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Abstract: We conduct a formal study of a particular class of fractional operators, namely weighted
fractional calculus, and its extension to the more general class known as weighted fractional calculus
with respect to functions. We emphasise the importance of the conjugation relationships with the
classical Riemann–Liouville fractional calculus, and use them to prove many fundamental properties
of these operators. As examples, we consider special cases such as tempered, Hadamard-type, and
Erdélyi–Kober operators. We also define appropriate modifications of the Laplace transform and
convolution operations, and solve some ordinary differential equations in the setting of these general
classes of operators.
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1. Introduction

Fractional calculus studies generalisations of the basic operators of calculus, namely
differentiation and integration, defined by allowing their order to roam outside of Z to
more general domains such as R and C [1–3]. Such generalisations are not only a pure math-
ematical curiosity, as differential equations involving the generalised operators have been
applied in many scientific fields [4,5] ranging from viscoelasticity [6] to epidemiology [7] to
economics [8,9] to electrical circuits [10].

The available methods for solving fractional partial differential equations are almost
as diverse as their range of applications. To mention but a few examples, there are ana-
lytical approaches using transform methods [11,12], distribution theory [13–15], or weak
solutions [16,17], as well as various numerical methods [18–20].

The classical fractional derivatives and integrals, named after Riemann and Liouville,
are no longer the only definitions in the literature. As well as other classical definitions
such as those of Riesz and Caputo, so many new definitions have been proposed in the
21st century [21,22] that it has become necessary to categorise them into general classes
of operators for mathematical study [23]. The reasons for so many new operators being
introduced are twofold, much like the reasons for fractional calculus itself being introduced:
on the one hand, from the theoretical viewpoint, mathematical generalisation is its own
motivation; on the other hand, from the applications viewpoint, different operators with
different structures are needed in order to successfully model all the diverse behaviours
and processes that exist in the real world.

One example of a general class of operators is given by fractional calculus with analytic
kernel functions [24], defined in 2019, which can be related to the classical Riemann–
Liouville operators via infinite series. Another example is given by fractional calculus with
respect to functions, first theorised by Osler in 1970 [25], and later studied in more detail
in the textbooks [3] (§18.2) and [26] (§2.5). The operators in this class can be related to
the classical Riemann–Liouville operators via an algebraic conjugation relation, which we
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describe in more detail below. The two general classes just described can also be merged
into a larger class, fractional calculus with analytic kernels with respect to functions [27],
which is large enough to contain as special cases all of the operators in both of the above
classes, as well as others such as the Hadamard-type fractional calculus which falls into
neither of the above classes.

Another general class of operators, studied by Agrawal [28,29] in 2012, is known as
weighted (or scaled) fractional calculus with respect to functions, and its applications in
variational calculus [29] and probabilistic modelling [30] have been thoroughly explored.
This can also be seen as a merger of two classes, namely fractional calculus with respect
to functions (as mentioned above) and weighted fractional calculus (to be defined be-
low). A few recent papers have also studied mathematical properties of these weighted
operators [31–33] and of the associated differential equations [34–36].

Noticing this new pattern emerging in the literature, the authors were inspired to
conduct a detailed study of the so-called weighted fractional calculus, in the spirit of
Agrawal [28,29] and Kolokoltsov [30] who appreciated its operational properties, in order
to understand its mathematical structure and provide results to make future studies much
easier for anyone using these operators. In particular, by observing that a conjugation
formula (similar to the one for fractional calculus with respect to functions) relates the op-
erators of weighted fractional calculus with those of Riemann–Liouville fractional calculus,
we can immediately deduce many results in the weighted theory from classical results
on Riemann–Liouville. Our work, therefore, represents an undervalued perspective on
weighted fractional calculus, which has not been noted in much of the recent literature on
this topic.

The current work is structured as follows. Section 2 consists of preliminary definitions
and results concerning the classical fractional calculus and fractional calculus with respect to
functions. Section 3 consists of a detailed study of weighted fractional calculus, divided into
subsections devoted to conjugation relations and their consequences, examples including
the tempered and Kober–Erdélyi fractional calculi, and weighted versions of Laplace
transforms and convolutions. Section 4 extends the results of the previous section to the
larger class of operators given by weighted fractional calculus with respect to functions; this
larger class can again be characterised by conjugation relations, and it includes examples
such as the Hadamard-type and Erdélyi–Kober fractional calculi. In Section 5, we conclude
with a summary and some pointers for future work on weighted fractional calculus.

2. Preliminaries

We firstly provide the definitions of the classical fractional integrals and derivatives of
Riemann–Liouville and Caputo, then state some basic composition results and examples.

Definition 1 ([1–3,37]). The Riemann–Liouville (RL) fractional integral of a function f ∈ L1(a, b),
to order α in R or C, is defined as

RL
a Iα

x f (x) =
1

Γ(α)

∫ x

a
(x− t)α−1 f (t)dt, x ∈ (a, b), (1)

where we require Re(α) > 0, or simply α > 0 if we assume real order.
Associated with this integral operator are two possible fractional derivative operators, named,

respectively, after Riemann–Liouville (RL) and Caputo:

RL
aDα

x f (x) =
dn

dxn

(
RL

a In−α
x f (x)

)
, x ∈ (a, b), (2)

C
aDα

x f (x) = RL
a In−α

x

(
dn

dxn f (x)
)

, x ∈ (a, b), (3)

where this time Re(α) ≥ 0, or simply α > 0 if we assume real order, and f ∈ ACn[a, b] where
n := bRe(α)c+ 1 so that n− 1 ≤ Re(α) < n.
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It is important to be aware that the Riemann–Liouville derivative (2) is the analytic continu-
ation of the Riemann–Liouville integral (1) in the complex variable α, under the convention that
integrals of negative order are derivatives of positive order:

RL
aDα

x f (x) = RL
a I−α

x f (x), Re(α) ≥ 0. (4)

This fact allows us to define both RL
a Iα

x f (x) and RL
aDα

x f (x) for all values of α ∈ C, and apply
principles of analytic continuation to extend many results from fractional integrals to fractional
derivatives. In general, we may use the term “differintegral” to cover fractional integral and
derivative operators together.

Lemma 1 ([2,3]). Riemann–Liouville differintegrals have semigroup properties as follows:

RL
a Iα

x
RL

a Iβ
x f (x) = RL

a Iα+β
x f (x), α ∈ C, Re(β) > 0;

dn

dxn
RL

aDα
x f (x) = RL

aDα+n
x f (x), α ∈ C, n ∈ N,

where in both cases f is any function such that the relevant expressions are well-defined.
Note that the operators labelled by α in both of these relations may be either fractional integrals

or fractional derivatives, while the one labelled by β must be a fractional integral.

Lemma 2 ([3,37]). The following composition properties are valid for Riemann–Liouville and
Caputo differintegrals in cases where semigroup properties are not:

RL
a Iα

x
RL

aDα
x f (x) = f (x)−

n

∑
k=1

(x− a)α−k

Γ(α− k + 1)
· lim

x→a+
RL

aDα−k
x f (x);

RL
a Iα

x
C
aDα

x f (x) = f (x)−
n−1

∑
k=0

(x− a)k

k!
· lim

x→a+

dk

dxk f (x),

where in both cases α ∈ C with Re(α) > 0 and n = bRe(α)c+ 1 while f is any function such
that the relevant expressions are well-defined. We also have the following relationship between the
Riemann–Liouville and Caputo derivatives:

C
aDα

x f (x) = RL
aDα

x f (x)−
n−1

∑
k=0

(x− a)k−α

Γ(k− α + 1)
· lim

x→a+

dk

dxk f (x)

= RL
aDα

x

(
f (x)−

n−1

∑
k=0

(x− a)k

k!
· lim

x→a+

dk

dxk f (x)

)
,

where f ∈ ACn[a, b] and α, n are as before.

Lemma 3 ([1,2,37]). The Riemann–Liouville and Caputo differintegrals of certain functions are
given as follows:

RL
aDα

x

(
(x− a)β

)
=

Γ(β + 1)
Γ(β− α + 1)

(x− a)β−α, α ∈ C, Re(β) > −1;

C
aDα

x

(
Eα

(
ω(x− a)α

))
= ωEα

(
ω(x− a)α

)
, ω ∈ C, Re(α) > 0,

where Eα is the Mittag-Leffler function. Note that the operator in the first identity can be either a
fractional integral or a fractional derivative, according to the sign of Re(α).

