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1 Introduction and preliminaries

The Banach contraction principle [1] is a remarkable result in the metric fixed point the-
ory. Over the years, it has been generalized in different directions and spaces by several
mathematicians. In 1997, Alber and Guerre-Delabriere [2] introduced the concept of weak

contraction in the following way.

Definition 1.1 Let (X,d) be a metric space. A mapping 7 : X — X is said to be weakly
contractive provided that

Ad(TxTy) <dxy) - e(dxy),

where %,y € X and ¢ : [0, +00) — [0, +00) is a continuous nondecreasing function such
that ¢(¢) = 0 ifand only if £ = 0.

Using the concept of weak contractiveness, they succeeded in establishing the existence
of fixed points for such mappings in Hilbert spaces. Later on, Rhoades [3] proved that the
results in [2] are also valid in complete metric spaces. He also proved the following fixed
point theorem which is a generalization of the Banach contraction principle.

Theorem 1.2 Let (X,d) be a complete metric space, and let T : X — X be a weakly con-
tractive mapping. Then T has a fixed point.

Weak contractive inequalities of the above type have been used to establish fixed point
results in a number of subsequent works, some of which are noted in [4, 5]. Since then,
fixed point theory for single-valued as well as for multivalued weakly contractive type
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mappings was studied by many authors. Fixed point theorems for multivalued mappings
are quite useful in Control theory and have been frequently used in solving problems in
Economics and Game theory.

The development of a geometric fixed point theory for multifunctions was initiated by
Nadler [6] in 1969. He used the concept of a Hausdorff metric H to establish the multival-
ued contraction principle containing the Banach contraction principle as a special case as
follows.

Theorem 1.3 Let (X,d) be a complete metric space and T be a mapping from X into
CB(X) such that for all x,y € X,

H(Tx,Ty) < rd(x,y),

where 0 <\ < 1. Then T has a fixed point.

Since then, this discipline has been developed further, and many profound concepts and
results have been established with considerable generality; see, for example, the works of
Itoh and Takahashi [7], Mizoguchi and Takahashi [8], Hussain and Abbas [9], and refer-
ences cited therein. Very recently, results on common fixed points for a pair of multivalued
operators have been obtained by applying various types of contractive conditions; we re-
fer the reader to [10-14]. In some cases, multivalued mapping 7 defined on a nonempty
set X' assumes a compact value T x for each x in X'. There are situations when, for each x
in X, Tx is assumed to be a closed and bounded subset of X'. To prove the existence of
a fixed point of such mappings, it is essential for mappings to satisfy certain contractive
conditions which may involve the Hausdorff metric.

Let (X, d) be a metric space, and let N'(X) (resp. B(X)) be the class of all nonempty
(resp. nonempty bounded) subsets of X. We define functions D : N'(X) x N (X) — R*
and & : B(X) x B(X) — R* as follows:

D(A,B) =inf{d(a,b):a € A,b € B},

8(A,B) =sup{d(a,b):a € A,b e B},
where R* denotes the set of all positive real numbers. For D({a}, B) and §({a}, B), we
write D(a, B) and 8(a, B), respectively. Clearly, §(A4, B) = (B, A). We appeal to the fact that
3(A,B) =0 ifand only if A = B = {x} for A,B € B(X) and

0 <4(A,B) <48(A,C)+6(C,B)

for A,B,C € B(X). Obviously, for A = B, §(A,A) reduces to the standard notion of the
diameter of a set in a metric space (X, d):

diam(A) = 8§(4,A) = sup{d(x,y) (X, Y € A}
for any subset A € B(X).

A point x € X is called a fixed point of a multivalued mapping 7 : X — N (X) ifx € T«.
If there exists a point x € X’ such that 7x = {x}, then « is called an endpoint of 7.
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The Fixed Point Theory has developed rapidly in metric spaces endowed with a partial
ordering. The first result in this direction was given by Ran and Reurings [15, Theorem 2.1]
who presented its applications to matrix equations. Subsequently, Nieto and Rodriguez-
Lépez [16] extended the result of [15] for nondecreasing mappings and applied it to obtain
a unique solution for a first-order ordinary differential equation with periodic boundary
conditions. Thereafter, several authors obtained many fixed point theorems in ordered
metric spaces. In [17], Nashine et al. extended the results in [18] by using T -weakly iso-
tone increasing mappings and relaxing other conditions without taking into account any
commutativity condition. Beg and Butt [19] studied set-valued mappings and proved com-
mon fixed point results for mappings satisfying implicit relation in a partially ordered met-
ric space. Recently, Amini [20] proved endpoint theorems for multivalued mappings in a
metric space. More recently, Choudhury and Metiya [21] as well as Nashine and Kadel-
burg [22] also proved fixed point theorems for multivalued mappings in the framework of
a partially ordered metric space.

