WEIGHTED DIVISOR SUMS AND BESSEL FUNCTION SERIES

BRUCE C. BERNDT! and ALEXANDRU ZAHARESCU

Abstract. On page 335 in his lost notebook, Ramanujan records without proof an identity involving
a finite trigonometric sum and a doubly infinite series of ordinary Bessel functions. We provide the
first published proof of this result. The identity yields as corollaries representations of weighted divisor
sums, in particular, the summatory function for r9(n), the number of representations of the positive

integer n as a sum of two squares.

1. INTRODUCTION

In this paper we establish identities that express certain weighted divisor sums as
double series of Bessel functions. Our main result, stated in Theorem 1.1 below, is
an identity claimed by Ramanujan on page 335 in his lost notebook [14], for which no
indication of a proof is given, and which has not been heretofore proved. (Technically,
page 335 is not in Ramanujan’s lost notebook; this page is a fragment published by
Narosa with the original lost notebook.) The identity involves the ordinary Bessel
function J;(z), where

Jy(2) = Z n!F(i_—i—l):—i— 0 <%>V+2n, 0 < |z| < oo, veC. (1.1)

n=0

To state Ramanujan’s claim, we need to first define

if x i t int
Flz) = {[m], ?f x %s no .an integer, (12)
T — 5 1I x 18 an Integer,

where, as customary, [z] is the greatest integer less than or equal to .

Theorem 1.1. I[f0 <0 <1 and z > 0, then

i F (%) sin(2mnf) = mx (% — 0) — icot(w@)

(1.3)

+§\/§n220m2:1 vm(n+6) - vmn+1-—20)
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We emphasize that (1.3) is not the formulation given by Ramanujan in his lost
notebook. Ramanujan claims that

[ﬂ sin(270) + [g] sin(470) + [g] sin(670) + E] sin(870) + - - -

= m (§ —6) — § cot(h) + %\/Ei {J1<47W mbz) _ Ji(dmy/m(1 —)z)

5 —

Vg = 0)
+J1(47T\/M) J1(47T\/M) i J1(47T\/m) ... } (1.4)

Jml+0)  J/m(2-0) Vm(2+0)

“where [z] denotes the greatest integer in z if z is not an integer and z — 3 if x is an
integer.” Since Ramanujan employed the notation [z] in a nonstandard fashion, we have
introduced the notation (1.2). Also, note that the order of summation in the double
series on the right side of (1.3) has been reversed from that given by Ramanujan on
the right side of (1.4). It could be that in an unorthodox fashion, Ramanujan meant
that the distributive law must be employed in (1.4), and so his view of (1.4) may
actually be the same as ours in (1.3). Extensive numerical calculations confirmed, in
fact, that if Ramanujan’s identity were to be true, our version (1.3) must be correct.
Moreover, calculations indicate that Ramanujan’s double series, under the most natural
interpretation of (1.4), converges to another value, possibly 0; thus, the two orders of
summation apparently yield different results.

Note that the series on the left-hand side of (1.3) is finite and discontinuous if x is
an integer. To examine the right-hand side, we recall that [17, p. 199], as z — oo,

I, () ~ <i)m cos ( — Lvm — Lr). (15)

T

Hence, as m,n — oo, the terms of the double series on the right-hand side of (1.3) are
asymptotically equal to

1 oS (47T\/m - %W) - cos (477\/m(n +1—0)z — %71')

71'\/51‘1/47)13/4 (n -+ 9)3/4 (TL -+ 1— 6)3/4

Thus, if indeed the double series on the right side of (1.3) does converge, it converges
conditionally and not absolutely.

Before proving (1.3), it is natural to ask what led Ramanujan to the double series
on the right side of (1.3).

Let 79(n) denote the number of representations of the positive integer n as a sum of
two squares. In connection with his significant work on the famous circle problem, in
1915, Hardy [9], [10, pp. 243-263] proved that

Z /7"2(77/) =7r+ im(n) <%>1/2 Ji(2my/nz), (1.6)

0<n<lzx

where the prime / on the summation sign on the left side indicates that if x is an
integer, only 1ry(z) is counted. Observe that the series on the right side of (1.6) is
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similar to the inner series on the right side of (1.3). Moreover, the sums on the left side
in each formula are finite sums over n < x. Ramanujan might therefore have derived
(1.3) in anticipation of applying it to the circle problem. When Hardy published his
paper [9] in 1915, Ramanujan was at Cambridge University, and he must have been
intrigued by Hardy’s identity. In this same paper, Hardy relates a beautiful identity of
Ramanujan connected with r5(n), namely, for a,b > 0, [9 p. 283], [10, p. 263],

( ) w4/ (n+a)b Z —2m4/ (n+b)a
n=0 "Tl*_a n=0 " n_+ ’

which is not given elsewhere in any of Ramanujan’s published or unpublished work.

To see the connection between (1.3) and divisor sums, note that if the factor sin(27nf)
were missing on the left side, then the sum on the left side of (1.3) would coincide with
the number of integer points (n,l) with n,l > 1 and nl < x, where the pairs (n,!)
satisfying nl = x are counted with weight 1/2. It follows that

()= ¥

1<n<z

where d(n) denotes the number of divisors of n, and the prime / on the summation sign
indicates that if x is an integer, only 3d(z) is counted.

Therefore one may interpret the left side of (1.3) as a weighted divisor sum. In
this way we can also obtain, for instance, exact formulas for divisor sums twisted by
Dirichlet characters. If ¢ is a positive integer and x is an odd primitive character
modulo ¢, and if we denote

= x(h), (1.7)

k|n

then we obtain a formula for the corresponding twisted divisor sum Y, .. 'd,(n),
where the prime / on the summation sign has the same meaning as before.

Theorem 1.2. Let q be a positive integer, let x be an odd primitive character modulo
q, and let dy(n) be defined by (1.7). Then, for any x > 0,

1<h<q/2 n=0 m=1 ,/m(n+5) ,/m(n+1—§)

(1.8)

z\f Z iio: (47r,/m(n+ M)z ) Ji (47r\/m(n+1—§)x)

where L(s,x) denotes the Dirichlet L-function associated with the character x, and
7(X) denotes the Gauss sum
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In particular, let x be the nonprincipal Dirichlet character modulo 4. Recall Jacobi’s
famous formula [12],

(n) =4 (=1)“ V2 =4d,(n), (1.9)
dﬂgd

for all positive integers n. Then by Theorem 1.2 we can conclude the following repre-
sentation for Zogng$lr2(n).