Following the above basic introduction to RL and Caputo fractional calculus, we
continue with a similar introduction to fractional calculus with respect to a function. Let
φ : [a, b]→ R be a strictly increasing C1 function, so that φ′ > 0 everywhere.
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Definition 2 ([3,25,26]). The Riemann–Liouville fractional integral of a function f ∈ L1
φ(a, b)

with respect to φ, to order α in R or C, is defined as

RL
a Iα

φ(x) f (x) =
1

Γ(α)

∫ x

a

(
φ(x)− φ(t)

)α−1 f (t)φ′(t)dt, x ∈ (a, b), (5)

where Re(α) > 0, or simply α > 0 if we assume real order.
As before, associated with this integral operator are two possible fractional derivative operators,

respectively, the Riemann–Liouville derivative with respect to φ and the Caputo derivative with
respect to φ, and this time assuming that φ is a C∞ function:

RL
aDα

φ(x) f (x) =
(

1
φ′(x)

· d
dx

)n(
RL

a In−α
φ(x) f (x)

)
, x ∈ (a, b), (6)

C
aDα

φ(x) f (x) = RL
a In−α

φ(x)

(
1

φ′(x)
· d

dx

)n
f (x), x ∈ (a, b), (7)

where Re(α) ≥ 0, or simply α > 0 if we assume real order, and f ∈ ACn
φ[a, b] where n :=

bRe(α)c+ 1 so that n− 1 ≤ Re(α) < n.
Here, we use the weighted L1 space L1

φ(a, b) = L1((a, b), dφ) and the spaces Cn
φ[a, b] and

ACn
φ[a, b], which are, respectively, n times continuously differentiable or absolutely continuous

with respect to the function φ.
Again, the Riemann–Liouville derivative (6) is the analytic continuation of the Riemann–

Liouville integral (5) in the complex variable α, under the convention that integrals of negative order
are derivatives of positive order. So, we can define both RL

a Iα
φ(x) f (x) and RL

aDα
φ(x) f (x) for all values

of α ∈ C, as before.

Lemma 4 ([3,26]). Let φ ∈ C∞[a, b] be a function as above, and let Qφ be the functional operator of
right-composition with φ: Qφg = g ◦ φ for any function g defined on the interval [φ(a), φ(b)]. The
operators of fractional calculus with respect to functions can be expressed as algebraic conjugations,
via the operator Qφ, of the classical fractional calculus operators:

RL
a Iα

φ(x) = Qφ ◦ RL
φ(a) Iα

x ◦Q−1
φ ,

RL
aDα

φ(x) = Qφ ◦ RL
φ(a)D

α
x ◦Q−1

φ , (8)
C
aDα

φ(x) = Qφ ◦ C
φ(a)D

α
x ◦Q−1

φ .

Many results about fractional calculus with respect to functions can be obtained as
immediate consequences of Lemma 4 together with corresponding results in classical
fractional calculus. For example, the semigroup properties of Lemma 1 immediately
give rise to corresponding semigroup properties for Riemann–Liouville differintegrals
with respect to functions, simply by conjugation of the algebraic composition relations.
Fractional differential equations with respect to functions can be transformed into classical
fractional differential equations by simple substitutions equivalent to the conjugation
relation [38]. Additionally, the examples of Lemma 3 immediately give rise to the following
examples of Riemann–Liouville and Caputo differintegrals with respect to functions:

RL
aDα

φ(x)

((
φ(x)− φ(a)

)β
)
=

Γ(β + 1)
Γ(β− α + 1)

(
φ(x)− φ(a)

)β−α, α ∈ C, Re(β) > −1;

C
aDα

φ(x)

(
Eα

(
ω
(
φ(x)− φ(a)

)α))
= ωEα

(
ω
(
φ(x)− φ(a)

)α), ω ∈ C, Re(α) > 0.

We conclude this preliminaries section by showing the definition of fractional integrals
with general analytic kernels.
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Definition 3 ([24]). For α, β ∈ C with positive real parts, let A be a kernel function given by a
power series about 0 with radius of convergence at least (b− a)Re(β). The fractional integral with
kernel A and parameters α, β of a function f ∈ L1(a, b) is defined as

A
a Iα,β

x f (x) =
∫ x

a
(x− t)α−1 A

(
(x− t)β

)
f (t)dt, x ∈ (a, b).

Fractional derivatives can also be defined in this general class, both of Riemann–Liouville type
and of Caputo type, but we refer to [24] for the details of these.

3. Weighted Fractional Calculus

Definition 4. The weighted Riemann–Liouville fractional integral of a given function f ∈ L1(a, b),
with a weight function w ∈ L∞(a, b) and order α in R or C, is defined by

RL
a Iα

x;w(x) f (x) =
1

Γ(α)w(x)

∫ x

a
(x− t)α−1w(t) f (t)dt, x ∈ (a, b),

where we require Re(α) > 0, or simply α > 0 if we assume real order.
The weighted Riemann–Liouville fractional derivative of a given function f ∈ ACn[a, b], with

a weight function w ∈ ACn[a, b] and order α in R or C, is defined by

RL
aDα

x;w(x) f (x) =
(

d
dx

+
w′(x)
w(x)

)n
RL

a In−α
x;w(x) f (x), x ∈ (a, b),

where Re(α) ≥ 0, or simply α > 0 if we assume real order, and n := bRe(α)c + 1 so that
n− 1 ≤ Re(α) < n.

The weighted Caputo fractional derivative of a given function f ∈ ACn[a, b], with a weight
function w ∈ ACn[a, b] and order α in R or C, is defined by

C
aDα

x;w(x) f (x) = RL
a In−α

x;w(x)

(
d

dx
+

w′(x)
w(x)

)n

f (x),

where Re(α) ≥ 0, or simply α > 0 if we assume real order, and n := bRe(α)c + 1 so that
n− 1 ≤ Re(α) < n.

Remark 1. There are many possible function spaces that could be used as a setting or domain for
the operators defined above. By Proposition 1 below, any suitable function space for the classical
(Riemann–Liouville or Caputo) operators gives rise to a suitable function space for the corresponding
weighted operators, simply by multiplying by the function w.

This explains the choice of function spaces in the above definition: if f ∈ L1(a, b) and w ∈
L∞(a, b), then w · f ∈ L1(a, b) has a well-defined Riemann–Liouville integral; if f ∈ ACn[a, b] and
w ∈ ACn[a, b], then w · f ∈ ACn[a, b] has well-defined Riemann–Liouville and Caputo derivatives
to order α.

Other function spaces can be used, but the condition for the w-weighted fractional operators to
exist when applied to f is always precisely the condition for the corresponding classical operators to
exist when applied to w · f .

3.1. Conjugation Relations

It is clear that the weighted Riemann–Liouville fractional integral with weight function
w is given by multiplying by w, applying the original Riemann–Liouville fractional integral
to the same order, and then dividing by w again. This gives rise to a conjugation relation
for the weighted fractional integral, which we can also extend to weighted fractional
derivatives in order to achieve the following result.
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Proposition 1. The weighted fractional differintegrals are conjugations of the original fractional
differintegrals, as follows:

RL
a Iα

x;w(x) = M−1
w(x) ◦

RL
a Iα

x ◦Mw(x),

RL
aDα

x;w(x) = M−1
w(x) ◦

RL
aDα

x ◦Mw(x),

C
aDα

x;w(x) = M−1
w(x) ◦

C
aDα

x ◦Mw(x),

where the operator Mw(x) acting on functions is defined by multiplication:(
Mw(x) f

)
(x) = w(x) f (x). (9)

Proof. The first result RL
a Iα

x;w(x) = M−1
w(x) ◦

RL
a Iα

x ◦ Mw(x) is clear. Since both types of
weighted fractional derivatives are compositions of the weighted fractional integral with
the operator d

dx + w′(x)
w(x) repeated n times, it will suffice to show that this non-fractional

operator also satisfies a conjugation relation, d
dx +

w′(x)
w(x) = M−1

w(x) ◦
d

dx ◦Mw(x). This is easily
proved using the product rule:

M−1
w(x) ◦

d
dx
◦Mw(x) f (x) = M−1

w(x) ◦
d

dx
(
w(x) f (x)

)
= M−1

w(x)

(
w(x) f ′(x) + w′(x) f (x)

)
= f ′(x) +

w′(x)
w(x)

f (x) =
(

d
dx

+
w′(x)
w(x)

)
f (x).

The results follow from composition of conjugation relations.

The results of Proposition 1 are extremely useful in the study of weighted fractional
calculus, because now many fundamental results from the original fractional calculus can
be extended immediately, simply by composition, to the corresponding results on the
weighted fractional operators. It is often true that the best way to prove facts about a new
mathematical object is to express it in terms of an older one: this is the same principle that
gave rise to the series formula for fractional calculus with general analytic kernels and to
the conjugation relation for fractional calculus with respect to functions.

Proposition 2. The weighted Riemann–Liouville derivative is the analytic continuation of the
weighted Riemann–Liouville integral in the complex variable α, under the convention that integrals
of negative order are derivatives of positive order:

RL
aDα

x;w(x) =
RL

a I−α
x;w(x), Re(α) ≥ 0.

This fact allows both RL
a Iα

x;w(x) and RL
aDα

x;w(x) to be defined for all values of α ∈ C, in the same
way as for the original Riemann–Liouville differintegrals.

Proof. This follows immediately from the conjugation relations of Proposition 1 together
with the corresponding analytic continuation result for Riemann–Liouville differintegrals
given at Equation (4).

