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Résumé. 2014 Ce travail présente une vue d’ensemble des mesures concernant les coefficients galvanomagnétiques
dans le cas du champ faible afin de préciser la signification physique des résultats. La méthode est basée sur 1’aniso-
tropie induite dans le comportement électrique à cause du champ magnétique. L’accent est mis aussi sur l’explica-
tion de l’effet de magnétorésistance oblique. Une comparaison avec la méthode classique est présentée pour indi-
quer les avantages de notre méthode. Celle-ci est appliquée à des mesures sur Ge de type n pour lequel le modèle
des bandes d’énergie permet de déduire le quotient ml/mt ; ce quotient est utilisé pour obtenir le facteur de scattering,
la densité et la mobilité des porteurs. Les résultats obtenus sont en accord avec les résultats antérieurs.

Abstract. 2014 This work presents an overall view of the measurements concerning the galvanomagnetic coefficients
in the weak-field case with an attempt to emphasize the physical significance of the results. The method is based on
the anisotropy induced in the electrical behaviour by the magnetic field. Emphasis is also given in explaining
the magnetoresistance skewness effect. A comparison with the classical method is also presented to indicate the
advantage of the method. Finally the method is analyzed for measurements on n-type Ge for which the energy
band model is derived to obtain the ml/mt ratio which in return is used to obtain the scattering factor, the carrier
density and the drift mobility. The results are in accordance with previous findings.

Revue Phys. Appl. 17 (1982) 49-54 FÉVRIER 1982, PAGE

Classification

Physics Abstracts
72. 20M - 72 .15G

1. Introduction. - This work presents an overall
view concerning the methodology of the measure-
ments of the galvanomagnetic coefficients (GMC)
in the weak-field case presented in a series of previous
papers [1-4] with an attempt to emphasize the advan-
tage of the method and to link it with the physical
significance of the results. The measurements are

made basicaly by the Wasscher’s method [5] which
leads to the polar distribution of the resistivity on
the sample plane. Thus the determination of the
GMC is considerably simplified and a new effect
is risen, the magnetoresistance skewness (MRS) effect.
This effect is expected by the weak-field phenomeno-
logical theory. Unfortunately until now the MRS
effect and its importance remained indefinite due to
the ’in-use experimental configuration which allows
magnetoresistance measurements only in one direc-
tion e.g. the direction of the sample rod.

Reference [4] is an experimental work on n-type Ge.
In that work the MRS effect was established experi-
mentally in accordance with the theory, which is
based on the equation (1) [see the next paragraph].

Here, since we believe that the Wasscher’s method
presents some advantages over the classical experi-
mental method we shall make a comparison of the
two methods and of the results of the reference [4]

with experimental results obtained by the classical
configuration.

2. A brief review of the traditional electric measu-
rements. - In the galvanomagnetic measurements

one of the main problems is the determination of the
weak-field magnetoresistance (WFMR) coefficients
because they are linked to the various kinds of aniso-
tropies in the band structure or of the scattering
mechanisms. The WFMR coefficient Pijkl are connect-
ed in a direct way with the magnetoresistance effect
as it is expressed by the well known relation

where E is the electric field intensity, J the current
density and B the magnetic field induction. The other
tensor elements p have the usual meaning while the
implied summation is carried over all possible values
of all repeated indices.
The existence of the Pijkl coefficients shows that

even in the case of isotropic materials the influence of
the magnetic field has as a result an anisotropy in the
electric resistivity.

There is a limit in the number of the distinct WFMR
coefficients which can be determined by one sample,
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due to the sample shape and the correlation between
the directions of the current density J and the magnetic
field B.
_ 

In the case of cubic crystals (groups m3m, 432 and
43m) the problem is simplified because relation (1)
can be expressed by the Pearson-Suhl (PS) expression
proposed by J. Bardeen [6]

where the PS coefficients a, b, c, d are defined by the
following expressions

and

Thus the determination of the Pijkl is reduced to the
measurement of the b, c, d coefficients.

Introducing the magnetoresistance coefficients

or the dimensionless ones [7]

where 03BCH is the Hall mobility, the b, c, d coefficients
can be determined by selecting the proper directions
03B103B203B3 of J and ô8Ç of B.
So with the sample rod along the direction [100]

only two combinations of b, c, d are obtainable from
Mi ôô and MfJ8 while with the sample rod along the
direction [110] we have three combinations of b, c, d
from Mllo Mlf8 and ’Vo" which allow the deter-
mination of the three Pijld coefficients.

