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1 Introduction

Recently, a four-parameter class of vertex operator algebras Y 1, a/[V] for integral param-
eters K, L, M and a continuous parameter ¥ were introduced in [1].! These algebras were

!See also [2, 3] for different construction of the same algebras.



associated to the configuration of three stacks of D3-branes attached to the trivalent junc-
tion of NS5, D5 and (1,1) branes at the three corners. Y-algebras were then identified with
algebras of local operators appearing at a trivalent junction of three interfaces between
topologically twisted U(N), U(M), and U(L) gauge theories coming from the low energy
effective theory of D3-branes. The gauge theory of interest is the geometric Langlands
twist of the N/ = 4 super Yang-Mills theory [4].

This paper discusses an identification of Y-algebras with truncations of Wi, and uses
them as building blocks to construct more complicated vertex operator algebras. At the
level of characters it is analogous to the topological vertex and to the problem of counting
of D0-D2-D4 bound states in the toric Calabi-Yau manifolds [5—7]. This construction leads
to new insights on the structure of vertex operator algebras and provides us with a physical
realization of the algebras using the brane setups.

1.1 Y-algebras as truncations of W,

Starting with the Virasoro algebra and additional primary generators of each integral spin
3,4,..., Gaberdiel and Gopakumar [8] have shown that there exists a two-parameter family
of algebras Wxo[c, A] satisfying Jacobi identities.? One can identify special curves in the
parameter space at which the algebra W, contains an ideal Z. If we quotient out the
ideal, we obtain a truncation of the algebra Wy, /Z. Some of the truncations were identified
already in [8] with Wy algebras. The structure of ideals has further been analyzed in [10, 11]

where new truncations®

were discovered. Based on the structure of vacuum characters, it
has already been anticipated in [1] that there exists a relation between Y-algebras and
truncations of Wi oo = Weo x U(1).

In section 2, we review the story behind both Y-algebras (in particular their defition
in terms of a BRST reduction) and truncations of Wi .. We establish an identification
between these two by matching central charges and vacuum characters of Y7,y n[V¥] and
Witoo/Zr,m,n. The vacuum character of Yz a7 n can be identified with a generating func-
tion of 3d partitions (plane partitions) constrained to fit under the corner shifted by a
vector (L, M, N). We show that parameters of W, algebra are invariant under the shift
of all L, M, N by a constant value L, M, N — L+k, M +k, N+k. All these shifted algebras
correspond to the same truncation curve in the two-parameter space of Wi algebras.
Above each truncation curve, one gets a sequence of truncations corresponding to shifts by
a positive integer k.

Apart from the match of central charges and vacuum characters there are the following
arguments supporting the identification of Y7, s x and truncations of Wiy :

1. The basic examples of Wy x U(1) truncations can be identified from the BRST
definition of Y0 n, Yo n0 and Yo that reduces to the standard Drinfeld-Sokolov
and the coset construction of the algebra. Note that the BRST definition of a generic
Y7 m,n provides a BRST construction of all the other truncations.

2See also [9] where the algebra was defined under the name WA™.
3 Apart from the one parameter families of truncations, some special double truncations were studied in
detail in [12] using the algebra SH®.



2. The triality transformations from [8, 10, 11] can be identified with the triality trans-
formations of [1].

3. There are three families of modules associated to line operators inserted at the inter-
faces between the three gauge theories. From the point of view of Wi o, they are
the modules associated to the three asymptotic directions in the parameter space.
They are naturally permuted by the action of the triality. These modules play an
important role in the gluing construction discussed below.

1.2 Gluing Y-algebras

Instead of the simple trivalent junction, one can consider a more general configuration of a
web of (p, g)-branes [13] and stacks of D3-branes attached to them. From the point of view
of the theory on D3-branes, this setup gives rise to the junction of interfaces (descending
from D3-branes ending on five-branes) between U(N;) N' = 4 super Yang-Mills theories
living on stacks of N; D3-branes. If we look at the same system from the IR, the finite
segments of five-branes degenerate and the line operators supported at these interfaces
become effectively local operators living at the corner. It is natural to add them into the
final vertex operator algebra associated to the configuration of branes. The total vertex
operator algebra is thus an extension of the tensor product of algebras associated to each
trivalent junction by bimodules of these algebras (and their fusions) associated to the finite
five-brane segments. It turns out that the bimodules that need to be added have (half-)
integral conformal dimension with respect to the total stress-energy tensor of the vertex
operator algebra that is a consistency check that they can indeed be added to the algebra.
We give a prescription for such gluing in the case when each of the trivalent junctions
inside the (p, ¢)-web can be brought to the elementary trivalent junction corresponding to
Y-algebra by an SL(2,7Z) transformation. In such cases, we identify bi-modules that need
to be added to the tensor product of Y-algebras and conjecture that there exist unique (or
at least canonicaly determined) OPEs of such bi-modules that satisfy Jacobi identities.

In examples, we mostly concentrate on configurations of defects descending from D5-
branes ending on (n,1)-branes. We expect that the path integral of the N' = 4 super
Yang-Mills theories living at the worldvolume of D3-branes localizes to the path inte-
gral of the supergroup Chern-Simons theories supported at the (n, 1)-interfaces [1, 14-17].
These Chern-Simons theories are glued together by boundary conditions following from the
boundary conditions descending from D3-branes ending of D5-branes analyzed in [18-20].
For some numbers of D3-branes, the resulting algebra can be given by a BRST construc-
tion following [1, 21-23]. This provides us with another insight into the structure of the
glued algebras. We show in many examples that the vacuum characters of the BRST
construction agrees with those obtained by the gluing and that the central charge of the
total algebra is simply a sum of the central charges of Y-algebras associated to trivalent
vertices. We check that the full algebras decompose correctly in the case of the NV = 2
super Virasoro, the Bershadsky-Polyakov W?EQ) algebra and the U(N); Kac-Moody algebra
in the way predicted by gluing.



The algebras associated to the configuration of D5-branes ending on (n, 1)-branes dis-
cussed above can be identified with truncations of infinitely generated W-algebras. Fixing
a discrete data which is a (p,q)-web configuration and a (half-) integral number p; for
each internal edge of the web diagram, one gets a family of algebras parametrized by two
continuous parameters as in the case of Wi, algebra. Each parameter p; associated to an
internal edge gives one linear constraint on the numbers of D3-branes surrounding the cor-
responding edge and we are free to choose three integer parameters to fully determine the
brane configuration. These parametrize truncations of the corresponding infinite algebra
in the same way as L, M, N parametrized truncations of Wi . In the case of p; = 0, these
algebras can be identified with those of [24] and contain a U(M|N) matrix of generators of
each integral spin 1,2, 3,.... Turning on the parameters p; shifts the conformal dimensions
of the off-diagonal generators in the U(M|N) matrices. For example, the infinitely gener-
ated W-algebra associated to the resolved conifold diagram with p = % can be identified
with N = 2 super Wy, of [25]. One can understand the truncations of more complicated
infinite W-algebras as being glued from truncations of the basic building block Wi 4.

1.3 What do we learn about VOAs?

Let us now list a set of insights about vertex operator algebras that gluing construction
provides:

1. There are various ways of constructing VOAs, such as various BRST reductions, coset
constructions, free field realizations, or bootstrap for a given spin content. The gluing
construction provides us with a new one. To each web diagram with stacks of D3-
branes attached, one associates a tensor product of mutually commuting Y-algebras
associated to the vertices of the diagram. Their OPE structure can be identified
from [10, 26] by specializing the parameters to the corresponding truncation curve.
One adds bimodules associated to internal edges. These are the universal building
blocks for each diagram. In the last step, one needs to find OPEs of the bimodule
fields. To our knowledge the structure of such modules and their OPEs have not
been constructed yet but their construction should be possible using bootstrap or
the Coulomb gas formalism [27-29]. First steps towards an explicit construction
using free field realization will be discussed in [30] generalizing the construction of
lattice vertex operator algebras [31, 32].

2. It turns out that many well known algebras can be obtained as special cases of the
gluing construction, i.e. they are conformal extensions of a product of Y-algebras by
bimodules. Some examples discussed in this paper are

e N = 2 superconformal algebra is a conformal extension
N =2 SCAxU(l) DYip2xYo10 (1.1)

e U(N)j can be decomposed as a conformal extension of
U(N)k D Yo,01 xYo12% ... x Yy N_1N- (1.2)

Similar expression exists also for the U(N|M )y super Kac-Moody algebras.



e Many (non-principal) DS-reductions can be decomposed in a similar way. An

example of such a decomposition is the W§2) algebra

W§2) X U(l) D) Y07173 X Yb7071. (13)
e The super Kac-Moody algebra D(2,1;«); can be decomposed in two ways

D(2,1;a)1 x U(1) D Y112 % Y110 X Y001 X Y0,0,1
D(Q, 1;04)1 X U(l) D) 3/07271 X Y270’1 X }/07071 X Yb7071. (1.4)

We comment on many more examples in the main text.

. The total stress-energy tensor of the glued algebra is a sum of stress-energy tensors
coming from the trivalent junctions. The central charge of the final VOA is thus given
by a sum of central charges of Y-algebras associated to the vertices. This provides
us with a simple way to compute the central charge directly from the web diagram.
In the case when the algebra can be given a BRST definition, the equality of the
central charge of the resulting algebra with the one comming from the sum of the
Y-algebra central charges provides us with a non-trivial check of the equivalence of
the two constructions.

. From a given diagram, dual BRST constructions of the algebras and duality actions on
the parameter space of the corresponding infinitely generated algebras can be easily
discovered. For example, in the same way as the triality symmetry of Y-algebras was
discovered in [1], one can identify Zso x Z3 duality action on algebras associated to the
resolved conifold diagram. This duality (which we expect to be valid for any value
of the parameter p) generalizes the duality of [25], which corresponds to the special
1

case of p = 3.

. The structure of modules can be understood in terms of the web diagrams. In par-
ticular, one can associate a family of degenerate modules to line operators supported
at each semi-infinite five-brane and ending at junctions (i.e. associated to each ex-
ternal leg of the diagram). Modules from different families should braid trivially and
the corresponding highest weights states should be charged only under the Y-algebra
associated to the trivalent junction associated to the corresponding external leg. If
the configuration admits a duality action, the families of modules should permute
accordingly.

. Fixing a web configuration, one obtains different VOAs for different choices of num-
bers of D3-branes attached to the fixed five-branes. We can study various limits where
the number of D3-branes becomes infinite. In this way we obtain infinite W alge-
bras parametrized by a combination of continuous and discrete parameters coming
from the numbers of D3-branes before taking the limit and the relative orientations
of the vertices. Analogously to the case of Y7 as n, diagrams with finite numbers of
D3-branes should correspond to truncations of these infinitely generated WV algebras.



7. In the context of the topological vertex and BPS counting, the flip transitions play
an important role. In our setup, such flip transitions correspond to sliding D5-branes
along (n,1) branes. We conjecture that algebras related by a flip transition differ
only by decoupled fermions and symplectic bosons. We show it is the case on a
simple example of the diagram associated to the N = 2 super Virasoro algebra, WéQ)

algebra and the diagram associated to the flip of U(1) and Virasoro algebras. We

also conjecture that in the case of vanishing parameter p; = 0 of a segment at which
we perform the flip transition, both algebras are the same. In the case of algebras
with a BRST definition, our conjecture is further supported by calculations of the

central charge and the vacuum character.

8. Since the basic building block Y7, a7,y can be thought of as an algebra of Yangian type
associated to 1(1) [11, 33-35], we get for free an interesting integrable structure. In
particular, we have an infinite sets of commuting charges coming from the subalgebras
associated to the vertices.

9. Physical realization of the algebras suggests applications of the algebras in many
places in physics and mathematics such as AGT correspondence, action of VOAs on
equivariant cohomologies of moduli spaces of instantons, the geometric Langlands
program and many others. These relations still remain to be explored.

1.4 DO0-D2-D4 counting

There exists a natural duality along the lines of [36] relating our brane configuration to the
one used in the context of the D4-D2-D0 brane counting from [6, 7, 37]. Let us first review
the configuration relevant to the counting of D0-D2-D4 bound states in a toric Calabi-Yau
three-fold. Consider the type IIA string theory on a manifold M'° = CY? x R* where
CY?3 is a toric Calabi-Yau manifold that can be viewed as a 72 x R fibration over R?
with various cycles of T2 shrinking at various codimension one loci of the base R3. Let us
introduce D4-branes supported at four-cycles, D2-branes supported at two-cycles and DO0-
branes supported at points of C'Y? that are fixed under the 72 action. All the branes are
extended along one of the additional four directions. D4-branes intersect at codimension
two defects in their world-volumes. The theory on D4-branes are gauge theories coupled
together by extra bi-fundamental matter fields at the loci where the branes intersect as
discussed in [38, 39]. From the point of view of the theory on these intersecting D4-branes,
D2- and DO0- branes modify the gauge bundle of the gauge theories supported at D4-branes.
Fixing the numbers of these branes then corresponds to restricting the path integral of the
configuration of D4-branes to a particular instanton sector of gauge field configurations.
The characters of [6, 7, 37] are functions of the parameter g corresponding to the fugacity
for the D0O-charge and Q; corresponding to the fugacities for the D2 charge.

The configuration of D0-D2-D4 branes discussed above has a natural lift to the M-
theory on M = CY3 x R* x S!'. Let us discuss what is the lift of various branes.
D4-branes become M5-branes wrapping the same holomorphic four cycle inside CY? but
now also wrapping the M-theory circle S*. On the other hand, D2-branes lift to M2-branes



supported at the same holomorphic cycles of CY? as before. DO-branes are the KK-modes
on the M-theory circle.

Following [36], we can relate the M-theory configuration to our setup. Loci in the
base of the T2 x R fibration of C'Y3 where various cycles of T? shrink give rise to a web
of five-branes supported at R* x S where S! is the original M-theory circle. M5-branes
become D3-branes ending on the five-branes and supported at faces of the (p, ¢)-web. M2-
branes reduce to D1 supported at R! inside R* x S and one of the directions descending
from the base of the T2 x R! fibration. We end up exactly with the configuration used
for calculations in this paper. The D1-branes supported at the interfaces and ending
at junctions correspond to line operators in gauge theory, giving rise to modules for the
algebras. Summing over all the possible D1-brane charges then corresponds to summing
over bimodules associated to line operators supported at the finite five-brane segments.

In the formulas presented here, we recover expressions from [6, 7, 37] for Q@ = 1. We
expect the parameter ) to be related to the U(1) charges of the added bimodules associated
to the U(1) currents appearing at each trivalent junction. These indeed measure U(1)
charges of corresponding line operators that descent (in the brane picture) from D1-branes
as discussed above.

The characters of Y-algebras as atomic elements of the gluing agree with those of
Jafferis in [7] who proposed the same box counting interpretation. The gluing proposal at
the level of vacuum characters matches the one proposed in [6, 37]. On the other hand,
gluing at the level of full algebras seems to categorify these BPS counting problems.

2 Y-algebras and W,

In [1], Y7, pm N [¥] algebras were defined as vertex operator

NS5 = (0,1) algebras associated to the junction of NS5, D5, and (1,1)

N branes.* Parameters L, M, N label numbers of D3-branes

L D5 = (1,0) attached to the trivalent junction from different sides as

M shown in the figure. From the point of view of the theory on

(—1,-1) D3-branes, this leads to U(L), U(M),U(N) gauge theories

connected by domain walls descending from five-branes on
which D3-branes end. Vertex operator algebras arise as algebras of local operators living
at the corner in the Kapustin-Witten twist of the theory. The parameter V¥ is the canonical
parameter of [4] that labels the Kapustin-Witten twisted N'= 4 SYM theories and plays
the role of the level of Kac-Moody algebras used in the definition of Y7, s n[¥]. From the
point of view of the N' =4 SYM, ¥ is a combination of the complexified gauge coupling
and the twisting parameter t. Y-algebras are defined as a BRST reduction of a system
of Kac-Moody algebras for super unitary groups and ghost systems. In this section, we
review their definition and we identify them with truncations of Wi .

4The configuration might need to be deformed by turning on fluxes.



2.1 Definition of Y-algebras

Y-algebras were defined as a combination of the Drinfeld-Sokolov reduction and the coset
construction of a supergroup Kac-Moody algebra. Schematically, they are defined as®

_ DSN_m[U(N|L; V)]

Yo un]¥] = for N > M
7.:m,N Y] UL - 1) or N >
U(N|L; ) x SNIE
Yo nn[P] =
Ly~ Y] U(N|L; ¥ — 1)
DSy _N[UM|L; —T + 1
Yo un[¥] = =X ]{J[(]\E|L~’—\I/) ) for N < M (2.1)

where DSn_jps denotes the Drinfeld-Sokolov reduction with respect to the (N — M) x
(N — M) diagonal block of U(N|L) and by the division by U(M|L; ¥ — 1) we mean the
BRST coset to be defined later. SNIX labels the set of N symplectic bosons and L free
fermions that contains a U(N|L; N — L — 1) subalgebra formed from the field bilinears (see
appendix A). More concretely, for parameters in the range N > M, Y7, a7 n[¥] is defined
as the BRST reduction of the complex

U(N|L; ®) x U(M|L; =¥ + 1) x gh(PS x gp(coset) (2.2)

by two successive BRST reductions. In the complex above, we have introduced gh(PS)

for (super)ghosts needed for the Drinfeld-Sokolov reduction implemented by QSDRSS)T and
(coset)

gh(©%%) for (super)ghosts associated to the BRST coset implemented by QpRsT -
Q](%SS)T can be defined in the following three steps (assuming N > M):

1. Pick the principal SU(2) embedding inside the U(N — M) subalgebra associated to
the (N — M) x (N — M) block inside U(N|L). The corresponding Cartan generator
of such embedding can be taken to be of the form

 N-M-1 N-M-3 M-N+1

E — F et —————— BN _ 2.3
5 1+ 5 2 + -+ 5 N—M,N—M (2.3)

H

where FE;; is a generator of the U(/V) Lie algebra associated to the matrix with one
at the position ¢, 5. The generator H provides us with a grading that we use in the
next step.

2. Decompose the adjoint representation of U(NN|L) into subspaces of H-charge greater
then, equal to, and smaller than one half: g_1 @® g1 @® g, 1. Introduce fermionic be

2 2 2
ghosts for each bosonic element and bosonic 87 ghosts for each fermionic element in

Throughout the paper, we use the notation U(N|L; ¥) = U(1)(y—1)s X SU(N|L)y—n+L, where ¥ — N +
L is the level of the SU(N|L) Kac-Moody subalgebra, i.e. ¥ is the level relative to the critical level. Although
U(1) current algebra does not have any intrinsic level, we use the subscript to indicate the normalization
of the U(1) current with respect to which the electric modules have integral dimensions. For more details
consult appendix A.



9>1 and for half of the elements in g 1 .0 This system of (super)ghosts is labeled by
q R(DS) 7

3. Define a nilpotent BRST charge Qg%ss)T constraining g_ 1 and half of g1 generators
2 2
to a fixed value

QBRST j{dz [ Ji —tH)c + f b (2.4)

where t* is the raising operator of the SU(2) embedding. In our conventions, this

generator has all the entries vanishing except of those above the diagonal that are set
k
]
the structure constants of the U(N|L) Lie algebra). For an explicit example of such

to one. are the structure constants of the algebra of constraints (restrictions of

a constraint see appendix B.

The coset BRST reduction is then performed by adding (super)ghosts of conformal
dimension h(c') = h(y?) = h(b;) — 1 = h(Bj) — 1 = 0, one for each generator of U(M|L).
We denote this (super)ghost system by gh(c>s®t) and study the cohomology with respect to

cose > 1 ]
Qlssr! = ]{dz [ —Je + §f]l'kblCJCk : (2.5)

Here J§* are the currents of the two copies of U(M|L) algebra being sewed and ffj are the
structure constants of U(M|L).® For the notational simplicity we wrote the formula as if
there were only bosonic generators and fermionic ghosts, but the generalization should be
obvious.

In the case when N — M = 1, the DS, is a trivial operation and can be omitted. On

SNIL i the fundamental

the other hand, if N = M, one needs to add symplectic bosons
representation of U(N|L). These are known to contain a conformally embedded U(N|L; N —
M — 1) Kac-Moody algebra formed by their bilinears. The resulting Y-algebra can be

identified with the BRST reduction of the complex

U(N|L; W) x SN x U(N|L; =W + 1) x ghleoset) (2.6)
by the BRST charge
QUoset) 7{ dz {ci(J} —J2 - JP) + Fbpc'cd (2.7)

where JS are the U(N|L) currents obtained from the bilinears in SN” fields. Intuitively,
this BRST operator couples the symplectic bosons to the two Chern-Simons theories con-
nected by the interface.

5This half of the elements needs to be picked such that they form a Lagrangian subspace inside g1 with
respect to the symplectic pairing given by the standard invariant two-form of SU(N). ’

"The conformal dimensions of such ghosts are h(c') = h(y") = 1—h(b;) = 1—h(8:;) = 1—h(J;) = —H(J;)
where H(J;) is the H-charge of the element J;. This assignment of conformal dimensions ensures that the
BRST charge has degree one with respect to the modified stress-energy tensor of the Drinfeld-Sokolov
reduction and it is useful to count the contribution from the ghosts in the total stress-energy tensor.

8The upper index a = 1,2 runs over the two copies of algebra while indices j run over the generators of
the adjoint representation of U(M|L).



In the following, we will use the unified notation
DSn—m[U(N|L; W)] (2.8)

for any non-negative N — M that is defined by the DS-reduction described above for
N — M > 1, that is trivial in the case of N — M = 1, and that produces

DSo[U(N|L)w] = U(N|L)y x SM* (2.9)
in the case that N = M.

