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Abstract. Consider n i.i.d. random vectors on R?, with unknown, common distribution
function F. Under a sharpening of the extreme value condition on F', we derive a weighted ap-
proximation of the corresponding tail copula process. Then we construct a test to check whether
the extreme value condition holds by comparing two estimators of the limiting extreme value dis-
tribution, one obtained from the tail copula process and the other obtained by first estimating the
spectral measure which is then used as a building block for the limiting extreme value distribu-
tion. We derive the limiting distribution of the test statistic from the aforementioned weighted
approximation. This limiting distribution contains unknown functional parameters. Therefore we
show that a version with estimated parameters converges weakly to the true limiting distribution.
Based on this result, the finite sample properties of our testing procedure are investigated through

a simulation study. A real data application is also presented.
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1 Introduction

Let (X,Y), (X1, Y1), ..., (Xy, Yy) be iid. random vectors with continuous distribution func-
tion (d.f.) F. Suppose that there exist norming constants a,,c, > 0 and b,,d, € R such
that the sequence of d.f.’s

p (maxl<i<n X; — by <z, maXlgignYi —d, < y>

(07 Cn

converges to a limit d.f., say G(z,y), with non-degenerate marginal d.f., that is,

(1.1) lim F"(a,x + by, cpy + dy) = G(z,y)

n—oo

for all but countably many x and y. Then, for a suitable choice of a,,b,,c, and d,, there

exist v1, 72 € R such that
G(z,00) = exp (—(1 +mz) "), G(oo,y) = exp (—(1 4+ y2y) /™).

The d.f. G is called an extreme value d.f. and 1, v, are called the (marginal) extreme value
indices.

Any extreme value d.f. G can be represented as

rm -1 y -1

/2
(1.2) G( , > ~ exp <—/0 ((1 A tan 0)) v (y(l/\cot&))@(d@)) ,

Al V2

with ® the d.f. of the so-called spectral measure. There is a one-to-one correspondence

between extreme value d.f.’s G and finite measures with d.f. ® that satisfy
w/2 w/2
/ (1 A tan 6) D(d6) — / (1 A cot 6) B(d6) = 1,
0 0

via (1.2).
Alternatively one can characterize the extreme value d.f.’s G by: there is a measure A

on [0,00]? \ {(c0,0)} such that, with

TN —1 Yy — 1)
1.3 l(x,y) = —logG , ,
(1.3) (z,y) g ( - -
we have
» Lo I(z,y) = A ({(u,0) € 0,00 u <z orv<yl}),

2. l(te,ty) = tl(z,y) fort,z,y > 0.
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Combining the two characterizations we find

/2
(1.5) l(z,y) = / (x(1Atand)) V (y(1 Acotf)) ®(db).
0
Relation (1.1) implies (cf. Einmahl, de Haan and Piterbarg (2001))

(1.6) Tt P((1= A(X) A (1= F(Y) <t 1= F(Y) < (1= F(X)) tan0) = &(0)

for continuity points 6 € (0, 7/2] of ®, where Fy(z) := F(x,00) and Fy(y) := F(00,y). Also

(1.7) ltilrglt’lp (1-F(X)<tzorl—-FEY)<ty) =Il(z,y)

for (z,y) € [0, 00)%. More generally
(1.8) gngP«l—FﬁXL1—PMY»€tA%:A@®

for any Borel set A in [0,00]? \ {(00,00)} (with tA := {(tz,ty) : (x,y) € A}) provided
A(0A) =0.
A non-parametric estimator for ®, suggested by the limit relation (1.6) is (Einmahl et

al. (2001))

. 1 —
(1.9) ®(0) := I ZI{RZXng’an—k, n+1-RY <(n+1-RY)tan 6}

i=1
where R is the rank of X; among X1, X, ..., X,,, RY is the rank of ¥; among Y1,Y5, ..., Y,..
Similarly a non-parametric estimator for [, suggested by the limit relation (1.7) is (Huang

(1992), see also Drees and Huang (1998))

~

1 n
(110) l2<w7 y) = E Z ]{Xi>Xn+17]'kz'\:n or Yvi>Yn+17]'ky‘|:n}
=1

1 n
= E g [{R1X>n+1—kz or R}’>n+l—ky}7
=1

where X, <--+ < X,,., are the order statistics of the X;, ¢ = 1,2,...,n (similarly for the
Y;), with [z] the smallest integer > z.

The mentioned papers give asymptotic normality results for ® and I, under certain
conditions and with sequences k = k(n) satisfying k(n) — oo, k(n)/n — 0, as n — oc.

Another way of estimating [ is via (1.5) and (1.9):
. /2 .
(1.11) li(z,y) = / (x(L Atan®)) V (y(1 Acot@)) d(db).
0
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The multivariate extreme value framework that we sketched is the appropriate one when
one, e.g., wants to estimate the probability of extreme sets i.e., sets outside the range of the
observations.; see de Haan and Sinha (1999). Condition (1.1) is fulfilled for many standard
distributions but not for all distributions. Hence before using this framework to estimate
probabilities of extreme sets, it is important to check whether (1.1) is a reasonable assump-
tion for the data set at hand. And one wants to do this beforehand, without specifying the
exact structure of the limiting distribution.

A promising approach to this testing problem seems to be to see if the two estimators
il and l} for [, that have a different background, are not too different. The estimator l} is
a natural one mimicking more or less the tail of the distribution itself. But this estimator
does not necessarily satisfy condition 2 of (1.4). On the other hand I, does satisfy condition
2 of (1.4) but the estimator itself is of a somewhat more complicated nature. So one can
maintain that such a test would check whether condition 2 of (1.4) holds.

The proposed test statistic is of Anderson-Darling type:

(1.12) L, = //o<;,; . (Zl(x,y) — Zz($,y)>2 (z Vy)™? dady

for certain 8 > 0. The test statistic is similar to those used for testing a parametric null
hypothesis (like testing for normality), where the empirical distribution function is compared
with the true distribution function with estimated parameters. Here, however, the estimated
parameter ¢ is a function (and we only deal with the tail of the distribution). Also note
that our methods allow us to deal with other test statistics than L,, as well.

Note that this test checks whether the dependence structure is of the right type. It is
only based on the relative positions (ranks) of the data and completely independent of the
marginal distributions of F' for which tests have been developed already in Drees, de Haan
and Li (2004) and Dietrich, de Haan and Hiisler (2002).

We shall establish the asymptotic distribution of kL, as n — oo under (1.1) and some
extra conditions stemming from Huang (1992) and Einmahl et al. (2001), thus providing a
basis for applying a test.

Note that the test statistic L,, is based on observations for which at least one component
exceeds a certain threshold. Since the estimators depend on this threshold, one can plot

L, as a function of k. This plot can be used as an exploratory tool for determining from
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which threshold on the two estimators /; and I, are close to each other suggesting that the
approximations (1.6) and (1.7) can be trusted, and hence yields a heuristic procedure for
determining k. So this a second use of the test statistic L,.

The weak convergence of kL, is stated in Theorem 2.3. For the proof of this theorem
the known asymptotic normality result for ® (Einmahl et al. (2001)) is sufficient but not
the known one for I, (Huang (1992)). Hence as a preliminary but important result, we first

develop a Gaussian approximation for the weighted tail copula process on (0, 1]?

VE (be,y) ~lz.y)) /@ vy), 0<n<1/2

thus extending significantly the result of Huang (1992) where n = 0. This result, which
seems to be useful in other contexts as well, is stated in Theorem 2.2. The proofs are given
in section 3.

