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WEAK DEL PEZZO SURFACES WITH IRREGULARITY
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Abstract. We construct normal del Pezzo surfaces, and regular weak del Pezzo sur-
faces as well, with positive irregularityq > 0. This can happen only over nonperfect fields.
The surfaces in question are twisted forms of nonnormal del Pezzo surfaces, which were clas-
sified by Reid. The twisting is with respect to the flat topology and infinitesimal group scheme
actions. The twisted surfaces appear as generic fibers for Fano-Mori contractions on certain
threefolds with only canonical singularities.

Introduction. Suppose thatX is a smooth and projective scheme over the complex
numbers. The Kawamata-Viehweg Vanishing Theorem asserts thatHi(X,ωX ⊗ L) = 0 for
all integersi > 0 and all invertible sheavesL that are nef and big (see [18] and [39]). In
the special case thatX is a weak Fano variety, in other words, the dual of the dualizing
sheaf is nef and big, we may apply the Kawamata-Viehweg Vanishing Theorem withL =
ω∨X and conclude thatHi(X,OX) = 0 for all integersi > 0. It is unknown whether or to
what extend this particular vanishing holds true for Fano or weak Fano varieties in positive
characteristics.

The Kawamata-Viehweg Vanishing Theorem is a generalization of the Kodaira Vanish-
ing Theorem [20], which deals with ample rather than nef and big invertible sheaves. It is
well-known that the Kodaira Vanishing Theorem does not hold true in positive characteris-
tics. Raynaud [29] constructed the first counterexamples, which are fibered surfaces whose
generic fiber is regular but not smooth. The surfaces are mostly of general type. A rather
different set of counterexamples is due to Lauritzen [22] relying on representation theory: He
used homogeneous schemes of the formG/B, whereB ⊂ G is a nonreduced Borel subgroup
scheme in some linear algebraic group. Using more elementary methods, Lauritzen and Rao
[23] further constructed smooth Fano varieties of dimensiond ≥ 6 so that Kodaira vanishing
fails for some ample invertible sheavesL �= ω∨X.

Esnault [8] gives a completely different aspect involving crystalline cohomology: Her
results, which apply to a much wider class than just Fano varieties, tell us that for smooth
Fano varieties over perfect fieldsk, with the ring of Witt vectorsW and the field of frac-
tions W ⊂ K, the following holds: The part with slopesλ ∈ [0, 1[ inside the crystalline
cohomology groupsHi

cris(X/W) ⊗W K vanishes fori > 0. On the other hand, this part
(H i

cris(X/W)⊗W K)[0,1[ is isomorphic to Serre’s Witt vector cohomologyHi(X,WOX)⊗W

K. In turn, the groupHi(X,WOX) is related to ordinary cohomology groupsHi(X,OX)

by exact sequences, but it seems difficult to gain control over torsion phenomena. Note that
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Berthelot, Bloch and Esnault [3] extended the bijection between the slope[0, 1[-part and Witt
vector cohomology to singular schemes, withrigid cohomology instead of crystalline coho-
mology.

There are some positive results in low dimensions. If follows from the classification of
smooth del Pezzo surfaces, which are the2-dimensional Fano varieties, thatH 1(S,OS) = 0
holds regardless to the characteristic. The same holds for weak del Pezzo surfaces. For
a nice account, see [7]. Shepherd-Barron [38] established the vanishingH 1(X,OX) =
H 2(X,OX) = 0 for smooth Fano threefolds. On the other hand, Reid [30] constructed non-
normal del Pezzo surfaces withH 1(S,OS) �= 0.

My original motivation for this work was to constructregular Fano varieties over non-
perfect fields that haveH 1(X,OX) �= 0. The point here is that regularity does not imply
geometric regularity (= formal smoothness) over nonperfect fields. I did not quite succeed in
my goals, but I came close to it. The main result of this paper is as follows:

THEOREM. Over every nonperfect field of characteristic p = 2, there are weak del
Pezzo surfaces that are regular, and normal del Pezzo surfaces S with only factorial rational
double points of type A1 as formal singularities, both with h1(OS) �= 0.

These del Pezzo surfaces are twisted forms of Reid’s nonnormal del Pezzo surfaces, and
the weak del Pezzo surface is obtained by resolving the singularity. Such del Pezzo surfaces
necessarily become nonnormal after passing to the perfect closure of the ground field. Indeed,
it follows from the work of Hidaka and Watanabe [17] and myself [32] thath1(OS) = 0 for
geometrically normal del Pezzo surfaces.

The existence of such wild del Pezzo surfacesS over nonperfect fields has consequences
for the structure theory of algebraic varietiesX over algebraically closed fields. Namely,
such del Pezzo surfaces might arise as generic fibers in some Fano-Mori contractions of fiber
type, obtained by contracting an extremal ray. To my knowledge, the geometry of fibrations
f : X → B whose generic fiberXη is not geometrically regular or geometrically normal
has not been studied systematically, except for the quasielliptic surfaces of Bombieri and
Mumford, see [4] and [5].

The existence of Fano-Mori contractions of extremal rays on smooth threefolds in arbi-
trary characteristics was established by Kollár in [21]. In Remark 1.2, he raised the question
whether there are contractions of fiber type whose generic geometric fibers are nonnormal
del Pezzo surfaces. We shall see that our exotic del Pezzo surfaces appear as generic fibers
S = Zη for some Fano-Mori contractionf : Z → E of fiber type, whereZ is a threefold,
andE is the supersingular elliptic curve in characteristic two. Unfortunately, my results are
not strong enough to make the total space smooth. However, the threefoldZ will be locally of
complete intersection, locallyfactorial, with only canonical singularities. The anticanonical
divisor is nef and has Kodaira dimension two, and the first higher direct imageR1f∗(OZ) is
nonzero.

There are several papers dealing with Fano threefolds in positive characteristics. For ex-
ample, Shepherd-Barron [38] obtained a classification for Picard numberρ = 1, and Megyesi
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[25] treated the case of Fano varieties of index≥ 2. Saito showed that on Fano threefolds with
Picard numberρ = 2 there are no fibrations whose geometric generic fiber is a nonnormal del
Pezzo surface [31]. Mori and Saito [26] have further results on wild hypersurface bundles.

Here is a plan for the paper: In Section 1, we collect some general facts on twisting and
twisted forms, and give a criterion for regularity of twisted forms. In Section 2, we recall
Reid’s construction of nonnormal del Pezzo surfacesY in terms of glueing along a double
line to a rational cuspidal curve, and discuss the glueing process in detail. In Section 3, we
shall see that the resulting del Pezzo surfaceY is locally of complete intersection. In Section
4, I analyse the Picard group and the dualizing sheaf on these del Pezzo surfaces. Section 5
contains a discussion of curves of degree one. In particular, we shall explain how and why
some of these curves are Cartier divisors, and others are only Weil divisors. In Section 6, we
shall prove that the cotangent sheaf modulo torsion is locally free of rank two. This seems to
be a rather special situation. An immediate consequence is that the tangent sheaf is locally
free. Under suitable assumptions, we moreover identify a global vector fieldδ ∈ H 0(Y,ΘY/k)

that defines anα2-action. Unfortunately, this vectorfield has a unique zero at the so-called
point at infinity y∞ ∈ Y . However, we check in Section 7 that zeros of vector fields are
inevitable, by computing the splitting type of the tangent sheaf. It turns out that our choice of
δ is in some sense the best possible. In Section 8, we use theα2-action to construct twisted
formsY ′ of our del Pezzo surfaceY . It turns out that the twisted forms are normal, with only
one singularity. A formal analysis reveals that this singularity is a rational double point of type
A1, which is moreover factorial. In Section 9 we use our results to construct some interesting
Fano-Mori contractions. In Section 10, we finally discuss ampleness and semiampleness for
line bundles onY . Here we see that it is impossible to realizeY as hypersurface or double
covering of somePn. The smallest embeddings have codimension three, and the smallest
coverings have degree four.

I wish to thank Torsten Ekedahl, Hélène Esnault, and Christian Liedtke for stimulating
discussions, and Burt Totaro for helpful comments.

1. Twisted forms. In this section I discuss some useful general aspects of twisting
and twisted form that we shall apply later to nonnormal del Pezzo surfaces. SupposeS is a
scheme of finite type over a base fieldk. Anotherk-schemeS′ is called atwisted form of S

if there is a nonzerok-algebraR with SR � S′R. Such schemesS′ are automatically of finite
type by descent theory (see [15], Exposé VIII, Proposition 3.3).

LEMMA 1.1. If S′ is a twisted form of S, then there is a finite field extension k ⊂ E

with SE � S′E .

PROOF. Choose an isomorphismf : SR → S′R . As explained in [13], Theorem 8.8.2,
there is ak-subalgebra of finite typeRα ⊂ R and an isomorphismfα : SRα → S′Rα

inducing
f . Choose a maximal idealm ⊂ Rα . ThenE = Rα/m is a finite field extension ofk, and we
may restrictfα to E. �
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If follows that the set of isomorphism classes of twisted formsS′ is a subset of the
nonabelian cohomology setH 1(k, AutS/k), where we may use the finite flat topology. A nice
account of this correspondence in the context of Galois cohomology appears in Serre’s book
[36]. The full theory is exposed at length in Giraud’s treatise [9]. The basic construction goes
as follows: LetT be a torsor under AutS/k with action from the left. Then we may form the
productS × T and obtain the quotient by the diagonal action

S ∧ T = AutS/k \(S × T ) , (s, t) ∼ (gs, gt) .

Note that AutS/k also acts from the right onS via sg = g−1s, so we may rewrite the equiva-
lence relation in the particularly attractive form(s, t) ∼ (sg−1, gt).

The resultS ∧ T , which is a sheaf in the finite flat topology, is a sheaf twisted form of
S. This sheaf, however, is not necessarily representable by a scheme. We shall discuss this
below. Conversely, ifS′ is a twisted form ofS, thenT = Isom(S′, S) is an AutS/k-torsor with
action from the left, and the canonical mapS ∧ T → S′, (s, t) �→ t−1(s) is an isomorphism.

