)) forall T €F.

XA(7) == Xx(17) = exp (

Then x, is a character on the additive group of F (i.e x, € ﬁ) For v =1, we get
X = X1-

If a € F*, the character x,, is called as a non-principal character. The inter-
esting property of non-principal characters is that any non-principal character can
parametrize the full character group of the additive group of F. In details, if o € F*,
then we have

F+ = {xay : v €F}.

Thus, the mapping v — X~ is group isomorphism of F onto F+. Then for o = 1, we
get

(3.5) F+={y, : yv€F}.

REMARK 3.4. The characterization (8] for the character group of finite fields
is a consequence of applying the trace map in duality theory over finite fields. This
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characterization plays significant role in structure of dual action, and hence, wave
packet groups over finite fields; see Section 4.

Then the Fourier transform of a vector x € CF at v = X~ € T+ s

X :L X\T T :L X(T T

TelF TR
where the matrix F : F x F — C is given by

2mit(yT)

F(y,7) = x(77) = exp ( ,

) for all v,7 € F.

REMARK 3.5. (i) For 3 € F, the translation operator Tj : C¥ — CF is
Tex(r) :=x(r —B) forallT €F and x e CF.
(ii) For v < x5 € ﬁ’ the modulation operator M., : C* — C¥ is

M,x(7) := x(7)x(7) forallT € F and x € C".

4. Wave packet groups over finite fields. The abstract notion of wave packet
groups over prime fields (finite Abelian groups of prime order) introduced in [I1]. The
algebraic structure of wave packet groups over prime fields based on the canonical ac-
tion of the multiplicative group of nonzero elements on the associated time-frequency
groups, that is the group consists of all time-frequency shifts over prime fields. This
action is originated from the canonical affine action of the multiplicative group of
nonzero elements on the prime field (as time domain) and the induced dual action
on the character group (as frequency domain) of the underlying additive group of
prime fields. Thus, to extend the notion of wave packet groups over finite fields we
need to present generalized version of dilation operators on both the time and the
frequency domain. To this end, first we present properties of affine action of the mul-
tiplicative group of nonzero elements and then we will discuss various aspects of the
induced dual action. Finally we introduce algebraic structure of wave packet groups
over finite fields.

Let F =IF, be a finite field of order ¢ = p®. The finite multiplicative group
(4.1) Fr:=F—-{0}={aeF:a#0}

of nonzero elements of I is a finite cyclic group of order g — 1 = p% — 1. Any generator
of the finite cyclic group F* is called a primitive element or primitive root of I over
Zy.
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For o € F*, define the dilation operator D, : C¥ — CF by
Dox(7) :=x(a 1)

for all 7 € F and x € CF.
Hence, we state basic algebraic properties of dilation operators.
PROPOSITION 4.1. Let F be a finite field. Then:

1. For (o, B) € F* x F, we have DyTg = TapDy,.
2. For a,a’ € F*, we have Dyo = Do Dy
3. For (o, B), (o, B") € F* X F, we have Tptap Daor = T3DaT3 Doy

Proof. Let F be a finite field and x € C¥. Then:

(1) For (a, 8) € F* x F and 7 € F, we can write

Do Tpx(7) = Tpx(a~'7)
)
=x(a" 't —atap)
=x(a”'(1 — ap))
= Dox(T — af) = TapDox(T).

(2) For o, € F* and 7 € F, we can write

Doorx(1) = x((d)77)

=x(a’ta"'7)

= Dox(a™'7) = Dy Dorx(7).

(3) It is straightforward from (1) and (2). O
Next proposition summarizes analytic properties of dilation operators.
PROPOSITION 4.2. Let F be a finite field and o € F*. Then:

1. Dy : CF — CF is a %-isometric isomorphism of the Banach -algebra CF.
2. Dy : C¥ — CF is unitary in ||-||2-norm and satisfies (Do)* = (Do) ™t = Dy-1.