Proposition 3. The weighted fractional differintegrals have semigroup properties as follows:

RL
a Iα

x;w(x)
RL

a Iβ

x;w(x) f (x) = RL
a Iα+β

x;w(x) f (x), α ∈ C, Re(β) > 0;(
d

dx
+

w′(x)
w(x)

)n
RL

aDα
x;w(x) f (x) = RL

aDn+α
x;w(x) f (x), α ∈ C, n ∈ N,
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where in both cases f is any function such that the relevant expressions are well-defined: for example,
f ∈ L1(a, b) for the first identity, f ∈ ACn+bRe αc+1[a, b] for the second identity.

Note that the operators labelled by α in both of these relations may be either fractional integrals
or fractional derivatives, while the one labelled by β must be a fractional integral.

Proof. This is an immediate consequence of Proposition 1 (conjugation relations) with
Lemma 1 (Riemann–Liouville semigroup properties).

Proposition 4. The following composition properties are valid for weighted Riemann–Liouville
and Caputo differintegrals in cases where semigroup properties are not:

RL
a Iα

x;w(x)
RL

aDα
x;w(x) f (x) = f (x)−

n

∑
k=1

(x− a)α−k

Γ(α− k + 1)
· w(a+)

w(x)
· lim

x→a+
RL

aDα−k
x;w(x) f (x);

RL
a Iα

x;w(x)
C
aDα

x;w(x) f (x) = f (x)−
n−1

∑
k=0

(x− a)k

k!
· w(a+)

w(x)
· lim

x→a+

(
d

dx
+

w′(x)
w(x)

)k

f (x),

where in both cases α ∈ C with Re(α) > 0 and n = bRe(α)c+ 1, while f is any function such
that the relevant expressions are well-defined: specifically, f ∈ Cn[a, b] is sufficient. We also have
the following relationship between the weighted Riemann–Liouville and Caputo derivatives:

C
aDα

x;w(x) f (x)

= RL
aDα

x;w(x) f (x)−
n−1

∑
k=0

(x− a)k−α

Γ(k− α + 1)
· w(a+)

w(x)
· lim

x→a+

(
d

dx
+

w′(x)
w(x)

)k

f (x)

= RL
aDα

x;w(x)

(
f (x)−

n−1

∑
k=0

(x− a)k

k!
· w(a+)

w(x)
· lim

x→a+

(
d

dx
+

w′(x)
w(x)

)k

f (x)

)
,

where f ∈ ACn[a, b] and α, n are as before.

Proof. All of these relations follow directly from combining the conjugation relations of
Proposition 1 with the previous relations of Lemma 2. However, the conjugation process is
not quite so easy this time, as the final term (finite sum) is more tricky to deal with than
single weighted fractional operators or compositions thereof. We verify the first of the
stated relations carefully as follows:

RL
a Iα

x;w(x)
RL

aDα
x;w(x) f (x) =

1
w(x)

RL
a Iα

x
RL

aDα
x

(
w(x) f (x)

)
=

1
w(x)

[
w(x) f (x)−

n

∑
k=1

(x− a)α−k

Γ(α− k + 1)
· lim

x→a+
RL

aDα−k
x

(
w(x) f (x)

)]

= f (x)−
n

∑
k=1

(x− a)α−k

Γ(α− k + 1)w(x)
· lim

x→a+

(
w(x) · RL

aDα−k
x;w(x) f (x)

)
= f (x)−

n

∑
k=1

(x− a)α−kw(a+)
Γ(α− k + 1)w(x)

· lim
x→a+

RL
aDα−k

x;w(x) f (x),

which is the required result. Similarly for the other relations stated in the proposition.

Proposition 5. The weighted Riemann–Liouville and Caputo differintegrals of certain functions
are given as follows:

RL
aDα

x;w(x)

(
(x− a)β

w(x)

)
=

Γ(β + 1)
Γ(β− α + 1)

(x− a)β−α

w(x)
, α ∈ C, Re(β) > −1;
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C
aDα

x;w(x)

(
Eα

(
ω(x− a)α

)
w(x)

)
= ω ·

Eα

(
ω(x− a)α

)
w(x)

, ω ∈ C, Re(α) > 0,

where Eα is the Mittag-Leffler function. Note that the operator in the first identity can be either a
fractional integral or a fractional derivative, according to the sign of Re(α).

Proof. The result follows directly from the conjugation relations given by Proposition 1,
combined with the results given in Lemma 3.

Remark 2. Note that the functions used in Proposition 5 are just two possible examples that
could have been chosen. Any known result for Riemann–Liouville or Caputo differintegrals of any
particular functions can now easily be extended to an analogous result on weighted differintegrals,
with the functions divided by w(x) on left and right sides of the identity.

Note also that, for any given smooth non-zero function h(x) on (a, b), we can now find a
weighted Caputo-type fractional derivative, which has this function as an eigenfunction, by choosing
the weight function to be w(x) = Eα(ω(x−a)α)

h(x) and using the second result of Proposition 5.

3.2. Examples

In this subsection, we discuss some particular choices of weight function w(x), which
lead to interesting special cases in the theory of weighted fractional calculus. We start with
a trivial example and then proceed to two more examples, which give rise to models of
fractional calculus that are already well-known and studied in the literature.

Example 1. If w(x) = k is a constant, then the operators of weighted fractional calculus, as given
in Definition 4, are exactly the same as the original Riemann–Liouville and Caputo operators given
in Definition 1. This is because the operator Mw(x) in this case commutes with the operators of
fractional differentiation and integration, and indeed with any linear functional operator.

Note that this is the only possible type of function w(x) which returns the original Riemann–
Liouville and Caputo operators, because it is the only case when the weighted 1st-order derivative
d

dx + w′(x)
w(x) is the same as the original 1st-order derivative d

dx .

Remark 3. More generally, we can conclude that, for a given weight function w(x) = w0(x), any
constant multiple w(x) = kw0(x) will give rise to exactly the same operators of weighted fractional
calculus as w0(x). In fact, this implication goes both ways: two weight functions w1(x) and w2(x)
give rise to the same weighted operators if and only if they are constant multiples of each other.
Therefore, we can say that the class of weighted fractional calculi bijects with the space of possible
weight functions quotiented by the equivalence relation of constant multiplication.

Example 2. If w(x) = eβx is an exponential function, then the operators of weighted fractional
calculus, as given in Definition 4, are precisely those of tempered fractional calculus, defined [39,40]
as follows:

T
a Iα,β

x f (x) =
1

Γ(α)

∫ x

a
(x− t)α−1e−β(x−t) f (t)dt, β ∈ C, Re(α) > 0;

TR
aDα,β

x f (x) =
(

d
dx

+ β

)n
T
a In−α,β

x f (x), β ∈ C, Re(α) ≥ 0;

TC
aDα,β

x f (x) = T
a In−α,β

x

(
d

dx
+ β

)n
f (x), β ∈ C, Re(α) ≥ 0.

Therefore, tempered fractional calculus is within the class of weighted fractional calculus. It
is also known [41] that tempered fractional calculus is within the class of fractional calculus with
analytic kernels. In fact, the intersection between these two general classes of fractional operators
consists only of tempered fractional calculus, as we show in the following theorem.
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Theorem 1. The only operator which is a member of both the class of fractional integrals with
general analytic kernels and the class of weighted fractional integrals is the tempered fractional
integral. In other words, if

O = A
a Iα,β

x = RL
a Iα

x;w(x),

with an analytic function A and a real continuous function w, then

O = T
a Iα,κ

x

for some constant κ ∈ R.

Proof. We start with an operator O which is in both classes, and write the integrals explic-
itly as follows:

O f (x) =
∫ x

a
(x− t)α−1 A

(
(x− t)β

)
f (t)dt =

1
Γ(α)w(x)

∫ x

a
(x− t)α−1w(t) f (t)dt,

for all f ∈ L1(a, b) and x ∈ (a, b). Therefore, we must have

Γ(α)A
(
(x− t)β

)
=

w(t)
w(x)

, a < t < x < b.

The left-hand side is a function of x − t; let us write q(z) = Γ(α)A(zβ), noting that
this is a smooth function on the real interval z ∈ [0, b − a]. Without loss of generality,
let us assume a = 0 as the lower end of the interval. Now we have q(x − t) = w(t)

w(x) for

0 < t < x < b. Letting t→ 0, we find that q(x) = w(0)
w(x) , so the equation becomes

w(0)
w(x− t)

=
w(t)
w(x)

, 0 < t < x < b.

Writing W(z) = w(z)
w(0) (a constant multiple of the original function w), we obtain

Cauchy’s functional equation:

W(x− t)W(t) = W(x), 0 < t < x < b.

Since we assumed w real and continuous, this means it must be a constant times an
exponential function, w(x) = w(0)eκx for some constant κ ∈ R, which gives the result.

Example 3. If w(x) = xη is a power function, then the operators of weighted fractional calculus,
as given in Definition 4, are almost exactly those of the so-called Kober–Erdélyi (or simply Kober)
fractional calculus, defined in [3] (§18.1) and [26] (§2.6) as follows:

K
a Iα;η

x f (x) =
x−α−η

Γ(α)

∫ x

a
(x− t)α−1tη f (t)dt, Re(α) > 0, Re(η) > 0.

