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ABSTRACT

In this work we characterize boundedness and compactness of weighted composi-
tion operators acting between Dirichlet type spaces by using Carleson measures.
We also find essential norm estimates for these operators.
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1. Introduction

Let D denote the open unit disk in the complex plane C. We will use the notation
H (D) for the space of complex valued holomorphic functions on the open unit disk D.
Let ¢, € H(D) be such that ¢(D) C D. Then the weighted composition operator
W acting on H(D) is defined as

Wou(f)(2) = ¥(2)f(0(2))-
When 7 = 1, we just have the composition operator C,, defined by
Co(f)=foep.

Also if ¢ = I, the identity function, then we get the multiplication operator My,
defined by My (f)(2) = ¥(2)f(2).
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Weighted composition operators are a general class of operators and they appear
naturally in the study of surjective isometries on most of the function spaces, semi-
group theory, dynamical systems, Brennan’s conjecture, etc.

In this paper, we study the weighted composition operators between spaces of
Dirichlet type DE. We also obtain estimates for the essential norm of weighted com-
position operators on these spaces. For weighted composition operators on spaces of
holomorphic functions one can refer to [2,4,11,17,20,23] and the references therein.

For any a € D, define
a—z
a =7 €D7
7a(2) 1-a: ~

where 0,(z) is the M&bius transformation of D. Also

/ _ 1- |a|2
|Ua(z)|_ |1—6z|2
. (1= [af?) (1= [2])
1—la 1— |z
1_|Ua(z)|2: |1_az|2 :(1_|Z|2) |O'z/z(z)|7

for all a,z € D.

Let dA(z) = 2dxdy denote the normalised Lebesgue area measure on D. Also, let
dAn(2) = (1+a) (1 —|2[?)* dA(z) denote the weighted Lebesgue area measure on D,
where —1 < a < 00. For 0 < p < 0o and —1 < a < o0, the weighted Bergman space
LP% consists of those functions f holomorphic on D such that

wmw—<émmw%wfm<w

If @ = 0, we get the Bergman space L2.
For 0 < p < oo and —1 < o < 00, the spaces of Dirichlet type D consist of those
functions f holomorphic on D such that

Ifllpz = (If(O)I’”r /le’(Z)I”dAa(Z)>l/p < oo.

That is, f € DP if and only if f/ € LP®. The spaces D? are called Dirichlet spaces if
p > a+ 1. For a = 0, the space D} is the classical Dirichlet space. If p < a + 1, then
it is well known that D2 = L2:*~P (see e.g., Theorem 6 of [6]). Also D? equals to the
Hardy spaces H?. Further, D2 C D4, if 1 < g < p.

2. Boundedness and compactness

In this section, we characterize boundedness and compactness of W, , acting on
weighted Dirichlet spaces by using Carleson measures.
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Let p be a positive Borel measure on D. Let X be a Banach space of holomorphic
functions on D. Let ¢ > 0. We say that u is an (X, g)- Carleson measure if there is a
constant C' > 0 such that for any f € X,

/ F(@)du(z) < C|LFI%.
D

For s > 0, we say that p is an s-Carleson measure on D if there is a positive constant
C such that
u(S(b,h)) < CR°, (1)

for all b € 9D and 0 < h < 2, where
S(b,h)={2€D: |z —b| < h}.

A 1-Carleson measure will be simply called a Carleson measure. Similarly, u is called
a compact s-Carleson measure on D if

lim sup M

=0. 2
h—0 oD h# @

Also one can see that (1) and (2) are equivalent to

sup MED)
rcop
and
pSI)
FE=CEvIE ’

respectively, where |I| denotes the arc length of I and S(I) denotes the Carleson
square based on I, that is

S(I)={zeD:1-|I|<|z| <1, ﬁe]}.
z
A non negative measure y on D is called a Carleson measure for D? if there is a
constant C' > 0 such that

L 1@Pdue) < iy,

for all f € DP. That is, the inclusion operator ¢ from D? into LP(D,du) is bounded.
Again, we call Carleson measure for D, a vanishing Carleson measure for D? if the
inclusion operator i from D2 into LP(D, du) is compact.

The following theorem characterizes Carleson measures for D2.
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Theorem 2.1 ([24, Theorem 1, part(d)]). Suppose that & > —1 andp > a+ 1. A
non negative measure j on D is a Carleson measure for DY if and only if there is a
constant C' > 0 such that for 1 <p=a+1<2,

u(S(1)) < Clj,
for any I C OD.

Let 0 < p<g<ooand —1 < a < oo. Let ¢ € DE, ) € DI be such that ¢ is
self-map of D and ¢’ € LL™. Then we define the measures fi, 4 ¢ and vy 4 q O0
D by

hosoraB) = [ )¢ @)1 dA()
e~ (E)

and

towea® = [ W)
.

where E is a measurable subset of the unit disk D. Again for ¢» € L%, we define the
measure Vv, g on D by

owaB) = [ | WEN A

Using [2; 8, page 163], the following lemma, whose proof is omitted, follows easily.