Proof. (1) Let x,y € CF and 7 € F. Then we have

Da(xxy)(1) =xxy(a~'7) = % Z x(y(a ' —1").
T'eF
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Replacing 7/ with a~ 17/, we get

L ! o= — x(a ' y(a tr — a7
%T%X(T Jy(le™ 7 —1") q;e:w ( )y ( )
= 2 Y e =)
T'eFR
1

which guarantees (D,x)* = D,x"*.

(2) Let x € CF. Then we can write

IDaxl3 =) |Dax(7)]?

T€lF

= Ix(a'n)f

TEF

= XM = I3,

T€lF

which implies that D,, : C¥ — CF is unitary in || - ||2-norm and satisfies

(Do)* = (Do) ' =Dy O

REMARK 4.3. Let F = F, be a finite field of order ¢ = p®, where p is a positive
prime integer and d > 1 is an integer.

(i) Let d = 1. Then F = Z,, and hence, the affine action of F* = Z, = {0}
canonically induces the dual action on F+ = Z,,, see [I1].

(ii) Let d > 1 and also let § € F be a defining element of F over Z,. Then
F+, the additive group of I, is isomorphic with the elementary group Z;‘f via the

Zy-linear isomorphism Jy : F — Zg given in (B4). Then j]; : @ = FF given by
j;(eg) :=epoJy for all ey € Zg, is a group isomorphism. Thus, ¢ — e; o Jy, defines a

group isomorphism from Zg onto FF. Since Zg is not a (finite) field, if multiplication
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and addition are defined coordinatewise, the affine action of the multiplicative group
F*, on the dual group F+ does not make sense via the group isomorphisms Jy. Thus,
we deduce that replacing the prime field Z, with the ring Zg does not characterize
a unified version of the dual action of the multiplicative group F* on the character
group F+.

In the remainder of this article, we use the explicit characterization of the char-
acter group given by ([BH). Using (3], which can be considered as a consequence
of analytic and algebraic properties of the trace map, the finite field F parametrizes
the full character group F+. This parametrization implies a unified labelling on the
character group F+ with F.

Then we can present the following proposition.
PROPOSITION 4.4. Let F be a finite field and v < x € F+. Then:

1. M, : C¥ — C¥ is a unitary operator in || - ||2-norm and satisfies (M,)* =
(My)~t = M_,.

2. For a € F*, we have DoMy = My-1,D,.

3. For p € F, we have TgM., = x~(8)M,Tp.

Proof. (1) This statement is evident invoking definition of modulation operators.

(2) Let a € F*. Let x € CF and 7 € F. Then we can write

Do M.x() = Myx(a™'7)
—XW( Lr)x(a™'7)
x(ya~7)x(a""7)
= x(a y7)x(a"'7)

which implies Do My = My-1,Dq.

(3) Let B € F. Let x € CF and 7 € F. Then we have

TgMyx(7) = Myx(1 — 3

5
|
=

= xy(7 = B)x
= Xv(*ﬂ)Xv(
= Xy (=B)x~ (T

which implies Tg M., = x(8)M,Ts. O
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For a € F*, let ﬁa . CFF (CF: be given by
DOLX(X"/) = X(Xafl’y)a
for all v < x, € F+ and x € CF. Since F and F+ are isomorphic as finite Abelian

groups, we may use D, instead of ﬁa at times.

The following proposition presents some analytic properties of dilation operators
on the frequency domain.

PROPOSITION 4.5. Let F be a finite field and o € F*. Then:

(C]F+ (C]F+ is a %-isometric isomorphism of the Banach %-algebra C**
2 D L CFF o CFF s unitary in || - ||2-norm and satisfies (Dy)* = (Do)~ ' =
D, 1.

Next result states analytic properties of dilation operators and also connections
with the Fourier transform.

PROPOSITION 4.6. Let F be a finite field of order q. Then:

1. For € F, we have FgTg = MaFr.
2. For v = x, € FT, we have Fr M, = T_. Fp.
3. For a € F*, we have FrD, = D,-1 Fr.

Proof. (1) Let 8 € F and x € CF. Then for v < y, € ﬁ‘, we have

Fr(Tx)(x) ZTBX Xv Z x(7 = B)x4(7 X4 (7).