(Usually, the Kober–Erdélyi operator is written with lower bound a = 0, but we see no reason here
to restrict to this particular case, as it can easily be written with the general constant of integration
a.) It is clear that we have

K
a Iα;η

x f (x) = x−α · RL
a Iα

x;xη f (x).

This fact was already noted in [26] (Equation (2.6.15)), using a different notation of Mη

operators to give a relationship between the Kober–Erdélyi integral and the Riemann–Liouville
integral.

A closely related, but more general, operator is the so-called Erdélyi–Kober fractional integral,
which is also discussed in [3] (§18.1) and [26] (§2.6). However, this involves a fractional power of
(xσ − tσ), not only (x− t), so it is not easily related to a special case of weighted fractional calculus
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as given in Definition 4. In fact, the appearance of this operator has elements of both weighted
fractional calculus and fractional calculus with respect to functions, as given in Definition 2, and
later we shall see that it is a special case of the larger class of operators described in Section 4 as
weighted fractional calculus with respect to functions.

3.3. Laplace Transform and Convolution

In this subsection, we discuss a weighted integral transform, a very simple variation
on the Laplace transform, which can be used to solve linear fractional differential equations
involving weighted Riemann–Liouville and Caputo fractional derivatives. Related to this
transform, we shall introduce a weighted convolution operation, which has a conjugation
relation with the classical Laplace-type convolution. Using the conjugation approach and
well-known facts about the classical Laplace transform and convolution, we can easily prove
the fundamental properties of the weighted Laplace transform and weighted convolution.

Definition 5. Let f : [0, ∞)→ C be a real-valued or complex-valued function. Then, the weighted
Laplace transform of f with a weight function w is defined by

Lw(x){ f (x)} = F(s) =
∫ ∞

0
e−sxw(x) f (x)dx, (10)

for any s ∈ C and any function f such that this is a convergent integral (specific appropriate
conditions on s and f are discussed below).

Remark 4. It is clear that the w-weighted Laplace transform of f is precisely the usual Laplace
transform of the function w(x) f (x): in operational calculus terms, this means that

Lw(x) = L ◦Mw(x), (11)

where Mw(x) is the multiplication operator defined by (9) above. This relation means that the
w-weighted Laplace transform is essentially a trivial variation of the classical Laplace transform;
there is no separate theory of weighted Laplace transforms, and no need to spend time proving anew
any results on weighted Laplace transforms rather than deducing them directly from the theory of
classical Laplace transforms.

We note that the function F(s) exists for Re(s) > c if w and f are such that w(x) f (x) is
of exponential order c: for example, if w ∈ L∞[0, ∞) and f is of exponential order c, or if w is of
exponential order c1 and f is of exponential order c2 with c1 + c2 = c. In such circumstances, we say
that f is w-exponentially bounded, which is the same as saying that w · f is exponentially bounded.
This terminology is a convenience that will be useful later when we combine these concepts with
those of Laplace transforms with respect to functions [42,43] and the corresponding function spaces.

As corollaries of the relation (11), we mention the following results.

Corollary 1. The inverse weighted Laplace transform exists for any function which has a classical
inverse Laplace transform, and it may be written as follows:

L−1
w(x) = M−1

w(x) ◦ L
−1, (12)

or in other words

L−1
w(x){F(s)} =

1
2πiw(x)

∫ c+i∞

c−i∞
esxF(s)ds. (13)

Corollary 2. If f is a function which has a classical Laplace transform F(s), then the weighted
Laplace transform of

(
M−1

w(x) f
)
(x) = f (x)

w(x) is also F(s):

L{ f (x)} = F(s) ⇒ Lw(x)

{
f (x)
w(x)

}
= F(s).
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The reason for introducing a weighted Laplace transform, even when it is so similar to
the classical Laplace transform that all results concerning it are trivially proved, is that it has
a natural relationship with the operators of weighted fractional calculus. In the following
theorem, we find the weighted Laplace transforms of the weighted Riemann–Liouville and
Caputo fractional differintegrals.

Theorem 2. Let α > 0 and let f be a continuous function on [0, ∞) which is of w-weighted
exponential order, where w is a continuous weight function. Then, we have the following results.

1.

Lw(x)

{(
RL

0 Iα
x;w(x) f

)
(x)
}
= s−αLw(x){ f (x)}.

2. Let n− 1 ≤ Re(α) < n ∈ Z+, and assume that RL
0Dα

x;w(x) f is continuous on [0, ∞) and of
w-weighted exponential order. Then,

Lw(x)

{(
RL

0Dα
x;w(x) f

)
(x)
}
= sαLw(x){ f (x)}

− w(0+)
n−1

∑
i=0

sn−i−1
(

RL
0 In−i−α

x;w(x) f
)
(0+).

3. Let n− 1 ≤ Re(α) < n ∈ Z+, and assume that Dn
x;w(x) f is continuous on [0, ∞) and of

w-weighted exponential order. Then,

Lw(x)

{(
C
0Dα

x;w(x) f
)
(x)
}
= sαLw(x){ f (x)}

− w(0+)
n−1

∑
i=0

sα−i−1

[(
d

dx
+

w′(x)
w(x)

)i

f

]
(0+).

Proof. All of these results follow from combining the results of Proposition 1 and Equa-
tion (11) with the following well-known facts on classical Laplace transforms of fractional
integrals and derivatives:

L
{(

RL
0 Iα

x f
)
(x)
}
= s−αL{ f (x)},

L
{(

RL
0Dα

x f
)
(x)
}
= sαL{ f (x)} −

n−1

∑
i=0

sn−i−1
(

0 In−i−α
x f

)
(0+),

L
{(

C
0Dα

x f
)
(x)
}
= sαL{ f (x)} −

n−1

∑
i=0

sα−i−1 f (i)(0+).

Note that the given conditions on f imply that (in the second case, Riemann–Liouville
derivatives) the function RL

0 In−α
x;w(x) f and all its weighted derivatives from 1st to nth order,

namely 0Dα−n+1
x;w(x) f , . . ., RL

0Dα−1
x;w(x) f , RL

0Dα
x;w(x) f , are continuous on [0, ∞) and of w-weighted

exponential order, while (in the third case, Caputo derivatives) the function f and all its
weighted derivatives from 1st to nth order, namely RL

0D1
x;w(x) f , RL

0D2
x;w(x) f , . . ., RL

0Dn
x;w(x) f ,

are continuous on [0, ∞) and of w-weighted exponential order, and so is C
0Dα

x;w(x) f . This is
because continuity and exponential boundedness are preserved by integration; we have
fixed our assumptions to be only at the highest order of differentiation.

Now, we consider a w-weighted convolution operation between two functions, which
relates naturally to the weighted Laplace transform.

Definition 6. The w-weighted convolution of two real-valued or complex-valued functions f , g :
[0, ∞)→ C is the function f ∗w g defined by
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(
f ∗w g

)
(x) =

1
w(x)

∫ x

0
w(x− t) f (x− t)w(t)g(t)dt. (14)

It is clear that this weighted convolution is closely related to classical convolution via
the following formula: (

f ∗w g
)
(x) =

1
w(x)

(
w f
)
∗
(
wg
)
(x),

or in other words, using the multiplication operator defined in (9),

f ∗w g = M−1
w(x)

((
Mw(x) f

)
∗
(

Mw(x)g
))

. (15)

Since both classical and w-weighted convolutions are binary operations acting on pairs
of functions, we can use the alternative notations ∗( f , g) and ∗w( f , g), instead of f ∗ g and
f ∗w g, in order to rewrite (15) as a conjugation relation of operators:

∗w = M−1
w(x) ◦ ∗ ◦

(
Mw(x), Mw(x)

)
,

i.e.,
∗w( f , g) = M−1

w(x)

(
∗
(

Mw(x) f , Mw(x)g
))

.

These relations, combined with the operational relation (11) for the weighted Laplace
transforms, give rise to the following important corollary, an analogue of the classical
Laplace convolution theorem.

Corollary 3. If f , g : [0, X] → C are piecewise continuous and their products with w are of
exponential order c > 0, then

Lw(x){ f ∗w g} = Lw(x){ f }Lw(x){g}.

In the following theorem, we use the weighted Laplace transform method to establish
a regularity condition for the solutions to weighted fractional differential equations of the
following type:

C
0Dα

x;w(x)y(x) = Ay(x) + g(x), x ≥ 0, (16)

y(0) = η, (17)

where 0 < α < 1 is fixed and A =
(
aij
)

is an n× n constant matrix and g is a continuous
n-dimensional vector-valued function and η is a constant n-dimensional vector.

Theorem 3. Assume that the system (16)–(17) has a unique continuous solution y. If g is
continuous on [0, ∞) and w-weighted exponentially bounded, then y and C

0Dα
x;w(x)y are both

w-weighted exponentially bounded too.

Proof. Using the result proved in [44] (Theorem 3.1) together with the conjugation relations
given by Proposition 1, we obtain the required result.