The limiting random variable in Theorem 2.3 is determined as an integral of a combi-
nation of Gaussian processes. They are parametrized by functions which can be estimated
consistently. In section 4 it is proved that the probability distribution of the limiting ran-
dom variable with these functions estimated converges to the distribution of the limiting
random variable with these functions equal to the actual ones, which makes the procedure
applicable in practice. In section 5 simulation results and an application to real data are

reported.

2 Main results

Before stating the main results, we introduce some notation. Define W, to be a Wiener
process indexed by the Borel sets in [0, 00]?\ {(c0, 00)}, depending on the parameter A from
(1.4), which is a measure and we assume it has a density \, in the following way: W) is a
centered Gaussian process and for Borel sets €' and C: EW,(C)Wx(C) = A(CNC). Define
the sets Cy by

Co={(z,y) € [0,00]*: zAy<1,y<aztanf},  6€[0,7/2



and the process Z by
Viano
Z(0) = / Az, xtan 0)(Wy(x) tan @ — Wy(x tan f)) dx
0

(2.1) _W,(1) /IOO A<x,1)dx—J(W/4,W/2](9)W1(1>/lan MLy)dy, 6€l0,7/2),

1
vtan@

Z(g) - —W2(1)/100A(x,1)dx - Wl(l)/loo)\(l,y)dy,

where A is the density of A, with Wy (z) = Wa ([0, 2] x[0, 0o]) and Wa(y) = Wa([0, 0o] X [0, y]).
Define for x,y > 0

(2.2) Wr(z,y) = Wa([0,2] x [0,y]), R(x,y) = A([0,z] x [0,y])
and
(2.3) Ri(z,y) = 0R(z,y)/0x, Ry(v,y) = 0R(x,y)/dy.

Theorem 2.1. Assume that condition (1.8) and Conditions 1 and 2 of Einmahl et al.
(2001) hold, and that A has a continuous density A on [0,00)*\ {(0,0)}. Then for a special

construction

VR (,y) = w.y) - Awy)|
sup — 0
0<z,y<1 xV )

as n — 0o, where

Al y) i 4 TOVMOD HZE) + y [5 Sh (WalCo) + Z(0))d8, if y > a,

e(Wa(Cx) + Z(5)) —a [T —Lo(WA(Cy) + Z(0))dd, if y <.
Let

Let C(z,y) is the distribution function of (U;,V;). By (1.8) and (2.2) we have R(z,y) =
limg ot 1 C(tx, ty). We assume, as in Huang (1992), that for some a > 0

(2.5) t 10tz ty) — R(x,y) = O(t*) ast]O0,

uniformly for x Vy <1, x,y > 0.



Theorem 2.2. Assume that conditions (1.8) and (2.5) hold and that k = o (n%> If Ry
and Ry are continuous, then we have for 0 < n < 1/2 and for a special construction

sup — 0
0<w,y<1 (zVy)n

as n — 0o, where

B(z,y) == Wr(z,y) — R1(z, y)Wi(z) — Ra(w, y)Wa(y).

Theorem 2.3. Assume the conditions of Theorems 2.1 and 2.2 hold. Then for each 0 <
6<3

oy [ Al “bew) [[ B,

(xVy)s

as n — 00, and the limit is finite almost surely.

Remark 2.1. The case 3 = 0 is similar to the Cramér-von Mises test. Note that for f < 2,
Theorem 2.3 easily follows from an unweighted approximation in Theorems 2.1 and 2.2.

Therefore the case 3 = 2(!) is similar to the Anderson-Darling test.

Remark 2.2. Note that we do not merely test the multivariate extreme value condition but
also the refined conditions of Theorem 2.3. Hence we actually test a smaller null hypothe-
sis. But such a smaller hypothesis is needed for statistical applications, since these refined

conditions are the ones that yield that the normalized tail of F' is sufficiently close to G.

Remark 2.3. The random variable on the right in Theorem 2.3 has a continuous distribu-
tion function. This follows from a property of Gaussian measures on Banach spaces: the

measure of a closed ball is a continuous function of its radius, see, e.q., Paulauskas and

Rackauskas (1989), Chapter 4, Theorem 1.2.

Remark 2.4. Since xVy < l(z,y) < x+y < 2(zVy), (2.6) remains true with x\Vy replaced
with I(z,y) or x + vy, but when choosing l(x,y), the left-hand-side of (2.6) is not a statistic

and | has to be estimated.



3 Proofs

Before proving Theorem 2.1, we first present two lemmas and a proposition.

Lemma 3.1.

o) = 72 )ty [ g ®(O)de, i y >,
x®(3) — f;;éfan v 5 @(0)d0, if y <

Proof. Since

w/2
Iz, ) :/0 (x(1 A tan ) V (y(1 A cot ) B(d6)

w/4 /2
_ / (ztan6) V y B(d6) +/ v (ycot 6) B(do)
0 w/4
and
rxtanf >y & x> ycoth & 60 > arctang,
x
then

7 Aarctan ¥ T
l(x,y) :/ y@(d0)+/ x tan 6 O(db)
0 Iy

T Aarctan £
€T

T Vvarctan ¥ /2
+/ y cot 0 D(dh) +/ x ®(db)

/4 T Varctan ¥

arctan

w/4
o y®(do) +f/4

Oarctan dg + f

=y cot 0 d(db) +f¢£t2anyx¢>(d9) if y >z,

yztaned) dh) +f7r/2xq) (do), ify<ux.

arctan

In case of y > x, via integration by parts, one has

l(x,y) = y@(%) — y®(0) 4 y cot(arctan g)(I)(arctan y) — y cot %(I)(%)
x x

arctan £
—y/ (6)(——s )b + 29(5) — r(arctan ¥)

/4 sin” ¢ x

= 2®(Z) + /t ! ®(0)db
N 2 Y /4 sin? 6 '



In case of y < x, via integration by parts again, one has

E) — xtan(arctan y)(I)(arctan g)

Y s
l =y tan =) — y®(0 tan —®
(,) = y@(arctan L) — y@(0) + 2 tan T : .

/4 T T
—x/ () — a0+ 20 (%) 20(7)

rctan ¥ cos? 0
xr

rctan ¥ cos? 0
x

= 20(2) —m/ﬂ/4 L 5(0)d0.

Write
n kx ky 1 o

U (2, Y)

32 n ) - k Tn ) - Rn ) ) n ) -

(3.2) oale,y) = VE(Tulw,y) = Rul@,)), vnnl@,y) = 2500

and

n (2, 00) Uy (00, y) :
(3.3) Unga(€) = =0 Vaga(y) = T Uni T tnes J= 12

Proposition 3.1. Let T'> 0. For 0 <n <1/2
(UTL77]($7 y)? x?:l/ G (07T]7 Un,r],l(x)a x G (07 T]? Un,n,?(y)7 y e (07 T])

converges in distribution to

(% z,y € (0,7, ;ff” z e (0,7), W;f]y), € (o,:r])
as n — o0.
Proof. Define
Zn,i = %%thvn

and for all 0 < z,y < T define the functions

fow = Towxow/@ V)", D = Towxpe /2", P = Tosoixiom /¥

All these f’s form the class F. We equip F with the semi-metric d defined by

Afor fon) = \/E <WR(x,y) B WR(U,U>>27

(@Vvy)y  (uVo)
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Afrgs F) = \/ E <WR(5”’y) - Wl(“))Q,

(x vy u"
etc.