TE]F T€]F

Replacing 7 with 7 4+ 3, we get

—Z x(r — A7) = }wam(wmx”” X(r ) (7).

TG]F

Then we can write

Fr(Tpx)(X~) = x~(8) Fr(x)(x~)

implying FrTs = MgFr.
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(2) Let v < x4 € F+ and x € CF. Then for all v = xy € ﬁ‘, we have

Fr(Myx) ZM x(7)x~ (7)
TE]F

ZX“/ ()

TG]F

= Z X7+7

TE]F
= Fr(x)(y +7) = T Fe(x) (7).

(3) Let x e CF and vy < x, € F+. Then we have

Fr(Dox)(y ZDX 7)x~(7) Z (7).

TE]F TE]F

Replacing 7 with a7, we achieve

Z Xav = Fr(x)(ay),

which implies Fig(DaX) = Do-1(Fgx). O

The underlying set F* x F x F = F* x F x F+ equipped with group operations
given by

(4'2) (a)/B)’y) X (al7ﬁl)’yl) = (aal)al_l/g + ﬁl,alf)/ +’yl))

(4.3) (o, 8,771 = (a7 a7l (=), au(—7))

for all («, 8,7), (¢, 8',7) € F* xF x ﬁ, is a finite non-Abelian group of order ¢(q—1)
which is denoted by WPg. The group WPr is called as finite wave packet group over
the finite field F. Since any two field of order ¢ = p? are isomorphic as finite field,
we deduce that the notion of WPy just depends on ¢. In details, if F and F" are two
finite field of order g, then the groups WPy and WPp/ are isomorphic as finite groups
of order ¢*(q — 1). Thus, we may use the notation WP, instead of WP at times.

Next theorem guarantees that the group structure of the wave packet group WPg
is canonically connected with a projective group representation.

THEOREM 4.7. Let F be a finite field of order ¢ > 2. Then:
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1. WPy is a non-Abelian group of order ¢*(q—1) which contains F x F+ ~FxF

2.

as a normal Abelian subgroup and F* as a non-normal Abelian subgroup.
The map T : WPg — U(CY) 2 U,»,(C) defined by

(4.4) (a,B8,7) = T(a, B,7) == D TgM, for (o, 3,v) € WP,

is a projective group representation of the finite wave packet group WPg on
the finite dimensional Hilbert space CF.

Proof. Let F be a finite field of order ¢ > 2. Then:

(1) Tt is straightforward from the group structure given in ([€2]) that Fx F+ ~FxF

is a normal Abelian subgroup and F* is a non-normal Abelian subgroup of WPg.

(2) It is evident to check that I'(1,0,0) = I and I'(a, 8,7) : CF — C¥ is a unitary

operator for all (o, 3,7) € WPr. Now let (o, 3,7),(a/,3,7") € WPr. Then using
Proposition 1] we can write

Do T~ 545 Marytyr = DouDe Tor—1 5Tir My My,
= Do(DoT-15)Ta Moy M,
= Do (TgDo )T Moy Mo
— DoTy Do Ty My M,
= Do T3 Dos (T M) M,
= mDaTBDa/(MaWTB’)M !
= Xarr (B) Do TsD ey Moy T M.,
= Xay(B)DaTs(Dar M) T My
— Xar () DaT5(M, Doy YT My
= Xar(B')DaTs M, Dy Tsr M.,
= Xarr(B)(DaTs M) (Dor T M),

where xa(8") = x(/v8). Thus, we get

T (@, 8,7) x (@, 8,7) = T(ad/,a' ' B+ §, 'y +7)
= X(X’W(ﬁl)r(aa Ba V)F(O/a Bla ’yl)a

which implies that T' is a projective group representation of the finite wave packet
group WP on the finite dimensional Hilbert space CF. 0

REMARK 4.8. The restriction of the wave packet representation I' : WPr —

U(CF) to the subgroup F x F+ is unitarily equivalent with the projective Schrodinger

representation of the group F x F+ on CF (see [6] and references therein) and similarly
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restriction of the wave packet representation I : WPp — U ((C]F) to the subgroup F* x T
is unitarily equivalent with the unitary quasi-regular representation of the wavelet
group F* x F on CF, see [I, 8, [15] and references therein. Thus, we deduce that the
wave packet representation I' : WP — U(CF) contains both projective Schrodinger
representation and quasi-regular representation.