4. Weighted Fractional Calculus with Respect to Functions

Definition 7 ([28,33]). Let φ : [a, b] → R be a strictly increasing C1 function, so that φ′ > 0
everywhere, and let w ∈ L∞(a, b) be a weight function. The w-weighted Riemann–Liouville
fractional integral with respect to φ of a given function f ∈ L1

φ(a, b), to order α in R or C, is
defined by
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RL
a Iα

φ(x);w(x) f (x) =
1

Γ(α)w(x)

∫ x

a

(
φ(x)− φ(t)

)α−1w(t) f (t)φ′(t)dt, x ∈ (a, b),

where we require Re(α) > 0, or simply α > 0 if we assume real order.
Assuming sufficient differentiability conditions on φ and w, we can also define the w-weighted

Riemann–Liouville fractional derivative with respect to φ of a given function f ∈ ACn
φ[a, b] and the

w-weighted Caputo fractional derivative with respect to φ of a given function f ∈ Cn
φ[a, b], to order

α in R or C, as follows:

RL
aDα

φ(x);w(x) f (x) =
(

Dφ(x);w(x)

)n
RL

a In−α
φ(x);w(x) f (x),

C
aDα

φ(x);w(x) f (x) = RL
a In−α

φ(x);w(x)

(
Dφ(x);w(x)

)n
f (x),

where Re(α) ≥ 0, or simply α > 0 if we assume real order, and n := bRe(α)c + 1 so that
n− 1 ≤ Re(α) < n, and where the first-order operator Dφ(x);w(x) is defined by

Dφ(x);w(x) f (x) =
1

w(x)φ′(x)
· d

dx
(
w(x) f (x)

)
,

or equivalently Dφ(x);w(x) =
1

φ′(x) ·
(

d
dx + w′(x)

w(x)

)
.

Sufficient differentiability conditions on φ and w could be, for example, that both φ and w are
in Cn[a, b], but the important condition overall is that the functions Dk

φ(x);w(x) f (x) should exist for

k = 1, 2, . . . , n and that the k = n case should be, respectively, continuous or L1 with respect to φ.

These operators were introduced by Agrawal [28,29] and also studied by Jarad et al. [33].
Here, we shall consider them from the operational viewpoint, using the notion of conjuga-
tion to connect them directly to the original Riemann–Liouville and Caputo operators and
thence to derive many results in an easy way without the unnecessary calculations of some
previous works [33].

4.1. Conjugation Relations

Theorem 4 ([30] (§3.3)). The weighted fractional differintegrals with respect to functions may be
written as conjugations of the original fractional differintegrals as follows:

RL
a Iα

φ(x);w(x) = M−1
w(x) ◦Qφ ◦ RL

φ(a) Iα
x ◦Q−1

φ ◦Mw(x),

RL
aDα

φ(x);w(x) = M−1
w(x) ◦Qφ ◦ RL

φ(a)D
α
x ◦Q−1

φ ◦Mw(x),

C
aDα

φ(x);w(x) = M−1
w(x) ◦Qφ ◦ C

φ(a)D
α
x ◦Q−1

φ ◦Mw(x),

where the multiplication operator Mw(x) is defined by (9) and the composition operator Qφ is defined
in Lemma 4.

Proof. It is clear that the w-weighted Riemann–Liouville fractional integral with respect to
φ is given by multiplying by w, applying the (unweighted) Riemann–Liouville fractional
integral with respect to φ to the same order, and then dividing by w again. This gives
a conjugation relation between the weighted fractional integral with respect to φ and
the original fractional integral with respect to φ, which can be combined with Lemma 4
as follows:

RL
a Iα

φ(x);w(x) = M−1
w(x) ◦

RL
a Iα

φ(x) ◦Mw(x) = M−1
w(x) ◦

(
Qφ ◦ RL

φ(a) Iα
x ◦Q−1

φ

)
◦Mw(x).

Both types of fractional derivatives are compositions of this fractional integral operator
with the first-order operator Dφ(x);w(x) =

1
φ′(x) ·

(
d

dx + w′(x)
w(x)

)
repeated n times, so it will
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suffice to show that Dφ(x);w(x) also satisfies a conjugation relation, which is easily proved
using the product rule and chain rule:

M−1
w(x) ◦Qφ ◦

d
dx
◦Q−1

φ ◦Mw(x) f (x) = M−1
w(x) ◦

(
1

φ′(x)
· d

dx

)
◦Mw(x) f (x)

= M−1
w(x)

(
1

φ′(x)
· d

dx

(
w(x) f (x)

))
=

1
w(x)φ′(x)

(
w(x) f ′(x) + w′(x) f (x)

)
=

1
φ′(x)

(
d

dx
+

w′(x)
w(x)

)
f (x).

The results follow from composition of conjugation relations.

Remark 5. The above result shows that the operators of Definition 7 are obtained by starting with
the original operators of fractional calculus, applying Qφ-conjugation to make the operators with
respect to functions, and then applying Mw-conjugation to make them weighted. There is a definite
order to the modifications: we are using the weighted versions of operators with respect to functions.
What about the with-respect-to-functions versions of weighted operators, as mentioned briefly in [30]
(Equations (3.36)–(3.38))?

In fact, these two potential general classes of operators come to the same thing, because of the
relation Mw(x) ◦Q−1

φ = Q−1
φ ◦Mw(φ(x)). It can be checked by some elementary calculations that

Qφ ◦M−1
w(x) ◦

d
dx
◦Mw(x) ◦Q−1

φ f (x) =
1

φ′(x)

(
d

dx
+

(w ◦ φ)′(x)
w ◦ φ(x)

)
f (x),

confirming that the class of weighted fractional operators with respect to functions is the same
class regardless of which order we apply the weighted and with-respect-to-functions aspects of the
operators. To write the alternative conjugation relations explicitly, we have

RL
a Iα

φ(x);w(x) = Qφ ◦M−1
w(φ−1(x)) ◦

RL
φ(a) Iα

x ◦Mw(φ−1(x)) ◦Q−1
φ ,

RL
aDα

φ(x);w(x) = Qφ ◦M−1
w(φ−1(x)) ◦

RL
φ(a)D

α
x ◦Mw(φ−1(x)) ◦Q−1

φ ,

C
aDα

φ(x);w(x) = Qφ ◦M−1
w(φ−1(x)) ◦

C
φ(a)D

α
x ◦Mw(φ−1(x)) ◦Q−1

φ ,

derived from the results of Theorem 4.

The above conjugation results are very useful in understanding weighted fractional
calculus with respect to functions. They were mentioned in [30] (Equations (3.31)–(3.35)),
but they were not used in [33], many of whose results can be proved much more quickly by
directly using the corresponding results from classical fractional calculus together with the
conjugation relations.

Proposition 6. The w-weighted RL derivative with respect to φ is the analytic continuation, in
the complex variable α, of the w-weighted RL integral with respect to φ, under the convention that
integrals of negative order are derivatives of positive order:

RL
aDα

φ(x);w(x) =
RL

a I−α
φ(x);w(x), Re(α) ≥ 0.

This fact allows both RL
a Iα

φ(x);w(x) and RL
aDα

φ(x);w(x) to be defined for all values of α ∈ C, in
the same way as for the original Riemann–Liouville differintegrals.
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Proof. This follows directly from the conjugation relations of Theorem 4 together with the
corresponding analytic continuation result for Riemann–Liouville differintegrals given at
Equation (4).

Proposition 7. The weighted fractional differintegrals with respect to functions have semigroup
properties as follows:

RL
a Iα

φ(x);w(x)
RL

a Iβ

φ(x);w(x) f (x) = RL
a Iα+β

φ(x);w(x) f (x), α ∈ C, Re(β) > 0;(
Dφ(x);w(x)

)n
RL

aDα
φ(x);w(x) f (x) = RL

aDn+α
φ(x);w(x) f (x), α ∈ C, n ∈ N,

where in both cases f is any function such that the relevant expressions are well-defined: for example,
f ∈ L1

φ(a, b) for the first identity, f ∈ ACn+bRe αc+1
φ [a, b] for the second identity.

Note that the operators labelled by α in both of these relations may be either fractional integrals
or fractional derivatives, while the one labelled by β must be a fractional integral.

Proof. This is an immediate consequence of Theorem 4 (conjugation relations) with Lemma 1
(Riemann–Liouville semigroup properties).

Proposition 8. The following composition properties are valid for weighted Riemann–Liouville
and Caputo differintegrals with respect to functions in cases where semigroup properties are not:

RL
a Iα

φ(x);w(x)
RL

aDα
φ(x);w(x) f (x)

= f (x)−
n

∑
k=1

(
φ(x)− φ(a)

)α−k

Γ(α− k + 1)
· w(a+)

w(x)
· lim

x→a+
RL

aDα−k
φ(x);w(x) f (x);

RL
a Iα

φ(x);w(x)
C
aDα

φ(x);w(x) f (x)

= f (x)−
n−1

∑
k=0

(
φ(x)− φ(a)

)k

k!
· w(a+)

w(x)
· lim

x→a+

(
Dφ(x);w(x)

)k
f (x),

where in both cases α ∈ C with Re(α) > 0 and n = bRe(α)c+ 1 while f is any function such that
the relevant expressions are well-defined: specifically, f ∈ Cn

φ[a, b] is sufficient. We also have the
following relationship between the weighted Riemann–Liouville and Caputo derivatives with respect
to functions:

C
aDα

φ(x);w(x) f (x)

= RL
aDα

φ(x);w(x) f (x)−
n−1

∑
k=0

(
φ(x)− φ(a)

)k−α

Γ(k− α + 1)
· w(a+)

w(x)
· lim

x→a+

(
Dφ(x);w(x)

)k
f (x)

= RL
aDα

φ(x);w(x)

(
f (x)−

n−1

∑
k=0

(
φ(x)− φ(a)

)k

k!
· w(a+)

w(x)
· lim

x→a+

(
Dφ(x);w(x)

)k
f (x)

)
,

where f ∈ ACn
φ[a, b] and α, n are as before.

