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WEIGHTED NORM INEQUALITIES
FOR HOMOGENEOUS SINGULAR INTEGRALS

JAVIER DUOANDIKOETXEA

ABSTRACT. We prove weighted norm inequalities for homogeneous singular in-
tegrals when only a size condition is assumed on the restriction of the kernel to
the unit sphere. The same results hold for the operator obtained by modifying
the centered Hardy-Littlewood maximal operator over balls with a degree zero
homogeneous function and also for the maximal singular integral.

1. INTRODUCTION

Given a function Q over the unit sphere S"~! of R”, we will consider a
singular integral operator T given by

Taf(x) = lim Q(y,:)f(x—y)dy
=0 J1y|>¢ |y|

and a related maximal operator

Maf(x)=sup~ [ 1Q0/)f(x - y)dy,

r>0 I Jiyi<r

where y’ = y|y|~!. The Calderén-Zygmund method of rotations [CZ] proves
that if Q € L!(S"!), then Mg is bounded in L?(R"), 1 < p < oo, and the
same is true for Tq if Q isodd. If Q iseven, then Tq is bounded in L?(R"),
1 <p<oo,when Q€ Llog" L(S"!) (ie., |Q max(0, log|Q|) € L1(§" 1))
and [;,_,Q=0.

In this paper we are interested in weighted norm inequalities for To and
Mg ; that is, we look for locally integrable nonnegative functions w in R”
such that for some C independent of f

(1) [masrwsc [irpw,

and the same for My. We denote by L?(w) the L? space with respect to
the measure w(x)dx in R” so that (1) is equivalent to saying that Tq is a
bounded operator in L?(w). The class of weights w for which (1) holds for
Ty (resp. Mg) will be denoted by W,(Tq) (resp. W,(Mgq)). Also, given ¢, the
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870 JAVIER DUOANDIKOETXEA

class of weights w for which (1) holds simultaneously for all T (resp. Mg),
Qe L1(S™!) is denoted by W,(T,) (resp. W,(M,)).

Weighted inequalities like (1) for w(x) = |x|* are in [MW]. More general
weights were studied in [KW1] but only assuming a Dini-type condition on
Q. In this paper we show that the operator T, is bounded in L?(w) for the
weights w considered in [KW1] and without assuming a Dini-type condition
on Q. Also, we show that the same is true for Mg . The technique we use is
based on the alternative approach to the unweighted case presented in [DR1],
where weighted inequalities for bounded Q were also obtained. These results
are proved in §3, after some technical lemmas given in §2. In §4 we study radial
weights which include, for both Tg and Mg, the weights of power type of
[MW] for Tq . In §5 some weights depending on Q are also determined. In §6
we consider the maximal singular integral associated to T in order to deduce
the almost everywhere convergence of the truncated integrals defining T for
functions in LP(w). In §7 we extend the results to other singular integrals.

We recall that 4, (p > 1) is the class of weights w for which the Hardy-
Littlewood maximal function (corresponding to 2 = 1 and denoted throughout
this paper by M) is bounded in LP(w) and was characterized by Muckenhoupt
as those locally integrable nonnegative functions such that for some finite con-
stant C and any cube Q in R”

(6 ) G ) <

A, is the class of weights w for which M satisfies a weak-type estimate in
L'(w) and is characterized by Mw(x) < Cw(x) a.e. For most of the results
related to weighted norm inequalities we will refer to the monograph [GR] rather
than to the original papers.

Notice finally that the inequality
(2) Mof(x) < C(MST ()Y (1/g+1/q'=1)
holds as a consequence of Holder’s inequality.

After this manuscript was ready the author learned that some of the results
of this paper had been obtained independently by D. Watson (see [W]).

The author would like to thank the referee for his suggestions on improving
the writing of the paper.