5. Wave packet transform (WPT) over finite fields. In this section, we
present abstract theory of wave packet transforms on finite fields and we study analytic
properties of this transform. Throughout this section, it is still assumed that F is a
finite field of order ¢ = p?.

Let y € CF be a window vector. The wave packet transform (WPT) of a given
vector x € CF with respect to the window vector y (y-wave packet transform) is
defined on the finite wave packet group WPp by

(5.1)  Vyx(a,B,7) := Zx(T)eQ"it(”’(aiIT_ﬁ))/py(oﬁlr —B) for all (a, 3,7) € WPp.

T€F

Then Vy : C¥ — CWPF given by x + Vyx is linear.

By (&), we can write

Vyx(a, 3, ,y) — Z X(T)e2m't(v(a*1¢75))/lﬂm

TEF

= x(Mxy (a7 7~ B)y(a 7~ B)

TEF

= Z x(T)Myy(a=t1t — B)

TR

= x(MTsMy(atr) = 3 x(r)DaTs M,y (7).

TEF TElF
Thus, in terms of the inner product of the Hilbert space CF, for x € CF we can write
(5.2)  Wyx(a, 8,7) = (x, (e, 8,7)y) = (x, DoTsM,y) for (a,B,7) € WPr.

Then using basic properties of dilation, translation and modulation operators, we
have

(5.3) (Do-1x,TgMyy) = (T-gDo-1x, Myy) = (M1 T_pDy-1X,y).
Using the Plancherel formula and also (&.3]), we get

(5.4) Vyx(a,8,7) = (Da1%, TsMyy) = (D1, T Myy).
Then invoking (B4]) and Propositions L6, we achieve

_—

(5.5) (Do-1x%,TgMyy) = (DaX, MgMyy) = (DaX, MgT_.y).
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REMARK 5.1. Let y € CF be a window vector and x € CF. Then Remark
implies that the restriction of the wave packet transform Vyx to the subgroup IF x e+
coincides with the Gabor transform of x with respect to y and also similarly, the
restriction of the wave packet transform Vyx to the subgroup F* x I is the wavelet
transform of x with respect to y. Thus, we deduce that the wave packet transform
unifies both wavelet and Gabor (short time Fourier) transform over finite fields.

In the following, we present some representations for the wave packet transform

defined in (&T)).

PROPOSITION 5.2. Let | be a finite field of order q. Let x,y € C* and (o, B3,7) €
WPr. Then:

1. Vyx(a, B,7) = \/4F &= (Da)?.T_,Y§> (—8).
2. vyx(avﬂvv) = Da*1X * (ny)*(ﬂ)

The representation (1) is called a Fourier representation of the WPT and the
representation (2) is called a circular convolution representation of the WPT.

Proof. Let x,y € CF and («, 3,7) € WPg. Then:
(1) Using (&5, we can write
Vyx(@,5,7) = (DaX, MaT-3)

= Y DT F ()

' €FF
= Y DaX(y)M_sT,3(Y)
eFt
= > xs(Y)DaR(Y)T,F(7)
v €FF
= 3 DR T = ViFs (DR TF) (-5)
ol 'eF+
(2) Similarly, using the Plancherel formula and (1)), we have
Vyx(avﬂvv) = <Da*1X MBM"/y>
= ¥ Dox()MLy(v)xs(7)

ol 'R+
= 3 Do x(4)(Myy)* (V)x5(7) = Da-rx+ (Myy)* (). O
’Y'Eﬂ

The following theorem presents a concrete formulation for the || - [[2-norm of the
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wave packet transform Vyx.