2.2 Wit and its truncations

The vertex operator algebra W, is the algebra obtained by an extension of the Virasoro
algebra by independent primary fields of each integral spin > 3, so that the generators are

T, Wy, Wy, Ws ... (2.10)

Imposing the conditions of associativity, [8, 9] concluded that there exists a two parameter
family of such algebras, one parameter being the central charge ¢ and the other one can be
chosen to be 20
2 = (C53)"Ciy (2.11)
(C33)?
where C’jl-k are the OPE coefficients (lek is the coefficient of the primary operator W in
the OPE of W; and Wy).?

It is convenient to add a decoupled U(1) current into the algebra and define Wi oo =
U(1) x Wao. At special curves in the two-parameter space of such algebras, W1, develops
an ideal Z. Quotienting this ideal out, one obtains a truncation of W . According to [8],
some of such truncations can be identified with Wy x U(1) algebras generated by fields up
to spin N. The structure of truncations of W, was further analyzed in [10] where new
truncations were discovered. It turns out that Y-algebra can be identified with these more
general truncations of Wi .

As pointed out in [10], there exists an useful parametrization of the structure constants
in terms of a triple of parameters \; satisfying

LI I (2.12)
A A3 '

in terms of which the central charge and the parameter (2.11) are given by

oo = (M1 —1)(A2—1)(A3—1)
o 14d(c+2)(M —3)(A2 — 3)(A3 — 3)
L P i P [V (249)

Modifying the stress-energy tensor in such a way that the current J has conformal weight
one, the central charge gets shifted by one ¢y = ¢o + 1. The reason for introducing

9 Although starting from spin 6 the primary operators are not uniquely determined even up to an overall
rescaling, there is no such problem with primaries of spin 3 or 4.
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Figure 1. Truncation curves parametrized by (L, M, N') such that (L+1)(M +1)(N+1) < 6. This
restriction means that the first generator that we are quotienting appears at level < 6 in the vacuum
module. We use the parametrization from [10] where the two axes are related to A; parameters by
=302\ — A2 —X3), Yy = %()\2 — A3) which manifestly shows the S3 triality symmetry. At the
points where two curves cross, we find the minimal models of W, algebra if we quotient out by the
maximal ideal which in particular contains the two ideals coming from the two curves that meet.

this parametrization is that for \; = N € N, the algebra truncates to Wy x U(1). We
might as well analytically continue the structure constants of Wy x U(1) as a function of
the rank parameter NV (since with a suitable choice of normalization they are just rational
functions of N and ¢) and find (following Gaberdiel and Gopakumar [8]) that for a fixed
value of the central charge c, there are generically three different values A; of N with the
same structure constants.

The local fields of the Wi+ algebra can be labeled by 3d partitions where the confor-
mal dimension of the fields is given by the number of boxes of the corresponding partition.!?
At special curves in the two dimensional parameter space of Wi, algebras, the generators
associated to 3d partitions having a box at coordinates (L + 1, M + 1, N + 1)!! form an
ideal Zy, ar,n. In other words, Zy a7,n contains all the configurations, where the boxes do
not fit between the corner and its copy shifted by (L, M, N). The curve in the parameter
space for which Zj, s v appears is given by

L M N

—F+ —4+—=1 2.14

N (1)
Note that due to (2.12), the ideals Zr, pr, v D Zp+k M+k N+ are associated to the same curve.
Derivation of the formula (2.14) along the lines of [11] can be found in the appendix D.3.
If we quotient by the ideal Zy, s v, we recover an algebra with generators associated to 3d
partitions living between the corner at the origin and the corner shifted by (L, M, N). Each

truncation curve has a corresponding maximal truncation which we get by quotienting by

Z(1,M,N)—max(L,M,N)(1,1,1) (2.15)

'0This simple combinatorial interpretation is one of the main reasons for considering the additional U(1)
factor instead of restricting purely to Wi oo.
Here we use the convention that the box corresponding to J_1|0) is at position (1,1,1).
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or in other words choosing one of (L, M, N) to be zero. These are the truncations discussed
in [10] and they correspond to quotients that are irreducible for generic values of the central
charge. For illustration, few truncation curves are depicted in figure 1.

2.3 Identification between Y7 nps,n and truncations of Wi

Based on the observation that vacuum characters of Y7, a7, vy have the same structure as
vacuum characters of Wi o, truncations, it was suggested in [1] that these might be actually
related. In this section, we discuss identification of these two in detail and add few other
pieces of evidence supporting such identification.

Vacuum characters. The vacuum character of Y7, s y for N > M was determined in [1]
to be given by

X Yo, N [¥]] = Xwy_a (@) %dVM|LXJJ\\{II/VI (g, T4, yi)- (2.16)

2

In this expression, xyy, is the character of the U(1) x Wy algebra, § dV, as is the Vander-

monde projector (invariant integration) that projects to U(L|M) invariant combinations of

fields, and X%['_LM (g, i, y;) is the character of a system of symplectic bosons in the funda-
2

mental representation of U(M|L) and with the level shifted by Y5 that comes from the
DS-reduction of the off-diagonal blocks of U(N|L; ¥). All of these ingredients are reviewed
in appendix C.

This character was expected [1] to have an interesting box counting interpretation:
it should count 3d partitions that fit between the corner at the origin and the corner
shifted by (L, M,N). In the limit of large number of D3 branes this simplifies and one
finds the famous MacMahon function counting all plane partitions without any additional
constraints. For finite (L, M, N), it was argued in [1] that the first discrepancy with respect
to the MacMahon function appears at level (L +1)(M 4 1)(/N +1). Assuming the algebra
Y7 ar,nv to be isomorphic to a quotient of the affine Yangian described above, the existence
of such a null state already fixes the truncation curve. Discussion from the appendix D.3
then justifies the expected form of the character from [1].

Central charges. The central charge of Y, 5/ v was determined in [1] to be given by!?

e W] = (L~ N) (L= N)? 1) + W(M — N) (M~ N)? 1) + (2.17)
+ﬁ(M—L)((M—L)2 ~ 1D+ (2N+M —-3L)(N—-M)?+L—-N.

12Regarding W-dependence in the expression, one can identify the pole at 0 with the infinite leg in (0,1)
direction, the pole at co with the infinite leg in (1,0) direction and the pole at 1 with the infinite leg in
(1,1) direction (these can be thought of as homogeneous and inhomogeneous coordinates on CIP'). The
prefactor in front of each pole is a cubic expression in the difference of numbers of branes attached to the
corresponding five-brane from the left and right. In general (p, ¢)-web diagrams, we will recover similar
structure of the central charge.
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Note that this is invariant under replacements

1
U — L M
\\J
U 1-—U N < M (2.18)

which generate the S3 group of transformations (related to the triality symmetry of Wi ).
The group acts on (L, M, N) by permutations and on ¥ by fractional linear transformations
permuting (0, 1, 00). This motivates us to introduce another parametrization

M=L-—(1-U)N-UM
L—(1-U)N—UM

Ay = — 5 (2.19)
L—(1-U)N-—UM
Az = U1
satisfying . . .
— 4+ —4+—=0 2.20
M (2.20)

just like in the case of Wy,. Furthermore, the expression for the central charge (2.17) can
be rewritten in the form

Cl4oco = ()\1 — 1)()\2 — 1)()\3 - 1) + 1. (2.21)

which is equal to the central charge of Wy, (2.13) except for the shift by one due to the U(1)
factor. The Sj triality action of [1] acts simply by permutations of the parameters \; and
the central charge is manifestly triality invariant in this parametrization. It is convenient
for what follows to introduce e parameters (e1, €2, €3) by

\Ifz—ef2 0=¢€1 +€+ €3 (2.22)
€1

(note that they are determined by ¥ only up to an overall scale factor). In terms of these,
the parameters \; can be written in more symmetric form

. Leir + Mey 4+ Neg

€

Ai

(2.23)

To summarize, if we identify the parameters \; from (2.13) with those introduced in (2.19),
we see that the central charges, the vacuum characters and the triality transformations of
Y-algebras can be identified with those of the truncations of W, algebra. Moreover the
parameters (2.13) satisfy (2.14). Given the constraining power of the bootstrap analysis,
this is a strong indication of correctness of our identification of Y-algebras as truncations
of Wl-i—oo‘

Note the special points where the two truncation curves intersect. The algebras with
such values of parameters contain further null-states that can be factorized. From the
point of view of Y-algebras, these points correspond to the DS-reduction and the coset of

13We expect the parameters ¢; to be related to the Nekrasov parameters.
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M N,
D, M,

Figure 2. Labeling of modules associated to line operators supported each interface. Modules are
labeled by representations of a supergroup induced at the corresponding interface. For example
D,, = M} modules are labeled by representations of U(M|L).

Kac-Moody algebras at rational levels. At rational levels the Kac-Moody algebras contain
null states. To take them into account, one should use Kac-Weyl characters to calculate the
characters of the final algebra. At least in the case of Wy algebras these are known to lead
to minimal models [40]. It would be nice to generalize this construction to all Y-algebras.
In our considerations, we will always consider ¥ to be generic, corresponding to a generic
points of the truncation curve (L, M, N).

2.4 Modules of Y1, p,Nn

In order to define the gluing construction, we will need to consider modules for Y-algebras.
The most general module needed for the gluing is labeled by three representations of
unitary supergroups associated to line operators supported at the three infinite interfaces
and ending at the boundary. More concretely, as illustrated in figure 2, the modules for
Y7, m,n will be represented by a triple of representations (A, pu,v) of U(L|M), U(M|N)
and U(N|L). At present, we have only a partial understanding of the characters and the
conformal dimensions of these representations, which we now summarize.

Topological vertex and box counting. In the special case that the three asymptotic
representations are covariant representations (i.e. contained in the tensor power of the
fundamental representation), we can use the box counting interpretation of the topological
vertex to find the conformal dimensions and the characters [11, 35, 41, 42]. In this case,
the representations (A, u, ) can be labeled by three Young diagrams. The states in the
module of Y7, a7 v are then in one-to-one correspondence with the plane partitions which
have non-trivial asymptotics given by the Young diagrams (A, p, ) and further restricted
such that the box at coordinates (N7 + 1, Na 4+ 1, N3 4 1) is not present.

The highest weight state corresponds to the configuration with minimal (but infinite)
number of boxes compatible with the asymptotics. The states at level [ are in one-to-one
correspondence with plane partitions obtained by adding [ boxes to this minimal configu-
ration (always in a way such that the resulting configuration of boxes is a plane partition).
This identification allows us to write down the character purely in terms of a combinatorial
counting. The conformal dimension of the module can be similarly computed [11] by first
computing the generating function of the conserved charges of Y7, 7 v and extracting the
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eigenvalue of the Ly generator from it (see appendix D for details). The result for the

representation with an asymptotic Young diagram in the third direction is'*

JOM) = (2.24)
j
A3 A3 . A3
WM = ==y 5 = oo D (25 =D+ 5w
J J J

A3 9 A3 Tvo A3
- BNl L 3N, 2.2

J

In particular, the conformal dimension of the minimal representation is given by

1+ Mg
2

h(0Os) = (2.26)

irrespectively of the truncation that we are considering. Its complex conjugate representa-
tion has an opposite U(1) charge but the same conformal dimension. By fusing these, we
can in principle obtain an arbitrary maximally degenerate representation of the type we
need for the gluing procedure.

The main disadvantage of the approach using box counting is that we have only access
to representations whose asymptotics are those obtained from the fundamental represen-
tation (i.e. covariant representations) and it is not clear how to generalize these results
directly to the case of fusions of both fundamental and anti-fundamental representations.
The second disadvantage is the lack of useful closed-form formulas for the characters of the
modules, but see [43] for the case where one of the parameters (L, M, N) vanishes.

Characters from BRST construction. It was conjectured in [1] that Y-algebras have
three families of degenerate modules associated to line operators supported on the three
interfaces and ending at the corner. These three families were labeled as in the figure 2.
In the following, we will introduce a more uniform notation

M, =H,, M;=W,, M,;=D,. (2.27)

The parameters p in M, ; label representations of U(M|N) and analogously for the other
two classes of modules.

In the following, we will consider generic representations M?2 ® M 3 of Yp ar,n[¥] and
Y7 0,0[¥] algebras. These representations are labeled by representations of U(M) and U(N).
Characters and conformal dimensions of all the modules we use in this paper can be ob-
tained from the SL(2,7) transformations of this setup. Knowledge of these modules will
allow us to consider configurations that require gluing along internal lines with one of the
stacks on the left or on the right of the leg vanishing. Generic situation requires dealing
with technically more complicated representations of U(N|M) Lie superalgebras and is left
for future work.

The representations of U(M) are labeled by a set of integers (u1, p2, ..., par), where
p1 > po > -+ > par (note that we do not restrict these to be non-negative and look at all

4The normalization of U(1) current is discussed later.

~15 —



the irreducible representation one can get from the tensor product of the fundamental and
the anti-fundamental representation). Choosing a normalization of the U(1) current such

that!®
A1+ Ao B A1 A 1

J(z)J(w) ~ = 2.28
(M)~ s = e, (2.28)
the charge of M 3 and its conformal dimension are given by!6:17
M
J(M3) = ZM, (2.29)
j=1
M M M
A3 A3 . N
M3 = -2 — 2j— M —Dp; + — il 2.
ML = gy, Dk, 2 i+ 2 e (2:30)

The characters of M2 and M 3 modules of Yy ar n[¥] can be calculated according to [1]
in a similar way as the vacuum character. The only modification is to insert a corresponding
Schur polynomial s,(z;) and s,(z;) into the formula, i.e. in the case of N > M and M;j)
representation, the character is given by

Xo.m.N (M) = Xy (4) deMXAJ\{I—OM (q,:)sp(3). (2.31)
2

In the case of M? modules, one needs to first perform the DS reduction by substituting

x; = q%(Qj_M_l) for j < N — M and then insert into the integral
M0 Lioi_No—
X008 (M) = Xy () y{dVMXN'M(q,xi)s,, <xj NP IC AT 1),xi) . (2.32)
2

One can similarly calculate characters of modules with two asymptotics M, 5 ® M3 by first
doing the DS reduction substitution and then inserting into the integral formula both
characters. An example of Yy 1 2[V] is given in C.

Similarly for the character of the Y7 o0[¥] representation with two asymptotics, no
DS-reduction is required and one needs to simply insert both Schur polynomials into the
corresponding integral formula.

For positive values of 1, these characters have a nice box-counting interpretation that
was discussed above. The conjugate representations have the sign and the order of u’s re-
versed and they have the same character and the same conformal dimension. Furthermore,
if we split p into positive and negative parts, p = py + pu—, we see that both the U(1)

5There is a freedom of assigning U(1) current algebra factors to vertices and the corresponding U(1)
charges to bimodules. Here we fix this freedom in certain way, but in specific examples other choices may
be more suitable. See section 4.4.1 where this freedom is discussed in detail in the case of U(NN), affine Lie
algebra.

16Checks of these formulas for Yn,0,0, Yo,1,0, Yo,1,1, Y0,2,1, Yo,1,2 can be found in appendix C.3. This
formula was checked for either M or N vanishing.

7To fully specify the irreducible highest weight representations of Wy, we should specify N — 1 indepen-
dent charges. For the maximally degenerate representations these can be determined in terms of the Young
diagram labels. For this reason we do not need to know the explicit values of the higher spin charges. An
example for the generating function the higher spin charges for the (O, -, -) representation see appendix D.2.
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Figure 3. A generic (p,q)-web with stacks of N; D3 branes attached. The gluing construction
associates a vertex operator algebra to such a diagram. To each vertex in the diagram, one associates
a Y-algebra and to each finite line segment one associates a class of bimodules for the two Y-
algebras that are connected by the corresponding line segment. The final vertex operator algebra
is a conformal extension of the product of Y-algebras by such bimodules and their fusions.

charge and the dimension are additive under this splitting. As far as the character goes, a
generic representation does not seem to have a known simple combinatorial interpretation
unless we are dealing with Yj o y = Wy algebra for which the character is invariant (up to
overall factor of ¢ to some power) under the shift of all ; by a constant and we can make
all of them positive and then deduce corresponding box counting interpretation.

3 Gluing construction

It was already suggested in [1] that one can use a construction analogous to the topological
vertex [5—7] to produce more complicated vertex operator algebras by gluing Y-algebras.
Consider a web of (p, q)-branes with stacks of D3-branes attached to them from different
sides as in figure 3.1%

This configuration gives rise to a web of domain walls in the N' = 4 super Yang-
Mills theory. In the topological twist of the theory, local operators inserted at trivalent
junctions of the diagram give rise to Y-algebras. Looking at the configuration from the IR,
the finite segments of five-branes become infinitely small and the whole configuration can
be thought of as a resolution of a single star shaped junction of more complicated domain
walls. According to this picture, the line operators supported at finite segments and ending
at the two trivalent junctions play the role of local operators of the IR junction and should
be added to the final vertex operator algebra. The line operators living at interfaces and
ending at their junctions will be associated to modules for Y-algebras. Operators one
needs to add to the collection of Y-algebras correspond to bimodules associated to such
line operators and their fusions. It turns out that these bimodules have (half-) integral
conformal dimension with respect to the total stress-energy tensor (sum of the stress-
energy tensors associated to each trivalent junction) and can indeed be added to the vertex
operator algebra. In this section, we explain this construction in detail.

8 Throughout the paper, we consider only webs corresponding to toric diagrams of Calabi-Yau three-folds
without compact four-cycles, i.e. tree-like diagrams. The construction should be possible in general but in
the presence of the closed faces, generic modules associated the Gukov-Witten defects [44] stretched within
the internal faces can also be added to the VOA.
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Ay = (ab,a}) (0,1)

A3 = —Al - AQ Al = (G/La%) (f]-? 71)

Figure 4. Transformation relating generic vertex of interest with the one used in identification of
Y-algebras.

3.1 The vertex

We start with the description of the basic building blocks of our construction. The algebra
of local operators associated to the trivalent junction of D5, NS5 and (1,1) brane!® can be
identified with Y7, a7 n[V] algebra reviewed above. In order to allow more general gluing,
it proves useful to consider a larger family of trivalent junctions that will then serve as
building blocks in the gluing construction. Luckily, one can obtain a larger class of such
vertices by applying S-duality transformations to the basic D5-NS5-(1,1) junction. In the
topological vertex literature, this operation is related to the change of framing.

S-duality acts on an AT = (p,q)T five-brane by a left multiplication by an SL(2,%)
matrix

M= (“ b) for ad—be=1. (3.1)
cd

The corresponding transformation of the coupling parameter W is

aV +b

U — .
e +d

(3.2)

In terms of € parameters, the transformation is implemented by the left multiplication of

(M) = (_db —;) (3.3)

l'A= (61 62) <§> (3.4)

Using these SL(2,7) transformations, one can map a trivalent junction of A; =

(€1,€2)T by matrix

such that the combination

stays invariant.

(pj,q5), j = 1,2,3, defects (satisfying conservation of charges and the condition that en-
sures existence of such a transformation)

0= Ay + A + As (3.5)
1 =A41NAy=pi1g2 — p2u

9Note that we identify (1,0) with D5-brane and (0, 1) with NS5-brane in the contrast with [1].
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to the configuration used in the definition of Y-algebras by

M=% "), (3.6)
—q1 D1
In other words, to each such trivalent junction of Ay, Ay, and A3 defects as shown in the
figure 4 and the coupling parameter W, one associates the algebra

1 0 —1
Yffil\fﬁf’A?’ [¥] = YL((;\)41<\;)<1> [—%:Z] =YL MmN [—Z?i:ij : (3.7)

In terms of € parameters € = (e1,€2)” and the five-brane charges

Y (e = Yo [€7 4] = Yo 6] (3.8)

where €; = eTAj = pje1 + gjea. Note that the necessary consistency requirement €; + €2 +
€3 = 0 follows from the charge conservation A; + Ay + A3 = 0 at the trivalent junction.?’
In terms of the invariant A-parameters parametrizing the structure constants of ¥ (2.19)

we have

o Lér + Méy + Neég o GT(LAl + MAy + NA3)
N gj N GTAj '
This is insensitive to rescalings of € and A; parameters. \; determined in this way satisfy
both (2.12) and (2.14).

There exists a natural Zs sign of the SL(2,Z) transformations. By taking a Zs reduc-

Aj

(3.9)

tion of an SL(2,7Z) transformation matrix, we obtain an element of SL(2,Zs3) ~ S3 and
taking the sign of the corresponding permutation gives us a homomorphism SL(2,Z) — Zs.
Concretely, we can map

ab
_1 ac+ad+bd+1. 310
(C d) ~ (-1) (3.10)

obtaining the required sign. Choosing our canonically oriented vertex to have the + ori-
entation, any other vertex can be assigned an orientation given by the sign of the SL(2,7Z)
transformation mapping the canonically oriented vertex to the vertex we are considering.
Concretely, the orientation is given by

sen [YLIL?JI\/’II?J\?AS] _ (_1)p1p2+q1q2+p1q2+1 _ (_1)p1p2+Q1q2+p2q1. (3‘11)
3.2 The edge

Let us first consider gluing two vertices as in the figure 5 where the numbers are subject
to constraints
A+ Ay = ,1 + A,Q
A1 NAy =1 (312)
AfNAY =1

2ONote also that identification is possible for any values of A; and Az not only those related to the
junction of NS5- and D5-branes by S-duality. One is tempted to identify generic vertex with such algebra.
This naive guess would not be consistent with gluing proposal since bimodules added in gluing construction
would not be (half-) integral.
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p17q1 p27Q2
\ P1 +p2;Q1 + q2)
K/ N
p2aq2 pval

Figure 5. Any junction of two Y-diagrams can be put into this form by reversing the orientation
of the legs and changing the signs of the corresponding labels. The parameters are subject to the

N, /N
W’ N

Figure 6. By SL(2,Z) transformation, one can put diagram 5 to this form where parameter p is

constraints from (3.12).

given by combination (3.14).

