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WAVELETS ON MANIFOLDS:
AN OPTIMIZED CONSTRUCTION

ANGELA KUNOTH AND JAN SAHNER
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ABSTRACT. A key ingredient of the construction of biorthogonal wavelet bases
for Sobolev spaces on manifolds, which is based on topological isomorphisms is
the Hestenes extension operator. Here we firstly investigate whether this par-
ticular extension operator can be replaced by another extension operator. Our
main theoretical result states that an important class of extension operators
based on interpolating boundary values cannot be used in the construction set-
ting required by Dahmen and Schneider. In the second part of this paper, we
investigate and optimize the Hestenes extension operator. The results of the
optimization process allow us to implement the construction of biorthogonal
wavelets from Dahmen and Schneider. As an example, we illustrate a wavelet
basis on the 2-sphere.

1. INTRODUCTION

This paper is motivated by the results presented in [DS]. There compactly
supported biorthogonal wavelet bases for Sobolev spaces H™(I') on manifolds T’
were constructed which may be used, for instance, to numerically solve boundary
integral equations by wavelet schemes; see, e.g., [Ha]. The starting point is a
quadrangulation for T', i.e., I' = Ufilﬁ for I'; := k;(0) being the parametric
image of 0 = (0,1)¢ under x;, and T'; NT'; = () for i # j. The construction in [DS]
is based on a topological isomorphism

N
(1.1) p:J[a™®)! — H™(T)

developed previously in [CE] that yields a decomposition of the Sobolev space
H™(T') into particular closed subspaces H™(T;)! of H™(T'). Here any m is allowed
as long as it does not exceed the smoothness of the manifold. Using this decom-
position, norm equivalences for H™(T') in terms of weighted sequence norms of
coefficients of wavelet expansions were given in [DS] for the whole range of admis-
sible m. Such norm equivalences are fundamental for applications of wavelet bases.
Other constructions based on domain decomposition and gluing [CTUL [DST] only
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FIGURE 1. Left: Boundary adapted and interior wavelets on the
interval from [DKU|. Middle: Right boundary adapted wavelet
from the left figure pushed forward to the upper part of the circle
S1 and extended by zero onto the lower part. Right: Same wavelet
pushed extended continuously.

achieve norm equivalences f% <m < % for arbitrary manifolds, or |m| <1 for the
special case of piecewise affine surfaces with triangular facets [DSt].

Due to the structure of ([I1l), wavelet bases ¥ of H™(O) will serve as the first
basic ingredient. Such bases were constructed in [DKU]| (see the left plot in Figure
). These wavelets are pushed forward to the patches I'; first to obtain wavelet
bases Wr, of H™(I;)!. Defining ¥, := ¥o #; ' and extending WL by zero outside
of I';, we see, however, that the collection

U= U UPL

is not a candidate for a basis of H™(T') for m > : for some ¢ € ¥ not vanishing
on parts of the boundary 0O of O, % o /ﬁl is not continuous in I' and, hence,
o Iii_l ¢ H™(T). In the middle figure in Figure [[] the right boundary wavelet from
the left plot is pushed forward to the circle I' := S! and quadrangulated into the
upper and lower half of the circle. It is obviously not continuous in S*. Extending
it continuously onto the lower part of S! yields the figure on the right of Figure [l
Hence, the main task of the operator P in (L)) is to extend the single components
U, € H™(T';)! onto the whole of I' in some appropriate way. This is done by
certain extension operators which play the role of the second main ingredient for
constructing wavelet bases on manifolds. Recall that for some open subset 2 C I,
E: H™(Q) — H™(T) is called an extension operator if Ef|q = f is satisfied for all
f € H™(Q), where |q denotes the restriction to 2. Given such extension operators

the collection Up := Up, U--- U Up, with Up, := E;(¥ o ni_l) is a reasonable
candidate for a basis of H™(I"). For the example discussed before, the right figure
in Figure [l displays a possible extension to the whole of S*.

To establish the equivalence of norms for the isomorphism (I]), the extension
operators F; as well as their adjoints E} relative to the L? inner product have to
satisfy quite severe conditions, denoted as property (E):

(CE) Continuity: E; : H™(T';) — H™(T") is continuous.

(CE*) Continuity of the L* adjoint relative to H™: The L? adjoint E} : L*(T") —
L3(T;) of E; is well defined and continuous as an operator Ef : H™(T') —
H™(T,); ie., ||E;f||H"L(F7¢) < Hf||Hm(F) for all f € H™(T).

~
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Here and in the rest of the paper a < b means a < cb with some constant ¢ which
is independent of all parameters on which a and b may depend. An operator that
meets these requirements is the Hestenes extension operator [H] used in [DS]. How-
ever, a brief look reveals that this operator is initially ill conditioned—it produces
strongly oscillating extensions; see Section [l This fact leads to large constants in
the norm equivalence of the isomorphism (LTJ).

The main objective of this paper is the construction of well-conditioned extension
operators satisfying (E), which makes the implementation of wavelets on manifolds
practically feasible. Firstly, this motivates the search for alternative extension op-
erators in Sections Bl and @l We propose two different such operators, both by
interpolating trace values at the boundary: the first of such trace dependent opera-
tors is based on Taylor expansions, the second employs norm minimizing harmonic
extensions, and both satisfy (CE). However, as stated in the main theoretical result
of this paper, Theorem (4.7, no extension operator based on the interpolation of
boundary values can be further employed as their adjoints do not satisfy (CE*).
Nevertheless, these results lead us to finding an extension operator that does not
depend on the values of the trace directly. A variant of the Hestenes operator em-
ployed in [DS] turns out to be our method of choice which is derived in Section
where we also prove that the Hestenes extension emerges as a limit of an inter-
polation process with polynomials. In particular, we realize H™, instead of C™,
extensions. In Section[flthe Hestenes extension is examined thoroughly: we perform
a number of modifications which substantially reduce the oscillations of the exten-
sion and optimize its ingredients in Section [l The construction of wavelets from
[DS] is summarized in Section Bl An implementation of the construction employ-
ing the optimized Hestenes extension is based on the software package IGPMULIB
[IGPM]; the resulting C++ library is documented in [S]. This library is finally used
in Section [0 to construct and visualize nontrivial application biorthogonal wavelet
bases for H!(S?) on the sphere S? C R3 based on an appropriate quadrangulation
of S2.

2. SOME BASIC NOTIONS

In the rest of this paper, we will only consider extensions of functions in Sobolev
spaces of natural order m € N; see, e.g., [A] for a general reference. For an open
interval I CRand m € N, 1 < p < oo, f € LP(I) has weak derivatives of order m
in LP(I) if for all k € N with k& < m there exist functions f*) € LP(I) satisfying

/ F(@)0k (@) de = (—1)* / £ (@) () de
I I

for all ¢ € C§°(I). Here C§°(I) denotes the space of arbitrarily smooth functions
with compact support in I. The spaces

W™P(I):={f € LP(I) : f has weak derivatives f*) € LP(I) of order m}

are the Sobolev spaces of order m, equipped with the norm

1wy = D 1P leo ey,
k=0
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and the norm in H™(I) := W™2(I) is induced by the inner product

m

(f,9) am) = Z(f(k),g(k)ﬁzu)-

k=0

Moreover, zero boundary values are incorporated into the vector space HJ*(I) by
defining H"(I) as the closure of C§°(I) with respect to the norm in H™(I). In
order to be able to assign boundary values to f € H™(I) we recall

Theorem 2.1. For m > 1 the embedding operator H™(I) — C™~Y(I) is well
defined and continuous. In particular, f € H™(I) can be assigned boundary values
f®|or for allk =0,...,m — 1, called the trace values of f.

As we will see below, the extension operators will be defined by gluing together
functions defined on adjacent intervals.