Li et al. [8] working on the magnetoresistance of
M92qe succeed to determine the b, c, d coefficients
with B lying in a single plane - the (110) plane -
using a sample along the [112] direction. With this
configuration the magnetoresistance coefficients MÏ12
(where 0 is the angle between B and J ) is given by the
equation

An important result of this equation is that the

extrema of the magnetoresistance in the direction

[112] do not occur for 8 = 0° or 0 = 90°. This new
feature was called by Allgaier et al. [9-11] magnéto-
resistance skewness. 

’

We may say that in cubic crystals only three diffe-

rent WFMR measurements are possible on a single
sample, because a fourth measurement is impossible
or unnecessary with the classical sample shape of
the orthogonal rod.
As the symmetry of the material is lowered, expres-

sion (1) can no longer be reduced to a simple PS-
type formula because the number of distinct non-
zero coefficients increases considerably, and because
the zero-field resistivity is, in general, no longer
isotropic. In this case more than one sample and
special configurations [12-14] are needed for the
determination of all the WFMR coefficients.

Recently Allgaier et al. [9-11] have developed an
extention of the PS formula applicable to (001) and
(111) oriented layers and films, which is useful in

distinguishing cubic from non cubic environments.
The main characteristic concerning this extention is
that the sample current lies along a nonspecial direc-
tion on the plane. Thus four distinct WFMR measure-
ments may always be made on a single sample. From
the phenomenology of this extention the skewness
effect - as it is defined by Allgaier et al. - is predicted.
But its actual physical meaning was not unveiled.
An application with good results of this four -

parameter extention has been made on (111) -
oriented epitaxial films of n-type PbTe by Allgaier
et al. [15].

In all the above cases the current is in some parti-
cular direction and the behaviour of the magneto-
resistance is examined in the same direction, as the
direction of the magnetic field is rotated in certain

planes. Therefore with measurements of this kind
we don’t have the actual distribution of the magneto-
resistivity on the sample plane when the magnetic
field B is directed along an arbitrary direction.

3. An alternative method for electric measurements.
- In 1958 van der Pauw introduced a method for

measuring the GMC [16]. This method is based upon
conformal mapping and it can be applied to isotropic
materials and flat samples of arbitrary shape. About
ten years later the method was extended for aniso-

tropic materials by Wasscher [5] who solved the
case of circular or rectangular samples. The use of
a circular sample is more convenient because only
its thickness is needed to be known. The main result
in this extention is the determination of the main ratio
of the in-plane resistivity anisotropy. Thus the direc-
tion and the values of the in-plane principal resisti-
vities are obtained [17]. Also the method is suitable
for measurements under the influence of the magnetic
field.
Thus the distribution of the resistivity in the sample

plane is obtained using the well known formula [18]

where Pii are the principal resistivities and ci are the
direction cosines of the current density J. In the pre-
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sence of the magnetic field we have for the resistivity
the expression

As it is evident from equation (8) the magnetoresisti-
vity p(B) is connected directly with the WFMR coeffi-
cients Pijkl by means of the equation (1). Therefore
selecting the appropriate direction of the magnetic
field B we can determine the Pijkl coefficients in a
direct way which does not depend on the crystal class
of the material under study.
The advantage of the method is that the current

density J does not need to be in any particular direc-
tion, therefore the number of the distinct Pijkl coeffi-
cients which can be determined from one sample is
increased. The complete procedure for the measure-
ments has been described previously (see for example
the orthorhombic case [1]). Also the method can be
used in the case of surface layers or epitaxial films in
order to distinguish cubic from non-cubic environ-
ments [2].
The coefficient of the type Piiii is determined with
B parallel to the principal direction [xi] by measuring
the change in the resistivity in this direction, while
the coefficient of the type 03C1iijj is determined with

Fig. 1. - The polar plott of resistivity for two cases :

a) B J [Xl] and b) B J [X3]. The measurement of Opi in
the principal directions led to the determination of the cor-
responding 03C1iijj coefficient.

B directed along the [xj] direction, by measuring
again the change in the resistivity in the direction
[xi]. In the first case we have the longitudinal magneto-
resistance while in the second case the transverse
one [19]. For example consider the profiles of the resis-
tance anisotropy presented in figure 1. From figure la
the coefficients

âpll and ’àP22
pllll - B2 

and P2211 - B2Pl l 1 1 
âpll and 03C12211 

. âp22
pllll - B2 

and P2211 = B2

are determined, while from figure lb we can determine
the coefficients

The type Pijij of the WFMR coefficients is determined
by means of the MRS effect presented in the next
paragraph.