We will use the following terminology.

Definition 1.4 Let X be a nonempty set. Then (&X', d, <) is called a partially metric space
if:

(i) (X,d) isa metric space,

(i) (&, =) is a partially ordered set.
Elements x,y € X are called comparable if x < y or y < x holds.

Definition 1.5 ([19]) Let A and B be two nonempty subsets of a partially ordered set
(X, <). The relation <; between A and B is defined as follows:

A<1B <<= foreacha €A, there exists b € Bsuch thata < b.

The purpose of this paper is to prove the existence of a common endpoint for a pair
of T -weakly isotone increasing multivalued mappings under a generalized (¥, )-weakly
contractive condition and under a variant of so-called almost contractive conditions of
Berinde [23] without using the continuity of any map and any commutativity condition ina
complete ordered metric space. Our results generalize the results of Abbas and Poric¢ [24],
Choudhury and Metiya [21] and Hussain et al. [10] for more general contractive and
weakly contractive conditions for a pair of weakly isotone increasing multivalued map-
pings. They also extend the results of Babu et al. [25], Berinde [23], Choudhury et al.
[26] and Ciri¢ et al. [27] from single-valued mappings in metric spaces to multivalued
mappings in ordered metric spaces. Also, the results on common fixed points of weakly
isotone increasing mappings in [22] are modified to the results on common endpoints of
T -weakly isotone increasing mappings under suitable conditions. Examples are presented
to show the usage of the results and, in particular, that the order can be crucial.

2 Common endpoint results under generalized (¥, ¢)-weak contractive
conditions

In this section, we prove common endpoint theorems for a pair of weakly isotone increas-

ing multivalued mappings under a generalized (¥, ¢)-weak contractive condition. In order

to formulate the results, we extend to multivalued mappings the notion of weakly isotone

increasing mappings given by Vetro [28, Definition 4.2].
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Definition 2.1 Let (X, <) be a partially ordered set and S, T : X — N(X) be two maps.
The mapping S is said to be T -weakly isotone increasing if Sx <; Ty <; Sz forallx € X,
yeSxandz e Ty.

Note that, for single-valued mappings in particular, 7,8 : X — X, S is said to be
T -weakly isotone increasing [28, Definition 2.2] (see also [29]) if for each x € X we have
Sx < TSx<STSx.

Definition 2.2 ([24]) Two set-valued mappings 7,S : X — B(X) are said to satisfy the
property of generalized (y, ¢)-weak contraction if the inequality

Vv (8(Sx,Ty)) < ¥ (M(x,9)) - o(M(.y)) (2.1)
holds for all x,y € X and for given functions v, ¢ : R* — R*, where

M(x,y) = max{d(x,y), 8(x,Sx),8(y, Ty), %[D(x, Ty) +D(y, Sx)] } (2.2)

The main result of this section is as follows.

Theorem 2.3 Let (X,d, X) be a complete partially ordered metric space, and let T,S :
X — B(X) be two set-valued mappings that satisfy the property of generalized (\, p)-weak
contraction for all comparable x,y € X, where

(@) v is a continuous nondecreasing function with (t) = 0 ifand only if t = 0,

(b) ¢ is a lower semicontinuous function with ¢(t) = 0 if and only if t = 0.

Also, suppose that S is T -weakly isotone increasing and there exists an xo € X such that
{x0} <1 Sxgo. Assume the condition

if {x,} C X is a non-decreasing sequence with x,, — z in X, 2.3)

then x, < z for all n.
Then there exists a common endpoint u € X of T and S, i.e. {u} = Tu=Su.

Proof First of all, we show that if S or 7 has an endpoint, then it is a common endpoint of
S and 7. Indeed, let, e.g., z be an endpoint of S. If we use the inequality (2.1) forx =y = z,
we have

¥ (8(z, T2)) = ¥(8(Sz,T2)
¥ (Ml(z,2)) — p(M(z,2))
v

(3(z,T2)) — ¢(8(z, T2)),

IA

and we conclude that §(z, Tz) = 0 and {z} = T z. Therefore, z is a common endpoint of S
and 7.

We will define a sequence {x,} C X and prove that the limit point of that sequence is a
unique common endpoint for 7 and S. For a given xy € X and a nonnegative integer 7,
let

Xon+l € SxZn = A2n and Xon+2 € Tx2n+1 = A2n+1)
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and let

an = 8(Au Api1), Cn = A(Xyy Xpi1). (2.4)
If x,, € Sxy, or %,y € Txy,, for some ng, then the proof is finished. So, assume x,, # %1
for all n.

Since {xo} <1 Sxp, x1 € Sx can be chosen so that xy < x;. Since S is T -weakly isotone
increasing, it is Swo <1 7xy; in particular, x, € Tx; can be chosen so that x; < x,. Now,
Txp <1 Sx; (since x; € Tx1); in particular, x3 € Sx, can be chosen so that x, < x3.

