International Journal of Algebra, Vol. 7, 2013, no. 18, 889 - 894
HIKARI Ltd, www.m-hikari.com
http://dx.doi.org/10.12988 /ija.2013.31097

Weakly Primary Elements
in Multiplicative Lattices
Zeliha Kilig

Department of Mathematics and Computer Science
Bahcesehir University
Besiktas, Istanbul, 34353, Turkey
zkilicQlive.unc.edu

Copyright © 2013 Zeliha Kilic. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and

reproduction in any medium, provided the original work is properly cited.

Abstract

Let L be a multiplicative lattice. We define a proper element p of
L to be weakly primary if 0 # ab < p implies a < p or b < /p. Our
objective is to investigate the properties of weakly primary elements in
multiplicative lattices.
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1 Introduction

A multiplicative lattice is a complete lattice L, with least element 0; and
compact greatest element 17, on which there is defined a commutative, asso-
ciative, completely join distributive product for which 1, is a multiplicative
identity. An element a € L is said to be proper if a < 1. An element p < 1,
in L is said to be prime if ab < p implies either a < p or b < p. An element
p < 1y in L is said to be weakly prime if 0y # ab < p implies a < por b <p
(See [5]). For a € L, we define \/a = \/{p € L :pis prime and a < p}(See
2]). For any a € L, L/a = {b€ L:a <b} is a multiplicative lattice with
multiplication cod = cd V a.



890 Z. Kilig

An element p < 1y in L is said to be primary if ab < p implies a < p or
b < /P (See[l]). If a,b € L, (a: b) is the join of all ¢ € L such that cb < a. An
element a of a multiplicative lattice L is called compact if a < V,erb, implies;

@ < by Vbay V.oV ba,

for some finite subset as I={ay, ag, ...,a,} (See [4]). L. denotes the set of all
compact elements of a multiplicative lattice L.

A complete multiplicative lattice (not necessarily modular) with the least
element 07, and compact greatest element 1, (¢ multiplicative identity) which
is generated under joins by a multiplicatively closed subset C' of compact ele-
ments is called C'—lattice. Like the ideal lattice of a ring, any C'—lattice can
be localized at a multiplicatively closed set.

If S is a multiplicatively closed subset of L, in a C'—lattice L, then for a € L,
ay = V{r € Ly s <a for some s€ S} and L, = {x(s) cx € L} (See
2]).

For p € L, we denote V(p) = {p1:p < p1 such that p; is prime in L}.
For various characterizations of prime and primary elements of multiplicative
lattices the reader is referred to [1-5].

2 Weakly primary elements in multiplicative
lattices

In this section we study weakly primary elements in multiplicative lattices.
These concepts have been studied in [6] in the case of commutative rings and
we shall begin with the following definition.

Definition 1 An element p < 1 in L is said to be weakly primary if O #
ab < p implies a < \/p or b < p.

A prime element is weakly prime, a weakly prime element is weakly pri-
mary. 0p is weakly primary by the definition but it is not a primary element.
Thus, a weakly primary element is not necessarily a primary element.

Example 1 Let a,p € L such that a < p and p be a weakly primary element
of L. Then, p is a weakly primary element in L/a.

Lemma 1 Let L be a C—lattice ay,ay € L. Suppose that b € L satisfies the
following property:

o [fh € L is compact with h < b and either h < ay or h < as
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then b < a; or b < as.

Proof See [5, Lemmall].

Proposition 1 Let L be a C'—lattice and p be a proper element of L. Then
the following assertions are equivalent:

1. p is a weakly primary element of L.

2. Bither (p:y)=p or (p:y) = (0g :y) for every y £ /p.
3. For every x,y € L., 0p # xy < p implies either v < p ory < /p.

Proof (1) = (2). Suppose (1) holds. Let h be a compact element of L such
that h < (p:y) and y £ \/p. Then hy < p. If O, = hy < p, then h < (0g : y).
Let Op, # hy. Since hy < p, y £ /P and p is a weakly primary element, it
follows that h < p. Hence by Lemma 1, either (p:y) < (01 :y) or (p:y) <p.
Consequently, either (p:y) = (0L :y) or (p:y) = p.

(2) = (3). Suppose (2) holds. Let 0p # xy < p and y £ \/p for some
x,y € L,. We show that x < p. Since xy < p, it follows that x < (p : y).
If (p:y) =p, thenx < p. If (p:y) = (0f :y), then xy = 0. This is a
contradiction. Consequently, x < p and so p is a weakly primary element.

(3) = (1). Suppose (3) holds. Let Or # ab < p, a £ p and b £ /p for some
a,b € L. Since L is a C'—lattice, L is compactly generated. Choose x,y € L,
such that v < a, y < b, x £ pandy £ \/p. Let £ < a and §j < b be any
two compact elements of L. Then, (£ V x)(y V y) < ab < p. Since (£ V z) £ p
and (§V y) £ /b, it follows that (£ V x)(y Vy) = 0 and so 2y = Or, by (3).
Therefore, ab = 0. This shows that p is a weakly primary element of L.

Theorem 1 Let L be a multiplicative lattice and p € L. If p is a weakly
primary element that is not primary, then p*> = 0y,.

Proof Suppose that p*> # 0. We show that p is primary. Let xy < p.
If 0, # xy < p, then by the definition of a weakly primary element, either
x < pory<./p. Soassume that 0 = xy. First suppose that Op # xp. Then
0L # xp = z(y Vp) < p, so either z < p ory < \/P- So we can assume
that 0;, = xp. Likewise, we can assume that 0 = yp. Since 0 # p* and

0, # p* = (xVp)(yVp) < p, it follows that either (x\ p) < p or (yVp) < \/p.
Hence either v < p ory < \/p. Thus p is primary.

