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0. INTRODUCTION

0.1. A Lebesgue measurable function f defined on (0, c0) is said to belong to the
weighted amalgam of LP and P, with weight w, if

(0.1) lhonps = {i [ 71w(x)|f(x)lp dr]m}"ﬁ <o

with 1 < p, p < oo. We shall write
(0.2) fe L w).

In Carton-Lebrun, Heinig and Hofmann [1], the Hardy inequality in amalgams is
studied,

(0.3) IH fllug.s < Cllfllu.p

with u, v weight functions and H the Hardy operator
x o0
Hn@ = [rwa @ [iww.
0 T

The inequality (0.3) can be rewritten in the “differential” form
(0.4) 1Fllug.q < CNF o ps

where F(0) = 0 (or F(o0) = 0).
The aim of this note is twofold:
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(i) to extend inequality (0.4) to higher order derivatives,
(0:5) 1Fllug.g < CHF PNy pp, k> 1,

with appropriate “boundary conditions” on F';
(i1) to extend inequality (0.4) to functions of several variables, i.e., to derive for
some functions f = f(z), £ € RV, an inequality of the form

(0-6) ”f”n,q.ci < C”Vf”v,m"
where now
o plry 1/p
O7  lollups = {Z [ [ w@lr dz} } .
n=0 n<|zi<n+1

Let us point out that inequality (0.5) generalizes to amalgams the “classical”
higher order inequality investigated in Kufner and Heinig [2] while (0.6) generalizes
to amalgams an analogous result of Sinnamon [3]. The inequalities (0.5) and (0.6)
will be called Friedrichs inequalities in (weighted) amalgams.

We start with two theorems from [1] which will be substantially used:

0.2. Theorem. Suppose u, v are weight functions and f 2 0. Let 1 < ¢, § < 00,
1<p<yq, 1< p<q. Then there is a constant C' > 0 such that

(55 [:j‘um( O]f(,)d,)’dz]“"}""'

n=0
o "1 Blpy 1/
(0.8) sC{Z[/v(z)ﬂ’(z)dz] }
n=0 n
if and only if
o, iayitagom o 5Py 15
sup /uz’dz) } { (/v"’zdx) }
A X ([ wow) AR (S e
(09) = C’) < o0
and
m+1 1/q s ' l/p'
(0.10) sup sup ( / u(z) da:) (/v"” (z) dz) =C; < 0.
meN m<s<m+1
s m
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0.3. Theorem. Suppose u, v are weight functions and f > 0. Let 1 < ¢, § < o0,
1 <p<q, 1 <p<q Then there is a constant C > 0 such that

(5 ["]‘u(z)(jf(t)dt)"dry“}‘“‘

n=0 n
o "t Blpy 17
(0.11) gc{z[/u(x)ﬂ"(x)dz] }
n=0 " 5
if and only if
m " daeytag = "F ANV
sup {Z ( / u(z) d:v) } { Z (/ V' P (2) dx) }
meN n=0 n n=m n
(0.12) : =C3< o0
and
s 1/q m+1 , 1/’
(0.13) sup  sup (/u(r) da:) ( / o7 (x) d:l:) = (4 < 00.
meN m<s<m+1
m s
0.4. Notice that for p > 0, p # 1,
14 =t
(0.14) v =L
In the sequel, we will frequently use the formulas
©018) p=-P Popi=_Ll_ o=y et
' r-1r p -1 P '

and also the inequality

1/r r
(0.16) (}:a;) <Y an, e, Ea{,g(zan),

which holds for r > 1, a,, > 0.

0.5. Remarks. (i) Theorems 0.2 and 0.3 have been formulated only for p, ¢, p, §
such that

(0.17) l<p<qg<oo, 1<pgq<oo.
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In [1] also the case
(0.18) l<g<p<oo, l<g<p<oo

is investigated and it is shown that then the following two conditions are sufficient
for (0.8) to hold:

n+l

o deyriap ko P17
BIE (o) TS (o))
k=0 “n=k n n=0 n
k41 , ﬁl/pl 1/F
(0.19) x( / v 7P (z) d‘):> =Cs <
k
and
o n+l n+1i r/q s rlq i/r
2 [/ (/ u(z) dr) (/vl_” (z)d.z:) v' 7P (s) ds]
n=0 "9 s n
(0.20) = (s < 00,
where 11 l_l_l
r ¢ p F @ P

(i) It is quite evident how to formulate sufficient conditions for (0.11) to hold
when (0.18) takes places.