Now let G ⊂ AutS/k be a subgroup scheme. Then we have an induced map on non-
abelian cohomologyH 1(k,G) → H 1(k, AutS/k). Given anyG-torsor T , we may form
S ∧ T = G\(S × T ) to produce twisted forms. Note that the twisted form might be triv-
ial, although the torsor is nontrivial. More precisely:

LEMMA 1.2. The twisted form S ∧ T is isomorphic to S if and only if there is a G-
equivariant morphism T → AutS/k.

PROOF. As explained in [9] Chapter III, Proposition 3.2.2 , we have a sequence

H 0(k, AutS/k)→ H 0(k,G\AutS/k)→ H 1(k,G)→ H 1(k, AutS/k) ,

which is exact in the following sense: TheG-torsorsT inducing trivial AutS/k-torsors come
from the sectionsx ∈ G\AutS/k. TheG-torsor coming from such a sectionx is the fiber over
x under the projection AutS/k → G\AutS/k, whence the assertion. �

We are mainly interested in the case that the group schemeG is finite. Then there are
almost no problems with representability:

LEMMA 1.3. Suppose G is a finite group scheme. Then S′ = S ∧ T is an algebraic
space. It is a scheme if either G is infinitesimal, or if S is quasiprojective.

PROOF. It follows from [15], Exposé VIII, Corollary 7.7, that the torsorT is repre-
sentable by a scheme. The quotientS′ = G\(S × T ) exists as an algebraic space, according
to very general results of Keel and Mori [19]. IfG is infinitesimal or ifS is quasiprojective
then theG-invariant affine open subsetUα ⊂ S × T form a covering. By [16], Exposé V,
Theorem 4.1 the quotientS′ of S × T by the freeG-action exists as a scheme. �

From now on we assume for convenience that the group schemeG is finite, and that
S′ = S ∧ T is a scheme, whereT is aG-torsor.

LEMMA 1.4. The scheme S is locally of complete intersection or smooth if and only if
S′ is locally of complete intersection or smooth, respectively.
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PROOF. This follows from [14], Corollary 19.3.4 and Proposition 17.7.1. �

In contrast, regularity or nonregularity does not transfer to twisted forms. It is possible to
remove singularities by passing to twisted forms, which is indeed the leitmotiv of this paper.
Of course, such things may happen only in positive characteristics. I found the following basic
fact very useful.

THEOREM 1.5. Let A ⊂ S be a G-invariant subscheme whose ideal is locally gen-
erated by regular sequences. If the twisted form A′ = A ∧ T is a regular scheme, then the
twisted form S′ = S ∧ T is a regular scheme at all points on the subset A′ ⊂ S′.

PROOF. Consider the commutative diagram

A× T −−→ S × T�
�

A′ −−→ S′ .

The vertical maps are surjective and flat, becauseG acts freely onA×T andS×T . Moreover,
the diagram is cartesian. By assumption, the embeddingA ⊂ S is regular. Hence the induced
embeddingA × T ⊂ S × T is regular as well. According to [14], Proposition 19.1.5, this
implies that the embeddingA′ ⊂ S′ is regular. By assumption, the schemeA′ is regular. If
follows that the schemeS′ is regular at all pointss ∈ A′, by [14], Proposition 19.1.1. �

We shall mainly apply this in the cases thatA ⊂ S is either a Cartier divisor or an Artin
subscheme. Let me record the latter:

COROLLARY 1.6. Let A = Gs be the orbit of a rational point s ∈ S, and let s′ ∈ S′
be a closed point in A′ ⊂ S′. If the scheme T is reduced and Gs ⊂ S is a regular embedding,
then the local ring OS ′,s ′ is regular.

PROOF. The orbitA = Gs of our finite group schemeG is isomorphic to the homoge-
neous spaceG/H , whereH = Gs is the isotropy group scheme. The projectionG/H×T →
H\T , (gH, t) �→ H g−1t is well-defined, and induces a bijectionG\(G/H × T ) → H\T .
If follows that the twisted formA′ = A∧ T is isomorphic toH\T . By assumption, the Artin
schemeT is reduced, whence the qotient schemeH\T is reduced as well. In other words, the
twisted formA′ is regular, and the Theorem applies. �

EXAMPLE 1.7. Consider the global fieldk = F2(t) in characteristic two and the 1-
dimensional schemeS = Speck[u2, u3], which contains a cuspidal singularity at the origin.
The finite infinitesimal group schemeG = α2 acts onS via the derivationu3 �→ 1. It also acts
on theT = Speck[√t] via the derivation

√
t �→ 1. The twisted formS′ = S∧T then must be

a regular curve. Indeed, it is the spectrum of the subalgebrak[u2, u3+√t] ⊂ k[u2, u3,
√

t].
Now suppose thatx ∈ S is a rational point that is fixed under theG-action. Setting

A = {x}, we see that the twisted formA′ = A ∧ T is given by another rational pointx ′ ∈ S′.
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The following tells us that it is impossible to remove singularities by twisting at points that
are both fixed and singular.

PROPOSITION 1.8. Assumptions as above. If the local ring OS,x is not regular, then
the local ring OS ′,x ′ is not regular as well.

PROOF. Let B ⊂ S × T be the preimage ofx ∈ S under the projection map, which
coincides with the preimage ofx ′ ∈ S′ under the quotient map. Supposes′ ∈ S′ is a regular
point. Then the residue fieldκ(s′) has finite projective dimension. HenceOB has finite pro-
jective dimension as well, because the quotient mapS × T → S′ is flat. Choose a resolution
· · · → F1→ F0→ κ(s)→ 0 with finitely generated freeOS,x-modules. Pulling back under
the flat projection map, we obtain a free resolution· · · → F ′1 → F ′0 → OB → 0. Whence
the kernel of someF ′i+1→ F ′i is free. By descent theory, the kernel ofFi+1→ Fi must also
be free. In other words,x ∈ S is regular. �

2. Glueing along ribbons. Throughout the following sections, we shall study the
geometry of certain nonnormal del Pezzo surfacesY with irregularityh1(OY ) > 0. Such sur-
faces were first constructed by Reid [30]. A key point in his construction is the use of certain
infinitesimal neighborhoods called ribbons. Reid’s construction works roughly as follows:

We fix a base fieldk of characteristicp = 2. Let X = P2 be the projective plane,
andA = P1 be the projective line. Choose an embeddingA ⊂ X of degree one, and let
B = A(1) be the first order infinitesimal neighborhood, which is a nonreduced quadric. Let
C be the rational cuspidal curve with arithmetic genush1(OC) = 1, whose normalization is
A→ C. The idea now is to extend the nonflat normalization mapA→ C to a flat morphism
ϕ : B → C of degree two, and obtain the desired del Pezzo surfaceY via the cocartesian
diagram

B −−→ X

ϕ

� �ν

C −−→ Y .

Note that the normalization mapν : X → Y is a homeomorphism. One way to think about
this is that we thinned out the structure sheafOX by artificially removing sections satisfying
certain conditions onB to obtain the structure sheafOY , as explained in Serre’s book [37],
Chapter IV, §1.1. In some sense, we introduced a curve of cuspsC ⊂ Y , which itself contains
a cuspidal singularity. Naturally, the singularity on this curve of singularities plays a crucial
role in the whole affair.

To make this construction explicit and to explore its properties, it seems inevitable to
introduce coordinates. Choose indeterminatesu, v and cover the projective planeX = P2 in
the usual way by three affine open subschemes

X = Speck[u, v] ∪ Speck[u−1, vu−1] ∪ Speck[uv−1, v−1] .(1)

We sometimes denote this open affine covering byX = U ∪ U ′ ∪ U ′′. We shall see that
our constructions do not work well in homogeneous coordinates, and it seems necessary to
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introduce inhomogeneous coordinates. The projective lineA = P1 shall be embedded into
the projective planeX = P2 by setting

A = Speck[u, v]/(v) ∪ Speck[u−1, vu−1]/(vu−1) .(2)

We write the rational cuspidal curveC with arithmetic genuspa = 1 as the union of two
affine open subschemes

C = Speck[u2, u3] ∪ Speck[u−1] .(3)

Then we have a canonical morphismA → C, which is the normalization map. Finally,
consider the first order infinitesimal neighborhoodB = A(1) inside the projective spaceX =
P2. This nonreduced quadric is given by

B = Speck[u, ε] ∪ Speck[u−1, εu−1] ,(4)

whereε denotes the residue class ofv modulov2. The inclusionA ⊂ B is a ribbon in the
sense of Bayer and Eisenbud [6]. This means that the idealI ⊂ OB of the closed embedding
A ⊂ B satisfiesI2 = 0 and thatI is an invertibleOA-module. Note that the first condition
implies that theOB-module structure onI indeed comes from anOA-module structure. We
have an exact cotangent sequence ofOA-modules

0→ I → Ω1
B/k ⊗OA→ Ω1

A/k → 0 ,(5)

where we useI = I/I2. Pulling back the extension along the universal derivationd : OA→
Ω1

A/k, we obtain an extension of sheaves ofk-vector spaces

0→ I → OB → OA → 0 .

One may recover the multiplication inOB by exploiting the fact thatd : OA → Ω1
A/k is a

derivation. Note that in particular there is a cartesian diagram ofOB -modules

Ω1
B/k ⊗OA −−→ Ω1

A/k

d⊗1

�
�d

OB −−→ OA .

The normalization mapA → C induces anOA-linear mapΩ1
C/k ⊗ OA → Ω1

A/k. We
may use the latter map to pull back the extension (5). As explained in [6], Theorem 1.6
the splittings of this induced extension ofOA-modules correspond bijectively to the desired
extensionϕ : B → C of the normalization mapA→ C along the inclusionA ⊂ B. In other
words, we are looking for commutative diagrams

Ω1
B/k ⊗OA −−→ Ω1

A/k

dϕ⊗1

� �
Ω1

C/k ⊗OA −−→
id

Ω1
C/k ⊗OA

of OA-modules. We thus happily arrived at a linearization of the problem.
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To proceed, we merely have to compute the sheaf of differentialsΩ1
B/k andΩ1

C/k, to-
gether with their restrictions toA. We start with the nonreduced quadricB. TheOB -module
Ω1

B/k is freely generated by the differentials

du, dε and d(u−1), d(εu−1)

over the two open subsetsB ∩ U andB ∩ U ′, respectively. The corresponding 1-cocycle for
the locally freeOB-moduleΩ1

B/k is the 2× 2-matrix
(

u−2 εu−2

0 u−1

)
,

becaused(u−1) = u−2du on the overlap, and similarly ford(εu−1).
We next turn to the rational cuspidal curveC. TheOC-moduleΩ1

C/k is generated by the
differentials

d(u2), d(u3) and d(u−1)

over the two open subsets, respectively. On the first open subset, we have a single relation
u4d(u2) = 0, because we are in characteristicp = 2. It follows thatΩ1

C/k modulo torsion is

invertible, with generatorsd(u3) andd(u−1), and corresponding 1-cocycleu−4. We refer to
[34], Section 3 for further results.

