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WEIGHTED NORM INEQUALITIES FOR
HILBERT TRANSFORMS AND CONJUGATE
FUNCTIONS OF EVEN AND ODD FUNCTIONS!

KENNETH F. ANDERSEN

ABSTRACT. It is well known that the Hilbert tranformation and the conju-
gate function operator restricted to even (odd) functions define bounded
linear operators on weighted I” spaces under more general conditions than
is the case for the unrestricted operators. In analogy with recent results of
Hunt, Muckenhoupt and Wheeden for the Hilbert transform and the
conjugate function operator, we obtain necessary and sufficient conditions in
order that these restricted operators should satisfy weighted weak-type
inequalities and hence also necessary and sufficient conditions in order that
these operators should be bounded on weighted I spaces for 1 < p < oo.

1. Introduction. Let H denote the Hilbert transformation given by the
Cauchy principal value integral

@@ =11 L4 e (-x,w)

-0l — X

If fis odd, then Hf is even and given by (Hf )(x) = (H,f)(|x|) where

HN@ =27 L x>0,

and if f is even then Hf is odd and given for x > 0 by (Hf )(x) = (H.f)(x)
where

e = 2 7

If W is a nonnegative measurable function and 1 < p < oo, norm inequalities
of the form

(1.1) Jo 1@ W) dx < C, [ 17| W(x)dx

where C, is a constant depending on p and W but independent of f,
Q = (—o0,0)if T = H,and & = (0, ) if T = H, or H, have been studied
by many authors, as have the weak type inequalities

(12)  Jicaiammisg WO d < Gy [ IfIPWEdx,  (y>0).
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For the special case W(x) = 1, it is well known that (1.1) holds if and only if
1 < p < o0, while (1.2) holds for all p, 1 < p < . For W of the form
W(x) = [x|*7!, and 1 < p < o0, Babenko [1] states that (1.1) holds for
T = Hif 0 < a < p, whereas a result of Hardy and Littlewood [5] states that
(1.1) holds for T = H,, if a satisfies —p < a < p, and recently Rooney [8] has
shown that (1.1) is true for T = H, if a satisfies 0 < a < 2p.

The problem of characterizing those W satisfying (1.1) for T = H has
attracted many authors, but only recently has the complete solution been
obtained. Hunt, Muckenhoupt and Wheeden [6] have shown that W satisfies
(1.1) for 1 < p < o if and only if:

there is a constant K such that for every [a,b] C (—o0, ),

(13) (f” W(x)dx)(fa” W(x)_]/("_')dX)p_l < Kb — af”.

They also proved that (1.2) holds for T = H, 1 < p < o, if and only if (1.3)
holds. Condition (1.3) is referred to as the A, condition and it is to be
understood that 0 - oo is taken to be 0 while for p= 1, the second factor on
the left of (1.3) is taken to be ess sup, [,4] W(x)™!

In §2 of this paper we obtain the corresponding characterization of those W
satisfying (1.1) or (1.2) when T is either H, or H,.

The problems corresponding to (1.1) and (1.2) when T is the periodic
analogue of H, the conjugate operator C, given by

@O = 5 [T cot( 252 ) r@rdo

have also been widely studied with the complete solution again being given in
[6]. Here also, if f is odd (even), Cf is even (odd) and is given by Cf
of (= C.f) where

(O = 2 [T 0 (o) dg;

cos ¢ — cos §
9 € (0,m),

sin 6
€HO = [} oo d! @)

and norm inequalities for these operators have also been given by Hardy and
Littlewood [5], K. K. Chen [2], T. M. Flett [4], and Y.-M. Chen [3]. In §3 we
obtain a characterization of those W which satisfy (1.1) for 1 < p < oo and
T=C,=C,(2 = (0,7)) and also of those which satisfy (1.2) for 1 < p
< o with T = C, (= C,).

We adopt the usual practice that 4, B, C, K denote absolute constants, not
necessarily the same at each occurrence.

2. Results for H and H,. We shall prove the following theorems:

THEOREM 1. Let W(x) be nonnegative and measurable on (0, ). If 1 < p
ticenseGr comrjonthreronk ady b eanidi{c)e arewequivatentienifope= 1, then (a) and (b) are
equivalent where:
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(2) There exists a constant A, such that for every [a,b] C (0, ),

(1 wera) (1) < (P52)

(b) There is a constant B, such that for all y > 0,

W(x)dx < B

L0 7P [ 1) W) d.

j;x>0: [(Hof Yx)| >y}

(c) There is a constant C, such that
[~2) [o¢]
o HN@PPW(x)ax < C, [ 1 ()17 W(x)dx.