Corollary 1.3. For any x > 0,

(1.10)

Recall that the famous circle problem is to determine the precise order of magnitude
for the “error term” P(z) defined by

Z ,7'2(71/) = nx + P(z). (1.11)

0<n<zx

In [9], Hardy showed that P(z) # O ((zlogz)"/*), as x tends to co. Most efforts
toward obtaining an upper bound for P(z) have ultimately rested upon (1.6), (1.5),
and methods of estimating the resulting trigonometric series. At present, the best
result in this direction has been established by N. M. Huxley [11], who proved that
P(z) = O(2'3Y/1%%), Will (1.10) lead to greater success in estimating P(z) than (1.6)
has been? A possible advantage in using (1.10) is that ro(n) does not occur on the
right side of (1.10), as in (1.6). On the other hand, double series are likely to be
more difficult to estimate than a single infinite series. Analogues of the problem of
estimating the error term P(z) for >, .. 'ra(n) exist for many other arithmetical
functions a(n) generated by Dirichlet series satisfying a functional equation involving
the gamma function I'(s). See, for example, a paper by K. Chandrasekharan and
R. Narasimhan [7]. Again, representations for the summatory function > _ a(n) in
terms of Bessel functions play a critical role. However, in many cases »_ _ a(n) may
not be representable in terms of an infinite series of Bessel functions, but, for sufficiently
large positive numbers ¢, Y a(n)(x —n)? can be so represented. See, for example,
[6], [1], and [2]. Is there an analogue of (1.8) for >, _ 'd,(n)(z — n)? for complex
q? If a(n) is generated by a Dirichlet series satisfying a functional equation involving
I'(s), is there an analogue of (1.8) for Y _ a(n); if so, can it be extended to provide
a representation for Y _ a(n)(z — n)?, for complex g, as a double series of Bessel
functions? Bessel function identities for > __a(n)(x —n)? are, in fact, equivalent to
the corresponding Dirichlet series satisfying a functional equation involving I'(s) [6].
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2. PROOFS OF THEOREM 1.2 AND COROLLARY 1.3

We derive Theorem 1.2 from Theorem 1.1. First, we rewrite the given twisted divisor
sum in terms of the function F', namely,

> an) =3 F (£ xim )

Secondly, we write x(n) as a linear combination of values of sin(2wnf) for certain
appropriate values of §. Thus, using the well known identity [5, p. 9, Thm. 1.1.3]

n) = 1 - - 627rz'nh/q
i = i D54

where
q
T(X) — X<7n>e27rim/q7
m=1

and the fact that y is odd, we see that

21 B . 2mnh

x(n) = ) Z X(h) sin ( ) : (2.2)
X 1<h<q/2 q

Third, recall the classical formulas (e. g., see [4, Thms. 3.2 and 13.3])

> xm =" 2 - 2Ly (23)
1<h<q/2
and B
> xh =T () 1y £y, (2.4)
1<h<q/2

Combining the last two equalities, we find that

=25 3w (5-1). (25)

1<h<q/2

Lastly, recall the elementary identity

wh 9 4 (27Tjh)
cot (| — ) =—- jsin | —— | . 2.6
(7)) =5 (% 26)
J_
Multiplying both sides of (2.6) by x(h), summing on h,1 < h < ¢/2, inverting the
order of summation, using (2.2), recalling that x is odd, employing the identities (2.3)

and (2.4), and appealing to the fact that 7(x)7(x) = —¢ for odd x [5, Thm. 1.4(a),
p. 10], we find that

> xlh) ot (”—h)z—jzy > wmsin (2)

1<h<gq/2 q j=1 1<h<gq/2
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:__xz_f

__ _>_< ( x(5)
0<j<q/2 /2<J<q
—X( )—q > x()
0<j<q/2 0<j<q/2
% (W - 1200 - Y vz - 2201,

Hence, from (2.7),

() 42 q 27 (X)

Finally, let # = h/q, multiply both sides of (1.3) by 2ix(h)/7(X), and sum on h,1 <
h < q/2. On the new left side of (1.3), we find that

2 Y % ZX ( >Sm<27mh) ZF< ): Z,dx(n)

T()_C) 1<h<q/2 1<n<lz

by (2.2) and (2.1). On the new right side of (1.3), we use (2.5) and (2.8) to deduce the
right side of (1.8). This then completes the proof of Theorem 1.2.

To derive Corollary 1.3, first note that if x = x4, the nonprincipal primitive character
of modulus 4, then 7(x4) = 2i. Next, multiply (1.8) by 4, use (1.9), and add 1 to both
sides to complete the proof.

3. REDUCTION TO TRIGONOMETRIC FUNCTIONS

The remainder of this paper is devoted to a proof of Theorem 1.1.

In this section we first convert (1.3) into an identity for a double series of trigonomet-
ric functions, Theorem 3.1, which is perhaps as intriguing as (1.3) and in which Bessel
functions do not appear. Then we proceed to show that this double series converges
uniformly for 0 < 6 < 1. The proof of convergence is considerably involved and will
be postponed to the next section. In Section 4 we then use the fact that if a series
converges uniformly, its Fourier series coefficients uniquely determine the sum of the
series. Thus, in the last part of our proof, we establish the Fourier series on the left
side of (1.3).

Next, we convert (1.3) into an identity for a double series of trigonometric func-
tions. To proceed, we employ Poisson’s summation formula [16, pp. 60-61]. If f(¢) is
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continuous and of bounded variation on [0, 00), and if [ f(t)dt exists, then

0)+ ) f(m) = /0 h ftydt +2) /0 h f(t) cos(2mmt)dt. (3.1)

Let us apply (3.1) with
Jp <47r t(n+ G)x)

1) = CE)

(3.2)

Making the change of variable u = 47+/t(n 4 0)x and using the differentiation formula
J1(u) = —J}(u), which is easily derived from (1.1), we find that

/f fhdt = n+9f/

, B 1
C 2n(n+ 9)\/5/0 Jolu)du = 2r(n +60)/x’

where the evaluation of the integral on the far right side is a consequence of (1.5) and
(1.1). To evaluate the integral

(3.3)

/OO f(t) cos(2mmt)dt = /Oo N <47T\/m>

) cos(2mmt)dt, (3.4)

we appeal to the formula [8, p. 771, formula 6.725, no. 2]