(ii1) Besides (0.17) and (0.18), there are also other possibilities as far as concerns
the mutual relations between the parameters p, q, p, §. Let us mention the case

(0.21) I<g<p< oo, 1<p<g i< oo,

which will be needed in the sequel. We will formulate the corresponding result and,
for completeness, give here its proof, which in fact follows the ideas of the proof of
Theorems 0.2 and 0.3 in [1].

0.6. Theorem. Suppose u, v are weight functions and f > 0. Let p, q, P, ¢
satisfy (0.21). Then there is a constant C' > 0 such that (0.8) holds if and only if the
conditions (0.9) and

n+l n+l rlq s ) r/q’ ) 1/r
(0.22) sup [/ ( / u(z) (l:c) (/v]—” (;L')dz) v!7P () ds] =C7r<
neN
n s n

288



are fulfilled where

(0.23) % =

_ |-
|-

Proof. (A) Sufficiency of conditions (0.9) and (0.22). Denote

o s={ 5[ [ ue( [ roa) a]"Y"
(0.25) = {é [ 7111(.1')( ] f(t)dt)qd:c] m}w.

r

T n
Using the fact that [ = [+ [ with £ € (n,n+ 1), we can estimate the left hand side
0 0

n

in (0.8) by
ci1(S1+ S2)

where ¢; = 2!/7if § < g and ¢; = 1 if § > q (we apply Minkowski’s inequality twice).

To estimate S, we rewrite S; as

= (] ol o) o)

n-1 11

(0.26) {;(/u(z)dx)m(z:/f(t dt) -}w=
-(Ze(Ee)}

where

n+l

(0.27) U,.:(/ u(::)d.t)i“, a;:/f(t)dt.
1

n

The discrete Hardy inequality yields

(0.28) {ZU (Z )i}lﬁsq{ivna’;}l/ﬁ

=0
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for 1 < p < ¢ < oo provided

o g, n A\
(0.29) sup ( Um) (E vi-P ) =3 < 00
=n n=0

neN \ =

(see Andersen and Heinig (4], Theorem 4.1). Using the second formula in (0.27) and
Holder’s inequality, we obtain that

00 N n+1 § 0 n+l F;
Zvnag’:Zv,,(/f(t)dt) =Zv,.(/u'/P(t)f(z)u-llp(t)dz)
n=0 n=0 n n=0 n
00 ntl e o "E1 #Ir
0.30 <3S Ve () fF(t)de o' =P (¢) dt )
(0.30) g(/)<))(] 0 a)

If we take

i SR ~#lp’
(0.31) Vo = ( / vl (l)dt) ,

n

then the formulas (0.26), (0.28) and (0.30) imply

n+l

(0.32) S < cg{ i ( / v(t)fp(t)dt)"’/"}l/,a;

n=0

moreover, due to (0.27) and (0.31), condition (0.29) is exactly the condition (0.9).
To estimate Sz, we use the “classical” Hardy inequality

n+4

1 z q 1/q n+1 1/p
(0.33) [ / u(z)( / f(t)dt) dz] gcs,,,[ / v(z:)f"(z)d::]

which holds for 1 < g <p<ocand n=0, 1, ... provided

0 [ [ ([ uwae)([ors) vrwal” =<

with 1/r = 1/q — 1/p (see, e.g., Opic and Kufner [5], Theorem 1.15). Condition
(0.22) implies that (0.34) holds and that 3, in (0.33) can be choosen independent
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on n, c3n = c3. Using (0.16) with » = §/p > 1, we obtain from (0.25) and (0.33)
that

Sz € 03{ g:o [ 'jlv(r)fp(z) dx] i/r}lli = ca{ ; [ :]lv(:c)fl’(z) dzr’p.w{)}wi‘l/ﬁ
<of i | :jlv(r)ﬂ(z) u] "

This formula together with (0.32) yields (0.8).

(B) Necessily of condilions (0.9) and (0.22). Suppose that (0.8) holds. Since for
fz0andz e (n,n+1)

n—1 1+1

r n—t 111 z
(0.35) fyde=>Y" | f®de+ [ fydt >y [ f)dt =4,
[rou=g [ frousg |

1=0 3%
the left hand side of (0.8) is not smaller than

n1 n4

(0.36) {nf:;oAz( / u(z)dz)wq}lﬁ § { i AZ( ]l“(z)dl.)'i/q}l/,;

for every fixed m € N. Let us fix m and choose f 2> 0 such that
(0.37) f(z)=0 forz>m.