For any € > 0, the bracketing number Nyj(e, F, L%) is the minimal number of sets NV, in
a partition F = U;V; JF.; of the index set into sets F.; such that, for every partitioning set
Fej
(3.4) ZE* sup | Z,i(f) = Zna(g)]? < €%
i=1 f,9€Fe;
We will use Theorem 2.11.9 in van der Vaart and Wellner (1996): For each n, let
Zp1,2n2, ..., 25, be independent stochastic processes with finite second moments indexed

by a totally bounded semimetric space (F,d). Suppose

Z E*HZnyi”}—]‘{”Zﬂ,i”]—'>)\} — 0, for every A > 0,
i=1
where || Z,,||7 = sup;ex |Zn,:(f)], and

On
/ \/log Npy(e, F,Ly)de — 0, for every 4, | 0.
0

Then the sequence > | (Z,,—FEZ,;) is asymptotically tight in £>°(F) and converges weakly,
provided the finite-dimensional distributions converge weakly.

We briefly sketch the total boundedness of (F,d). We only consider the subclass F, of
JF consisting of the bivariate f,,’s; moreover we restrict ourselves to the case x >y, u > v

and > u, y > v. For any § > 0, assuming |z —u| < ¢ and |y — v| < §, one has

2 _ WR(xay) WR(U,'U) ’
P ) =2 (G = G)
B wWWr(z,y) — 2"Wg(u,v) 2
- (@) )
_ u?R(z,y) — 2z R(u,v) + z*"R(u,v)
(zu)??

If u <46, then

R(z,y) N 2R(u,v) N R(u,v)

x2n un u2n

& (foys fuw) <

22 4 3yt

IN

< (20)1721 4 35172 < 5y

9



If u > 6, then, since

R(z,y) < R(u,v) + A([u, x] x [0, 00]) + A([0, 0] X [v,9])
< R(u,

(u,v) + 20,

we have
R(u,v)(u" — ")  20u?
(zu)?" (zu)?

u' =M (" — 2")? 4 281

& (foys fuw) <

IN

IN

u1—477l,277—2(l, o U>2 + 251—277

IN

uTI (g — )? 4 26172 < 3612,

So, since 1 —2n > 0, we see that for every € > 0 we can find a 6 > 0 such that for |z —u| < §
and |y —v| <6, d*(foy, fuw) < . Hence, since [0,77* is totally bounded with respect to
the Euclidean metric, we obtain the total boundedness of (F,d).

Observe that
1
Z"ﬂ(f%y) = ﬁl{Ui<§x,‘/¢<%y}/<x \ y)na

n

Z(Zn,i - EZn,i)(fx,y) = Un,??(x> y)

i=1

and similarly for the marginal processes. First we have to show that for every A > 0

(3.5) > EZuillF Lz, 153 — 0

=1

as n — 00. Again we will restrict ourselves to the subclass F;. For the univariate fél)’s and

2), . . . .
fzg )’s, it can be shown in a similar but easier way.

Note that

1 7 /( v )n < 1 1
SUp —=liy cky vk T S Y Ta T oo
P U e T Y/ N CI (FAVATANT

10



so for each A > 0

> BN Znill (205,50

=1

<" 1
= VR QT <
(VRN 1/
- ngo (kL K
\/E/o x C’(na:,nm)
n k VRN ke k
— Y In —1/n / S
\/_<\/_ C’( (\/_)\) ,n(\/E)\) )+n i C’(nx,nm)x dx)

T(W A—(VEN) YT 4 / v %x_"dm)

— A\ Ympl=1/@n) g \/El i W(\/EA)I_UW
= ﬁx—l/%l—l/@m —0, (n<1/2).

Next we want to show

On
(3.6) / Vog Nij(e, F, L) de — 0
0

for every 9, | 0. We present the proof for T" = 1 for notational convenience; for general
T > 0 the proof is similar. Let € > 0 be small, define a = ¢%1=2" and § = 1 —*. We again

consider only F»; the univariate f’s are easier to handle. Define

Fla)={foy € Fo: x Ny <a},
F(lym) ={foy € Fo: 0 <2 <0, 0™ <y <™}

Then
[1Z5] [12£5]
F=FalJ| J U Flm)
m=0 [=0

First check (3.4) for F(a):

n

ZE sSup (Zn,z(f) o Zn,i<g))2 =nk sup (Zn,z(f) o Zn,i<g))2

4dn
< 4AnE sup Z2,(f) = ?E sup Iy, m’VKg}/(x\/y)Z"
fer(@ a:z/\z><0a ! !
< 4nE( U;) =1 - /ak/n(n )"d 1< e?
; nycq) = — —x T = a "< em
= kT Vk Gli=ad =" |0 Yk 1—2y

11



Now we consider (3.4) for the F(I,m); w.lo.g. we take | < m:

n

Z E sup (Zni(f) = Znilg))?

feF(l,m) feF(lm)

2
§nE( sup  Zpi(f)— inf Zm(f))

1 1 1\?
- E(IU< kot v;<k 9’"}(977 (I41) 0771) (I{U< 0L, Vi<komy I{U< g+ Vi<k emﬂ})@nl)
o ko, k1 1 ko k k k 1
<= 0, =) —(— — 1)* 0!, =™ — O(=o", 2oty —
<2 (e Zom iy 12+ oo Bomy - o Loy o
o (k6 1 , 2k ¢
<% (namta — 0+ 2 gt 9)

It is easy to see that the number of elements of the ”partition” of F, is bounded by 77,
which yields (3.6). Hence we proved the asymptotic tightness condition.

It remains to prove that the finite-dimensional distributions of our process converge
weakly. This follows from the fact that multivariate weak convergence follows from weak
convergence of linear combinations of the components and the univariate Lindeberg-Feller

central limit theorem. It is easily seen that the Lindeberg condition is satisfied for these

linear combinations since the elements of F are weighted indicators and hence bounded. O

Lemma 3.2. For0<n<1/2

[Wr(z,y)] A2 gm(=20)
Pl A 0] 20 e (5.
z,y>0

Proof. For m =0,1,2, ... define

€ £ g
Am:{(x,y):2m+1 Sxéﬁ,ﬁéyga}.

12



Then, with Z a standard normal random variable,

W W
p( s Wateol o3| p [ Walenl

= 5 A [om\ VE
<A r (=) ) < 5 (2 2 (2))
)\22m(1 2n)
< 8ZGXP( el—2n )’

where the third inequality follows for instance from an adaptation of Lemma 1.2 in Orey and

zVy<e (I’ \% y)” - zVy<e Yy -
0<z<y 0<z<y
yWR( = £ \"
< P sup sup ————— g sup  |Wg(z,y)| > A ( >

Pruitt (1973) and the last inequality from Mill’s ratio. A symmetry argument completes
the proof. O

By Theorem 2 in Einmahl et al. (2001) and Proposition 3.1 (and their proofs) it follows
that

(VE@(0) = @(6), vnn(,9)s tnga (1), vy 2(0))

Wg(z,y) Wi(u) Wg(v))
(xvy)n’ w7 own )

“ <WA<09> T 2(0)),

on D[0, /2] x D[0, T)? x D[0,T] x D[0,T]. By the Skorohod construction, there exists now
U1, Up o, WX(C), 2%, Wi, Wi and W5 such that

n,

a probability space carrying %, v

(q)*,’l}n,’ljn 17U:; 2) g <(i)7lvnavn,luvn,2) )
(Wi(C), Z* W, Wi, W3) L (Wa(C), Z, Wr, Wy, Wa)

and for 0 <n < 1/2

(3.7) Doi= sp V@ (6) = 9(0)) = (Wi(Co) + Z°(6))] = 0p(1),
va(e ) = Wile.y)| _

(3.8) S V) = op(1),

59) . o (@ >ﬂ Wil o

13



W.
510, ) Wi
0<z,y<T y’?

as n — oo. Henceforth we will work on this probability space, but drop the * from the

notation.