Remark 2.2. Let I, I, C R be open intervals satisfying I; N I, = {b}. Then one
has fi € H™(L), f» € H™(I), f{"(b) = £i”(b) if and only if x1, f1 + X1 f2 €
H™(I;U{b}UIs). Here for any interval I, x; denotes the characteristic function on
I. By x1 we sometimes also denote the extension by zero to some set J O I which

will be clear from the context. Recall also that for I C R an open interval, one has
f € H*(I) if and only if f € H™(I) and f*¥)|5; =0 for all k =0,...,m — 1.

3. UNIVARIATE EXTENSION OPERATORS

The multivariate extension operators needed later in Subsection can be de-
fined as tensor products of univariate extension operators A. We use the fol-
lowing notation. For a < b < ¢ < d, let intervals [ ,I C R be defined by
I := (b,¢),I := (a,d). The boundaries of I, will be denoted by dI = {b,c},
OI = {a,d}, respectively. An operator A : H™(I) — H™(I) is called a univariate
extension operator if A satisfies (Af)|; = f for all f € H™(I). We first boil down
the formulation of the crucial property (E) to the univariate case. We say that a
univariate extension operator A satisfies property (A) if

(L) Locality: For f € H™(I) one has Af € HJ*(I).

(CA) Continuity: A: H™(I) — Hg*(I) is continuous.
(CA*) Continuity of A* : H™(I) - H™(I)*, defined by (A*g, f) := (g,Af>§2(I~)

for all f € H™(I), g € H™(I), is continuous as an operator A* : H™(I) —
H™(I) with the adjoint property

(A%g, ) = (A%, 12ty = (9, Af) 25y

Of course, (CA*) is a stronger requirement than A* to be continuous as an operator
H™(I) — H™(I)*. Here and below, for a vector space V, we denote its dual by
V*, the space of continuous linear functionals V' — R, and (-,-) denotes the dual
pairing, which is given by (F, f) := F(f) forall Fe V* fe V.

The detailed discussion of univariate extension operators will be of vital impor-
tance for the multivariate case in Subsection below and requires the effort of

Sections @HIl Next we discuss two classes of univariate extension operators.
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4. EXTENSION OPERATORS BASED ON TRACES

Remark 22lenables us to extend functions by interpolating the first m—1 deriva-
tives of f € H™(I) explicitly at the boundary dI. As we are interested in exten-
sions Af € HJ*(I), we also have to achieve zero boundary values in the H™-sense
at the boundary dI. Writing I, := (a,b), I, := (¢, d), we have to find functions
ug € H™(Iy), u,. € H™(I,) that satisfy the boundary conditions

(4.1) we™® (@) = 0, u,® (b) = F®(b) for k=0,...,m—1,
(4.2) u, ¥ (d) =0, u,®(c) = f®(c) fork=0,...,m—1.

Definition 4.1. Let A : H™(I) — H™(I) be a continuous extension operator.
Then A is called trace dependent if for all f € H™(I) the definition of Af depends
only on the trace values f)(b), f*)(c),k=0,...,m—1, of f at the boundary 91I.

Since trace dependent operators by their very definition require the availability
of the trace values of the derivatives of f which are not always accessible, they are
of limited applicability. However, these extensions are of theoretical interest and
some of their properties will be exploited further on. We now discuss two different
solutions to this interpolation problem which only employ values of f at 0I. In
contrast, we will later consider approaches where, in addition, values of f in the
interior of I come into play. Note that, due to Theorem 211 f(m=1 ¢ H'(I) is still
continuous, but not necessarily f(™. Thus, interpolation of the first m derivatives
can in general not be carried out for H™-functions. At first we look at an operator
based on a Taylor expansion.

4.1. Extension based on a Taylor expansion. Let n € C§°(I [) be a cutoff
function displayed in Figure [2] which is defined by

0, z € (a,d G—H’C;d,
n()_{ (a,d)\ [ )

B 17 = [a+3b 30+d]

Lemma 4.2. The operator

(Brf)(x) = xn(@)n(z) 3 f ~ B (@) f(a)
k=

0
[ f(k)

+ xu,( Z

is a continuous linear extension operator Ep : H™(I) — Hy"(I).

xfc)’c

The proof is straightforward and can be found in [KS].

Ui

a+b af3b 3cFtd ¢

-
ISt

FI1GURE 2. The cutoff function 7.
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1324 ANGELA KUNOTH AND JAN SAHNER

4.2. A norm minimizing extension. Another possible extension is based on
finding functions uy € H™(Iy), u, € H™(I,) which minimize the functionals

@ il gy s @ Nl

among all functions @ satisfying the boundary conditions (@1l), (£2), respectively.
Clearly, defining

(4.3)
. ~12 . 12
Up 1= argmin ”“HHm(I[)’ Up = argmin ||u||Hm(IT),
a€H™(I,), @ satisfies (X)) acH™(I,), @ satisfies (L2)
the operator E defined by
(4.4)

(Ef)(@) == xr (w)ue(x) + x1(2) f (@) + x1, (@)ur(2),  E:H™(I) — H™(I),
is the operator with the smallest operator norm among all possible extension oper-
ators. We restrict the our discussion to satisfying [@II). As for (£2]) the situation
is analogous, and the following results were established in [KS|], where also details
of the explicit construction can be found.

Lemma 4.3. The extension operator E : H™(I) — H™(I) defined in [@4)) satisfies
||Ef||Hm(i) S HfHH’”(I) for all f € H™(I).

As an application of the extension operator E defined in (£4]) we will later need
norm minimizing cutoff functions. By this we mean for a < b < ¢ < d a function
n € H™(R) satistfying |n(x)] < 1 and

(45) o) = {f el

with minimal H™-norm. Using E we extend the function f: I — R, f =1 on I,
to a function 7 : I — R by finding n, € H™(I;), n. € H™(I,) with the boundary

conditions ([@Il), (£2) given by
nék)(a) =0forall0<k<m-—-1, nék)(b) =0forall 1 <k<m-—1, n(b) =1,
n®(d)=0forall 0 <k <m—1, n®(c)=0foralll1 <k <m—1, n(c)=1.

By Remark the function n := Ef = x1,m¢ + x1f + x1.m extended by 0 outside
I is then in H™(R) and satisfies (£H). Due to the norm minimizing property of
the extension operator E, the new function 7 has minimal H"*-norm as well.

Lemma 4.4. Fora=—-1,b=c¢=0,d =1, m € N arbitrary, we have constructed
a cutoff function n, € H™(R) with suppn., = [—1,1] satisfying 1, (0) = 1 and
777(15)(0) =0 for all 1 <k <m—1. These cutoff functions are displayed in Figure [3]
form=1,23.

4.3. Trace dependent operators and property (A). Next we discuss that
trace dependent operators cannot be designed to satisfy (A). We recall that property

(A) requires the existence of a continuous operator A* : H™(I) — H™(I), i.e.

(4.6) 1A sy S Wfllgmny,  for all £ € H™(D),
satisfying

(A7) (AL ) pap) = s A"ghary forall £ H™(T), g € H™ (D)
We first state a simple consequence of the properties ({6 and (1.
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FIGURE 3. Cutoff functions n,, € H™((—1,1)) with minimal norm.

Lemma 4.5. Let [@6) and @) hold. Then for all g € H™(I) the functional
Ay = <A'»9>L2(i) tH™(I) = R
is bounded in the L?-norm, that is,

(48) Ay S Iy for all f € H™(1).

By density of H™(I) in L*(I) this means in particular that A, can be extended
uniquely to a functional

Ay L*(I) = R, and A, € L*(1)*.

Proof. By properties (L), [{7), and the Cauchy—Schwartz inequality we have

45(1)] = (AL, 9) 12| = 15 A%0) 2ty | < 1S oy A"l o
< Hf||L2(1) HA*gHH’"(I) S ||f||L2(I) HQHHm(f) :
Thus, A, can be extended uniquely to A, € L?*(I)*, and (&J) follows. O

The next result gives a first hint that (L)) is not valid for trace dependent
operators.

