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WEIGHTED FUNCTION ALGEBRAS ON GROUPS

AND SEMIGROUPS

HENERI A.M. DZINOTYIWEYI

For a locally compact topological group admitting a weight function,

we establish necessary and sufficient criteria for all the weighted

continuous functions to be weakly almost periodic. Among other

results, we show that weak almost periodicity of all u-weighted

continuous functions on a discrete semigroup 5 , can be very

different drom the phenomenon of regularity of multiplication in

the weighted algebra l^(.S,u) .

1. Introduction

Let S be a locally compact topological semigroup, <u a continuous

weight function on S and C(S,(o) the space of all continuous oi-weighted

functions on S . When S is a group (and co = 1), it is well known

that all functions in C(S,1) are weakly almost periodic if and only if

S is compact - see for example [/] or [3]. In this paper we establish

necessary and sufficient criteria for all functions in C(S,OJ) to be

weakly almost periodic for the case where S is a group or a cancellative

discrete semigroup.

When S is discrete, it is known that all functions in C(S,1) are

weakly almost periodic if and only if the algebra Z1IS) has regular

multiplication - see for example LSI or [3., Theorem 4.5.5(ii)]. One may

ask whether a similar result holds for the corresponding weighted algebras.

We show that the situation for weighted algebras can be very different

Among other results, we also prove that, if S is a group, the
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weighted group algebra L (ff,w) contains a weakly compact element if and
only if G i s compact. This improves earlier results of Ghahramani
([5] and [6]).

In section 2 we introduce our notation and prove some elementary
properties of a weight function. Our main results are given in section 3.

2. Notation and some elementary properties of weight functions.

Throughout this paper, let 5 denote a topologioal semigroup. A

positive function u defined on S is called a weight function if

< OJ(X) u>(y) for all x ,y 6 S.

It is interesting to note that measurable weight functions on locally

compact groups are bounded away from both zero and infinity on compact

sets. This is what our next result says.

PROPOSITION 2.1. Let K be a compact subset of a locally compact

group G and co a measurable weight function on G . Then there exists

a,b ej? such that

0 < a < u(x) < b for all x G K .

Proof. First we establish the existence of b . To this end, let X

be a Haar measure on G and set U := {x G G : co(x) < n] . Clearly

GO

u U = G and each U is measurable. Hence \{U ) > 0 for some, n n m
n=l

n = m . The i n t e r i o r of U i s non-empty - see fo r example ([3] , p p . 17

2 - 1 2
and 18) . Let z G int(i/ ) and set V := int(s U ) , and note that

m m

V is an open neighbourhood of the identity. By the compactness of K we

can find a finite number of points y ,...,y, in K U K such that
K U K'1 C Vyx U ... U Vyt .

L e t b := m co(2 ) ,max{o) {y.) : 1 < £ < £ } . Then i f x £ K U K we h a v e

x = vy . f o r some V G V a n d £ G { l , . . . , t } , and s o

cote) = ut(vy .) <a ) ( i> ) u ( i / . ) < m m(z )o)(j / . ) <£> .

Thus u ( x ) < i , f o r a l l x G X U tf"1 . (*)
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Next let a := inf{w(x) : x G K] and suppose a = 0 . Then there

exists a sequence {a; } in K such that w{xn) •* 0 . Since

1 < w{x ) u(a; ) , we must have " ( ^ ) "*" °° • which contradicts (*).

Hence we must have a > 0 .

REMARK. Of course there are many measurable weight functions that

are not continuous. For example on the additive group TR with the usual

topology one may consider the weight function u given by

{1 if x e [0,1]

2 elsewhere .

PROPOSITION 2.2. Let to be a weight function on S such that

{x 6 S •. m(x) < e} is finite for some E > 0 . Then w(x) > 1 , for all

x e s .

Proof. Suppose w(X) < 1 for some X £ S . Choose p £ N such

that u(aP) < e . Then

) < « O ( : E P * W ) < coCt^) < via?) u(x)n < e .

Thus {ar : n G N} is an infinite subset of {y G S : w(y) < e}

contrary to the hypothesis. Thus the result follows.

COROLLARY 2.3. If OJ is a measurable weight function on a compact

topological group G 3 then ai(x) > 1 /br all x & G .