Proof. We verify the first of the stated relations as follows:

RL
a Iα

φ(x);w(x)
RL

aDα
φ(x);w(x) f (x) = M−1

w(x) ◦Qφ ◦ RL
φ(a) Iα

x ◦ RL
φ(a)D

α
x ◦Q−1

φ ◦Mw(x) f (x)

= M−1
w(x) ◦Qφ

[
RL

φ(a) Iα
x

RL
φ(a)D

α
x

(
w
(
φ−1(x)

)
f
(
φ−1(x)

))]
= M−1

w(x) ◦Qφ

[
w
(
φ−1(x)

)
f
(
φ−1(x)

)
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−
n

∑
k=1

(
x− φ(a)

)α−k

Γ(α− k + 1)
· lim

x→φ(a)+
RL

φ(a)D
α−k
x

(
w
(
φ−1(x)

)
f
(
φ−1(x)

))]

=
1

w(x)

[
w(x) f (x)−

n

∑
k=1

(
φ(x)− φ(a)

)α−k

Γ(α− k + 1)

× lim
x→φ(a)+

RL
φ(a)D

α−k
x

(
w
(
φ−1(x)

)
f
(
φ−1(x)

))]

= f (x)−
n

∑
k=1

(
φ(x)− φ(a)

)α−k

Γ(α− k + 1)w(x)
· lim

x→φ(a)+
RL

φ(a)D
α−k
x ◦Q−1

φ ◦Mw(x) f (x)

= f (x)−
n

∑
k=1

(
φ(x)− φ(a)

)α−k

Γ(α− k + 1)w(x)
· lim

x→a+
Qφ ◦ RL

φ(a)D
α−k
x ◦Q−1

φ ◦Mw(x) f (x)

= f (x)−
n

∑
k=1

(
φ(x)− φ(a)

)α−k

Γ(α− k + 1)
· w(a+)

w(x)
· lim

x→a+
RL

aDα−k
φ(x);w(x) f (x),

which is the required result. Similar manipulations can be used to prove all of the other
stated relations, starting from the corresponding relations for Riemann–Liouville and
Caputo differintegrals; we omit the straightforward details.

Proposition 9. The weighted Riemann–Liouville and Caputo differintegrals of certain functions
with respect to another function are given as follows:

RL
aDα

φ(x);w(x)

((
φ(x)− φ(a)

)β

w(x)

)

=
Γ(β + 1)

Γ(β− α + 1)

(
φ(x)− φ(a)

)β−α

w(x)
, α ∈ C, Re(β) > −1;

C
aDα

φ(x);w(x)

Eα

(
ω
(
φ(x)− φ(a)

)α
)

w(x)


= ω ·

Eα

(
ω
(
φ(x)− φ(a)

)α
)

w(x)
, ω ∈ C, Re(α) > 0,

where Eα is the Mittag-Leffler function. Note that the operator in the first identity can be either a
fractional integral or a fractional derivative, according to the sign of Re(α).

Proof. The result follows directly from the conjugation relations of Theorem 4, combined
with the results of Lemma 3.

Remark 6. As before, the functions used in Proposition 9 are just two possible examples that
could have been chosen. Any known result for Riemann–Liouville or Caputo differintegrals of any
particular functions can now easily be extended to an analogous result on weighted differintegrals
with respect to functions, with the functions divided by w(x) on left and right sides of the identity.

4.2. Examples

In this subsection, we discuss some particular choices of functions for both w(x) and
φ(x) which will lead to interesting special cases of weighted fractional calculus with respect
to functions, some of which are already well known and studied in the literature.
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Example 4. If w(x) = k is a constant, then the operators of w-weighted fractional calculus with
respect to φ, as given in Definition 7, are exactly the same as the operators of the original fractional
calculus with respect to φ, as given in Definition 2. Indeed, this is the only case where w-weighted
fractional calculus with respect to φ reduces to fractional calculus with respect to a function, because
it is the only case when the first-order operator Dφ(x);w(x) =

1
φ′(x) ·

(
d

dx + w′(x)
w(x)

)
becomes simply

a function times d
dx .

If φ(x) = x, then the operators of w-weighted fractional calculus with respect to φ, as given
in Definition 7, are exactly the same as the operators of w-weighted fractional calculus, as given
in Definition 4. Indeed, this is the only case where w-weighted fractional calculus with respect to
φ reduces to a case of weighted fractional calculus, because it is the only case when the first-order
operator Dφ(x);w(x) =

1
φ′(x) ·

(
d

dx + w′(x)
w(x)

)
contains simply the operator d

dx without any function
multiplier.

Example 5. If w(x) = eβφ(x) is an exponential function of φ, then the operators of w-weighted
fractional calculus with respect to φ, as given in Definition 7, are precisely those of tempered
fractional calculus with respect to a function, as defined in [45]. Therefore, tempered fractional
calculus with respect to a function forms an overlap between the general class of weighted fractional
operators with respect to functions [33] and the general class of fractional operators with analytic
kernels with respect to functions [27].

Example 6. If w(x) = xβ is a power function and φ(x) = log(x) is the natural logarithm
function, then the operators of w-weighted fractional calculus with respect to φ become precisely
those of Hadamard-type fractional calculus, defined [46,47] as follows:

H
a Iα,β

x f (x) =
1

Γ(α)

∫ x

a

(
t
x

)β(
log

x
t

)α−1 f (t)
t

dt, β ∈ C, Re(α) > 0;

HR
aDα,β

x f (x) =
(

x · d
dx

+ β

)n
H
a In−α,β

x f (x), β ∈ C, Re(α) ≥ 0;

HC
aDα,β

x f (x) = H
a In−α,β

x

(
x · d

dx
+ β

)n
f (x), β ∈ C, Re(α) ≥ 0.

This model of fractional calculus was also studied in [45], where it was determined to be a
special case of tempered fractional calculus with respect to a function, namely the case with respect
to the logarithm function.

Remark 7. Note that choosing w(x) = eβφ(x) in Example 5, rather than w(x) = eβx as we did to
obtain tempered fractional calculus as a special case of weighted fractional calculus in Example 2, is
necessary because we are defining weighted fractional calculus with respect to functions by applying
the Mw conjugation after the Qφ conjugation. As discussed in Remark 5, this means that our
operators of Definition 7 are

weighted (fractional calculus with respect to functions)

and not
(weighted fractional calculus) with respect to functions.

Thus, choosing w(x) = eβx in Definition 4 gives tempered fractional calculus, but choosing
w(x) = eβx in Definition 7 does not give the with-respect-to-functions version of tempered fractional
calculus: instead, it gives the tempered version of fractional calculus with respect to functions.
On the other hand, if we swapped the order of the Mw and Qφ operators in the definition, then
Hadamard-type fractional calculus would be given by w(x) = eβx and φ(x) = log(x), as it is
tempered fractional calculus taken with respect to the natural logarithm function.
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Explicitly, the operators of Hadamard-type fractional calculus are given by the following
conjugation relations:

H
a Iα,β

x f (x) = M−1
xβ ◦Qlog ◦ RL

log(a) Iα
x ◦Q−1

log ◦Mxβ

= Qlog ◦M−1
eβx ◦ RL

log(a) Iα
x ◦Meβx ◦Q−1

log;

HR
aDα,β

x f (x) = M−1
xβ ◦Qlog ◦ RL

log(a)D
α
x ◦Q−1

log ◦Mxβ

= Qlog ◦M−1
eβx ◦ RL

log(a)D
α
x ◦Meβx ◦Q−1

log;

HC
aDα,β

x f (x) = M−1
xβ ◦Qlog ◦ C

log(a)D
α
x ◦Q−1

log ◦Mxβ

= Qlog ◦M−1
eβx ◦ C

log(a)D
α
x ◦Meβx ◦Q−1

log,

which was already known from [45] (Theorem 3.2).