Lemma 4.6. Let A : H™(I) — H™(I) be a trace dependent operator. Then A
cannot be extended to a continuous operator A : L2(I) — L*(I). In particular, for
every m € N there exists a sequence fr, € H™(I) with constant trace values such
that fi — 0 in L*(I) and
||Afk||L2(i)

for k — oo.
||fk||L2(1)
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FIGURE 4. The functions fy defined in (d.9)).

Proof. For convenience let I = (0,1), I = (—1,2), I, = (~1,0), I, = (1,2). For
m =1 and k € N consider the sequence displayed in Figure [

1, z € (0, %],
(4.9) fr@)=q2—kz, ze(},2),
0, S [%,1).

Due to Remark 22 f, € HY(I) for all k € N and fr — 0 in L?(I), as
2 S|
R )

! 1 [f (2 2 1 2 \*
2 2
de =~ R(2-2) de=s-2 (2_
/O|f’€(x)| g k+/% <k x) =5 3<k x) T

for k — oco. As A is trace dependent and fi(0) = 1 for all k, we have Af|r, = Afelr,
for all k,¢ € N, and as Af € H'(I), it is continuous. Thus Afglr, # 0 for all k,
as fiy(0) = 1 for all k. Thus, we have |[Afill;2(7,) = IAfellp2,) =: ¢ > 0 for all
k,¢ € N. Since f, — 0 in L?(I), we have

||AkaL2(i) > HAkaLz(Ig) _ c s for k — oo,

el ) Ifellp2y  Ifellp2

For larger m we just have to make the sequence f; smoother in such a way that
the boundary values remain unchanged, for instance by computing the (m — 1)-fold
convolution with X[0, 5> 88 this will result in convolutions in the desired space

H™(I) with boundary values unchanged. O

The necessary condition (8] from Lemma .5 now gives us a tool to prove the
following main result.

Theorem 4.7. No trace dependent operator can fulfill (A).

Proof. Again, for convenience we choose I = (0,1), I = (—1,2), I; = (—1,0),
I, = (1,2). We construct a function g. € H™(I) such that A,_ is not continuous as
a functional from L? to R. This is a contradiction to (£38) and thus a contradiction

to (A). To this end, let g. € C*°(I), g. > 0 and
0, xe€(—1,—¢|,
0u(2) { (~1, ]

1, ze[-5,2].

Now we find € > 0 such that Ay, = (A, =) 25y € L2(I)*. For m € N let {fr}x C
H™(I) be the sequence introduced in the proof of Lemma [0 As stated there, we

have Afi|r, = Afelr, for all k,¢ € N and Af(0) = 1. Since Af, € H™(I), Afy is
continuous. Thus, there exists § > 0 not depending on k such that Afg(x) > % for
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WAVELETS ON MANIFOLDS: AN OPTIMIZED CONSTRUCTION 1327

all k and all x € [-4,0]. Choose € := § and g. as defined above. As fr >0, g. > 0
we then have

<Afkag€>L2(f) > <Afkvga>L2(I[) S %% _ 1) s
ey = Wfellzay — Wellegy  Alfellq 7

as fy — 0 in L?(I). This means A, ¢ L?(I)*, which is the desired contradiction.
(]

5. WORKING AROUND THE TRACE

Although extension operators which interpolate trace values do not explicitly
satisfy (A), they will lead us to deduce an extension operator in Definition (.3
which turns out to be similar to the Hestenes extension used in [DS]. To this end,
we concentrate on extending functions f € H™(0,00) to Af € H™(R). Two-sided
extensions are then a simple modification of such an operator. The crucial point
of the extension process is the satisfaction of an interpolation property like (1)) of
Af at £ = 0 on the one hand and continuity of A and A* on the other hand. First
we focus on the interpolation property. What we are looking for is an operator A
which satisfies the interpolation property

(5.1) (AN®(2)]z=0- = FP(0),  fork=0,...,m -1,
together with Af|_o 0y € H™((—00,0)). Consider the Taylor polynomial T, of f
at g = 0 from Subsectlon 1 Obv10usly,
m—1 m—1 o
(5.2) (To f)( v )(z — 20)i = Z f (0> 2
j=0

satisfies the interpolation property (5.1I). Recall that the operator E in Subsection
1] was built in terms of T,,. We now aim at deriving an approximation of the
Taylor polynomial which is not trace dependent, employing divided differences; see,
e.g., [Ba] for details.

Definition 5.1. Let ] C R be an interval, f: I - Rand 3; €1, j=1,...,k, be
pairwise distinct. Then the divided differences [B1,. .., k) of f are defined as

Bily = f(B),

[ﬂl; o ﬂk]f — [ﬁ2;~wﬁk]%;£ﬂﬁllw~;5k—1]f .

(5.3)

For I open and f € C*(I), the divided differences satisfy

(5.4) Bro Bl — L) i gy — g for j=1,... k.

Hence for f € C*(I), [B1,...,B%]s can be extended to a continuous function
B Brlf I x -+ x I — R. Due to (54), Ty, from ([E2) can also be writ-
ten as

m J m
(IOf)() Zﬁlaaﬂj]fﬂ$_51 :Zﬁly-~~;ﬂjij 1.
7j=1 i=1 j=1
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Note that we cannot compute the incorporated divided differences explicitly as long
as some (3; coincide. This leads us to the following approach. For 3; > 0 pairwise
distinct, find a polynomial Pgf solving the interpolation problem

(5-5) (Psf)(B;) = f(B)s  G=1...,m.

The solution polynomial can be written in Newton form as

m J
(Paf)(@) = (B, Bils [ [ (= = Bi)-
j=1 i=1

Because of (5.4]) we have pointwise convergence,
(5.6) (Paf)(x) — (Nf)(z), for all z, if 3; = 0forall j=1,...,m

Hence for small 3;, the polynomial Pz can be regarded as a good approximation
of the Taylor polynomial in (52). Of course, it still does not satisfy the interpo-
lation property (G.I). We now aim at building the convergence of the (; into the
interpolating polynomial Ps. Clearly we have

Bjx — 0 forall j=1,... mifx — 0.

So by (B8] the convergence (Pg,f)(y) — (Nf)(y) for x — 0 holds for all y. As
we are just interested in an approximation of the Taylor polynomial (Tp f)(z) for
close to 0, we expect (Pg,f)(z) to satisfy the interpolation property (G.)). Before
we establish this property in Proposition (.2 we first find a simple representation
for (Pg,f)(x). We have

Ms

J
(Pauf)(z) = > [Brz, ... Baly [[ (= - Biz)
j=1 i=1
=3 f(B) ﬁf;fzfﬁzf(ﬁj 4
j=1 i=1,ij Jj=1 i=1,i#]

Here we have switched in the second identity to the Lagrange representation of
the interpolation polynomial Pg, f. Now we are ready to define an operator which
satisfies the interpolation property (5.1) which is not an extension operator yet, as
it neither extends f to the negative range nor leaves f unchanged on its range.

Proposition 5.2. For 3; >0 for j=1,...,m and = > 0, define Iy : H™(R") —

H™(RY) by
(I f)(@) == (Pof) (@) =Y fBz) 1] 52
j=1 i=1,i#j7

Then Iy is an interpolation operator satisfying the interpolation property ([B.1).
Proof. Obviously, Iy f € H™(R'Y) if f € H™(R™). We want to prove

(I /)P (@) om0 = fP(0)  fork=0,...,m—1.
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We have for all k <m —1

(I /) (@) o=0 = Zf(k) B f)*Hlﬁg

i#£j z=0
— f(k Z 1- ﬁzl — f(k)(())
J=1 Zséj

because of the identity

m m

k 1-8i
Y o2 =1
=1 i

in the last equation. To see this, we claim that
k z— 57 _
LA =
j=1 i#]

holds for all x € R and 0 < k < m — 1. Indeed, both sides of the equation are
polynomials of degree < m — 1 which coincide on the m sampling points 3;. Hence
they are equal. Applying this to z = 1 yields the desired identity. O

By a modification we obtain an extension operator.

Proposition 5.3. For fe H™(RT), 3;<0, j=1,...,m, define Ey : H™"(R")—
H™(R) by

G57) (Euf)@) = xw @) @) + x> FBy H ‘51

j=1 i=1 z;ﬁ]

Then Ep is an extension operator satisfying the interpolation property (B1I).