The first equation is simply the condition of the conservation of charges and the remaining
conditions come from the requirement that both vertices are S-dual to the elementary
junction of NS5, D5 and (1,1)-brane. One can always change the orientation of the ingoing
and the outgoing legs and change the signs of corresponding (p, ¢) charges in order to obtain
the configuration in 5. Using the S-duality transformation and the fact that all the building
blocks are S-dual to the triple junction of D5, NS5, and (1,1)-brane, one can transform our
system uniquely to a new configuration depicted in figure 6 by the transformation

M=% "P2), (3.13)
—q1 D1
We used the fact that conditions (3.12) let us express all pairings in terms of one remaining
invariant parameter (measuring the relative framing of the two vertices)

p=—AgNAL =1+ A NAl = -1+ A1 ANAy=—A1 NA]L (3.14)

The first vertex is by definition positively oriented, while the orientation of the second
vertex can be easily read off from (3.11) and we find it to be equal to (—1)P.
By looking at the two Y-vertices in diagram 5 or 6, one can deduce that the final
algebra will be a conformal extension of
—Ay,—Ag, A1 +A ALLAL Al Al
Yok U x YR T (Y (3.15)

by a collection of M 3 bimodules of the two Y-algebras on the right hand side.
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Conformal dimension of gluing fields. We can now check that dimension of the
bimodules are (half-)integral. This can be easily seen from the transformed diagram 6.
Remember that the total stress-energy tensor of the glued algebra is given by a sum of
stress-energy tensors associated to the vertices. In particular, the conformal dimension of
a bimodule is the sum of the two dimensions coming from the two endpoints,

hy = h(M3) + h'(M}). (3.16)

In the special case that the exchanged representation is the fundamental one, we can use
the formula (2.26) and find
A3+ Ay K+N—-L-M pM-1L)

hgp=14+—"—-2=1
O + 5 + 5 + 2

=1+p. (3.17)

Note in particular that all the dependence on continuous parameters like ¥ has canceled.
The resulting dimension is always (half-)integral. The parameter p introduced in this
formula will be important in later sections.

Specializing now to the case L = 0 as in (2.30), we can be more general and write the

expression for arbitrary line operator in representation u:

M M M
1+p 1-p . K+ N
e 1) Y S LT VR o Sl 7 MR CR L)
=1 =1 =1

Analogously, in the case that M = 0, we have

L L
JZM? ZZJ— —1MJ+K+NZIM (3.19)
=1 i=1

7=1

This is again independent of the continuous parameter ¥ and is (half-)integral.

Gluing in terms of A parameters. If we fix the discrete parameter p which determines
the dimension of the gluing matter and the five-brane charges A; and A;-, we can write
explicitly the gluing conditions for Y-algebras directly in terms of \; and )\; parameters.
Let us first introduce a vector in five-brane charge space characterizing the first vertex

—t_t (3.20)
and similarly for the second vertex. Using the five-brane charge conservation
A1+ A3+ A3=0 (3.21)
and (2.20) we find that the definition of ¢ is cyclic invariant,
AA2A30 = Aa(A3A3 — A1 A1) = A3(A1 A1 — AaAs). (3.22)

The usefulness of o lies in the fact that it encodes the )\; parameters of the vertex, i.e.

1
oNAj =1 (3.23)
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Furthermore, eliminating the number of D3-branes and parameter ¥ from the gluing con-
ditions, the gluing condition translates to a simple condition

oA =0 (3.24)

satisfied by o and o’ associated to glued vertices. This condition means that the vectors o
associated to the neighbouring vertices are parallel. We can use this and the definition of
p to determine )\;- once we know \;, p, A; and A;,

2p = A3 + /\g
0= ()\1A1 — )\QAQ) VAN ()\llAll — )\éAg) (3.25)
0= ()\1141 — )\2142) VAN ()\IQAIQ — /\éAg)

which is a linear system of equations and can be easily solved for ).

Statistics of the gluing matter. Gluing fields turn out to have either bosonic or
fermionic character depending on the relative Zs sign (3.11) of the two vertices that we are
gluing (and not whether the dimension of the gluing matter is integral or half-integral).
We expect to have fermionic fields if the two vertices have the same sign and bosonic fields
if the sign is opposite. In terms of the framing factor p we will have bosons for p odd and
fermions for p even. This is indeed consistent examples with values p = —1,0,1 that we
discuss in greater detail in later sections.

Summary of gluing. For a complete gluing prescription for an edge, we need to

1. Identify Y-algebra bi-modules associated to the line operators supported at the finite
five-brane segments. These are labeled by finite-dimensional, highest weight rep-
resentations of the U(M|N) group where M and N are the numbers of D3-branes
attached to the finite edge from the right and left. If one of these vanishes (say
M = 0), they are simply labeled by ordered (both positive and negative) integers

M1 = g2 = 2> UN-

2. To perform the gluing at the level of characters, one needs conformal dimensions and
characters of corresponding modules. These can be obtained for example from the
BRST reductions of the Kac-Moody algebra modules or box counting for contravari-
ant modules.

3. We expect that the operator product expansions are fixed completely by the discrete
data described above. The structure constants of Wiy were found in [10, 26] and
the structure constants of Y-algebras are simply their restrictions to particular values
of the parameters A of the corresponding truncations. The higher spin charges of the
modules are determined in terms of the representation data and one can use either
the bootstrap approach or the Coulomb gas calculation [27-29] to find structure
constants associated to both OPEs of the gluing matter with Y-algebra generators
and also within gluing matter fields.?!

*INote that there seems to exist a free field realization of Y-algebras that was constructed in [2]. Tt would
be nice to explore this connection further.
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3.3 Gluing in general

Let us consider an arbitrary of (p, q)-webs composed of the trivalent junctions glued by five-
brane edges as discussed in the previous sections and let us attach stacks of D3-branes to the
faces of the diagram. This configuration gives rise to a web of domain walls in N’ =4 SYM
that we want to associate a vertex operator algebra to. The vertex operator algebra will
be a conformal extension of a tensor product of mutually commuting Y-algebras associated
to the vertices in the diagram by the bimodules associated to line operators inserted at
the finite five-brane segments and their fusions. To each such segment, one can associate
a parameter p; as in the case of a single edge.
One can make following conjectures about the resulting algebra:

1. The total stress-energy tensor of the resulting algebra is the sum of stress-energy
tensors of the individual vertices.

2. As consequence of this, the central charge of the resulting algebra is the sum of the
central charges associated to all vertices.

3. The characters of modules associated to a collection of edges can be computed as a
sum of products of Y-algebra characters, where the sum runs over representations
of a tensor product of Lie (super-) algebras associated to the internal edges. For

example in the case of two vertices we have

x= Yo x Y] o [y @] () (3.26)
B

4. These modules can be obtained by fusion of elementary bimodules associated to the
line operators in the fundamental and anti-fundamental representation supported at
the internal edge. The dimension of these representations is given by (3.17).

5. To each external leg, one can associate a family of modules labeled by representations
of the supergroup associated to the corresponding leg. Different families associated
to non-parallel legs braid trivially, i.e. have conformal dimension that differs by an
integer.

6. If the (p, q)-web is invariant under a subgroup of SL(2,Z) transformation, the glued
algebra will turn out to have dual BRST realization. If the algebra is realized as a
truncation of an infinite algebra, there will be corresponding duality action on the

parameter space of the corresponding infinite algebra.

In the following we will illustrate the general discussion of the gluing construction on few
concrete examples.

3.4 Example — N = 2 superconformal algebra

Let us start with A" = 2 superconformal algebra. This algebra is obtained by extending the
Virasoro algebra by a U(1) current J and two oppositely charged spin % fermionic primaries
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G*. The U(1) current J generates the SO(2) R-symmetry rotating the supercharges. The
operator product expansions are given by

ﬂ”ﬂwwvu?;4 é?Z§+fT?
= w + w
TG w) ~ ) + )

1)) ~ 1+ 21

ﬂ@J@QN(Z?iV (3.27)
J(2)GE(w) ~ £G*(w)
G (2)G (w) ~ 2¢ 2J(w) n 2T (w) N 0J(w)

3z—w)d  (z—w)? z—w z—w
G*(2)GF(w) ~ reg.
The central charge c is the only free continuous parameter.

From Poincaré-Birkhoff-Witt theorem we see that the vacuum char-
9 acter of this algebra at a generic central charge is given by

3 2
o (14g)
T (1 )

( (3.28)

n=0
Up to an U(1) factor, this is exactly what one would obtain from the glu-
ing construction starting from the diagram on the left. We can thus attempt to decompose
the N'=2 SCA xU(1) into elementary building blocks that enter the gluing construction.
First, we decouple the U(1) currents to isolate the W, stress-energy tensor that lives at
the (2,0, 1) vertex. The unique combination commuting with J(z) is

_ 3

To() = T(2) - o

(JJ)(2). (3.29)

Similarly, we can find spin 3 and spin 4 primaries that commute with J(z) (they are
determined uniquely up to a rescaling). We can next compute the combination of OPE
coefficients
(C§3)2024 B 12(c+ 1)(c+9)%(5¢ — 9) (3.30)
(C;)? (c—=1)(c+6)(2¢c —3)(bc+ 17) ’

and assuming OPEs to be those of Wy, this together with co, = ¢ — 1 lets us determine

the \ parameters associated to (2,0, 1) vertex to be

2 —2¢ —
PR . .
c—3 €1
—2¢ — 2
A = _c_TsaaTe (3.31)

3 €9 \\
1 2¢ 2 —e 2-V

Ay’ = = =
3 c+3 —€1 — €2 1-w
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which is what we could directly read off from the diagram. The identification between

parameters is
6 6

=3—- = U =— . 3.32
¢ v’ c—3 (3.32)
We can also determine the A parameters of the second vertex
AP =1
-3 € 1

A2 ¢ —d__ - 3.33
2 6 €9 N ( )

)\§2) _ c—3 €1 . 1

Tct+3 —a-—e U-1

which is consistent with the U(1) degree of freedom coming from the second vertex.

Finally, let us identify the gluing matter. The fields of the lowest dimension that do
not come from the vertices are the fields G¥(z). Following the choice of the normalization
of U(1) factors (2.28),

c+3 1

c(c+3) 1
B 6 (z2—w)?’

T0EIVw) ~ g =5

J@(2)J® (w) ~

(3.34)

we know that the basic gluing fields will have charges £1 with respect to these. We define
a rotated basis of U(1) currents
c—3

J(z) = m,](l)(z) —

2c

such that J(z) is the conventionally normalized R-current in N = 2 SCA and that J(2)
decouples. The other primary gluing fields are given by the normal ordered products

G:i:

0 (2) = (VGG (0GFGT) ) (2). (3.36)

Their U(1) charges are given by

GG =k, GGG = Fk, §(GG) =*k, J(GR) =0  (3.37)

The conformal dimensions are

(c=3)k* +2(c+3)k )

Ry
+
2(c+3) M@

k(k+2)
_ +
(k)) - c+ 3’ h1+00(G

W=
(3.38)

1

as predicted by (3.18)

Truncations. It is well-known [45-49] that A/ = 2 SCA has a series of unitary minimal
models for

2
=3|1——— k=1,2,... 3.39
c=3(1-25), k-1 (3.39)

All of these lie obviously on the truncation curve (0, 1,2) of the first vertex as follows from
our identification of N/ = 2 SCA. But these minimal models also lie on the truncation
curve (k,0,0) which corresponds to the case where the W at the first vertex truncates
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to U(1) x Wy. We can thus predict the values of the central charge ¢ for which the N' = 2
SCA truncates only based on the knowledge of truncation curves of Wi . Analogously,
the non-unitary minimal models with

c=3 <1 - 21(91’)i21)> (3.40)

lie on the intersection of the truncation curves (0,1,2) and (p/, p,0) where the irreducible
quotient of Yp12 can also be thought of as a quotient of ¥,,0.

Unifying algebras. The coset of N' = 2 SCA with respect to U(1) subalgebra was
studied already in [50] in the context of unifying algebras. The authors noticed that the
resulting algebra, in our notation Yy 12 or the parafermion algebra, can be coupled in two
ways to U(1) current algebra, obtaining as result either N’ = 2 SCA or U(2) affine Lie
algebra (depending on the details of the gluing). This is one of the earliest examples of the
gluing procedure in the literature, here applied to gluing of Yy 12 and Yp 0,1 vertices.

3.5 Example — §2)

As another example, consider the Bershadsky-Polyakov algebra W§2) [51, 52]. It has the
same matter content as N/ = 2 SCA except for the fact that the spin % fields are bosons
instead of being fermions. The operator product expansions are now

(2k+3)(3k+1) | 2T(w) | IT(w)

TET) ~ =030 T e —w? 2w

()7 (w) (zJ—(%? -

T w) ~
()G (w) ~ ?Zng;; 3ff(;v) (3.41)
I ) ~ EEW

G*(2)GF(w) ~ reg.
(k+1)2k+3) 3k+1)J(w) (k+3)T(w)

GHAG (W) ~ T S s
3(JI)(w)  3(k+1)0J(w)
e T 2(z —w)

From the gluing construct we see that the vacuum character
3 00 )
) 11 (3.42)

2o (1= gl m)2(1 — g2 +m)2(1 — g2+n)

of U(1) x W§2) equals that of the diagram on the left. We can try to see
if this identification works even at the level of operator product expansions. Similarly to
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the discussion in the previous section, we can first decouple the U(1) factors and find the

stress-energy tensor
3

ok 3 (343

with the central charge

G 44
Coo k+3 (3.44)

Analogously, we can construct primary spin 3 and spin 4 currents commuting with U(1)
factors,

3(k + 3) k+3 9(k +2)

Y = (GG + ST (T + AT —
Ws' = (GTCT) + Gy (TI) + 50T — ey (J ()
K2 44k 46,
—3(J0) - R
Wi = (J(GTGT) + .., (3.45)
compute their three-point functions
oo — 4k +9)2k+ 1)(k+3)(k + 1)?
33 = 13
n 3(15k% 1 19k — 18) .
o _ 120+
8= o3

and finally find the invariant combination of structure constants

C3C8 48k?(k + 3)*(3k + 5)(5k + 12) (3.47)
(C%)2 ~  (k+1)2(2k + 1)(4k + 9)(15k2 + 19k — 18) '

Equating this to (2.13), we can determine the )\5.1) parameters (assuming that the commu-
tant of U(1) currents is Wx) to be

3
A Zop 3= 2798 oy 3
€1
2k+3 e+3e3 —20+43
AN = - - - 3.48
2 k+3 €9 U (3.48)
)\(1)_2164-3_624-363_—2\1/—1—3
37 k42 e 1-0
We identified
U =Fk+3. (3.49)

We can read-off the A-parameters of the second vertex from the diagram (again we cannot
determine them from the algebra because of no continuous parameters associated to the
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Figure 7. Two diagrams associated to D(2,1; —¥); x U(1)ay related by a flop.

affine U(1) algebra)

—2€1 — €9
)\(2):7:1 3.50
1 —261—62 ( )
9%y —
A52)2¥:—2+\11:k+1 (3.51)
1
—2€1 —€3 -2+ U k+1
A2 1 _ - _ . .52
3 te 10 k+ 2 (8:52)

U(1) currents. Now we can turn our attention to the identification of the U(1) currents.
We take a linear combination of U(1) currents

k+3 2k +3
A e R )

J(z) = JW(2) + JO(2) (3.54)

J@(2) (3.53)

such that J(z) decouples from W?EQ).

Gluing matter. The gluing fields in the case of W§2) are given by powers of G*(z),

G:t

) (2) = (GFGT((GFGF) - ))(2)- (3.55)

Their U(1) charges are

JGE) =20, JOUGE) =Fn, §(GE) =+n, (G =0. (3.56)

and the conformal dimensions are

n(3k +6 —n) e _on? 3n

2k + 4 ’ 1+oo(G:t h1+oo(G?;)) == 7 (357)

(1)
h ) = %11

+
1+oo(G(n)) =
which is consistently with (3.18). Note that because of the bosonic nature of the gluing

fields, the quadratic terms proportional to n? in A and A cancel so that the total

1400 1400
dimension of the gluing fields grows linearly with n.

3.6 Example — D(2,1; —¥),

Let us briefly mention one more exotic example associated to the diagram in the figure 7.
This configuration playes an important role in [53] where the corresponding VOA was
identified with the exceptional super Kac-Moody algebra D(2,1; —V¥); x U(1)2y and con-
jectured to play the role of the quantum geometric Langlands kernel for the SU(2) Group.
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In [53], various decompositions of the algebra as extensions of its subalgebras were dis-
cussed. Let us show that the character of D(2,1; —W¥); x U(1)2y agrees to first few orders
in the g-expansion with the prediction coming from the conformal extension of the atomic
Y-algebras

}/0,071[\1’] X %7271[‘1/] X Y2,071[\If] X }/07071[\14. (358)

Using formulas, from the appendix C, one recovers
x =1+ 18¢ + 133¢% + 730¢> + 32844 + 12868¢° + 45441¢° + .. .. (3.59)

Note that we need to sum over modules associated to multiple edges as well as over modules
with two asymptotics turned on. One can identify the leading coefficient 18 with the number
of generators of D(2,1; —¥); x U(1)ag algebra as expected. At higher levels, null states of
the algebra need to be taken into account. Comparing with the formula in the remark 9.9
of [53], one recovers the above expansion as expected.

Note also that the diagram on the left of figure 7 can be transformed to a more
symmetric configuration by a flip (to be discussed later) of the middle line segment. The
algebra after the flip transition can be identified with a conformal extension of

Y0,0,1[¥] X Y1,12[¥] x Y1 10[¥] X Yp,01[V]. (3.60)

As discussed in later sections, these two diagrams are conjectured to produce the same VOA
since the parameter p associated to the vertex at which we perform the flip vanishes. Note
also that triality properties of D(2,1; —W¥); x U(1)9y can be understood as a consequence
of S-duality properties of the configurations of branes. We expect these configurations of
five-branes to produce new families of VOAs with S3 duality action analogous to the triality
of Y-algebras.

As a final comment, let us briefly discuss how the presence of 17 spin 1 currents of
D(2,1; —W) algebra can be seen from the gluing diagram in the right part of the figure 7.
The diagram contains three resolved conifold subdiagrams and in each case the number of
neighbouring D3 branes is such that the associated parameter p; = 0. This implies that
we have 2 x 3 fermionic spin 1 currents associated to three internal edges (each internal
edge carries gluing matter field in fundamental and anti-fundamental representation). As
usual, we also have the four commuting bosonic spin 1 currents coming from the vertices.
To find the remaining spin 1 fields, we need to remember that the formula (D.11) tells us
that turning on line operators along neighbouring edges produces another spin 1 field (we
are always using the fact that p; = 0). In this way we find additional 2 x 3 bosonic spin 1
fields. Turning on the fundamental or anti-fundamental line operators along all three edges
at the same time gives us additional two fermionic spin 1 fields as follows from (D.12). In
total we have 4 4 6 = 10 bosonic and 6 4+ 2 = 8 fermionic spin 1 fields. One of the bosonic
fields is the overall decoupled U(1) current and the remaining 17 fields are exactly what
we need for D(2,1; —V) algebra.
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4 Examples with BRST construction

In some cases, one can give an alternative definition of the glued algebra in terms of a BRST
construction. Gluing construction can then shed new light on the structure of the algebras
obtained by such reductions. Configurations we discuss in this section are associated to
diagrams with D5-branes ending from both left and right on a linear chain of (n, 1) branes.
The most general configuration that we will be able to give a BRST definition is such that
the diagram can be cut into two halves that satisfy the following condition: the number of
D3-branes is non-increasing if we follow the upper part of the diagram from the top to the
bottom and the number of D3-branes is non-increasing if we follow the lower part of the
diagram from the bottom up.

Let us motivate the BRST construction. We expect that a proper justification along
these lines can be done analogously to [14-17]. In the Kapustin-Witten twisted theory,
the path integral in this configuration localizes to the path integral of the complexified CS
theory supported at (n, 1) branes connected by a nontrivial interface descending from D3-
branes ending on D5-branes. In the IR, the finite internal five-brane segments shrink and we
can view the configuration as a single interface between the upper and the lower CS theory.
The half-BPS boundary conditions in the N' = 4 super Yang-Mills theory descending from
D3-branes ending on five-branes were analyzed in [18]. These boundary conditions can
be translated to the boundary conditions of the bosonic blocks of the complexified super
Chern-Simons theory. The boundary condition on the off-diagonal blocks (descending from
boundary conditions on the 3d bifundamental hypermultiplets supported at the (n, 1) inter-
face) requires some guesswork and will be discussed later. We conjecture the corresponding
VOA to be a BRST reduction of the super Kac-Moody algebra induced at the interface from
the upper and lower CS theories by a BRST charge implementing the boundary conditions.

In the case of a single D5-brane, the BRST reduction that we will consider in the
following reduces to the one used in the definition of Y-algebras as described in section 2.
In this section, we first describe in detail the two reductions associated to two possible
configurations with two D5-branes. The first one is associated to D5-branes ending from
the opposite sides of a chain of (n, 1) branes whereas the second configuration is associated
to D5-branes ending from the same side. The gluing construction provides us with various
predictions for the structure of the corresponding VOA. We check that the central charge
of the algebra obtained by the BRST reduction coincides with the sum of central charges of
the two Y-algebras at each corner and in the case of the resolved conifold diagram we check
its invariance under the Zs X Zo transformation which is the symmetry of the diagram.
In various examples we find that the vacuum characters indeed match and are invariant
under Zg X Zg transformations. Finally, we give a BRST definition in the presence of more
D5-branes and discuss the special examples of the U(N|M)y Kac-Moody algebras.