Proof. This follows trivially from Propositions 2.1 and 2.2.

2.4. Let C(iS) be the set of all complex-valued continuous functions

on S , C(S) the space of all bounded functions in $(S) under the

supremum norm II II c and io a continuous weight function on 5 . We

define the space of weighted continuous functions C(5,u) by

C(5,aj) := {f e <p(S) : /a) G C(5) }

with the norm given by Ofll := DftoD
(1) O

Let

WAP(S,u>) := {f G C(S,(n) : {^f : x G S] is a relatively weakly

compact subset of C(5,o)) }

and
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AP(S,to) := {/ e C(S,to) : {gf : x G S) i s a relatively norm

compact subset of C{S, to)} ,

where

:= f(xy) for a l l x,y G S .

When ID = 1 we get the familiar spaces WAP{S) = WAP{S,1) ,

AP(S) = AP(S,1) and C(S) = C(S,1) .

PROPOSITION 2 . 5 . 4 function f belongs to WAP{S,u) if and only if

{ f. to : x G s} i s a relatively weakly compact subset of C{S) .

Proof. A standard argument (which we omit) shows that the map

/ - > • / . to of C(£,u>) into C(S) i s weakly a topological homomorphism and

hence the resul t follows.

2.6. For a discrete semigroup S with weight function us , the set

Z (S,u) of a l l complex-valued functions f on S such that / . u> £ I (5) ,

i s a Banach algebra with convolution as multiplication and norm given by

llfll := llfjl
H (5)

If to is a measurable weight function on a locally compact topological

group G , we have the weighted convolution algebra L (G,a>) of

(equivalence classes of) a l l measurable complex-valued functions f on G

such that / . co G L (G) under the norm Ufll := II f. toll
£ (C)

2.7. The reader can easily note that our definitions for the spaces

WAP{S,(i>) and AP(S,to) contain the requirement that the functions

/ G C(S,to) involved be such that ^f G C(S, to) for a l l xG S . This is

related to the finiteness of £2(x) where

:= sup

for a l l x G S - see for example Lemma 3.1.

3. The main results

LEMMA 3 . 1 . Let to be a continuous weight function on S . Then

f G C(5,to) , for all f e C(S,to) and x G s , if and only if f2(x)
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is finite.

Proof. To establish the necessary condition, we note that

€ C(S,(o) and so if x G S we have co~ G C(S,u>) . Hence

x

\u(an/) tf J- > i x » ^ u = s u p ^ f ^ V : yest= fi(x)

Conversely, suppose °,(x) is f ini te, for all x G 5 , and let

/ G C(5,OJ) . Thus, for all x,y G 5 , we have that

/ If (a?/)

and so

"a/"to * °° o r

COROLLARY 3.2. If m is a continuous weight function on a locally

compact topological group G , then f G C{G,m) for all f G C{G,u)

and x G G .

Proof. For a l l x and y in G, we have

xy) < mix ) tajxy) _ -1
n/) *" ui(xy)

and so f!(x) < ID(X ) . By 3.1 our result follows.

The reader is asked to bear the preceding result in mind throughout

the proof of our next theorem.

THEOREM 3.3. Let m be a continuous weight function on a locally

compact topological group G. Then, the following are equivalent

(i) WAP(G,u)) = C(G,u) ;

(ii) either (a) G is compact

or (b) G is a countable discrete group such that

lim lim —.——r- = 0 , whenever {x } and {y }
n m m• nym n m

are sequences of distinct points of G .

Proof. Suppose (i) holds and set V, := {x G G : in (x) < k] . We

claim that either V, is finite {k GJ?) or G i s compact. To

establish our claim, suppose for some k (now fixed) V-, is infinite and
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G i s not compact. Then, by an argument similar but simpler to tha t we

employed in ( [ 4 ] , Theorem 7 .3 ) , there ex i s t sequences {x } C y and

{y } C G , and a pos i t ive function h in C(G) such tha t

h(x y ) =
rrm

Then f := 7zu> i s a function in C(G,co) and

h (x y ) a) (y ) Id i f n < m

where

C(n,m) -.=

So, by Grothendieck ( [7] , Theorem 6), equation (*) implies that

{ f. u) : x 6 G] i s not re la t ively weakly compact. Recalling

Proposition 2.5 we have / € C(G,u>) \ WAP(G,m) , which contradicts (i) .