/0°° JV(\CL[;/E) cos(bt)dt = \/gcos (g—z - % - %) T <gz> (3.5)

where Re v > —1 and a,b > 0. Hence, employing (3.5) with a = 4wy/(n + 0)x,
b= 2mm, and v = 1 and then using the familiar formula

2 .
Jij2(w) =4/ —sinz,

which is easily derivable from the definition (1.1), we find from (3.5) that

B 1 .o (m(n+0)x
_W(n—i—ﬁ)\/fsm ( - ) : (3.6)
Lastly, from the definition of f(t),
21/
£(0) = lim TV O o (3.7)

t—0 t(n+0)
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Hence, using (3.7), (3.3), and (3.6) in (3.1), we find that

~ J (47r\/7m>
ot mZ:1 m(n + 6)

- ! 2 3 sin? Ln—i- O)
N 27T(n+0)\/5+7r(n+9)\/5mz_1 ( m ) - (3.8)

Similarly,

it i Ji (47r\/m(n +1-— 9)3:)

m(n+1—0)

o 2 e (rntiz6)
_2W<n+1—9)ﬁ+w(n+1—9)\/§;sm ( m ) (3.9)

Subtracting (3.9) from (3.8), we deduce that

~ {Jl (4Wm) o <47T\/m(n+ 1 9):10) }

E: vm(n+0) vm(n+1—0)

m=1

1 1
2z \n+60 n+1-10

2« 1, (m(n+0)x 1 .o (m(n+1—0)x
+7T\/§n;(n—l—98m( - ) g - . (3.10)

We now sum both sides of (3.10) on n,0 < n < co. Now,

> 1 1 N
Z<n+0 n+1—9) N ZNn—i—H m cot(nf)

n=0 n=—

Hence, so far we have shown that

00 00 {J1 (471’\/m> Ji <47r\/m(n+ 1— 6)1’) }

—2\1/§c0t(7r0)
T %ii <ni98in2 (W(n;mx> N n+i—esmz (W(nii_e)x)) ‘

(3.11)
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Multiplying both sides of (3.11) by 1,/z, we write (3.11) in the equivalent form

VxS0, ) = § cot(mb)

N 1 < 1 Gin? <7r(n+9)x) B 1 i (7T(7Z+ 1 —0)x)> (312)
Ted i< \n+0 m n+1—10 m

Comparing (3.12) with (1.3), we see that it suffices to prove the following theorem.
Theorem 3.1. For 0 <6 <1 and x > 0,

ZF( ) sin(2mnf) — 7o (5~ 0)
:—ZZ(THQSIH (W(nn—l;@)x)_n—i_i_esinQ(ﬁ(n—l—;—@)x))‘ 5.13)

n=0 m=1

The identity (3.8) was, in fact, first proved by S. L. Segal [15]. The proof of (3.8)
that we have given is due to Berndt [3, pp. 158-162], who actually proved more general
identities using the character Poisson summation formula. See also a related paper by
T. Kano [13].

In the following paragraph, we outline our methods in proving Theorem 3.1.

Fix z > 0 and allow 6 to vary in (0,1). It will be convenient to set 6 = 3 +¢, —3 <
t < . Then (3.13) takes the shape

22 (H e (mc(n‘:n%“)) —n+11_ﬁm2 (W))

2

i ( ) sin(27nt) + wxt. (3.14)

It is easily seen that the inner sum on the left side of (3.14) converges for any fixed n.
Set

1 . mz(n+ 1 +1) 1 . rr(n+ 3 —1)

(3.15)
Each function f,(t),n > 1, is continuous on the compact interval [—3, 3]. Also, fo(t) is
well defined and continuous on (-1, 1) and can be extended by continuity to [—31, 3].
If we can show that Y 2 f,.(t) converges uniformly on [—1, 1], then
=Y L), tel-13) (3.16)
n=0
will be continuous on [—3, 5]. Then, by (3.14), we need to prove that
1 = x
—F0) = 3 (-1)"F (2) sin(2ent) + mat. 3.17
L0 =31 F (L) sinrnt) + 7 3.17)

n=1
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Since both sides of (3.17) are continuous functions of ¢, and since the Fourier coefficients
of a continuous function uniquely determine the function, (3.17) will be established if
we can show that both sides of (3.17) have the same Fourier coefficients. Moreover, if
we can show that the sum on the left side of (3.17) is uniformly convergent on [—1, %],

then

1/2 ‘ 0o p1/2 ‘
fe)e e =y~ Fa()e*m L. (3.18)
—1/2 n=0 —1/2

4. THE CONVERGENCE PROBLEM

We now address the task of showing the uniform convergence of the series in (3.16).
For all (large) n, write

fa(t) = Au(t) + Bu(t) + Cu(t) + Dy (1), -3 <t<g,
where
)= > cmalt), (4.1)
1<m<n/ log® n
By(t) := > Crn(t), (4.2)
n/log® n<m<nlog?n
Calt) = D Cunlt), (4.3)
nlog? n<m<n3/2
Du(t) == Y cmalt), (4.4)
n3/2<m
where
1 1t 1 1
(1) = 71811@ (w) _ 7151112 (M) . (4.5)

We now show that each of the series A,(t), B,(t), C,(t), and D,(t) is uniformly
convergent.
First, since | siny| < |y| for all real numbers y, we find that

21222 (n + 1)
—_—

|ema(t)] < (4.6)

m
For m larger than n we use the estimate

i (mz(n+§+t)) _mr(n+3+1) +O(n_3)

m m m3
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to deduce that

enn(®) 1 (w2x2(n+§+t)2 Lo (n_4))

REEREY m?

1 w2a?(n+ 1 —t)? nt
S (o)
n+§—t m m

Cmi(n4 5 +t) mrt(n+ g —t) O(n3)
- 2 - 2 ™
m m

o) o(z)

where here and in the sequel the constants implicit in the O-symbols may depend on
z. For m > n?2, the estimate above reduces to

emn(t) = O ( ! ) , (A7)

m2

|. Tt follows that

D,t)y=0{ > % =0 (#) (4.8)

m2n3/2

uniformly for ¢ € [—3,

Hence, the series Y_>° | D, (t) converges uniformly for t € [—3, 1].