One can see that requiring a single internal edge (or equivalently two vertices), only p =
—1,0, 1 are the possible diagrams one might consider. For all the other values of p the branes
would intersect. After fixing one of the two vertices to the standard orientation, figure 8
shows all the three possibilities. Note that the S-duality action maps the families p = —1 <
p = 1. We give a BRST definition for the p = —1 case. The p = 1 algebras can be identified
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0,1) (1,2)

Figure 8. Configurations containing a simple finite leg segment. The p = +1 cases are related by
S-duality and it acts within the family of p = 0 algebras.

with those by S-duality. On the other hand, p = 0 example is self-dual under the S-duality
action and we expect the corresponding algebras to have dual BRST descriptions in general.
This section gives a BRST definition of almost all algebras associated to diagrams with
these configurations. The only exceptions are the configurations for p = 0 with D3-branes
satisfying the following four conditions L > N,M > K, M > N, L > K.

4.1 Algebras of type 1|1 (resolved conifold diagram)

In this section we want to discuss the junction of two Y-
algebras that corresponds to the resolved conifold diagram
as in the figure on the left. We first introduce a convenient
notation L’igi’ M, (Y] for these algebras. The label L1 refers
to algebras associated to a linear chain of (n, 1) five-branes to
which one D5-brane is attached from the left and the other

one is attached from the right. Furthermore, we overline the

numbers L and N of D3-branes ending on the (n,1) branes
from the left and we leave K and M for the D3-branes ending from the right. This labeling
will be used also for more complicated diagrams with a linear chain.

From the gluing point of view the algebra is a conformal extension of

it

K,E,M,N[qj] D Yok [¥] X Yar,L,n([Y] (4.1)
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by bimodules labeled by representations of U(M|L). If we specialize the general formulas
from the section 3.2, the scaling dimension of the fundamental gluing field is given by

K+N-L-M
5 .

MO)=1+p=1+ (4.2)

At the level of characters, the BRST construction result must agree with the gluing proposal

11
XL ) = SO YLk W (ME) X[Yar v [])(M3). (4.3)
o
Another property of 1|1 algebras is a Zg x Zy duality action generated by the transforma-
tions

Ll\l o 51\1 1

ks o Lemi |

11 1)1 1
Lximnl¥ < Lypui [q,} : (4.4)

These duality transformations can be derived from the S-duality transformation together
with rotations and the parity transformation in the same way as the triality action on
Y-algebras.

4.1.1 BRST construction

In the Kapustin-Witten twisted theory, the path integral of the configuration localizes to the
path integral of the complexified U(K|L)y and U(M|N)g Chern-Simons theories connected
by a nontrivial boundary condition that is a combination of oper boundary condition and
continuity condition. The BRST definition of the VOAs is then a reduction that implements
the boundary condition on the two U(K|L)gy and U(M|N)y Kac-Moody factors coming
from the restriction of the gauge fields of the upper and lower CS theory to the interface.

Implementing the constraints coming from the boundary conditions for K > L and
N > M by a BRST reduction, one expects the final VOA to be a combination of the
Drinfeld-Sokolov reduction of U(K|L; V) with respect to the principal sly embedding in-
side the (K —M ) x (K —M) block in the U(K') bosonic part of U(K |L), the Drinfeld-Sokolov
reduction with respect to the principal embedding in the (L—N)x (L—N) block in the other
U(L) bosonic part and the coset with respect to the remaining U(M|N; ¥) Kac-Moody alge-
bra. In analogy with the construction of [1], one writes for such a combined BRST reduction

~ DSp, N [DSk-_m[U(LIK; 9)]|

1\1_ ~ _
'CK,L,M,N[\IJ] U(M‘N; \I/) : (4'5)

In expressions of this form, we need to be careful what we mean by a sequence of
Drinfeld-Sokolov reductions. There are two natural definitions. The first natural choice
would be to pick a grading associated to the sum of the Cartan elements of the two sly
embeddings and constrain the fields with positive weight with respect to this combined
element as in the case of the standard DS-reduction. We can see that this choice would be
symmetric with respect to both trivalent junctions of the diagram. This would not match

~32 -



the predictions from the gluing suggesting that this is not the right thing to do. We expect
the symmetric variant to be related to the unresolved configuration. In particular, note
that the Zo X Zs symmetry of the resolved conifold diagram get enhanced to S4 that is
consistent with the Sy symmetry of the central charge derived from the BRST construction.
We leave details for the future.

The other possibility is to slightly modify the standard construction by doing the re-
duction in two steps. Firstly, we need to constrain the components with positive weight
with respect to the first embedding associated to the U(K|M) block (DS-reduction asso-
ciated to the upper vertex as in the case of Y-algberas). Classically (and at the level of
characters), this first constraint decomposes U(K|L; ¥) fields as

DSk_pr: UK|L;U) — Wi y x UM|L; ¥ — 1) x SQ?‘LM (4.6)

where Wy _ jr denotes the fields of the Wi 3/ algebra and S i‘f‘ﬁ, a system of M symplectic

M . The first reduction
produces an algebra containing the U(M|L; ¥ — 1) Kac-Moody algebra as a subalgebra

coming from the U(K|L; V) currents modified by off-diagonal ghosts. In the second step,
one needs to constrain the fields of the Kac-Moody algebra U(M|L; ¥ — 1) with shifted
level by setting to zero fields with positive weight?? with respect to the Cartan element
of the sly embedding associated to the second vertex. The algebra decomposes classically
(and at the level of characters) as

|N

DSp-y  UMILi¥ 1) — Wiy x UM|N;¥) x Sp1% (4.7)

—M|N . . .
where S L,l ~ now contains M fermionic and L bosonic generators that refers to the fact

2
M‘L fields from the

first step are left unconstrained but the modification term that needs to be added to the

that corresponding D5-brane ends from the opposite direction. The Sy},

stress-energy tensor in the second step splits them into fields

p+L—N—2
DSLn: Sy = Sy < [[ A (4.8)

2

i=p+3
where L — N components were split into fermionic fields F; with dimensions
p+1L,p+2,....,0+L—N. (4.9)

An explicit example of the constraints one needs to impose is given in the appendix B.

In the case when DS-reduction is with respect to a one dimensional block (i.e. K —M =
1 or L — N =1), no constraints need to be imposed remembering that fields from the off-
diagonal block of the first reduction are not constrained in the second step. Similarly if
K—M =0or L—N = 0 vanishes, instead of constraining the fields, one needs to introduce

22Remember that only half of the fields with weight % need to be constrained as in the case of Y-algebras.
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extra SMIL or EM‘N fields into the system, similarly as in the case of the trivalent vertex
and use currents modified by bilinears in these extra fields in the BRST reductions of the
following steps.

After the two DS-reductions, the algebra still contains a U(M|N; W) factor as a sub-
algebra and one should take a coset with respect to this factor. By coset, we mean an
equivariant BRST reduction with respect to the BRST charge that glues this U(M|N; V)
subalgebra with U(M|N; —¥) algebra induced from the bottom Chern-Simons theory. Note
that the shifted levels of the two factors are opposite which is a necessary condition for the
BRST charge to be nilpotent.

An analogous definition of the algebra can be given in the case M > K and N > L
with K <» M, N < L and the two DS-reductions interchanged (this correspond to rotation
of the diagram by 180°).

We can also define a similar reduction for the case when the number of D3-branes
decreases from the top and from the bottom until the two series of D3-brane numbers meet.
In the case of the resolved conifold diagram, this corresponds to K > M and N > L. One
can then read the boundary conditions from both sides, show that the resulting algebras
contain two Kac-Moody algebras of opposite level and then equivariantly glue these factors.
The resulting algebra is the BRST reduction of the system

DSk m[U(K|L; ¥)] x DSN_r[U(M|N; =0)] x gh (4.10)

that glues the two U(M|L; ¥ — 1) x U(M|L; =¥ + 1) subalgebras. As usual, gh in the
expression above denotes the ghosts needed to implement the gluing. Note that combining
the fields in the fundamental representation of the remaining U(M|N) factors coming
from the two DS-reduction into the U(M|N) invariant combinations gives rise to fields
of dimensions starting with p + 1. This is consistent with the gluing picture and BRST
reduction above athough the origin of the fields is slightly different.

4.1.2 Central charge and characters

Having defined the algebras by a BRST reduction, one can calculate the central charge
straightforwardly. The result is??

e[ Ly ¥l = (L= ML= N)? = 1) = (K = M)((K — M)? = 1))
g (L= (L = K)? = 1) = (N = M)((N = M)~ 1))
+(L-N+M —K)(L*+ LN —4LM + LK — 2N*

+NM +2NK + M? + MK — 2K? 4+ 1). (4.11)

The details of the computation are given in appendix E.1.
Having central charge of a general 1|1 algebra, we can now test the predictions of the
gluing construction. We conjectured that the central charge of the glued algebra is simply

Z5Note that the pole at ¥ = 1 in the formula disappeared and the poles at 0 and co are multiplied with
two factors associated to the two external legs with given asymptotics as expected from the orientation of
the infinite five-brane segments.

~ 34—



a sum of the central charges associated to its vertices and indeed
11
e L0 W] = e Ve W) + ¢ Var v (9] (4.12)

so the extension is conformal. Moreover, one can check that the central charge is invariant
under the Zgy x Zso duality action (4.4).

The vacuum character of the resulting algebra can be also computed straightforwardly
following the description outlined above. One finds a general expression

p+L— N——

1|1
X [EIL,E,M,]\_/} = XWg_uXWr_n H X %dVMNXKI M (mj7yZ)XL lN(yum]) (4 13)
r= p+2

Note that the variables z; and y; in the two symplectic boson factors interchange. We can
identify the first two factors with the vacuum characters of Wy _3s and Wy _n algebras
coming from the diagonal blocks of DS-reduction, the factors Xz‘]: coming from the L — N
fermionic fields with a shifted level and the integral projecting to the U(M|N) invariant
combinations of the fundamental fields. Explicit expressions for these building blocks can
be found in appendix C.

To write the characters of more general modules associated to Wilson lines supported
at the two NS5-like interfaces one only needs to insert the corresponding Schur polynomials
into the formula above in the same way as in the case of Y-algebras.

4.1.3 Matching characters

In this section we discus various examples of 1|1 algebras at the level of characters to show
the match between the results of the gluing and the BRST construction.

Example 1: £(1)|11§r 0.6
The first example is the algebra £0| N.0.0 related to U(1) x Wy by a flip
N transition that will be discussed later. The algebra has BRST definition
as
11
Lol500[¥] = DSn [U(N; —W) x FN]. (4.14)

The BRST charge implementing the DS-reduction is the one associated
to the principal embedding in U(N) and producing U(1) x Wy algebra but with the
currents J;; of the U(N; —¥) Kac-Moody algebra modified by the fermionic bilinears jij =
Jij + xivj. These new currents can be shown to produce a new U(N; —W¥ 4+ 1) Kac-Moody
algebra with shifted level.

Applying the construction described in the previous section, the DS-reduction of the
U(N) factor produces the character of Wy and introduces a shift of the dimensions of the

fermionic fields by —%, cees % The character following from the BRST definition is

then
X[ (1)|le00} H H T n+m< +qm+”‘%)2. (4.15)

n=0m=1
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In terms of the gluing, the algebra should be decomposable as a conformal extension of
two U(1) x Wy algebras

11
Lo/ 06l¥] = Yivo0[] By Yo n o[ W]. (4.16)

At the level of characters, the above expression for the character (4.15) should decompose
into a sum of the form

[ (1)|}v00] H H (1= gnim)2 Zq2 outty RN -2t g2 Su (mz = q%(N_%H))

n=0m= 1
(4.17)
where s,,(z;) is the Schur polynomial. We have checked the equality for N = 1,2, 3.
Example 2 qu 0,0 VS Eil(l) 10
The next example is simply the Kac-Moody algebra
1 £ ) = U1 0) (4.18)
1 1,1,0,0[ J= A% :

with the vacuum character
o0 ].+TL 2
11 B 1+¢q
X [51,1,0,0} - H (1_1+n> : (4.19)
n=0 q

The S-dual definition of the algebra is

1 [1] _Ug) x FxB (4.20)

1,0,1,0 @ U(l; %)

By the coset, we really mean the BRST reduction with respect to the BRST charge

Q= j{dz(J(l) — I 4 x¢ + zy) (4.21)

where J) and J® are currents of the two U(1; %) and U(1; —%) factors, x, v are the
additional fermions and z, y are the added symplectic bosons. The character of this algebra
is given by

1
dz —l—:Uq )(1+x*1q”+5)
cit } = }'{ 4.22
X [ 1,0,1,0 1 — q1+n H )1 — x—lq"J“%) ( )

We can now use the identities from appendix F to expand the two factors under the integral
sign and perform the integration. One gets

o0
[ y(lllvo] U n+1 32 Z n<n2+1)- (4.23)

n=0m=—n

This expression can be identified with (4.19) using the formulas, in appendix F with z = 1.
We can also construct the same character from the gluing procedure by summing over
ME modules of Y7 o.1[V] and Yy 1,0[¥]. From the perspective of gluing, it is obvious that the

— 36 —



two algebras X1 0,0,1[¥] and X ,1,1[—¥] have the same vacuum character. The expression
predicted from the gluing is

o0

]-|1 n(n+1)

= Iml

It is simple to show that this expression is equivalent to the one in (4.23). We thus conclude
that all the three expressions for the character in this simple example agree.

11 11
Example 3: Ez,i,o,ﬁ Vs £2,6,1,6

The third algebra we consider has the following BRST definition,
11
L £31.05l%) = DS2{U(2[1: W), (4.25)

Explicitly, the DSy BRST charge is given by

Q= %dz [(J12 = D)eia + Jigmis) - (4.26)

This BRST reduction was already mentioned in [1] and is known to be a realization of
N = 2 super Virasoro algebra times U(1) current algebra [54] with well known vacuum

character
(1 + ”*3)2
> q
oh = . 4.27
X [ 2717070] I;I (1 — g +n)? (1 — g2+7) (4.27)
The dual BRST construction is given by
2
1)1 1] U@2g)x FIO 498
2,0,1,0 [ | — U(1; 1 ) ( . )
1
by which we mean a BRST reduction with respect to
Q= § a3y + 0 - I?) (4.29)
for Jé;) a component of the U(2) current and J®) the U(1) current. The character is given
by
1
ol dz 1+zq”+ 2)(1 4 2¢""2) .30
2,1,00 H — (1 = 2qn ) (1 — 2 Igntl)” (4.30)

Using the summation and the contour integral formulas from the appendix, one can rewrite
the integral as a sum

11 _ s i S2an(nt1) 4oy
X [ﬁz,i,o,()} - H (1 _ qn+1 4 Z Z - Jg 2 (nt1)s, (4.31)

s=—o00n=0

One can analogously expand (4.27) and check that both expansions agree.
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On the other hand, according to the gluing construction, the algebra can be thought
of as a conformal extension

£311 0,6[%] 2 Y102[%] X Yo.1 0[], (4.32)

At the level of characters, one gets

o 00 -
H (1 n+1 1 § : q7 (g )n+sq% + E ’ (_1)n+5q"(n+1)25(51>> '
—q

S$=—00 n=s n=s+1
(4.33)
This expression can be shown to be equivalent to (4.31). In the previous section we have
already seen that the full N' = 2 super Virasoro algebra times U(1) decomposes as predicted
by the gluing construction.
;E,o,i Vs L:;l(‘l),l,i
The next example tests the BRST construction of type (4.10). Let us

Example 4: L

9 start with the conventional BRST reduction associated to £2|1 o1 The
1 VOA can be identified with
DS,[U(2[1; ¥)] x SO
£t ) = ’ 4.34
1 2,1,0,1[ ] U(0|17\I/) ( )
The DS-reduction of the first step is with respect to the standard BRST
charge

Q= fdz [(J12 — 1)e12 + Jizma) - (4.35)

The cohomology contains the j33 current containing bilinears in ghosts associated to the
off-diagonal components and the coset is identified with the BRST reduction that glues
the Js3 + xt) current with the extra U(1; U) current coming from the lower CS theory for
1, x the fermionic fields SO

At the level of characters, the DS-reduction DS2[U(2|1; ¥)] produces Virasoro algebra
together with the U(1) current and the fermion with the conformal dimension shifted to %
and charged under U(0|1; V). The character of the resulting algebra is
1 qn+%)

+ —
1 _} _ dz 1+zq" (1+z
X ['52,1,0,1 H (1 _ qn+1 1 —¢q"t2) j{ H )1 — 21

. (436
gy 4

1

The algebra discussed above is related by S-duality to £ L (7]

2,0,1,1
9 which is defined as a BRST complex

{U <1|1; —;l) % U(2;0) x {b,c}, Q= 7{ (Jg) - J§§>) c} (4.37)

1 where the coset BRST current sews the Jéé) component of the U(2; V)
Kac-Moody algebra and the JQ(? component of the U(1|1; —¥) Kac-
Moody algebra. At the level of the vacuum characters, one gets

11 _ dz 1 —|— zq"+1 (1 4oyl n+1)
n=0
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The numerator of the integrand can be expanded and then integrated using the formulas
in appendix F to get

S
1)1 o s+m+n n+1 M+M+ n+1)s
X [52,6,1,1] = H (1= qn)s Z Z Z —4¢" g 2 s,

n= 0 5s=0 s=—mn=0
(4.39)
A similar manipulation can be done with the character (4.36) and one obtains the same
expansion.
Finally, we can write the algebra as a conformal extension of

ch

2’170’1[\11] D) Y17072[\If] X Y07171[\I/]. (440)

The vacuum character is then given by

o0 [e.o]

1|1 — +1
{ 2101} H 1_qn+15 Z Z(_l)n mgr ) x
n=0 s=—00 \n=|s|
n+m n(n+1)—m(m—1) e n+m n(n+1)—m(m+1)
¢ 2 + Y (=ymtmg (4.41)
n=s+1

that can be shown to be equlvalent to the expansion above.

11
2,0,1,2
In this section, we study an example of decomposition of the algebra

Example 5: self-dual £

9 E;% 1 51¥] into the pair of parafermionic algebras Yp 12[¥] and Y7 g 2[¥].

Note that this algebra can be identified by S-duality with £2‘ 0.1 2[\1,] and

1 the example is actually self-dual. Definition of the algebra using the
2 BRST reduction is in terms of the complex

U(2; ¥) x DS2[U(1]2; —¥)] x {b,c} (4.42)
with BRST charge
Q= f (A - 7). (4.43)

The BRST charge glues the Ji; component of U(1]2; —W¥) with the Jys component of
U(2; ¥). The vacuum character of the algebra is

00 +n
11 _ 1 dz 1+a:q2 (1+az~ q2 ™)
X {Ez,(‘);,i} - H <1 _ q1+n> 1— q2+n jé H 1- xq1+n 1—z-1lgitn) (4.44)

On the other hand, we expect the algebra to be a conformal extension

1
Ly)5.151%) D Yo,1,5[9] x Y1,02[0] (4.45)
of the product of two copies of the parafermionic algebra Y 1 2. At the level of characters,
one gets
1 - nts nlntll—s(s=1) . nts Mot =s(s+1) ’
Tl s 32 0% (S 5 o 52 (s
n= O S$=—00 n=s n=s+1

(4.46)
that can be identified with (4.44) after expanding and performing the contour integral.
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Example 6: Elg 0,6 VS Ei'é 2.0

The next example is going to probe the gluing proposal in the case when

1 the sum runs over the representations of the non-abelian group U(2).

2 This algebra will later be shown to be related via flip transition to the
example 3.

The algebra Eig 0.5 has the following BRST definition

£}, 5l¥] = DS, [DS[U(1]2; )] (4.47)

that can be thought of as a BRST reduction of U(1|2; ¥) x {b, ¢} by the BRST charge

Q= j{dz (J23 — 1) c23. (4.48)

The cohomology will be explicitly constructed later together with its relation to the N' = 2
super Virasoro algebra. One can immediately write down the expression for the vacuum
character of the algebra

X [ﬁl\l } _ ﬁ <1+q”+§) (1+q”+§> ) (4.49)

1,2,0,0 2
o (=gt )7 (1 — ¢ t2)

There again exists a dual BRST reduction in terms of the coset

1 (1 :U(2§—%>XSO|2
1,0,2,0 | U(l;—%)

(4.50)
where by this coset, we mean the BRST reduction of the system
1 1
U (2;—\I,> xU <1;\I!> X {xa, vt x {xe, 2} (4.51)
with respect to the BRST charge
Q= 7{ dz (JQ(Q + xoths — J<2>) (4.52)

that glues the JQg) component of the U(2; —g) algebra with the U(1; ) current modified
by a bilinear in the fermionic fields S%2. At the level of characters, one gets

X[L”} 7] _ 10_01 <1+q"Jr %d'zﬁ 1+zq”+2) (1—|—z lg"ta > (453)
n=0

1,0,2,0 1 _ qn+1 1 _ an+1 (1 — qn+1)

The equality of the two expressions follows from the equality of characters already discussed
in the example 3. The only difference is the overall contribution from the fermions of
conformal weight %

It is a non-trivial check to see if the above expressions match the result of gluing. Using
our gluing proposal, the algebra is expected to be the conformal extension

1|1
£33 00191 2 Y201 %] X ¥o.2,0[¥] (4.54)
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Using formulas, from appendix C for modules of Y 1[¥] and Y0 2[¥], we have checked
that the character

1)1 3 3
¥ [E1500] = D XYorull] (D, 1) X [Yaool¥]] (D}, ) (4.55)
112> 2
agrees with above expressions up to ¢° term. This provides a non-trivial consistency check
for our proposal involving summations over U(2) representations.

