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Yexocxopanenii maTemarugsecknii skypuax, r. 4 (79) 1954

WEAK COMPACTNESS IN CONVEX TOPOLOGICAL
LINEAR SPACES

VLASTIMIL PTAK, Praha
(Received May 8, 1953)

The author proves the following theorem: Let X be a complete
convex topological linear space. Let M ¢ X be pseudocompact in the
weak topology. In such a case, the bipolar set M ** is weakly compact.

It is the purpose of the present paper to prove a theorem which generalizes
two well known results of the theory of normed linear spaces.

M. Kreixy and V. Smuriax have shown in [5] that the closed convex
envelope of a weakly compact subset of a Banach (i. e. complete normed)
space is weakly compact. In 1947, W. F. EBerruix [1] has obtained the follow-
ing important and beautiful result. Every weakly closed and weakly countably
compact subset of a complete normed space is weakly compact.*)

In the present remark the more general notion of a pseudocompact set is
considered. We prove a theorem which represents a simultaneous generalizat-
ion of the results of Krein, Smulian and Eberlein.

Let X be a complete convex topological linear space. Let M C X be pseudo-
compact in the weak topology of the space X. In these conditions, the closed sywm-
metrical convexr envelope of M is weakly compact.

The proof is based on the fact that pseudocompact spaces can be shown to
possess an interesting property which does not seem to be quite superficial.
[See lemma (1,2) of the present remark.] Using this result the theorem mentioned
above can be proved without difficulties.

§ L.

First of all we are going to recapitulate some notations introduced in [6].
If T is a given completely regular topological space, we shall denote by C(T')

*) Added while reading the proofs. Countable compactness in linear spaces has been
discussed recently by A. Grothendieck, Critéres de compacité dans les espaces fonction-
nels généraux, Am. Journ. of Math., 74 (1952), 168 —186 and J. Dieudonné, Sur un théo-
réme de Smulian, Archiv der Math., 3 (1952), 436 —440.
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the space of all realvalued continuous functions on 7. Let K be an arbitrary
compact subset of 7', ¢ an arbitrary positive number. Put

UK, &) = E [z e O(T), |a(K)| < €] .

The topology of C(T') will be defined by the postulate that the system of all
sets U(K, ) be a complete system of neighbourhoods of zero. It is easy to see
that, for every t ¢ 7', the function which assigns to every x ¢ C(7') its value at
the point ¢ is a linear functional on C(T'). We shall denote it by ¢(f). We have
thus for every x e C(T') and every t ¢ T'

z . p(t) = x(f) .

We have thus obtained a mapping ¢ of 7' into the space Y dual to C(T').
The space 7' being completely regular, the mapping ¢ is one to one. Now let
Y be taken in the weak topology. In this way, a topology is introduced into
o(T) as well. It is easy to see that the mapping ¢ is a homeomorphism.

First of all, let us show that for every M C T'
¢(T) N g(M) C p(M) .

Let ¢(t) € qa(—M ) and suppose that £ non M. Tt follows that there is an z e c(ry
such that 2(M) = 0 and 2(f) = 1. We have then z . p(M) = O and z . ¢(¢) = 1,
which is a contradiction since ¢(f) e W ).

Let us show now that

g() C p(3)
for every M C 7. To see that, let us take an arbitrary ¢ ¢ M and suppose that
@(t) non e W). It follows that there exist x,, ..., x, ¢ C(T') such that the fol-
lowing implication holds
ye¥, |y — o) < 1= ynonegp(l).

We see that for every m ¢ M an index ¢ can be found such that

|2 (p(m) — (t))] > 1.
Let us put for se T

w(s) = wa(s) - -’”i(t)] .

i

Clearly we have w(s) e C(T') and w(t) = 0. On the other hand, we have w(m) > 1
for every m ¢ M. 1t follows that £ non ¢ M which is a contradiction.