Lemma 2.2. Take —1 < o < 0. Let ¢ € DL be such that (D) C D and ¢ € Di.
Then

/ 9(0) dptg s g () = / (=) @' (2)|%(g 0 0) (=) dAa (2)
D D
and

[ st dvosatw) = [ 1@ 0 0)() dAa),
D D

where g is an arbitrary measurable positive function on D.

We will state several theorems that we need for our work. Precise references are
given.

Theorem 2.3 ([10]). Take 0 < p < ¢ < 00 and —1 < a < oo. Let p be a positive
Borel measure on D. Then p is said to be a %(2 + «)-Carleson measure for L2* if

and only if LP* C LYD,dp). In this case the inclusion operator i from LP® into
LD, du) is bounded.

Theorem 2.4 ([10]). Take 0 < p < ¢ < 00 and —1 < «a < oo. Let u be a positive
Borel measure on D. Then p is said to be a vanishing %(2 + a) - Carleson measure
for L2 if and only if L2* C LY(D,du). In this case the inclusion operator i from
L2 into LY(D,dp) is compact.
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Theorem 2.5 ([4, Theorem 7]). Let p be a positive measure on D. Let 0 < ¢ < p < 00
and —1 < a < co. Then the following statements are equivalent:

(i) pis a (LB™, q)—Carleson measure.
(i) Ba(u) € LG/,
where Bo (1) = [ oL (W) dp(w).

Theorem 2.6 ([5, Theorem 1]). Suppose that 0 < ¢ < p < 00, —1 < a < 0o and let
u be a positive measure in D. If p < a+ 2, then DY, C LY(D,dp) if and only if p is
a (a —p+2)-Carleson (vanishing Carleson) measure.

Theorem 2.7. Suppose that 0 < p < q < 0o, —1 < o < o0 and let p be a positive
Borel measure on D. If p < a+ 2, then the following statements are equivalent:

(i) The inclusion i : DY, — Li(D,du) is bounded.

(ii) The measure j1 is a %(a — p+ 2)-Carleson measure, that is, there is a constant
Cy < oo such that
u(S(1)) < Cy |1[F(eP+2),

(iii) There exists a constant Cy < 0o such that for any a € D
[ o au) < ca
D

The above result was proved by several authors. The equivalence of (i) and (ii)
can be found in Theorem 1 of [6], and a proof of the equivalence of (ii) and (iii) can
be found in [1].

Theorem 2.8. Suppose that 0 < p < q < 0o, —1 < o < o0 and let p be a positive
Borel measure on D. If p < a+ 2, then the following statements are equivalent:

(i) The inclusion i : D2 — L1(D,du) is compact.

(ii) The measure p is a vanishing (o — p + 2)-Carleson measure, that is, there is
a constant Cy < oo such that

p(s))
1COD [I|—0 |]|%(a—p+2)

(iil) For all a € D, we have

lim / o, (2)|# P+ du(z) = 0.
D

la]—1
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Lemma 2.9. Suppose that 0 < p < q < o0 and —1 < a < c0. Let ¢ be a holomorphic
self-map of D and let v € DL be such that W, from DF, into DI is bounded. Then
Wy .y from DE into DI is compact if and only if whenever { f,} is a bounded sequence
in DE, converging to zero uniformly on compact subsets of D, then ||W 4 (fn)l|pz — 0.

Proof. We know, by hypothesis, that W, , from DZ, into DI is bounded. If {f,} is a
bounded sequence in D?, then from the growth estimate, it follows that

1
1—lzf’

for all z € D. Using [22, Lemma 1.10] and (3), we only need to prove that the closed
unit ball of D? is a compact subset of D? in the topology of uniform convergence
on compact subsets of D. Let {f,} be a sequence in the closed unit ball of D then
from (3), {fn} is uniformly bounded on compact subset of D. By Montel’s Theorem
[3, page 137], there is a subsequence {f,,} and an analytic function g such that
fn, — ¢ uniformly on compact subsets of D. We show that g € DI :

|fn(2) = fu(0)|P < Cl[fullp log (3)

/ ()~ 2Py dAz) = / lim |7, (]7(1 — |=?)°dA(z)

< hm mf/ | (2)]7(1 — |z|2)*dA(z)
< lim mf||fnk||pg,
by Fatou’s lemma. This gives g € DZ. O

Now, we can prove the following theorem.

Theorem 2.10. Suppose that 0 <p < g < oo and —1 < a < 00. Let ¢ € DE be such
that ¢ is a self-map of D and v € LT, For p < a + 2, if the measure vy, 4 q s
vanishing 1(a — p + 2)-Carleson measure, then the operator Wy, y from D, into L™
is bounded. Moreover, W, y from DY, into LL is compact.

Proof. We need to show only compactness. For this, let {f,,} be a bounded sequence
in LP* such that f,, — 0 uniformly on compact subsets of D as n — oco. Suppose
gn € DP such that g/, = f, and g,(0) = 0 for every n. Then the sequence {g,} also
converges to zero uniformly on compact subsets of D as n — oco. Now, we have

[We,p(gu)ll] 0 = / 19(2)]7](gn © ©)(2)]? dAa(z)
:/D|gn(w)|quga,w,q(w) — 0, as n — oo.