. 11
Example 7: self-dual El,é,o,i

Let us now consider the second self-dual example

| ] _ DS\ [DS,[U(12 )]

2 L1301V =Liz01 [\Ij UL —0) (4.56)

that can be thought of as the cohomology of the BRST complex
{U(m; U) x U(L;0) x {b,c}, Q= j{dz (J?E;,) - J<2>) c} (4.57)

where Jéé) is one of the generators of U(1|2;¥) and J® is the U(1;¥) current. At the
level of the characters, we get

[l ] - ﬁ (1+9 +2)2j§d'z (1+z0r?) (”Zlqﬁé), (4.58)

1,2,0,1 (1—qnt1)2 T (1 —z¢7t1)(1 — z71¢g=+1)

From the point of view of gluing, this algebra is a conformal extension

Eig,oj[‘l’] D Y01[¥] X Yp21[¥]. (4.59)

This example is the second test involving the summation over U(2) representations. Using
expressions from the appendix C, one gets a conjectural equality of the above expression
with a double sum

£
{ 1!2,0 1} Z X[Y2.[¥ D?u pa) X[Y0.2.1 (] (Diwz) (4.60)
H12>p2

that we have checked up to the order ¢%°

4.2 Algebras of type 0|2

In this section, we consider an analogous diagram as the one
(0,1) of the resolved conifold but now with both D5-branes ending
K from the right as shown in the figure. The discussion will be
L M (1,0) similar to the one of the previous section but let us highlight
(1,0) few differences.
N The glued algebra is a conformal extension of two mutually
commuting Y-algebras

5%?E,M,N[‘I’] D Yo mk[V] X Yo v m[¥ — 1] (4.61)
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with gluing matter given by bimodules M, fj X Mi Specializing the parameters from the
section 3.2 to the case at hand, one finds p = 1 and

K+ N-2M

M) =1+p=1+ 5

(4.62)

(note that this is independent of L). In terms of the characters, we expect the BRST
construction to produce

X [ %2L MN} ZX YL MK (MS) [YL7N7M[\IJ — 1]] (Mi) (463)

and the central charge to be the sum of the central charges of the two Y-algebras.

4.2.1 BRST construction

Looking at the system from the IR, the configuration looks like a junction of interfaces
between U(K), U(L) and U(N) gauge theories. After a topological twist, the path integral
localizes to the path integral of the complexified Chern-Simons theories induced at the NS5
and (2, 1) interface glued together by a boundary condition descending from the boundary
condition coming from D3-branes ending on five-branes. This boundary condition can be
extracted from the boundary conditions discussed in [18] in the case when K > M > N
or N > M > K and is a combination of two oper boundary conditions and a continuity
condition.

Let us first discuss the K > M > N case. Imposing the boundary conditions as con-
straints on the Kac-Moody algebras descending from the upper and the lower CS theories
using the BRST procedure leads to the following identification of the VOA

DS 1N [DSk—m[U(K|L; W)]]
U(N|L; ¥ — 2) '

O] =

K.LMN (4.64)

Note that both DS-reduction are performed in the same block of the bosonic generators
of U(K|L;¥). Analogously to the resolved conifold algebra, we perform the reduction in
three steps. After the first reduction associated to the upper vertex, one obtains an algebra
containing the U(M|L; ¥ — 1) subalgebra. In the second step one uses the BRST charge
implementing the DS reduction associated to the second vertex with the currents of the
U(M|L; ¥ — 1) algebra with the level shifted by one. Since the second reduction is per-
formed in the same bosonic block of the algebra, the resulting algebra contains subalgebra
U(N|L; ¥ — 2) with the level shifted by two. In the final step one glues equivariantly the
components of the U(N|L; U — 2) subalgebra with the extra U(N|L; =¥ + 2) Kac-Moody
algebra coming from the lower CS theory.

Under the two DS-reductions, the fields decompose in a similar way as in the case
of the 1|1 algebra. The only difference is that the Sy ‘ factor from the first reduction

2

decomposes under the second reduction as

p+M—-N—1
DSy-n:Sih = Suhx [ B (4.65)
2
i=p+%
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producing M — N bosonic fields of the shifted dimension
p+1,p+2,....0+M— N. (4.66)

Note again the appearance of the parameter p from (4.62). The fields with shifted dimen-
sions (coming from the off-diagonal bocks containing fields charged under the Cartans of
both slo embeddings) are now bosonic. The same is true also for the U(N|L) invariant
combinations of the symplectic bosons and fermions coming from the two BRST reductions.
All the fields of the resulting algebra are bosonic in this case as expected.

An analogous definition can be given in the case of N > M > K with the factors
K < N and ¥ — —V + 2 exchanged (since this configuration can be obtained from the
previous one by an SL(2,7Z) transformation).

One can also define BRST reduction in the case when K > M and N > M by
performing the DS-reduction for the upper and to lower vertices independently,

DSk y[U(K|L; )] x DSy_1/U(N|L; — + 2) (4.67)

and then gluing the U(M|L; ¥ — 1) subalgebra of the first vertex with the U(M|L; =¥ +1)
of the second vertex using BRST (as in the resolved conifold case).

4.2.2 Central charge and characters

The central charge is given by (more details of the computation are given in E.2)**
0[2 _(N-L((N-L)P-1) (L-E)((L-K)?-1)
c [’CK,E,M,N[\I}]] - - . - (4.68)

+(((K=M)?=1)(K =M)+ (M —-N)?-1)(M -N)¥ - M- K
+(N — M)*(=3L + N +2M) + (M — K)*(=3L + M + 2K) + 2L
~((N=M)*?—1)+(N—-M)— M- K(N—M)*(—3L+ N +2M)
+(M — K)*(=3L+ M +2K) +2L — (N — M)* — 1) (N — M).

It can again be shown to be equal to the sum of the two central charges of the two elementary
vertices. The vacuum character is given by an integral formula

p+M—L—1
0|2 N|M N|L
X [EIL,E,M,N} = XWr-m XWn-n H Xf 7{ dVNJV[XK‘EM (i, yj)x ]W|;N (i,y;). (4.69)
r:p—i-%

The characters of the two modules associated to the line defects supported at the NS5
and the (2,1) interface can be computed in a similar way with an extra insertion of the
corresponding Schur polynomials.

4.2.3 Matching characters

Let us now consider a few familiar examples and match the predictions of the BRST
construction with the one coming from the gluing.

24The structure of poles in ¥ can be again read off from the diagram. Note that the pole at ¥ = 2
associated to the (1,2) infinite five-brane appeared.
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0|2

Example 1: ‘C’O,E,O,O

The first example is a coset?”

U(L; —0) x SO x SOIE

02 _
I ﬁo,i,o,o[\m = UL =¥ 1 2) (4.70)
again defined as the BRST reduction of the complex
U(L)_g x S x SUL x U(L)g_a x gh (4.71)
with respect to the BRST charge
Qanst = § da(J; — Jj +v'x + 5'%) (4.72)

where (15, x;) and (s, X;) are the two sets of L fermionic fields. The fields in the cohomol-
ogy are formed by U(L) invariant combinations of the pair of fermions in the fundamental
representation. In particular, the final algebra contains U(2;1) subalgebra generated by
derivatives of products of the bosonic bilinears.

One can check that the vacuum character of the BRST construction

02 1 "y S )2 1 agl)2
X [ﬁo,i,o,o} ~ Kl 11 o 111 (1+$iq 2) <1+%’ q 2) (4.73)
=1 7 i=1n=0

matches the one from the gluing

X [ £o700) = H H - n+quZZK R (=200 52 (3, = @2 (K200)) - (4.74)

n(]ml

We have checked that they agree for K = 0,1,2 up to order ¢*°, ¢°, and ¢'° respectively.

It is worth mentioning that this diagram has a natural interpretation in the case when
n D5-branes end on the (n,1) branes (the diagram we discuss later) and a stack of L D3
branes attached at the face on the left. The corresponding algebra is a cohomology gluing n
fermionic fields in the U(L) invariant way. The algebra will include U(n;n — 1) subalgebra
extended by other fields.?S

0|2

Example 2: U(2; %) as L, 0,1,0

Another important example is the Kac-Moody algebra

£y% 0] =U(2 W) (4.75)

with the vacuum character

- 1
X {ﬁ%,m] =11 e (4.76)

n=0

#5This coset has already been discussed in [53].

26Note that similar algebras [55-59] play important role in the discussion of the equivariant cohomology
of the moduli space of U(L) instantons on C?/Z,. In particular, [59] discusses construction similar to our
gluing.
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One can see that the above character agrees with the gluing construction and using
the formulage from appendix C, one gets

e} o0
0|2 n n(n+1)—s(s—1) + n(n+1)—s(s+1)
o] T gy 32 (™50 32 a5 )

§=—00 n=s+1

The equality then follows from the identity

o o
n(n+l) s(s—1) n(n+1)—s(s+1)
1= > (Z(—l)"+5q D I G D ) (4.78)

s=—0o0 \n=s n=s+1

0|2

Example 3: W(z) as L, 0,1,0

The next example can be identified with the W§2) algebra of [51, 52]
3 times the omnipresent U(1) factor. The algebra is given by the BRST

reduction?”

['(2)%,1,0[‘1/] = DS, [U(3; ¥)]. (4.79)

The character of the algebra is given by

X [Eg!(%),l,o] = H 1 2 ~ (4.80)

n=0 (1 —g+1)° <1 = Q’”%) (1—g"*?)

This expression can be expanded using the formulas in appendix F as

o0
0|2 1 2 rL(n+1)7m2
x[ﬁ 5 }=(1—q2) E § g 2 . (481

From the gluing perspective, the algebra can be constructed as a conformal extension

’Cg%,l,o D Y0,1,3[W] x Yo,01[¥ —1]. (4.82)

At the level of characters, one gets

oo [e.e] oo
0\2 " n(nt+1)—s?
x[£35.0] = I gy =gy 2 [“*q) YD T (483)
=) s=—o0 n=ls
1 - n+s n(nd)—(s+1)? 1 - n4s n(nt ) —(s=1)*
+qz Yy ()" e gz Y (-t
n=|s+1| n=|s—1|

that is equivalent to the expansion above.

2TNote the similarity of the algebra with A" = 2 super Virasoro coming from the analogous DS-reduction
of U(2|1;¥).
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0|2

Example 4: L5,

The final example deals with a configuration closely related to the previ-
3  ous one. The relation is discussed in detail in the section 6. The algebra

o2 .
5 Eglé 90 18 defined as

53%,2,0 = DS2[DS1[U(3; V)] (4.84)

by which we mean the DS-reduction of U(3; W) x {b12, c12} with respect to the BRST charge

Q= jédZ(Jm — e (4.85)

The character of the algebra differs from the previous one by the contribution from the
free fermion

- 1
* {53%7270] B r:!;[() (1 — gnt1)2 (1 — qn+%)2 (1 _ qn+%)2 (1— qn+2)' (4.86)

From the gluing point of view the algebra can be constructed as a conformal extension of
the form

co?

3707270[‘1’] D) 1/'(]7273[\11] X %7072[\11 — 1] (487)

The vacuum character is

X0,0,2,3 = Z XYo,2 3[\1/] )XYO 0,2[¥— 1](W1)
,u1>,u2

_ + +1
—*H n+1)7 D (gamtar - gam et

M1 2

ny(ny+1)+no(na+1)
030 S (L (1 — g x

n1=0n1=0
> (q(n1+1)u1+(n2+1)u2 + q(n1+1)u2+(n2+1)u1

_q(nl+1)(N2*1)+(”2+1)(H1+1) (nl+1)(H1+1)+(”2+1)(N2*1))' (4.88)

)
Multiplying both numerator and denominator of the expression (4.86) by the factor of
(1 — ¢)? and using the identities from the appendix to expand the products, one can show
that the two proposals for the character match.

4.3 Algebras of type M|N

In this section, we briefly discuss a generalization of the BRST reductions in the case of
diagrams with D5-branes ending on (n, 1) branes from both left and right. We describe the
BRST reduction of a general configuration with monotonic number of D3-branes. Example
of such a configuration is given in the figure 9.
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Figure 9. Example of a configuration of branes with a BRST definition.

(2,1~

4.3.1 BRST construction

Let Ny > Ny > --- > N, be the sequence of D3-branes on the left of the (n,1) branes and
My > My > --- > M, be the sequence of D3-branes attached from the right. There is a
natural generalization of the construction from the previous two sections where 1|1 and 0|2
algebras were constructed using a sequence of DS-reductions and one coset construction.
To find the expression for the BRST reduction, we follow the diagram from the top to the
bottom. We start with the Kac-Moody algebra U(M;p, Ni; ¥). Each time a D5-brane ends
from the right, the Drinfeld-Sokolov reduction DSy, s, ,
labels the D5-branes ending from the right). Similarly, each time a D5-brane ends on the
chain of (n, 1) branes from the left, the Drinfeld-Sokolov reduction DSy, _n,,, needs to be
performed (here i labels the D5-branes ending on the left). Finally, one needs to take a

needs to be performed (where ¢

coset with respect to the remaining U(M,,|N,) super Kac-Moody algebra. For example,
the diagram from 9 leads to the following algebra

DS1[DS3[DS1[DS2[U(6]2; 0)]]]]

U(1; -V + 2) (4.89)

‘6624110 [‘I’] =

where the DSy and DSy are defined as in the case of 1|1 and 0|2 diagrams. Note that after
each DS-reduction associated to the D5-brane ending from the right, the final algebra con-
tains a Kac-Moody algebra with level shifted by minus one and after each DS-reduction as-
sociated to the D5-brane ending from the left, the final algebra contains a Kac-Moody alge-
bra with level shifted by one. The final level one gets after performing all the DS-reductions
is opposite to the level of the Kac-Moody algebra induced from the bottom CS theory.

Let us now summarize how the fields decompose under DS n_ s and DS 1, reductions
at each step. The U(NV|K; V) Kac-Moody algebra factor decomposes as

DSn_nr : UN|K; W) — Wy x UM|K; ¥ — 1) x SME
2
DSk : UN|K;¥) = Wi_p x UN|L; U + 1) x Sh% (4.90)
2
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Figure 10. The structure of DS-reductions from the example 4.89.

On the other hand, the fields S,iv K and SQ‘K from the previous steps decompose as

N|K M|K
DSN,M:SkI —>Sk| XBk_nyfl ><'~><Bk+N712\/171

N| =M|K

<=N|K
DSN_M:Sk —>Sk kaiNféMfl ><'~><.7:k+1v712v171

SN|K s SNlL

DSK_L: k k X.FkiK72Lfl X"'X.Fk+K72Lfl

=N|K  =N|L

DSk_1 - Sk — 8, % BkinLq X +ee X Bk+K72L—1. (4.91)

2
The decomposition is shown explicitly for the example above in the figure 10.

A similar BRST reduction can be defined in the case when the diagram can be cut
into two halves where in the upper half, the number of D3-branes decreases from the top
to the bottom and in the lower half it decreases from the bottom to the top. The BRST
definition is then given by performing a sequence of DS-reductions on both the upper and
the bottom Kac-Moody algebra and then gluing two remaining Kac-Moody subalgebras
with opposite level by BRST construction.

4.4 Kac-Moody algebras

It is well known [60] that imposing Az = 0 at the boundary of U(/V) Chern-Simons theory
at level ¥ gives rise to the Kac-Moody algebra U(N;¥). A lift of such (rotated Dirichlet)
boundary condition can be identified according to [18] with a configuration of N D3-branes,
each of them ending on a single D5-brane with a flux that deforms the standard Dirichlet
boundary condition. To obtain the Kac-Moody algebra from the corner configuration,
one needs to introduce an extra NS5-like boundary on which the Chern-Simons theory is
induced and also to impose a correct boundary condition. Such configuration consists of
N D5-branes attached to (n,1) branes with n increasing by one at each junction. The
number of D3-branes starts with NV in the upper right corner and gradually decreases by
one each time we cross a D5-brane. An example of such a configuration for N = 4 is shown
in the figure 11.

48 —



(1,0)

Dirichlet

(4,1) ——

Figure 11. Configuration corresponding to U(4)y Kac-Moody algebra.

Based on this argument about the resolution, one can naturally conjecture that
U(N; ¥) can be constructed as a conformal extension

U(N)y = X321 Yon-1.[¥ — N +n]. (4.92)

This indeed agrees with the BRST definition that contains a sequence of N trivial DS-
reductions in one dimensional blocks of U(V; ¥) in this special case.

The case of U(1; ¥) is trivially true and the case of U(2; ) was already discussed in the
previous section. To support the conjectural relation of the U(N; V) Kac-Moody algebra
with gluing of Y-algebras in general case, let us argue that the central charge coming from
the gluing construction agrees with the central charge of the Sugawara stress-energy tensor
and that the vacuum character for U(3; V) agrees. Indeed, it is easy to see that after
summing over the contributions to the central charge from each vertex, one finds the total
central charge

N(N? —1)

- (4.93)

N-—1
c[UN;0)] = e[Yon—n-1,5-n[¥ — 1] = N? —
n=0

that agrees with the central charge of the Sugawara stress-energy tensor for U(N; ).
Let us check that the gluing construction gives the correct vac-

3 uum character also in the case of U(3; ¥). This algebra is conformal
extension of
2
1 U(3, ‘1’) D) 1/'(]7273[\14 X %71’2[\11 — 1} X }/0’071[\1’ — 2] (494)

—_—

In this case, one needs to sum over the modules associated to characters with two asymp-
totic Young diagrams. This calculation is a non-trivial check of our proposals under these
conditions. The character can be expressed as

Do D xYoralWII(M, )X [You2[¥ — I(Mg, ,, MJ)X[Yoou [P — 2]](M)).  (4.95)

V=—00 fu1 212

Plugging in from the appendix C, we have checked that the character indeed agrees with
the one of U(3; ¥) up to ¢'°.
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Figure 12. Configuration corresponding to U(4]|2)y Kac-Moody algebra.

Similarly, one can conjecture the brane configuration and the corresponding gluing
construction giving rise to the U(N|M; ¥) Kac-Moody algebra. In the case of supergroups,
one needs to impose Dirichlet boundary conditions on both sides of the NS5-like boundary.
It is unclear at first sight what is the correct ordering of the D5-branes ending from the
left and right in the resolution of the configuration in terms of (p, ¢)-webs. But fortunately
various configurations are mutually related to each other by a sequence of flip transitions to
be discussed later. Parameters p; associated to each finite segment turn out to be zero and
as will be discussed in the next section, we expect algebras related by a flip transformation
with p = 0 to be equal. Moreover, it is also easy to check that the central charges of
algebras related by a flip indeed agree in this case.

Let us compute the central charge in the super Kac-Moody algebra case. We start with
the ordering of branes such that D5-branes ending on (n, 1) branes first alternate and then
continue ending from one side after there are no other D5-branes left. Example of such a
configuration is shown for U(4|2; ¥) in figure 12. The contributions to the central charge
from all the resolved conifold segments vanish. One is left with the contribution equal to
Kac-Moody algebra of difference rank U(N—M; ¥) for N > M or U(M —N; —¥) otherwise.
This leads to the correct central charge of the U(N|L; ¥) Kac-Moody superalgebra.

4.4.1 Decomposing U(N),

Since the affine algebra U(NV),; at level & is an important example of the gluing construction,
let us derive the gluing diagram by directly decomposing the algebra itself. We have the
conformal decomposition

U(N)H U(N — 1)/-; U(2)n
N . 1)k- 4.
U( )“DU(N—l),{XU(N—2),§X XU(l)HXU( )k (4.96)
From the level-rank duality we know that
U(Z\f),.i SU(R)N_l X SU(H)l
— 2 ~TU(1 ~ U(1 ks 4.
TN = 1), U(1) x SU(R)N U() xw (4.97)
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i.e. each factor in (4.96) can be associated with Y algebra. Let us verify this decomposition
by calculating the OPEs. We normalize the generators of U(N)y such that

k6Ll SETT p(w) — 67, T K (w)

JJK@%ﬂﬁdw)N(z_uoz Y —w

(4.98)
The indices J,K,... run from 1 to N. Now we split the currents according to N —
(N — 1)+ 1 and the lowercase Latin indices j, k,... will run from 1 to N — 1. We denote
the fields after the splitting

TN (2)
Ni(2)

P (4.99)

and J7;(z). The operator product expansions can now be written as

KOF ST, N St T (w) — 8 g (w)

JE(2) T () ~ 5

(z —w)
0 X7 (w)

Z—w

Jp(2) X (w) ~

~ reg. (4.100)

G-wP ' -w  a-w
X2 Z(w) ~ X
Y, (2)Z(w) ~ ~ 1)
2(:)2(w) ~ =

We now want to determine the parameters of W-subalgebra commuting with U(N — 1),.