Proof. Tt is clear from the proof of Proposition that Epyf satisfies the inter-
polation property (B.I)). To prove Enf € H™(R) we remark that Epy f|(_o0) €
H™((—00,0)). Together with the interpolation property (B.I) and the gluing be-
havior stated in Remark 2] we have Ey f € H™(R). O

Note that in (5.7) the 5, are all negative now, ensuring that f is evaluated in its
parameter domain R in the second term. The definition in Proposition 5.3l can be
generalized to some extent. Revisiting the crucial step in the proof of smoothness
in Proposition £.2] we recall that smoothness was obtained since for £ = m we had

4
(5.8) ZﬁkHBJ =) praj=1,  fork=0,...,m—1
§=0

Jj=0  i#j

This is a Vandermonde system for the ;. Thus, it is ill conditioned for the 3;
being close to each other which results in a solution vector a with a large Euclidean
norm ||ef|,. If we now allow ¢ to become greater than m and still require the ¢
sampling points [; to satisfy (B.8]), we observe smaller solutions o measured in
I 1|2, solving the system (58] by the least squares method. Although in the course
of the optimization process we will realize that the operator norm of Ey does not
decrease when the number £ of sampling points is increased, we restate the definition
in Proposition 5.3 for this setting.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1330 ANGELA KUNOTH AND JAN SAHNER

Proposition 5.4. Given the smoothness level m, let £ > m. Let the numbers
B1y..., 00 <0 pairwise distinct, Qat,...,o0p,

solve the linear Vandermonde system Z§:1 ozjﬁ;c =1,k=0,...,m —1. Then the
operator Egr, defined by (Exf)(z) :== xr+(x)f(z) + X(=o0,0) Z?:l a; f(Bjx), is an
extension operator E : H™(R') — H™(R) satisfying the interpolation property

D).

The proof is the same as in Proposition 5.3 Although Ep is very similar to the
Hestenes extension introduced in [DS], it still suffers from the following deficiencies.
First, By extends functions in H™(R™) to functions in H™(R) rather than func-
tions in H™(I) to functions in H™(I). Second, in (A) we require zero boundary
values. Third, Fy is an extension operator on the primal side, but we do not yet
have any grip on the adjoint E}; relative to the Lo inner product. Further we need

to modify Ex to finally obtain an operator satisfying (A).

6. THE HESTENES EXTENSION

Given the smoothness level m, let £ > 2m. Let real numbers

(6.1) b1, ..., 00 <0 pairwise distinct, a1, ..,0,
solve the linear Vandermonde system
l4
(6.2) > s =1, k=-m,...,m—1.
j=1

Defining

g™ B 1
(6.3) Vin 1= ) b:= )

;nfl e anl 1

this can be written as the linear system of equations

(6.4) Vima=10b
for a := (ay,...,ap)T € RY. We can assume without loss of generality that the B;
are sorted such that
(65) minﬂj=ﬂ1<---<ﬁg=maxﬁj<0.
J J

Remark 6.1. 1. Obviously, £ = 2m suffices to obtain a unique solution of (64)).
For greater ¢ smaller solutions «, with respect to the Euclidean ||-||, norm, may be
obtained by the least squares approach

(6.6) a=VEWV, v,
which is the smallest solution of (6.4]) with respect to ||-||,. We will see in Subsection
that £ = 2m is actually the best choice.

2. In [DS] it was assumed that ¢ > 2m + 2 and that the §;,«; satisfy ([6.2) in
the larger range kK = —m — 1,...,m. This is necessary for smooth extensions in
the C™-sense. However, as we are indeed interested in smooth extensions in the
H™-sense, by Remark 221 2m conditions suffice. In fact, this observation will mean
a great improvement to the condition of the Hestenes extension.
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.

-1 Be 0 —Be 1

FiGURE 5. The function nj, with ¢ = 1.

Additionally, we need a cutoff function 13, € H™(R), where ¢ € (0, 1] and S is
the largest sampling point in ([6.0]). Let

(6.7) 75,@) =1 (52

where 7, is the cutoff function defined in Lemma [£4l We see in Figure [ that as
long as 3, > —1, nj, satisfies the support property

(6.8) supp 73, C ([eBe, —eBe] N [—¢,¢€])
together with the growth property at x = 0,
(6.9) 15,0 =1, 75,%0)=0 fork=1...,m—1

In [DS] 61 was bounded by —2 from below, which is indeed not necessary after
specifying the cutoff function by (G.7]). These prerequisites at hand, we can now
state

Definition 6.2. Let I = (0,1), I
extension A : H™(I) — H™(I) of

=(-1,2), I, = (-1,0), I, = (1,2). The Hestenes
fis deﬁned by

(Af)() = x1(2) f(2) + x1,(2 Z% 15, f)
(6.10)

+xr,. () Zaj 15, (Bj(x — 1)) f(1 + B;(z — 1)).
=1

Its adjoint A* : H™(I) — H™(I) of A relative to the L? inner product can be
computed as

£
Arg = xi(@)g(@) — xr,(x = 1) Y B aymf, (2)9(8; ')

(6.11) ; =1

—x1.(1+ z) Zﬁ;lajUEZ (x—1)g(1+ ﬁ;l(x —1)).
j=1
Lemma 6.3. The Hestenes extension A defined in ([6.2) satisfies (A). Furthermore,
we have supp Af C [—e,1+¢€].

Proof. We have to show (L), (CA), (CA*) and that A is well defined; i.e., Af €
H™(I) for all f € H™(I). (CA) is proved in Lemma 6.4 below. The proof of (CA*)
is analogous in view of (GIIl). We start by proving that A maps H™-functions
to H™-functions. Due to the product rule for H™-functions we certainly have
Afl, € H™(Iy), Aflr = f € H™(I), Af|;. € H™(I,). In view of Remark [22] we
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have to check whether the first m — 1 trace values of Af|;, and f coincide at 2 = 0,
and of Af[;, and f at x = 1, respectively. As f, 75, € C™=Y(I) by Theorem 211 we
can differentiate (GI0) from the left at # = 0 using the Leibniz rule and compute
fork=0,...,m—1

¢ k

(AP 0 = 3 e85, 100 = 0t S <k> 15" (0F0(0)

Jj=1 j=1 i=0

= Za]ﬁknﬂl f(k)( 0) = f(k) (O)

due to (6.2) and the behaviour of 73, at x = 0 described in (€.9). Differentiating
(6I0) from the right at « = 1 analogously yields

(Aan™ () Zagﬂk 1) =), k=0,...,m

Similarly, we get A* : Hm(I) — HJ*(I), now using [@2)) for kK = —m,...,—1. To
see that A* from (G€II]) really coincides with the L2-adjoint of A, we compute for
felL?(I),ge L)

[Afgdx: d$+/ Z% 775,3 j2)g(z) do
i [0,1] [=1,0]

14
> /[1 ;) i (Bi(x — 1) f(1 + B;(x — 1))g(x) da
g 4
- [0,1] dfo/ ﬂ a; (n5,f) (2)g(8; @) da
4

-3 / B s, (x — 1) f(@)g(8; (@ — 1) +1) da

j=1 [1485,1]

_ d:n—/[m Zﬁ o (75, F) (2)9(8; ') du

[01

/ Zﬂ o, (v = 1) f(@)g(8; (@ — 1) + 1) da.

[Ol]j 1

Here we simply substituted x — ﬁ;lx in the second integral and x — ﬁ;l (x—1)+1
in the third integral. We were allowed to extend the integral domains as we have
ng,(x) = 0 for x > —F; and nj, (v — 1) = 0 for z < 1+ B; due to (GF), bearing in
mind that 3; < 3 for all j.