THEOREM 2. Let W(x) be nonnegative and measurable on (0, ). If 1 < p
< 0, then (a), (b) and (c) are equivalent; if p = 1 then (b) implies (a) where:
(a) There exists a constant A, such that for every [a,b] C (0, ),

(fab x? W(x)dx)(fab W(x)_l/(”_l)dx)p_l < A,(#)p.

(b) There exists a constant B, such that for all y > 0,

-p © P
f{x>o:|(Hef)(x>|>y} Wix)dx < Byy fo | GI” W (x) dx.

(c) There exists a constant C,, such that

Jo, HN@IP W dx < G, [ )P W(x)dx.

For convenience we shall say that a W satisfying (a) of Theorem 1 satisfies
the A7 condition; a W satisfying (a) of Theorem 2 satisfies the 45 condition.
Further, when p = 1, the second factor on the left in (a) of Theorem 1 is of
course understood to be ess supxe[a’b]xW(x)_'. Clearly W(x) satisfies A4 if
and only if x™7 W(x) satisfies 4,

Note first that the 4, condition (restricted to intervals [a,b] C (0, ©0))
implies both the 47 and A4 conditions; conversely if W satisfies both A5 and

Ap, Holder’s inequality shows that

(Lb x? W(x)dx) (Lb xP/(p=1) W(x)_l/(p_l)dx)p_]

P 3_ 3\?
(e - (£59)
and hence W satisfies the 4, condition on intervals [a,b] C (0, ). Thus
Theorems 1 and 2 are consistent with the result of Hunt, Muckenhoupt and
Wheeden for H.
veekt oapradsoobeaofrinterestoto-notevheredthat dfisieg p < oo, then Holder’s
inequality shows that a W satisfying A satisfies 4,, on intervals I C (0, ).
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The proof of Theorem 1 requires

LEMMA 1. Let W be a nonnegative measurable function defined on (0, o) and
put w(x) = W(Q/|x)/2\/|x| for x # 0. Then W satisfies condition A if and
only if w satisfies condition A,,. Further, if W satisfies Ay for some p, 1 < p < oo,
then W satisfies Ay for all ¢ > p — € for sufficiently small € > 0.

ProOF OF LEMMA 1. We give the proof for 1 < p < oo, the case p = 1
being entirely similar. Let [a,5] C (0, o0) or [a,b] C (—00,0). Then

(fab W(x)dx) (j;b w(x)—l/(p_l)dx)p—l

@) _ (flbl WW”E%})(IWITI (2\/x)p/(17—1)W(\/x)—l/(P—l)szX)P—l

lal x

Vbl V16l o p-1
= 9P \ p/(p—1) 1/(p-1)
2 ( M W(x)dx) ( L =W ) dx) ,

and therefore if W satisfies the A2 condition with constant K, the right side of
(2.1) is bounded by K|b — a|?, while for intervals [a,b] with a < 0 < b we

have
(.’;b W(x)dx) (fab w(x)—l/(p_,)dx)p—l

< (2 j;,‘ w(x)dx)(z j(‘)c w(x)_l/(p_l)dx)p—l

where [—c,c] is the interval containing [a,b] with at least one endpoint in
common, hence the right side of (2.2) is bounded by K2?c¢? < 2PK|b — a|?
and w satisfies the 4, condition with constant 27 K. The converse follows
immediately from (2.13.

Finally, if w satisfies 4, for some p > 1, by [7, Lemma 5], w satisfies 4 p—e
for sufficiently small ¢ > 0 and, hence, by what we have just proved, if W
satisfies A, for some p > 1, then W satisfies 4)_ for sufficiently small € > 0,
and Hoélder’s inequality shows that W satisfies 49, ¢ > p, if W satisfies 4.

PrROOF OF THEOREM 1. The main part of the proof consists in showing the
equivalence of (a) and (b) for 1 < p < oo, for if this has been proved and if
(b) holds for some p,, 1 < p, < o0, Lemma 1 shows that (b) must also hold
forp > p, — ¢, sufficiently small € >0, and hence the Marcinkiewicz interpo-
lation theorem [9, Volume II, p. 112] shows that (c) holds for p = p,, and since
(c) always implies (b), the proof will be complete.

We prove first that (a) implies (b). Let W satisfy (a), W and w be related as
in Lemma 1 and suppose f is given for which the right side of (b) is finite. If
we write g(x) = f(y/x) for x > 0 and g(x) = 0 otherwise, then

(2:2)

[ leelPw@as = [~ [f@I? W(dx < e.