U(1)g current. We see directly from the operator product expansions that the field Z(z)
satisfies the OPE of U(1) current

K

Z(2)Z ~—. 4.101
()2W) ~ o (4.101)
The corresponding Sugarawa stress-energy tensor with central charge 1 is
L 22)02) (4.102)
—_ Z . .
2K
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Dimension two fields and stress-energy tensor. We have 7 dimension 2 fields
(JIe R, (J70%), Jj;-, (X7Y;), (ZZ) and Z' and (J7;Z) that commute with the global
subalgebra of U(N — 1), and we want to find a linear combination of these such that it has
regular OPE with Z(2) and with J7;(z). There is a unique field satisfying these conditions,

. i 1 j
Too = _2(N—|— kK)(N 4+ K — 1)(J k‘]kj) o 26(N + 1) (N + ks — 1)(J ]Jkk;) (4.103)
1 7 7 N1 i
Fa XD XD =g v g I e P

We chose the normalization in such a way that the OPE with T, with itself is that of the
stress-energy tensor. The central charge is

(N =1)(k = 1)(N + 2k)
T T NTR(N+r-—1) (4.104)

By construction, the fields Z and J7; commute with T, while the fields X7 and Y}, have
OPE

. (k= 1)(N + 2k) Xj(w) 1 (ijXk)(w)
Too (2) X7 (w) ~ 2N —1+r) (z—w)? N-1+r z—w
kX9 (w e »
_ﬁ<N—11+n> S 5)—(3)( x (Zf_j)i )+8,2Xi(w) (4.105)

This nicely illustrates the general fact that while the gluing fields like X7(w) are primary
with respect to stress-energy tensors at vertices in the sense that the higher than quadratic
poles in OPE vanish and that the quadratic pole is proportional to X7(w), the linear
pole is not simply a derivative of X7(w). In the language of mode operators, the state
corresponding to X/ (w) is annihilated by positive modes of the T, and is eigenstate of
its zero mode, but the action of L_; on fields is not simply the derivative. Only the total
stress-energy tensor of the whole algebra generates the spatial translations.

Dimension 3 and 4 fields. In order to find the A-parameters of Y algebra, we need
to identify the primary spin 3 and spin 4 fields. Up to a normalization, there is a unique
dimension 3 primary field

Ws(2) = (Jp(J5 T (2) + ... (4.106)

with the OPE structure constant
3IN-1)(k=2)(k —1)(N+K)(N+£K—1)2N + £k —2)(N +2k)(2N + 3k)

0 _
(4.107)
Similarly, we find a unique spin 4 primary normalized as
Wi(z) = (JR(TE (T md ™)) (2) + . (4.108)

and with structure constant

o _ AN DN =3)(s =25 = D@+ DN+ m)(N+r-1) (4.100)
M7 R2(5N2K +1TN2 + 10NK2 + 29Nk — 17N + 1262 — 12k)

< (N + 26)(N + 2k — 1)(2N + & — 2)(2N + 3k)(3N + 2k — 3)(3N + 4x).
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Figure 13. A configuration of branes corresponding to the coset U(N),/U(N — 1),,. The level is
encoded in ¥ = x.

The remaining structure constant C§3 needed for identification of A is
C43 = —9(N + K)(N + £ — 1). (4.110)

Comparing this with (2.13), we can identify

K K
A= — . 4.111
(“’Nﬁ_r NM) (4111)

These parameters are exactly what one would read off from the diagram shown in figure 13

with the value of level s determined as
U = —k. (4.112)

Charges of gluing fields. We would like to identify the fields X7 and Y}, as the gluing
fields. Unfortunately, their charges with respect to Z don’t match with the gluing pre-
scription (2.28). There is however a freedom of redefinition of U(1) currents associated to
vertices. Let us first normalize the U(1) currents J,(z) such that

dap
5

EEE (4.113)

Ja(2)Jp(w) ~
The index « labels the individual vertices so in the case of U(N), it runs from 1 to N.
Having fixed the normalization of the fields in this way, we are still free to make global
SO(N) rotations in the space of U(1) currents. The gluing matter fields have charges
which follow from (2.28) and (2 29) For example in the case of U(N), diagram, the basic
bimodule between a-th and ( )-st node has charges described by the charge vector

Va,a+1 = A ——— 4 / €Ca+1 (4114)
K+ a— 1+I§ Oé-‘rl-‘rf{

where e, is the standard Euclidean basis of the charge space. The invariant quantities under

orthogonal rotations of U(1) fields are the inner products between the charge vectors of

neighbouring bimodules. In our case, we find the non-zero inner products

1 1 1
Va,o+1 * va+1,o¢+2 = - R kO T - (4115)
K= aFirs | F T at= K
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This should be compared to diagonal U(1) currents of U(N), affine Lie algebra: the nor-
malized currents are in our case the Cartan currents

<IJ11, \}J%,...,\}EJNN) . (4.116)

The gluing matter is given by the fields associated to simple roots
(J'o, I3, N ) (4.117)

as well as their conjugates. Their corresponding charge vectors can be read off from the
OPE

k
\}Ejjj(z)‘]kk+1(w) ~ \/Z((sj’k — 5j’k+1)m (4.118)

and we find the vectors
1 1
Wa,a4+1 = \/>6a — \/>€a+1. (4119)
K K

The inner products between these are

Wa,a+1 * Wa+1,a4+2 = _E- (4120)

as before. We conclude that the basis of U(1) charges described in (2.28) and (2.29) and the
natural Cartan basis in U(N), are related by an O(/NV) rotation in a way that is compatible
with charge assignments of the gluing matter fields.

Positive roots from composite line operators. We can now understand the origin
of all spin 1 U(N) fields directly from the gluing diagram. The Cartan U(1) fields come
from the vertices of the diagram. The simple roots and their negatives come from the
spin 1 gluing matter fields in the fundamental representation. Every time we have p = 0
associated to an edge, it gives rise to such a spin 1 field. If we turn on the line operators
in the fundamental representation along neighbouring edges, the formula (D.11) tells us
that we get additional spin 1 fields which correspond to positive roots. We thus have a
one-to-one correspondence between connected chains of edges in the diagram and positive
(or negative) roots, simple edges corresponding to simple roots.

4.4.2 Dual diagram

The diagrams drawn so far represent the configuration of D3 and five-branes as they are
in type IIB string theory. For some purposes it is useful to draw the dual diagrams,
where the nodes correspond to faces and are labeled by the number of D3 branes of the
corresponding stack of branes. The slopes of lines correspond to five-brane charges as
before, but the five-brane charge conservation condition now translates to the fact that the
faces of the diagram are closed triangles. An example of such diagram is shown in figure 14.
Very similar diagrams appear in the related context in [61].
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Figure 14. Dual diagram representing the U(4|2; ¥) Kac-Moody algebra. In this picture, the

different orderings of five-branes coming from the left and right correspond to different triangulations
of the polygon.

5 Large number of D3-branes

In this section we study what happens as the number of attached D3-branes grows to
infinity. We already discussed the simplest case of the algebra Y7 a7 n. As L, M or N goes
to infinity, the vacuum character approaches the MacMahon function which counts the
plane partitions without any further constraints. Combinatorially, the requirement of the
absence of a box at position (L + 1, M + 1, N + 1) which leads to truncation of the algebra
disappears. The operator product expansions for the spin content given by MacMahon
functions were studied in [8] and the result is a two-parametric family of algebras W oo
parametrized by A; with constraint (2.12). The central charge and the OPE structure
constants in the primary basis are determined in terms of A; as in (2.13). Y7,y v algebras
can be recovered by recalling that if (2.14) is satisfied the algebra W, develops an ideal
such that Y7/ is the quotient of Wy by this ideal. In this section, we generalize this
point of view to other algebras that we constructed by the gluing procedure.

5.1 Resolved conifold — W1p|1Xoo algebras

11
K,L,M,N
as the number of D3 branes approaches infinity. Compared to the Y7 ps n junction, the

As a first example, let us see what are the possible limits of the conifold £ algebras
conifold configuration has another stack of D3 branes so one might naively expect a three-
parametric family of algebras. We will see that in the infinite numbers of branes limit, one
recovers different characters for each choice of the discrete parameter

 N+L-K-M
- 2

(5.1)

that we keep fixed as we take the limit. For each choice of p, there are two continuous inde-
pendent A\-parameters from one of the vertices as in the case of Y7, 37, x. The A-parameters

of the second vertex can be then determined in terms of the discrete parameter p and the

P
1|1x 00

conifold diagram, labeled by one discrete parameter p (associated to the edge) and two

gluing conditions (3.25). We thus obtain a family of algebras W associated to the

continuous parameters parametrizing the structure constants of the algebra. We expect to
1)1 0

be able to recover EK,E,M,N 1[1xo0

algebras as truncations of the W family.
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5.1.1 Vacuum character from BRST computation

Let us now explicitly verify the claims of the previous section by computing the vacuum
character of Wlllxoo,
oo

(1+ e
X[ ulij II iﬁfq )" : (5.2)

Let us first see how the character (5.2) appears from the BRST definition of the algebra
for K > M and L > N. When computing the vacuum character, there are various
contributions coming from the different blocks of U(K|L). Firstly, there are characters of
Wy nr and Wy n coming from the two diagonal blocks. Secondly there is a sequence of
pairs of L — N fermionic fields with conformal weights

p+1,p+2,...p+L—N (5.3)

coming from the fermionic off-diagonal blocks that are influenced by both DS-reductions.

Apart from these, there are U(M|N) invariant combinations of S IJJ\JI and S,_ ‘ . These

can be identified with products of bilinears of their generators. If we forget about the
relations satisfied by the products of bilinears (which is a condition that disappears in

the infinite number of branes limit), S],L/I_I]L fields form an infinite tower of generators of

2
each integral spin starting with K — M + 1. This sequence continues the one of Wg_ s
and together they form one factor of Wi . Similarly, U(M|N) invariant combinations of

Eﬂf_‘% continues the sequence of fields of Wy,_ to produce the second factor of the Wi oo
2

. . _ M|N <M|N o
vacuum character. Finally, the bilinears mixing & K,l v and S L,' y form an infinite tower

2 2
starting at conformal dimension p+ L — N + 1. Note that these fields are fermionic since a
bosonic field gets combined with a fermionic field and these combinations continue the L— N
fermionic fields discussed above. One can see that total character is indeed given by (5.2).

The BRST proposal for K > M and N > L produces the same character by a slightly

different argument. The two Wyx _jr and Wiy _ 1, blocks get extended by bilinears of S%,lﬁf

2
and Eﬂ,f'_LM respectively. In this case there are no off-diagonal blocks that would be in-

ﬂuencedey both DS-reductions but U(M|K) invariant combinations combining the fields

coming from both SM%I and § K', u give rise to fermions with each integral spin starting
2

at spin 1+ p and we can draw the same conclusion as in the previous case.

5.1.2 Vacuum character from gluing

From the point of view of gluing, the character formula (5.2) can be obtained by a small
modification of the standard sums used in topological vertex calculations. In the limit of
infinite numbers of branes K, L, M, N — oo, the relevant tensor representations of U(oo)
decouple into contravariant representations (contained in tensor powers of the fundamental
representation) times covariant representations (contained in tensor powers of the anti-
fundamental representation). Moreover, the pit conditions truncating the two trivalent
vertex algebras disappear to infinity and the characters involved considerably simplify.
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We can use this example to illustrate the gluing at the level of W) algebras. First
of all, the A parameters associated to two vertices are connected via

A3
N =\
J j2p—)\3

(5.4)

as follows from (3.25). We want to sum over all characters of Wi . labeled by the rep-
resentations of the line operators stretched along the edge. In the limit of large number
of D3 branes, these are parametrized by a pair of Young diagram labels (u,v), the first
labeling the contravariant part and the second labeling the covariant part of the U(oo)
representation. The corresponding Wiy, character factorizes and is equal to

[o.¢]
1
hu+hy
X(up) = 4" H ﬁpu(Q)PA(Q) (5.5)

o (=g
where the power of ¢ in the prefactor is the conformal dimension of the representation and
where P, (q) is the quantum dimension of the representation (normalized to be a polynomial
in ¢ starting with 1+ ...),

hook(OJ) (56)

1
P(q) = H
Dex 14
(see [5, 11, 41]). The full vacuum character for the conifold algebra is now obtained
by summing over all the representations of the line operators and taking the product of

characters of algebras associated to both vertices

XWf|1><oo - Z Z‘M_MX(#,V)X/(M,V) (57)
w,v>0
(o)
1 , ;o
— H m X Z (qhu—i-huzmlpi(q)) « (qhﬁ—hl,z \ulpf(q)>' (5.8)
n=1 a pr=>0

We turned on the fugacity parameter z for the U(1) current associated to one of the two
Y-algebra vertices which refines the character. Now we need to evaluate

Z (Qhwhgzwpi(q)) — Z (q% S 2432 -+ Y Hj 205 Mpi(q)) ) (5.9)

pu=>0 =0

This sum is a typical example of sums studied in the topological vertex computations and
we find
e e}
3 (qhu+huz|H|Pj(q)) = T+ 2 (5.10)
n=>0 n=1
This again reproduces the formula (5.2), this time with the additional fugacity parameter z.

Let us now consider two special values of the parameter p. In the case when p = 0,
|1

400
of generators for each integral spin). This algebra appeared in [24] as an example in the

one gets in the large IV limit the character of W11 (an algebra generated by 2 x 2 matrix

context of categorified Donaldson-Thomas invariants and corresponding counting of DO-

D2-D6 bound states. We devote the next section to the example of p = % that can be
identified with N' = 2 super-Wy.
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Figure 15. First few truncation curves in the (u1, p3) parametrization for 0 < p < g and the

number of branes K + L + M + N < 8. Note that the figures are invariant under the reflection
1 <> e corresponding to the S-duality action.

5.1.3 N = 2 super-Wq

In the case of p = %, the character can be identified with the vacuum character of N' = 2
super-Ws, x U(1) of [25] (times our standard U(1) factor).?® The authors extended the
N = 2 superconformal algebra by a simple tower of higher spin N' = 2 supermultiplets with
spins of lowest components being 2, 3, .... Imposing the Jacobi identities, a two-parameter
family of such algebras was found. For special values of parameters, a truncation of this
algebra admits a coset construction using the Kazama-Suzuki coset

U(N + 1,071 x SNIO

U(N; w1
and a construction using the Drinfeld-Sokolov reduction of U(N +1|N). Both of these real-
izations can be identified with the BRST constructions that we propose for a special choice

(5.11)

of discrete parameters K, L, M, N and turn out to be related by S-duality of our diagram

11 1
EJ\|/+1,N,07()[\I/] < XNt1,0,N,0 [\I/] . (5.12)

In particular, for N = 1, we get the N' = 2 superconformal algebra that is an extension

of the Virasoro algebra by a spin 1 current and two oppositely charged spin % fermions.

28Gee also [62] for the special case of parameters where the algebra becomes linear.
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Together with the stress-energy tensor, these four fields form a N = 2 supermultiplet with
lowest component having spin 1. In [63], the N' = 2 SCA was extended by adding a N' = 2
supermultiplet with lowest spin 2. In appendix G this algebra is discussed from the gluing

point of view. The algebra is again associated to the conifold diagram N = 2. It is natural
1)1

N+1,N,0,0
and that all the other configurations with p = % are other truncations of N'=2 Wx..

to conjecture that in general the N' = 2 extension of Wy is given by the £ algebra

Candu and Gaberdiel introduce a parameter p with the property that setting p = — N,
we recover the truncations discussed above and parametrize the full algebra in terms of p
and the central charge c¢. Analogously to the triality symmetry of Wi, at each generic
fixed value of the central charge c there are four different values of p which give identical
OPEs in the primary basis. These values of u are [25]

(c—1)u _ct+3u __c
C+3,Uz, /1’3_3<N_1)7 Ha = 3M

Since N' = 2 Wy, has apart from the stress-energy tensor an extra spin 2 primary field

pn=p,  p2 =

commuting with the U(1) factor, we can find a linear combination of the spin 2 fields which
give us two independent commuting Virasoro subalgebras. Their central charges are

c(p+1)(c+6u—3)

Cc1 =

3(c+ 3p)?

c—3u)(c(p—2)—3
e = - /2((0E53u2)) 2 (5.13)
c=c +cy+ 1.

Note that we have
(1 + p) (X + p3)(paps — p1 — p3)

cl1 = )
©1 4 p3
1 1 — U2 —
M2 + [
so defining
p1 ==X, p2=-A, p3=—X2, fig=—Ny (5.15)

we can rewrite the partial central charges c¢; and ¢y in the standard form

Cc1 = ()\1 — 1)()\2 — 1)()\3 — 1)
er = (X — )N — (N — 1), (5.16)

We can thus identify the parameters \; and )\; with the A-parameters associated to the
two vertices. This hints that N/ = 2 super W, algebra indeed contains two mutually
commuting W, algebras as subalgebras and gives a picture consistent with the gluing.?’
The duality transformations of the algebra that can be identified with the Zs x Zo duality
action given by transformations

U U, K < M, L+ N (5.17)

A similar observation was made by [64] where the authors study the gluing of N' = 2 W, from the
Yangian point of view.
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and 1
U T’ K+ M (5.18)

that can be identified with permutation of parameters

M1 > 2, 3 < fha
n1 < us, Ho < 4. (5.19)

Note that the parametrization and the whole construction works for arbitrary value of p

and we expect an existence of a two continuous parameter families of Zs X Zo algebras
00|

K,LLMN
truncations in the (u1, u2) parameter space is shown in the figure 15 for various values of

for each choice of p such that £ are their truncations. The structure of these

p. You can see that figures are indeed invariant under p; <> ps. The points where two

truncation curves intersect correspond to the BRST reductions at rational levels and we

P

11x 00 algebras.

expect them to correspond to minimal models of W

5.2 Truncations of WgXoo

Let us now consider the case of algebras of the type 0|2 with the corresponding parameter
p fixed. Sending parameters K, L, M, N — oo to infinity, relations satisfied by product

of bilinears in the BRST calculation of the character disappear and one gets a character

P
11x00"
and the final character is given by

analogous to W The only difference is that all the invariant combinations are bosonic

oo
1
o _
X |:W0|2><oo:| - };[1 (1—qm)22(1 — zqnte)n(1 — Z—lqn+p)n~

(5.20)

The same formula can be obtained from the gluing construction in the same way as in the
resolved conifold case. We just need to use

o0

/ 1) s s S s 1
3 <qhu+huzlul pj(@) = (qz,.(zg Duj+p Y 15,55 1 pﬁ(@) =11 T
40 40 n=1 q
(5.21)
Algebras discussed in this section can be identified with truncations of Wg|2x00' Note

that p = 0 case again coincides with algebras studied in [24] in the context of counting
D6-D2-D0 bound states on the resolution of C?/Zg x C.

5.3 Truncations of WK/ZﬂNxoo

All examples discussed so far in this section can be identified with truncations of some
infinite algebra. In the BRST reduction described in above, one generates Wy algebra
and symplectic bosons in fundamental representation of the reduced group associated to
each vertex. Moreover, at each vertex, symplectic bosons generated in the previous step
decomposes into the fields of shifted dimensions and symplectic bosons in fundamental
representation of the reduced group. Example of such process for first three reductions
from the example (4.89) is diagrammatically captured in 10. After projecting to the coset
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invariant combinations, one can argue that in the infinite number of branes limit, one
obtains the character of the form

o N+M
. 1 _ g
XV v xoe] = (H (1- qn)n> [Ja gz [[a£grtesey= (522
n=1 i=1 i>j

where the products run over all internal edges and one chooses the + sign if both branes
of corresponding finite segment ends from the same side and the — sign otherwise. The
same character follows from the gluing construction: for example, in the U(3) case we use
the fact that

1
U a—sma—zorma-—z -
Wl /o \
= 3 ) <Zl) g <Z2) P(, ) P(u,v)P(v,") (5.23)

e 22 23
where P(u,v) are the box-counting functions [11] related up to an overall factor to the
topological vertex C(u,v,-). For the total character we thus find

X3><oo H H (524)

n=1j.k— (=22, fqn)

as expected for W5y o
Algebras coming from gluing or BRST construction for finite number of branes can
be identified with truncations of X%I Mxoo: For fixed values p;, there are three integral
parameters left unfixed. These parameters parametrize truncation lines of X’;\}l M xoo iDside
the conjecturally two parameter family of algebras. Shifting all the numbers of branes by a
constant value again corresponds to a different truncation above the same truncation curve.
For p; = 0 we already know a large three-parameter family of truncations coming from

the coset algebras
U(K + M|L+ N)y

U(K[L)k
By construction these cosets contain U(M|N); as subalgebra but for K # 0 # L also other
fields extending it.

(5.25)

6 Flip transition

In this section, we comment on the flip transition that plays an important role in the litera-
ture related to the BPS counting. At the level of diagrams the flip transition corresponds to
the sliding of five-branes. We conjecture that the algebras associated to diagrams related by
a flip transformation differ by a trivial algebra of decoupled fermions or symplectic bosons.

As a test of this conjecture we argue that central charges of the algebras related by
a flip differ only by a contribution of free fermions and symplectic bosons. In the case of
the linear diagrams with a BRST definition, we show that vacuum characters differ by a
0|2 oLy L
3,0,2,0° ~0,1,0,0 & 0,2,0,0
and show that they differ from the flipped algebra by a free field contribution.

contribution of such free fields. We explicitly construct algebras £
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Figure 16. Flip transition for type 1|1 (resolved conifold) algebras.