Continuing this process, we conclude that {x,} can be an increasing sequence in X

X ZHy S Sy XX S

The sequences {a,} and {c,} are convergent. Suppose that # is an odd number. Substituting

x =%, and y = x, in (2.1) and using the properties of functions ¥ and ¢, we obtain

W(S(-An: An+l)) = W(S(Txm an+l))
= 1;[/(A/I(xn:xwrl)) - (P(M(xmxml))
= W(M(xmxnu)),

which implies that

S(Am »An+1) = M(xm xn+1)' (25)
Now, from (2.2) and from the triangle inequality for §, we have
M(%p, X011) = max{d(xn:anrl),(S(Txn:xn)’ 8(Sxps1) Xna1)s
1
5 [D(Txn: xn+1) + D(Sx}’l+1) xn)] }
=< maX{S(An—I’ An)r S(An—l: An): 5(./4,”.1, An):
1
B [D(Txm Xns1) + D(Sxpi1, xn)] }
1
< max{a(Anb An)) S(Anﬂy -An)) ia(Am—l’ Anl)}

1
f max{a(An—lr An)r 5(-An+lr An)r E [S(An: An—l) + 5(Anr An+1)] }

max{‘s(An—I; An): S(An+l) An)}
Now, if §(A,_1, A,.) < 8(A,.1,A,), then

M(xn: xn+1) =< 8(An+1: An) (26)
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From (2.5) and (2.6), it follows that
M(xn:xn+1) = S(Arﬁ-l: An) > S(An—lx An) 2 0.

It, furthermore, implies that

¥ (8(An Ana)) = ¥ (8(T %, Sxnn))
< Y (M xn41)) — @ (M (X Xni1))
< Y (M, %031))
= Y (5(Anns A),

a contradiction. So, we have
8(An+1; -An) < My, %pi1) < 8(-/4}1: -An—l)' (2.7)

In a similar way, we can establish the inequality (2.7) when 7 is an even number. There-
fore, the sequence {a,} defined in (2.4) is nonincreasing and bounded. Let a,, — a when

n — o0. From (2.7), we have

lim S(Anr -An+1) = lim M(xruxrﬁl) =a>0.

n—00 n—00
Passing to the (upper) limit as n — oo,

lim ¥ (8(Az, Azps1)) < 1im Y (M2, ¥241)) — liminf @ (M (w0, %241) )

n— o0 n—0o0 n— 00
and since ¢ is lower semicontinuous, we have

V(a) < ¥(a) - ¢(a)
a contradiction unless a = 0. Hence,

lim a, = lim §(A,, A,;1) =0. (2.8)

n—00 n—00
From (2.8) and (2.4), it follows that

lim ¢, = lim d(x,,%,.1) = 0.

n—00 n—00

Next, we prove that the sequence {x,} is a Cauchy sequence. For this, we first prove that

for each € > 0, there exists ny(€) such that
m>n>ny = 8(Aym, Az <€. (2.9)

We proceed by negation and suppose that the inequality in (2.9) is not true. That is, there
exists € > 0 for which we can find nonnegative integer sequences {m(k)} and {n(k)} such
that n(k) is the smallest element of the sequence {rn(k)} such that for each k € N,

n(k) > m(k) > k, 8(Azmii), Azni)) = €
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8( Az, Azn(iy-2) < €. (2.10)
From (2.10) and the triangle inequality for §, we have

€ < 8(Azmyr Az2niy)
< 8( Aty Aznii)-2) + 8(Azn()-2, Azngi-1) + 8(Azn(i)-1 Aznii)

< € + 8(Aznry-2, Azn(iy-1) + 8(Azn)-15 A2n(iy)-
Passing to the limit as k — oo and using (2.8), we can conclude that
lim 8(Azm), Azn)) = €. (2.11)
k—o00
We note that

|8 Aty Azniiy-1) = 8(Azmrs Azny) | < 8( Ay Azngy-1)s
|8(Azm@)-1, Aznit) = 8(Azm(ir Azn)| < 8( Azt Aami-1)-

Using (2.8) and (2.11), we get

lim 8(Azm-1, Azn) = Hm 8(Azm)s Azni)-1) = €, (2.12)
k—00 k—00
and from

8 (Amit)-1, Azniire1) = 8(Aom(y-1, Azn(r)| < 8(Aznia) Azniiy-1)s
using (2.8) and (2.12), we get
lim (A1, Aznpy-1) = €.
k— o0
Also, from (2.2), (2.8) and (2.12), we have
lim M(x2m(k):x2n(k)+1) = €. (213)
k—00

Putting x = %2,,(k), ¥ = X2u(k)+1 in (2.1), we have

Y (8(Azm@ys Azny+1)) = ¥ (8(T %aniis1, SEam)))

=< lﬁ (M(me(k) ’ xZn(/()+1)) - (M(x2m(k)7 X2n(k)+1 )) .

