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WEAK COMPACTNESS IS EQUIVALENT TO
THE FIXED POINT PROPERTY IN ¢

P. N. DOWLING, C. J. LENNARD, AND B. TURETT

(Communicated by Jonathan M. Borwein)

ABSTRACT. A nonempty, closed, bounded, convex subset of cg has the fixed
point property if and only if it is weakly compact.

1. INTRODUCTION

In 1981, B. Maurey [9], E. Odell and Y. Sternfeld [I1], and R. Haydon, E.
Odell and Y. Sternfeld [6] published results on the existence of fixed points of
nonexpansive maps on subsets of ¢y. The most general result of these was due to
Maurey who used ultrapower techniques to prove that nonempty, weakly compact,
convex subsets of ¢y have the fixed point property. That is, every nonexpansive
mapping of a nonempty, weakly compact, convex subset of ¢y into itself has a fixed
point.

Recently there have been several articles investigating the converse of Mau-
rey’s theorem. In 1998, E. Llorens-Fuster and B. Sims [§] showed that the closed,
bounded, convex subsets of ¢y with nonempty interior fail to have the fixed point
property, and that there exist nonempty convex subsets of ¢y that are compact in
a topology slightly weaker than the weak topology that also fail to have the fixed
point property. (Recently, M. Japén Pineda [7] extended this second result to Ba-
nach spaces containing cg.) Llorens-Fuster and Sims’ investigations led them to
conjecture that closed, bounded, convex subsets of ¢y with the fixed point property
are weakly compact.

Partial results along these lines have been obtained in Dominguez Benavides,
Japén Pineda and Prus [3] and Dowling, Lennard and Turett [4]. In both of these
articles, the authors provide characterizations of the weakly compact convex subsets
of ¢y in terms of the fixed point property for certain classes of mappings. For
example, in [4], it is shown that a closed, bounded, convex subset of ¢y is weakly
compact if and only if all of its nonempty, closed, convex subsets have the fixed point
property for nonexpansive mappings. However, this result is not strong enough to
prove the conjecture of Llorens-Fuster and Sims. The result only guarantees that
a closed, bounded, convex subset K of ¢y that is not weakly compact contains a
further closed, bounded, convex subset K that fails the fixed point property. It
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does not guarantee that the set K itself fails the fixed point property. Thus, the
following theorem both improves and clarifies the situation.

Theorem 1. Let K be a nonempty, closed, bounded, convex subset of (co, || - ||oo)-
Then K is weakly compact if and only if K has the fized point property ; i.e., every
nonexpansive mapping U : K — K has a fized point.

Moreover, if K is non-weakly compact, there exists a contractive mapping T :
K — K (ie, |[T(u) = TW)|loo < [t —v||so for all u,v € K with u # v), such that
T is fized point free.

Thus, as conjectured by Llorens-Fuster and Sims, the converse of Maurey’s c¢g
theorem is true. We remark that our result holds when the underlying scalar field
is R and also when it is C.

The proof of the theorem depends on the notions of asymptotically isometric cg-
basic sequences and asymptotically isometric co-summing basic sequences. Recall
from [4] that a sequence (Y, )nen in a Banach space X is an asymptotically isometric
co-summing basic sequence if there exists a null sequence (£, )nen in (0,00) such

that
su ;
1 Sy 2|

neN

oo
Z tn Yn
n=1

for all (tn)nen € coo, the space of finitely nonzero sequences. Recall also that if a
sequence (Yn)nen is an asymptotically isometric ¢o-summing basic sequence and if
the sequence (wy)nen is defined by wy, := yn — Yn—1, where yo := 0, then for all
(tn)nEN € co,

1
(%) sup ( > [tn| <
neN 1+ En

As in [4], a sequence (wy)nen satisfying (x) is called an asymptotically isometric
co-basic sequence. For information concerning asymptotically isometric cg-basic
sequences and asymptotically isometric co-summing basic sequences, see [4] and
the references therein. The following result (Theorem 4 in [4]) as well as certain
technical details in its proof will prove crucial.

oo
<sup(L+en) | D 1],
neN i=n

o0
Z tn Wy

n=1

<sup (1 +¢ep) [tnl.
neN

Theorem 2. [4] Let K be a closed, bounded, convex subset of (co,| - ||co) that
is not weakly compact. Then K contains a nonzero multiple of an asymptotically
isometric co-summing basic sequence.