Then it is A,, = A,, for n 2> m and the right hand side of (0.36) is not smaller than

o " §lay 1/q
(0.38) Am{ > (/u(z)dz) } )
n=m n
Moreover, taking
(0.39) f(x)=av' P (z) forze(,i+1),1=01,...,m—1,

where «; are arbitrary non-negative real numbers, then

m—1 1
Ap = Z /a;v""'(z) dz
1=0 1
me1 1+1 , 1pp 1 i/p'  me1
= [af / v!=P (z) d.’l‘] [/ o' P (z) dx] = Z B
1= 1 7 =0
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where

141

. N i/p
1= ja v (r)dz ,

(0.40) m’

, 1/p'
B(=[/v""(z-)dz] , {=01,....om-1.
1

If we denote

00 n+1

(0.41) K = { > ( / u(z)dz)m}w,

n=
m n

then we obtain that (0.38) is equal to
m-—1
(0.42) Km E B
1=0

The right hand side in (0.8) attains for f defined in (0.37) and (0.39) the form

n+1

by : plpy 1/P
C{Z:,(/ o()[anv'? (z)]"dx)" } ’
e Bl o] "} o)

n=0 n=0

with o, from (0.40), and from (0.8), it follows due to (0.42) that
C m=1 \ 1/p
; P
gmﬂlSm(gal) .

But the vector (g, ay,...,anm~1) is arbitrary, since the numbers a; have been cho-

- . -t
sen arbitrarily, and consequently the vector (8o, B,...,m~1) belongs to £ and,
moreover,

m-1  \1/5 c m-1 5 1/p'
< - i.e. ¢ < C.

But this last inequality implies (0.9) in view of the notation from (0.41) and (0.40).
Consequently, the condition (0.9) is necessary.
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Now, take
fz) = {g(z) forx € (m,m+1),

0 otherwise

in (0.8) with m € N arbitrary but fixed. Then (0.8) implies that

C{ [ mjlv(z)y"(z) dx]ﬁ/p}l/ﬁ - C[ Tlv(:)gf’(:) d.z-]w
{ [ u(z)( :f(z)d,)qdz]m}w
[ U(r)(/f(t)dt) da:] [ / u(:t)( ot) dt) z]llq,

/

that is

(7114(1)(]9(:)&)" d;t)”q < c[ 7]v(,)gp(z) d,]”"

m

But this is the Hardy inequality on (m,m + 1) and its validity implies that (0.34)
holds with ¢4,» < C. Since m was arbitrary, we have shown that also condition
(0.22) is necessary. (]

1. THE CASE OF HIGHER ORDER DERIVATIVES
1.1. For a fixed integer k > 2, write
(1.1) k=ky+ks ki €N,

and denote by AC“c " the set of all functions F' defined on (0, 00) whose (k — 1)-st
derivative is absolutely continuous and which satisfy the “boundary conditions”

F(0)= F'(0)=...= F51=1)(0) = 0

(1‘2) F(kl)(m) = F(kl+l)(m) =... = F(k—])(m) =0

Consequently, we have k; conditions on the left end of the interval (0,00) and &,
conditions on the right end.
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1.2. Theorem. Suppose u, v are weight functions and F € AC(k D Let1< q,
§<o00, 1 <p<q,1<p<§. Then the Friedrichs inequality in amalgams,

{}:[/u(:)|F(:)|"dx]q/q}w

n=0
n+1

(1.3) $C{§:[/ v(x)|F'”‘)(z)|pdx]NP}l/ﬁ

n=0

holds with a constant C independent of F' if and only if the following four conditions
are fulfilled:

n4l

o (ham1) LEARIL]
sup / u(z)z'¥r ™ "(la:) }
meN { Z ( 4 )

n=m+1

(5(]

n=0

m . §lay1/q
su u(z .t""d::) }
0o n+t

, . NP
(1.5) x{ Z (/v"” (z)zka=Dp dz) } < 00,

n=m+l

m+1

e, § , , 1/p'
(1.6) sup sup ( / u(z)zkFr=19 dt) (/v"‘" (z)z*eP d:c) < 00,
meN m<s<m+l
s m
T (IR S , 1/p'
(1.7)  sup sup (/u(z)x""’ d:c) ( / o' =P (z)x(k2= 1P d:c) < o0.
meEN m<s<m+1 4 ;

Proof. According to [2, Theorem 1}, F € AC“ 1 can be written in the form

T

(1.8) F(z):/I&’](z,t)f(t)dt+/lxg(:r 0 (t)dt = (Tf)(z)

0
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where

(1.9) F®)(z) = f(z).