Proof of Theorem 2.1. By Lemma 3.1

wVE(F) — O(3) +y [o"" " g VE(®(0) — (0)do, if y >,
eVE(®(E) — (5) —a [T L VE®O) — 2(0)dd, if y < .

arctan ¥ c0529
Now, let’s first consider the case y > .

NI
SIE]

\/E(Zl(xwy) - l(l’,y)) B A(ZL‘, y)

sup

0<z<y<l1 zVy
= o (VR G) - oG - wi(ep) - 2(5))

+op(1)

o [T L (Vi 0) - 00— (i) - 7)) @

x/4 sin? 6

< xD,, yD, T2

do 1 0
T aVy  xVY S sin® @ +or(l) =0,

in probability as n — oo. In case of y < x, the proof is similar. a

Let @1, and @2, be the empirical quantile functions of the {U;}?_, and {V;} ,, respec-
tively. Define

R(z,y) =7 ZI{U <Qin(kz/n), Vi<Qan(ky/n)}-

Note that by (1.10)
I»(z,y) ZI{U <Qun(kz/n) or Vi<Qan(ky/n)}-

Proof of Theorem 2.2. Tt is easily seen that ly(z,y) + R(x,y) = ([kz] + [ky] — 2)/k <
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([kx] + [ky])/k, for each x,y € (0, 1], almost surely. So we have

[Vk(lz(2,y) — U, y) + VE(R(z,y) — R(z.y))|

(z Vy)m

sup
0<z,y<1
xVy>1/k

.S.

VEG (Tka] + [ky] = 2) — (¢ +y))
sup

0<z,y<1 (.’]J \/ y)n
zVvy>1/k

<k sup V(x+y = ((ka] + [ky]) /k)

0<z,y<1

<ok -kt =212 ),

Write Sj,(2) = 2Q;n(£2), j = 1,2. Then we have

sup VE(la(z,y) — Uz, y)) + Wr(z,y) — Ri(z,y)Wi(z) — Ra(z,y)Wa(y)|
N (z vy
xVy>1/k

VE(R(z,y) = R(z,y) = Wr(@,y) + B, y)Wi(@) + Ra(z, ) Way)| |
o<Sa1,lyp§1 (33 \ y)n * 0( )
xVy>1/k

oy WVERG) = RulSi0(). Sin(0)) = Wiz, 0)
0<z,y<1 (zVy)n

zVvy>1/k

+ sup [VE(R(S1a(2), S2a(y))) — R(Sin(2), S2n(y))]
O<z,y<1 ('I \/ y)n
xVy>1/k

© s IVE(R(S1n(x), San(y)) — R(z, y()) Jvrzln(:v, YWi(e,y) + Bo(w,y)Wa(y)| o(1)
Ry !

= Dl + DQ + D3 + O(l)

.S.

We will show that D; — 0 in probability, j = 1,2,3. We have

|\/E(Tn(51n(l'), S2n<y)) — Rn(‘gln(x)? SQn(y))) B WR<x7y)|

D (o vy

zVy>1/k
< swp [VE(Lu(S1a(2), S2n(y)) = Ra(S1a(2), S20(y))) = Wr(S1a(2), San(y)))]
o o<z,y<1 (Sln(x> \/ SQn(y))n

xVy>1/k

Sln(x) vV Sgn(y) K |WR(Sln($)a S2n(y)) B WR<$’ y)’
. + sup
xXr \/ y Oo<z,y<1 ('x v y)n
zVvy>1/k

15



< oy DODWH) L, (el VOO
0<s,t<k/n

- 052&2 (sVv i) sVt
sVt>1/n
W S n ,S n - W )
+ sup [Wr(S1n(2), San(y)) r(z,y)|
0<z,y<1 (ZL‘ \ y)ﬁ
xVy>1/k

=: Di; - Dig + Das,

where the last inequality holds with arbitrarily high probability. Then D;; — 0 in proba-
bility because of (3.8) with 7' = 2. It is well known that

(3.11) Sup Qnls) _ Op(1), j=1,2

s>1/n S
(see Shorack and Wellner (1986), p. 419). Hence Dy - D5 — 0, in probability. Now consider
for each € > 1/k

[Wr(Sin(2), San(y)) — Wr(z,y)|

D3 < sup

0<z,y<1 877

TVy>e

W S n n n n K )
b oo MA@ B0y (WYY, D)
ocow<t  (Snl(®) V San (W) si>1/n sVt ocan<t (T VYT
1/k<zVvy<e 1/k<zVvy<e
=: Dy + D15 + Dss.

By the (uniform) continuity of Wg and the fact that
(3.12) sup %|an(¢) | =0, as, j=12

0<t<k/n

D1y — 0 in probability a.s. for any ¢ > 0. Let 6 > 0, by (3.11) and Lemma 3.2 we see

that for large n, P(Dy5 > §) < § for € > 0 small enough. Again from Lemma 3.2 we have

P(Dyg > 6) < 6. Hence D3 — 0 in probability and consequently D; — 0, in probability.
Consider Dy. Take (a,b) with a V b = u. Then according to (2.5)

1

Lotta, ) = Lo, wd)

t ut uu
a b 1+
. OéO tOé
o) Tu o)

= R(a,b) + (a V b)'™O(t*).

= uR(

Now with arbitrarily high probability

VE(Ra(2,y) — R(z,y)) (@m<s> v @w(ﬂ)".

Dy, < sup - sup
0<z,y<2 (z Vy) sVt>1/n sVt

16



We have seen before that second term of this product is Op(1). So it is suffices to show that

the first term is o(1):

wp VE@(r.9) = Ry (up VE(x v y>1+a> o ((ﬁ))

0<z,y<2 (13 V y)n (Jj V y)ﬂ

a+1/2

by assumption. Hence Dy — 0 in probability.

It remains to show that D3 — 0 in probability. By two applications of the mean-value

theorem we obtain
R(Sln(x)’ SZn(y)) - R(l‘, y)
= R(Sln(x)v SQn(?/)) - R($7 SQn(y)) + R(ﬁa SZn(y)) - R(IL‘, y)
= Ri(01n, S20(y)) (S1n(z) — ) + Ra(z, 02,) (S20(y) — y)

with 6y, between = and Sy, (x) and 6y, between y and Ss,(y). So

| R1 (G10: S20(y))VE(S1a(2) — @) + Ri (2, y) Wi (2))]

D; < su
0<x§)§1 (z Vy)
xVy>1/k
| Ro (2, 020)VE(S2n(y) — y) + Ra(a, y)Wa(y)
+ sup .
0<z,y<1 (z Vy)m
xVy>1/k

We consider only the first term in the right hand side of this expression; the second one can
be dealt with similarly. Write 2,(z) = VE(Sin(2) — ). From (3.9) with n = 0 it follows
that

sup |z, (z) + Wi(z)| — 0

0<z<1

in probability. From this it can be shown that for 0 <n < 1/2
n 1%
(3.13) sup @ T W@,

1/k<z<1 x’

17



in probability (see, e.g., Einmahl (1992)). Now

[ B (61n; San () 20 () + Ba (2, y) Wi ()|

su
0<r,?;p§1 (l’\/y)n
zVvy>1/k
Zn(x) + Wi(x
< sup Ri(0in, S2n(y)) - sup 20(2) p (@)l
0<z,y<1 1/k<z<1 T
Wiz
£ sup |Ri(e,5) = RalOums Son(y))] - sup LA
0<z,y<l o<z<1 X"

=: D31 + Ds3s.