Example 7. If w(x) = xση and φ(x) = xσ are power functions, with Re(η) > 0 and σ > 0,
then the operators of w-weighted fractional calculus with respect to φ, as given in Definition 7, are
almost exactly those of the so-called Erdélyi–Kober fractional calculus, which we define following [3]
(§18.1) and [26] (§2.6) as follows. The fractional integral is

E
a Iα;σ,η

x f (x) =
σx−σ(α+η)

Γ(α)

∫ x

a

(
xσ − tσ

)α−1tση+σ−1 f (t)dt, Re(α) > 0,

while the fractional derivative (of Riemann–Liouville type) is

ER
aDα;σ,η

x f (x) = x−ση

(
1

σxσ−1 ·
d

dx

)n
xσ(η+n) E

a In−α;σ,η+α
x f (x), Re(α) ≥ 0,

and the fractional derivative of Caputo type, defined more recently in [48], is:

EC
aDα;σ,η

x f (x) = xσn E
a In−α;σ,η+α

x x−σ(η+α)

(
1

σxσ−1 ·
d

dx

)n
xσ(η+α) f (x),

Re(α) ≥ 0,

where in both of the last two cases the natural number n is defined by n− 1 < Re(α) ≤ n, or in
other words n = bRe(α)c+ 1.

It is clear that the Erdélyi–Kober integral is related to the w-weighted fractional integral with
respect to φ as follows:

E
a Iα;σ,η

x f (x) = x−σα · RL
a Iα

xσ ;xση f (x).

The original Erdélyi–Kober derivative can also be related to the w-weighted fractional derivative
with respect to φ of Riemann–Liouville type, as follows:

ER
aDα;σ,η

x f (x) = xσα · RL
aDα

xσ ;xσ(η+α) f (x).

And the Caputo-type Erdélyi–Kober derivative can be related similarly to the w-weighted
fractional derivative with respect to φ of Caputo type, as follows:

EC
aDα;σ,η

x f (x) = xσα · C
aDα

xσ ;xσ(η+α) f (x).

These relationships were already noted in [26] (Equation (2.6.9)), using a different nota-
tion of Mη and Nσ operators to give a relationship between the Erdélyi–Kober integral and the
Riemann–Liouville integral, and in [48] (Equations (16)–(24)), using a direct formulation involving
substitutions of power functions.
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It is also interesting to note that, by our Proposition 6, the Erdélyi–Kober fractional derivative
is the unique analytic continuation of the Erdélyi–Kober fractional integral E

a Iα;σ,η
x f (x) from the

original domain Re(α) > 0 to the whole complex plane for α, under the convention that

E
a Iα;σ,η

x f (x) = ER
aD−α;σ,η+α

x f (x), Re(α) ≤ 0.

As usual with analytic continuation relations, this fact will be generally useful in proving
results about Erdélyi–Kober derivatives when the corresponding results for Erdélyi–Kober integrals
are already known, simply by extension using the fact of analytic continuation.

4.3. Laplace Transform and Convolution

We shall now study the w-weighted Laplace transform with respect to φ, an integral
transform which is ideally suited for studying fractional differential equations which are
both weighted and with respect to functions. Most of the results of this subsection were
already seen in [33], but we shall now see how to prove them much more quickly and easily
by using operational calculus.

Definition 8 ([33]). Let f : [a, ∞) → C be a real-valued or complex-valued function, and let w
and φ be functions as above. Then, the w-weighted Laplace transform of f with respect to φ is
defined by

Lφ;w(x){ f (x)} = F(s) =
∫ ∞

a
e−s[φ(x)−φ(a)]w(x) f (x)φ′(x)dx, (18)

for any s ∈ C and any function f such that this is a convergent integral (specific appropriate
conditions on s and f are discussed below).

Theorem 5. The w-weighted Laplace transform with respect to φ can be written as a composition
of the usual Laplace transform with multiplication and composition operators, as follows:

Lφ;w(x) = L ◦Q−1
φ(x)−φ(a) ◦Mw(x), (19)

where M and Q are the operators defined above in (9) and in Lemma 4, respectively, and where we
assume the increasing function φ satisfies φ(x)→ ∞ as x→ ∞.

Proof. We check the effect of applying the three operators from the right-hand side, one by
one, on an appropriate function f :

Mw(x) f (x) = w(x) f (x);

Q−1
φ(x)−φ(a) ◦Mw(x) f (x) = w

(
φ−1(x + φ(a)

))
f
(

φ−1(x + φ(a)
))

;

L ◦Q−1
φ(x)−φ(a) ◦Mw(x) f (x) =

∫ ∞

0
e−sxw

(
φ−1(x + φ(a)

))
f
(

φ−1(x + φ(a)
))

dx

=
∫ ∞

a
e−s[φ(t)−φ(a)]w(t) f (t)φ′(t)dt,

where in the last step we substituted x = φ(t)− φ(a) and used the assumption on the
infinite limiting behaviour of φ.

Corollary 4. If φ : [0, ∞) → [0, ∞) is an increasing bijection, then the w-weighted Laplace
transform with respect to φ can be written as a composition of the usual Laplace transform with
multiplication and composition operators, as follows:

Lφ;w(x) = L ◦Q−1
φ ◦Mw(x),

where Mw(x) and Qφ are the operators defined above in (9) and in Lemma 4, respectively.

Proof. This is the case a = 0, φ(0) = 0 of the preceding theorem.
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Corollary 5. If a ∈ R is any real number and φ : [a, ∞) → [φ(a), ∞) is a bijection, then the
Laplace transform with respect to φ can be written in terms of the usual Laplace transform as follows:

Lφ = L ◦Q−1
φ(x)−φ(a).

Proof. This is the case w(x) = 1 of the preceding theorem. Note that it also provides a
generalisation of the results of [45], where it was assumed that φ(0) = 0. The operational-
calculus approach in [45] was therefore used only with fractional differintegrals having
lower limit 0, but now those results can be straightforwardly extended to fractional differ-
integral operators with general lower limit a ∈ R.

As corollaries of the relation (19), we obtain the following results.

Corollary 6. If w and f are such that w(x) f (x) is of φ-exponential order c (as defined in [45]),
then the w-weighted Laplace transform F(s) of f with respect to φ exists for Re(s) > c. In this case,
we say that f is of w-weighted φ-exponential order c.

Corollary 7. The inverse w-weighted Laplace transform with respect to φ exists for any function
which has a classical inverse Laplace transform, and it may be written as follows:

L−1
φ;w(x) = M−1

w(x) ◦Qφ(x)−φ(a) ◦ L−1,

or in other words

L−1
φ;w(x){F(s)} =

1
2πiw(x)

∫ c+i∞

c−i∞
es[φ(x)−φ(a)]F(s)ds.

Corollary 8. If f is a function which has a classical Laplace transform F(s), then the w-weighted

Laplace transform with respect to φ of the function
(

M−1
w(x) ◦Qφ(x)−φ(a) f

)
(x) =

f
(

φ(x)−φ(a)
)

w(x) is
also F(s):

L{ f (x)} = F(s) ⇒ Lφ;w(x)

{
f
(
φ(x)− φ(a)

)
w(x)

}
= F(s).

The following theorem gives the natural relationship between the weighted Laplace
transform with respect to a function and the operators of weighted fractional calculus with
respect to a function.

Theorem 6. Let α > 0 and let f be a continuous function on [0, ∞), which is of w-weighted
φ-exponential order, where w is a continuous weight function and φ : [a, ∞) → [φ(a), ∞) is an
increasing bijection. Then, we have the following results.

1.

Lφ;w(x)

{(
RL

a Iα
φ(x);w(x) f

)
(x)
}
= s−αLφ;w(x){ f (x)}.

2. Let n− 1 ≤ Re(α) < n ∈ Z+, and assume that RL
aDα

φ(x);w(x) f is continuous on [a, ∞) and
of w-weighted φ-exponential order. Then,

Lφ;w(x)

{(
RL

aDα
φ(x);w(x) f

)
(x)
}
= sαLφ;w(x){ f (x)}

− w(a+)
n−1

∑
i=0

sn−i−1
(

RL
a In−i−α

φ(x);w(x) f
)
(a+).

3. Let n− 1 ≤ Re(α) < n ∈ Z+, and assume that Dn
φ(x);w(x) f is continuous on [a, ∞) and of

w-weighted φ-exponential order. Then,
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Lφ;w(x)

{(
C
aDα

φ(x);w(x) f
)
(x)
}
= sαLφ;w(x){ f (x)}

− w(a+)
n−1

∑
i=0

sα−i−1
(

Di
φ(x);w(x) f

)
(a+).

Proof. All of these results follow from combining the composition results of Theorem 4
and Theorem 5 with the classical facts on Laplace transforms of fractional integrals and
derivatives which were quoted previously in the proof of Theorem 2. However, in this case,
the Q operators are a little more tricky to deal with, since we have both Qφ and Qφ(x)−φ(a),
closely related but not the same operator, involved in the same manipulation.