THEOREM 5.3. Let F be a finite field of order q. Let'y € CF be a window vector
and x € CF. Then

(5.6) D> D Wyl B = ala = Dlyl3Ix13-

a€F* B€F  cfT

Proof. Let F be a finite field of order ¢. Let y € CF be a window vector and
x € CF. Let o € F* and v < x, € F be given. Using Proposition .2l and Plancherel
formula, we have

Z|V x(a, B,Y)]? = qZU‘?( aX-T—’Y§) (—B)|?

BEF BEF
=43 1F (DT (B)F
BEF
_ 2
=q Z ‘(Daﬁ.T_vy) (7’)‘
' €FF
=4 Y [Dax) 1500 =0 X 1D TP
' eFF ' eFF
Then we get
2> 2 (e B P = 3 3, ) x(ap )P
a€F* BEF . cfF a€F* . 7 BEF

=03 3 | X IDax(PIT TP

A€ L ef+ \y/ef+

=q Y <Z |Da§(71)|2> T (P

JeRT \a€E -

Replacing v by v — 7/, we have

YT = ) 10 +)P

’YE]F/U? 'yE]F/”?

I
=<
=
|
<
oK
|
<
IS
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Thus, we have

> 3 3 Wi =

Z (Z (’V’)I2> YTy
acl* 5EIFA/€]F+ F*
Z

A/E]l*f1

(Z (’V’)I2> 113

=adlyl3 | Yo D [Dax(y)

~€FF a€F*
Replacing the summation, we get

Z Z|Da§(7/)|2 = Z Z |Dax(7') ?

,Y/eﬂ acF ack* ,YIE]F/I

= > [1Daxll3

aclF*

= I3

aclF*
= (¢ = DI = (¢ - 1)lIx]3-

Therefore, we achieve

DX Wxle P =alylE | Yo Do IDaX()I? | = ala — Dlyl3lx3.

acF* BeF 'yG]F‘*' “/’E]l*f‘\*' ackF
which implies (5.6). O
As a consequence of (56), we can deduce the following orthogonality relation.

COROLLARY 5.4. Let F be a finite field of order q and v,y € CF be window
vectors. Then, for every x,z € C¥, we have

(5.7) (Vex, Vyz)ewes = q(q — 1)(y, V)cr (X, 2)cr.

In particular, we have

(5-8) Myxll2 = Valg = Dllyll2[x]l2-

The following result states an inversion formula for the windowed transform given
in (B1).

PROPOSITION 5.5. Let F be a finite field of order q. Let y € C¥ be non-zero
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window vector and x € C¥. Then

_ vl
(5.9) x(T) -1 ZZZVX a,B,7)DyTgMyy(r) for T € F.
ackF* 5€F’YGF+

Proof. For x € CF and a non-zero window vector y € CF, define

= Z Z Z Vyx(a, B,7)DoTsM,y(7) for 7 € F.

a€F* BEF . T

Let z € CF be given. Using (5.1)), we have

(X,2)ce = ) X()a(r)

T€lF

=2 | 2 2 X Wwx(eu B DTy () | (7)

T€F \a€F* BeF  cfF

— Z Z Z Vyx(a, B,7) <ZmDaTBM7Y(T)>

acl* Be]Fve]ﬂ TeR

=ZZZWW%MZW@@@W>

acl* Be]Fve]ﬂ TeR

=3 >0 Vyx(a.8,9)Vyz(a, B,7)

a€F* BEF . T

= <VyX, VyZ>CWPF = q(q - 1)HY||§<X’ Z>CF7

implying

_ L
X(T)iq(q—l) () f GF;

which yields (59). O

COROLLARY 5.6. Let F be a finite field of order q. Lety € CF be a non-zero
window vector with ||y||s = 1 and x € C¥. Then

(5.10) x(T) Z Z Z Vyx(a, B8,7)DaTsMyy(r) for 7 € F.

OLG]F* BG]F’YE]F+
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In terms of the abstract frame theory, we can summarize Theorem 5.3 and Propo-
sition as follows.

COROLLARY 5.7. Let F be a finite field of order ¢ and y € CF be a non-zero
window vector. The finite system

my = {F(a7677)y : (04;6;7) € WP]F}

constitutes a tight frame for the Hilbert space C¥ with the redundancy q(q¢ — 1) and
the frame bound q(q — 1)||y]|3-

Next theorem states an analytic property of the projective representation I'.