Next, we examine A, (f). Here we do not have an upper bound for each individual
A, (t) to ensure the absolute convergence of >~ | A,(t), as we had for > > D,(t).
Instead, we average the terms A, (t) over intervals of the form [N, N + N/log® N] in
order to produce enough cancellation to ensure (uniform) convergence of the series.
For m < n/log®n, we write ¢, ,(t) in the form

1 11 2rz(n+ 1 + 1)
Cmn(t) =———— | 5 — 5 cos
’ n+s+t\2 2 m

1 (1 1 (zwx(n+§—t)))
——— (35— 5cos
n+§—t 2 2 m

t 1 2rz(n+ 5 + 1)
=— - coS
(n+3)2—t2 2(n+3;+1) m
1

cos (2m;(n +3— t)>

2n+3 -t m

:% (COS<2m(n;;%—t)) —cos(zﬂx(n;%—i_t)))—l—O(%), (4.9)

where we have used the fact that

_|_

1 1 1
()
2n+5£t) 2n n
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Using (4.9) in (4.1), we find that

An(t):% 3 (COS<27W(7L;‘L%_75))_COS(Qﬂx(n;%—H&)))

1<m<n/ log® n

1
+0
<n10g5n)

1 Y s (—QFxt)sm (L@”“Ll)) +O< L ) (4.10)
n m m nlog’n

1<m<n/ log® n

uniformly for —% <t< %

We now choose N sufficiently large and average A, (t) over a set of integers from an
interval of the form [N, N’], with N’ € (N, N + N/log® N], where N and N’ are both
integers. Now,

S A= Y s (27;ft> sin (%) +0 (%) .

N<n<N’ N<n<N’
1<m<n/log®n

This further implies that

S A0

N<n<N’

DS

1<m<N'/log® N’

1
0
i (10g8N>

T 1 . (mx(2n+1) 1
< - “sin [ ——2 )| +0( —— .
- Z m Z n i ( m > * (10g8 N)
1<m<2N/log® N N<n<N'
n/log® n>m

sin (22|30 L (2D

N<n<N'
n/log® n>m

From the definition of N’, we observe that
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Hence,

S A

N<n<N’

mx | 1 . (mx(2n+1) N — N
< et et Sl -
- Z m | N Z sm( m ) +O(N10g3N)

1<m<2N/log® N N<n<N’

n/log® n>m
1
+0(——
(10g8 N )

e 1 , (7rx(2n + 1)) ( 1 )
N § : — E sin{ ——— ||+ 0| —=—= | .
N 1<m<2N/log® N m N<n<N' m log” N

n/log® n>m

(4.11)

It should be remarked that on the right side of (4.11) we need the error term to be
that small; more precisely, an error term of the form

()
log® N

would be insufficient. Next, the inner sum on the right side of (4.11) has the form

Smi= > sm<%ﬂ)),

NI <n<N'

for some N/ that depends on m. We distinguish two cases. If x/m is an integer, then
clearly S,, = 0, and so such values of m, if there are any, can be excluded from the
summation on the right side of (4.11). On the other hand, if z/m is not an integer,
then e?>™/m — 1 £ 0, and we write

S _l E (emx(Qn—&—l)/m . 6—7ri;t(2n+1)/m)
m .
21
NI <n<N'
wix/m —miz/m
:e E eQﬂixn/m . € § : 6727riwn/m
21 NI <n<N’ 21 NI <n<N'
m—""— m—""—

Therefore,

2wizN/ /m _ 627Tia:(N’+1)/m ’

‘Sm| < Z 627rimn/m _ ’6

|627ria:/m _ 1|

NI <n<N’
2 2 1
< , = , , = : 4.12
>~ |€2mw/m _ 1| |e7rz:n/m _ e—mm/m| |sm(7m:/m)‘ ( )

If we consider the real numbers z/m, 1 < m < 2z, and select the one that is closest to
an integer, without being an integer itself, and if we let 6(x) denote the distance from
this number to the closest integer, then §(x) > 0, and d(x) depends only on z. Thus,
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for any integer m such that 1 < m < 2z, by (4.12), we deduce that

1 1
S| < ———F—~=0 | — ) =0(1), 4.13
501 < eatmag = © (77) =00 1)
since x is fixed. For any m with m > 2z, clearly, mz/m € (0, 37), and so sin(rz/m) >
comz/m, for some absolute constant ¢y > 0. Thus, for such m, by (4.12),

m
S| <

+ O(m). (4.14)

CoTTx

Employing (4.13) and (4.14) in (4.11), we deduce that

> A1) =0 % > %-m +0(10g%N>

N<n<N’ 1<m<2N/log® N
1
0 (7) , (4.15)
log” N
uniformly in ¢ € [—3, 3].

We are now ready to show that the series >~ A, (¢) converges uniformly for ¢ €
[—%, %] As an intermediate step, let us choose two large positive numbers N7 and Ns

such that Ny < Ny < 2N;. We seek an upper bound for the sum ZN1§n§N2 An(t).
In order to derive such a bound, we divide the interval [Ny, No] into subintervals of
the form [N, N'], with N < N’ < N + N/log®? N, and for each of them we apply the
upper bound from (4.15). Clearly, since Ny € [Ny,2N;], we obtain a partition of the
subinterval [Ny, Ny, with the number of subintervals bounded by log® N;. We then
deduce from (4.15) that

S A

N1<n<Ns

1
=0 4.16
(10g2N1) ’ ( )

uniformly for —% <t< % In particular, if we apply (4.16) with Ny = 2% and N, = 2F+1,
for some positive integer k, we find that

Y A =0 (%) (4.17)

2k Sn§2k+1

uniformly for ¢ € [—3, 3]. Lastly, if N and N’ are arbitrary positive integers such that
N < N’, we choose k and k' such that 28 < N < 2k+1 and 2 < N’ < 2+1 and then

apply (4.16) and (4.17), as appropriate, to the intervals
[N, 2FF1] [2k+1 ok+2) (2K =1 oK 2 N'].

We therefore conclude that
1 1
k<t<k'

> A

N<n<N’
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uniformly for —% <t< % The estimate (4.18) implies, by Cauchy’s criterion, that the
series of functions Y >” | A,(t) is uniformly convergent for —1 < ¢ < 1.