Consequently, instead of the inequality (1.3) [which in fact is the inequality (0.5)] we
can investigate the inequality

(1.10) 17 fllu.q.5 < Cllfllo,p.5-
We have
(1.11) Ky(z, )= zF= ¥ for O0<t<z<oo
and
(1.12) Ka(z,t) = z¥1¢¥~1 for 0 <z <t < co.

Here A(z,t) = B(x,t) means that there are two positive constants ¢y, ¢z such that
a1 Az, t) € B(z,t) € c2A(x,t) for z, t from the domain of definition of A, B (see
again [2]).

Denote
(1.13) (N f)x) = [ ¥~ Uk fyde = 25— [ b2 f(e) de,
/ /
(1.14) (Jgf)(z)=/;ck'tk"‘f(t)dt=1:’°‘/t"’“‘f(t)dl..
According to Theorem 0.2, the inequality
co ¢ "1l qlanN V17 o "l Blpy 1/P
(1.15) {E[/ u(:n:)(Jlj)‘I(a:)dz:] } gc{z[/v(x)fv(x)dx] }
n=0 n n=0 n

holds if and only if conditions (1.4) and (1.6) are satisfied. Indeed: Due to (1.13),
the left and right hand sides of (1.15) can be rewritten as

[_7111(1:)1:("“1)"(]tk’f(t)dt)qd:c] «m}w

0

{>

n=0



and
n+l1

{i [/ "(”"'k”’(r‘“f(x))”dz]ﬁ/p}l/ﬁ,

n=0 n

respectively, and the inequality (1.15) is nothing but inequality (0.8) with f(z) re-
placed by f(z) = z*2f(z), u(z) replaced by @(x) = u(zx)z¥*=17 and v(z) replaced
by #(z) = v(z)z~**P. Now conditions (1.4) and (1.6) are the conditions (0.9), (0.10)
for the weights @, ¥ instead of u, v.

Analogously, we can show that, according to Theorem 0.3, the inequality

n+l n+l

(1 {g [ / M) dx] wq}l,i S C{ i [ ,/ v(z)fp(z)df] ﬁ/p}‘/ﬁ

n=0 ”n

holds if and only if conditions (1.5) and (1.7) are satisfied. Indeed, due to (1.14),

the inequality (1.16) is nothing but inequality (0.11) with f(x), u(x), v(x) replaced

by f*(z) = ¥ f(z), u* () = u(x)e*9, v*(z) = v(z)x~*3~1P  respectively, and

conditions (1.5), (1.7) are the conditions (0.12), (0.13) for u*, v* instead of u, v.
Due to (1.8), (1.13), (1.14),

WENusgq = 1T fllug.s < e3(ll1fllug.6 + 12 fllu.g.8)

and (1.3) follows from (1.15) and (1.16) due to (1.9). Consequently, the conditions
(1.4)-(1.7) are sufficient for (1.3) to hold.

But these conditions are also necessary. Indeed: Since the operators J,, Jo from
(1.13), (1.14) are positive, we have

(Jif)(=z) < (1)) + (J2f)(z) S ea(TS)(2) = esF(z), 1= 1,2,

due to (1.11), (1.12). Consequently, the validity of (1.3) implies the validity of both
(1.15), (1.16) which again implies that (1.4), (1.6) and (1.5), (1.7) are satisfied,
respectively. a
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2. THE MULTIDIMENSIONAL CASE

2.1. Following Sinnamon [3] we introduce, for z € RY, the operators P, Q defined
by

1
dt
1) ehe = [ 1l
[0
(22) @) = [ 17
1

Denoting further

N

23) (RI)E) = 2-Vf(@) = 3 2 202)
i=1 '

we have

(2.4) f=P(Rf) provided f(0)=0

and

(2.5) f=Q(—Rf) provided f(c0)=0

[f(c0) = 0 means that tlim f(zt) = 0 for every = € RV]. Indeed:

1 1 1
P(Rf)(z) = /(Rf (zt)ﬂ = /;ct-Vf(:tt)# = /z-Vf(:rt)dt

0 0
i
0

and analogously for Q(—Rf).

utM—fum = f(z) - £(0) = f(=),

Q-'Q_

2.2. We will deal with radial weights only. This means that for ¢ = ot, where o,
t are the polar (spherical) coordinates, o € ¥ (= the unit N-sphere) and ¢ > 0, it is

u(z) = u(ot) = u(t), v(x) = v(at) = v(¢).
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2.3. Remark. We will consider the N-dimensional Friedrichs inequalily in
weighted amalgams in the formn

(] J "(r)lf(x>|"dz]”"}""’

k=0 T clel<k+

(2.6) < C{ g) / v(z)|z - Vf(z)|pdz]ﬁ/p}1/ﬁ.

k<jrj<k+41

This is a generalization of the “classical” N-dimensional Hardy inequality
1/q I/p
(2.7) ( / u(z)|f(x)|* (lx) < c(/ vo(z)|z - V()| dz)
RN RN

investigated in [3]: We obtain (2.7) from (2.6), taking § = ¢ and p = p. But in
[3, Theorem 3.4] it is shown that (2.7) cannot hold if p < ¢, and consequently, we
cannot expect that (2.6) will hold if we assume that 1 < p<gq, 1 <p<q.

Therefore, in the next two theorems we will assume that 1 < ¢, § < 00 and
(2.8) I<p=¢ 1 <p<gq.

2.4. Theorem. Suppose u, v are radial weights on RN, f differentiable on RV
f(0) = 0. Let p, p, q, g satisfy (2.8). Then the inequality (2.6) holds with a constant
C > 0 independent of f if and only if the following two conditions are satisfied:

(5] [ wared] )"

meN —
k=0 T clri<k 4

, R TITRNV
o' P (z)|z|~ NP dx] } < 00,

(2.9) X { z [

o0
k=m =,
k<|r|<k+1

/g
sup  sup ( / u(;c)dz:)
neENk-1<s<k

s<|rl<k

’ ' e’
(2.10) x( / o1V (2)|e| NP dz) < 0o.

k-1<|ri<s
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Proof. (i) Sufficiency. Using (2.4) and (2.1), we can rewrite the left side of
(2.6) as

o0

{E[ / lP(Rf)(l.)lqu(x)dr]'l'/q}llti

=0 Tk<lzi<kl
L IEARYL)
u(z) dz] } .

{Z Nl (Rf)(u)"—’

= k<= |<L+1 0

Using polar coordinates, £ = oy, and then the substitution yt = s, this is

{g[! yllj("f)(ay,)f‘t_i 7
i {‘i[71“(y)y"'“‘/|/ymf)(os)?
=AW /1,

[note that since the weight is radial, u(oy) = u(y)]. Since

-]

° 0 !

dl9y 1/9
u(oy)y™V ' dy da] }

q /ey 1/9
do dy] }

i+1

y
/+/ for ye(kk+1),
i k

we have that the left side of (2.6) can be estimated from above by

k

[]]
<

@.11) c1(S1 + )
where

Si = {g ylnt(y)y”“ ! t‘é ?I(Rf)(as)i'sf "t m}w
(2.12) ={§’?luw)f vy J ?](Rf)(vs)— da] }l”.
(2.13) sa:{g | E/ ( j u(p)y! y/(Rf)(,s)i‘sﬁ"dy) da]m}w.

In (2.11), it is ¢; = 1 if § > ¢ (we used Minkowski’s inequality twice) and ¢, = 2!/9
if§<gq.
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To estimate S, denote

k41

@i = /u(y)y"-‘dy)m=cz( / u(z)dz)m,

k<|e|<k+1
(2.15) A= (/I /(Rf) as)d—s

)1/1
The Minkowski inequality yields

q 1/ k=1
0" <
!

(/ L
3 lizo
and consequently

(2.16) S < {f:u,,(’fm)i}w.

k=0 =0

9\ Vg k=)
)

Using the discrete Hardy inequality (see [4, Theorem 4.1]) we can estimate the right
side of (2.16) by

o YV
(2.17) cs{ > VkA’,;}
k=0

provided the (necessary and sufficient) condition

-I

(2.18) sup (Z Uk)l/i(i V, "’) " < oo

meN

is fulfilled.