Since R; is continuous on [0,2]? it is uniformly continuous and bounded. This together
with (3.13) yields D3; — 0 in probability. The uniform continuity of R; together with (3.12)
and the fact that

W3]

<00 a.s.,
o<z<1 "

yields D3, — 0 in probability and consequently D3 — 0 in probability.
Finally we show that

Vk(lz(z,y) — U(z,y)) + B(x,y)|

sup = op(1).
0<z,y<1/k (z Vy)n
Observing that supg., ,<1/x Iy(x,y) = 0 a.s., this follows easily. O

Proof of Theorem 2.3. For each 0 < < 3, there exist a € [0,2) and 1 € [0,1/2) such
that 8 = o+ 2n. By Theorem 2.1 and Theorem 2.2, and

1,1 1
/ / dzdy < oo,
o Jo (zVy)

it follows that as n — oo

~

. 2
JUCKIEACEN)
// dxdy
0<z,y<1

(zVy)s

~or) [ v [, O
. (Alw) + B) 0

(zVy)s

18



4 Approximating the limit

For testing purposes, we have to find the probability distribution of the limiting random
variable in Theorem 2.3. This can be done by simulating the processes A and B, but
unfortunately their distributions depend on the unknown measure A. Therefore, we generate
approximations A, and B,, respectively, of the processes A and B, not with parameter A
but with approximated parameter A,. In this section, we consider the convergence of the
sequence of these approximated limiting random variables. Until further notice, we take
{A,.}n>1 to be a sequence of deterministic measures.

Define
1
Rin(z,y) = §k1/5An([$ — kY + BTV % [0,1)),
1 — —
Ron(,y) = k"M ([0, 2) x [y = K777,y + K717)),

Wln(aj) = WAn([va] X [0,00]), W2n(y) = WAn([O’ OO] X [Ovy])’
WRn(‘ray) = WAn([O7I] X [O,y]),

and the process B,, by
Bn(x,y) = WRn(x7 y) - Rln(xa y>W1n(x) - R2n(x7 y>W2n(y)

Based on the definition of Z in (2.1) and the homogeneity property of A (i.e., A(tx,ty) =
1 . .
7A(z,y)), we define the approximating process Z, by

(4.1) ( 1/tan@ 1
An(1, tan 0) tan@/ de - )\n(l,taHG)/ Mdm
0 x 0 x
_ W2n(1)/ Moz, 1)dz., 6 [0,7/4
1/tan@
1 W (x) 1 tan 6 W. (1;)
Zn(0) = 1 1 / I e — M(1 1)— n
(0) An(1/tand, 1) i " dx — X\,(1/tan 6, )tan9 i . dx
00 tan 6
— Wgn(l)/ An(x, 1)dx — Wln(l)/ (1, y)dy, 0 € (n/4,m/2)
1 1
— Wan(1) An(x, )dx — Wi, (1) (1, y)dy, 0=m/2
\ 1 1
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where A, is the approximation of A defined by
1
An(Lyy) = kP AL (= K70 14 BT x [y = B0y T,y >0,
L.1ys ~1/6 ~1/6 ~1/6 ~1/6
An(@, 1) = 2B A ([ = K02+ BT L= BTYE 1 BTV, 2> 0.
Finally define the process A, by

arctan £
x [ —

(W, (Cz) + Zu(3)) +y |, (W, (Co) + Z,(0))dO if y > ,

L /4 sin? 6
An(x7y> T ﬂ_/4
(W, (Cx) + Zu(3)) — L-(Wa, (Cy) + Z,(0))do if y < .

arctan £ cos? 0

0]

First we consider the weak convergence of the weighted approximating processes. We
write Dy := D([0, 1]?) for the generalization of D[0, 1] to dimension 2, and L4 for the Borel
o-algebra on (D, d), where d is the metric on Dy defined in Neuhaus (1971).

Proposition 4.1. Let A be as in Theorem 2.3. Suppose that {A,},>1 is a sequence of
measures on [0,00]? \ {(0c0,00)} satisfying that for each T,y > 0

(4.2) A ([0, 2] x [0,00]) = [kx]/k,  An([0,00] x [0,y]) = [ky]/k
and
(43 s (A0, 0.3]) = A0, x 0.4])] 0

as n — o0o. Further suppose that

(44) sup |/\n($7 1) - )\(l’, 1)| - Oa sup |>‘n(1a y) - A(L y)| - Oa
0<z<1 0<y<1
(45) sup |Rjn(xay> - Rj<m’y)| - 07 j = ]-7 2)
0<z,y<1

as n — 0o. Then for each 0 <n < 1/2

A ) + B (2.) N [AGy) By :
{RE B g eoap] - {HEDERED ) e o),

weakly in Dsy.

Before proving this proposition, we present three corollaries. The last one is the main

result of this section.

20



Corollary 4.1. Under the conditions of Proposition 4.1 for each 0 < (3 < 3

B, B
(4.6) // ‘WH (@9)” da:dy—>// “’y+ @) gy
0<z,y<1 .I' \% y) 0<z,y<1 .75 Vv y)

as n — Q.

Let @Qp, be the quantile function of the random variable on the left hand side of (4.6)
and @ the quantile function of the random variable on the right hand side of (4.6).

Corollary 4.2. Under the conditions of Proposition 4.1, for each 0 < < 3 and for each
continuity point 1 —a (0 < a < 1) of Qy,

lim Qa,(1-0) = Qa1 ~a).

Next, with abuse of notation, we estimate A,, from the data, so it becomes random. In

Einmahl et al. (2001), A,, is defined as
1 < 1« 1 <
(4.7) An(4) = D Iy - D (U, - D Tsovy(V5)
i=1 j=1 j=1

1 n
i=1
where U; :=1— Fi(X;), V; :=1— F,(Y;) for i = 1,2, ...,n. Note that for z,y > 0

An([0,2) < [0,9)) = ¢ Z (Ui <Qun (ke /n), Vi<Qan(ky/n)}

So An([0,2) x [0,00]) = ([kz] — 1)/k < [kx]/k = A,(]0,2] x [0,00]) a.s. and A,([0,c0] X
0,9)) = (Tky] = 1)/k < [ky] /b = A([0,00] x [0, 3]) as

The final and main corollary deals with the random measures A,,, where the functions
derived from A,, like \,, are defined as before. In particular, we define @), , as the quantile
function of the random variable on the left hand side of (4.6), conditional on A, so it is

also random.

Corollary 4.3. Let A, be as in (4.7). Under the conditions of Theorem 2.3, we have for
each 0 < 5 < 3 and each continuity point 1 —a (0 < a < 1) of Qu, that

Qr, (1 —a) Eit Qu(l —a), as n — oo.
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For testing purposes, Corollary 4.3 shows that simulation of the limiting random variable

in Theorem 2.3 with A replaced with the estimated A, is asymptotically correct.