Next, we turn to the series >~ C,(t). As was the case with the functions D,,(t),
the functions C,,(¢) are small enough to ensure the desired absolute and uniform con-
vergence. In order to show this, we first derive some sharper estimates for the terms
Cm.n(t) in the corresponding range nlog?n < m < n3?. First, since

Gin? (Wa:(n—l—%ﬂ:t)) _0 (n_Z) |
m m
it follows that

3 (Sin2 <7Tx(n -;% +t)) in? (m;(n -;% — t)))

nlog? n<m<n3/2
~0 > ) _o(-2 (4.19)
N m? | log*n/)

nlog? n<m<n3/2

Also,
1 1 1
~+0 (ﬁ) . (4.20)

n+ i+t "
By (4.19), (4.20), and (4.5), we then derive that

bt = X (s (W) i (W))

nlog? n<m<n3/2

oL xR (im0

nlog? n<m<n3/2

1 . (2mxt\ . [(7mr(2n+1) 1
=— Z sin| — |sin | —————= | + O 5
n m m nlog®n

nlog? n<m<n3/2

1 1 n 1
—0| = ~.2li0
n Z m m - <n10g2n>

nlog? n<m<n3/2

1 1 1
=0 — O =0 4.21
Z m? + (nloan) <nlog2n> 7 (4:21)

nlog? n<m<n3/2

-+

uniformly for —3 <t < . It follows that the series > > | C,,(t) converges absolutely
3 St<

Lastly, we turn to the sum Y >0 | B,(t). For n/log’n < m < nlog’n, we use the
estimates

I oIV Lt (2
n+%j:t_n+%$(n+%)2 n3 _n+%:Fn2 n3 /)’

N[

and uniformly for —
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16
sin’ (—mm t3d t)) —sin? (T) 40 (l) —sin? (T) 40 (logS n) :
m m m m n
and
oy (7m(n+%+t)) .y <7m(n+%—t)> , (27T:L‘t> , (7rx(2n+1)>
sin® [ ——2—— | —sin | ———=—— | =sin | —— |sin | ——= ],
m m m m

in the definition of B, () to derive that
rz(n+ 5 +1t)

mo= 2 G ()

n/log® n<m<nlog?n

() e () o ()

n+i  n?

)

! > Q%%?%mcwﬁﬂv
)

)

_ L 3 <2 sin? (7

o 1
nt 2 n/log® n<m<nlog?n
TN log® n nlog®n
)+o<g ) +0< e >
n
n/log® n<m<nlog?n
, (27r:ct) , (7m(2n +1)
S1n sm|{ ———

__ 1 3

n+ % m
n/log® n<m<nlog?n

2t log"
_ 2 3 sin? (@) i) ( 0g2”) . (4.22)
n/ log® n<m<nlog?n m "

We would like to approximate each of the two sums on the right side of (4.22) by an
appropriate integral. Before we do this, we slightly modify the first sum. On the given

range of m, we observe that

2t o xt 1 orat log!?
sin( ”>= i +O(—3): i +O<Og3n), (4.23)
m m m m n

and so the contribution of the error term from (4.23) in (4.22) is

log* n _0 (log”n)

1
ol Z n3 n3

n/log® n<m<nlog?n

Hence, from (4.22),
2mat 1 2 1
By=""" v Ly (M)
n 2 n/log® n<m<nlog?n m m
2t .o [TTN log" n
- — — O 4.24
> () o (s (4249

n?
n/log® n<m<nlog?n
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Next, we apply the Euler-Maclaurin summation formula to the function

o) = 1o <m~(2n + 1))

Yy Yy
to find that
1 . [(mzx(2n+1) nlog®n nlog?n
> — sin <7) =/ g(y)dy+/ {y}d' (y)dy
m m n/log®n n/log®n

n/log® n<m<nlog?n

—ﬁﬂ%%ﬂﬁnbgn%+{b;n}g( >,(4%)

where {x} denotes the fractional part of x. The last two terms on the right side of
(4.25) are each bounded by (log”n)/n. Also, for n/log’ n < y < nlog®n, we see that
1 . (7r:17(2n + 1)) mx(2n + 1) (mc(Qn + 1))

- cos [ ———=

!
J(y) = — —sin
y? y y3 Yy

1 n log™ n
o (i) =0 (%)

nlog?n . lo 17n
/ {y}g'(y)dy = O ( gn ) :

/log®n

log® n

and hence

Using this last estimate in (4.25), we conclude that

1 2 1 n10g2n 1 92 1 ] 17
3 _sm(w>:/ _Sm<w)dy+0(og n)
n/log® n<m<nlog?n m m n/ log® n Yy ) n
nlog?n 1 92 1 1 17
:/ _(Sin(ﬂxn>+0(_)>dy+0<0g n)
n/logbn Y Yy ) n
nlog?n 1 9 loo!7
:/ —sin ( m:n) dy + O ( o8 n) . (4.26)
n/log®n Yy ) n
On the far right side of (4.26), make the change of variable u = 2ran/y to find that

1 2) 1 2rxzlog®n - 1 17
S (ALY [ o (BE) L g
m m 2 u n

2
n/log® n<m<nlog?n ma/log”n

Recall that

Clearly,

/%W@nm”m:0< 2).
0 u log”n

Also, by an integration by parts, we easily see that

/°° Sinudu:O( 15 )
27z log® n u lOg n
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Using these last three equalities in (4.27), we find that

Z L sin mz(2n +1) 210 —12 :
m m 2 log”n

n/log® n<m<nlog?n

Inserting this last result in (4.24), we arrive at

‘xt 2t 1
B—r-n Y e (M) o ()
nt 2 " n/log® n<m<nlog?n m nlog "
it 2t o (TTTN 1
= - — i — O . 4.28
n n? Z S ( m >+ (nlog2n) (4.28)

n/log® n<m<nlog?n
Next, we apply the Euler-Maclaurin summation formula to the function

h(y) := sin® <m)

Y
to obtain the equality

> (T

n/log® n<m<nlog?n

nlog®n

h(y)dy + / {y}n'(y)dy

n/log®n

nlog®n
/log® n

n

— {nlog?n}h(nlog?n) + {10;’;“} h ( 5n> . (4.29)

Each of the last two terms on the right side of (4.29) is O(1). Also, for n/log’n < y <

log

nlog2 n,
2 1 10
h'(y) = — w:;m sin <m;n> cos (m) =0 (%) =0 ( o8 n> ;
y y y Y n
so that
nlog?n
/ o {y}W'(y)dy = O (log"*n) .
n/log’n
Thus,

nlog?®n
St (B = [t () dy 0 frog )
m n

5
n/log® n<m<nlog?n /log”n y

mxlogdn _: 2
— / 2 du+ 0 (log'?n) (4.30)

z/logZn U

upon making the change of variable u = wzn/y. Clearly,

mz/log?n ;2 1
/ sin“ u du—O i
0 u? log“n

00 -2 1
/ sm2udu _0 ( : ) '
wxlog® n u lOg n

and
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Therefore, from (4.30)
2