Thus W, : DE, — L% is compact. The proof is finished. O
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Remark 2.11. Using results from [7], Theorem 2.10 can be proved for the following
cases by adjusting the Carleson measure:

(a) For 0 < p < ¢ < oo and a = p — 1, we have to take v, , as a vanishing
q/prarleson measure.

(b)) If 0 < p < 2 and a = p— 1, then we have to choose v, 4 , as a vanishing
1-Carleson measure.

(¢) Fr0<p<l1l,—-l1<a<p—1landp < g < oo, we can take v, y , as a vanishing
1(a = p + 2)-Carleson measure.

(d) If a+1 < p < a+2, then we can take vy, y 4 as a vanishing 1(a—p+2)-Carleson
measure.

Theorem 2.12. Take 0 <p < g < o0 and —1 < a < 0. Let ¢ € DE be such that ¢
is a self-map of D and let ¢p € DL. For p < a + 2, suppose that the measure v, g 4
is a 1(a — p + 2)-Carleson measure. Then the operator W, from DE into DI is
bounded if and only if Wy, per from L2 into L™ is bounded.

Proof. Suppose W,y from DF into DI is bounded. Then there exists a constant
C1 > 0 such that
||W<p,w(f)”qu <Ci HquDg for all f € DE.

Also, by Theorem 2.10, we can find a constant Cs > 0 such that
We,pr ()l ae < C2 || fl|p forall f € DE.
Take f € L2*. Let g € D? be such that ¢’ = f and g(0) = 0. We have

||W<p,w<p'(f)”ngﬂ = H‘/’Sﬁ/fO%’Hngﬂ

¥’ foe+igoe—1goelisa
[(¥g o <P)IHngﬂ +[l¢'g o SDH%g’a
HWSOH/J(Q)”qu + HW%W(Q)”%g’Q
(C1+C2) llgllty, = (€1 + Co) %
This implies that W, g : LEY — L%% is bounded.

Conversely, suppose that the operator W,y from LP® into LL* is bounded.
Take f € DP such that f(0) = 0. Then we have

[Wew ()l D [(f o @)[|] g
Yo' frop+9' fopllga
[Weper (f )13 a0 + [[We,upr (f)|Lae < 00

IN

IN

IN
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Theorem 2.13. Suppose that 0 <p < g < oo and —1 < a < 00. Let ¢ € DE be such
that ¢ is a self-map of D and let ¢ € DL. For p < o+ 2, suppose that the measure
Ve q 15 @ (o — p+ 2)-Carleson measure. Then the operator W, y, from DE into
DY is bounded if and only if

1— |a|2 Z(2+a)
e /D (m) At o g(w) < 00.

Proof. Suppose that W, 4 from D? into DI is bounded. Then by Theorem 2.12,
Wo per from LE* into LL* is bounded. This means that their exists a constant
C' > 0 such that

IWe e (g < Cll Ly
That is,

/D [W(2)¢" ()U](f 0 9)(2)]? dAa(2) < C || fl|7 5.0 for all f € LG

Therefore by Lemma 2.2, we get

/D )9t (0) < C %

So by using Theorem A of [5], we get that

1— |a|2 L(2+o)
SUP/ <7> dpip gt q(w) < o0
D

a€eD |1 —EW|2
O

Theorem 2.14. Suppose that 0 <p < g < oo and —1 < a < 0o. Let ¢ € DE be such
that ¢ is a self-map of D and let ¢ € DI. For p < a+ 2, if the measure vy 4 15
%(a —p+2)-Carleson measure, then the operator W, y from DY, into DL is compact
if and only if W, per from LB into L™ is compact.

Proof. First suppose that W, 4 from DE into D is compact. Let {f,} be a bounded
sequence in LP* such that f, converges to zero uniformly on compact subsets of D
as n — oo. Let g, € DP be such that g/, = f,, and g,(0) = 0 for every n. Then the
sequence {g,} also converges to zero uniformly on compact subsets of D as n — co.
Also, W, from D? into DY is compact. This implies that ||[W, 4 (gn)||%g converges
to 0 as n — oo. Again, by Theorem 2.10, W, 4 : Df, — LI“ is compact. So
HW%W(gn)H%g,a also converges to zero. Now, we have

HW%ww(fn)Hngva = Yy fao ‘PHngva

V¢ fn o0+ gn o @llLae + 1 gn 0 ol g
[(@gn © ©) 1700 + W (gn) |7 0.0
HWWW(gn)qug + ||W<p,w’(9n)”ng,ﬂ'

IN

IN
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Therefore ||[Wo,ypr (fn)l|] g0 — 0 as n — oo. Thus, Wy, e : L — LT is compact.