THEOREM 5.8. Let F be a finite field of order q. The unitary projective group
representation T : WPg — U(CF) is irreducible.

Proof. Let H be a non-zero I'-invariant subspace of CF. We claim that H = CF.
It is enough to show that H*- = {0}. Let x € H' be arbitrary. Let y € H be a
non-zero vector. Then for all (o, 5,v) € WPr we get (x,T'(«, 5,7)y) = 0. Thus,

using (B.0) we can write
DD D (e By

a€cF* BeR ’Yeﬁ

SN = T(e By =0,

a€F* BeR ’YE]F/'I

a(q = Dlyl3lx3

which implies that x = 0. 0

6. Examples. In this section, we present examples of finite fields and we study
the theory of wave packet transform over them.

6.1. The finite field Z,. Let p be a positive prime integer and F = Z, be
the prime field of order p. Thus, readily the trace map is the identity map. Then
F* =Z,—{0} and for 1 < o < p—1 the dilation operator D, : C? — CP is D,x(71) =
x(a~ i) for all 0 < 7 < p— 1, where a~! is the multiplicative inverse of a € F* (i.e.,
an element a~! € F* with aa~! Z a~'a £ 1) which satisfies o= Lo+ np = 1 for some
n € Z, which can be done by Bezout lemma [I4] 23]. The finite wave packet group
WP, over the field Z, has the underlying set

{1,...,p—1} x{0,1,...,p—1} x {0,1,...,p—1}.
Let y € CP be a window vector. Then the wave packet transform of a given vector
x € CP with respect to the window vector y (y-wave packet transform) is

p—1
6.1)  Vyx(a,B,7) = ZX(T)e2”7(0‘717_ﬂ)/”y(oz—17 —B) for (a, B,7) € WP,

7=0



Electronic Journal of Linear Algebra ISSN 1081-3810

A publication of the International Linear Algebra Society
Volume 30, pp. 507-529, September 2015

Wave Packet Transforms Over Finite Fields 527

Let y € CP be a window vector and x € CP. Then

p—1p—1p—1

(6.2) DD yx(a B, =l — Dlylilx3,

a=1p=0~v=0

_9 p—1p—1p-1

(6.3) x(r)= Hy” ZZZVX B, ) DaTgMyy(r) for 0 <7 <p-—1.

a=1p=0v=0

REMARK 6.1. Dyadic dilations of signals on the real line preserve the geometry
of signals but dilations over CP destroy geometric properties and the localization of
signals. Dilations operators over CP imply sculptured and permuted rearrangement of
signal or data entries. Invoking Proposition 4.5, dilation operators lead to permutation
of spectra as well. This property of dilations over CP have recently been used in
implementation of algorithms for sparse fast Fourier transform, see [26] and references
therein.

6.2. The finite field F,. The finite field Fy = Z5 X Zs is the smallest finite field
which does not have prime order. It can be considered as the polynomial ring Zs|t]
over an indeterminate variable ¢ with addition and multiplication defined module
the irreducible polynomial t? + ¢ + 1. That is the classic polynomial addition and
multiplication with this note that field operations (addition and multiplication) are
done module 2 and the relation ¢ 4+ 1 = ¢ holds as well.

The finite wave packet group WPy over the field F4 has the underlying set F* x
F x F+. Let y € CF be a window vector. Then the wave packet transform of a given
vector x € CF with respect to the window vector y is

(6.4) Vyx(a,B,7) = Z x(r')e e =B /ry (0 =T = B) for (a, B,7) € WPy,

TEF,

Let y € CF be a nonzero window vector and x € CF. Then

(6.5) ST (e 8.9 = 12y 311113,

OLE]F4 BEF, VG]FI

which implies the following reconstruction formula

(6.6) x(1 ||y” >3 Vyx(, B.9)DaTsM,y(7) for 7 € Fy.

aclF; BeFy ’YE]F+
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