Z sin? (@) = 7r:xn/ o udu+0 n2 :
m 0 u? log“n

n/log® n<m<nlog?n

Lastly, using the result above in (4.28), we conclude that

2et 2t > sin? 1
B(t) T2 mcn/ i udu + O —n2 + O 5
n n? 0 u? log”n nlog”n
Tt  sin? 1
= (7m—2 s—du | + O 5
n 0 u nlog®n
1
nlog®n

uniformly for —% <t< %, upon using the evaluation

 sin?u T
5 du = —.
0 U 2

It follows that the series B, (t) converges absolutely and uniformly for —% <t< %
In conclusion,

Y falt) =D (Au(t) + Balt) + Cult) + Da(1))

n=0
converges uniformly for —% <t< % as claimed earlier, and so, for any real number
L1

x > 0, the function f(t) = > fa(t) is well defined, and it is continuous on [—3, 5

5. IDENTIFYING THE FOURIER COEFFICIENTS

Having established the convergence of the double series in (3.13), we now focus our
attention on proving the identity (3.13) itself. For fixed = > 0, define the function f
by

f6)y =3 (-1)F (%) sin(2mnt) + wat,  te[-1 1], (5.1)
1<n<zx
Then (3.17) reduces to
1 -
—ft)=ft), tel-33) (5.2)
s
In order to prove (5.2), it is enough to show that for any integer k,
1 12 ‘ /2 A
- f(t)e* ik qt = f(t)e* ™ qt. (5.3)
T™J-1/2 —1/2
With the use of (3.18), (5.3) takes the form
00 1/2 _ /2 '
> fat)e¥™ ¥t = f(t)e ™ qt. (5.4)

o/ -1/2 -1/2
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Since f(t) and f,(t),n > 0, are odd functions of ¢, (5.4) will be valid provided that we
can show that, for every integer k > 1,

00 .1/2 /2
> fo(t) sin(2rkt)dt = f(t) sin(2rkt)dt. (5.5)
n=0"v—1/2 —1/2

Now, by (5.1),

/2 1/2 T 1/2
/ f(t)sin(27kt)dt =mx t sin(2rkt)dt + (—1)*F (—) / sin®(2mkt)dt
—1/2 -1/2 k —1/2
k+1 X Kl
=g CDSP ()

Thus, (5.5) reduces to

S [ st = (S GG (E) )

In the sequel, both x and k will be fixed. In the estimates below, constants implied
by the O-symbols depend (at most) on x and k.
For any positive integer N, let

Iy = Z 2 () sin(2mkt)dt, (5.7)

—1/2

so that (5.6) is equivalent to
lim Iy = (1)1 22 + (-1 W (—I) . 5.8
N (=1) 2k (=1) 2 \k (5:8)

Choosing a large positive integer N and using the definition (4.5), write Iy in the form

Iy = Z/ sin( 27Tkt cmn( )dt, (5.9)

where ¢, ,(t) is defined by (4.5). Slnce for each fixed n, the series >~ ¢p.n(t) con-
verges absolutely and uniformly for —= < t < 1, we may interchange summatlon and
integration, and then interchange the order of summation, to put Iy in the form

N—-1 oo oo N-1

Z Z/ sin(27kt) ey, (t Z Z /1/2 sin(27kt)c,, (t)dt.  (5.10)

n=0 m=1" —1/2 m=1 n=0

For each fixed m, we find that

NZl o2 2k;t nr(n+ L+t
Z/ sin(2mkt) ey (t / sin(2mkt) sin? ( ( 2 )) dt
—1/2 0 —1/2 n—I— +t m
N-1 .1/2 1
2 kt zn+35—1
/ sin(2r )sin2 (—W ( 2 )) dt
n=0 _1/2n+ —1 m
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N-1 gl 2mk(u — _ 1
:Z/ sin(2rk(u —n = 5)) sin? <@> du

u m

n=0 "
N-1

1 sin(2rk !
/ sin(2rk(u +n + 3)) Gin? <7r:cu> s
0 —n

_|_

n=

=(—1)* /_N sin(2rku) o2 (@> du. (5.11)

N U m

1 U m

For each pair of positive integers m, N, set

N .
2rk
o= [ PO (22 g, (5.12)

_N (% m
Then, from (5.10)-(5.12),

Iy = (=" Inm. (5.13)

m=1
Inserting (5.13) into (5.8), we see that it remains to prove the equality
—— T[T\ 7T

For m > N, we estimate Iy ,, by integrating by parts on the right side of (5.12) and
finding that

N
Ioo — _cos(2rku) 1 sin? (@)
’ 2rk u

—N

/N cos(2mku) 1 ., /mau Tx . (27zu
- ——— [ ——=sin <—> + —sin du
_N 27k u? m mu m
1 N
_ sin? TN\ 1 / cos(2mku) Gin? <7m;u> du
kN m 2k J_n u? m

N
L7 / cos(2mku) <in 2mzu o (5.15)
2km J_y u m

On the right side of (5.15), we use the estimates
2
sin? (ij) =0 (£> :
m m?
1
—gin? (ﬂ) =0 i 7
u? m m?

and
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uniformly in u, in order to conclude that

Iy = O <ﬁ> | (5.16)

m2

Now let Ly and My be integers such that 1 < Ly < N < My, where the values of
Ly and My will be chosen later. By (5.16),

S Iym=0 ( 3 %) _0 (%) | (5.17)

m>My m>My

We shall let N — oo and choose My so that N/My — 0. Hence, from (5.17), it will
follow that

and so (5.14) reduces to
T (X o
I Inm=F (7)) - 2% 1
g > v =5F () g (5:18)

In the range Ly < m < My, we use (5.15), sum on m, and interchange summation
and integration to arrive at

1 . o [ TN
Z IN’mi——ﬂkN sin ( - )
Ly<m<Mn

Ly<m<Mn
1 [ cos(2mku) o (TTU
o), E X ()

-N

Ly<m<Mpn
N
x cos(2mku) 1 . (27zu
— — — du. 5.19
+2k . " Z msm(m) u (5.19)
Ly<m<Mn