Now we turn to the proofs. In order to prove Proposition 4.1, by Prohorov’s theorem it
is necessary and sufficient to prove that
(i) The finite-dimensional distributions of {( A, (x,y)+ B,(z,y))/(xVy)", (z,y) € [0,1]*},>1
converge to those of {(A(x,y) + B(x,y))/(z V y)", (z,y) € [0,1]*},
(i) {(A.(z,y) + Bul(z,v))/(x V y)", (z,y) € [0,1]*},>1 is relatively compact.

For the relative compactness, we need several lemmas. First we present in Lemma 4.1
sufficient conditions for relative compactness ; the proof is similar to that of Theorem 15.5

in Billingsley (1968), see also Neuhaus (1971).

Lemma 4.1. Let P, be probability measures on (Do, Ly). Suppose that, for each positive n,

there exists an M > 0 such that
P,(x € Dy :|2(0,0)] >M)<n, n>1L.

Suppose further that, for each positive € and n, there exist a 6, 0 < 6 < 1, and an integer
ng such that

P,(x € Dy : sup |z(uy,v1) — x(ug,v2)| >¢) <mn, n>np.

u1 —ug|<6,[v1 —v2| <6
Then {P,}n>1 is relatively compact.

Lemma 4.2. Under the conditions of Proposition 4.1, for each ¢, a > 0
(i) [ YO gt o N(0,02), with o < 2¢, j=1,2,
(ii) P(sup;s. |W%(t)| >a) <2P(|W(2/c)| > a), j =1,2, where W is a standard Wiener

process.

Proof. (i) This follows from Proposition 1, page 42, in Shorack and Wellner (1986).
(i) Let W be a standard Wiener process. Since {W(t)/t,t > ¢} = {W(1/t),t > c},
then
P(sup [W(t)/t| = a) = P( sup [W(s)| = a) <2P([W(1/c)| = a).

t>c 0<s<1/c
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Write Ay, (t) for A, ([0, t] x [0, 00]). Since {Wy,(t),t > 0} L {W(A1,(t)),t > 0}, then
Plsup Win(0)/] 2 o) = Plowp |20 R0l0) 5

<P( sup [W(A,(1)/Mn(t)] = a) <2P(IW(2/¢)] = a),

A1n(t)>c/2

eventually (since t — 1/k < Ay, (t) < t). For j = 2 the proof is the same. O

Lemma 4.3. Define
Hyi= sup [Wi,(Co) + Zu(6)].

0€[0,7/2]
Then under the conditions of Proposition 4.1, there exists an ny € N such that

sup P(H, > a) =0(e™?) as a — 0.

n>ng

Proof. Define Hy,, 1= supye(o r/4 [Wa, (Co)+Zn(0)], Han := SUDpe /4,72y W, (Co) +Zn(0)],
and Hs, = |[Wy,(Cr2) + Z,(m/2)|. It suffices to verify that there exists an ny € N such
that

sup P(Hj, > a)=0(e"), j=12,3

n>ng
as a — oo. Here we only check it in case of 7 = 1. For the other two cases, the proofs are
similar.

Since for all n > 1
{Wa,(Ca).0 € [0,7/2]} = {W(Aa(C)), 0 € [0,/2]},
with W a standard Wiener process, we have

P(Hy, > a) < P( sup [W(A(Co))] = a/2) + P sup |Zu(6)] = a/2)

0€[0,m/4] 0€[0,7/4]
< 2P(|W(An(Crpa))| = a/2) 4 P( sup 1Zn(0)] = a/2).
0€[0,m/4

Clearly A, (Cr/4) < 1for all n > 1, and hence sup,,>; P(|[W(An(Cra))| > a/2) = O(e™?), as
a — oo.

From Einmahl et al. (2001), one has sup,. A(z,1) < oo and sup,. A(1,y) < oo. Then
by (4.4) there exists a constant Ao > 0 such that supy_,<; An(7,1) < Ag and supy.,<; An(1,y) <

Ao for large n. Using (4.2) and the fact that A, is a step function, one can prove with some
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effort that [~ A\, (z,1)dz < 2 and [ A\, (1,y)dy < 2 for sufficiently large n, hence by the
definition of Zn(Q), one has

) s[élpm 1 Z,(0)]
c|0,7m
1 1/tan@
<o Wln(x)dx’—i-)\o sup tanG/ Win x|+ Ao W2n '+2\W2n(1)]
0€[0,7/4]
YW, Win(z) Wan(z)
. / de’—k)\[)su : / 2 ‘+2\W2n(1)|,
0 z z>1

for sufficiently large n. By Lemma 4.2(i), ! Wl; ) dz and f ! WQ; @) 42 have centered normal
distributions with uniformly bounded variances for all n > 1. By Lemma 4.2(ii) there exist
an ng € N such that

sup P()\O sup Wi (z)| /x> a/8) < 2P(W(2) > a/(8)\)) = O(e™?)

n>ng

as a — o0o. Hence

sup P( sup |Z,(0)| > a/2)=0(e™?)

n>ng  0€[0,7/4]

as @ — 00. S0 sup,,s,, P(Hi, > a) = O(e™) as a — oo. O
Lemma 4.4. Under the conditions of Proposition 4.1, for each 0 <n < 1/2

(Gl eoenr)

15 relatively compact.

Proof. By the definition of Ry, and Rs,, one has

1
Rin(,y) = Sk A (o = k717 2+ k7/7) x [0, 00])

Lo (k(+ EU9) k(e — k715)]
B §k/ < k a k )

<1+1/EYP <2 if k> 1.

Also Rop(x,y) < 2 for k > 1. Hence it is sufficient to prove

{Wa, (z,9)/(@vy)" 2,y € [0, U}nz1,  {Win(2)/2" 2 € [0, }nz1, {Wanly)/y",y € [0, 1] 0

are relatively compact. Here we only show the proof of the first one. The proofs of the

others are similar.
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Setting 0/0 = 0, by Lemma 4.1 it suffices to prove that for each positive ¢, there exist a
d(0<é<1)and nyg € N (ny may depend on §) such that

W, (10 0 W, (10 0
(18) P sup 2,((0,2] x [0,9]) ~ Wa, ([0,4] x[0,0])] _ <e n>ne
| z,y‘,uévle[(),l‘] s ($ \/y)77 (u \/ U)n

We partition the square [0,1] x [0,1] into m? (m € N) small squares, say [0,1] x [0,1] =
Uit Ui, A, with Ay = {(z,y) 16 <o < (i +1)0,50 <y < (j + 1)d}, 6 := 1/m and

R

j =0,1,....,m — 1. In order to prove (4.8), it suffices to prove that for each positive e,

there exist a 0 (0 < 6 < 1) and ng = ng(d) € N such that

(4.9) . 2 P (sup

Wi, ([0,2] x [0,5])  Wa,([0,40] x [0, 5d])
@vyr o) ‘>€> <e n=np.