Conversely, suppose W, o from L into LI is compact. Then again, by
Theorem 2.10, W, 4+ : D — L%“ is compact. Let g, be the same sequence as in the
direct part. Then, we have

IWoslga)lhy = N(tbgn 0 @) [0
= |[W¥'gnop+ ¢ gnopl]aa
< Wowe Gl g + W (@)l g — 0, a5 11— 0.
Thus, W, 4 : DP, — DY is compact. The proof is finished. O
Theorem 2.15. Take 0 < p < ¢ < 00 and —1 < o < 00. Suppose ¢ € DY, such that
@ is a self-map of D and let ¢ € DI. Let p < oo + 2 and suppose that the measure

Vol q 15 @ %(O& — p+2)-Carleson measure. Then W,y from DF, into DI is bounded
if and only if the measure iy pp g 5 @ %(a + 2)-Carleson measure for L.

Proof. Suppose that W, from D, into DY, is bounded. Then, we can find a constant
C4 > 0 such that
W (Pl < Crll ISy,

for all f € DP. Let f € D? be such that f(0) = 0. Also, by Theorem 2.11, we have
W o from LE* into LT is bounded. Then there exists a constant Cy > 0 such
that

HW%w«p’(f/)Hngﬂ < Cy Hleng’a for all f € DE.

Thus
/D [Y(2)¢" ()17](f 0 ) (2)? dAa(2) < Co | f'[|]p.

for all f € DP. Therefore by Lemma 2.2, we get
L ) < Co 17

Thus by Theorem 2.3, we get that pi, yer g is a 2 (a + 2)-Carleson measure for L2*.

Conversely, suppose that the measure ,u%q/w i a I(a + 2)-Carleson measure.

Also, by hypothesis the measure v, 4 4 is a %(a — p + 2)-Carleson measure. Our

aim is to prove that W, : D% — DI is bounded. Also, we have (¢Y(f o ¢)) =
Yo' (ffop)+ ' (foy). Take f € DE. So by Lemma 2.2, we have

/w 2 (0(2)) | dAu /|f )| Ui gt g (1) < 00

Again, since f € D, we have

/D W ()19 17 (p(2))] dAa / | F(@) v g w) <

Thus W, y : DE, — DY is bounded. The proof is finished. O
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Theorem 2.16. Let 1 < g < p < 00 and —1 < o < c0. Let o be an analytic self-
map on the unit disk D and ¢ € LL*. Then W, 4 is bounded from LE* into LL* if

and only if Ba(Ve,p.q) € LB/pmae

Proof. We know that W, 4 is bounded from LP“ into LZ® if and only if for any
f € LP, there is a constant C' > 0 such that

Wi ()l < CUF %

This means that
L EIIT o @) dAa(e) < CU Al e

Therefore from Lemma 2.2, we have
L1 ) < Ul

Thus v, g 4 is a (L2, ¢) —~Carleson measure and so Ba (Vi4,9) € LE/ree, O

Theorem 2.17. Suppose that 0 < p < g < o0 and —1 < o < 00. Let p € D be such
that ¢ is a self-map of D and let ¢v € D. For p < a + 2, suppose that the measure
Vo' g 15 @ vanishing %(a —p+2)-Carleson measure. Then W, y, from DE, into D, is
compact if and only if the measure i,y g 15 0 vanishing %(a + 2)-Carleson measure
for LB

Proof. Suppose that the measure py ¢ is a vanishing %(a + 2)-Carleson measure
for L. Also, by hypothesis the measure vy, 1 q is a vanishing (a — p + 2)-Carleson
measure. We show that the operator W, 4 from D? into DY is compact. Let f, be
a bounded sequence in D? with f,, — 0 uniformly on compact subsets of D, we have
to prove that ||Wyy(fn)llps — 0. Again, since [[Woyu(fo)lpe = ¥ (fn 0 ©)(0)] +
[[(&(fr o gp))’Hng,a, we only have to show that ||(¢(f, o <p))’|\ng,a — 0. Again by
Theorem 2.10, we have (f, o ¢) € DE for every n. Hence

IN

(o) Ihge < [ BE I 0 PEN dAul:)

+ /D (0 D)7 dAa ()

[ i) aw) + [ ()t gf0)
D D

We replace the sets S(b, h) by the equivalent windows W (b, h) defined as

W(b,h)_{zeﬁl |z| < h, — eQ(bh)}
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where Q(b,h) = S(b,h) N 9D. Given € > 0, we may find ho so that u(W(b,h)) <
eh? @+ for all b € D and h < h,. If p1 is the restriction of pg to D\ (1 — ho)D,
then y is a (o +2)-Carleson measure with p(W (b, h)) < 2e h# @2 (see [3, Theorem
3.12]). This implies that there is a constant C' < oo such that

[ 1r@itdntu) < Cel .
for all f € LP:*. Now, take the integral
[ 1) dngsraw) = [ £ (0) g g ()
D D\(1—ho)D
F [ R g aw).
(1—ho)D