Hence each V, i s f in i te or G i s compact.

Next suppose G i s not compact and choose p 6 N such that

UJ(1) < p . Then V i s a f in i te neighbourhood of the ident i ty , so G i s

discrete. ' As G = U FT, we also have G countable. Since each V, i s

f i n i t e , i f {a } a sequence of d is t inc t points of G , then

(1) 10(2 ) •*• <= as n -»• °°

Now l e t {a; } and {y } be any sequences of dis t inct points in G . The

function / := u> i s in C(G,(o) and hence in WAP(G,u) . Let

m
d := lim lim / ( « „ » ) «ud/m) = lim lim ^

n m n m rrm

(where d may be inf ini te) . From (1) , we get

(2) lim lim x f(y^ oiQ^) = lim lim = lim 0 = 0
m n M m n n m m
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Since { f. a) : x E G) i s r e l a t i v e l y weakly compact (by ( i ) and

P r o p o s i t i o n 2 . 5 ) , Grothendieck ( [ 7 ] , Theorem 6) and (2) imply t h a t d = 0

Consequently

l im l im —; r- = 0 .

n m u ( V m
)

Thus (i) implies (ii).

Now suppose (ii) (a) holds. Then

WAPkG) = C(G) = C(G,u>)

and the map f -*• f.ia of C(G) into C(G,w) i s weakly continuous. Hence

{ f. u) : a; S G} is a relat ively weakly compact subset of C(G,m) , for al l

/ 6 C(G,u) . Thus WAP(G,m) = C(G,to) , by Proposition 2.5.

Next suppose (i i) (b) holds. Let / be any non-negative function

in C(G,(o) and set M := II/II . Then if {a; } and {y } are any

sequences, as specified in (i i) (b), we have

2/J
(3) 0 < „. f l y ) u l y j = f i x u ) < > l x u ) . " < M

and

Hence

lim lim f(y ) u(y ) = 0 by condition (ii) (b) and (3).
n m n

(4) and condition (ii) (b) imply that u(z ) -*• 0 as n •*• <*> for any

sequence of distinct points {z } . Consequently, this and (3) give

lim lim f(y ) u(j/ ) = 0 .
m n n

Hence / e WAP(G,u) by ([7], Theorem 6) and Proposition 2.5.

Thus (ii) implies (i), and our proof is complete.

A mild adjustment of our preceding proof yields the following result.
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on noting that fi(x) is finite when either condition holds.

PROPOSITION 3.4. Let S be infinite, discrete and such that
x~ {y} and {y}x~ are finite, for all x,y £ S . If u is a weight
function on S , then the following are equivalent :

(i) WAP(S.u) = C(S,u)

(ii) S is countable and

l i m l i m —; — = 0
co(x w )n m rcm

for any sequences {x } and {y } of distinct points of S .

Proof. First we note that (i) implies that f G C(S ,u) whenever

f S C(S,oo) and x S S , by our definition of WAP(S,tn) . Now suppose

(ii) holds and, on the contrary, £t(x) = «> , for some x £ 5 . Then by

definition of fi(x) (see 2.7), there exists a sequence {y } of distinct

points of S such that

a s m -»•

Since a {b}, {b}a are finite for a l l a,b G 5 , we can find a
sequence {a } C 5 such that a x f avx whenever n / k . Let

3 := a X and note that {z } is a sequence of distinct points and so

0 = lim lim —; r- > lim lim —; r-
n m ^rVn? n m w(an>

- which is impossible! Hence fi(x) < «• and so f S C(S,u>) , for all

f G C(S,oi) and x G 5 . The rest of the proof can now be modelled on

that of Theorem 3.3 .

The analogue of Theorem 3.3 for weighted almost periodic functions

yields the following stronger result.

THEOREM 3.5. Let u be a continuous weight function on a locally

compact topological group G . Then the following are equivalent:

(ii) G is compact.
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Proof. Suppose (i) holds. By Theorem 3.3 G is compact or

discrete. If G is discrete then V-. := {x S G : io(x) < k) is finite,

for all k G N . Since D/l := Hf.u>Q < •» , we must have / S CO(G) for

all / e C(G,OJ)

By Proposition 2.2 we have a > 1 and so

The map f -* f of C(G,ti>) into C (G) is thus (norm) continuous.