We consider the case i V j > 1 and the case ¢ = 7 = 0 separately. Let’s first look at the case
iV j>1. Assume i > j. Let S(x,y) :=[0,z] x [0,y]. Note that for (z,y) € A;;

‘WA ,x] x [0, y]) Wi, ([0, 0] x [073'5])’
(zVy) o"(i V j)"
) ‘wAn (v,9)) WAH<S<z5,j5>>’
(i0)"
_ [(@0)"Wy,, (5(i6, 36)) + () "Wy, (S(x, y)\S(2d, j6)) — 2"Wy,, (5(id, 7))
()"
< @)W, (S(z, y)\S(id, j9)) — (2" — (i0)") Wi, (5(id, j0))]
- (6)%7

(since x > id > y). Hence

P(S;P r, (0] X [0.]) Wi, ([0, x)[o,j51>‘>€)

|
(V) SV )
< Ploup| IS o %) plsup | W, (5168300 > )
< 4P(’WAn( ((i+1)d (55) )5)\5(@57]5))‘ > Z) +P(‘%WAn(S(i5,j5))‘ > f)_

Since A, (S((i+1)0, (j+1)6)\S(id,jo)) < 26+4/k for all iVj > 1, there exist n, = n.(J) € N
such that k, = k(n.) > 1/d and hence

An(S((i +1)8, (j + 1)8)\S(id, j6)) < 65, n > n..
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uniformly in ¢V j > 1. It follows that (i0) "Wy, (S((i + 1)d, (j + 1)0)\S(id,50)) has a
normal distribution with mean zero and variance o2 (i, j) satisfying o2 (i, j) < 66'~% for all
1> 7,1 >1,and n > n,. Hence for all € > 0

sup sup P(|(i6) "W, (S((i + 1), (j + 1)0)\S(i0, j6))| > e/4) = O(e ")

n>ny 1>45,1>1

as 0 — 0. On the other hand, note that %WA (S(i9, jo0)) has a normal distribution
with mean zero and variance 2 (3, 7) satisfying 62 (7, 7) < (i0)'2"((1+1/i)7 —1)? < 46172

So

(1+1/i)7— 1
su su P —_—
o 2 ( (i)

Wy, (S(i8, j8))| > £/2) = O(e™*" ")

as 0 — 0.
In case of j > 4,7 > 1 and case of i = 7 > 1, we can get similar results as above. Hence

(4.10)
m—1
sup Z P (sup
N2 551 Aij

as 0 — 0.

W, (0] % [0.5]) W (0.00] < 05)|  \ _ s srv
e SV ) ‘”)‘0(5 )

Now let us look at the case i = j = 0. By Lemma 3.2 (in fact we can replace R by A,

in that lemma), one has

4% .
(4.11) sup P ( sup An([(),Q?] X [O7y])‘ > 8) _ 0(6_5 1/2)
n>1 aVy<s (x Vy)n
as 0 — 0.
Since (4.10) and (4.11) imply (4.9), the result follows. O

Lemma 4.5. Under the conditions of Proposition 4.1, for each 0 <n <1

(v 0 <o}

Proof. The proof is similar to that of Lemma 4.4. We use the same notation for A;;

15 relatively compact.

and S. We only need to check that for each positive €, there exist a § (0 < 6 < 1) and
no = no(d) € N such that

m—1m—1
(4.12) P(

=0 4j=0

(z,y)  An(id,jo)
Vy)" am(i v j)"

>8>§6, n > ng.
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We consider the case ¢ V j > 1 and the case ¢ = j = 0 separately. Let us first look at the
case ¢V j > 1. In case of ¢ > j, ¢ > 1, note that for (z,y) € A;;

[An(2, ) /(2 V y)" = An(id, j0)/((i6) V (50))"]

(&1 — (1)) (Wi, (Coja) — Za(m/2)) — (a7 — (i6)1) /

arctany/x

w/4 1

(Wi, (Co) + Zn(0))d0

cos2 0

arctany/x 1
) [ (Wi, (C) + Zu(6)d8

2
rctanj/i  COS 0

< (i)((1+ 1/i)" — D)(1 + 7/2)Hy, + (i6)' (arctanj 1 arctan Z) 2 H,

1 (4

where H,, is defined in Lemma 4.3. Since (¢6)'7"((141/4)7—1) = O(6'~") and (id)'~"(arctan j%l—
arctan %) = 0(6'") as § — 0 and uniformly in 7,5 (i > j,4 > 1), then by Lemma 4.3 there
exists n, = n,(J) € N such that
(413) sup sup P(|Au(z,y)/(xV y)" — Au(i,j6)/(i8) v (j6))"] > £/2) = O(e ")
n>n. i>j,i>1

as 6 — 0.

In case of j > 4,7 > 1 and case of i = j > 1 we can get a similar result as (4.13). Hence
there exists ng; = n¢1(0) € N such that

m

(114) sup 3 P(Aufwy)/ @V y) = A,(08,46)/ () v (0))"] > ) = O~ ")

n2N01 4>

as 0 — 0.

Now let’s consider the case i = j = 0 and w.l.o.g. assumey > x. Thenfor 0 <z <y <§

[An(,y) /(2 V y)"|

= lay W, (Cop) + Zu(w/2) + 47 [ // sin~? 0(1W, (Co) + Z(0))d]
<571+ 7/2)H,y,.

Hence there exists ngs = ng2(d) € N such that

(4.15) sup P(sup |An(z,y)/(xVy)'| >¢) = O(e_‘s(nflw)

n>ng2 zVy<d

as 0 — 0.

27



Now (4.14) and (4.15) imply (4.12). O
Proof of Proposition 4.1. By Lemmas 4.4 and 4.5,

{An(xa y) + Bu(z,y)
(zVy)

(4.16) , (,y) €0, 1]2}

n>1
is relatively compact. It is easy to check that the finite-dimensional distributions of our
estimated processes in (4.16) converge to those of the limiting process, which completes the
proof. a
Proof of Corollary 4.1. After applying a Skorohod construction to the weak convergence
statement of Proposition 4.1, the proof is similar to that of Theorem 2.3. O
Proof of Corollary 4.2. Proposition 4.1 implies the weak convergence of the distribution
function of the left hand side of (4.6) to the distribution function of the right hand side of
(4.6). This property carries over to the inverse functions @y, and Q4. a
Proof of Corollary 4.3. From another Skorohod construction we obtain an a.s. version
of the statement of Theorem 2.2; without changing the notation we now work with this

construction. Since for 0 < xz,y <1

A([0,2] x [0,y]) = +y — Uz, y),
An([0,2] % [0,y]) = [kz/k + [ky]/k — lo(z,y) — 6a(z,y) /K

(0n(z,y) takes values in {0, 1,2}), it follows that for each ¢ > 0
(4.17) sup kY27, ([0, 2] x [0,9]) — A([0,2] x [0,4])] — 0 as.
0<z,y<1

as n — 00.

We now show that (4.2), (4.3), (4.4), (4.5) hold a.s. We already saw, below (4.7), that
(4.2) holds a.s. and the a.s. version of (4.3) follows immediately from (4.17).

By (4.17) and (4.2), it is easily follows that
(4.18) sup k2 7¢ A, (E) = A(E)| — 0 as.

Eeé

as n — 0o, where € := {F| E = [x1,22] X [y1,42],0 < 21 <29 <2, 0 <y <yo <2} Let
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Ey(z)=[r — kY0 2+ kY6 x [1 — k=16 1+ k~'/5]. Then

sup |)‘n(x7 1) - )‘(Ia 1)|

0<x<L1
1 1 1
— sup [EVBAL (B, (1)) — RVBA(E, (2)) + SRA(Ea(2)) — A, 1)|
0<z<1 4 4
< sup SEVIAL(Eu(0)) — A(BL(2))] + sup |SEVPA(E,(x)) — Az, 1)]
0<z<1 o<z<1 4

— 0 a.s. asn— oo,

as n — oo, by (4.18) and A(0,1) = 0. The proofs of supy_,<; [An(1,4) — AM(1,y)| — 0 as.
and supy, <1 | Rjn(z,y) — Rj(z,y)| — 0, j = 1,2, a.s. are similar. Hence (4.4) and (4.5)
hold a.s.