Theorem 2 Let L be a multiplicative lattice and {p;},.; be a family of weakly
primary elements of L that are not primary. Then p = Nierpi 1S a weakly
primary element of L.
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Proof We show that \/Nicrpi = Nicr /Pi-
It is easy to see that \/Nicr pi < \/Pi 8 hold for each i € I. Thus,

VANicr Pi < Nier v/Di-

Let ¥ < Niey \/Di- Then x < \/p; for eachi € 1. We know that \/p; = /0, for
alli € I, by Theorem 1. If x < +/0p, then there is at least onen € Z such that

" =0 < p;, for alli € I. Thus, ™ < Ny p;i for some n € Z*. Therefore,
r < VNierPi- 50, Nier /Pi < V/Nier Pi- Since p = Nierpi and \/p; = VoL
for each i € I} \/p = VApi = N/pi = V0. We show that p is a weakly
primary element of L. Let Op # ab < p. Assume that a £ p. Since a £ p,
a £ p; for at least one i € I. Since each p; is a weakly primary element,

b<./pi=+0r=/p forivel. Thus, pisa weakly primary element of L.

Lemma 2 Let Ly and Lo be multiplicative lattices and let L = Ly X Ly. Then
the following hold:

1. [fpl € L1 then (pl, 1L2) = (\/p_l, 1L2)

2. If g2 € Lo then \/(1L,,q2) = (11,,/@2)

Proof For the proof of the first assertion assume,

VoL 1) =A{y = (y1,2) €L :y is prime such that (p1,1,) < (y1,92)}

By [5, Lemma 2/, y = (y1,y2) is a prime element of L = Ly X Ly if and
only if y has one of the following forms:

1. y=(p,11,), where p is a prime element of L,
2. y=(1g,,q), where q is a prime element of Lo
Therefore,

(p1,11,) = A{y= (., 11,) €L:y is prime such that (pi,1r,) < (y1,1r,)}

= /\ {y = (yla 1L2) €L: (ph 1L2) < (yh 1L2)}'
y1€V (p1)

= (\/p_17 1L2)

The second assertion is proved similarly.
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Lemma 3 Let Ly and Lo be multiplicative lattices and let L = Ly X Lo. Then
an element of L = Ly X Lo is primary if it has one of the following two forms.

1. (p,11,), where p is a primary element of Ly
2. (11,,q), where q is a primary element of Ly

Proof We proved the first assertion here. The proof for the second assertion
1s similar and therefore it is omitted.

Let (a,b)(c,d) < (p,11,) where (a,b),(c,d) € L, so either a < p orc < \/p
since p is primary. It follows that either (a,b) < (p,11,) or (¢, d) < (/p, 11,) =

(p,11,) by Lemma 2. Thus (p,1r,) is primary.

Theorem 3 Let Ly and Ly be multiplicative lattices and let L = Ly X Lo. If p
is a weakly primary element of L, then either p = (01,,0r,) or p is a primary
element of L.

Proof Let p # 0p be a weakly primary element. Then there is an element
such that (0r,,01,) # (a,b) = (a,11,)(1,,b) < p, where a € Ly and b € Ls.
Therefore, (a,11,) < p(Case 1) or (11,,b) < \/p(Case 2).

e Case 1. If (a,11,) < p, then p = (p1,11,) where py is an element of
L. We show that py is primary. Let cd < py, where ¢,d € Ly. Then
(0L170L2) # (Cd7 1L2) = (Cv 1L2)(d7 1L2) < (plv 1L2) = p, either (Cv 1L2) <
(p1,11,) or (d,11,) < \/(p1,1L,) = (/P1, 11,) by Lemma 2. Hence either
c < p1 ord < ./p1. Therefore, py is a primary element of Ly. Thus, p s
a primary element of L by Lemma 3.

o Case 2. If (11,,b) < \/p, then (11,,0") < p for some n € Z*. There-
fore, p = (11,,p2) where ps is an element of Ly. We show that py is
primary. Let cd < py, where ¢,d € Ly. Then (01,,0r,) # (11,,¢cd) =
(1L17C)(1L17d> < (1L17p2) =D either (1L170) < (1L17p2) or (1L17d> <
vV, p2) = (11, (/P2)) by Lemma 2. Hence either ¢ < ps or d < \/pa.
Therefore, py is a primary element of Lo. Thus, p is a primary element

of L by Lemma 3.

Corollary 1 Let Ly and Ly be multiplicative lattices and let L = Ly X Lo.
Then an element of L s weakly primary if it has one of the following three
forms.

1. P = (0L170L2)'

2. (p,11,), where p is a primary element of L.
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3. (11,,p), where p is a primary element of L.

Proposition 2 Let L be a C'—lattice and p be an element of L. Suppose m is
a mazimal element of L. If p is weakly primary, then p,) is a weakly element

Of L(m).

Proof Suppose p is a weakly primary element of L. Let Oy # Gm)bim) <
Pm) for some a,b € L,. Then ab < pgy), so abu < p for some compact element
u £ m. Since Opn) # Qam)bm), it follows that abu # 0r. As p is a weakly
primary, we have either a < p or bu < \/p so either aun) < Pam) 0T bim)y <
\/ﬁ(m) = /P(m); Sice Um) = L. Therefore pumy is a weakly primary element
Of L(m).
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