We are left with showing (L); i.e., we have to prove zero boundary values for
the extension Af. We will prove that supp Af C [—&,1 + ¢] and that Af has zero
boundary values in its support. For the support, note that obviously

14

supp Af C supp » 15, (8;z) C | suppnj, (8;2) C suppnj, (Bex)
j=1 j=1
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because §; < B¢ and
supp 15, (Bex) = suppmm (£) = [—¢,1+¢]

by the definition of 73, in (670 and the cutoff function 7, from Lemma 4l As
f(Bjz) is bounded and 7, (B;z) has zero boundary values by Lemma 4] in its
support suppnj, (Bjz) = [Bje, —B;e] (see ([6F)), it is clear that Af also has zero
boundary values in its support [—e,1 4 €], as Af is just a sum of the 15, weighted
with bounded functions. Finally note that although f and g might be evaluated

outside their domains I, I, respectively, in the definitions of A and A* the operators
are still well defined as in those cases the support of the cutoff function 73, ensures
that the corresponding term is annihilated. O

We will use an estimate of the operator norm of A to further optimize the
parameters involved.

Lemma 6.4. Let m > 1 and n,, be as given in Lemma B4 In view of (63, we
have the estimate

m—1
(612)  [Afllm < (1 +2VIEL 2 lall, ||nm||wm,m(R)) £ ) -

Proof. From (6I0) we obtain by the triangle inequality
¢
VAT sty < W sy + 1S 505, F) Bi)

j=1

l
F 1Y ams, (8@ — 1) f(1+ Bj(x — 1)z, )-

Jj=1

We just prove the inequality for the second term; for the third it is analogous:

¢ ¢
1> asmp B laman < Dl 05, ) B3 | o s,
Jj=1 j=1

4 m—1
ﬂ, 2
< | Doyl ﬁfj 17m () f (Bex) || gy (1)
i=1 ¢
< d m—1 ||77m||wm,oc(R)
~ Z |a; 1851 W Hf||Hm(I) :
=1 ‘

Here we have used twice that for any ¢ € H™ and any A € R we have ||[o(Az)|| m <

\)\|_% -max{1,|A\|"} |¢| ym- We can now apply various finite dimensional Holder
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inequalities to the sum above. Using ||(a;b;);ll; < [[(a;);jll5 [[(b;);]5, we can esti-
mate

4
77 |l g, 00 1
WL(R) Hf”Hm(I) Z |Oéj‘ |ﬂ]|m 2
j=1

< ||04H2

m— 1L Hﬂm“ m, 00
(1) | B e
Jll2
m_1
< VIS ally Iy ey -

7. OPTIMIZATION OF THE HESTENES EXTENSION

We now use the estimate ([6.12) for optimizing the operator norm of A; i.e., we
minimize the functional
¢

Zaj(ﬁlw' '7ﬁf)2'

j=1

(_ﬁl)gm_l (_ﬁl)Qm_l
(=Be)?m (=B¢)*™

We will later apply a gradient method to F'. For this to be practicable, we first
deduce for £ = 2m an explicit representation for the «; in terms of the ;.

2
ledllz = £

(7.1)  F(Br,...,00) =1

7.1. Optimization for ¢ = 2m.

Lemma 7.1. The solution a of the Vandermonde system ([G.2l) for the special case
£ =2m is given by
I

= or=a 11 (3%)
i=1,i%]
with partial derivatives
1-3, . .
O T=B B —Be) if k# j,
(7.3) Op, o = 2m - ' ‘
e[ Y B8] k=
i=1,ij

Proof. Applying Cramer’s rule to the matrix system (6.4]) we find for the solutions

Qj
ﬁ;m . ﬁ]i"ll 1 gjjr”} .. ﬁ[m
m—1 m-1 1 gm-1 m—1
e gt opmt By
(7.4) o =2 J ] ,
! [Vin|
where |M| := det M. For the Vandermonde determinant we have
¢ ¢
(7.5) Vol =[] 87 T]085 - 81)-
i=1 i<j

It remains to deduce a formula for the determinant in the numerator in (4]). Note
that the matrix in the numerator has been derived by simply filling the j-th column
with 1’s, or, equivalently, replacing the real number 3; by 1. So we obtain a modified
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Vandermonde system with the determinant given by (7.5]) with §; replaced by 1.
Consequently, combining (4], (T3], and this last observation, we get
l4
R 1-Bi
Oéj_ﬁjm H (53'—&)'
i=1,i]
Straightforward computations then yield (Z.3)). O

Note that we could have also followed the lines of the proof after Proposition
to prove the explicit representation (7.2). We now use the explicit representation of
the a; (L2) to minimize the functional F' in (1)) by a gradient projection method
described in [B; i.e., F' is being minimized successively by descending along the
gradient of F projected onto the linear admissible range given by (G.).

7.2. Numerical results of the optimization process for ¢/ = 2m. Comparing
our optimized Hestenes extension with the operator found in [DS], two relaxations
are made here. First, £ > 2m of the 3;’s suffice, whereas in [DS], £ > 2m + 2
of the (;’s were used to satisfy ([6.2) in the larger range k = —m — 1,...,m;
see Remark [6112. Second, by adapting the support of the cutoff function 3,
in (€8), it turns out that the restriction of the ; from above and below (i.e.,
2< B << B < —%) is actually not necessary.

Apart from these changes, the main ingredient of the above optimization process
is to find the optimal distribution of the 8;. We consider an equidistant distribu-
tion for comparison purposes. As mentioned above in Remark [6.Il1 the operator
norm decreases in the equidistant setting when £ is increased, solving ([G2]) by the
least squares method. In numerical tests, it has turned out that choosing ¢ = 1000
equidistant 3; for the unoptimized comparison operator gives among other choices
of ¢ slightly better results with respect to the term ([I)). The left table in Ta-
ble [[l shows the estimates of the operator norms of this unoptimized operator for
m = 1,2,3. The operator norms of the Hestenes extension stemming from the
optimization process in Subsection [I] are listed in the right table in Table [l The
values and the distribution of the optimized 3;,j = 1,...,4, are provided in Figure
[6] as well as the corresponding «,j = 1,...,¢, computed by (T2).

Remark 7.2. We have not yet explicitly addressed the case m = 0. Obviously,
extending by zero yields an operator Z : L*(I) — L?*(I), with its adjoint given
by the restriction Z*(g) = g|; for all g € L*(I). For m = 0, one can also use
the Hestenes operator for the case m = 1 with By chosen very small. Then the
small support of 773, ensures that the extensions do not differ from the extensions
by zero very much (see the central and right column in FigureH), and additionally,
continuous functions will have continuous extensions.

TABLE 1. Values for F defined in (]), not optimized, equidistant
distribution of the §;’s for £ = 1000 (left) and optimized for £ = 2m

(right).
(—B)™ 3 ()™ 3
m \/ZW [lexllo m \/ZW llexllo
1 5.72e + 2 1 8.69e 4+ 0
2 1.70e + 5 2 1.14e+ 3
3 5.33e+7 3 1.39e + 5
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m=20: —2 -1 0

B B2

B1 | —2.14061597e + 0 | a1 | 1.00000000e + 0
B2 | —1.00161498e — 9 | a2 | 1.46952468e — 9

m=1: -2 —1 0

5 B2

B1 | —2.45017005e 4+ 0 | o 2.47302938e + 0
B2 | —7.33094917e — 1 | a2 | —1.47302938e + 0

m=2: -2 -1 0

4 5y B B

B1 | —2.32702987e +0 | a1 | —1.08553227e + 1
B2 | —1.44634137e+0 | a2 2.20134318e + 1
B3 | —6.05728953e — 1 | a3 | —1.93804988e + 1
Ba | —4.51190262e — 1 | ag 9.22238973e + 0

m=3: —2 -1 0

B B2 B3 Ba Bs Bs

B1 | —2.33906919e¢ 4+ 0 | ay 1.17173325e + 2
B2 | —1.97087654e +0 | a2 | —2.30781180e + 2
B3 | —1.20324850e 40 | a3 2.29596664¢ + 2
(s | —6.88357382e — 1 | aa | —2.17924281e + 2
Bs | —4.64512531le—1 | as 2.09953416e + 2
Be | —4.11270732e — 1 | ag | —1.07017944e 4 2

FIGURE 6. Optimized 3;, their distribution, and corresponding o
solving ([62) for m =0,...,3.