Let us choose an appropriate Vi. Using the integral Minkowski inequality and
then the Holder inequality we obtain from (2.15) that

[ / (kA o9)|"do] s

1

1

a-\.: n-\.:

1/
219y = v‘“(s)s‘”"”"[/ I(Rf)(as)l"d"] "m0 5)s=(N= D91 g
pN
s 1/q , ¥4 1/q'
s( v(s)sV ! I(Rf)(as)l"dads) ( vl-«'(s)SN-l-N«'ds)
[ /

300



and if we denote

k41 , , -p/q’
Vi = ( / v! = (5)sN 1N ds)

(2.20) , ' e
=c4 / o9 (z)|x| N9 dz)

k<|z|<k+1

we obtain in view of (2.19) and (2.3) that

k41 ple
p q N1
Vi AL € c,r,[S/ ( L/ I(Rf)(as)l v(s)s ds) da]

=05( / v(z)lz-w(z)]"dz)m

k<|z|<k+1

(2.21)

This inequality together with (2.16) and (2.17) implies that
o play 1/7
S1 € CG{ Z v(z)|z - Vi(2)| da:] }
k=0 Tpclaick 1 -
o0
= C¢ Z

{k w2z - Vi) dx]ﬁ/p}./,-,

[note that ¢ = p due to (2.8)]. Moreover, the condition (2.18) is, in view of (2.14)
and (2.20), exactly the condition (2.9) (again we use the fact that ¢ = p).

To estimate Sz, we use the Hardy inequality for the function G(y) = (Rf)(ey)/y.
It reads (see, e.g. Opic and Kufner [5, Theorem 1.14])

(2.22)

=0 "k clrl<k 41

k41 k4t k41

/u(y)y"’—l /G(s)dsqdysc?’(/”(!I)yN_l+"|G(y)|"dy)q/p
k g J

k41

q/p
(2.23) =cr( [ s R0 dy)
S
provided the necessary and sufficient condition
k+1 1/? 8 , ) 1/pl
(2.24) sup (/u(y)y"’"dy) (/vl"” (y)yN-1-Nr dy) < oo
k<s<k+1 J Y
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is fulfilled (this condition concerns the case ¢ > p; we in fact consider q = p).
Using (2.23) in (2.13), we obtain (with p = ¢q)

52< ‘8{ > [ E/ ( :]lv(y)y“ “1\(Rf)ow)| dy) d,,] '""}” !

ol , plpalpyplT1/p
(2.25) = Cs{ > / o(z)|z - Vi(z)| dz] }
k=0 T claick4

-

w@)|z- Vi)’ dr] ﬁ,p} N

k<)rl<k+1

[we used (0.16) with » = ¢/p > 1]. But (2.25) together with (2.22) leads to (2.6)
(with p = ¢). Moreover, the condition (2.24) is fulfilled since, in view of (2.14) and
(2.20), it follows from the condition (2.10).

(i1} Necessity. Take

Iz}
(2.26) flz) = / g(t)dt.

0

Then f(0) = 0 and z - Vf(z) = g(]z])|z]. Using polar coordinates, z = ot, and
taking into account that the weights u, v are radial, we can rewrite (2.6) in the form

(S o fron o]}

k+1

(2.27) <of [ [ wor-rrior dt]m}'”.
k=o L3

But this is the inequality (0.8) from Theorem 0.2, with f replaced by g, u(t) by
u(t)tN=1 and v(t) by v({)N='*". The necessary and sufficient conditions (0.9),
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(0.10) then take the form

k+1

o dley 1/
sup { Z (/u(t)tN“dt) }
meN k=m s
R , \FIPY U
(2.28) X{Z(/v"p (EyN-1-Np dt) } < 00,
k=0 k

m+1

e, 7 . o\
(2.29) sup sup ( / u(t)tN'ldt) (/vl"’ (e)N-t-Nr dt) < 00,

meEN m<s<m+1
m

and in view of (2.14) and (2.20), (2.28) and (2.29) are the conditions (2.9), (2.10).
o

Comnpletely analogously, using only the operator Q from (2.2) and formula (2.5)

instead of the operator P from (2.1) and formula (2.4), and taking f(z) = — [ g(t) d¢
=l
instcad of (2.26), we can prove the following assertion, quoting Theorem 0.3.