6.1 Flip of algebras of type 1|1
Let us start with a flip in the resolved conifold diagram. This transition exchanges the
order of the two D5-branes as shown in the figure 16. The related algebras are

W < ol (6.1)

11
L L,K,N,M

KL,M,N

where the minus sign is a consequence of the parity transformation relating the right hand
side of the figure 16 to the standard resolved configuration.
The central charges of the flipped algebras differ by a W-independent factor

Cvﬂ%Mﬁwﬂ_cvﬂkmwFWﬂ=4M%P—D- (6.2)

This is exactly the contribution coming from free (b, ¢) systems with conformal dimensions

(p+1,=p),(p+2,=p),....(=p,p+ 1) (6.3)
since (for p < 0)
—p
S clh) = 4p(2% — 1) (6.4)
h=p+1

where c[h] is the central charge of the stress-energy tensor of the b,c ghost system with
respect to which h. = h and hy = 1 — h are the conformal weights of the ¢, b fields.
At the level of characters, the difference is by a factor of (for p negative)

—p+3 o —ptl
II xo=1I1 II (+a) (6.5)
m=p+% n=0m=p+1

as can be most easily seen from the BRST construction. The only difference at the level
of the BRST reduction is in the two off-diagonal blocks whose elements are charged under
the Cartan elements of both slo embeddings. The contributions from the Wy _jr and
Wy _n factors are present in the characters of both algebras. The integral projecting
on the U(N|M) invariant combinations is the same as well since all the fields under the
integral originate from the off-diagonal blocks charged with respect to only one of the two
slo embeddings. The only difference is thus in the product of Xf factors given above.
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6.1.1 Example — flip of U(1; ¥)

The flip of the U(1; ¥) algebra is the simplest but also trivial example of a flip transition
since the algebra is simply

DSy[U(1;¥)] =U(1;¥) x F (6.6)
from the definition. It automatically contains a decoupled fermion F.

6.1.2 Example — flip of Virasoro x U(1; V)

(U] algebra, i.e. £} _[~W¥]. The BRST

A non-trivial example is the flip of the cit 5.0

2,0,0,0
definition of the algebra is in terms of a reduction of

U(2;0) x {x1,¥1} x {x2, 92} x {b,c} (6.7)
implemented by the BRST charge
Q= y{dZ(Ju +x1¢2 — 1)c (6.8)

that can be identified with the BRST reduction associated to the principal sly embedding
inside U(2) but with the current modified by a fermionic bilinear.
The cohomology is generated by fields

J = Ji1 + Joo
1 = 1 + e + Ji1abo
X1 = X1
o = o
X2 = X2 — ¢bxa + Juixa (6.9)
1
=57 (J11J11 + 2J12J21 + J22J22)
v -1
—c0b — P10x1 + Oaxo + U (J11 — J39)
where T is the stress-energy tensor with the central charge
6
=10 -6V — — 6.10
c T (6.10)

as expected. The fields (11, X1) and (12, X2) have OPEs of a pair of free fermions. Their

OPEs with J are N
~ Wahy Uya

J(2)d1 ~ — Y

(2)t1 z—w)y?

PR J(Z)jél ~

(2 — w)

(6.11)
X1 and 1;2 are primaries of conformal dimension 0 while Yo and 1;1 having OPEs with the
stress-energy tensor of the form

Tao) ~ N R O

T(2)ihr (w) ~ —((lz__?;? + (;/}1_(@;))2 + 8?1(:5) (6.12)
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M —
N

N M K N K
K—M+N

Figure 17. Flip transition for type 0|2 algebras in the case of K > M > N. A fixed number
of D3-branes is attached to each Db5-brane. The crossing of D5-branes acts non-trivially on the
number of D3-branes at the internal face.

Note that one can modify both the J current and the stress-energy tensor T as

J — J+\I/a)~(1’(/~}2
e W1, -
T — T—3X1¢1—31/12X2—‘1/5X1X11/1231/12+Ta2(x11/12). (6.13)

After such a modification, the free fields decouple and one is left with the Virasoro algebra
times a U(1) algebra. The central charge of the modified stress-energy tensor

6
14 -6V — — 6.14
6w — o (6.14)

is the same as the central charge of the algebra before the flip.

6.2 Flip of algebras of type 0|2

Flipping D5-branes in the 0|2 diagram results in the change of numbers of D3-branes
between the two five-branes as shown in the figure 17. The algebras related by such a flip
are

012

¥l & L []. (6.15)

K,L,K—M+N,N
One can show analogously to the resolved conifold diagram that the central charges and
characters again differ by a contribution of 2|p| copies of the (/3,7) systems with correct
conformal dimensions. The only difference in this case is the different expression for the
parameter p and the bosonic nature of the decoupled fields.

0[2
6.2.1 Example [,0’(—)’2’3

0J2
Let us show that the algebra L7, ,
(

contains Wgz) x U(1) as a subalgebra together with a decoupled free fermion.

associated to the flip of the Wéz) x U(1) algebra
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The algebra 222 is defined as a BRST reduction of U(3; ) x {b12, c12} by the BRST

0,0,2,3
charge
Q2 = ?{dZ(Jm —1)cra. (6.16)
The cohomology contains the currents
Ji1 + Joo 1-v
J1 = — J-
1 T ST
Jo = Ju + Jao (6.17)

that are mutually local and they are normalized according to (2.30) as

U+3—4
(2 —w)?’

2(V — 1)

Jl(z)Jl(w) ~ m

Jl(z)Jl(w) ~ (6.18)

Apart from these currents, the reduced algebra contains generators of dimension % given
by

Gi‘_ - J137
Gy = Jp (6.19)

and of dimension % of the form

Gy = Jog + (¥ = 2)J11 13 + (¥ — 3)J13Je2 + Jisbe,

G; = J31 + (‘1’ — 3)J11J32 + (\I’ — 2)J22J32 — J3gbc (6.20)

together with the stress-energy tensor

1 1 1
T = 20 | Z JijJji + §0J11 — 56:]22 + Ob1ac12 (6.21)
i,j=1,2,3
with the central charge
24

c=25— T 6w. (6.22)

The superscripts £ in the expressions above denote the charge of the gluing fields with
respect to J; and Jo currents.

Let us discuss OPEs of the algebra. G% form subalgebra of symplectic bosons with
OPE

_ 1
GT@001@®fvz__w- (6.23)
The operator product expansions between J; currents and th fields are
G (T —-1)(20 -5)GF  GF
+ 2 + 1 2
REGEW) ~ 22 B(:)GE(w) Lo 2 (629)
OPEs between Gf and G;t fields are
(2 - O)GEGE
G1 (2)Gy (w) ~ i#
1 _ v 1— 30 + U2
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Finally for OPEs between G;E fields we find

tt + ot
G5 (2)Gy (w) ~ £ (20° —13W% +27¥ —17) ( GIGY | GYOG )

(z—w)?2 z—w

U —1)(W—3)(20 —5)

G ()G (w) ~

(z—w)?
1 2(20 — w?) (U —3)(¥—2) : 9 _
205 — 1102 +16¥ —3)G7
(z_w)2( T_1 J1+ -1 J2+( +16 3)G1G1
2 U(6— T +202)
UT 4220 — TGy ————
+z—w< + ( 5)J2G1 Gl 2(\11_1)2J1J1+ (\11_1)2 J1Jo
(20* — 1203 + 2102 - 8V —4) g
1-0
+2(T? — 602 +10¥ — 3)0G] G| + (P2 -4V +3)G{ 0G|
20 — 2 U2 5046
J, — s ). 6.26
Lo -2 ) (6.26)
If we redefine the generators of the algebra as
Ji— 1+ GGy
Jy — Jo + G—li_Gl_
UG (1 =304+ 92 )LGF
G§—>Gf—(Gf)2G;+1i\I}+< 14:\11)2 L+ (¥ —1)0GH
_ _ _ UGy (1 -3V + 020G, _
Gy = G = GG+ T s (Y- 1)aG,
1
T —>T-— 5a(GfG;) (6.27)

we discover that the currents Giﬁ form a symplectic boson pair and they decouple. The
remaining algebra can be identified with the algebra W:.EQ) x U(1) with the stress-energy
tensor of the correct central charge

24
¢=26- 3 —6U. (6.28)

6.3 Flip in a general diagram

In a general tree diagram, the flip is a local transition that influences only the vertices
associated to the flipped leg and the edge along which the leg flipped. In particular, this
means that both the vacuum character and the central charge of the full algebra differ by
a contribution of free fields that can presumably be decoupled and the change in these
quantities can be read-off locally.

Note also that both the central charge and the vacuum character remain the same in
the case of vanishing p = 0. At the level of BRST reduction, one can indeed see that the two
reductions can be related by a unitary transformation of the current algebra generators. It
is natural to expect that the two algebras related by a flip are equal in arbitrary diagram
as soon as p = 0 as we mentioned already in the discussion of the D(2,1; —V¥); x U(1;2¥)
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algebra. This situation also applies for the U(M|N;¥) Kac-Moody algebras where for
symmetry reasons we expect the algebra to be independent of the order of reductions in
the first and second diagonal block (see figure 12).

7 Outlook

Summation over supergroup representations. From the technical point of view,
we lack full understanding of summation over Y7, arn representations with all three
asymptotics non-trivial and the most general pit condition. At the level of characters,
it would be very useful to know a formula for the character of representations of Y7, ar v
with three non-trivial asymptotics with both covariant and contravariant labels (boxes
and antiboxes) and with the general truncation condition. From the BRST point of
view, the main obstacle at this level seems to be related to understanding the relevant
representations of supergroups and their characters. From the point of view of Wy, one
needs to understand the fusion ring of the box and anti-box representations, in particular
the mixed covariant and contravariant representations.

OPEs of gluing matter. In constructions considered in this article, we identify the
representations of Wi, under which the gluing fields transform, but we don’t calculate
their OPEs with W4 generators explicitly. This step is important in order to have full
OPEs of the resulting glued algebra [30]. One possible approach to find these OPEs is to
study better free field representations of Y7,y n algebras and realize the gluing fields as
vertex operators. Another possibility is to use the Yangian picture and find the relations
satisfied by the gluing fields in that language. This was done in detail in the case of N' = 2
Wioo algebra in [64, 65]. See also [66-69] for calculation of correlation functions of Wiy

Double truncations. In most of this article, we considered one-parameter truncations
of the algebras, i.e. keeping W generic. An interesting situation appears at the double
truncation points, i.e. rational points in the space of parameters. These double truncations
some of which were discussed in detail in [12] are associated to the points where two (an
thus infinitely many) truncation curves in the \; parameter space of W, intersect. From
the point of Y-algebras, these correspond to BRST reductions of Kac-Moody algebras at
rational levels that contain null-vectors. Such BRST reductions are known to lead (at least
in the case of Wy algebras) to minimal models [40]. Note that at rational values of ¥,
the Kapustin-Witten thery contains bulk line operators and it might be possible to give
a gauge theory interpretation of the identification of various modules by moving the line
operators to the bulk. Double truncations include in particular all the (unitary or not)
Wy minimal models and lead to nice combinatorial problems counting the states in the
highest weight representations. The doubly-truncated algebras are also the ones considered
by [70, 71] which is another motivation to study them better.

Web diagrams with loops. So far, all examples that we considered were associated to
tree-level diagrams. The gluing procedure does not seem to lead to any inconsistency when
applied also to diagrams with closed loops. However, it is not a priori clear if application of
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the gluing procedure straightforwardly would describe degrees of freedom associated to the
corresponding brane configuration or if there are other degrees of freedom coresponding
to the Gukov-Witten defects stretched at the finite faces that have to be included in
this case. The configuration of D3-branes supported at these finite faces can be lifted to
the configuration of M5-brane wrapping a coresponding four-cycle in the toric Calabi-Yau
manifold and it is natural to conjecture some relation of our glued algebras with those of [72]
in these particular cases of four-manifolds that can be realized as holomorphic four-cycles
in a toric Calabi-Yau threefold.

Action of VOAs on equivariant cohomology of moduli spaces. The duality with
D4-branes intersecting each other inside CY3 provides us with conjectural actions of VOAs
on equivariant cohomologies of various moduli spaces as discussed in [34]. Note that Yj o n
associated to a single stack of D4-branes wraping C? inside C? correctly reproduces Wy
algebra as an algebra acting on the moduli space of ADHM instantons [34, 73]. The more
general algebra Y7, 7, v have a dual of three stacks of D4-branes wraping three holomorphic
C? cycles (fixed under the torus action) inside €3 and intersecting each other. This is a
special case of the configuration of spiked instantons discussed in [38, 39]. It is natural to
conjecture the existence of the action of Y-algebras on these moduli spaces. This has a
natural generalization to D4-branes intersecting in general toric CY3 and we expect the
glued algebras to play important role in the corresponding BPS counting problems.

Moreover, one can realize the configuration of N D4-branes wrapping a resolution of
the C?/Z, singularity from the configuration of n D5-branes ending on (n,1) branes from
the right and N D3-branes supported at the face on the left. This configuration is indeed
dual to the one of [74] and generalizes it for a stack of D4-branes. Our BRST definition
(and the gluing construction in the case of [59]) seems to produce the same (or closely
related) algebras to those discussed in [55-59]. The simple examples seem to match. It
would be nice to explore this relation further. See also [75, 76].

Refined topological vertex. There are refined versions of the topological vertex [77-
79]. Because of the infinite set of commuting charges sitting at each vertex of (p, ¢)-web, we
can in principle obtain many refined quantities. It would be interested to see if we can ob-
tain the various refined quantities perhaps using the ideas of [80] or if a g-deformed version
of the gluing construction works analogously for quantum toroidal algebras [42, 81-88|.

Integrability. It is known that the Y7 ps v algebra can be (by a change of variables)
recast in the Yangian form [11, 34, 35]. In this form, there is an infinite set of commuting
charges that can be explicitly diagonalized. From our gluing construction, we have such a
Yangian structure associated to each vertex. It would be interesting to understand how the
gluing picture fits in the Yangian picture, perhaps by extending the Yangian as an asso-
ciative algebra by additional generators and relations corresponding to the gluing matter.
It would be nice to explore the possible relation of our glued algebras with those of [89].

Spin chains and R-matrix. The Yy algebras can be obtained from the Maulik-
Okounkov R-matrix and are associated to a spin chain of length N, where at each site we
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have a free boson [34, 90, 91]. There exist also other R-matrices in free field representations
associated to the other asymptotics. It would be interesting to see if by using a combination
of these different R-matrix representations one can obtain more general Y7, 7, v vertices and
also if the gluing discussed in this article can be related to this spin chain picture.

Gluing and 4d N = 2 SCFTs. Vertex operator algebras appear also in the context
of 4d N' = 2 SCFTs. For example the vertex operator algebra of Argyres-Douglas theories
of type (Apr—1, Ay—1) contains a double truncation of Wy, corresponding to (M, 0,0) and
(0, N,0) truncation curves [92]. This connects Wy minimal models and box counting to
counting of BPS states in these theories. For class S theories there is a gluing procedure
which associated a vertex operator algebra to a given 4d theory [70, 71]. The elements of
this gluing construction are formally very similar to the ones used here, namely the Drinfeld-
Sokolov reduction modifying the punctures and the BRST coset construction used for gluing
the basic building blocks. On the other hand, the basic building blocks themselves are very
different: the case considered in this article has a truncation of W, as a basic building
block, while the building blocks of VOAs associated to 4d theories are VOAs associated
to trinions 7. These theories have large flavour groups and are explicitly known only
for low ranks [93]. Another important difference is that we work at generic values of the
central charge, while the VOAs of trinion theories have all parameters fixed (analogously
to the case of double truncations of Wy,). It would be very interesting to see how these
two approaches to gluing are related.

Grassmannian coset. There are well-known GKO cosets

SU(N)k X SU(N)[ - SU(k + l)N
SU(N)k+l o SU(k‘)N X SU(Z)N

(7.1)

related by the level-rank duality which specialize to Wy algebra for [ = 1. These cosets
appear as a subalgebras of the algebra associated to the configuration of [ D5-branes ending
on (n, 1) branes from the right and N D3-branes ending from the left but they do not seem
to be realizable directly by the gluing construction. The reason is that there is only one
stress-energy tensor in the coset, while the algebras that we construct have one spin 2 field
for each vertex. It is possible that we could obtain a larger class of WW-algebras by using
this Grassmannian coset as a one-parameter deformation of the basic vertex used in the
gluing construction.
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A Free fields

We use the notation U(N|M; V) for the Kac-Moody algebra associated to the Lie superal-
gebra U(N|M) that contains SU(N|M )y N1 and U(1)(ny—pryp as subalgebras. The OPE
of the currents is given by

(=1)PBIRC) (T — M + N)SASS + 6465 N

22
(_1)p(A)p(B)+p(C)p(D)+z>(C)p(B)5gjg(0) — (_1)p(B)p(C)5ng

J5(2)J5(0) ~ (A1)

_'_

z
where p(a) =0 for a = 1,..., M and p(a) = 1 otherwise.

Note that for U(N|0; ) the algebra reduces to the Kac-Moody algebra SU(N)g_ N X
U(1) vy with OPEs given by

(¥ = N)OROG + 6505 | OpTi(w) — 05 Th(w)
2

J5(2) 5 (w) ~ (A.2)

(z —w) z—w

and similarly U(0|M; ¥) reduces to the algebra SU(M)_g+n X U(1)_nw. In the expressions

above, we choose a certain normalization of the diagonal U(1) current in U(N|0;¥) or

U(O|N;W¥). This normalization is such that modules associated to the electric modules

have integral charges.

We introduce the notation SNIM for a system of N pairs of symplectic bosons (Xg, Y®)
where a = 1,... N and M free fermions (x;, ") for i = 1,..., M with OPEs given by

50 ‘ 57

Xa(2)Y(w) ~ ——, xi(2)t (w) ~ —

Z—w z—w

(A.3)

Note that the algebra SVM contains U(N|M; N — M —1) subalgebra generated by bilinears

XY Xt
J = . A4
(xﬂ ’ xW) A

Similarly, exchanging the role of bosons and fermions, we introduce a notation SV for a
system M symplectic bosons (X;, Y?) and N free fermions (x,,%?) with OPEs given by

, Y b S

Xi()Y(w) ~ ——,  Xa(2)Y"(w) ~ —*

Z—w z2—w’

(A.5)

From their bilinears, we can construct U(N|M; N — M + 1) algebra generated by bilinears

_ Xa¢b Xayi
() »
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We also introduce a notation F for the algebra of a free fermion SO and B for the algebra
of a free symplectic boson S'1°.

Occasionally, we also use notation Sijv M for the system SMIM with a choice of the
stress-energy tensor such that the fields have the shifted conformal dimension (3 +1i, 3 —1).
Corresponding stress-energy tensor have central charge

(N — M)(12(1 +i)* — 1). (A7)

We analogously define EZMM, B; and S;.

B Examples of BRST constraints

B.1 Y-algebras

For L =1, M =1, N = 4, one needs to impose the following constraints in the DS-reduction
part of the BRST definition of Y-algebras

*x 1 0100

* x 1 N-M
* *x 0 M

* x 0 L

This constraint is implemented by the BRST charge given by

%dz[(le — 1)e1a + (Jaz — 1)cos + Jizers + Jiacia + Jisvis + Jugcas + J53753 - (B.2)

+b31¢12¢23 + BasCasvas — Boacaa¥sa — Bascssas + Boacssyas + (Cas + C55) 75

In the second step of the construction of the corresponding Y-algebra one needs to sew the
U(1|1; ¥ — 1) subalgebra with an extra U(1|1; =¥ + 1) Kac-Moody algebra.

In the case of N — M odd, one fixes the upper-triangular part of the first (N — M) x
(N — M) block, % rows in the upper right off-diagonal blocks of size (N — M) x M and
(N—M)x L and % columns in the lower left off-diagonal blocks of size M x (N — M)
and L x (N — M).

For N — M even, we can choose the Lagrangian subspace by constraining & EM -1

rows in the upper right off-diagonal blocks and & EM columns in lower left off-diagonal

blocks (or vice versa). In both cases, the expression for the BRST charge contains also
cubic terms in ghosts that mix the components in the diagonal and the off-diagonal blocks.
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B.2 X-algebras

For N =5 M =2,K =7,L = 3 in the BRST definition of X-algebras, one needs to impose
following constraints

* 1 0|0 0|0 O O O|O0O O O

* % 1 * ok % % N-M
N | x x % * % x k

* % 0 *x *x x 0

* % 0 *x % x 0 M

*x x 0/0 Ol 1 0 0|0 0 O

x % 0|0 0|x = 1 0|0 0 0 (B.3)

**0*****1***K_L
K |lx % 0% % |% % % % |%x % 5

* % 0 * *x x 0

x % 0 * * x 0 L

* *x 0 * *x x 0

Note that DS-reduction in the 3 x 3 block is performed first and then DS-reduction in the
4 x 4 block of inside the U(2|7) algebra.

C Characters

C.1 Building blocks

This section contains explicit formulee for various terms appearing in the calculation of
the characters using BRST construction of the algebras discussed in the text. The vacuum
character of Wy algebra is given by

XWN H H 1— qn+m (Cl)

m=0n=1

MIL

The characters of the complex S, '~ of M symplectic bosons and L free fermions with the

level shifted by m is

o M L (1+yjqn+%+m> (1_|_ny1 n+%+m)

(a-2i.95) = TTIT11

01 jo1 <1_ n+ +m> (1 x; 1qn+ +m>'

M|L
Xm‘

(C.2)

The character of 3% ¥ \with M fermionic and L bosonic components has analogous character
with z; <> y; together with M < L interchanged.

The projection onto U(M|L) invariant combinations is performed by integration with
the Vandermonde measure

Ti Yi
Vs = dmz H dyj Hi1>i2 (1 o (Ez;) Hj1>j2 (1 o y%)
] i I (1 3) (14 %)

(C.3)
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In the generic U(M|L) case, the denominator needs to be expanded and regularized. In all
the examples of this paper, we restrict to the case of M = 0 or L = 0 when the denominator
vanishes and we do not have to deal with these technicalities.