Now to the desiredOA-linear mapdϕ⊗ 1 : Ω1
C/k⊗OA→ Ω1

B/k⊗OA. Any such map
is of the form

d(u3) �→ u2du+ P(u)dε and d(u−1) �→ d(u−1)+Q(u−1)d(εu−1)

for some polynomialsP(u) andQ(u−1) with coefficients fromk. The 1-cocycles computed
in the preceding paragraph impose the conditionP(u)u−3 = Q(u−1). The upshot is that the
polynomialsP = P(u) of degree≤ 3 correspond to suchOA-linear maps. The corresponding
morphismϕ : B → C is given in coordinates by

u2 �→ u2 , u3 �→ u3+ εP and u−1 �→ u−1 + εu−4P .

Throughout, we callP theglueing polynomial and write it as

P = α3u
3+ α2u

2+ α1u+ α0 ,

with scalarsα3, . . . , α0 ∈ k. For the constructions we have in mind it is important that the
morphismϕ : B → C of degree two is flat. This condition depends on the constant term of
the glueing polynomial:

PROPOSITION 2.1. The morphism ϕ : B → C is flat if and only if the constant term
α0 in the glueing polynomial P ∈ k[u] is nonzero.

PROOF. Clearly,ϕ is flat outside the singular pointc ∈ C. Soϕ is flat if and only if the
Artin schemeϕ−1(c) ⊂ B has length two. Clearly, the fiber in question is the spectrum of the
Artin ring

k[u, ε]/(u2, u3+ εP ) = k ⊕ ku⊕ kε ⊕ kuε/(εP ) .
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If α0 = 0, this is ak-vector space of dimensiond = 3 or d = 4. If α0 �= 0, the residue class
of P is a unit, and thek-vector space has dimensiond = 2. �

From now on we assume that the glueing polynomialP = α3u
3+· · ·+α0 has a nonzero

constant term, such that our morphismϕ : B → C is flat. Moreover, we regard our rational
cuspidal curve as

C = Speck[u2, u3 + εP ] ∪ Speck[u−1+ εu−4P ] .
In other words, we viewOC as a subsheaf ofOB with respect to our morphismϕ : B → C,
and not merely as a subsheaf ofOA. We call the rational pointy∞ ∈ C that constitutes the
complement of the affine open subset Speck[u2, u3+ εP ] ⊂ C thepoint at infinity. We shall
see that it plays a special role. This is already apparent in the following fact.

PROPOSITION 2.2. The OC-module T = ϕ∗OB/OC is invertible, and isomorphic to
OC(y∞), where y∞ ∈ C is the point at infinity.

PROOF. Sinceϕ : B → C is flat of degree two,T must be invertible. We compute

deg(T ) = χ(T )− χ(OC) = χ(OB)− 2χ(OC) = 1 .

HenceH 0(C,T ) is 1-dimensional. To compute a nonzero section, we use the affine fpqc-
coveringV � V ′ → C given by the formal completionV = Speck[[u2, u3 + εP ]] and the
affine open subsetV ′ = Speck[u−1+ εu−4P ]. One easily sees that the residue classes of the
unit u ∈ Γ (V,OB) and the nilpotentεu−1P ∈ Γ (V ′,OB) generate the quotient sheafT as
anOC -module. On the overlapV ×C V ′, we have(u3 + εP )u−2 · u ≡ εu−1P moduloOC .
Using

1

(u3+ εP )u−2 = u−1+ εu−4P ,

we see that the local sections 1· u ∈ Γ (V,T ) and (u−1 + εu−4P) · εu−1P ∈ Γ (V ′,T )

glue together and define a global section, which vanishes precisely at the point at infinity
y∞ ∈ C. �

3. The geometric construction. We keep the notation from the preceding section,
and use the flat morphismϕ : B → C to form the cocartesian square

B −−→ X

ϕ

� �ν

C −−→ Y .

(6)

The surfaceY is our desired del Pezzo surface, as we shall see in due course. Pushouts
like the above exists as algebraic spaces according to a very general criterion of Artin [1],
Theorem 6.1. The morphismν : X→ Y is the normalization, and the cartesian square is also
cocartesian. In particular, we haveν−1(C) = B. Fortunately, we may immediately forget
about the category of algebraic spaces.

PROPOSITION 3.1. The algebraic space Y is a projective scheme.
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PROOF. It suffices to find an ample invertibleOY -module. As explained in [33], Propo-
sition 4.1, the pushout diagram yields an exact sequence of abelian sheaves

1→ O×Y → O×X ×O×C → O×B → 1 ,

which results in an exact sequence of abelian groups

0→ Pic(Y )→ Pic(X)⊕ Pic(C)→ Pic(B) .(7)

Clearly, the preimage map Pic(C) → Pic(B) is surjective. Hence there is an invertibleOC -
moduleL with LB = OB(1). Consequently, there is an invertibleOY -moduleOY (1) whose
preimage onX is isomorphic toOX(1). According to [11], Proposition 2.6.2, the invertible
sheafOY (1) must be ample, so the algebraic spaceY is projective. �

REMARK 3.2. The proof works under fairly general assumptions:X might be any
projective scheme,B a one-dimensional subscheme, andϕ : B → C a morphism of curves
that is generically an isomorphism.

It is not difficult to write down the coordinate rings for the affine open coveringY =
V ∪ V ′ ∪ V ′′ corresponding to the affine open coveringX = U ∪ U ′ ∪ U ′′ defined in (1).
Indeed, the diagram

OB ←−− OX

ϕ

�
�ν

OC ←−− OY

(8)

is cartesian, and this implies that

V = Speck[u2, u3 + vP, v2, v2u, v3, v3u] ,
V ′ = Speck[u−2, u−1+ vu−4P, v2u−2, v2u−3, v3u−3, v3u−4] ,

V ′′ = Speck[uv−1, v−1] .
(9)

Let me explain this for the first open subsetV : Clearly, the six given elementsu2, u3 +
vP, . . . , v3u lie in OV . Moreover, any monomial of the formumvn with m,n ≥ 2 is a
monomial in the elementsu2, v2, v2u, v3, v3u. Finally, the residue classes ofu2, u3 + vP

generate the quotient sheafOC |V . Whence the given elements generateOV .
The two open subsetsV, V ′ ⊂ Y need uncomfortably many generators. It is possible to

compute, with computer algebra, a Gröbner basis for the ideal of relations, but this sheds little
light on the situation. However, we shall see that things clear up under passing to suitable
localizations or completions.

The schemeY has as reduced singular locus the rational cuspidal curveC ⊂ Y . Our
ultimate goal is to construct twisted forms ofY that are regular, or at least normal. This can
only happen if the singularities onY are not too bad. Recall that alocally noetherian scheme
S is calledlocally of complete intersection if for all pointss ∈ S, the formal completion of the
stalkOS,s is of the formO∧S,s = R/I , whereR is a regular local noetherian ring andI ⊂ R
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is an ideal generated by a regular sequence ([14], Definition 19.3.1). The whole paper hinges
on the following observation.

THEOREM 3.3. The scheme Y is locally of complete intersection.

PROOF. We shall determine the local generators and relations explicitly. This will be
useful later, when we compute the cotangent sheaf of the singular schemeY . To start with,
consider the affine open subsetV ⊂ Y occurring in (9), with coordinate ringA = k[u2, u3+
vP, v2, v2u, v3, v3u]. To simplify notation, we give names to the generators:

a = u2 , b = u3+ vP , c = v2 , e = v2u , c′ = v3 , f = v3u .(10)

The idea now is to localize so that fewer than six generators suffice. First, let us take the affine
open subsetVP 2 ⊂ V obtained by inverting the element

P 2 = α2
3a3+ α2

2a2+ α2
1a + α2

0 ∈ A .

Recall thatP = α3u
3+· · ·+α0 is the glueing polynomial in the indeterminateu defining our

glueing mapϕ : B → C. I contend thatAP 2 = k[a, b, e]P 2 as subrings inside the function
field k(u, v). Indeed, we havec = (b2+ a3)/P 2 and compute

cb = ea + c′(α0 + α2a)+ f (α1 + α3a) ,

eb = ca2+ c′(α1a + α3a
2)+ f (α0+ α2a) .

The matrix of coefficients atc′, f has determinant

det

(
α0+ α2a α1 + α3a

α1a + α3a
2 α0 + α2a

)
= P 2 ,

and hence we may expressc′, f in terms ofa, b, e, 1/P 2. The upshot is that the canonical
inclusionk[a, b, e]P 2 ⊂ AP 2 is bijective.

According to the work of Avramov [2], the property of being locally of complete inter-
section is stable under localization.Therefore, it remains to check thatk[a, b, e] is of complete
intersection. But this is trivial: We write the 2-dimensional ringk[a, b, e] as a quotient of a
polynomial ring in three indeterminates, and since the latter is factorial, the ideal of relations
is generated by a single element. For later use, I write down the such a relation; it is

P 4e2+ b4a + a7 .(11)

To continue, let us look at the affine open subsetVQ ⊂ V given by localizing the element
Q = a2 + c(α1 + α3a)2 ∈ A. With this choice, I claim thatAQ = k[a, b, c, c′]Q. The
argument is very similar to the one in the preceding paragraph, and reveals how to come up
with a denominator likeQ: We compute

cb = ea + f (α1+ α3a)+ c′(α0 + α2a) ,

c′b = ec(α1+ α3a)+ f a + c2(α0+ α2a) .