Passing to the (upper) limit as k — oo and using (2.12), (2.13), we get

Y(€) < ¥(e) —ple),
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a contradiction to € > 0. Therefore, the conclusion (2.9) is true. From the construction of
the sequence {x,}, it follows that the same conclusion holds for {x,}. Thus, for each € > 0
there exists 79(€) such that

mn>ny = dXxym,x) <E. (2.14)

From (2.4) and (2.14), we conclude that {x,} is a Cauchy sequence in (X, d) which is com-
plete. So, there exists # € X such that

lim x,, = u.

n— o0

To prove that « is an endpoint of S, suppose that §(#, Su) > 0. From (2.3), we have x,,,; < u
for all n € N. As the limit point u is independent of the choice of x, € A, we also get

nlingo 8(Sxo, 1) = nlin;o (T %31, u) = 0. (2.15)
From
M(u, %341) = maX{d(u,xzm),S(M,Su),S(szm,xzm),
1
3 [D(Su, %341) + D(T X301, 14)] }
we have M(u,%2,,1) — 8(u, Su) as n — 00. Since
U (8(Su, Taznin)) < ¥ (Mt %2011)) — @ (M (s, %241))
passing to the (upper) limit as # — oo and using (2.15), we obtain
v (8(Su,u)) < ¥ (8(Su,u)) — ¢(8(Su, u)),

which implies ¢(8(Su, u)) = 0. Hence, §(Su, u) = 0 and Su = {u} and this proves that u is
an endpoint of S and also an endpoint of 7. The proof is completed. O

If 7 and S are two single-valued mappings, then we obtain the following consequence.

Corollary 2.4 Let (X,d, <) be a complete partially ordered metric space, and let T,S :
X — X be two mappings that satisfy, for all comparable x,y € X,

¥ (d(Tx, Sy)) < ¥ (M(x,9) — p(M(x,9)),

where @, Y are as in Theorem 2.3 and
1
M(x,y) = max{d(x,y), d(Tx,x),dy,Sy), 3 [d(y, Tx) +d(x, Sy)] }

Also, suppose that S is T -weakly isotone increasing. If the condition (2.3) holds, then S and
T have a common fixed point z € X, i.e., Sz=Tz=z.
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Putting S =7 in Theorem 2.3, we obtain the following

Corollary 2.5 Let (X,d, <) be a complete partially ordered metric space, and let T : X —
B(X) be a set-valued mapping that satisfies

¥ (8(Tx,Ty) < ¥ (M(x,9)) - o(M(x,)), (2.16)

for all comparable x,y € X, where
M(x,y) = max{d(x,y), 3(x, Tx),8(0, Ty), %[D(x, Ty) +D(y, 'Tx)] }

and where ¢,  are as in Theorem 2.3. Also, suppose that Tx <, T (Tx) for all x € X and
there is xo € X such that {xo} <1 Txo. If the condition (2.3) holds, then there exists an
endpointu € X of T, i.e., that {u} = Tu.

If 7 is a single-valued mapping in Corollary 2.5, then we have the following

Corollary 2.6 Let (X,d, <) be a complete partially ordered metric space, and let T : X —
X be a mapping that satisfies, for all comparable x,y € X,

Y (d(Tx Ty)) < ¥ (Mx,9) - o(M(x,9)), (2.17)

where @,  are as in Theorem 2.3 and
1
M(x,y) = maX{d(x,y),d(Tx,x),d(y, Ty), i[d(y, Tx) +d(x,Ty)] }

Also, suppose that Tx < T (Tx) forall x € X. If the condition (2.3) holds, then T has a fixed
pointze X,ie,Tz=z.

Remark 2.7 In [15, Corollary 2.5], it was proved that if

every pair of elements has a lower bound and an upper bound, (2.18)
then for every x € X,

lim 7"(x) =y,

n—00
where y is a fixed point of 7 such that

y=lim T"(xo),
and hence 7 has a unique fixed point. If the condition (2.18) fails, it is possible to find
examples of mappings 7 with more than one fixed point (c¢f. [16]).

We illustrate the results of this section with two simple examples. The first one shows
how a multivalued variant (Corollary 2.5) can be used. The other shows that (in the single-
valued case) the use of order can be crucial.
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Example 2.8 Let X = {A,B,C}, where A = (0,0), B = (1,1), C = (2,0) € R%. Metric d is
defined as d((x1,y1), (x2,72)) = max{|x; — x2|, |y1 — ¥2|} so that d(A,B) =1, d(A,C) =2 and
d(B,C) = 1. Order < is introduced by (x1,y1) < (x2,y2) iff x; > x5 and y; >y, so that A = B
and A > C, while B and C are incomparable.