4. The magnetoresistance skewness effect. - The
skewness phenomenon is a consequence of the pheno-
menological theory of the weak-field case [1, 2]. The
application of the magnetic field introduces an electric
anisotropy in the resistivity. This anisotropy has
principal directions, in general, different from the
directions of the original frame of reference which
define the principal directions of the zero-field resisti-
vity. Indeed from equation (8) it is evident that if

there _ are elements Pij(B) ~ 0 for i :0 j the tensor
[pij(B)] is not diagonal in the original system. We
define as magnetoresistance skewness the change of
the principal directions of the resistivity anisotropy
due to the presence of the magnetic field.
The MRS with B lying in a definite direction on

the sample plane e.g. the (xl X2) plane is presented
in figure 2. The angle of skewness ç is the angle formed
between the axes xi and x’. In this case it can be

proved [4] that the following expressions hold in

general

where the primed quantities are refered to the new
axes of the anisotropy. In such a case the tensor
element P12(ii) depends usually on the P 1212 coeffi-
cient and the direction of B. If the direction cosines of
B are u, v, 0 in respect to the x, axes we have the relation
[1-4]

which is used for the experimental détermination of the
P1212 coefficient.
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Fig. 2. - The presence of the magnetic field induces an
anisotropy in the resistivity with principal directions diffe-
rent from the directions of the zero-field resistivity.

From equation (12) we may conclude that the pu
coefficients express the difference between the two

principal magnetoresistances and the imposed skew-
ness by the magnetic field. This definition has more
physical meaning than the connection of the Pijij
coefficient with the planar Hall effect [19]. Such a
measurement (eq. (12)) is attainable using Wasscher’s
method which allows the determination of the princi-
pal resistivities 03C1’11(B), P’2(ii) and that of the skew-
ness angle 9. The experimental procedure is described
in reference [4].

It should be noted that the determination of a
coefficient of the type piijk or PUij is based again on the
MRS effect with the direction of B inclined to the
sample plane. 

5. Results on n-type Ge. - Since the main point of
the work in reference [4] is the determination of the

magnitude of the GMC, and not merely the symmetry
of the system as in previous works in this field, we
think that it would be interesting to explore the
information obtained concerning the physical signi-
ficance of the coefficients measured and the material

parameters that may be determined from the measure-
ments.

All the measurements were made at room tempera-
ture on the (001)-plane of n-type Ge using the above
described method. The experimental values of the
GMC are given in the table I. Previous measurements
on n-Ge [6, 22-24] have shown that the PS coefficients
must satisfy the following conditions

d &#x3E; 0 and b + c = 0 . (13)

The two conditions imply that the pu 111 coefficient has
a non zero value and so the material exhibit longitu-

Table 1. - The galvanomagnetic coefficients of the
n-type Ge sample (SI units)

dinal magnetoresistance, while the second condition
shows that the coefficients b and c have opposite signs.
In fact the coefficient c has a negative value which
means that the corresponding WFMR coefficient p1212
is also negative. The two other coefficients pl 111 i and
P1122 have positive values with pi iii &#x3E; P1122*

Therefore the appropriate energy band model for
n-Ge consists of a set of ellipsoids of revolution
oriented along the [111] directions of the reciprocal
space [20, 21]. If the elements of the effective-mass
tensor are ml = m2 = m, and m3 = mi, the resistivity
and conductivity tensors can be written in terms of
the effective mass ratio K = m,/m, and of the relaxation
time,r. The expressions for the resistivity and conduc-
tivity tensors and the relations between the elements of
them are well known (see for example references [14]
and [19]). So it was considered that the negative sign
of the P 1212 coefficient is a consequence of the energy
band model of the material only, without any other
physical meaning.

Equation (9) in the case of the (001)-plane takes the
form [3, 4]

which means that the_angle of skewness depends only
on the direction of B and the relative values of the
three WFMR coefficients. When Pllll &#x3E; 03C11122, as

it is in this case, the p 1212 coefficient has a negative
values if the angle of skewness 9 is also negative. This
means that the main directions of magnetoresistivity
must rotate in a reverse course with respect to the
rotation of the direction of the magnetic field. Indeed,
as it is referred in [4], a reverse rotation of the magneto-
resistance was observed in n-Ge. This situation is

presented in figure 3 where the polar distribution of
the zero field resistivity and of the magnetoresistivity
are drawn for a definite direction of the magnetic
field B. As we see from this figure p i 1 (B ) &#x3E; P;2 (B)
and since the angle of skewness is negative, from
equation (12) it follows that the Pl 212 coefficient has a
negative value.

Therefore we may conclude that for n-type Ge the
negative value of the p 1212 coefficient is connected
with the reverse rotation of the magnetoresistance
and this is the actual physical meaning of the negative
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Fig. 3. - Magnetoresistance skewness effect on the (001-
plane of n-Ge. The directions [xi] and [X2] are the crystallo-
graphic directions [100] and [010] respectively [4].

sign. This fact reinforces the previous definition that
the p1212 coefficient expresses the imposed skewness
by the magnetic field.