Thus, if K is a closed, bounded, convex subset of ¢y that is not weakly compact,
then there exists L > 0 and an asymptotically isometric cp-summing basic sequence
(Yn)nen in ¢g such that the sequence (L yp)nen is in K. With K := co{y,}, it is
easy to see that there exists a nonexpansive map T : LKy — LK, without a fixed
point if and only if there exists a nonexpansive map T : Ky — K, without a fixed
point. Merely define T as the composition of the maps: multiplication by L, T,
and multiplication by 1/L. Thus, in utilizing the theorem to prove Theorem [, it
suffices to assume that L = 1; i.e., that K contains an asymptotically isometric
co-summing basic sequence.

The technical detail from the proof of the above theorem that will be used in
the proof of Theorem [ is a specific property of the asymptotically isometric cg-
basic sequence (wy)nen constructed in []. In particular, there exists a strictly
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increasing sequence (Nps(n))n>0 in NU {0} such that Ny ) := 0 and the elements

= )
>t | =1l - (s ) el
k=1

for all n € N and all (t)ken € co. Here § € (0,477) is a constant.

We remark that this condition (#) is crucial in [4] for establishing the left in-
equality in (x) above, so that (#) and the right inequality in (%) provide us with a
sharpening of Theorem 2.

n—1

wyp, = (W) = (y] —y;' ) satisfy

(W) max

Nprn—1)<i<Npr(n)

2. PROOF OoF THEOREM [

Proof. Since one direction is just a restatement of Maurey’s result, it is only nec-
essary to show that, if K is not weakly compact, then there exists a nonexpansive
self-map T of K without a fixed point. Indeed, we will show that there exists a
contractive such T, i.e., ||T(u) — T(v)|loo < ||t — V|0 for all u,v € K with u # v.
Fix a closed, bounded, convex subset K of ¢y that is not weakly compact. By
our comments above, we may assume that K contains an asymptotically isometric
co-summing basic sequence (Y, )nen Where there is no loss in generality in assuming
that e, < 271-47" for all n > 2. Then (wy,)nen defined by wy, := ¥y — Yn—_1,
where yo := 0, is an asymptotically isometric co-basic sequence. Defining the closed,
convex subset Ky := to{y,} of K and using y,, = w1 + -+ - + w,, for n € N yields:

oo
Kozw{yn}z{Ztnwn:(tn)neNEcO, 1=tlztzz---zo}.
n=1

We begin by defining a nonexpansive map S from ¢y into Ky as a composition of
four mappings: firstly R : ¢g — cé, followed by J : cé — A, then V : A — K,
and finally M : Ky — Kj. Here,

CéZZ{SZ(Sn)neNECOZsl2522832--'20} and
A={t=(t)nen€co: 1=t >ty >--- >0} ={tec}:t; =1}.

(Note that the sets A and K coincide when each w,, = e,,; i.e., (Yn)nen is the usual
summing basis of ¢g.) We will successively define and discuss each mapping below.
For all u = (u1,ug,...) € co, let R(u) := u* = (uf,ud,...) € co be the decreasing

(i.e., non-increasing) rearrangement of wu; i.e., u* = (luya)l, [up2)l,...) for some
one-to-one mapping p : N — N such that u] > u3 > uj > ---. Note that u* € cé.

Although the basic properties of R are well known, we shall derive those that
we use herein, for the sake of completeness. Fix u = (up)nen € co. Define uf :=
maxpeN |Un|, which equals |uy,,| for some n; € N. We may assume that ny is
minimal with this property. Next, u} := max{|u,|: n € N\{n1}} = |un,| for some
minimal ne € N\{n1}. Generally, for each k € N, we inductively define

upyq = max{|u,| :n € N\{ny,...,nr}},

which equals |uy, | for some minimal npy1 € N\{ni,...,np}. It is easy to see
from this definition that u* = (u})nen is decreasing and belongs to ¢g. (Moreover,
the map p : N — N mentioned above is given by p(k) := ng, for all kK € N.) By the
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definition, it is straightforward to check the following fact: for all u € ¢, for each
keN,

() uy, = min max |tuy|.
FCN: #(F)=k—1 neN\F
As a direct consequence of this min-max characterization, it follows that for all
u, v € o,
lup —vg] <Jlu—v||oc , VkeEN.

Therefore, for all u,v € ¢, ||u* — v*||ec < ||t — v||ec. Hence, rearrangement is a
nonerpansive mapping on co.