FIGURE 7. The function f defined in (78]), its Taylor expansion
fr (left), and g = xo,1) (right).

Numerical Examples. We briefly pause to illustrate the optimized extension and
to consider extensions for two smooth functions and of the characteristic function.
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FIGURE 8. Left column: extensions of f not optimized, equidis-
tant distribution of the 3;’s for £ = 1000; Center column: exten-
sions of f and fr optimized; Right column: extensions of x[o
optimized, m =0,...,3.

Define

o eXP(l—W), re(0.2),
(7.6) . re i

_1 .
fr(z) =e3 (1 + %a: - %1‘2) ) g = X[0,1]

see Figure [[l fr is constructed to be the Taylor expansion of f up to order 2 at
z = 0. Figure [ shows extensions of f, fr and g. The center column displays
extensions of f and its Taylor expansion fr by the optimized Hestenes extension.
In contrast to the trace dependent operators discussed in Section [4] the extensions
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of f and fr differ in spite of coinciding trace values. For comparison, extensions
of f by the unoptimized Hestenes extension are displayed in the left column. The
right column show extensions of g = x[o,1)-

7.3. Optimization for ¢ > 2m. As mentioned in Remark [6.J11, smaller solutions
of o with respect to the Euclidean norm can be obtained in the equidistant case by
increasing ¢. This suggests applying a gradient method to the functional (1) for
the general case £ > 2m to obtain further improvements. Although in this setting
the representation ([Z2) still solves ([G.2), it does not coincide with the least squares
solution a = VI (V,,V.I)~1b introduced in (6.6) (with V,, from (63)); hence a
minimization of the operator norm cannot be carried out analogously. We use an
implicit gradient method instead, using the expression proved in [KS, Remark 10.1].
We apply this general formula to the situation of the least squares solution (6.8]) in
order to explicitly compute the gradient of (1)) for the case £ > 2m =: v. Defining
V =V, as in (63), we want to compute the gradient of the function

(7.7) B a(B) :=VEVVH) ™,
where here
Z v
(7.8) A=vVVT = (Z 5qu+i+j2>
q=1 ij=1

The proof of the following technical lemma can be found in [KS].

Lemma 7.3. The partial derivatives of the function defined in (L) are given by

(7.9)
Sl S
s=1
Os.0 = +Zﬁ“+szb > ettt g BT k=
t=1 q,r=1
Zﬂ“-i_sz Z _asqart 2,u—|—q—|—7") 2ptgq+r— 17 k‘#]
= q,r=1

With these partial derivatives at hand we can compute the gradient of the func-
tional () in order to perform a gradient descent as before for the case £ = 2m.
Various results of this optimization procedure for different choices of £ show that
this relaxation yields larger operator norms of the Hestenes extension; see Table 2

Now after we have constructed an optimized extension operator satisfying (A), we
can proceed with the construction of wavelets.

(51

TABLE 2. Optimized operator norms \/_T)m ]|, for m =

1,2,3, ¢ > 2m.

m\e| 2 | 3 1 5 6 7 8
1 8.69 | 897 | 9.29¢e+0 | 1.00e+1 | 1.05e+1 | 9.82e+1 | 1.03e+1
2 1.14e+3 | 1.36e+3 | 1.51le+4 | 1.78e+ 3 | 2.0le+ 3
3 1.39e+5 | 1.47e+5 | 1.68e+5
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8. CONSTRUCTION OF THE WAVELETS

In this section we summarize the construction of wavelets on manifolds in [DS].
We start by subdividing the manifold into quadrangular patches. In a second step,
wavelets will be pushed forward to these patches from the parameter domain in
Subsection B4l Finally these wavelets are extended appropriately to the manifold
in a third stage in Subsection

8.1. Deconstruction of the manifold. We consider manifolds I" that are the
disjoint union of parametric images of the open unit cube O = (0,1)™ where n is
the dimension of the manifold; i.e., we assume that we have sufficiently smooth
mappings k; : 0 — T, T; := k;(0) and

N
F:UE,rij:@ for i # j.

i=1

Remark 8.1. For technical reasons we require the following property. If z € I' is a
vertex of some patch I';, then it is also a vertex of any other patch I'; with z € I';.

I" has a boundary; we denote the part where Dirichlet boundary conditions shall
be applied by Jdp. Likewise, 0y denotes the part of the boundary of I' where
Neumann boundary conditions will be posed.

Remark 8.2. The definition of parametric mappings imply that for alli =1,..., N
we have a square ¢ © [0 and a bijective mapping #; with the same smoothness
as the k; such that &;|g = k;. O € ¢ means that O is compactly contained in ¢
and hence there exist €2, > 0 such that 0 C (—¢,1+ £%)" C ¢. Hence we can
assume without loss of generality that

(8.1) O =Xl (—ef, 1+eh) = 0.
This is more specific than in [DS] and will play an important role later.

The manifold T" is equipped with the scalar product

(8.2) (u,v)p :/Fuvd,u7

derived by integrals over the patches I';,

/ud,u ::/un“/‘detVn;rVnAdL”.

We abbreviate
Ok, = |det VH?V/{A.

Recall the special numbering of the patches given in [DS]. The numbering has two
phases, an initialization phase and an induction phase. In the initialization phase
we pick an arbitrary patch and call it I'y. We set G; := {I'1}. In the induction
phase, let G; be constructed. We then set

Gi+1 := G; U {all patches that share an edge with patches in G;}
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and number the new patches in G;11 (i.e. the patches in G,y \ G;) as follows: take
any patch that has not been numbered yet and assign it the next free number.
Repeat this process until all patches in G;11 are numbered. In the rest of the paper
the numbering (I';)¥; will always be assumed to stem from this ordering. An
example can be seen in Figure 2] below.

8.2. Neighbours, inflow and outflow. To any patch I'; we associate a set of
inflow and outflow neighbours. We divide the boundary of T'; into an inflow and
an outflow boundary. The outflow boundary 0'T; is defined by

(8.3) O'T; := U{edges vof I'; : (vis also an edge of I'; with j > 4) or v C On}.
Analogously we define the inflow boundary 0'T'; to be
(8.4) ' = U{edges vofI'; : (vis also an edge of I'; with j <) or v C dp}.

We will later define primal wavelets on I' which have zero boundary values on the
inflow boundary of I'; on the primal side. For this reason edges on the Dirichlet
boundary are assigned to the inflow boundary. Outflow neighbours J\/‘iT and inflow
neighbours ./\/;-l are now defined by

(8.5) N :={T; cT: j>i,T;N(rel int O'T;) # 0}
and
(8.6) NP ={T; T j<i,T;N(rel int O'T;) # 0}.

The outflow domain I‘I and the inflow domain 1"14l of I'; will be denoted by
(87) T!:=int (Eu{ﬁ T e/\/ﬁ}), T} o= int (ﬁu{ﬁ L T eNj}),
respectively. Then the neighbourhood domain I‘fv of T'; is

(8.8) Y = int T! UT}.

As we want to push wavelets on [ satisfying certain boundary conditions forward
to the patches I';, we have to pull back the boundary conditions of I'; to (0. This
can be done as follows. To each patch I'; assign a set

(8.9) 720 = (z0 ... 70y c {01},

where the Z j(-i) C {0, 1} are characterized by
(8.10) g0 = k7' (0'T:) = ([0, 177" x 2§ x [0, 1]
j=1
i.c., the Z( encode the preimage of the inflow boundary 8'T;. Analogously, Z() :=

({0,1}\ Z{i), o {0,131\ Z%)) encodes the preimage of the outflow boundary 9'T';,
denoted by 9;,,0. With the 7, from Remark and

[0, 1], if Z =0,
L [_5?’ ]7 if 7 = {0}7
(8.11) 0,1] 7, = 01+ #z={(1) for Z c {0, 1},
[

-8, 1+¢€b, if Z=1{0,1},
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we define, in analogy to Ff,

(8.12) Dz(i) = [0, 1]Z£i) X X [0, 1]21(\;')

and ;) analogously plays the part of r} in the parameter domain. Obviously,
the analogue to I')V from X)) is OF = [—e%,1+&4] x -+ x [—£2,1+£b] defined in
(BI). This notion is needed to define wavelets on O with certain complementary
boundary conditions.