The coefficients ate, f comprise a matrix, whose determinant is

det

(
a α1 + α3a

c(α1+ α3a) a

)
= a2+ c(α1+ α3a)2 = Q.
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Hence we may express the generatorse, f in terms ofa, b, c, c′, 1/Q, and thereforeAQ =
k[a, b, c, c′]Q. It remains to see thatR = k[a, b, c, c′] is a complete intersection. The gener-
atorsa, c ∈ R are algebraically independent, and we have relations

b2+ a3+ cP 2 and c′2 = c3 .(12)

I claim that the canonical surjection

R′ = k[a, c][x1, x2]/(x2
1 + a3+ cP 2, x2

2 + c3)→ R , x1 �→ b , x2 �→ c′

is bijective, wherex1, x2 are indeterminates. Indeed, both rings in question are 2-dimensi-
onal, andR is integral, so it suffices to check that the ringR′ on the left is integral. The
inclusion k[a, c] ⊂ R′ is purely inseparable, so Spec(R′) is irreducible. Being a com-
plete intersection, the affine scheme Spec(R′) has no embedded components. Hence, to
check that the 2-dimensional ringR′ is reduced we may replace it by the local Artin ring
k(a, c)[x1, x2]/(x2

1 + a3+ cP 2, x2
2 + c3). By Lemma 3.4 below, it suffices to check that the

differentials

d(a3+ cP 2) = (a2+ α2
1c + α2

3ca2)da + P 2dc and d(c3) = c2dc

from Ω1
k(a,c)/k are linearly independent, and the latter is obvious. If follows that the affine

open subsetV ⊂ Y is locally of complete intersection, because the open subsetsVP 2, VQ ⊂ V

cover the singular locus Sing(V ) = V ∩ C.
To finish the proof, it suffices to see that the formal completion

R = k[[u−2, u−1 + vu−4P, v2u−2, v2u−3, v3u−3, v3u−4]]
of the second affine open subsetV ′ ⊂ Y is a complete intersection. We introduce names

x = u−1 + vu−4P and y = v2u−2 and z = v3u−3.(13)

The equationx2 = u−2+ y(α2
3 + α2

2u−2+ α2
1xu−4+ α2

0u−6), viewed as a recursion relation
for u−2, reveals that the generatoru−2 is a formal power series inx2, y. Next, we decompose
the glueing polynomialP = α3u

3 + . . . + α0 into even and odd partP = Pev+ Podd, such
thatPevu

−2 andPoddu
−3 are polynomials inu−2. Computing

xy = v2u−3+ v3u−4Pevu
−2+ zPoddu

−3 ,

xz = v2u−3yPevu
−2 + v3u−4 + y2Poddu

−3 ,

we see that the matrix of coefficients atv2u−3, v3, u−4 has determinant

det

(
1 Pevu

−2

yPevu
−2 1

)
= 1− yP 2

evu
−4 ,

which is a unit. Whence it is possible to express the generatorsv2u−3, v3u−4 as formal power
series inx, y, z, so the inclusionk[[x, y, z]] ⊂ R is bijective. But the ringk[[x, y, z]] is
obviously a complete intersection, with relationy3+ z2 = 0. �

In the preceding proof, we needed the following fact.
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LEMMA 3.4. Let K be a field of characteristic p > 0, and f1, . . . , fn ∈ K elements
so that the differentials df1, . . . , dfn ∈ Ω1

K/Kp are linearly independent. Then the local Artin

ring K[x1, . . . , xn]/(xp

1 − f1, . . . , x
p
n − fn) is a field.

PROOF. Let A = K[x1, . . . , xn] be the polynomial algebra and setyi = x
p
i − fi . Let

m ⊂ A be the maximal ideal containing the ideal(y1, . . . , yn). It suffices to check that the
residue classesyi ∈ m/m2 are linearly independent, according to [12], Proposition 17.1.7.

By assumption, we findKp-derivationsDi : K → K with Di(fj ) = δij (Kronecker
delta). The cotangent sequence

0→ Ω1
K/Kp ⊗A→ Ω1

A/Kp → Ω1
A/K → 0

is exact and splits, because the ring extensionK ⊂ A is smooth. Hence we may extend
our Di to Kp-derivationsDi : A → A, which haveDi(yj ) = δij . These derivations in-
duce linear mapsDi : m/m2 → A/m. If follows that the residue classes ofyi are linearly
independent. �

REMARK 3.5. The condition that differentialsdf1, . . . , dfn ∈ Ω1
K/Kp are linearly

independent exactly means that the elementsf1, . . . , fn ∈ K arep-linearly independent.

4. Picard scheme and dualizing sheaf. We keep the notation from the preceding
section, such thatY is an integral projective surface locally of complete intersection, which is
defined by the cocartesian square (6). It is nonnormal, with reduced nonsmooth locusC ⊂ Y

and normalizationX = P2. In this section we study invertible sheaves onY . In some sense,
everything reduces to the curveC ⊂ Y :

PROPOSITION 4.1. The restriction map PicY/k → PicC/k of Picard schemes is an
isomorphism.

PROOF. The exact sequence of abelian sheaves 1→ O×Y → O×X × O×C → O×B → 1
induces an exact sequence of Picard schemes

0→ PicY/k → PicX/k ×PicC/k → PicB/k .

Hence it suffices to check that the restriction map PicX/k → PicB/k is an isomorphism.
Recall thatB is the first order infinitesimal neighborhood of a lineA insideX = P2. Clearly,
the restriction map PicX/k → PicA/k is an isomorphism, so it suffices to check that the
restriction map PicB/k → PicA/k is an isomorphism. LetI ⊂ OB be the ideal for the
closed embeddingA ⊂ B. ThenI2 = 0 and we have an exact sequence of abelian sheaves
0→ I → O×B → O×A → 1, which gives an exact sequence

H 1(B,I)→ PicB/k → PicA/k → H 2(B,I) .

The outer terms vanish,because the abelian sheafI is isomorphic to theOA-moduleOA(−1),
whence the assertion holds. �

We conclude that the Picard scheme PicY/k = PicC/k is reduced and therefore smooth,
and 1-dimensional. In particular, its tangent spaceH 1(Y,OY ) is 1-dimensional. The Picard
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scheme sits inside a split extension

0→ Ga → PicY/k → Z→ 0 .(14)

The map on the right is given by sending an invertibleOY -moduleL to the degree of the
restrictionLC . To simplify notation, we set deg(L) = deg(LC) and call this integer the
degree of L.

PROPOSITION 4.2. An invertible OY -module L is ample if and only if deg(L) > 0.

PROOF. According to [11], Proposition 2.6.2, the invertible sheafL is ample if and
only if its preimageν∗(L) is ample. If follows easily from the definition ofd = deg(L) that
ν∗(L) = OX(d). HenceL is ample if and only ifd > 0. �

Being locally of complete intersection, the proper schemeY also has an invertible dual-
izing sheafωY . It is straightforward to compute its degree:

PROPOSITION 4.3. The degree of the dualizing sheaf is deg(ωY ) = −1.

PROOF. Consider the Tschirnhausen moduleT = ν∗OX/OY . Its annulator idealc ⊂
OY is called theconductor ideal for the normalization mapν : X → Y . According to
Proposition 2.2, theOY -moduleT is an invertibleOC -module, and hencec = OY (−C).
Since the square (6) definingY is cocartesian, the induced ideal onX satisfiesc = cOX . As
the square is also cartesian, we havecOX = OX(−B).

The conductor is closely related to duality: The equalityc = Hom(ν∗OX,OY ) shows
that the conductor ideal has a naturalOX-module structure, and coincides with the relative
dualizing sheafωX/Y . The latter satisfiesωX = ωX/Y ⊗ ν∗ωY . Clearly, the projective plane
X = P2 has dualizing sheafωX = OX(−3). Together withωX/Y = OX(−2), it follows
ν∗(ωY ) = OX(−1). �

In particular, the dualizing sheafωY is antiample. We thus call ourY a nonnormal del
Pezzo surface. Let me point out that its irregularity ish1(OY ) = 1, which is highly unusual
for del Pezzo surfaces, even for singular ones (compare [17], Corollary 2.5 and [32], Theorem
2.2 and [30]).

To determine the isomorphism class ofωY in the Picard group, it suffices to compute
its restriction toC. Recall that the Tschirnhausen moduleT = ν∗OX/OY is the invertible
OC-moduleOC(y∞), wherey∞ ∈ C is the point at infinity.

PROPOSITION 4.4. With the preceding notation, we have ωY |C = OC(−y∞).

PROOF. We consider the relative dualizing sheafωC/Y = Ext1OY
(OC,OY ), which sat-

isfiesωC = ωC/Y ⊗ ωY |C . The exact sequence 0→ c → OC → OC → 0 yields an exact
sequence

0→ HomOY
(OY ,OY )→ HomOY

(c,OY )→ Ext1OY
(OC,OY )→ 0 .
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We have an obvious inclusionOX ⊂ Hom(c,OY ), and we now check that it is bijective. The
composition map

HomOY
(OX,OY )⊗OX

HomOX
(c,OX)→ HomOY

(c,OY )

is bijective, because the conductor ideal is invertible asOX-module. For the same reason, the
evaluation map

HomOX
(c,OX)⊗OX

c→ OX

is bijective. Composing the previous maps, we obtain a chain of inclusionOX ⊂
Hom(c,OY ) ⊂ OX , which clearly is bijective. The upshotis that the relative dualizing sheaf
ωC/Y coincides with the Tschirnhausen moduleT . Using thatωC = OC and Proposition 2.2,
we deduce the assertion. �

5. Cartier divisors and Weil divisors. Our del Pezzo surfaceY has a natural polar-
ization furnished by the ample invertible sheafω∨Y . Given any Weil divisorD onY , we define
its degree by the intersection number deg(D) = ω∨Y ·D. In this section we have a closer look
at curvesD ⊂ Y of degree one. Much of the geometry ofY is captured by these curves. Any
such curve is the schematic image of a lineL on the normalizationX = P2. To begin with,
we compute some cohomology groups.

PROPOSITION 5.1. Let L be an invertible OY -module of degree d . Then we have
χ(L) = d(d + 1)/2. Moreover, H 2(Y,L) = 0 for d ≥ 0, and H 1(Y,L) = 0 for d ≥ 1.

PROOF. The exact sequence 0→ L→ LX → L⊗ T → 0 of coherent sheaves gives
χ(L) = χ(LX) − χ(L ⊗ T ). HereT = OX/OY is the Tschirnhausen module. We clearly
haveχ(LX) = (d+2)(d+1)/2. According to Proposition 2.2,T is an invertibleOC -module
of degree one. It follows thatχ(L⊗ T ) = d + 1, and the assertion on the Euler characteristic
follows.