Consider the mapping 7 : ¥ — B(X) given by

T A B o ’
{4} {A} {A,B)

and functions v, ¢ : [0, +00) — [0, +00) given by ¥ () = %t, o(t) = it. To prove that the
condition (2.16) of Corollary 2.5 holds, it is enough to check that it is satisfied for x = A,
y=Band forx=A, y=C (in the case when x = y (2.16) is trivially satisfied).

Ifx=A,y=B,then Tx=Ty={A} and §(Tx,Ty) =0, M(x,y) = d(A,B) =1, so (2.16)
holds. If x = A, y = C, then

8(Tx,Ty) =8({A},{A,B}) =d(A,B) =1,

and

M(x,y) = max{d(A, 0),8(A,{A}),5(C,{4,BY), %(D(A, {4,B)) + D(C, {A}))}

1
= max{2,0,2, 5(0 +2)} =2.

Hence, ¥ (8(Tx, Ty)) = % <1- % = ¥ (M(x,y)) — o(M(x,y)). Note also that Tx <; T(Tx)
holds for all x € X’ (only the case x = C is nontrivial, when Tx = {4, B}, T (T x) = {A}, and
for B € T, there is A € T (Tx) such that B < A). All other conditions of Corollary 2.5 are
fulfilled and 7 has an endpoint A.

Example 2.9 Consider the same partially ordered metric space (X, d, <) as in the previous
example and the mapping 7 : X — X defined by

- (A B c) .
A A B
Let again ¥, ¢ : [0, +00) — [0, +00) be given by ¥ (¢) = %t, o(t) = it. It is again easy to show
that in the cases x = A, y = B, as well as x = A, y = C, the condition (2.17) of Corollary 2.6
is satisfied, and it follows that 7 has a fixed point A. However, for (incomparable) points
x = B, y = C, the condition (2.17) is not satisfied, and so the respective result in the metric

space without order cannot be applied to reach the conclusion. Indeed, in this case, Tx =
A, Ty=B,

d(Tx,Ty)=d(A,B) =1,

1
M(x,y) :max{l,l,l, 5(0 +2)} =1,

and Y (d(Tx, Ty)) = 5 > § = ¥ (M(x,9) - p(M(x,)).
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3 Common endpoint for almost contractive conditions
In this section, we prove common endpoint theorems for 7 -weakly isotone increasing
multivalued mappings satisfying a variant of an almost contractive condition.

Theorem 3.1 Let (X,d, <) be a complete partially ordered metric space. Assume that there

is a continuous function ¢ : [0, +00) — [0, +00) with ¢(t) < t for each t > 0, ¢(0) = 0 and
that T,S : X — B(X) are multivalued mappings such that

8(Tx,Sy) < M(x,y) + Lmin{e(3(x, Tx)), 0 (85, S)), 9 (8(x, S9)), (8, Tx))},  (3.1)

for all comparable x,y € X, where L > 0, and

D(x,S Dy,
M(m)=max{w(d(x,y»,w(a(x,Tx)),w(aay,Sy)),w( &5 + (”’“))}. (32)

2

Also, suppose that S is T -weakly isotone increasing and there exists an xy € X such that
{xo} =1 Sxo. If the condition (2.3) holds, then S and T have a common endpoint.

Proof First of all, we show that if S or 7 has an endpoint, then it is a common endpoint of
S and 7. Indeed, let z be an endpoint of S and assume 8(z, 7 z) > 0. If we use the inequality
(3.1) for x = y = z and the properties of ¢, we have

8(Tz,5z)

= max{qo(d(z, 2)),9(8(2.T2),¢(8(2, 52)), w(D(Z' 52) + Dz, Tz)) }

2
+Lmin{e(8(z, T2)), ¢(8(z,S2)), ¢(8(2, S2)), (3(z, T2)) }

- max{ (362 72).0 (50067 ) |

<8(z, Tz),

a contradiction. Thus §(z, Tz) = 0, and so z is a common endpoint of S and 7.
Let x € X be arbitrary. Define a sequence {x,} C X" as follows:

X0 =X, Xons1 € Skoy 1= Aan, Xon+2 € Tx2n+1 = A2n+1 forn>0. (3.3)

If x,, € Sxy, or x,, € Tx,, for some ny, then the proof is finished. So, assume x,, # %1
for all n.

Since {xo} <1 Sxp, x1 € Sxp can be chosen so that xy < x;. Since S is T -weakly isotone
increasing, it is Swo <1 7xy; in particular, x, € Tx; can be chosen so that x; < x,. Now,
Txp <1 Sx; (since x; € Tx); in particular, x3 € Sx, can be chosen so that x, < x3.