8.3. Wavelets on 0. In [DS2], biorthogonal wavelet bases of (I with certain com-
plementary boundary conditions were introduced for use in [DS]. Here we only
focus on the most important properties of these wavelet bases. To characterize the
complementary boundary conditions mentioned above, we introduce for Z as in
®3) and Oz from (BI2) the Sobolev spaces with built-in boundary values

(8.13) H™(O)z :={fe H™O) : xaf € H™(Oz)}.
Here xOf denotes the extension of f by zero to Uz.

Remark 8.3. (1) The spaces H™(O)gw consist of functions which vanish in
the H™-sense on the retract of the inflow boundary of I';. On the retract
of the outflow boundary we have free boundary conditions.

(2) The spaces H™(O)4) consist of functions which vanish in H™-sense on
the retract of the outflow boundary of I';. On the retract of the inflow
boundary we have free boundary conditions. In this sense, H™(0)z) and
H™(O)z) contain complementary boundary conditions.

(3) In [DS2], biorthogonal wavelet bases ¥% of H™(O)z), U2 of H™ ()50
were constructed for arbitrary Z. This means we have for ¢ = 1,..., N
wavelet bases \Ilz(i>, B2 92" has zero boundary values on the inflow
and ¥2" has zero boundary values on the outflow, and 02" and U2 are
biorthogonal. More properties of gzt , $2” are found in [DS2].

8.4. Wavelets on I';. The wavelets gzt , BZ" on O introduced in Subsection R3]
shall be pushed forward to I'; using the parametric mapping ;. The boundary
conditions in the flat case (B3] have the following analogue on the manifold:

(8.14) H™T3) = {f € H™(Ty) : xr.f € H’"(F{)},

H™Ty)b = {f € H™T:) = xr,f e H™(T;)}
We define wavelets on the patches I'; by

(8.15) lib = 02 ot N = 2 o
Remark 8.4. By Remark B3l it is clear that

(8.16) ot ¢ H™ry)t, ol ¢ BT,
but not necessarily

wtil c g™y, ol ¢ H™(D).
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In fact, when I'; has a nonempty outflow boundary, by Remark the primal
wavelets Wil have free boundary conditions there. Due to the basis property
Remark there must be wavelets 1 € W'l that do not vanish on 'T;. But
then the extension xr,% by zero onto the whole of I' is not continuous in I', hence
xr, ¥ ¢ H™(T') for m > 1. Complementary observations hold for the dual wavelets
grat,

Remark 8.5. Due to Remark B4, we must extend the wavelets U4 over the outflow
boundary of T';, and the wavelets UT:T over the inflow boundary to the whole of I'
in some appropriate way. So we need extension operators

(8.17) E;: H™(T;) — H™T)),  Ei: H™(T;) — H™(T}).
To achieve By € H™(T') for all 1 € Wil we additionally have the requirement
(8.18) E; f has zero boundary values on '] \ 8.

Then for 1 € Wil we have E;p € H™(T') as 1 already has zero boundary values
on the inflow boundary.

8.5. Wavelets on I'. Next we extend the wavelets W'l W1 defined in (8I5)
to the whole of I We will derive extension operators E; : H™(T;) — Hm(FZT)
satisfying the analogous property to the univariate Property (A) for the multivariate
case, called property (E):

(L) Locality: E; satisfies (8IS).
(CE) Continuity: E; : H™(I';) — H™ (') is continuous.
(CE*) Continuity of Ef: E* : H™(T']) — H™(T;) satisfies

IE; Fllmeesyt S W llgmqry  for all f € H™(T).

(CE*) means that E} continuously pulls back functions living on the outflow of T';
back to I'; such that the pullback has zero boundary values on the outflow boundary.

We will define the F; as tensor products of the Hestenes extension A defined in
Section [6l Note that we could take any extension operator A satisfying (A). The
constructive proof of the following lemma is given in [KS].

Lemma 8.6. For any Z as in (B12) we have an extension operator
such that Az f has zero boundary values on 00z \ 9O1.

Now extensions of f € H™(T;) to H m(FiT ) can be defined by first pulling back
functions f € H™(T;) to the parameter domain [J, applying the Hestenes extension
Az ;) to the pullback and pushing forward the extension again. Define the pullback

mapping &F : H™(I;) — H™(O) to be (kfv)(z) := v(k;(z)). By Lemma B8 and
the definition of Z in (812) we have supp Az f C Ozw C DS\Z,) C ¢ and, hence, we
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can push Az f forward to the manifold by applying ( T ) Here n} = Rilzm

is the part of &; defined in Remark [R.2] that maps to the outflow domain FI . For
each i =1,..., N we define the Hestenes extension F; : H™(I';) — Hm(]."iT) by

K2

(8.20) E; = (/@T‘l) o Ay 0 K.

Theorem 8.7. E; fulfills the requirements (L) and (CE) by Lemma [63], and we
even have Eyp € H™(T') for ¢ € Uil by Remark B35

The key operators P; : L?(I') — L?(T"), which serve to extend the wavelets W'l
onto the whole of I', are defined inductively by Piv := xp1 E1(v|r,), and

(8.21) PU—XF ; ’U—ZP’U fori=2,...,N.

j<i
In [DS] the following results are proved.

Theorem 8.8. The adjoint P* of P relative to the L* inner product [82) is given
by

(8.22) =Y P | xr.Ef(wlp),

1<t

where by 820) and 82) E} is given by Bf = (k; ') (85*1A2(> (K, )*) Due

(
to Lemma [63, E} satisfies (CE*) and, hence, (E) is satisfied. For f e H™(T
we have Pif = E;f € H™(T'), and for f € H™(;)" we have Pff € H™(T). Hence
the operator P} takes on the role of E;.

Consequently, defining wavelets ¥I' ¢ H™(T), ¥} ¢ H™(T) on T by
\IJ{ = Pixpi\IJFil, \i/lF = Pi*XFi\i/Ff'T

with the UT#l and U1 from (BIF) is justified. With E; satisfying (E) due to
Theorem B.7] and Theorem [R.8] it is possible following the proof in [DS] to obtain
the following result, where further properties such as approximation inequalities
and polynomial exactness of these bases can also be found.

Theorem 8.9. The wavelets ' := W U---UTL, U .= WL U-..UTY constitute
biorthogonal wavelet bases of H™(T) (i.e., (U7, T\p = 1), realizing norm equiva-
lences ”UH?P"(F) ~ 300 25 (w, (B 5) L2 oy 17, for all v € H™(T), where (¥F);
are all wavelets of level j from the set W',

9. BIORTHOGONAL WAVELET BASES FOR THE SPHERE

Finally we construct and plot biorthogonal wavelet bases for the sphere S? :=
{z € R® : ||z|]2 = 1}. First we introduce a suitable quadrangulation of the sphere
using six quadrangles which satisfies the property required by Remark [R.1l
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Y

FIGURE 9. The polar coordinates (¢, 6,) around the z-pole and
(¢2,0,) around the y-pole.