In this way the space 7' is homeomorphically mapped into Y. We shall
adopt the usual convention of not distinguishing between a point £ ¢ 7' and its

image in ¥ so that we shall be able to perform algebraic operations on points
of T,
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Now let us denote by L(T') the substace of Y consisting of all linear combina-
tions

Aty + oo Anta
where ¢; e T'. Clearly L(T') is dense in Y. It is possible to show, however, that
L(T) is dense in every set U*.
To see that, we note first that the closure of L(T) n U* is the set (L(7T) N
n U#*)**, The inclusion

is equivalent to the inclusion
IT)nU**CU.

Now let U = U(K, ¢). Clearly, for every e K we have i te LTYNU*, If
€
z e (L(T) n U*)*, we have

1
'ac <1
i el
for every t ¢ K, so that x ¢ U(X, ¢). This proves our assertion.

First of all we shall need a remark concerning topological spaces. Following
E. Hewirr [2], we shall say that a completely regular topological space is
pseudocompact if every continuous function on 7' is bounded on 7. In [2],
Hewitt gives a simple characterization of pseudocompact spaces based on the
properties of p7'. For our purpose it will be convenient to use another character-
ization which will be formulated as a simple lemma.

(1,1) A completely regular topological space T s pseudocompact if and only
if the following condition is fulfilled:

for every countable S CC(T') and every s e pT there exists @ point teT such
that

z(t) = x(s)

for everyx e S.

Proof: First of all, let 7' be a pseudocompact space. Let us take an arbitrary
countable S C C(T') and an arbitrary s ¢ 7. Let «,, be a sequence which con-
tains all functions of the set S. For every ¢ ¢ T' let us put

wlt) = 3 g |malt) — 2,00

n o~ n
where

an =14 sup |z,(¢).
teT

Clearly w(¢) is a continuous function on 7'. Suppose that no point ¢ € 7' exists
such that x(t) = x(s) for every z e S. It follows that w() > 0 for every ¢t ¢ 7.

1
On the other hand we have clearly inf w(f) = 0. The function w_(ts is thus
el
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a continuous function on 7' which is not bounded on 7'. The contradiction ob-
tained proves the existence of a point ¢ ¢ T' with the required properties.

On the other hand, suppose that 7' is not pseudocompact. In this case
a continuous function »(f) can be found such that o(¢) is not bounded on 7.
It follows that the function

1
1+ [o(t)]
is a bounded continuous function on 7' which fulfills z(t) > 0 for every t ¢ 7.
Since v is not bounded on 7', we have inf z(f) = 0. The function z(t), being
bounded on 7', can be extended over the whole of 7. The function z attains
its minimum value in some point s ¢ f7°. We have thus z(s) = 0. The relation
z(t) = z(s) cannot be fulfilled for any ¢ ¢ T since z(t) is positive for every ¢ e 7.

2(t) =

Now we are coming to the proof of an important property of pseudocompact
spaces. This property forms the most essential point in the proof of our theorem.

(1,2) Let T be a pseudocompact completely regular topological space. Let Y
be the space dual to C(FT). Let us denote by L{T') the subspace of ¥ consisting of
all linear combinations Afy + ... 4 4,8, where &, e T. The weak topology on
C(T") corresponding to the space L(T') will be called the point topology of C(T'). Let
B CO(T) be symmetrical convex and compact in the point topology. Suppose
that the set B is equibounded on T. Then B is compact in the weak topology cor-
responding to the space Y. :

Proof: First of all it is easy to see that the set B is closed in the weak
topology corresponding to Y. Since B is convex, it follows that B is closed as
a subset of the (normed) space C(fT). The space C(5T) being complete, it is
sufficient to prove that every sequence z, ¢ B has at least one limit point in
B taken in the weak topology of C(T'). Our assertion will then follow from the
theorem of Eberlein [1]. Let us take an arbitrary sequence x, ¢ B. Then there
exists a u ¢ B such that « is a limit point of the sequence z,, in the point topo-
logy. For every natural m and every s € 7' let us take the set

G(m,s) = E[teﬂT, [2,(t) — 28] <%, 1 =1, 2, ...,m].
13 L

For every natural m the sets G(m, s) form a covering of the compact space
pT. This covering contains a finite subcovering consisting of sets G(m, p)
where p runs over a finite set P,, C pT. For every p ¢ P, let us choose a point
g € T n G(m, p). We have thus obtained a finite set @, C 7. The union of all
sets @, is a countable set @ C 7. By means of the diagonal process we form
now a subsequence x,, of z, such that

lim 2,(q) = u(g)
n
for every qe @ .
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We are going to show that, in these conditions,
lim z,(s) = u(s)
n

for every se T .