Since f,, — 0 uniformly on compact subsets of D, we can find N, such that if n € N
and n > N,, we have that |f] (2)]? < m, for all z € (1 — ho)D. Thus we

have

€

/( o M i) <

< (1 — ho)D) = e
to g (1 = ho)D) el

Also
[ @) = [ )
D\ (1—ho)D D\ (1—ho

)D
/ | (w)P dja(a)
D

eClfullpze
eC,

IN

IAIA

because we can take ||f,’l||%ga < 1. Thus we get

/D L (0)|7d g g (1) < (14 C) e,

Since the measure v, 4 is a vanishing %(a — p + 2)-Carleson measure, we have
Jp [fn(w)|? dv g g(w) — 0 as n— oo. Thus W, from D2 into DY is compact.
Conversely, suppose that W, 4 is compact. Our aim is to prove that the measure
Moyl ,q 18 & vanishing %(a + 2) -Carleson measure for LP®. By Theorem 2.10, we
have W, from DF into LI* is compact. Let {f,} be a bounded sequence in LL*
such that f,, — 0 uniformly on compact subsets of D. Consider the function g, € D?
such that ¢/, = f, and g, (0) = 0, for each n. Then the sequence g,, also converges to
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zero uniformly on compact subsets of D as n — co. Also by Theorem 2.14, W, ¢ :
Lh* — L9* is compact. So ||Wy yer(fn)| Lo — 0. Thus, we have

WesoUFllige = [ 106 Gl 0 DI dAa (2
= /D|fn(w)|qdﬂq;,ww,q(w)—>0, as n — 00.

Therefore by Theorem 2.15, we see that i, gy, is a vanishing %(a + 2)-Carleson
measure for L2, The proof is finished. O

Theorem 2.18. Suppose that 0 < q < p <2, o =p—1 and the measure v,y 4 5 G
vanishing 1-Carleson measure for DF. Also suppose that W, 4 is bounded (respectively
compact) on DP. Then W,y is bounded (respectively compact) on DY.

Proof. For q < p, by Holders inequality we have

Lo, ppr,q(S(b, h)) = / o) [(2) @' (2)]7 dAs(2)
p-1 ,
a (r—q)
< z) ¢’ (2)|P dAa(z 1dAn(z
_< / BN OLOLZN >> (/ ey el >>

(p—q)

= Hppi',p (S (b, h))% Aa @™ (S(b,h)) 7

Also, the composition operator C, is bounded on the Bergman space, so by Theorem
4.3 in [14], A, ¢! is a Carleson measure for the Bergman space. Thus

(p—q)

P q(S(b,h) < Ch™ 7 g per p(S(b, h))%-

Again W, 4 is bounded on DE, by Theorem 2.15, we can find a constant C' such that
Lo p(S(byh)) < Che+2) for all b€ 9D and 0 < h < 2. Thus we have

fip g (S(byh)) < C AT,

That is, the measure fiy, y g is a (a+2)-Carleson measure for L2*. Hence by Theorem
2.15, W, 4 is bounded on DY.
Similarly, we can prove this result for compactness. [l

Our next result concerns bounded weighted composition operators mapping D?
into DI for 0 <p < ¢ < o0, p<a+2and —1 < a < oco. Our result will be expressed
in term of intergal operators:

o= [ () ot
a) = I EE——— gl
b \|T —az]? Heoape' g
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1(a—p+2)
1_ |a|2 F(a—p+
v = e Ta— d / .
(a) /D (|1—EZ|2> Vo, ;Q(w)

Theorem 2.19. Let ¢ € DE, be such that (D) C D and ¢ € Di. Let 0 < p < ¢ < 00
and —1 < o < oo. For p < v+ 2, suppose that the measure vy yr 4 15 @ %(a -p+2)
Carleson measure. Then the weighted composition operator W, y from DF into DI
is bounded if and only if the functions ®(a) and V(a) belong to L>(D).

and

Proof. Since W, : DY, — DY is bounded, by using Theorem 2.15, we get that the
MeEASUTe [y yy',q 18 @ L(a+ 2) Carleson measure for L. Therefore by Theorem A

of [5], we have

(e
/D |U:z(w)|P( +2) i, pyr,q(w) < 00.

1_ |a|2 L(at2)
/D (m g pgrq(w) < 00.

Again by hypothesis, the measure v, 4 4 is a Z(a — p + 2) Carleson measure. Thus

by Theorem 2.7, we have :

That is,

That is,

3. Essential norm estimates

In this section, we find the estimates for the essential norm of W, .
We need the following two lemmas.

Lemma 3.1. For 0 < r < 1, let us denote D, = {z € D : |z| < r}. Let u be a positive
Borel measure on D. Take

u(S)) n(S(1))
= Su 2 = su 7 )
[l o paHC lull = sup IRt

where I is an arc in the unit circle OD. Let p, = D\ D,.. Thus, if p is a Carleson
measure for the weighted Dirichlet spaces DY, for 0 < p < ¢ < oo, p < a+ 1 and
—1 < a < oo, then so is py. Also ||pr]| < M| \pllr, where M > 0 is a constant.
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Lemma 3.2. For 0 <r <1, let u be a positive Borel measure on D. Denote

[[ll7 = sup /DIUZ(Z)I%(Q_””)du(Z)-

la|zr

If wis a (DE,q) -Carleson measure for 0 <p < q<oo, p<a+2and -1 < a < oo,
then so is pr. Also, ||| < C |||k, where Cis an absolute constant.