License or copyright restrictions ﬁ%\y to redistribution; see https://www.; .org/journal-terms-of-use

By Lemma 1, w satisfies 4, and hence [6, Theorem 9] shows that Hg exists and
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forally > 0,

(2.3) wix)dx < Cy? [ |f()|? W(x)dx.

j;xtl(Hg)(X)l>y}
Now, if x > 0,

(Hg)() = 2 [ 1 = L [ 200 4y — gy py(vm,

t—Xx w

and hence

f{x>0:|(Hof)(x)|>y} Wix)dx = f{x>o;|(ﬂ,,f)(\/x)|>y} w(x) dx

< f{x:|(ng)(x)|>y} wlx) dx,

so it follows from (2.3) that (b) holds for some B,.

Conversely, suppose (b) holds, and let I = [a,b] C (0, ©) and J = [b,2b
- al.

Consider first the case that 1 < p < oo. Let f(x) = x/(P-Dw(x)~Y(»~V j¢
x € I and f(x) = 0 otherwise, and put

A= * [ fCIPW(x)dx = xP/(P=1 W(x)_'/(p_l)dx.
0 1

If A = 0, by convention the left side of (a) is taken to be zero, so (a) holds in
this case. If 4 = oo, there exists g € LF(I) such that f; g(x)xW(x)_l/‘p dx
= o and if h(x) = g(x)W(x) "7, then (H,k)(x) = oo for x € J so that (b)
implies

J, Wx)dx < B,y [ 1K1 W()dx = B,y [, 5ol dx

for all y > 0, and hence f; W(x)dx = 0. But then W(x) =0 on J, so
S xP/ (=D (x)~! (7~ gx = o0, and now reversing the roles of 7 and J we
obtain f; W(x)dx = 0, so again the left side of (a) is zero and, therefore, (a)
holds in this case also. Hence, we assume that 0 < 4 < . If x € J we have

_ 2 [ POV eY
HNO =2 [ 50 7o

dt > [7(3b — a)(b — a)] ' 4,
so (b) implies that
[, Ww)dx < B,[7(3b — a)(b — @)l A7 [ |f()|” W(x)dx

— B,[7(3b — a)(b — a)]P A",

(24

Now put g(x) = W(x)—l/ (=D for x € J and g(x) = 0 otherwise, and write

B = | |g(x)|?W(x)dx =j W(x)_l/(p_l)dx.

License or copyright restrictions may appl Jredistribunnn; see https://www.ams.or je{lrnal-terms-nf-use

If B =0, then W(x) = o on J which contradicts (2.4), and an argument
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similar to that given above for A, shows that B < oo unless W(x) = 0 on 1,
i.e. unless 4 = oo, hence we have 0 < B < 0. For x € I we have

f tW(t)_l/(p_l)

J mdt > b[n(3b — a)(b — a)] "' B,

2
(Hog) ()| = 2
so again by (b) we have

J, Wx)dx < Byln(3b - a)(b — )57 [ g(x)|” W(x)dx

= B,[n(3b — a)(b — a)}?b P B'?.

(2.5)

Now if (2.4) and (2.5) are multiplied together and the resulting inequality
multiplied by (4B)” ! then noting that by Hélder’s inequality,

W (x)dx wx) VP Vax) > |b -4l
(f, werae)(4 )"

we obtain

= alp(f, W(x)dx)(flx”/("'l) W(x)—l/(P-l)dx)P—l

< C|G3b — a)(b — a)| ¥ b

which is easily seen to be equivalent to (a).

Finally we consider the case p = 1. If ess inf, o, x™! W(x) = oo, then (a)
holds by convention, otherwise, let ¢ > 0 and choose E C I, E of positive
measure |E|, and x 'W(x) < €+ ess inf,c,;t "' W(t) for all x € E. Let
f(®) = t ! on E, f(t) = 0 otherwise. Then for x € J

(HNEN = 7 [y > s~ e~ o) ],

and by (b),

fl W(x)dx < B,[n(3b — a)(b — a)]|E|”" fE VW)t

< B,[n(3b — a)(b — a)] (e + essinf x”! W(x)),
X

and hence
(2.6) [, wx)dx < B[7(36 - a)(b - a)less inf x~! W(x).
Now let g(x) = ess sup,¢; w()~! for x € J, g(x) = 0 otherwise. If g(x)
= 0, then W(tf) = oo a.e. on J, contradicting (2.6), while if g(x) = oo, then
ess inf c; W(x) = 0, and an argument similar to that which leads to (2.6)

HeeShOWR that Ty PR e L0, $6 (&) Holds 1 this tdse, and we may assume that
0 < g(x) < o, x € J. Then if € > 0, there exists E C J, |E| > 0 such that
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W(x) < € + ess inf,c; W(?) for x € J, and if A(x) = 1 for x € E, h(x) = 0,
otherwise we have |(H,h)(x)| > b[=(3b — a)(b - a)]"'|E| for x € I, so (b)
implies

[ wwdx < Bi[#(3b - a)(b — a)o™!|E[ ™" [, wx)ax

— B,[7(3b — a)(b — )b~ (e +ess inf W(t))
so that
.7) [, W dx < Bila(3b — a)(b - @)l ess inf W(0).