For this purpose, we shall prove first the following proposition.

Let z be a limit point of z, in the point topology. Suppose that, for some
points ¢,,, f, of the space T the relation

lim #,(t,) = o)

holds for every 7. Then
im 2(¢,,) = 2(£,) -

In fact, suppose we have a sequence f,, ¢ 7' and a point {, e 7" such that
lim z;(¢,,) = ,(t,) for every ¢ while |2(,,) — z(f)| = ¢ > 0 for infinitely many

m. Clearly we can suppose that |z(f,,) — z(fy)] = o for all m. The sequence ¢,
has a limit point s € f7'. Clearly we shall have

hm xi(tm) = xl(s)

for every ¢, and at the same time
[2(s) —2z(tg)} = o .

According to the preceding lemma, there exists a point fe 7’ such that
2(t) == 2(s) and z,(f) = w,(s) for every ¢. We have thus

x,(t) = 2i(fy)
for every ¢ and at the same time
J2(t) —2(ty)| = o .

Now z is a limit point of x, in the point topology. It follows that, for a
suitable x,, we have simultaneously

[Za(t) — 2(t)] < io

[2a(te) — 2(t)] < %0 .
Since z,(t) = z,(f,) we obtain a contradiction. The proof of our proposition
is this concluded.

Using the preceding results, we shall show now that the point % is the
unique limit point of w, in the point topology. First of all it is easy to see
that, if 2z is an arbitrary limit point of x, in the point topology, we have
z(q) = u(q) for every g € Q.

Now let z be an arbitrary limit of «, in the point topology and let £ be an
arbitrary point of the space 7'. For every natural m there exists a Pn e P,
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such that t ¢ G(m, p,,). If we take the corresponding ¢., ¢ T N G(m, p,), We
obtain the following estimates valid for m > 4

1
lxi(Qm) — xt(pm)l < ;’; s

1
Ixz(t) — xi(pm)i < m

It follows that, for a fixed 4, we have
2
m 20 = [2(qm) — )] < o

so that
lim z,(gn) = :(t)
m
for every 4.
The point z being a limit point of z), in the point topology, we shall have

lim 2(g..) = 2(t)

according to the proposition proved above. For the same reason, we have

lim u(g,,) = u(f) .

At the same time, we know that 2(g,) = n(t,,) for every m. It follows that
2(t) = u(t) for every t e 7.
Now we are able to show that
lim z,(s) = u(s)
for every s e 7.

To see that, let us take a fixed s ¢ 7. First of all, we find a ¢ ¢ 7’ such that
u(s) = u(t) and at the same time z,(s) = z;(¢) for every ¢. It will be sufficient
to prove that

lim 2, (£) = u(f) .

Suppose that this is not true. Then it is possible to define a subsequence

x, such that

lim x,(t) = & == u(t) .

Since all z,, e B, there exists a point v ¢ B such that v is a limit point of the
sequence z, in the point topology. Clearly we have w(f) = «, so that v is
different from u. The point v, being a limit point of z;, is at the same time
a limit point of z,. We have just proved, however, that the sequence z, has
only one limit point in the point topology. This contradiction proves that the
sequence z, converges to u in every point of f7. Now we are going to show
that for every ye ¥ '

lim 2y = uy .
n
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To see that it is sufficient to recall the well known result of Kakutani [3]
according to which every y e Y can be expressed as an integral over §7'. The
assertion mentioned above follows immediately from the convergence of the
functions z, to by means of well known properties of the integral. We have
thus shown that the point » is a limit point of the sequence x, also in the
weak topology corresponding to the space Y. This concludes the proof.