[aB]

Proof. By Lemma 3.1, we only need to show that ||ul|, < C|lul|%, where C is an
absolute constant. Take an arc I C D with |I| <1 — 7. Let a = (1 — |I|)e?, where
' is the centre of I. Then |a| = (1 — |I|) > r. By a geometric consideration, it can
be proved that for any z € S(I), |07, (z)] > 4/(25]I]). Thus

12 S(I 9 (q— 9 (q—
m((i()lz) < (25/4)807) /S o [T D du(z)

< @ [ @ due)
< (25/4)p 77Dl
Taking supremum over the arcs I with |[I| <1 —r, we get
[luall < (25/4)% 7P+ ] 7.

Therefore by Lemma 3.1, ||pr|| < M||ur]] < Cljp|lf. Thus the result is proved with
C = M(25/4)3 @ P+, O

Lemma 3.1 and Lemma 3.2 can also be proved for the weighted Bergman spaces.
Only we have to take exponent %(a + 2) in place of %(a —p+2).

Take f(z) = >, arz" analytic in D. For a positive integer n, define the operators
Ruf(z) =372, 41 a2’ and K,, = I — R,,, where I is the identity map.

Now recall that the essential norm ||[W, 4|l of a bounded operator W,  is its
distance (in the operator norm) from compact operators, that is,

IWslle = inf Wy — K.

where the infimum is taken over all compact operators K.
Then we have the following lemma.

Lemma 3.3. If W,y is a bounded from DY, into D for 0 <p < g < oo, p<a+2
and —1 < o < 00, then

||W<p,wHe < nh—>ngo inf ||W<p,an||-
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Proof. Since (R, + K,,)f = [ for every n, where K,, is a compact operator. Then we
have

IWewf 1l = W, (Bn) f + We,y (Kn) f|

Thus
Weulle < [WeuRn + WepKnle
< HWsaﬂbRnHe
< [WepRall-
Therefore ||[Wy y|le < limy, o inf ||[Wy 4Ryl O

In the following theorem, we give the upper and lower estimates for the essential
norm of a weighted composition operator.

Theorem 3.4. Let ¢ € D? be such that (D) C D and ¢ € DL. Take 0 < p < ¢ < o0
and —1 < o < 00. For p < o+ 2, suppose that the measure vy q is a (o —p+2)
Carleson measure. Let W,y be bounded from DF, into DL. Then there are absolute
constants C1,Cy > 1 such that

limsup [|[(We,p)0alpe < [[We,ullE < C1 limsup ®(a) + C2 limsup ¥(a),

|a]—1 la]—1 la]—1

where

4 (+2)
1— a2 \#F
(I)(a):/[) <|7> dhp g (W)

1 —az|?

Z(a—p+2)
1—la]® \?
Y(a) = _— AV g )
(CL) /D<|1—EZ|2> Vo, »Q(W)

Proof. First we prove the upper estimate. Now by Lemma 3.3, we have

and

HW@WHZ

IN

lim inf HW%q/,RanDq
< lim inf sup ||[(WypRn) -

nm | ||y <1

However, for any fixed 0 < r < 1,

[WewRnfllDg

GO (R (@O + (@) (Raf 0 2) (@)Y |20
0(0) (R f(0(0)]7 + /D (2 R f(9(2))) |94 An (2).
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Now the term [(0)(R,, f(¢(0))] is bounded as n — oco. Thus we have

I(WewRn)fllpg = /Dl(w(Z)(Rnf(w(Z))))’lqdAa(Z)

IN

/D 0(2)! (2)|7] (B £ (0(2) A (2)
n /D (1B f)(0(2)) " An(2).
- / (B ) ()7 ditip i a)
D
n /D (R ) (@) dvip g g(w):
- / (R ) @), (@)
D\D,

n / (R ) ()7 ditip i g )

4 /D (Ru)(@)|? dvg gy o)
= I+ 1+ Is.

Also by Theorem 2.15, W, 4, from D, into D¢ is bounded. So the measure piy e g
is a 1(a + 2)-Carleson measure. From the proof of Proposition 3 in [4], we see that
for a given € > 0 and n large enough,

[(Rnf) (W) < ellf'lee
Thus
Ir < €| fllpe e a(Dr) < €l fllpe 196 [| g

Therefore for a fixed r, we have

wp [ RSV @ ga0) = 0, a5 .
D,

||f”7)g§1

On the other hand, if ji, e q,» denotes the restriction of measure fiy g to the set
D\ D,, then by Theorem 2.7 and Lemma 3.2, we have