Another feature of the  111 &#x3E; multivalley model is
the constant value of the ratio p 1212IP 1122 (or
0" 1212/0" 1122). From table 1 it follows that the experi-
mental value of the ratio p 1212IP 1122 is - 0.505 vs.
- 0.500 which is predicted from the energy model.
For this model the ratio K is determined by the ratio

0" 1111/ 0" 1122. So we have two values, Kp = 12.090 for
the prolate spheroid and Ko = 0.083 for the oblate
one. It is remarkable that these two values are reversal,
so Kp Ko = 1. The explanation lies in the fact that the
ratio 0"1111/0"1122 is expressed by the same function of
K = ml/mt or of K’ = mt/ml. However the same is
true also in the case of the six-valley model in [100]
directions as deduced from the measurements of
Li et al. [8] on Mg2Ge (Table III of ref. [8]).
The value Kp ~ 12 is in agreement with previous

measurements [22-24] and actually expresses the ratio

and not only the effective-mass ratio [25].
Now, the scattering factor r =  ’t )  i3 )j 03C42 &#x3E;2

may be found from the ratio 03C11111/03C11122. According
to the Schwartz inequality it is always r &#x3E; 1. So using
the above value of Kp we find

Assuming that the relaxation time is a function of the
energy only in the form

the scattering factor takes the usual expression

For scattering by lattice vibrations the theoretical
value of q is - 0.5 which leads to a value r = 1.272.
Measurements on pure n-Ge [23, 26, 27] gave a value
q ~ 0.65 and so r = 1.813. Using for r the value from
(16) we find that the exponent in equation (17) has a
value q = - 0.31. The deviation from the value - 0.65
shows that ionized impurities are important as scat-
tering centers, as it has been suggested by previous
workers [23, 24, 28, 29].
The concentration of the charge carriers is deter-

mined by the relation

Using the values K = 12.090 and q = - 0.31 we find
. 

n = 3.265 x 1020 m- 3 = 3.265  1014 cm-3.(20)

The drift mobility is equal to

while the Hall mobility is

Now the ratio Jl.JJlo is found to be

As we see the Hall mobility is less than the drift mobi-
lity and the value of the ratio J1..J J1.D depends on the
values of K and q, e.g. on the special band model and
the scattering mechanism. Therefore even in the case
of pure Ge, where q = - 0.65, it is J1.H  J1.D’ assuming
that K = 12.

6. Comparison with the classical configuration.
Although the previous results fit perfectly with the in
common use energy band model for the n-Ge, we have
made additional measurements at room temperature
using the classical configuration described in section 2.
The sample rod was cut along the [110] direction

from the same bulk crystal as the sample used in refe-
rence [4]. For the magnetoresistance measurements
we have used two configurations for the magnetic field
B. In the first the field B was rotated in the (001)-plane
and in the second in a vertical plane formed by the
directions [001] and [110]. In figure 4 we show the
results of the magnetoresistance measurements. From
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Fig. 4. - Variations of âplp, in the [110] sample rod as B
is rotated through an angle 0 from 0 to 360 degrees in two
vertical planes. The points which are used for the determina-
tion of the b, c, d coefficients are indicated.

this figure is evident that the extrema occur at angles
00 or 900 and of course a skewed behaviour does not
exist. Also in the same figure we have indicated the
points from which we can determine the b, c, d coeffi-
cients. Using equation (3) we obtain the values of the
Pijkl coefficients. In table II we give the results of these
measurements. As we see the conditions (13) for the b,
c, d coefficients are valid while the values of the GMC
are in a good agreement with the values of the table I.
The comparison shows that in fact we have the same

Table II. - The results from the measurements on the
[110] sample rod with B = 1.4 T (SI units)

numerical results but the information which we have
for the behaviour of the material is less compared
with that obtainedby the method described in sec-
tions 3 and 4. 

_

7. Conclusions. - This work concerns the experi-
mental methodology for the electrical measurements
mainly those of the magnetoresistance. The compari-
son is made between the traditional method and the

relatively new Wasscher’s method. For the experiments
we have used a classical semiconductor the n-Ge
which is a very well studied material. The main advan-

tage of the Wasscher’s method is that the current den-
sity J is not in a fixed direction on the sample plane but
corresponds to a rotation in it. Therefore the informa-
tion which we have about the macroscopic behaviour
of the material and the physical significance of the
measured coefficients are more complete and their
significance easily revealed. For example the MRS
effect which is very intense for the cubic crystals was
unknown and no physical meaning could be found for
the negative sign of the p1212 coefficient of n-Ge. On
the other hand the determination of the magneto-
resistance coefficients is immediate and it is not

dependent from the crystal symmetry. Finally the
comparison with limited classical configurations con-
firm the reliability of the methodology advanced here.
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