The question arises how far the assumption that 7' is pseudocompact is
essential. In fact, if 7' is an arbitrary completely regular topological space,
space, we can form the space C(8T'). In the space Y dual to C(87') the space
L(T) consisting of all linear combinations A, + ... + A,t,, (¢;eT) can be
defined in the same manner as in the preceding lemma. We can define the point
topology in C(BT) as the weak topology corresponding to L(T). We can ask
now whether every equibounded symmetrical convex and pointcompact
subset B of C(BT) is already weakly compact. We are going to show that this
question has to be answered in the negative.

Let us denote by R the normed space of all continuous functions 7(p) defined
on (0, 1>. Let us denote by 7' the closed unit sphere of the space R. The space
T is thus completely regular. Take C(61'). Let us denote by S the space of all
linear functionals on R. Every element s ¢ S is continuous and bounded on T
and can be therefore considered as an element of C(B7). We have thus S C
C O(BT). Let us denote by B the intersection of the closed unit sphere of C(8T')
with the space S. Since the norm of an element s ¢S as a functional on R
coincides with its norm as an element of C(fT"), we see that B is equal to the
closed unit sphere of the space S. According to a wellknown theorem the set
B is compact in the weak topology corresponding to E, so that B as a subset
of C(pT) is pointcompact in the sense of our definition.

It is easy to see that, for every p € <0, 1), the mapping p(f) which assigns to
the function ¢ ¢ 7' its value at the point p, is an element of B. It follows that
B contains all linear combinations

Py + -0+ AuPa

where p; are points of the interval {0, 1) and X|4,) < 1. On the other hand,
if a linear combination

b=4p+ ... + Aupn
(where the points p, are different from each other) belongs to B, we must have
3|24 < 1. This is an easy consequence of the fact that a ¢ ¢ T' exists so that

Pi(t) = Up;) = sign ;.
Since t € T, b ¢ B, we must have |b(f)] < 1. Now

b(t) = ZAp,(t) = ZAt(p;) = ZA;sign A; = zuil :

The subspace of S consisting of all linear combinations APi + -- + A.Pn
(p: € €0, 1>) will be denoted by P.
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Let Y be the space dual to C(fT"). Take a p, € <0, 1>. Let us define a linear
function 2 on P by the postulate that zp, = 1 and zp = 0 for all p <0, 1>.
P. F po. It follows from the above remark that the norm of z on P is exactly
1. Now z can be extended to the whole of C(87") without disturbing its norm,
so that z becomes an element of the space Y.

Suppose now that the set B is compact in the weak topology corresponding
to Y. It follows that z is continuous on B in the point topology. Clearly, if z
is taken as a linear function on the space S dual to R, it becomes an almost
continuous linear functional on §. Since R is complete, there exists an r e B
such that

28 =18

for every s e 8. Especially, for every p e (0, 1>, we obtain
2(p) =r(p) -

Now 7 is a continuous function on (0, 1> and at the same time we have
r(p) = 0 for every p = p,. It follows that 7(p,) = 0. On the other hand, we
have z(p,) = 1. The contradiction obtained proves that the set B cannot be
compact in the weak topology of the space C(8T).

§ 2.

Now we are able to prove the main theorem. The most essential part of the
proof is contained in the preceding lemma.

(2,1) Let X be a complete convex topological linear space. Let B C X be pseudo-
compact in the weak topology. Then B** is weakly compact.

Proof: According to a well-known theorem*) it is sufficient to show that the
set B* is a neighbourhood of zero in the minimal topology of the space ¥ dual
to X. To see that, let us take a linear function r defined on Y and such that

[rB*¥ < 1.

Our assertion will be proved if we show that ris a linear functional on Y. Since
X is complete, it is sufficient to show that » is almost continuous. Let us take
an arbitrary U and an arbitrary positive number ¢. Consider the space C(B),
the set B being taken in the weak topology so that B is pseudocompact. For
every y ¢ Y, denote by ¢(y) its restriction on B, so that ¢(y) ¢ C(B).