Finally, if (2.6) and (2.7) are multiplied together and the resulting inequality
multiplied by (ess sup, ¢ ,xW(x)-l)(ess SUpP, ey W(x)_'), then, noting that

(es:es;lp W(x)_l)(fj W(x)dx) > |J|=|b—a,

we obtain
- a)( [, we) dx) ess sup xW(x)~' < CGb — a)2(b — a)*b~;
x€l

which clearly implies (a) and the proof is complete.

PrOOF OF THEOREM 2. The proof that (b) implies (a) for 1 < p < 0 is
similar to that of the corresponding statement in Theorem 1 and is therefore
omitted. Now let 1 < p < oo0. As observed above, W(x) satisfies 4, if and
only if x™? W(x) satisfies 45, and since H, and H, are related by

(H.g)(x) = x(H,f)(x) where g(r) = 1f (1),

it follows immediately from Theorem 1 that (a) and (c) are equivalent. But
then if (b) is satisfied, (a) holds, so (c) holds and since (c) always implies (b),
the proof is complete.

REMARK. Although our methods do not show it, we conjecture that in
Theorem 2, (a) implies (b) even in the case p = 1.

3. Results for C,, C,. Here we state the analogues of Theorems 1 and 2 for
the periodic case, and indicate briefly how they may be derived.

THEOREM 3. Let w(f) be nonnegative and measurable on (0, w). If 1 < p
< o0, (a), (b) and (c) are equivalent; if p = 1, (a) and (b) are equivalent where:
(a) There is a constant A, such that for every (a,b) C (0, ),

(f,,b W(B)do) (fab Sinp/(p—l)ow(o)—l/(p_])do) p-1

. b+a\ . b—a
< Apsm’(T sin? 3 .
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

(b) There is a constant B, such that for all y > 0,
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-p ” p
Joicuryoron MO8 < By [ 15@)|Pwip)do.

(c) There is a constant G such that
Ji WCah @17 W(0)db < C, [ 1£(8)|Pw(9)ds.

THEOREM 4. Let w(@) be nonnegative and measurable on (0, 7). If 1 < p
< o0, then (a), (b) and (c) are equivalent; if p = 1, (b) implies (a) where:
(a) There is a constant A, such that for every (a,b) C (0, ),

( j;b sinP0w(0)d0) ( fab w(o)-l/(p—l)do) -

. b+ . b —
<Apsm1’( 2a>sm"( 2a).

(b) There is a constant B, such that for all y > 0,

Jorcrorsy O 40 < By [717(0) wle)dé.

(c) There is a constant C, such that

T KC ) @)1PwO)d8 < G, [7 17(6)Pw() do.

The proof in Theorem 3 that (a) = (b) may be patterned after that of
Theorem 1 with Lemma 1 replaced by

LEMMA 2. Let w(f) be nonnegative and measurable on (0,7). Let W(x) be
the function on (—o0, 00) which is of period 2, even on (—1, 1) and given by

W(x) = w2 sin™'/x)/(x(1 — x))"2

when x € (0,1). If 1 < p < oo, W satisfies the A p condition if and only if w
satisfies condition (a) of Theorem 3, in particular if w satisfies that condition for

some p > 1, then it also satisfies the condition for all q, ¢ > p — e, sufficiently
small e > 0.

PrOOF OF LEMMA 2. For intervals (@, b) containing at most one integer, the
outline of the proof of Lemma 1 may be followed to obtain a constant K for
which the desired inequality for W holds, then the periodicity of W shows that
the constant 37 K will suffice for an arbitrary interval.

PrOOF OF THEOREM 3. The proof of Theorem 1 may be imitated with
obvious modifications, except that in the proof that (b) = (a), the interval J
corresponding to I is now chosen so that J and I have exactly one endpoint in
common, have the same length, and are both contained in (0,n). This is
possible since, by periodicity, it is only necessary to consider intervals I of
length less that /4.

License oPgRORYE" ey "F MROREM ¢ < Sinyter (oY (@) m==sin 6(C,f)(9), where g(¢)
= sin ¢ f(¢), and w satisfies condition (a) of Theorem 4 if and only if
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sin? @w(@) satisfies (a) of Theorem 3, Theorem 4 follows from Theorem 3 in the
same way that Theorem 2 followed from Theorem 1.

REMARK. We conjecture that (a) = (b) in Theorem 4 for the case p = 1
also, although our methods do not show this.
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