Let us now consider the second mapping J. Using an idea of Llorens-Fuster and
Sims [8, The proof of Proposition 1], we define J : c(l) — A by

J(s) == (1,51 A 1,59 A1,85A1,...), for all s = (8,)nen € ¢
The following fact is well known (see, for example, [L0| Theorem 1.1.1 (x)]): for all
r,s,t €R,
|s—tl=|sVr—tVr|+|sAr—tAr|

Consequently, it is easy to see that J is nonexpansive on cé.

The third mapping V : A — K is formed by taking each ¢t = (¢, )nen € A to
Sore tkwy € Ko. Lastly, M : Ky — Kj is the identity averaged together with
the iterates of a right shift operator on K. Indeed, define @ : Ko — Ky by

o0
Qo) i=wi +tywy +taws+ -+ +tpwpir +---, forallo = tywy € Ko.
k=1
Also, let I be the identity operator on Ko and Q% := Qo Q, Q3 := Qo Qo (Q, and
so on. Next, we define M : Ko — Ko by
1 1 1 1
Mi=-T+=Q+-Q°+5Q°+ .
I T EQ T Tt

Now, putting everything together, define S : cg — Kqgby S:=MoVoJoR =
MV JR. Furthermore, let us introduce some useful notation. Put u := u* A1 =
(u A 1)pen, for all u € ¢p. Note that for each u € ¢y, JR(u) = (1, Uy, Uz, us, . . . ).
Then for all u € ¢q,

S(u) = MV(JR(u)) =MV (1,u1,us,Us,...))

= M(w +uws +usws+ -+ UpWpy1+ )

1 a7 ~ ~ ~
= 5 (w1 + U1 wo + Ugws + Uswy +Ugws + -+ +)
92 (wl+w2+ﬁ1’w3+ﬂg’w4+ﬂ3w5+...)

(w1 + wa + w3 + Uy wy + Ugws +Ugwe + -+ ) + -+ ; and so

Su)=w1 + <l—|—lﬂ1>w2+(1+lﬂ1+lﬂ2>w3+~~
2 4 4 2
1 1 1 1 1.
+ ( + U1+WU2+WU3+“'+§U"_1>wn+-"
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We will show below that S is contractive on ¢g, using the fact that ||t — U]|ec <
[lu — v]|oo, for all u,v € cg. Fix u,v € ¢p with u # v. Define a; := u; — v;, for all
7 € N. From above,

1 1 1
S(u)—Sv) = 5a1w2+<1a1+5a2) w3 + -

1 1 1
+ 2n1a1+2 2+"'+§0¢n—1 Wy + -0

and using the rightmost inequality in (x) above, together with the fact that e, <
271477 for all n > 2, it follows that

1 1
[|S(u) — S()||ee < ilg(l—l—en)‘—wl1a1+—2n2a2+-..+§an_1
14+ 2¢9 1 14 2¢3 1
< 1 n
= e )< 2T Tv2e, U 2 Tiag 17
n 1+2¢, 1 | |
T ay,—
21 142, !
1
< max ——— |ayy,| - B, where
m>1 1+25m+1
14+2e9 14 2¢€3 14 2e,
B = igg(uen)( = +"'+T>
< 1yt L L
su o=
= 0 2 (4") on—1 ' gn—2 o1
1 1 1
+ 422n—1+432n—2+"'+4n21
B 1 1 1
a ilg - on-1 2n+3+2n+4+"'+22n+1
< 1 < 1+ 1 7 1
su su — —— | =
— nZI; 2n on—1 2n+2 _nzg 4n 2n+2

So,
I50) ~ S0l < mas 72Tl
T m>1 1426541

Recall that u # v. If uw = v, then [|S(u) — S(v)|lc = 0 < ||u — v||sc. Otherwise,
u # v, which implies
I5(u) = S(0)llo < max 1';”2;::'1 < [ = Tl = |7 = e < [ = 0]l
and therefore ||S(u) — S(v)]|co < ||t — V||, for all u,v € ¢p with u # v. Thus, S is
contractive.

Finally, define T : K — Ky C K to be the restriction of S to K. The mapping
T is contractive.