Now supposed ≥ 0. Then the term on the left in the exact sequence

H 1(C,L⊗ T )→ H 2(Y,L)→ H 2(X,LX)

vanishes. The term on the right is Serre dual toH 0(X,L∨X(−3)), and vanishes as well. Hence
H 2(Y,L) = 0.

Finally, suppose that the degree isd ≥ 1. We now use the short exact sequence 0→
L→ LX ⊕ LC → LB → 0, which gives an exact sequence

H 0(X,LX)⊕H 0(C,LC)→ H 0(B,LB)→ H 1(Y,L)→ H 1(X,LX)⊕H 1(C,LC) .

The sum on the right vanishes, and the map on the left is surjective. The latter follows from
the exact sequence

H 0(X,L)→ H 0(B,LB)→ H 1(X,L(−2)) = 0.

The upshot is thatH 1(Y,L) = 0. �

For d = 1, this means thatH 0(Y,L) is 1-dimensional. In other words, each invertible
sheafL of degree one, there is precisely one effective Cartier divisorD ⊂ Y with L =
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OY (D). Note that this applies in particular to the antidualizing sheafL = ω∨Y . It turns out
that the position of these Cartier divisors is determined by restricting to the reduced singular
locusC ⊂ Y :

PROPOSITION 5.2. Let L be an invertible sheaf of degree d = 1. Then the restriction
map H 0(Y,L)→ H 0(C,LC) is bijective.

PROOF. The exact sequence 0→ LX(−B) → LX → LB → 0 gives an exact se-
quence

H 0(X,LX(−B))→ H 0(X,LX)→ H 0(B,LB)→ H 1(X,LX(−B)) .

Both outer terms vanish, and hence the restriction mapH 0(X,LX) → H 0(B,LB) is bijec-
tive.

Using the exact sequence 0→ L → LX ⊕ LC → LB → 0, we obtain a short exact
sequence

0→ H 0(Y,L)→ H 0(X,LX)⊕H 0(C,LC)→ H 0(B,LB)→ 0 .

In light of the preceding paragraph, the restriction mapH 0(Y,L) → H 0(C,LC) must be
bijective. �

We conclude that given a rational pointy ∈ C in the smooth locus ofC, there is precisely
one Cartier divisorD ⊂ Y of degree one passing throughy. Of course, there is a continuous
family of Weil divisors of degree one passing through that point. Any such Weil divisor is
the image of a unique line onX = P2. How to distinguish between such Cartier divisors and
Weil divisors?

PROPOSITION 5.3. Let L ⊂ X be a line not contained in the conductor locus B ⊂ X,
and D ⊂ Y be its image, and y ∈ C ∩ D be the unique intersection point with the singular
locus C ⊂ Y . Then the Weil divisor D is Cartier if and only if the schematic preimage
ν−1(y) ⊂ X is contained in L.

PROOF. Suppose thatD ⊂ Y is Cartier. Then the preimageν−1(D) ⊂ X is Cartier
as well, and clearly containsν−1(y). The inclusionL ⊂ ν−1(D) is an equality outside the
conductor locusB ⊂ X. Since both subschemes are Cartier, they must be equal. If follows
thatν−1(y) ⊂ L.

Now supposeν−1(y) ⊂ L. Let D′ ⊂ Y be the unique Cartier divisor of degree one
passing throughy. Its preimageL′ = ν−1(D′) ⊂ X is a line containingν−1(y), which is
an Artin subscheme of length two. However, through any Artin subscheme of length two on
X = P2, there passes precisely one line. We concludeL = L′, whenceD = D′ is Cartier. �

We finally determine what kind of scheme a Weil divisor of degree one is.

PROPOSITION 5.4. Let D ⊂ Y be a Weil divisor of degree one.
(i) If D ⊂ Y is Cartier or if D = C, then the curve D is isomorphic to the rational

cuspidal curve with arithmetic genus pa = 1.
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(ii) If D ⊂ Y is not Cartier and D �= C, then the curve D is isomorphic to the projec-
tive line P1.

PROOF. The caseD = C is clear, becauseC is by definition the rational cuspidal curve
with pa = 1. Now suppose thatD is Cartier. ThenωD = ωY (D) |D has degree zero. It
follows that−2χ(OC) = deg(ωD) = 0, whenceh1(OC) = 1. Clearly,D is birational and
homeomorphic to the projective line, and the assertion follows.

Finally, suppose thatD �= C is not Cartier. LetL ⊂ X be the unique line withD = ν(L),
and consider the birational morphismf : L → D. According to Proposition 5.3, the fiber
f−1(y) = L ∩ ν−1(y) is an Artin scheme of length one. It follows thatf is an isomorphism.

�

To close this section, we look again at the antidualizing sheafω∨Y . We know from Propo-
sition 5.1 that there isonly one effective anticanonical divisorD ⊂ Y . We note in passing an
interesting consequence: The anticanonical divisorD ⊂ Y is invariant under any automor-
phism ofY .

6. The tangent sheaf. We keep the notation from the preceding sections, such that
Y is a nonnormal del Pezzo surface. To construct twisted forms ofY , we have to understand
the group scheme AutY/k and its Lie algebraH 0(Y,ΘY/k). In this section we shall see that
the tangent sheafΘY/k is locally free of rank two, and that it is not difficult to determine its
global sections. This is somewhat surprising, because the cotangent sheafΩ1

Y/k is not locally
free along the singular curveC ⊂ Y . However, we shall see that the trouble only comes from
the torsion subsheafτ ⊂ Ω1

Y/k. This effect seems to be special to positive characteristics.

THEOREM 6.1. The coherent OY -module Ω1
Y/k/τ is locally free of rank two.

PROOF. This is a local problem inY . First, consider the affine open subsetV ⊂ Y that
is the spectrum of

k[u2, u3+ vP, v2, v2u, v3, v3u] = k[a, b, c, e, c′, f ] ,
as in Equation (10). As explained in the proof for Proposition 3.3, it is advisable to localize
further, usingP 2 = α2

3a3+ α2
2a2+ α2

1a + α2
0 andQ = a2+ c(α1+ α3a)2 as denominators.

We saw thatVP 2 is an open subset inside the spectrum of

k[a, b, e]/(P 4e2+ b4a + a7) .

The module of differentials is generated byda, db, de modulo the relation(b4+a6)da. Since
Y is generically smooth, the coefficientb4 + a6 must be a regular element, hence the differ-
entialda is torsion. We conclude that the differentialsdb, de form a basis ofΩ1

Y/k modulo
torsion overVP 2 ⊂ Y . A similar argument using Equation (12) gives that the differentials
db, dc′ form a basis forΩ1

Y modulo torsion overVQ ⊂ Y .
It remains to treat the affine open subsetV ′ ⊂ Y . Since the point at infinityy∞ ∈ V ′

is the only singularity not contained inV , it suffices to consider the formal completionR =
k[[x, y, z]]/(y3− z2) of OY,y∞ as in Equation (13). The separated completionΩ̂1

R/k modulo
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torsion is free, with basisdx, dz. Since the two functionsx = u−1 + vu−4P andz = u3v−3

are already contained inOY,y∞ , it follows that dx, dz are a basis modulo torsion in some
affine neighborhood ofy∞ ∈ Y . �

COROLLARY 6.2. The tangent sheaf ΘY/k is locally free of rank two.

PROOF. Dualizing the exact sequence 0→ τ → Ω1
Y/k → Ω1

Y/k/τ → 0, we see that

the canonical mapHom(Ω1
Y/k/τ,OY )→ Hom(Ω1

Y/k,OY ) is bijective. �

Our next task is to compute the Lie algebra of global sections for the tangent sheaf. We
are mostly interested in the behavior of derivations near the singular locusC ⊂ Y , whence
we shall describeH 0(Y,ΘY/k) as a subalgebra ofH 0(VP 2,ΘY/k). We just saw thatΩ1

Y/k

modulo torsion has a basis onVP 2 ⊂ Y given bydb, de. We denote byDb,De the dual basis
of ΘY/k on VP 2. The following result gives an implicit description ofH 0(Y,ΘY/k), which
will give enough information for our purposes.

PROPOSITION 6.3. The Lie algebra H 0(Y,ΘY/k) consists of all derivations of the
form fDb + gDe, where f, g ∈ k[u2, u3 + vP, v2, v2u, v3, v3u] are polynomials so that the
rational functions

f
u

v2P
+ g

Pv + P ′uv + u3

v4P
and f

1

v2P
+ g

u2 + P ′v
v4P

(15)

are contained in k[u/v, 1/v].
PROOF. Since the cotangent sheaf satisfies Serre’s condition(S2) and the complement

of VP 2 ∪V ′′ ⊂ Y is finite, the restriction mapH 0(Y,ΘY/k)→ H 0(VP 2 ∪V ′′,ΘY/k) must be
bijective. The latter group is the kernel of the difference map

H 0(VP 2,ΘY/k)⊕H 0(V ′′,ΘY/k)→ H 0(VP 2 ∩ V ′′,ΘY/k) ,(16)

coming fromČech cohomology. To determine the kernel, we first compute with differentials
rather than derivations:

db = (u2+ P ′v)du+ Pdv , de = v2du

d(u/v) = 1/vdu+ u/v2dv , d(1/v) = 1/v2dv ,

as follows from (10). Consequently,

A =
(

u2+ P ′v v2

P 0

)
, B =

(
1/v 0
u/v2 1/v2

)
(17)

are the base change matrices for base changes fromdb, de todu, dv, and fromd(u/v), d(1/v)

to du, dv, respectively. It follows thatB−1A is the base change matrix fromdb, de to
d(u/v), d(1/v), and whence

t(B−1A)−1 =
(

u/v2P (Pv + P ′uv + u3)/v4P

1/v2P (u2+ P ′v)/v4P

)

is the base change matrix from the dual basisDb,De to Du/v,D1/v . Using this base change
matrix, we compute the kernel in the exact sequence (16), and the assertion follows.�
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Recall that the normalization ofY is the projective planeX = P2. Pulling back to
X, we see thatH 0(X,ΘY/k ⊗ OX) is given by derivations of the formfDb + gDe, where
f, g ∈ k[u, v] are polynomials so that the two rational functions in (15) lie ink[u/v, 1/v]. In
particular, the rational derivationδ = PDe defines a global section ofΘY/k ⊗ OX. It does
not, however, always come from a global section ofΘY/k:

COROLLARY 6.4. Suppose the glueing polynomial P is even, that is, P = α2u
2+ α0.