2.5. Theorem. Suppose u, v are radial weights on RN, f differentiable on RV
f(o0) = 0. Let p, p, q, q satisly (2.8). Then the inequality (2.6) holds with a constant
C > 0 independent of f if and only if the following two conditions are satisfied:

m /ey 1/d
:lé]; { kzﬂ [ / u(z:)d.r] }

k<|zf<k+1

© , , 1R
(2.30) x{z / o' P (2) ||~ NP dm] } < 0,

k=m k<lr]<k+1

(2.31) sup sup ( / u(r)dx)l/q( / v'""'(x)lx]'N”'dz)I/P'<oo.

kENEk—1<s<k
k-1<|z|<s s<|r|<k

2.6. Remark. Up to now, we considered, in this section, only the case (2.8), i.e.,
P=1q, P < 4. Now, let us suppose that

(2.32) l<g<p<oo, l<pgg<oo
and iuvestigate inequality (2.6), again for radial weights u, v and for f satisfying

J(0) =0.
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We can proceed as in the proof of Theorem 2.4 up to formula (2.18). Instead of
formula (2.19) we have now

k41

Ar / [/|(Rf)(as)|"da] " : <a 71[/I(RI)(as)|p dﬂ]”p%ﬁ
* k -

k41

1/p
=0 / vl/P(s)s(N—l)/P I:/I(Rf)(os)r’da_] v—'l/p(s)s"(N—l)/p—l is
k )

L-/-H )l/p k41 1y
<a ( v(s)s™ ! [ |(Rf)(as)|p as] ds ( v'""(s)sN“"‘N”’ ds) ;
[l !

here, we used Minkowski’s inequality, then Holder’s inequality for the surface integral
with parameter p/q > 1, and then again lolder’s inequality for the integral over
s € (k, k + 1) with parameter p.

Now we proceed again as in the proof of Theorem 2.4 and obtain (2.20), (2.21)
and (2.22), of course with p, p' instead of ¢, p. Among other changes we have

Ve = 62( / vl—p'(r)'mI—Np, dz)

k<|r|<k+1

and the condition (2.18) is exactly the condition (2.9).

To estimate S, we arrive again at (2.23), but now we have ¢ < p, and consequently,
the necessary and suflicient condition reads

k41l k+1

_ rle s § Ly e rlq’
{k/(/u(y)y’v 'dy) (k/v (y)y" 1N dy)

s

1/r
(2.33) x v!P (s)sN-1-Np (ls} < o0

with 1/r = 1/qg—1/p (see, e.g., [5, Theorem 1.15]), note that condition (2.33) replaces
condition (2.24). Using again (2.23) in (2.13), but now with ¢ < p, we obtain

k+1

(2.34) S {i [/(/v(y)yN“ll(Rf)(as)lpdy)q/p dar/q}w.

k=0
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The Holder inequality, used for the surface integral with parameter p/q > 1, yields

k41

r q/p-q/ay /T
[ [ s rpienl” dyda] }
Tk

]ﬁ/P'f/ﬁ}ﬁ/i'l/f’

(2.35) = 04{ v(:c)l:c . Vf(;c)ip dz

k<|ri<k+1

gm{i- / u(z)|x.Vf(1-)|"dzr/p}W

k<|z|<k+1

where we used (0.16) with » = ¢/p > 1. Formulas (2.22) (with p instead of ¢) and
(2.35) lead to (2.6).

Consequently we have proved the sufliciency part of the following assertion.

2.7. Theorem. Suppose u, v are radial weights on RN, f differentiable on RV,
f(0) = 0. Let p, p, q, 7 satisfy (2.32). Then the inequality (2.6) holds with a constant
C > 0 independent of f if and only if the conditions (2.9) and

i S (S “(”dz)r/q( / vl—p’(Z)IZI"N"'dZ)r/q’

k<le|<k+1l fcl|<|z|<k+1 k<|zl<lz|
, , I/r
(2.36) x o1 7P (z)|z|~NP dx} =(C] < oo

sati 1-1_1
are satisfied, where - = PRl

Proof. Thesufliciency of (2.9) and (2.36) was shown in Remark 2.6 since (2.36)
implies (2.33).