In order to estimate the first sum on the right side of (5.19), we apply the Euler-
Maclaurin summation formula to the function

hn(y) := sin® (#) :

Recalling that Ly and My are positive integers, we therefore deduce that

Y sin? (”N ) - /L fN sin? (WZN) dy + MN{y}h;V(y)dy. (5.20)

m
Ly<m<My Ln

2reN . TN TN N
W) =5 Sm( y )COS< y )ZO(?>’

MN{y}h’N(y)dy =0 (N /LMN izdy) =0 ( ol ) . (5.21)

Ln N Y Ly

Here,

and hence
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Also,

My N weN/Ly :.,2
/ sin? <7T ) dy =maxN o udu
Ly Y

WCEN/MN

e ([T
—raN (g +0 (M—N> +0 (ﬁ)) . (5.22)

Using (5.21) and (5.22) in (5.20), we see that

S sin? (”ZN) - Wng +0 (ﬁ;) +O(Ly) + O (i) (5.23)

Ly<m<Mpn

Next, for each fixed u € [N, N], we estimate the sum inside the first integral on
the right side of (5.19) by applying the Euler-Maclaurin summation formula to

o) = sin (7).

)
Accordingly,
MN MN
Z sin? (%) = / sin? (@) dy + {y}h,(y)dy. (5.24)
Ly<m<My Ly Y Ly

Since we are going to apply (5.24) for both small and large u, we need to exercise care
in estimating h! (y). To that end,

2
bl (y) = — 7r920u sin (mcu) cos <@) =0 (@ min {1, M}) .
Y ) ) ) )

max{Ly,|ul} My

(I (y)dy = (Y} M (y)dy + / {y}H,(n)dy

Ly max{Ly,|ul}

max{LN |ul} My 2
( [ |d > +0 (/ %c@)
max{Ly,jul} Y
1 Jul? )
+0
( ( - max{Ly, Iul})) ((max{LN, |ul})?
O
O

Hence,

— if |u] < Ly,

@)
jul
u
E), 1f|u’>LN

(5.25)



24 BRUCE C. BERNDT AND ALEXANDRU ZAHARESCU

Thus, from (5.25), we find that
N ocos(2mku) [MN v 2 Iy
o LmRY) B! (y)dydu =O — %) ro i bl
/_N 02 ” Ly b, (y)dydu (/—LNU2 12, u)+ (/_N w2 Ly u)
N
+0 (/ — [u du)
Ly u LN
1 log N log N
= . 2
O(LN>+O(LN) O<LN> (526)
Using (5.23), (5.24), and (5.26), we find that (5.19) now takes the form

M 2 ku)
E Ing =— -7 — —/ / cos(2mku) SO g2 (22 dydu
’ 2rk Ly Y
N cos(2mk 1 2
Lz cos( mku) Z —Sin( 7r:17u> s

2k U m m
Lny<m<Mpy

N Ly log N
: 2
+O<MN)+O(N)+O(LN) (5.27)
An examination of the error terms above shows that not only must N/My — 0 as

N — o0, but we also must require that Ly/N — 0 and log N/Ly — 0 as N — oo.
Next, we apply the Euler-Maclaurin summation formula to estimate the remaining

sum in (5.27). Set
1 2
H,(y) := —sin < qu) :
Y Y

Then, by the Euler-Maclaurin formula,

1 2 My q 2 My
3 Esin( ”“) - / —sin< W;“) dy+ [ {y}H.(y)dy.  (5.28)
L

Ly<m<Mx m N Y Ln
Here,
1 2 2 2
H!(y) = —=sin ( qu) — m;)cu cos ( 7rxu> =0 (’—lg) ,
Yy Yy Yy Yy
and hence

This further implies that

N cos(2mku) M , N1 N
/N — . {y}H, (y)dydu = O (/N Tl . Edu) =0 (E) . (5.29)
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Using (5.28) and (5.29) in (5.27), we find that
T M- cos(2mku) TTU
Ingw=— 2 CORETY) in? dyd
Z i 2k 27Tk/ /LN u? S ( Y ) ya

N ﬁ/ /MN cos(2mku) “in (27rxu) dydu
2k J_ N Ly uy Yy
N Ly log N N
ro(g) o) o () o (z). o
Examining the error term in (5.30), we see that Ly needs to be chosen so that both
VN/Ly — 0 and Ly/N — 0, as N — oo. As mentioned before, we also need to
choose My such that N/My — 0 as N — co.

Next, in the second double integral on the right side of (5.30), we integrate by parts
with respect to y to obtain

My
/ / cos(2mku) Sin <27Txu) dydu
Ly
/ /MN cos( 27rku gcos 2mau dud
" Ank Ly 6’y Y Y
1 cos(27rk:u) 2nzu
= M
47Tk:/N u? ( NCOS(MN>
2 Mn 2
— Ly cos ( WIU) —/ cos ( qu) dy> du. (5.31)
Ly Ly Yy

Using the identity cos(2a) = 1 — 2sin® a for each of the three cosines appearing on the
right side of (5.31), we find that the three terms My — Ly — f In dy cancel. We can
therefore write (5.31) in the form

E/N /MN cos(2mku) “in (27?;1:1;) dydu
kJ nJoy uy Yy

1 [ cos(2mku) o [ TXU
S RV M sin? [ 2=
2k J_n  u? ( NI M N

My
+ Ly sin? (@> +/ sin? (Lm> dy) du
Ly Ly Yy

N N
_ MN/ cos(2mku) i (m) du+ Ly / cos(2rku) i (zﬁ) "

2k u? My 2k u? N

My cos(2mku) . o (Tru
———=si dyd 5.32
27Tk/ /LN u2 sin ( Y ) yau. ( )
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Putting (5.32) in (5.30), we see that the first double integral on the right side of (5.30)
cancels. Hence,

mx My [ cos(2rnku) . , (7wu
Ty = — = T g
2. Im=-g 5% / v w2 O\ )

Ly<m<My N
Ly [V cos(2mku) . , (7Tru
— | d
ok /N EEE W
N Ly log N N
— — — . 33
*O(MN)W(N)*O(LN)W(L%V) (5.3)

In the two integrals in (5.33), we make the changes of variable z = wau/My and
z = mzu/ Ly, respectively. First,