Then the rational vector field δ = PDe lies in H 0(Y,ΘY/k). Moreover, we have δ ◦ δ = 0.

PROOF. The first statement follows from the preceding proposition. We haveδ(e) =
α2a + α0 andδ(b) = 0, and thereforeδ ◦ δ = 0. �

From now on we assume that the glueing polynomialP is even. Using the base change
matrices in (17), we easily express the global vector fieldδ = PDe in terms of other rational
derivations, and obtain

δ = PDe = (Pv + u3)v−4Du/v + u2v−4D1/v = Pv−2Du + u2v−2Dv .

In the next section, we shall interpretδ as a group scheme action ofα2 on Y . The fixed
points for the group scheme action correspondto the zeros of the vector field. By definition,
δ = PDe has no zeros on the open subsetVP 2. Clearly, it vanishes onV ′′ to first order along
the closed subscheme given by 1/v = 0. It remains to determine the precise behavior of the
vector field near the curve of singularitiesC ⊂ Y .

PROPOSITION 6.5. The only zero of the global vector field δ = PDe lying on the
singular curve C ⊂ Y is the point at infinity y∞ ∈ C. With respect to the formal coordinates
O∧Y,y∞ = k[[x, y, z]]/(y3− z2), we have δ = xDz.

PROOF. Usingδ = Pv−2Du+u2v−2Dv and the definitions ofx, y, z in Equation (13),
one computesδ(x) = δ(y) = 0 andδ(z) = x, whenceδ = xDz. It remains to writeδ on
VQ ⊂ V in terms of the basisDb,Dc′ , wherec′ = v3. Note thatQ = a+c(α3u

3+α1u) = a,
because we assume the glueing polynomial to be even. We haveδ(b) = 0 and compute
δ(v3) = u2 = a, whenceδ = aDc′ has no zero on the affine open subsetVQ ⊂ Y . �

7. Splitting type of tangent sheaf. In this section we determine the restriction
ΘY/k|D of the tangent sheaf to Weil divisorsD ⊂ Y of degree one. This will show that
our choice of global vector fieldδ = PDe is, in some sense, the best possible choice.

The computation with the tangent sheaf is rather easy, because we may dually work with
the cotangent sheaf modulo torsion. The latter sits in an exact sequence

I/I2→ Ω1
Y/k ⊗OD → Ω1

D/k → 0 ,(18)

whereI = OY (−D) is the ideal of the Weil divisor. For the following arguments, note that
the torsion subsheafτ ⊂ Ω1

Y/k is locally a direct summand, becauseΩ1
Y/k/τ is locally free,

whence this subsheaf commutes with base change.
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PROPOSITION 7.1. Let D ⊂ Y be a Cartier divisor of degree one. Then the tangent
sheaf splits as ΘY/k|D � ΘD/k ⊕ ω∨Y |D . Both summands are invertible OD-modules, of
degree four and one, respectively.

PROOF. TheOD-moduleI/I2 is invertible of degree−D2 = −1, and the canonical
mapI/I2 → Ω1

Y/k ⊗ OD on the left in the cotangent sequence (18) is injective, because
D ⊂ Y is Cartier. According to Proposition 5.4, the schemeD is the rational cuspidal curve
with arithmetic genuspa = 1. It follows I/I2 � ωY |D, and thatΩ1

D/k modulo torsion is an
invertible sheaf of degree−4. SinceY is smooth at the generic pointη ∈ D, the torsion in
Ω1

Y/k ⊗OD maps to the torsion ofΩ1
D/k, and this map must be bijective becauseΩ1

Y/k/τ is

locally free of rank two, which containsI/I2 locally as a direct summand. The result now
follows by taking duals, and the fact that there are no nontrivial extension of invertible sheaves
of degree one by invertible sheaves of degree four onD. �

In particular, we see that the invertible sheaf det(ΘY/k) has degree five.

PROPOSITION 7.2. Let D ⊂ Y be a Weil divisor of degree one that is not Cartier
and not the singular curve C. Then ΘY/k|D � OD(3)⊕ OD(2) is a direct sum of invertible
OD-modules of degree two and three.

PROOF. In this case, Proposition 5.4 tells us thatD � P1. HenceΩ1
D/k is invertible

of degree−2. It follows that the torsion ofΩ1
Y/k ⊗ OD maps to zero inΩ1

Y/k. The induced

map(Ω1
Y/k/τ )⊗OD → Ω1

D/k has invertible kernel, which must have degree−3. The result
follows after dualizing, and the fact that there are non nontrivial extensions ofOP1(3) by
OP1(2). �

PROPOSITION 7.3. Let C ⊂ Y be the reduced singular locus. Then the tangent sheaf
splits as ΘY/k |C � ΘC/k ⊕OC(y∞). Both summands are invertible, of degree four and one,
respectively.

PROOF. I claim that the torsion inΩ1
Y/k maps to the torsion inΩ1

C/k. It suffices to check

this on the formal completionR′ = k[[x, y, z]]/(y3+ z2) of the affine open subsetV ′ ⊂ Y

at the point at infinity. The curveC ⊂ Y has ideal(y, z), and the torsion is generated bydy,
whence the claim follows. Whence we have an exact sequence

0→ K→ Ω1
Y/k ⊗OC/(torsion)→ Ω1

C/k/(torsion)→ 0

for some coherentOC -moduleK. Since both terms on the right are locally free, theOC -
moduleK must be invertible. It must have degree−1, becauseΩ1

C/k modulo torsion is in-
vertible of degree−4. Such an extension ofOC -modules must split. Dualizing it, we obtain
ΘY/k|C = ΘC/k ⊕K∨.

It remains to see thatK∨ � OC(y∞). We use our global vector fieldδ = PDe. By
Proposition 6.5, the restrictionδ ⊗ 1 vanishes only aty∞ ∈ C, and has vanishing order one
there. Decomposeδ⊗1= δ′+δ′′, whereδ′ is a global vector field onC, andδ′′ ∈ H 0(C,K∨).
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If δ′′ = 0, thenΘC/k would have degree one, contradiction. Henceδ′′ �= 0, and it follows
K∨ � OC(y∞). �

REMARK 7.4. Letm ⊂ OY be the maximal ideal for the point at infinityy∞ ∈ Y . The
preceding result tells us that any global vector field onY , the corresponding tangent vector in
ΘY/k(y∞) ⊂ Homk(m/m2, k) is tangent to the curve of singularitiesC ⊂ Y . We conclude
that ourδ = PDe is in some sense the best possible choice when it comes to twisting in
Section 8.

REMARK 7.5. SupposeF is a locally free sheaf of rankn on the projective plane
X = P2. The restriction to any lineL ⊂ X splits into a direct sum of invertible sheafs
FL � OL(d1) ⊕ · · · ⊕ OL(dn), say withd1 ≤ · · · ≤ dn. This sequence of integers is called
the splitting type of F along the lineL. The preceding results tell us: The generic splitting
type ofF = ν∗(ΘY/k) is given by the sequence(2, 3). The generic splitting type degenerates
to the special splitting type(1, 4) on those linesL ⊂ P2 whose image inD ⊂ Y is Cartier or
equalsC.

8. Twisted del Pezzo surfaces. We keep the assumptions as in the preceding section,
such thatY is a nonnormal del Pezzo surfaces, defined by an even glueing polynomialP =
α2u

2 + α0. Then we have a global vector fieldδ ∈ H 0(Y,ΘY/k) with δ ◦ δ = 0 given by the
formulaδ = PDe . Such vector fields correspond to actions of the group schemeα2, which is
finite and infinitesimal.

Recall that we haveα2 = Speck[ε] as a scheme. Its values onk-algebrasR is the group
α2(R) = {f ∈ R | f 2 = 0}, with addition as group law. The actionα2 × Y → Y is given by
the formula

OY → k[ε] ⊗k OY , s �→ δ(s)ε ⊗ s .

A rational pointy ∈ Y is a fixed point for theα2-action if and only ifδ(y) = 0 as a section of
ΘY/k, or equivalentlyδ(my) ⊂ my as derivationδ : OY → OY .

As explained in Section 1, anyα2-torsorT yields a twisted formY ′ = Y ∧ T of our
nonnormal del Pezzo surfaceY . Note that the projectionsY ← Y × T → Y ′ are universal
homeomorphisms, and we may identify points onY with points onY ′. Any such twisted form
Y ′ is locally of complete intersection. Moreover,ωY ′ is antiample, and we haveh1(OY ′) =
h1(OY ) = 1. Whence the twisted formY ′ is another del Pezzo surface, possibly with less
severe singularities thanY .

Any α2-torsor is of the formT = Speck(
√

λ) for some scalarλ ∈ k, with action given
by the derivation

√
λ �→ 1. The torsor is nontrivial if and only ifλ ∈ k is not a square. We

now can formulate the main result of this paper:

THEOREM 8.1. Let k be a nonperfect field of characteristic two, λ ∈ k be a nonsquare,
and T = Speck(

√
λ) the corresponding α2-torsor. Then the twisted form Y ′ = Y ∧ T is a

normal del Pezzo surface with h1(OY ′) = 1. It has a unique singularity y ′∞ ∈ Y ′, which
corresponds to the point at infinity y∞ ∈ Y .
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PROOF. First observe thatY ′ is smooth outside the curve corresponding to the reduced
singular locusC ⊂ Y . According to Proposition 6.5, the point at infinityy∞ ∈ Y is a fixed
point on the singular locus. The corresponding point on the twisted formy ′∞ ∈ Y ′ then must
be a singularity, by Proposition 1.8.

It remains to see what the effect of twisting is on the affine open subsetV ⊂ Y at the
singular locus. Recall that the open subsetVP 2 ⊂ V is given by the algebrak[a, b, e, P−1]/
(P 4e2+b4a+a7), and thatδ = PDe , compare the proof for Theorem 3.3. We first analyse the
rational pointy ∈ Y corresponding to the origina = b = e = 0. We haveδ(a) = δ(b) = 0
andδ(e) = P , whence the orbitGy ⊂ Y is given by the ideal(a, b, e2). Clearly, this ideal
is generated bya, b, which is a regular sequence. Now Theorem 1.5 tells us thatY ′ is regular
near the point corresponding toy ∈ Y .