Let us denote by M (B) the space dual to O(B). Let us take the subspace
L(B) of M(B).

Consider the set g(U*) C O(B). Since U* is compact in the weak topology
of Y, it is easy to see that ¢(U*) is compact in the weak topology of C(B)

*) See, e. g. theorem (3,5) of [4].
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corresponding to L(B), in other words, that ¢(U*) is compact in the point
topology.

The set B C X is pseudocompact in the weak topology. It follows that the
set By is bounded for every g, so that B is bounded. It follows that a positive
number ¢ can be found such that B C ¢U. In other words, for every be B
and every y ¢ U*, we have |by| < o. This inequality clearly asserts that the
set p(U*) is equibounded on B.

Since p(U*) is clearly symmetrical and convex, we infer from (1,2) that
@(U*) is compact in the weak topology of the (normed) space C(fB). Let us
denote by Z the space dual to C(8B). It follows that the polar set (p(U*))*
will be a neighbourhood of zero in the minimal topology of the space Z.

Let us show now that, for every y ¢ ¥, the following inequality holds:

Iryl = lo@)l -
Here, of course, |¢(y)| means the usual norm in the space C(8B).

To see that, suppose that |(y)| < |ry] for some y ¢ Y. It follows that, for
a suitable y° = &'y, the following relations would be fulfilled simultaneously
o) =1,

Jry’]l > 1.

This is, however, a contradiction, since the inequality |p(y’)] < 1 is equiva-
lent to the inclusion ¥’ € B*, Now let ¥, and y, be two elements of ¥ such that
(1) = @(y,). We obtain the following estimate

ryn — e = |r(yy — o) < |9 — o)l = lo(tn) — @(@2)] = 0
so that ry; = ry,.

It is therefore possible to define a linear function # on the space ¢(¥Y) C C(8B)
by means of the relation

rely) =1y .
At the same time, the estimate |ry| < |p(y)| shows that r is a continuous
functional on ¢(Y) and that its norm does not exceed 1. Hence it is possible to
extend r to the whole of C(fB) without disturbing its norm. In this way »
becomes a functional on C(fB) in other words, a point of Z.

Since L(B) is dense in Z, a point ¢ e L(B) can be found so that ¢ —
—ree(pU*))2. We have ¢ = 4ib; + ... + A,D,, where b; ¢ B. It follows that

'(llbl ‘I" ‘{" /‘Lnbn“r) y! g €
for every y e U* .
We have thus shown that » can be approximated on U* by means of a con-
tinuous functional with an error < e. This proves that r is an almost continuous
functional.
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§ 3.
Added, January 16, 1954. The assumption that B is equibounded is not
necessary in (1,2). In fact we have the following simple lemma.

(3,1) Let T be a pseudocompact completely regular topological space. Let
B C C(T) be symmetrical convexr and compact in the point topology. Then there
exists a number o < 0 such that [b(t)] < o for every b e B and every t ¢ T'.

Proof: We shall use the following abbreviations. For any z e C(T), let

|x|+ = max z(f). For any ¢t ¢ 7', let f(!) = max b(t).
teT beB

To prove our theorem, it is sufficient to show that
sup |b], < .
beB

Suppose that sup |b|, = co. Then there exists a b, ¢ B and a point #, ¢ T
beB

such that b;¢; > 1. We shall denote by B, the set
B, =E[beB, ot >1].
b
We have thus B; =+ 0. Suppose now that the points ¢,, ..., ¢, have been already

constructed so that the set
B,=E[beB,bt;>1, 1 <1< 2]
b

contains at least one point b,,.

Suppose that |B,|, < » + 1. Choose a real number 4 so that

i + B(t)

batit (L)
Take an arbitrary b ¢ B. We have then

M, +(1—2NbeB
and at the same time, for every 7 (1 < 7 < n)
bt 4+ (1—2) bt > Abt, — (L — ) B(t;) > ¢
so that 10, + (1 — 1) b € B,,. It follows that
by (1—2) B, <4 1.