N meN/Mpy
My / cos(2mku) ain? (T2 gy = _ © cos(2kMyz/x) Gin? - d
ok | N u? My

- % —mzN/Mpy 22

N
=0 (M—N) . (5.34)
Secondly,

Ly /N cos(2mku) sin? (Wmu) P meN/LN cos(2k Ly z /)

2k 2 Ly 2

sinzdz.  (5.35)

_N (% 2k —mzN/Ln z

The integral on the right side of (5.35) is over an interval that is much larger than that
on the right side of (5.34), since, as we have previously prescribed, we must require
that N/Ly approach oo as N — co. In order to estimate this integral, we need to take
advantage of the highly oscillatory behavior of the factor cos(2kLyz/x). Integrating
by parts, we therefore deduce that

wxN/Ly o2k L 2 wxN/Ln d si 2
< cos(2kLz/) QNZ/:B) sin® zdz = — f / sin(?kLNz/x)—Sm2 “dz
2k ) _ranypy z Ak*LN J _ron)Ly dz z
2 waeN/Lyn in(2 — 94 2
=— ﬁ/ sin(ZkLNz/x)Zsm( ?) 3 S
N J—mzN/Ly Z

zsin(2z) — 2sin® 2

23

_ (% /_Z dz) ~0 (ﬁ) , (5.36)

since (zsin(22) — 2sin® 2)/23 is analytic at the origin and O(1/22) as z — +oco. Hence,
using (5.34) and (5.36) in (5.33), we conclude that

T N Ly log N N
Yo Iym= 2k+O(MN>+O(N>+O(LN>+O(L§V)' (5.37)

Ly<m<Mpy

Therefore, subject to the conditions

— — 0, — — 0, — — 0, as N — oo, (5.38)
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we can deduce that

lim Iy = ——=, 5.39

N—oo LN<mZ<MN N, 2k ( )
We can easily choose My so that the first condition in (5.38) is satisfied. Naturally,
we prefer that (5.39) holds under the largest possible range of m, and so we want to
choose Ly as small as possible. Therefore, we choose Ly slightly larger than v/N, so
that vV N/Ly — 0 as N — oo. Subject to this condition, by (5.39) and (5.38), we

deduce that (5.18) will be established if we can show that
. T (T
dm X I =57 (5)- (540

Choose now a large N, and choose Ly subject to the growth condition introduced
above. Choose m such that 1 <m < Ly. By (5.12),

N .
INm —/ —Sm@ﬂku) sin? <@> du

N u m

N .
:1/ sin(27ku) (1 eos <27r:1:u)) du
2 ) N U m

1 /N sin(2mku) | i /N sin (2mku 4 2224 "
_N Uu _

N u
N ogin (2nky — 27z
—1/ sin (2mhu = 5) 1 (5.41)

4/ N U

We first examine the first integral on the far right side of (5.41). Letting z = 2mku, we

find that Ny .

1 in(27k 1 g 1 1

_/ ﬂilﬂmz_/ sz T Loo(L). (5.42)
2 J_Nn u 2 ) orkn 2 2 N

Similarly, the second integral on the right side of (5.41) equals

_1 /N sin (27rku+ 2”%) du— — 1/(2”“2%)]\] sinzdz
4 /) N u 4 —(27rk+2”7x>1v z

s 1 s 1
:_Z+O<(27rk:+2”7“)N> :_Z+O(N)’

(5.43)

uniformly for m in the given range, 1 < m < Ly. In examining the third integral on
the far right side of (5.41), we need to take into consideration the possibility that the
quantity 2wk — 2mwa/m is small, or possibly even 0. This last possibility can happen
only if & = x/m, which can only happen if x/k is an integer. If such is the case, then
there is a unique m, which will be in the given range 1 < m < Ly if Ly is sufficiently
large. In this situation, we obviously have

1[N sin (2rky — 250
——/ sin (2mku = 5%) ), (5.44)
4 ) N U
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Next, for m large enough in terms of k& and z, the quantity 2wk — 2wz /m stays away
from the origin, and so we may proceed as above. To be precise, for m > 2x/k, we
have 27k — 27z /m > 7wk, and hence

N o _ 2mau 27rk—27r7x N
_1/ sin (27rk:u = )du:—1/< ) szdz
4) N u 4 —(ka—%ﬁ)N z

T 1
=——+0

1 ((2%-%)1\1)

T 1 T 1
__Z+O(7T]€—N>_—Z+O(N). (5.45)

Now let 1 < m < 2z/k and suppose that m is not equal to z/k in the case that x/k is
an integer. Then in this finite range, the quantity |2mk — 272 /m/| has a minimum which
is strictly positive and depends on z and & only. Denote this minimum by §(z, k) and
distinguish two cases.

First, if x/k < m < 2z/k, then 2rk — 2rx/m > 6(x, k), and, as in (5.45), we find
that

1 [V sin (27Tk‘u — 2”#) T 1 s 1

Secondly, if 1 < m < z/k, then 27k — 27z /m < —d(z, k), and

z

_E/N sin (2wku—%%)du:_l/(2”k%ﬁx>]v sinzd
4/ —(27rk—2ﬁ7x)N <

N u 4
‘27rk7—27m ‘N
1 m

sin 2
=— dz
4 —‘27rk—2:n—x‘N <
s 1 s 1
7 L \_T 2. 4
0 (mmw) “1ro(y) o
Combining (5.41) and (5.42)—(5.47), we conclude that
(7 1 , x
5 + O N N if m< E’
s 1 T
]Nm:< Z—i_O N 5 1fm:E, (548)
1 x
O —= f —
HE
Adding the relations (5.48) for 1 < m < Ly, we finally deduce that
L
[q T +0o (=X , if £ is not an integer,
kl 2 N k
> Inm= (5.49)
1<m<L v 1 7T+O Ly 'fx' int
m<Ly r 353 N | if - is an integer.
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Recall that Ly was chosen to be slightly larger than /N, so that the error terms on
the right-hand side of (5.49) tend to 0 as N tends to co. We therefore conclude that

r|m oL .
[—} 3 if 7 s not an integer,
Jim Y Ivm=4 /7 "1\« T (5.50)
1<m<Ly T 3)7 if z is an integer.

Taking into account the definition of F(z) in (1.2), we see that (5.50) establishes the
desired equality (5.40), and hence it also establishes Theorem 3.1, for all  and 6 in
the given ranges > 0 and 0 < 6 < 1.

The authors are grateful to O-Yeat Chan for numerical calculations of both inter-
pretations of Ramanujan’s Bessel series identity.
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