To prove necessity, we again choose f from (2.26) and obtain (2.27), and then we
use Theorem 0.6 similarly as we used Theoremn 0.2 in the proof of Theorem 2.4. 0O

The theorem analogous to Theorem 2.7 for f such that f{oo) = 0 has the following
form:

2.8. Theorem. Suppose u, v are radial weights on R, f differentiable on RV,
f(o0) = 0. Let p, p, q, ¢ satisfy (2.32). Then the inequality (2.6) holds with a
constant C' > 0 independent of f if and only if the conditions (2.30) and

sup{ / ( / u(z)(lz)r/q< / vl"”(z)lzl‘N”’dz)r/ql

kEN
k<|oi<k+1l  k<lzi<]|2| lzl<]zi<k+1

, , 1/r
(2.37) x o1 7P (z)|z|~ NP dx} =(C) <o
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are satisfied, where l— =

= -

1
q

3. REMARKS AND EXAMPLES

3.1. According to Remark 0.5 (i), the theorems from Section 1 and Section 2 can
be extended to the case

l<g<p<oo, I<j<p<
and at least sufficient conditious for the validity of the corresponding weighted Hardy
(Friedrichs) inequalities in amalgams can be derived. The formulation of the corre-
sponding results is left to the reader.
3.2. Let us consider a special case of parameters p, p, ¢, ¢, namely such that

3.1 ¢<q and p>p.

The inequality (0.16), used for r = §/q, leads to the estimate

{ g:o [ YIU(r)If(x)i" dw] m}w S (é Ylu(x)|f(z)|? dx) "

(3.2) = (7u(x)|f(r)[qdr>l/q.
0

Supposing that
(3.3) l<p<q and f(0)=0,
we can estimate the last integral by the “classical” Ilardy inequality

(34) ( fu(r)u(z)r'dz)w <cf ], o) @) dz)”p

0

provided the (necessary and sufficient) condition

7 e/ ¢ , L'
(3.5) sup (/u(x)(lx) (/vl"" (x)(l.r) =(C) <
0<s< 00 ? °
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holds. Using again inequality (0.16), now with r = p/p, we obtain that

(O]Ov(x)lf'(r)lp da:) v = {g% :/Hv(a:)'j'(z)lp dz}llp
n+l

_ {io: ([ / v(x)lf’(z)lp dz]ﬁ/p)p/ﬁ}lhﬂ

n=0

n+1

(3.6) < {f: [/ o(z)|f ()] dx]ﬁ/p}w.

n=0 n

From (3.2), (3.4) and (3.6) we obtain the Hardy inequality in amalgams,

3.7) I Nwg.5 < ClLf Mo p i

which was derived under the unique condition (3.5), supposing, of course, that (3.1)

and (3.3) hold.

Condition (3.5) does not depend on p, ¢. Since conditions (3.1) and (3.3) imply

(3.8) 1<p<a,

we have from Theorem 0.2 that the two conditions (0.9) and (0.10) are necessary

and sufficient for (3.7) to hold.

Thus, we can derive (3.7) in two ways: either fromn Theorem 0.2 under the nec-
essary and sufficient conditions, or via the “classical” Hardy inequality (3.4) under
condition (3.5). The following example shows that condition (3.5), being sufficient

for (3.7) to hold, is notl necessary.

3.3. Example. Take

(3.9) u(z):# forze(n,n+1), n=012...,
v(z) =1 for r € (0, ).

Taking s = m € N in (3.5), we have that

o] 1/4 m 1/p' oo Nl 1 1/q
1 1-p’ 1 = 1/p’
(/u(z)(z) (/v (:c)(:r) ( E —— (lx) m
m [} n

consequently, condition (3.5) is not fulfilled.



Further, we have that

m+1 1/q m+s . 1/p' 1 1/q '
=P () du = - P ;
(/u(r)dz) (/v (.L')dl,) = [m—}-l(l s)] s/P £ C

m+s

for every s € (0,1) and for m =0, 1, 2, .., so that condition (0.10) is satisfied.
Finally

(T AL N S By 15
{Z (/u(r)da:) } {Z(/vl—p (:L')(la:) }
n=m n n=0 n
o 1\ , ) -
= { Z ( T l) } {m}?P < em-I 9D/ T+I/P
=m n

= C,,,—‘/q+1/9'+1/ﬁ" meN

and this will be finite if
(3.10) ——+

Then also condition (0.9) will be salisfied.
But (3.10) is fulfilled if we take, e.g.

11 11

=—,q=11, p= —

=31 P= 10

and also conditions (3.1), (3.3) and (3.8) are satisfied.
This example shows that the consideration of weighted amalgam norms allows to
use a broader class of weight functions u, v (e.g., that from (3.9)) than the application

of the weighted L?-norm.
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