Continuing this process, we conclude that {x,} can be an increasing sequence in X":
X Xy X XXy S X (34)

If there exists a positive integer N such that xy = xx.1, then xy is a common endpoint of
T and S. Hence, we shall assume that x,, # x,,,1 for all # > 0.
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Now, we claim that for all # € N, we have
5(Am An+l) < S(An—ly An) (35)

From (3.4), we have that x, < %1 for all 72 € N. Then from (3.1) with & = %, y = %1 and
n=2k-1,keN,weget
8(Ans Anir)
=8(T %y, Sxpi1)
< M(, %pi1) + Lmin{p(8(x,, Tx)),
9 (8Geni1, Sxui1)), 986, Sxni1)), 9 (861, Tx)) |
< M(#p, %pi1) + Lmin{@(8(Ay, Au1)), 9 (8(Anirs An))s
(5(Ant, An), 0 (5(An A) ). (3.6)

By (3.2), we have
M (% Xpi1)

= max{gp(d(xmxnﬂ)): <p(8(x,,, Txn)): ¢(5(xn+1x erﬁ—l)):

(D(xnr anJrl) + D(xwrlr Txn)) }
v 2

= max{@((s(-Am An—l)); ¢(5(An» An—l)); W(S(Am Anﬂ)),

(S(An—lx An+l) + B(An’ An)) }
v 2

= max{¢(8(An’ -An—l))r §0(8(~’4m -An+1))7 % <%8(An—lr An+1)> }

If M(%,%141) = 9(8(Ans Ani1)), by (3.6) and using the fact that ¢(¢) < ¢ for all £ > 0, we
have

5(~’4m An+1) < QD(A(xm An+1)) < 3(Am An+1)7

a contradiction.
IfM(xmxn-d) = QD(%(S(AVI—I’ An+1)): we get

1 1
S(AVI’AH+1) < §0<§5(»An1~4n+1)> < ES(AM—I: An+1)-
On the other hand, by the triangular inequality, we have
1 1 1
53(-/4;1—11 -An+1) = 55(-'4;1—1; An) + 55(-/4;1» -An+1)-
Thus, we have

1 1
S(A}’UA}’I+1) < ga(An—lnAn) + 58(-’4}’17An+1);
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which implies that
8(-/4;1: -An+1) < S(An—ly -An)
IfM(xm xn+1) = (p(S(An—l: An))’ we get

6(~’4m An+1) =< §0(5(An—1, An)) < S(An—l’ An)

Page 13 0of 19

Thus, in all cases, we have §(A,, A1) < 8(Au1, Ay for all m = 2k — 1, k € N. Similarly, we
can prove that §(A,_1, A,) < §(A,_2, A,_1) for all n = 2k, k € N. Therefore, we conclude

that (3.5) holds.

Now, from (3.5), it follows that the sequence {8(A,_1,.4,,)} is decreasing. Therefore, there

is some A > 0 such that

lim §(A,-1,Ay) = A
n—00

We are able to prove that A = 0. In fact, by the triangular inequality, we get

1 1 1

ES(AH—I;A;HI) = ES(An—I; An) + ES(AI’U An+1)'
By (3.5), we have

1

Ea(An—l: An+l) = S(An—lx -An)

From (3.8), taking the upper limit as n — oo, we get

1
lim sup 58(-/42;4—1: A2n+1) =< nll{go 8(-/4271—1; A2n)~

n—00

If we set

1
lim sup 58(./42,471, Aoni1) = b,

n—00

(3.7)

(3.8)

(3.9)

then clearly 0 < b < A. As ¢ is continuous, taking the upper limit on both sides of (3.6),

we get

lim sup 8( Az, Az1) < maX{<p<lim sup 8(Az Azy) ). ¢ (1im sup (s Apsr))

n—+00 n—+00

1
w(i(lim sup&(Azy 1, Az))

n—+00

Hence, by (3.7) and (3.9), we deduce
A< max{go(k),go(b)}.
If we suppose that A > 0, then we have

A< max{ga()\),q)(b)} < max{A,b} = A,
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a contradiction. Thus A = 0, and consequently,

nll>nolo 8(Ay-1, Ay) = 0. (3.10)
From (3.3) and (3.10), it follows that

nli)rglo d(x,,%,.1) = 0. (3.11)

Now, we prove that {x,} is a Cauchy sequence. To this end, it is sufficient to verify that
{x2,} is a Cauchy sequence. Suppose, on the contrary, that it is not. Then there exists an
& > 0 such that for each even integer 2k there are even integers 2n(k), 2m(k) with 2m(k) >
2n(k) > 2k such that

i = 8(Aon), Azmpy) > ¢ forke{1,2,...}. (3.12)