9.1. A quadrangulation of the sphere. One possibility for defining a quadran-
gulation of the sphere is to introduce the polar coordinates (¢4,0,) around the
z-pole and (¢, 0,) around the y-pole; see Figure We see that ¢, describes a
positive angle towards the zx-plane and ¢, describes a positive angle towards the
yz-plane. Hence these angles describe great circles G, (¢.), G.(¢.), respectively,
which lie in the planes F,, E, with normal vectors v,,v,. We easily see that

cosp, —sing, 0 — sin @,
Vy = sing, cosp, O |, ey = COS Py ,
(9.1) 0 0 . ! 0
cosp, 0 sing, COS P
v, = 0 1 0 , e = 0 ,
—singp, 0 cosp, —sinp,

i.e., v, is the unit vector ey rotated by the angle ¢, around the z-axis and v, is
the unit vector e; rotated by the angle ¢, around the z-axis. Any point (x,y,z) €
S$2\{(0,0,1),(0,1,0)} can be expressed uniquely by means of the polar coordinates

(90:0; 995); (Saza 02); ie.,

T COS @, cos b, sin ¢, cos 6,
(9.2) Y = | sinp,cosb, | = sind,
z sin 6, cos @, cos b,

The idea of the quadrangulation introduced next is the following. We aim at finding
six quadrangular patches, each centered at the positive and negative poles of each
dimension, i.e., at (1,0,0), (-1,0,0), (0,1,0), (0,—1,0), (0,0,1), (0,0,—1). We
concentrate on the patch centered at the z-pole (1,0, 0), called T'y later. All other
patches are just rotations of this patch. ¢, and ¢, will play the role of coordinates
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FIGURE 10. Coordinates (@, ¢.) forming Patch 1 centered at (1,0,0).

in the parametrization %, which is defined by

7(0,.0.) = {

The intersection point #(p,, @) is displayed in Figure Ol

the point £ with Z; > 0 where the great circles
G.(vz),G.(p2), described by ¢, v., meet.

Lemma 9.1. We have

1 COS p Sin ,
sin (, sin ¢,
Vsin? @, + cos? @, cos?

Pz Pz Pz \ COS @y COS Y,

R(@wa (Pz) =

Proof. The points where the great circles G, (¢,) and G, (¢,) meet are the same as
the points where the intersection line of the planes E, and E, meet the sphere. The
intersection line of the planes is given by the scalar multiples of the outer product
vy X v, of their normals. Normalizing this outer product yields the point were the
line hits the sphere and hence

COS P Sin

. Vg X Vg 1 . :
(2, 2) = A = e X 0| SIN Qg SIN @, ,
® z ® z COS (P COS (P,
which proves the claim after calculating the norm of the vector v, x v,. ([

Now we are ready to define the first patch I'y as I'; := & ((—%, %) X (%, %71’)) .
In Figure [I0] we see 'y with coordinates (¢4, ¢.). I'1 is centered at (1,0,0). By the
nature of the polar coordinates it is clear that I'; is exactly a sixth of the sphere.
As all parametric mappings shall map from (0,1)? we have to compose & with the

linear reparametrization ¢ : (0,1)2 — (=%, Z) x (Z, 2x) given by

104 402
s T T
d(x,y) = (§$— Za§y+ Z)

and define 1 : (0,1)%2 — T'y by sy := ko¢. So far it is not clear that x; is invertible.
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Lemma 9.2. The inverse of k is given by

x arcsin  cosrmrasmey)
(9.3) E oy | = ) COS(ar;bm(Z))
e arcsin { cosrmresinty))

for z >0 and

x arcsin (#)
(9.4) E oy | = . COS(arCSlZ(Z))

) 7 — aresin ( oosresity))
for z < 0.

Proof. According to ([@2)), the point (z, y, z) has the representation (¢, 0,), (¢.,0)
in polar coordinates. The inverses of the polar coordinates for z > 0 are obviously
given by

( Do ) _ arcsin (ﬁ) < 02 ) _ arcsin (Cofez)
0z arcsin(z) 7 0. arcsin(y) 7

respectively. Inserting arcsin(z) for 6,, arcsin(y) for 6, yields ([@3). For z < 0 the
proof is analogous. O

Note that £ is injective only on (—%,%) x (0,7). Still, & can be extended to

D = (—%,%w) x (Z,Im). This means x; can be extended to & onto (D) =
(3,1+1)". Hence, r; satisfies Remark B2 with e = &2 = 1 for i = 1,2. The
remaining patches I'; and their parametrizations x; : (0,1)2 — T; for i = 2,...,6

are defined by rotating both the patches and the parametrizations by multiples of
5. As we have a patch centered at each of the points (1,0,0), (—1,0,0), (0,1,0),
(0,-1,0), (0,0,1), (0,0,—1), it is convenient to identify a patch with its center.

FIGURE 11. The sphere S? plotted by the current implementation
with the visible Patches 1 through 5. Patch 6 is not visible.
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So I'; will denote the patch centered at = for the moment. We then see in Figure
[I1] that the numbering
'y =T 1,000 Iy :=T(0,1,0)
I3 :=T(0,0,1), Iy :=T,-1,0)
s :=T0,0,-1) Fe:=T(_1,00

follows the numbering rules presented in Subsection The parametrizations of
the k; are then given by

0 -1 0 0 0 -1

Ko = 1 0 0 oK1, K3 = 0 1 0 oK1,
0 0 1 1 0 O
0 1 0 0o 0 1

Ky = -1 0 O O K1, Ky = 0O 1 0 O K1,
0 0 1 -1 0 0

—1 0O 0
Ke = 0 -1 0 O K1.
0 0 1
The plot of the sphere can be seen in Figure [Tl

9.2. Plotting the wavelets. We can now generate plots of the full biorthogonal
wavelet bases of the Sobolev spaces H™(S?) of the sphere for arbitrary m. As the
results of the optimization of the Hestenes extension in Section [0 show that the
Hestenes extension is very well conditioned for m = 1, we will focus on this case.
There is a vast amount of basis functions already on the coarsest level. To get
an idea of the number of essentially different types of wavelets, we quickly summa-
rize the different types incorporated: Both the primal and the dual basis contain
functions which are tensor products of unidirectional generators and wavelets. A
number of those unidirectional generators and wavelets is adapted to the bound-
ary, and left boundary functions are not necessarily symmetric to left boundary

FiGUrE 12. Flattened sphere with inflow boundary indicated by
dashed lines.
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functions due to the varying boundary conditions. Finally there is one type of
unidirectional generator and wavelet which does not intersect the boundary. This
would amount to plotting at least 2 x 4 x 9 x 6 = 432 wavelets to get an idea of the
wavelet bases—the factor 2 corresponds to the primal and dual functions, the fac-
tor 4 refers to the different choices of tensor products of generators and wavelets in
each direction. The basis contains wavelets of type ¢(x)o(y), ¥(z)d(y), ¢(x)v(y),
and ¥ (z)y(y), where ¢ stands for a generator and 1 for a wavelet. The factor 9
results from the location of the plotted wavelet in the patch. Due to the possibly
asymmetric boundary conditions, there is a wavelet in each corner of a patch as
well as a wavelet in the middle of each edge and one central wavelet, totaling in
44441 =29 wavelets for each patch. Finally there are six patches, explaining the
last factor. Plots of all these wavelets are provided in [S].

Here we pick two wavelets which we plot in detail. The first wavelet ¢ is a
primal wavelet living in the corner of I'; that adjoins to I'; and I's, both lying in
the outflow domain of I';. So due to Remark [R5, this wavelet has to be extended
both to I's and T's (see Figure [[2 for the neighbour relations). Figure [[3] shows v
and the extension £ to the outflow patches I's and I's. Note that although I's and
I'4 belong to the outflow of I'; as well, the extension E;1) is zero on those patches.
Due to the support of the cutoff function incorporated in the Hestenes extension,
only function values that are within a distance of ¢ = e? = 1 (see Remark B2)
of the outflow patch are regarded for the extension. The second wavelet Y is a
dual wavelet living in the corner of I's that adjoins to I'; and I'y, both lying in the
inflow of I's. As dual wavelets have free boundary conditions on the inflow (see
Remark [B4) ’QZJ has to be extended to these patches by Py. Figure [[4 shows 1; and
the extension to I'g, I';.

FIGURE 13. A primal wavelet on 'y (left) being extended to the
outflow patches I'y (middle) and I's, 'y (right).

FIGURE 14. A dual wavelet on I' (above) being extended to the
inflow patches I'y (bottom left) and T';, Ty (bottom right).
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