I

/ (R ) () [Pt .0 ()
D\D,

< M ||Uso,w<p',qm””(R"f)/”%’é“"
< M Mpgwe gl f s
< MM [t 00 all7s
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where M and M’ are absolute constants and || yer.q|ls is defined as in Lemma 3.2.
Also by using similar techniques as above, we can show that the intergal I5 is also
bounded by M; M{ Vg, q|l5, where My and M| are absolute constants. Therefore

lim inf sup ||(WeuRn)fllpe < lim inf M M’ ||pe e qllr

=00 ]l <1
—|—nlLH;oiIlfM1 My vy gl

Thus [Weul[d < M M’ |pepe qlly + My M ([vg,gqll7-
Taking r — 1, we have

[Weoull < M M’ }EHIHM%WD’,QH: + My My Tlgnl Vg0l

— M tmsup [ [0 @@ g )
D

la|—1

+M; M, limsup/D |U;(W)|%(a_p+2) AV, q(w)

la|—1
o 1— |CL|2 (a+2)q/p
= MM 1II;1|S;L>11I)/13 <m) i o g (W)
. i
+My My 1|Hf|s—l»llp/D (m) AVt q(w)
= MM 1‘imlsu%)<1)(a) + My Mj llimlsulplll(a),

which is the desired upper bound.

Now, we prove the lower estimate.

The set {0, : a € D} is bounded in DE. Also (0, — a) — 0 as |a| — 1 uniformly
on compact sets in D, since

1—|af?
ru(e) = al = Al
Also, fix a compact operator K from D7, into DZ. Then ||K (o, — a)|pz — 0, as
la| — 1. Thus ||K(04)|[ps — 0, as |a| — 1. Therefore

[Wep = K| > lim sup | (W~ K)oullog

v

|ii|131 sup(|[(Wy,¢)oallpe — [[Koa| D

|£131 sup [|(We,404) [l pg -

Hence
Wl = Wiy — K18, = limsup [(Wip.i)a S,

la]—1
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O

Corollary 3.5. Let ¢ € DF be such that p(D) C D and let ¢ € DI. Take 0 <
p<qg<ooand —1 < a < oo. Forp < a-+ 2, suppose that the measure vy 4 15 @
%(a —p+2) Carleson measure. Let W,y be a bounded operator from D?, into DY.

Then W is compact from DE, into DY if and only if

1 |a|2 z(a+2)
li —_— d , =0
m Sup‘/D (|1 —EZ|2) Heo e (W)

la|—1

1— |a|2 $(a—p+2)
li — dveg =0.
m Sup‘/D (|1 —EZ|2> Vo, 7¢Z(w)

|a|—1

and

By using Theorem 2.14 and Theorem 2 of [5], we can prove the following theorem.

Theorem 3.6. Suppose that 0 < p < g < oo and —1 < a < 0o0. Let ¢ € DL be such
that ¢ is a self-map of D and let ¢v € D1. For p < a + 2, suppose that the measure
Ve, ,q 18 a L(o—p+2)-Carleson measure. Suppose the operator Wy, from DE, into
D4 is bounded. Then there exists a constant C' > 0 such that

|ii|I—I»11 sup Iy o < |[Wo per |2 < C‘ii‘r_{ll sup Lo 0,

1— |al? (2+a)q/p
e [ (2 i

1 —awl?

where

The following corollary is now immediate.

Corollary 3.7. Suppose that 0 < p < ¢ < 00 and —1 < a < c0. Let ¢ € D? be such
that ¢ is a self-map of D and let ¢v € D. For p < a + 2, suppose that the measure
Ve,p',q 15 a vanishing L(a — p +2)-Carleson measure. Then the operator Wy from
DP into DL is compact if and only if

1— |al? (2+a)q/p
lim sup/D (7> dpig e q(w) = 0.

la]o1 11— aw?

Now we will deal with some results related to composition operators on Dirichlet
type spaces.

Theorem 3.8. Suppose that 0 < p < g < oo and —1 < a < 0o. Let ¢ € DP be such
that ¢ is a self-map of D. Then the composition operator C, from DF, into DI is
bounded if and only if the measure v, 4 5 a %(a + 2)-Carleson measure for LP.
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Proof. Let f, € D and let g, € LP® be such that f) = g, and g¢,(0) = 0. First
suppose that C, from D? into DI is bounded. Also Cy, from D?, into DY is bounded
if and only if there is a constant C' > 0 such that

ICoFalldy < CllEallS

By using Lemma 2.2, we have

ICo iy = [ 17n(w)l*drt ) < CI £l

Thus
/D 190 (1) 70, () < Cllgallyo

Therefore by using Theorem 2.3, we get that the measure v, 4 is a %(a + 2)-Carleson
measure for L. O

Similarly, we can prove the following result.

Theorem 3.9. Suppose that 0 < p < g < o0 and —1 < a < 00. Let p € D? be such
that ¢ is a self-map of D. Then the composition operator C, from DF into DI is
compact if and only if the measure v, 4 is a vanishing %(a + 2)-Carleson measure for
Ly,

Similarly, we can prove these results for the following cases:
(i) 0<p<2anda=p-—1.
(i) 0<p<l,-l<a<p-—landp<q<oo.
(iil) a+1l<p<a+2.
(iv) 0<p<g<ooand a=p— 1.