For every even integer 2k, let 2m(k) be the smallest number exceeding 2#(k) satisfying the
condition (3.12) for which

8(Aaniyy Azm(ry-2) < €. (3.13)
From (3.12), (3.13) and the triangular inequality, we have

& < rr < 8(Aangys Azmy-2) + 8(Azm(y-25 Azmi-1) + 8 (Asmi)-1, Azm())

< & + 8(Awm()-2s A2my-1) + 8(Aom(t-1, Azm))-

Hence, by (3.10), it follows that

kli)rglo rx = €. (3.14)
Now, from the triangular inequality, we have

|8 (Ao Azmi-1) = (A Azmi) | < 8(Azmit-1, Azmiy)-
Passing to the limit as k — oo and using (3.10) and (3.14), we get

klgglo 8(Aangys Azmiy-1) = €. (3.15)
On the other hand, we have

8(Aangys Azmty)
< 8(Aou(ys Azn(y+1) + 8(Azn(iy+1, A2mi))
< 8(Aan(ry, Aanii 1) + 8(Sx2n(k)s T X2mik)-1)
< 8(Aoniyr Aoniiye1) + M(Em()-1 %2m(i)) + L min{e (8 Xamey-1, T Xam@-1))

@ (8(x2n(k)7 SxZn(k))): % (8 (x2m(k)—lx SxZn(k)))) @ (8 (x2n(k)¢ Tx2m(k)—l)) }
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< 8( Aoty Azniire1) + M(2m(i-1%2n(t)) + L min{@ (8 (Anm-2, Azm)-1))
9 (8(Azn)-1, Aonik))» 0 (8 (Azm@r -2, Aznix))» 0 (8 (Aangy-1 Azmr-1)) }» (3.16)

where

M (X2m(k)-1» X2n(k))
= max { @ (d®2m(n-1%20(6))) » (8 (A2m(i)-25 Az 1)) @ (8 (Azniio-1, Aznii) )

p ( 8(Aan(y-1 %2m(t)-1) + 8(Azm(y-2, Azn(i)) ) }
5 )

From

8(Azm()-2> A2ne))

< 8(Am(ty-2 Xam(-1) + 8 (A2m@y-1, Azny+1) + 8(Aznry+1s A2n(i))s
taking the upper limit as k — oo, using (3.10) and (3.14), we get

lim sup 8 (A2, Aoniy) < €.

k— o0

On the other hand, we have

€ < 8(Azm@y-1, Azn(i)-1)

< 8(Avmr)-1, Azmry-2) + 8(Azmi)-2, Aaniiy) + 8(Azn(ry, Aznry-1),
and taking the lower limit as k — oo, we get
& < liminf8(Azmw)-1, Azny-1) < liminf d(Azmr)-2, Aznk))-
k— 00 k—00
It follows that
& < liminf 8(Amw)-2, Aank)),
k— 00
and so
lim 8 (Xom@o—2, Aznge) = €. (3.17)
k—00
Now, using (3.10), (3.14), (3.15), (3.17) and the continuity of ¢, we get
klgloloM(xzm(k)_l'xz"(k)) = max{<p(£), 0, 0,(,0(8)} = p(e). (3.18)
Passing to the limit as k — oo in (3.16), we obtain

e<p(e)<s,
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a contradiction. Thus, the assumption (3.12) is wrong. Hence, {x,} is a Cauchy sequence.

From the completeness of X, there exists a z € X such that

lim x, =z.

n—00

As the limit point z is independent of the choice of x,, € A,, we also get

lim 8(Sx2,,2) = lim 8(7 x9,.1,2) = 0.

n—00 n—00

Now, we show that z is a common endpoint of S and 7.

Suppose, to the contrary, that §(z, Sz) > 0. By the assumption (2.3), x,, < z for all n. Then

using the triangular inequality for § and taking x = x5,,; and y = z in (3.1), we have

8(21 SZ) =< 3(2; Tx2n+l) + S(Tx2n+1, SZ)

< S(Z, Tx2n+1) + max{(p(d(x2n+1’ Z))’ §0(5(x2n+1; Tx2n+1))¢ (0(6(21 SZ)),

(D(Z1 Tx2n+1) + D(x2n+lr SZ)
¢ 2

(2 ((S (Z’ SZ)) ¢ (6 (x2n+1; SZ)) ¢ (5 (Z’ Tx2n+1)) } .

) } + Lmin{e(8(2ns1, T%2041))

Passing to the limit as # — oo and using the properties of ¢, we have
8(z,Sz) < max{p(3(z,52)), ¢ (8(2,S2)/2) } < 8(2, S2),

a contradiction. Hence, §(z,Sz) = 0, and so {z} = Sz. It follows that z is an endpoint of S,
and also of 7. This finishes the proof. O

Remark 3.2
(i) The condition

8(Tx,Sy) < o(Mi(x,y))
+Lmin{p(8(x, Tx)), (82, S)), 0(8(x, Sy)), 0(8(y, Tx))}, (3.19)

where

M (x,y) = max{d(x,y),S(x, T%),8(y,8y), D(y, Tx) + D(x,Sy) }’

2

implies the condition (3.1).