We will next show that T fails to have a fixed point in K. Observe first that
from the definition above, one can readily show that for all u € ¢g, for each k € N,

uy = ma min |u
(©) e el 2 #(%) k nEG| nl-
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1664 P. N. DOWLING, C. J. LENNARD, AND B. TURETT

Now assume, to get a contradiction, that v € K is a fixed point of T" and recall
that 0 < § < 4~7. Then

u = T(u)—w1+(1+a1>w2+<1+1ﬂ1+1ﬂ2)w3+---
2 4 4 2
1 1 1 1
+ (2k1u1+2k2u2+2k3u3+"'+§uk—1> (A
=: Ztkwk
k=1

Applying (#) with n = 1 yields that there exists i1 € {1,..., Njs(1)} such that
Z 2 wfl
k=1

1)
[t1] — 2 [t =1 —46.

lui| = [(T(w)i| =

V

So, ui > |ui,| > 1—49; and thus a3 =uj A1>1—49.
Next, applying (#) with n = 2, we see that there exists iy € {Np1) +1,...,
Na(2)} such that

5 11
sl = (Tl > lto] = g [l = 3+ 270 =
> %+%(1_45)_5=1_2(s—521_45.

Hence, using ({) above and the fact that ia > 41, it follows that u§ > min{|u;, |, |ui,|}
>1—46; and consequently us =us A1 >1—406.

Furthermore, applying (#) with n = 3 gives that there exists i3 € {Npz2)+1,. ..,
N3y} such that

5 1 1. 1. 3§
luis| = [(T(W)is| 2 ts] = =5 ltllo = 7 + U+ 502 —
11 1 5 5
> —+-(1-40)+-(1-46)—=>1-25—6—=>1—46.
2 4+4( 5)+2( d) 12 0—9 5 2 )

Since i3 > i3 > i1, we may use (&) to see that uf > min{|u;, |, [wiy ], [wis|} > 1—46;
and therefore us = uj A1 >1—49.

Continuing inductively, it follows that there exists a strictly increasing sequence
of positive integers (in)nen such that for all n € N,

>1_92§5-6-2_..._ 0 1_4s

2 an—2
It follows from () that for all n € N, @, > 1 — 46 > 0, which contradicts the
fact that u € ¢g. Thus, T is fixed point free on K. This completes the proof of

Theorem [ O

|,

3. SOME REMARKS AND A FURTHER RESULT

The conclusions of Theorem [Ml do not hold in every Banach space. Goebel and
Kuczumow [5] and Soardi [12] have given examples of closed, bounded, convex,
non-weakly compact sets in £* and L°°[0,1] that have the fixed point property,
and Dale Alspach [I] has given an example of a weakly compact, convex subset of
L1[0,1] failing to have the fixed point property. There are spaces, other than co,
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for which the conclusions of Theorem [ hold. However, it is unclear if any of these
spaces are significantly different from cy.

Corollary 3. Let K be a nonempty, closed, bounded, convex subset of (co(T), || |loo)
where ' is uncountable. Then K is weakly compact if and only K has the fixed point
property.

o

Proof. Since it is known [2] that weakly compact convex sets in ¢o(I') have the
fixed point property for nonexpansive maps, assume that K is not weakly com-
pact. Then K contains a sequence (Z,)neny with no weakly convergent subse-
quence. Let I'y denote the support of the sequence (zy)nen; that is, 'y = {y €
I : z,(y) # 0for some n € N} where x,, = (zn(7))yer. Then ¢{x,} lies in
the subspace co(I't) X J[,ep\p, {0} of co(I') and, since I'y is countably infinite,
co(I'1) x JI,ep\r, {0} is linearly isometric to co. Thus the previous results can be
applied. To be specific, let P; denote the canonical projection from c¢y(I') onto
¢o(T'1). The closed, bounded, convex, non-weakly compact set P;(K) contains the
closed, bounded, convex, non-weakly compact set co{Pi(z,)}; and, since this set
lies in a closed subspace isometric to ¢g, €6{ Py (zy)} contains (without loss of gen-
erality) an asymptotically isometric co-summing basic sequence (Y )nen. Letting
(wn)nen denote the asymptotically isometric co-basic sequence corresponding to
(yn)nen and defining the closed, convex subset Ky := €o{y,} implies, as before,
that

oo
Ko=0{yn} =4 D> tnwn : (tn)nen € co, 1=t >ty > - >0
n=1

If the mapping S : ¢cg — K is defined as in the proof of Theorem [ (with ¢o(T'1)
identified with ¢¢) and if T is defined as the restriction of S to P;(K), then T is a
nonexpansive self-map of P; (K) without a fixed point. Next, with 0 denoting the
zero element in ¢o(I'\ T'1), note that y,, x 0 lies in co{xy} and thus is an element of
K. Therefore, since the range of T is actually a subset of Ky, the map U : K — K
defined by U(x) = (T o Py(z)) x 0isa nonexpansive self-map of K without a fixed
point and the proof is complete. O
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