On the other hand, we have

1 > 42> max

1
b =1 (@ + 0 —24)0)— 2by)

whence

o]+ =

1
l_l(n+l+[bni+)'
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Now b was an arbitrary element of B. This contradiction shows that the
inequality [B,|,. < n -+ 1 is impossible. We have thus proved the existence of
a point bn4; € B, and a point ¢,,; such that b, 4¢,.; > n 4+ 1. We have then

bpr1€Bpyy =E[beBbt; >4, 1< i< n+1].
b

Put
Cph=E[beB,bi; 24, 1<i<n].
b

Clearly the sets C, are closed in the point topology and O, D C,, , for every n.
The sets C, are not empty since C,, D B,,. It follows that there exists a point
b € B which lies in every C,. For such a point b, we have bf; > i for every i,
which is a contradiction, the function b being bounded on 7'.

This concludes the proof.

We need not emphasise that the convexity of B is essential in the preceding
lemma. The most trivial examples show that the lemma does not remain true
if this assumption is dropped.

Some of the results of the present paper admit further interesting generali-
zations. We intend to return to these questions in another communication.
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Peswome

CJIIABAAl KOMITAKTHOCTD B TOIHOJOTNYECKUX JIMHENHBIX
IMPOCTPAHCTBAX

BJIACTUMUIJI IITAK (Vlastimil Ptak), IIpara.
(IToctynuno B pegaxmumio 8/IV 1953 r.)
&
espio Hacrosmeir paGOTHl ABIAETCH OKABATENHCTBO TEOPEMEI, KOTOPAST
npepcraBifer cofoit 06obuIenie ABYX MBBECTHEIX TEOPeM TEOPHU HOPMEPO-
BaHHEIX IPOCTPAHCTB.
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M. KHpeiir u B. UlMmynasan mokasaxnm B [5], 4To saMKHYTas BHIYKIas
060sr0uKa ¢1af0 KOMIAKTHOTO MOJAMHOMECTBA JI000ro mpoerpaHerBa bBamaxa
asuasAercs cnabo xommaxruoi. B 1947 r. B. @. 96epaeitn [1] moryumn cae-
Rytowuit BakHBIE pesyabrar. [lycre M caabo samkuyroe um ¢galo CyeTHO
KOMIIAKTHOE IIOJMHOMKECTBO HEKOTOpOro mpocrparcrBa banaxa. Torma M
ABIIsEETCA C1ab0 KOMIIAKTHEIM.

B nacrosimeit samMerke MEL BaHEMaeMcA 6osree 00UIMM ITOHATHEM IICEBIOKOM-
DAKTHOrO MHO#ectBa. MH JokasbiBaeM TeopeMy, KOTOpask SBJIACTCA OJHOBpE-
MeHHO 0600menuem pesynsratos Kpeina, llvyrpana u d6epreiina.

IIyerp X — moaHoe Tomosormueckoe JuHeltHoe npocrpanctso. Ilyers M —
IICeBIOKOMIIAKTHO B ciaboif romosormm mpocrparcrsa X. Torpa sameryras
CUMMETPHIHAS BRIIYKIast 06omoura MHOmecrBa M sBisercsa crabo KOMIIAKT-
BOMH.

JoKxasarerbcTBO OCHOBEIBAETCH HA TOM 0GCTOATEIbCTBE, YTO IICEBOKOMITAKT-
HEIe IIPOCTPAHCTBA 00IaIAI0T ONHMM 3aMEYAHTEIBHEIM CBOMCTBOM, KOTOpPOE He
Ka:KeTcA BIOJHE IoBepXHOCTHEIM. [CM. ;emmy (1,2) macrosameit sameTxu.]
TMoassysack ©TUM pesylabTaroM, BEICKABAHHYI0 CBEPXY TeOpeMYy MOHeM
nokaszarh 6es TPYAHOCTEIH.
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