(ii) The condition (3.19) is equivalent to the condition (3.1) if we suppose that ¢ is a
non-decreasing function.

(ili) From Theorem 3.1 we can derive a corollary involving the condition (3.19).

(iv) Under the hypothesis that ¢ is a non-decreasing function, we can state many other
corollaries using the equivalences established by Jachymski in [30] for single-valued

mappings.
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Example 3.3 Let X' = [0, +00) be equipped with the standard metric d and order < given
by

X=Xy < x=).
Consider the following mappings 7,S : X — B(X):
Tx=[0.3x,0.5x], Sx=[0.2x,0.4x], «x€[0,+00).

First, we check that S is 7 -weakly isotone increasing. Suppose that y € Sx = [0.2x, 0.4x]
and z € Sx = [0.2x,0.4x]. Then u € Ty implies that # < 0.5 - 0.4x = 0.2x <z and so z <X u.
This means that for any x € X', we have Sx <; Ty for all y € Sx. Similarly, one can prove
that for each y € Sx, we have Ty <; Szforallz € Ty.

Let ¢(¢) = %t for t € [0,+00) and L = 1. Now, we check that the condition (3.1) holds for
all x,y € X. Consider the following two possibilities.

l.x<y,i.e,x>y.Denotey=tx,0 <t <1. Then

8(Tx,8y) = 8([0.3x,0.5x], [0.2y,0.4y])
=0.5x - 0.2y =x(0.5 - 0.2¢) < 0.5x,

M(x,y) = ; max{x -9,0.7x,0.8y, % [(x - 0.4y) + D(y, Tx)]}
5 1
= ;xmax{l ~4,0.7,084, 5 [1-0.42) + wl(t)]}

5
> —-0.7x=0.5x,
7
mix,y) = min{g(8(x, Tx)), 9 (8(,59)), ¢ (8(x,59)), ¢ (8(y, T)) }
5
= ;xmln{0.7, 0.8£,1 - 0.2¢, max{|t — 0.5,]¢ - 0.3]}} > 0.

Hence, the condition (3.1) is satisfied.

2.x>y,ie,x<yandx =ty for some ¢ € (0,1). Then

04-03f O<t<?
8(Tx,Sy) = y5(10.3£,0.5¢],[0.2,0.4]) =y x { 0.2, Z<t<t
05t-02, 2<t<l

< 0.4y,
5 1
M(x,y) = Sy max 1-1¢0.7t,0.8, 5[wz(t) +(1-0.50)]

5
> = - 0.8y > 0.4y,
m(x,y) > 0.

Again, the condition (3.1) is satisfied. Thus, all the conditions of Theorem 3.1 are fulfilled,
and 7 and S have an endpoint (z = 0).

Similar corollaries can be obtained as in the previous section. For example, putting
S =T in Theorem 3.1, we obtain immediately the following result.
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Corollary 3.4 Let (X,d, <) be a complete partially ordered metric space. Assume that
there is a continuous function ¢ : [0, +00) — [0, +00) with ¢(t) < t for each t > 0, (0) =0
and that T : X — B(X) is a multivalued mapping such that

8(Tx,Ty) < M(x,y) + Lmin{p(8(x, Tx)), (8, T)), 0(8(x, T)), 0(8(y, Tx)) }

for all comparable x,y € X, where L > 0, and

D(x, Dy,
M(x,y) = maX{w(d(x,y)),w(é(x,Tx)),w(fS(%Ty)),w( (79 + Dby Tx)) }

2

Also, suppose that Tx <1 T(Tx) for all x € X and that there is xo € X such that {xo} <1
Txo. If the condition (2.3) holds, then T has an endpoint.

To conclude this section, we provide a sufficient condition to ensure the uniqueness of
the endpoint in Theorem 3.1,

Theorem 3.5 Adding to the hypotheses of Theorem 3.1 the condition
lim diam((7 0 8)"(X)) =0,
n— o0

where o denotes the composition of mappings, we obtain the uniqueness of the common
endpoint of S and T .

Proof Let z and z' be two common fixed points of S and 7, that is,
z€TzNSz and 7 eTZNS7Z.

It is immediate to show that for all # € N, we have
(ToS)'x=x, forallxe{z,7}.

Then
d(z,2) =8((T 08)"z,(T 08)"7) < diam((T 0 §)"(X)) > 0 asn— oc.

Hence, z = 7z’ and the proof is completed. d
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