Hence AP(G,m) C AP(ff) and AP(G) contains a non-zero element of C (G) .

The latter implies that G is compact. Thus (i) implies (ii).

By a standard argument the reader can easily verify that (ii)

implies (i).

We recall that multiplication in a Banach algebra is said to be

regular if the two Arens products on its bidual coincide. If they do not

coincide, we have irregular multiplication. For a weighted semigroup

algebra I (S,oo) , Craw and Young (see for example [2] or Theorem 1.2 in

Chapter 6 of [3]) obtained the following partial characterization of

regular multiplication.

PROPOSITION 3.6. Let u> be a weight function on a cancellative

semigroup S . Then the following are equivalent:

(i) I (5,u>) has irregular multiplication

(ii) there exist sequences {x } and {y } of distinct points of S

— -—r ;—7-f has a non-zero repeated

limit.

The phenomena of weak almost periodicity of all functions in C(S,u>)

and regularity of multiplication in Z (5,u) are independent, even for

discrete cancellative S . This is the message of our next theorem.

THEOREM 3.7. Let S be a free semigroup generated by an infinite

countable set, endowed with, the discrete topology. Then

(i) S admits a weight function a such that WAP(S,w) = C(s,(u)
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but I (S,w) has irregular multiplication

(ii) S admits a weight function p such that WAP(S.p) f C(S,p)

but a (5,p) has regular multiplication.

Proof. (i) Let D := {<i : k 6-W} be an enumeration of a free

generating set for S . Every point x in S can be uniquely expressed

P
in the form x = dp . . . d-, and we define

1

io(X) := exp(fc + . . . + k ) .

Clearly u>(xy) = UJ(X) m(y) {x,y £ S) and w(x ) •* °° for any sequence

{a; } of dist inct points of S . In particular, if {y } is another

sequence of dist inct points of 5 , then

a) (w ) .
(5) lim lim ... „ . = lim

to (a; y ) co(x )
n m nam n^*" n

a n d

... v m .
From (5) and Proposition 3.4, we have that WAP{S,m) = C(S,tu); while from

(6) and Pr<

irregular.

(6) and Proposition 3.6, we have that multiplication in I (5,w) is

(ii) From ( [2] , page 353), S admits a weight function p

such that I (S,p) has regular multiplication, p (x ) •+ °° as n ->- °° for

any sequence of d is t inc t points of S , and p (xy ) = P (x) + p(y) - 1 for

for a l l x,y £ S . So i f {z/_} i s another sequence of dis t inct points of

S , we get

p(x y ) = l i m l i m p(x ) + p(y ) - 1 = 1

From (7) and Proposition 3.4, i t follows that !MP(5,p) ? C(S,p) .

Let co be a continuous weight function on a locally compact

topological group G . In [6] , the author raised the following two

questions: Is every r ight compact element of L (C,OJ) a left compact
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element? Does the existence of a non-xero right compact element imply

that all elements of L (G,u>) are right compact? Affirmative answers to

both questions follow trivially (or from standard results) as a

consequence of the following extension of the main result of [5] and [6].

THEOREM 3.8. Let w be a continuous weight function on a locally

compact topological group G. Then the following are equivalent:

(i) there exists a (non-zero) weakly compact right multiplier of

(ii) G is compact .

Proof. Suppose (i) holds. Then ([6], Theorem 3.1) says that the

function

x ->• fix) := I ^ » | \giy) | dXiy)

defined on G , for some non-zero g S L (G,u) , vanishes at i n f in i ty ;

where X denotes Haar measure. But

0 l y e G )>

y ) (a3) (z/ )

and so

fix) > | uiy'1) 1 \giy)\ dXiy) > 0 (x e G) .

Hence fix) vanishing at in f in i ty can only happen when G i s compact.

That ( i i ) implies (i) i s evident (see for example [6]) .

REMARKS. In fact the conclusion of Theorem 3.8 holds more generally

for the case where u i s any measurable weight function, on noting tha t

with the assis tance of Proposition 2.1 one can s imilar ly obtain the

resu l t ( [ 6 ] , Theorem 3.1) for such io .

For a comprehensive study of convolution measure algebras on

topological semigroups, we refer the in teres ted reader to our book [3] .
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