In later sections, we also need the character of free fermions and symplectic bosons
with shifted dimension

o0
xm =11 (1 +q”+%+m> :
n=0
a 1
B _
X = HO e (C.4)
n=

C.2 S-duality transformations of modules

Triality transformation of modules of Y-algebras is given by following diagram:

Ve[V <— Yirnr [1- 4] < Yo |y

7

1 1 1
M, M, M,
2 2 2
M M M
3 3 3
M M, M,

S-duality then acts as

1
YL,M,N[\I’] <~ YM,L,N |:le:|, M;i — Mz (05)

C.3 Examples with one asymptotics

Example 1: Wy. The first example are simply characters of Wy algebras. The char-
acter of the M 3 representations can be identified (via S-duality) with M 3 characters of
Yo0,n [1 — é] that are computed by specializing (2.32). The result is given by

© N s, (x :qé(N—ml))
X [YvoolW]) (M3) = q2(mw) (ateaiv=2ieim) TT 7T

n=0m=1

(C.6)

1— qn+m

where the denominator is the character of U(1) x Wy and the numerator is sometimes
called the quantum dimension of the representation . The conformal dimension of the
representation is given by formula

1 1 1 1 .
h(M3)22<1_1_\1f>Z”’2+21—\IJ (20 =1 = Nz (1)

(2

In particular, specializing to N = 1 one gets

X Wiool®]] (M2) = g2 (-2 I 1_1qn+1 (C.8)

n=0
and for N = 2 we have
1— qm —p2+1

[Tzl —gmt)

1/__1 2 2_ _ k1 B2
X [Ya,00[9]] (M, ) = g2 (1)t i —pa) o= 5415

(C.9)
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Example 2: Y 1,1[¥]. For the Yj11[¥] algebra, one gets from the reduction of the
U(1)y—1 module the expression

n(n+1)
 Youa(9]] (M2) = g7 H =y Z 2 (C.10)
n= 0 =|m)|
The conformal dimension of the representation is given by

2 2
sy _ v v
h(MV)—2(qj_1)+ + 5 (C.11)

Example 3: Y7,0,2[%]. The character of the representation M} is given by

o0

1(1__1 2 1
X [Y102[9]] (M) = q2< ) I1 A (C.12)
n=0
> (1) —m(m 1) > (nt1)=m(m+1))
% (Z(_l)nerq + Z (_1)n+mq2>
n=m n=m++1
Note that the conformal dimensions of such representations are
2 2
v v
h(M)) = s——— + — + [v|. C.13
Example 4: Y3 0,1[®]. The character of the representation )/, 31 4, 18 given by
u1+u1+u2 po 2 1)M1+M2
X [Y2,0,1[¥]] (Mi:l,uz) = ¢2(v=1 2= H Tﬂ (C.14)
n=0

I SIS DD S [ e

The conformal dimensions is

+ + 2+ 2+

ui+p
h(M; >:2(1\I/—11) 200 —1) ' 2 2 2

2 2 2
11,142 o — 1 o N 7 7““‘ + ‘M2|- (C.15)

Example 5: Yj 1 3[¥]. By a small modification of the calculation from [1], one gets for
the M3 modules of the Yp 1 3[V¥] algebra the expression

o0

2 1 v

v 1 dz z
i - C.
gz1 \pg(l_qnﬂ)(l_qnﬁ)?{ 2 1, (1_an+%) (1—2*1q”+%) (C.16)

1,.n+i

2%@10_0[ 1 dz z”(l—zq”‘*‘é)(l—z*q 2)

e q%l
o (1—qgtH(1 —g*+2) | =z 122, (1 _ an+%> (1 _ Zflqn+%)
s T 1 - , nmiD -2
=105 7 ] gy =gy | (14 0) 2 (1™ (©17)
n=0 =]
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where we used the formula from the appendix F to expand the product in the denominator
and then performed the contour integral. Note that a similar calculation holds for M3
modules of any Yj 1 n¥[V]. The conformal dimension of these modules is given by

o1 3

Example 6: Yp 2 3[¥]. Our last example with one asymptotic is the character of M 3 s

representation of the Yj 2 3[¥] algebra

sl 1 findn Gaoo)ee ot
2 o 1—gntl T1 To HZO:O Hi:1,2 (1—ziq7+1) (1 . xi—lqn-s-l)

1Ei sy ) oo

q2 -0 1 1y ni(nitb+ng(ng+1)
= g 2 00— =gt
n=0 ni,na

% [q(n1+1)u2+(n2+1)ul _ q(m+1)(u2—1)+(n2+1)(u1+1)

_q(nl+1)(#1+1)+(n2+1)(#2—1) + q(n1+1)#1+(n2+1)ﬂ2} ) (C.19)

The conformal dimension of this module are given by

2 2 _
h (M3 )_1M1+M1+N2 M2

1 1 3
B2 —-p1+ 5,“«2 + §(|M1’ + |p2l)- (C.20)

S 2 1- U 2
C.4 Example with two asymptotics

In this section, we derive the character of modules with two asymptotics for the example
of Yp 1 2[¥] associated to the two Wilson lines supported at the NS5- and (1, 1) interfaces.
Such modules are labeled by an integer v and a pair of integers (p1, o) satisfying g > po.
These two label representations of U(1) and U(2) respectively. Inserting the two Schur
polynomials, one gets

G &0 e T ﬁ 1 j{ dz 27V (22 2t
=4 1 gn+l 2 (1—2)(1— 2q" (1 — 2z gt

n=0

2 2 _ _ 1—v o0
pi+nd+ni—ng | 2 1 dz zH27V — gt (n+1)—m(m+1)
=q 20 +V7(1_1—\I/) f E Zm(—]_)n_mqn = 2m o

s (1—¢qnt1)3

n=0m=-—n

e s () | L
am (L—ah)?
o n(n+1)—pq (g +1) >0 n(n+1)—po(ug—1)
Z (_1)n+u1—yq4§11 1 n Z (_1)H+M2—Vq 52 2] (021)
n=|p1—v| n=|p2—v|

D Representations of W,

In this section we will demonstrate few properties of Wi o using the Yangian generators of
the algebra [12, 33, 35, 94]. For many more details and examples see [11]. The main piece
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of information that we need is that there is a change of variables of W; ., which maps
the algebra to an associative algebra with generators v¢;,e; and f; where j = 0,1,2,....
1 generators all commute and can be explicitly diagonalized in representations while e;
and f; generators act as raising and lowering operators. The relations between these
generators are generated by certain quadratic and cubic relations spelled out explicitly
in [11, 35]. While the local properties of Wi, as a vertex operator algebra are obscure in
the Yangian language, the representation theory considerably simplifies and the underlying
integrable structure is also visible in this picture.

D.1 Representations from Yangian point of view

The advantage of the Yangian basis of W, is that many representations have a simple
combinatorial interpretation. The representation space is spanned by a certain generaliza-
tion of Young diagrams (typically plane partitions) with possible additional geometrical
conditions (like a truncation to a fixed number of layers in one of the directions, more
general pit condition or non-trivial asymptotics as in the case of the topological vertex).
Originally a special basis of this type was found in [95] and is thus also known as AFLT
basis. In the following, we will denote these basis vectors by |A). The Cartan generators
1 are diagonal in this basis with explicitly known eigenvalues,

u — q + Yohihahs

1+ hahohg > thju™ "1 | |A) = i

=0

[T #(w—q—ho)[A) = wa(u)|A)
OeA
(D.1)

Here hg are the weighted Cartesian coordinates of a box in the generalized Young diagram,
hgo = ]’L1:L‘1(D) + hQZEQ(D) + hgl'g(D). (D.Z)
The structure function of the algebra ¢(u) is a rational function

(u + hl)(u + hg)(u + hg)
(u—h1)(u—ho)(u—hg)

The parameters h; parametrize the algebra and are related to \; parameters of Wy, via

p(u) =

(D.3)

hi1 = —voXaA3, hi = —olad3, hi = —1pr2)s. (D.4)

The satisfy h1+ho+hs = 0. In the representations that we consider the generator 1y takes
a non-zero constant value and can be eliminated by a rescaling symmetry of the algebra.

The action of the raising and the lowering operators e; and f; can be schematically
written as

ejlA) = > (¢+ho)E(A — A+ O)A+DO)
OeA+

FiIA) = D> (q+ho) F(A+ 0 — A)|A+D0). (D.5)
OeA—

The sum runs over all the boxes that can be added to or removed from the partition A.
E(A — A+0) and F(A+0O — A) are amplitudes for adding and removing a box at given
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position and are not arbitrary but are partially fixed by the commutation relations of the
algebra [11] (there is a certain degree of arbitrariness coming from rescaling of the vectors
in the representation space). In particular, the boxes can be only added or removed at
positions where the ¥ (u) eigenvalue has a simple pole when considered as a meromorphic
function in w plane.

D.2 Conformal dimension of minimal representations

We are now in position to determine the dimension of minimal representations from the
combinatorics of the plane partitions. The minimal representation has Young diagram
asymptotics (O, -, -) along the three coordinate axes, i.e. we need to build a tower of an
infinite number of boxes in the first direction. The minimal configuration of boxes with fixed
asymptotics corresponds to a highest weight state and the descendant states are obtained
by adding an additional finite number of boxes in a way compatible with plane partition
restrictions. The 1); charges of the highest weight state are captured by the product

[e.9]

hihsh
U-HZJO 1772 SH(p(u—jhl—hQ—hg). (D.6)
7j=1

(u) = —m—m—=
Yo, (u) "
We put ¢ = 0 because we are building the configuration from the uncharged vacuum with
Jp|0) = ¢1|0) = 0. Now using the constraint hy + ha + hg = 0 we see that most of the
factors in the product cancel and the limit at finite u is just

(u+ ohihohs)(u+ h1) _

(u — hz)(u — h3) (D.7)

Yo, (u) =

The conformal dimension of this state corresponds to one half of 9 eigenvalue which in

this case is Lok Lo
“haho_ 140 03

exactly as in (2.26). Apart from knowing the conformal dimension of ([J, -, -) configuration

we can similarly use the generating function to extract also all the higher spin charges 1);
of any state in the representation.

If we were interested in the conformal dimension with respect to Wy, i.e. not includ-
ing the contribution from the U(1) charge of the representation, we could use the same
generating function of charges with replacement u — u — ¢ where ¢ is a parameter which
lets us choose an arbitrary U(1) charge of the vacuum state. In particular, for

- 1
pohi

we obtain a generating function of charges for (OJ, -, -) representation with vanishing U(1)

q (D.9)

charge. Its conformal dimension can be extracted from the third order pole at infinity and

heo (0, -, ) = %Al <1 - ;) <1 - ;3) . (D.10)

we find
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Figure 18. An example of the configuration of boxes representing a highest weight state with
three non-trivial asymptotics, (0,0, ). There is one box shared by all three piles of boxes which
contributes a —2 shift of the conformal dimension of this representation. This figure is taken
from [11].

More asymptotics. It is useful to understand how to obtain the conformal dimension
of the representations with two non-trivial asymptotics, for example the representation
(0,0, ). This is relatively easy once we know the conformal dimension of representations
(Od,-,-) and (-,0,-). The conformal dimension is the eigenvalue of Ly operator which
combinatorially counts the number of boxes. In the case of plane partitions with non-
trivial asymptotics, there is an infinite number of boxes needed to build the asymptotics,
so we need to regularize the infinite sum 14+ 14 14 ... in certain way. Fortunately, the
generating function of charges 15 (u) provides a natural regularization: 1 (u) as a rational
function has a well-defined limit when the number of boxes piled in certain direction goes
to infinity, creating a non-trivial asymptotic. From this limiting function we can easily
extract the Ly eigenvalue, i.e. the conformal dimension and the result exactly reproduces
the U(V) quadratic Casimir known from the representation theory of Wy algebras.

In the case of two non-trivial asymptotics (see figure 18), we can relate the conformal
dimension of primary ([J,0,-) (which counts the regularized number of boxes with two
piles of boxes, one in the first direction and one in the second direction) to the conformal
dimension of primaries (OJ,-,-) and (-,[J,) (which measure the regularized pile of boxes
in first and second direction separately). We see that the difference is only one box at
the origin which we are overcounting if we simply add the conformal dimensions of the
individual piles, so we have a formula

WO,0,) = h(0,-,") + h(-,0,") — 1. (D.11)

Analogous discussion applies for any two asymptotic Young diagrams, but we must
correctly count the number of boxes in the overlap. For three non-trivial asymptotics, we
have simply

r(O,0,0)=hr0O,- )+ A-,0,)+ h(-,-,0) =2 (D.12)

because by combining the three piles in three different directions we counted the box at
coordinates (1,1,1) three times.
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D.3 Truncation curves

To derive the truncation curves, we proceed analogously as in the previous section by
determining 1 (u) for certain state. The state in question is now represented by a cube of
dimensions (L + 1, M +1, N +1) and it is the first state that does not lie below the corner
shifted by (L, M, N). We want to see for which values of parameters of the algebra is this
state singular (a null vector).

First of all, the generating function of charges for a configuration of L x M x N boxes is

L M N

W) = % TTTT I e — i1 — mho — nhs) (D.13)

l=1m=1n=1
o (u + ¢0h1h2h3)(u - Lh1 - th)(u - Lh1 - Nhg)(u — Mh2 — Nhg)
N (u— Lhy)(u — Mho)(u — Nh3)(u — Lhy — Mhy — Nh3)

(D.14)

The simple poles in this function are positions where boxes can be added or removed [11, 12].
In particular there is a simple pole at

which means that the box at coordinates (L, M, N) can be generically removed. But for
special values of parameters hi, ho and hg this simple pole can be canceled by a simple
zero at u = —pphihshs and this is the equation for the truncation curve:

Lhi 4+ Mhy + Nhsy = —1ghihohg. (D.lﬁ)

Note that for (L, M,N) truncation we should consider the configuration of boxes with
(L+1)x (M+1)x (N +1) boxes, but because of the condition h; + hy + hg = 0 these
give us the same truncation curve.

An alternative way to arrive at this result to is to study vanishing of F' coefficient.
Its vanishing means that the amplitude for removal of the box at coordinates (L + 1, M +
1, N 4 1) vanishes which is exactly the condition for this vector to be the highest weight
vector of the submodule it generates. We find

F(A+0— A) &< /Lhy + Mhy + Nh3 + 1gh1hahs (D.17)

and the equation (2.14) follows from this immediately.

E Calculation of the central charges

E.1 Resolved conifold 1|1 algebra

Let us calculate the central charge of a generic algebra for K > L, N > M. The central
charge of the Kac-Moody algebra that we start with is given by

V-N+K

7 (N — K)?-1). (E.1)

Co=1—‘r
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Contributions from the modification term of the stress-energy tensor gives

ey = —(¥ = N+ K)(N = M)((N = M)? - 1),

Bl = (U —M+K-1)(K—-L)((K-L)?-1). (E.2)
Ghost contribution to fix fields in the two diagonal blocks is

e1 = (K —L)(K —L—1)((K—L)(K —L—1)—1),
¢y = —(N — M)(N = M —1)((N — M)(N — M —1) - 1). (E.3)

In the four off diagonal blocks where fields are graded only with respect to one of the two
DS blocks, one gets a contribution

3 = (K —M)(N-M-1)((N—-M-1)*-2),
cs=(M—-L)(K—-L-1)(K—-L-1)?2-2). (E.4)

Finally, the coset contributes

Ceoset = —1 — %((M —L)?-1). (E.5)
Total central charge is then
co + cg?g + C(D2)S +c1+ 2+ 3+ ca — Ceoset (E.6)
=+ ((K = NY((K = M)? = 1) = (L~ M)((L ~ M)? ~ 1)

+VU (K= L)((K—L)>-1) = (N=M)(N-M)>~1))+ (K —~L+M—N)-
(K?+ KL —4KM + KN — 2L* + LM +2LN + M? + MN — 2N? 4+ 1)

E.2 0|2 algebra
Starting with the central charge of U(N|K )y Kac-Moody algebra

V-_N+K
CUNIK)y = 1+ T((N - K)* 1), (E.7)

we have to modify it by modifying terms contributing to the final central charge by

ek = (¥ = N+ K)(N = M)((N - M)? - 1),
Bl = —(W =M+ K —1)(M—L)(M - L)* - 1). (E.8)

Ghosts needed to perform a fixing in the two diagonal blocks contribute

et = —(N = M)(N = M = 1)((N = M)(N = M —1) — 1),
¢y = —(M—L)(M—L—1)((M—L)(M—L—1) - 1). (E.9)

We have also contributions from the ghosts in the off-diagonal blocks

g = (K= M)(N—-M-1)((N-M-1)*-2),
¢ = (K—L)Y(M—-L—-1)((M~-L-1)*>-2). (E.10)
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Adding the coset term

V-2-L+K
Ceoset = —1 — W ((L - K)2 - 1) (Ell)

and putting everything together one gets the central charge of the final algebra

ck, LM N[Y] = cun|r)y T C%?g + Cg?g + 1+ o + 3+ ¢4 + Ceoset (E.12)
LK) (L-K)y’-1) (K-N)(K-N)’-1)
B U —2 U

+((N=M)?*=1)(N-=M)+((M-L?*-1)(M—-L)¥ -M—-N
+(L — M)*(=3K + L +2M) + (M — N)*(=3K + M +2N) + 2K

—((L-=M?-1)+(L—-M)—M~—N(L—-M)*(—3K + L+2M)

+(M — N)*(=3K + M +2N) + 2K — ((L — M)* - 1) (L — M).

F Some useful summation formulae

In the examples, we use known summation formulae

o0 o0
H <1+zq”+%) <1+z_1q”+%) = H Tt Z z q% (F.1)
n=0 n=0 - n—=—

o0 o

H 1+an+1 142~ 1 n+1) — H - n+1 Z Z m+n n n(n;l)

n:O n=0m=—n
[

n;() 1 n(nt1)—m?
H n+>:H( n+1222 n+mm :

=0 n=0m=-—n

o0
I = T g 0
- — 2g"t1)(1 — z—1gnt1) - n+1 2

together with special cases when we set z = 1. We also use integration formule derived

in [1] of the form
f e - Z L[ B (F2)
'L 7 2 1
1 I .
im1 T [l (= g™ 2a) (1 = ¢""

dx; ;! Dm0 IL;(=1)"(1 = " )q
fi - E

Ti Hz n 1 - qn—l—lx )(1 - qn_‘—lwi_l) a H;:O:O(l - qn)2N

7ni(n2"‘+1)+(m+l)sz‘

G Romans N = 2 Wj; algebra

Another example of the gluing construction is the N/ = 2 supersymmetric version of Wj
algebra constructed by Romans [63]. This algebra is obtained by extending the N = 2
stress-energy tensor supermultiplet (J, G, T) by another multiplet (W3 ,W;,Wg) with
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spins (2, g, ;’,3) The operator product expansions of spin 2 supermultiplet with itself

contains a priori two structure constants not fixed by N' = 2 superconformal algebra,
WoWs ~ C%1 + C3,Ws (G.1)
but one of them is fixed by the Jacobi identities to

—15)(c —1)c(c+6)(2¢ — 3)
4(c+3)2(5¢ — 12)?2

and the remaining structure constant C3, can be chosen at will by rescaling the fields of

g, =L (C3,)? (G.2)

spin 2 supermultiplet (this is analogous to what happens in construction of Zamolodchikov
Ws algebra). This means that N/ = 2 Wjs algebra has one free continuous parameter with
is the central charge.

We can construct two stress-energy tensors commuting with the U(1) current J and
with each other

1) _ 20e+6)2c=3),  2(c+3)(5c—12) , (c+6)(2c—3)

= 3c_1)(ct12)"  3(c_D)er 12 )chWO (c— 1)C(C+12)(JJ) (G.3)
_ (c—15)c 2(c+ 3)(5c — 12) (c — 15)

- 3(c—1)(c+ 12)T+ 3(c—1)(c+ 12)C§2W20 =D+ 12)(JJ) (G4)

and such that
T=1Y4+7® + 5 (JJ). (G.5)

The central charges of these stress-energy tensors are
D) 2(c+6)(2¢ — 3)
o

T 3(c+12) (G-6)
~ (e—15)c
2 = 3112 (G.7)

There are no primary fields commuting with 70 and J which indicates that Wég) is
truncated at the level of the Virasoro subalgebra and so it has A-parameters

(2): c—6 _2(0—6)
A <2, Ty ) (G.8)

On the other hand, we can construct the unique (up to rescaling) spin 3 and 4 primaries

with respect to T and commuting with 7 and J,

1 _ _ 3C3, +0-
wit) = wi 2(c+3)(0 G)+... (G.9)
wt = (G wy) - (G+W;)+1—02(JW21)+... (G.10)

such that the W&l)) structure constants are

C — C — 2 C C — 22
Cis = = 24)(4(;((:14)r 2)525?(—2 12) ) (G.11)

_ (e—=24)(c—3)(c—1)*(c+6)(c+ 18)(2c — 3)(C%,)*
Ol =~ 2(5¢ — 12)(5¢2 + 39¢ + 153) = (G.12)
ch 54(c — 1)C3,

B 7 (c+3)(5e—12)

(G.13)
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From this we find the A-parameters of Wc(Xl)) to be

m_(_¢c_ 3¢ 3¢
A < o) (G.14)

To find the corresponding gluing diagram we need first to understand

3 the truncation curves. Using (2.14) we see that W has A-parameters

compatible with (0, 2, 3) truncation while as already mentioned for w2
we have the (2,0,0) truncation. Since we want the same spin of the
gluing matter as in the case of ' = 2 SCA, we associate to N' =2 Wjs
the same conifold diagram with p = % It is easy to check that this
is compatible with (3.9) which confirms the identification of Romans N = 2 W times a

commuting U(1) factor with the algebra associated to this diagram.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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