Next we treat the singular locus ofVP 2 outside the origin. Consider the Cartier divisor
A ⊂ VP 2 supported by the singular locus given by the ring elementc = v2 = (b2+ a3)/P 2.
This element is invariant, and we have

k[a, b, e, P−1]/(P 4e2+ b4a + a7, b2+ a3) = k[a, b, e, P−1]/(b2+ a3, e2) .

Twisting this algebra, we obtain as twisted algebrak(
√

λ)[a, b, P−1]/(b2+a3), which defines
a rational cuspidal curve over the quadratic extension fieldk(

√
λ). The latter is regular outside

the origin. Using Theorem 1.5 again, we conclude that the twisted formY ′ is regular on the
open subset corresponding toVP 2 ⊂ Y .

Finally, we treat the other open subsetVQ ⊂ V , which is given by

k[a, b, c, c′, a−1]/(b2+ a3+ cP 2, c′2 = c3) .

Here our derivation takes the formδ = aDc′ . Again, consider the Cartier divisorA ⊂ VQ

supported by the singular locus given byc. We have

k[a, b, c, c′]/(b2+ a3+ cP 2, c′2 = c3, c) = k[a, b, c′]/(b2+ a3, c′2) ,

and we may argue as above. The upshot is that the twisted formY ′ is regular outside the point
at infinity y ′∞ ∈ Y ′. �

It is not difficult to analyse the singularity:

THEOREM 8.2. The singularity y ′∞ ∈ Y ′ is a rational double point of type A1. The
minimal resolution of singularities r : Ỹ ′ → Y ′ is obtained by blowing up the reduced singu-
lar point. The exceptional divisor E = r−1(y ′∞) is isomorphic to a regular quadric in P2

k that
is a twisted form of the double line. The regular surface Ỹ ′ is a weak del Pezzo surface with
h1(OỸ ′) = 1.

PROOF. As explained in the proof for Proposition 3.3, the completionO∧Y,y∞ is the

algebraR = k[[x, y, z]]/(y3+ z2), and furthermoreδ = xDz. It follows that the completion
O∧

Y ′,y ′∞
is the subalgebraR ⊂ k[√λ, x, y, z]/(y3 + z2) generated by the invariantsx, y, z′,

wherez′ = z +√λx, which has defining relationz′2 = y3+ λx2.
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Consider the blowing upZ → Spec(R) of the maximal ideal(x, y, z′). It is covered by
two charts: Thex-chart

x, y/x, z′/x modulo (z′/x)2 = (y/x)3x + λ ,(19)

and thez′-chart

x/z′, y/z′, z′ modulo z′2 = (y/z′)3z′ + λ(x/z′)2 .(20)

The exceptional divisorE ⊂ Z is given by settingx andz′ to zero, respectively. Whence
E is covered byy/x, z′/x modulo(z′/x)2 = λ andx/z, y/z′ modulo(x/z′)2 = 1/λ. The
exceptional divisor is evidently regular, and hence the blowing upỸ ′ is regular as well. Fur-
thermore, we easily infer thatE = r−1(y ′∞) is isomorphic to a regular quadric inP2

k that
becomes a double line after adjoining

√
λ.

We infer thatR1r∗(OỸ ′) = 0, so the singularity is rational. It also follows that the map
H 1(Y ′,OY ′) → H 1(Ỹ ′,OỸ ′ ) is bijective. Finally, write the relative dualizing sheaf in the
form ωỸ ′/Y ′ = OỸ ′(nE) for some integern. Using

−2= deg(ωE) = ωỸ ′(E) · E = (n+ 1)E2 ,(21)

we concluden = 0 andE2 = −2. In other words, the singularity is a rational double point of
typeA1. Moreover, we haveωỸ ′ = r∗(ωY ′), and hence the antidualizing sheaf forỸ ′ is nef
and big. In other words, the regular surfaceỸ ′ is a weak del Pezzo surface. �

According to Mumford’s result [27], the only normal surface singularities over the com-
plex numbers whose formal completion are factorial are the rational double points of type
E8 (for arbitrary algebraically closed ground fields, see [24], §25). The situation is more
complicated over nonclosed ground fields.

COROLLARY 8.3. The complete local rings O∧
Y ′,y ′ of our twisted del Pezzo surface Y ′

are factorial.

PROOF. Let D ⊂ Y ′ be a Weil divisor, andD̃ ⊂ Ỹ ′ be its strict transform. The excep-
tional divisorE ⊂ Ỹ ′ carries no invertible sheaf of degree one. Rather, it is a cyclic group
generated by the invertible sheafOE(E), which has degree two. WritẽD · E = 2n for some
integern. Then(D̃+nE) ·E = 0. This implies that the invertible sheafL = OỸ ′(D̃+nE) is
trivial on the formal completion alongE, becauseH 1(Ỹ ′,OmE) = 0 for all integersm ≥ 0. It
follows that the coherentOY ′ -moduler∗(L) is invertible. Therefore, the Weil divisorD ⊂ Y ′
must be Cartier. The same argument applies for formal Weil divisors on Spec(O∧

Y ′,y ′). �

9. Fano-Mori contractions. We now use the results of the preceding section on del
Pezzo surfaces over nonperfect ground fields to construct some interesting Fano-Mori con-
tractions of fiber type over algebraically closed fields. Let us now work, for simplicity, over
an algebraically closed ground fieldk of characteristic two.

Choose an abelian varietyA′ with a-numbera(A) ≥ 1. This mean that there exists at
least one embeddingα2 ⊂ A′, and in turn anα2-action on the abelian variety via translations.
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In dimension one, for example, we could choose a supersingular elliptic curve with Weier-
strass equation of the formy2 + y = x3 + a4x + a6, with action given by the derivation
x �→ 1,y �→ x2+ a4. Note that in characteristic two, all supersingular elliptic curves are iso-
morphic. The quotientA = A′/α2 is again an abelian variety, and the quotient mapA′ → A

is a purely inseparable isogeny of degree two.
We now fix once and for all an embeddingα2 ⊂ A′ and consider the corresponding

α2-action onA′ via translations. LetY be the nonnormal del Pezzo surface constructed in the
preceding sections. We assume that the glueing polynomialP is even, such that we have the
global vector fieldδ = PDe corresponding to anα2-action onY . The productZ′ = Y × A′
carries the diagonal action, and we may take the quotientZ = α2\Z′. The projectionf ′ :
Z′ → A′ induces a projectionf : Z → A. To understand its fibers,consider the function
fields K ′ = k(A′) andK = k(A). ThenK ⊂ K ′ is a purely inseparable quadratic field
extension, and hence of the formK ′ = K(

√
λ) for some nonsquareλ ∈ K. We may view

T = SpecK ′ as anα2-torsor overK.

PROPOSITION 9.1. The generic fiber Zη of the projection f : Z → A is the twisted
form YK ∧ T , which is a normal del Pezzo surface. For all closed points σ ∈ A, the fiber Zσ

is isomorphic to the nonnormal del Pezzo surface Y .

PROOF. Taking quotients by free group actions commutes with arbitrary base change.
Given a pointσ ∈ A with residue fieldκ = κ(σ), andT ⊂ A′ be its preimage. Making base
change with respect toT → A, we see that the fiberZσ is the quotient ofYκ ×Spec(κ) T by the
diagonal action, so thatZσ = Yκ ∧ T . If σ is a closed point, the torsorT is trivial, and hence
Zσ = Y . If σ is the generic point, then the torsorT is nontrivial. According to Theorem 8.1,
the twisted form is then normal. �

The point at infinityy∞ ∈ Y is invariant under theα2-action. Whence it defines a section
s : A→ Z, whose image is the quotient of{y∞} × A′ by the diagonal action.

PROPOSITION 9.2. The scheme Z is normal and locally of complete intersection. The
reduced singular locus of Z equals the image of the section s(A) ⊂ Z.

PROOF. The morphismf : Z→ A is flat, because the compositionZ′ → A is flat and
the quotientZ′ → Z is faithfully flat. The baseA and all fibersZa are locally of complete
intersection, whenceZ is locally of complete intersection.

According to Theorem 8.1, the singular locus of the generic fiber ists(A)η. It follows
that s(A) ⊂ Sing(Z). The translation action ofA′ on Z′ = Y × A′ via the second factor
commutes with the diagonalα2-action, whence induces an action ofA on the quotientZ. For
any closed pointz ∈ Z, the induced mapf : Az → A is surjective. Using that the singular
locus is invariant under this action, we infer that Sing(Z) ⊂ s(A). In particular,Z is regular
in codimension one. It follows thatZ is normal. �

PROPOSITION 9.3. The blowing up r : Z̃ → Z with center the reduced subscheme
s(A) ⊂ Z is a resolution of singularities. The singularities of Z are canonical.
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PROOF. According to 8.2, the generic fiber̃Zη is regular. Moreover, theA-action onZ
leaves the center of the blowing ups(A) ⊂ Z invariant, and hence the action extends to the
relative homogeneous spectrum̃Z = Proj (⊕(In/In+1)), whereI ⊂ OZ denotes the ideal
of the center. We now may argue as in the preceding proof and infer thatZ̃ must be regular.

Let E ⊂ Z̃ = r−1(s(A)) be the exceptional divisor. It must be flat over the base of the
projectionZ̃ → A because it carries anA-action. The relative dualizing sheafωZ̃/Z is of
the formOZ̃(nE) for some integern, which is called thediscrepancy for the resolution of
singularities. The singularities on the threefoldZ are calledcanonical if n ≥ 0. According to
(21), we haven = 0, and henceZ is canonical. �

Recall that a morphism of proper normal schemef : V → W is called aFano-Mori
contraction if OW → f∗(OV ) is bijective, the total spaceV is Q-Gorenstein, andω∨V is
f -ample.

PROPOSITION 9.4. The morphism f : Z → A is a Fano-Mori contraction. The OA-
module R1f∗(OZ) is invertible and commutes with base change.