For the fractional integral, we have:

Lφ;w(x) ◦ RL
a Iα

φ(x);w(x)

=
(
L ◦Q−1

φ(x)−φ(a) ◦Mw(x)

)
◦
(

M−1
w(x) ◦Qφ ◦ RL

φ(a) Iα
x ◦Q−1

φ ◦Mw(x)

)
= L ◦

(
Q−1

φ(x)−φ(a) ◦Qφ

)
◦ RL

φ(a) Iα
x ◦Q−1

φ ◦Mw(x),

and the composition Q−1
φ(x)−φ(a) ◦Qφ is equivalent to a linear substitution:(

Q−1
φ(x)−φ(a) ◦Qφ

)
g(x) = g(x + φ(a)),

so this operator has the following effect on the fractional integral operator:

Q−1
φ(x)−φ(a) ◦Qφ ◦ RL

φ(a) Iα
x g(x) =

1
Γ(α)

∫ x+φ(a)

φ(a)
(x + φ(a)− t)α−1g(t)dt

=
1

Γ(α)

∫ x

0
(x− u)α−1g(u + φ(a))du

= RL
0 Iα

x ◦Q−1
φ(x)−φ(a) ◦Qφ g(x),

and therefore

Lφ;w(x) ◦ RL
a Iα

φ(x);w(x) = L ◦
RL

0 Iα
x ◦
(

Q−1
φ(x)−φ(a) ◦Qφ

)
◦Q−1

φ ◦Mw(x)

= M−1
sα ◦ L ◦Q−1

φ(x)−φ(a) ◦Mw(x)

= M−1
sα ◦ Lφ;w(x),

which is the stated relation for fractional integrals.
For fractional derivatives, since the linear substitution Q−1

φ(x)−φ(a) ◦Qφ commutes with

the d
dx operator, the same manipulations as above give rise to:

Lφ;w(x) ◦ RL
aDα

φ(x);w(x) = L ◦
RL

0Dα
x ◦Q−1

φ(x)−φ(a) ◦Mw(x),

Lφ;w(x) ◦ C
aDα

φ(x);w(x) = L ◦
C
0Dα

x ◦Q−1
φ(x)−φ(a) ◦Mw(x).

For the Riemann–Liouville case, we then have

Lφ;w(x)

{
C
aDα

φ(x);w(x) f (x)
}
= L

{
C
aDα

φ(x);w(x)

[
Q−1

φ(x)−φ(a) ◦Mw(x) f (x)
]}

= sαL{ f (x)} −
n−1

∑
i=0

sn−i−1 lim
x→0+

(
0 In−i−α

x

[
Q−1

φ(x)−φ(a) ◦Mw(x) f (x)
])

= sαL{ f (x)}

−
n−1

∑
i=0

sn−i−1 lim
x→a+

(
Qφ(x)−φ(a) ◦ 0 In−i−α

x ◦Q−1
φ(x)−φ(a) ◦Mw(x) f (x)

)
= sαL{ f (x)} − w(a+)

n−1

∑
i=0

sn−i−1
(

RL
a In−i−α

φ(x);w(x) f
)
(a+),
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which is the stated relation, and similarly for the Caputo case.

Definition 9 ([33]). The w-weighted φ-convolution of two real-valued or complex-valued functions
f , g : [a, ∞)→ C is the function f ∗w

φ g defined by

(
f ∗w

φ g
)
(x) =

1
w(x)

∫ x

a
w
(

φ−1(φ(x) + φ(a)− φ(t)
))

× f
(

φ−1(φ(x) + φ(a)− φ(t)
))

w(t)g(t)φ′(t)dt. (20)

Theorem 7. The w-weighted φ-convolution is related to classical convolution via the following for-
mula:

f ∗w
φ g = M−1

w(x) ◦Qφ(x)−φ(a)

(
Q−1

φ(x)−φ(a) ◦Mw(x) f
)
∗
(

Q−1
φ(x)−φ(a) ◦Mw(x)g

)
, (21)

or equivalently, using the notation of binary operations and conjugation,

∗w
φ = M−1

w(x) ◦Qφ(x)−φ(a) ◦ ∗ ◦
(

Q−1
φ(x)−φ(a) ◦Mw(x), Q−1

φ(x)−φ(a) ◦Mw(x)

)
,

where the M and Q operators are as in (9) and Lemma 4, respectively.

Proof. Clearly, the convolution of Q−1
φ(x)−φ(a) ◦ Mw(x) f and Q−1

φ(x)−φ(a) ◦ Mw(x)g can be
written as(

Q−1
φ(x)−φ(a) ◦Mw(x) f

)
∗
(

Q−1
φ(x)−φ(a) ◦Mw(x)g

)
(x)

=
∫ x

0
w
(

φ−1(x− u + φ(a)
))

f
(

φ−1(x− u + φ(a)
))

× w
(

φ−1(u + φ(a)
))

g
(

φ−1(u + φ(a)
))

du

=
∫ φ−1(x+φ(a))

a
w
(

φ−1(x + 2φ(a)− φ(t)
))

× f
(

φ−1(x + 2φ(a)− φ(t)
))

w(t)g(t)φ′(t)dt,

where we substituted u = φ(t)− φ(a) in the integral. Applying Qφ(x)−φ(a) to this expres-
sion turns it into∫ x

a
w
(

φ−1(φ(x) + φ(a)− φ(t)
))

f
(

φ−1(φ(x) + φ(a)− φ(t)
))

w(t)g(t)φ′(t)dt,

and then dividing by w(x) gives exactly the w-weighted φ-convolution
(

f ∗w
φ g
)
(x), as

required.

The result of Theorem 7 for the w-weighted φ-convolution, combined with the previous
result of Theorem 5 for the w-weighted φ-Laplace transform, enable the following result,
already seen in [33] (Theorem 5.9), to be proved immediately by composition of operators.

Corollary 9. If f , g : [0, X]→ C are piecewise continuous and of w-weighted φ-exponential order
c > 0, then

Lφ;w(x)

{
f ∗w

φ g
}
= Lφ;w(x){ f }Lφ;w(x){g}.

Finally, the w-weighted φ-Laplace transform can be used to establish a regularity
condition for the solutions to weighted fractional differential equations with respect to
functions, for example the following initial value problem:



Fractal Fract. 2022, 6, 208 23 of 25

C
0Dα

φ(x);w(x)y(x) = Ay(x) + g(x), x ≥ 0, (22)

y(0) = η, (23)

where 0 < α < 1 is fixed and A =
(
aij
)

is an n× n constant matrix and g is a continuous
n-dimensional vector-valued function and η is a constant n-dimensional vector.

Theorem 8. Assume that the system (22) and (23) has a unique continuous solution y. If g is
continuous on [0, ∞) and w-weighted φ-exponentially bounded, then y and C

0Dα
x;w(x)y are both

w-weighted φ-exponentially bounded too.

Proof. Using the result proved in [44] (Theorem 3.1) together with the conjugation relations
given by Theorem 4, we obtain the required result.

5. Conclusions

This paper has constructed a formal mathematical analysis of the structure of the
so-called weighted fractional calculus, and also of the same operators taken with respect to
an increasing function. Both of these frameworks can be seen as general classes of operators,
and within each general class there is an operational conjugation relation which connects
every operator in the class back to the basic Riemann–Liouville and Caputo fractional
calculi via multiplication and composition. Although these conjugation relations have
been mentioned previously in the literature, some previous research on weighted fractional
calculus with respect to functions had failed to take them into account. As well as the new
results proved in this paper, one of our main contributions has been to promote the value of
the conjugation relations, which make the whole theory more efficient by enabling shorter
simpler proofs based on knowledge of the RL and Caputo fractional calculi.

The general class of weighted fractional calculus operators includes such well-known
types of operators as those of tempered fractional calculus and Kober–Erdélyi fractional
calculus. The even more general class of weighted fractional calculus operators with respect
to functions includes operators such as those of Hadamard-type fractional calculus and
Erdélyi–Kober fractional calculus, as well as their extensions to be taken with respect to
an arbitrary increasing function. Thus, the theory developed in this paper can be useful
in the understanding of various types of fractional calculus that have already appeared in
the literature and been found with applications worthy of discussion. The whole general
class itself, weighted fractional calculus with respect to functions, has been found useful in
probability theory and variational calculus.

Corresponding to each fractional differintegral operator in these general classes, there
is both a Laplace-type integral transform and a convolution operation. Some of these are
defined for the first time here, and we emphasise (which has not been noted before) that
these too can be expressed as simple operational modifications of the classical Laplace
transform and convolution. It is important to be aware that the modified Laplace transform
and convolution do not give rise to any new theory, as their connection with the classical
versions allows all results concerning them to be deduced directly. Just like the classical
Laplace transform, the weighted Laplace transform (with respect to a function) can be
used to solve differential equations with appropriate differential operators, as we have
demonstrated briefly in this paper.

The current work is purely theoretical, but much remains to be done in the direction
of fractional differential equations and applications. It is presumed that many methods
used for solving fractional differential equations, either analytically or numerically, can be
extended to corresponding methods which apply to solve weighted fractional differential
equations or weighted fractional differential equations with respect to functions. Our cur-
rent study, particularly the conjugation relations proved herein, will be vital in establishing
such extensions.

In the pure mathematical direction, it is possible to extend these general classes of
operators still further. The class of fractional differintegrals with analytic kernels and the
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class of fractional differintegrals with respect to functions have already been combined into
a single superclass; the same is done here with the class of weighted fractional differintegrals
and the class of fractional differintegrals with respect to functions. Future work may focus
on combining the class of weighted differintegrals with the class of differintegrals with
analytic kernels, in order to obtain yet another superclass of operators in fractional calculus.
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