Acknowledgements. The author is indebted to the referee for many valuable com-
ments and pointing out many mistakes in the paper.

References

[1] R. Aulaskari, D. A. Stegenga, and J. Xiao, Some subclasses of BMOA and their characterization
in terms of Carleson measures, Rocky Mountain J. Math. 26 (1996), no. 2, 485-506.

[2] M. D. Contreras and A. G. Herndndez-Diaz, Weighted composition operators on Hardy spaces,
J. Math. Anal. Appl. 263 (2001), no. 1, 224-233.

[3] C. C. Cowen and B. D. MacCluer, Composition operators on spaces of analytic functions,
Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1995.

[4] 7. Cuékovié¢ and R. Zhao, Weighted composition operators on the Bergman space, J. London
Math. Soc. (2) 70 (2004), no. 2, 499-511.

Revista Matemdatica Complutense
487 2009: vol. 22, num. 2, pags. 469—488



Sanjay Kumar Weighted composition operators between spaces of Dirichlet type

11]

[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]

(21]

(22]
(23]
[24]
[25]

[26]

, Weighted composition operators between different weighted Bergman spaces and differ-
ent Hardy spaces, Illinois J. Math. 51 (2007), no. 2, 479-498 (electronic).

T. M. Flett, The dual of an inequality of Hardy and Littlewood and some related inequalities,
J. Math. Anal. Appl. 38 (1972), 746-765.

D. Girela and J. A. Peldez, Carleson measures, multipliers and integration operators for spaces
of Dirichlet type, J. Funct. Anal. 241 (2006), no. 1, 334-358.

P. R. Halmos, Measure Theory, Graduate Texts in Mathematics, vol. 18, Springer-Verlag, New
York, 1974.

R. A. Hibschweiler, Composition operators on Dirichlet-type spaces, Proc. Amer. Math. Soc.
128 (2000), no. 12, 3579-3586 (electronic).

H. Koo and W. Smith, Composition operators between Bergman spaces of functions of several
variables, Recent advances in operator-related function theory, Contemp. Math., vol. 393, Amer.
Math. Soc., Providence, RI, 2006, pp. 123-131.

R. Kumar and J. R. Partington, Weighted composition operators on Hardy and Bergman spaces,
Recent advances in operator theory, operator algebras, and their applications, Oper. Theory
Adv. Appl., vol. 153, Birkhauser, Basel, 2005, pp. 157-167.

D. H. Luecking, Forward and reverse Carleson inequalities for functions in Bergman spaces
and their derivatives, Amer. J. Math. 107 (1985), no. 1, 85-111.

, Multipliers of Bergman spaces into Lebesgue spaces, Proc. Edinburgh Math. Soc. (2)
29 (1986), no. 1, 125-131.

B. D. MacCluer and J. H. Shapiro, Angular derivatives and compact composition operators on
the Hardy and Bergman spaces, Canad. J. Math. 38 (1986), no. 4, 878-906.

M. J. Martin and D. Vukotié¢, Isometries of the Dirichlet space among the composition operators,
Proc. Amer. Math. Soc. 134 (2006), no. 6, 1701-1705 (electronic).

A. Montes-Rodriguez, The essential norm of a composition operator on Bloch spaces, Pacific J.
Math. 188 (1999), no. 2, 339-351.

, Weighted composition operators on weighted Banach spaces of analytic functions, J.
London Math. Soc. (2) 61 (2000), no. 3, 872-884.

J. H. Shapiro, The essential norm of a composition operator, Ann. of Math. (2) 125 (1987),
no. 2, 375-404.

, Composition operators and classical function theory, Universitext: Tracts in Mathe-
matics, Springer-Verlag, New York, 1993.

J. H. Shapiro and W. Smith, Hardy spaces that support no compact composition operators, J.
Funct. Anal. 205 (2003), no. 1, 62-89.

W. Smith, Brennan’s conjecture for weighted composition operators, Recent advances in
operator-related function theory, Contemp. Math., vol. 393, Amer. Math. Soc., Providence,
RI, 2006, pp. 209-214.

M. Tjani, Compact composition operators on some Mobius invariant Banach spaces, Ph.D.
Thesis, Michigan State University, 1996.

E. Wolf, Weighted composition operators between weighted Bergman spaces and weighted Ba-
nach spaces of holomorphic functions, Rev. Mat. Complut. 21 (2008), no. 2, 475-480.

Z. Wu and L. Yang, Multipliers between Dirichlet spaces, Integral Equations Operator Theory
32 (1998), no. 4, 482-492.

K. H. Zhu, Operator theory in function spaces, Monographs and Textbooks in Pure and Applied
Mathematics, vol. 139, Marcel Dekker Inc., New York, 1990.

N. Zorboska, Composition operators on weighted Dirichlet spaces, Proc. Amer. Math. Soc. 126
(1998), no. 7, 2013-2023.

Revista Matemadatica Complutense
2009: vol. 22, num. 2, pags. 469-488 488