PROOF. For all closed pointsa ∈ A, we haveZa = Y , and henceh0(OZa ) = 1 and
h2(OZa ) = 0. If follows that the canonical mapOA → f∗(OZ) is bijective, and that the
coherentOA-moduleR1f∗(OZ) is locally free, of rankh1(OZa ) = 1.

By Proposition 9.2, the schemeZ is Gorenstein. LetC ⊂ Z be an integral curve, and
C′ ⊂ Z′ be its preimage. We haveωZ ⊗ OZ′ = pr∗1(ωY ). If follows thatC · ωZ ≤ 0, with
equality if and only if the induced mapf : C → A is finite. Summing up,f : Z → A is a
Fano-Mori contraction. �

10. Maps to projective spaces. We now return to our nonnormal del Pezzo surface
Y . In this final section we study maps to projective spaces, which are defined in terms of
semiample invertible sheaves. The upshot will be that it is not possible to defineY in a simple
way as a hypersurface in projective space, or a finite covering of projective space. Obviously,
the same then holds for twisted formsY ′ = Y ∧ T .

The various geometric properties of invertible sheaves onY can be nicely expressed in
terms of degrees.

THEOREM 10.1. An invertible OY -module L �= OY of degree d = deg(L) is:
(i) semiample if and only if d ≥ 0;
(ii) ample if and only if d ≥ 1;
(iii) globally generated if and only if d ≥ 2;
(iv) very ample if and only if d ≥ 3,

PROOF. For this we may assume that the ground fieldk is algebraically closed. We
already proved assertion (ii) in Proposition 4.2. Concerning (i), recall that semiampleness
means that some tensor power is globally generated. SupposeL is semiample. Then the
restrictionLC is semiample as well, and henced ≥ 0. Conversely, supposed ≥ 0. If d > 1,
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thenL is ample, and ifd = 0, then the sheafL⊗2 is trivial by the exact sequence (14). In both
casesL is semiample.

Next, we prove (iii). Suppose thatL is globally generated. Then the restrictionLC to
the cuspidal curve of arithmetic genuspa = 1 is globally generated as well, and this implies
that d ≥ 2 by Lemma 10.3 below. Conversely, suppose the degree isd ≥ 2. Decompose
L = L1 ⊗ · · · ⊗ Ld into a tensor product of invertible sheaves of degree one. According to
Proposition 5.1, we haveh0(Li ) = 1, whence there are unique Cartier divisorsCi ⊂ Y with
Li = OY (Ci). It follows that the base locus ofL is contained in

⋃d
i=1 Ci . The exact sequence

0→ L(−Ci)→ L→ LCi → 0 yields an exact sequence

H 0(Y,L)→ H 0(Ci,LCi )→ H 1(Y,L(−Ci)) .

The term on the right vanishes by Proposition 5.1, becauseL(−Ci) has degreed − 1 ≥
1. To finish the argument, it suffices to check thatLCi is globally generated. According to
Proposition 5.4, theCi are isomorphic to the rational cuspidal curve withpa = 1. By Lemma
10.3 below,LCi is globally generated.

It remains to prove (iv), which is the most interesting part. Suppose first thatL is very
ample. Then the restrictionLC is very ample as well, and this impliesd ≥ 3 by Lemma 10.3
below. Conversely, supposed ≥ 3. Let A ⊂ Y be an Artin subscheme of length two. We
have to show thatH 0(Y,L)→ H 0(A,LA) is surjective. The idea is to use Cartier divisors of
degree two.

Let N be an invertibleOY -module of degree two. We already saw thatN is globally
generated, whence defines a morphismrN : Y → P2. The imagerN (A) ⊂ P2 is an Artin
scheme of length≤ 2, and henceN has a nonzero global section whose zero schemeD ⊂ Y

containsA. The exact sequence 0→ L(−D)→ L→ LD → 0 yields an exact sequence

H 0(Y,L)→ H 0(D,LD)→ H 1(Y,L(−D)) .

The term on the right vanishes by Proposition 5.1, becauseL(−D) has degree≥ 1. Hence it
suffices to show thatH 0(D,LD)→ H 0(A,LA) is surjective.

Now suppose for a moment thatωY ⊗ N⊗2 �= L and thatr(A) ⊂ P2 has length one.
Using the latter, we see thatN has another nonzero section whose zero schemeD′ ⊂ Y

having no irreducible component in common withD and containingA. SetA′ = D ∩ D′.
ThenA ⊂ A′, and the inclusionA′ ⊂ D is Cartier. The exact sequence 0→ LD(−A′) →
LD → LA′ → 0 yields an exact sequence

H 0(D,LD)→ H 0(A′,LA′)→ H 1(D,LD(−A′)) .

The term on the right sits inside the exact sequence

H 1(Y,L⊗N∨)→ H 1(D,LD(−A′))→ H 2(Y,L⊗N⊗−2) .

In this sequence, the term on the left vanishes by Proposition 5.1, since we have deg(L ⊗
N∨) < 0. The term on the right is Serre dual toH 0(Y,M), whereM = ωY ⊗L⊗−1⊗N⊗2.
This sheaf has degree 3− d, and henceH 0(Y,M) vanishes ford > 3. In the boundary case
d = 3 we also haveH 0(Y,M) = 0, because we are presently assuming thatωY ⊗N⊗2 �= L.
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Combining these observations, we see that the restriction mapH 0(Y,L) → H 0(A,LA) is
surjective.

To complete the proof, we now may assume that for all invertible sheavesN of degree
two with ωY ⊗N⊗2 �= L the imagerN (A) ⊂ P2 has length two. Our goal now is to find a
global section ofL whose zero scheme intersectsA but does not containA. This implies that
H 0(Y,L)→ H 0(A,LA) is surjective, because we already know thatL is globally generated.
By our assumption, for anyN of degree two withωY ⊗N⊗2 �= L, we find a global section
of N whose zero schemeD ⊂ Y intersectsA but does not containA.

We now have to distinguish the cases thatn = deg(L) is even or odd. I only go through
the case thatn = 2m+1 is odd, the even case being similar. Choose a Cartier divisorD′ ⊂ Y

of degree two disjoint fromA. The equation of invertible sheavesL � N ((m − 1)D′ + E)

defines an invertible sheafOY (E) of degree one. SinceH 0(Y,OY (E)) = 1, the effective
Cartier divisorE ⊂ Y is also unique. Now note thatE ⊂ Y is the image of a lineL ⊂
P2, and that the restriction mapH 0(Y,OY (E))→ H 0(C,OC(E)) is bijective, according to
Proposition 5.2. From this we infer that there is at most one invertible sheaf of degree one
OY (E) with A ⊂ E. So tensoringN with some general numerically trivial invertible sheaf,
we may assume thatA �⊂ E. If A is disjoint fromE, thenD + (m− 1)D′ + E is the desired
Cartier divisor representingL that intersect but does not containA. If A ∩ E is nonempty,
we simply replaceD by a linearly equivalent Cartier divisor disjoint formA, and conclude as
above. �

Suppose that the invertibleOY -moduleL is globally generated. In other words, its degree
is d ≥ 2. Setn = d(d + 1)/2− 1, and letrL : Y → Pn be the resulting morphism defined by
L.

COROLLARY 10.2. If d = 2, then the morphism rL : Y → P2 is flat, surjective, of
degree four, and all fibers are Artin schemes of complete intersection. There is no surjection
to the projective plane of smaller degree. If d = 3, then rL is a closed embedding Y ⊂ P5.
There is no closed embedding into any projective space of smaller dimension.

PROOF. Supposed = 2. The morphismrL : Y → P2 is flat becauseY is Cohen-
Macaulay andP2 is regular ([35], page IV-37, Proposition 22). The other statements follow
immediately from Theorem 10.1. �

In the course of the proof for Theorem 10.1, we used the following facts.

LEMMA 10.3. Let C be the rational cuspidal curve of arithmetic genus pa = 1, and
L �= OC be an invertible OC-module of degree d . Then L is globally generated if and only if
d ≥ 2, and very ample if and only if d ≥ 3.

PROOF. Of course, we may assume that the ground fieldk is algebraically closed. The
arguments are similar to the case of elliptic curves. The problem, however, is that some Weil
divisors onC are not Cartier.
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Let us first prove that the numerical conditions are necessary. Suppose thatL is globally
generated, sod ≥ 0. The cased = 0 is impossible, becauseL is nontrivial by assumption.
Henced ≥ 1, and the usual argument givesh0(C,L) = d. The invertible sheafL is ample,
whence the morphismrL : C → Pd−1 is finite, and therefored ≥ 2. If, furthermore,L is
very ample, we must haved ≥ 3.

The converse is more interesting. Supposed ≥ 2, and lety ∈ C be any closed point,
which is a Weil divisor of length one. I claim that there is a Cartier divisorD ⊂ C of degree
at most two that containsy and hasL �� OC(D). Suppose this for the moment. The short
exact sequence 0→ L(−D)→ L→ LD → 0 yields an exact sequence

H 0(C,L)→ H 0(D,LD)→ H 1(C,L(−D)) .(22)

The term on the right is Serre dual toH 0(C,L∨(D)). The invertible sheafL∨(D) has degree
n ≤ 2− d ≤ 0, and in the casen = 0 is nontrivial. Whence it has no global section, and it
follows thatL has a section that does not vanish aty.

Let us now verify the claim. There is nothing to prove ify ∈ C is contained in the
regular locus. So let us assume that it is the singular point, and writeO∧C,y = k[[u2, u3]]. For

any scalarλ ∈ k, the elementu2 + λu3 defines a Cartier divisorDλ ⊂ C of length two with
supporty.

Finally, suppose thatd ≥ 3. LetA ⊂ C be a closed subset of length two. We have to
see that the restriction mapH 0(C,L)→ H 0(A,LA) is surjective. It follows from the above
that there is a Cartier divisorD ⊂ A of length four containingA, and withL �� O(D). In the
cased ≥ 4, one proceeds easily as above to see thatH 0(C,L) → H 0(A,LA) is surjective.
For d = 3 we argue as follows: We haveh0(C,L) = 3, and we already know thatL is
globally generated, hence there is a finite morphismrL : C → P2, which does not factor over
a lineP1 ⊂ P2. WhencerL is birational onto its imagerL(C), which must be a cubic. Any
cubic has arithmetic genuspa = 1. SinceC also has arithmetic genuspa = 1, the birational
morphismrL must be an isomorphism. �
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