According to Corollary 4.2 we have

Qr,(1—a) = Qr(1 —a) as.

as n — 00, hence also in probability. a

5 Simulation study and real data application

In this section we present a small simulation study, making use of the results of section 4.
We will consider one distribution satisfying the domain of attraction condition and one that
fails to satisfy it. At the end of the section, we will apply our procedure to financial data.
Throughout we take § = 2 in the test statistic of (1.12).
Consider the bivariate Cauchy distribution restricted to the first quadrant, with density
2

f(l',y) = 7T(1—{—{E2+y2)%

, x,y>0.
It readily follows that

/ ry
A([va] X [an]) =r+y— I2+y2a )‘(xvy)zma 51373/>0

This distribution satisfies the conditions of Theorem 2.3; in particular (2.5) holds with o = 2
(see Einmahl et al. (2001), pp. 1409-1410). First we present in Table 1 the quantiles of the

(A(z,y) + B(=,y))*
//O'<J;,y<1 (I \ y)2 dxdy,

limiting random variable




using the approximation of section 4. We used 100,000 replications. With high probability

these quantiles are accurate up to 0.01.

p 025050 0.75 | 0.90 | 0.95
Q(p) | 0.10 | 0.14 | 0.22 | 0.34 | 0.44

Table 1: Quantiles of the limiting r.v. for § = 2 for the Cauchy distribution.

Now for sample size n = 2000, we simulate 1000 times the test statistic

[ _y) 2
k// (1(7379) 2(2%1/)) dxdy,
0<z,y<l (zVy)

for various values of k. Using the 0.95-th quantile above, we find the simulated type-I error

probabilities; see Table 2. In the ideal situation the number of rejections is a binomial r.v.

k| 20 40 60 80 | 100 | 125 | 150 | 175 | 200 | 250 | 300 | 400
& | .049 | .048 | .055 | .039 | .038 | .049 | .046 | .055 | .049 | .060 | .055 | .082

Table 2: Simulated type-I error for the Cauchy distribution: n = 2000 and « = 0.05.

with parameters 1000 and 0.05. So the numbers in the table are remarkebly close to 0.05.
Only for k& = 400, the bias seems to set in. In addition, in Figure 1 we see, for various k,
on the left for one sample of size n = 2000 the values of the test statistic and on the right
the median and 0.95-th quantile for the test statistic based on 800 samples. Note that the
behavior of the test statistic fluctuates with &, but that for all £ in the figure the value is
far below 0.44, the 0.95-th quantile of the limiting random variable.

Next we consider a distribution with uniform-(0, 1) marginals (a copula), which does not
satisfy the bivariate domain of attraction condition. Since both marginals are uniform, they
are in the univariate domain of attraction of the reverse Weibull law. So it is the dependence
structure that causes the failure. The distribution is an adaptation of a distribution in
Schlather (2001): take a density of 3/2 on the following rectangles: [2-(2m+1) 2-(2m)]
[2=Cr+D) 2-C"] for m = 0,1,2,... and r = 0,1,2,...; in this way a probability mass of
2/3 is assigned. The remaining 1/3 is assigned by taking the uniform distribution on the

line segments from (27(m+2) 2=Cm+2)y o (2-CmH1) 2=CmH1)) py — 0.1,2,..., such that
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Figure 1: Cauchy distribution: test statistic (left) and quantiles of the test statistic (right).

< <~
— test statistics
- -~ 0.95 quantile

— test statistics
- -~ 0.95 quantile

0 100 200 300 400 0 100 200 300 400

Figure 2: Alternative distribution: test statistics and 0.95-th quantiles of 2 samples.

(2m+2)

the mass of the m-th segment is equal to 2~ . In Figure 2, we see for varying k the

test statistics and simulated 0.95-th quantiles of two samples of size n = 2000 from this
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distribution. Again the test statistics fluctuate with k, but from a certain & on (and for
most values of k), the null hypothesis is clearly rejected.

Finally, we apply the test to real data, similarly as we just did for the simulated data
sets in Figure 2. The data are 3283 daily logarithmic equity returns over the period 1991-
2003 for two Dutch banks, ING and ABN AMRO bank. The bivariate, heavy-tailed data
are shown in Figure 3 on the left; on the right we see again the test statistic and 0.95-th

quantile. Since the test statistic is everywhere clearly below the quantile, we cannot reject

daily returns 1991-2003

0.2
1.0

—— test statistics
--- 0.95 quantile

0.1
|
0.8

0.6

ABN ARMO
0.0

0.4

-0.1
|

o
0.2

-0.2
|
0.0

-0.2 -0.1 0.0 0.1 0.2 0 100 200 300 400

ING k

Figure 3: Daily equity returns of two Dutch banks (left) and test statistics and 0.95-th
quantiles (right).

the null hypothesis. This is a satisfactory result, because it allows us to analyze these data

further, using statistical theory of extremes.

References

[1] Billingsley, P. (1968). Convergence of Probability Measures. Wiley, New York.

[2] Dietrich, D., de Haan L. and Hiisler, J. (2002). Testing extreme value conditions. Ex-
tremes, 5, 71-85.

32



[11]

[12]

[13]

[14]

Drees, H., de Haan L. and Li, D. (2004). Approximations to the tail empirical distri-

bution function with application to testing extreme value conditions. Submitted.

Drees, H. and Huang, X. (1998). Best attainable rates of convergence for estimators of

the stable tail dependence function. Journal of Multivariate Analysis, 64, 25-47.

Einmahl, J. (1992). Limit theorems for tail processes with application to intermediate

quantile estimation. J. Statist. Plann. Inference, 32, 137-145.

Einmahl, J., de Haan, L. and Piterbarg, V. (2001). Nonparametric estimation of the

spectral measure of an extreme value distribution. Ann. Statist., 29, 1410-1423.

de Haan, L. and Sinha, A.K. (1999). Estimating the probability of a rare event. Ann.
Statist., 27, 732-759.

Huang, X. (1992). Statistics of bivariate extremes. Thesis, Erasmus University Rotter-

dam. Tinbergen Institute Series no. 22.

Neuhaus, G. (1971). On weak convergence of stochastic processes with multidimensional

time parameter. Ann. Math. Statist., 42, 1285-1295.

Orey, S. and Pruitt, W. (1973). Sample functions of the N-parameter Wiener process.
Ann. Probab., 1, 138-163.

Paulauskas, V. and Rackauskas, A. (1989). Approximation Theory in the Central Limit

Theorem. Exact Results in Banach Spaces. Kluwer, Dordrecht.

Schlather, M. (2001). Examples for the coefficient of tail dependence and the domain of
attraction of a bivariate extreme value distribution. Statist. Probab. Lett., 53, 325-329.

Shorack, G. and Wellner, J. (1986). Empirical Processes with Applications to Statistics.
Wiley, New York.

van der Vaart, A. and Wellner, J. (1996). Weak Convergence and Empirical Processes
with Applications to Statistics. Springer, New York.

33



JHJE

Dept. of Econometrics & OR
Tilburg University

P.O. Box 90153

5000 LE Tilburg

The Netherlands

Email: j.h.j.einmahl@uvt.nl

LdH & DL
Econometric Institute
Erasmus University
P.O. Box 1738

3000 DR Rotterdam
The Netherlands

Email: ldehaan@few.eur.nl & dli@few.eur.nl

34