2. SOME TECHNICAL LEMMAS
Given Q€ LI(S™1), g > 1, we define

Ef@ =2 [ jau)ifx-p)dy
2i<|y|<2/+t
and if, moreover, fs,,_, Q =0, we also define
Q !
niw=[ 2oy,
2i<iyl<2iet Y

Then Mgqf(x) ~ sup; E;(|f])(x) (ie., their quotient is bounded above and
below by positive finite constants);

IT;f(x)] < CE;(| f)(x) and Tof(x)= Y T;if(x)

j=—o0
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WEIGHTED NORM INEQUALITIES 871

for f € % (R"). We also define

1/2
ga(f)(x) = (Z IT;f(x)Iz)

j==00

and denote by W,(gq) the LP-weights for gq.
Following [DR1] we make a new decomposition of T . Choose a real func-
tion y € #>°(R"), supported in § < |¢| <2, and such that

D W@ =1 v #0.
k=—0c0
Define S, as (Sf) (&) = t//(2~ké)f(é) so that EkS,% =1d. Let T,f =

Yoo TiS2,f s then To =3, Ty .
In [DR1] we proved that given | < p < oo, there exists an a = a(p) > 0
such that

(3) 1T f NI, < C27H 1,

For p = 2 this inequality is given by a Fourier transform estimate. In [DR1]
it was shown that for any py # 2, (3) holds with a constant independent of
k. Given p, take py such that p is between py and 2 and interpolate to get
(3). Alternatively, one could prove that the H' — L! constant of T} grows as
C(1 + |k]) and apply interpolation again.

Lemma 1. Let w € A,. If the vector-valued inequality

1/2 1/2
(4) (Z |E,~fj12) <C (Z |f,-|2)
j j

Lr(w) Lr(w)

holds, then w® € W,(Tq) for 0 < 0 < 1. Also, (4) holds if w € Wy(Mg) and
p<2.

Proof. Decompose Tq as before. Then we have the following chain of inequal-
ities:

12
I Tief Ny < C (Z lTij+kf|2)
J

Lr(w)

172
<cC (Z ls,-+kf|2) < Clf o)
J

Le(w)

where the first and third inequalities are deduced from the weighted Littlewood-
Paley theory with w € A4, (see [K]), and the second inequality is a consequence
of |T;jf| < Ej(|f]) and the hypothesis (4). Using Stein and Weiss’ interpolation
theorem with change of measure (see [BL, p. 115]) we interpolate with (3) and
summing in k we get the first part of the lemma.
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872 JAVIER DUOANDIKOETXEA

If we W,(Mg), then the inequality

1/p l l/p
> anfjl”) <C ] (Z |f,-|">
! Lr(w) A Lr(w)

is trivial. Moreover, since Mg is a positive operator,
sup [ Ma /()1 < Ma (sup17) )
J J

pointwise and therefore also in the LP(w)-norm. If p < 2, one can interpolate
(see [GR, p. 481] for the vector-valued interpolation) to get (4) with Mq instead
of E; which is enough. O

Lemma 2. If w € W, (Tq), then w'=? € W,(Tg).

The lemma is easily proved by duality since Tq is (essentially) selfadjoint.
Given Q, we define Qq(u) = |Q(u)| - |Ql:/|S""'|. Then Q is in the same
L9 class as Q and has mean value zero. The pointwise inequality

Ej|f|(x) < CTY|f|(x) + CM f(x)
holds, where 77 is defined as 7; but with Qq instead of Q. Then

Mgq f(x) < Cga,(lf )(x)+ CM f(x),
which proves the following lemma.
Lemma 3. If w € A, N W,(gq,), then w € W,(My).

We obtain weighted inequalities for the square function go by considering
the linear operators T; of = 3°;¢;7;/f, where ¢ = {¢;} is a sequence with ¢; =
+1 or —1. If T; q is bounded in L?(w) with a constant independent of ¢,
then the usual argument with Rademacher functions [S] gives the boundedness
of gqg in LP(w). In practice, T, o is decomposed as T and (3) still holds.

Lemma 4. Let g <2 and p > 2. If Mg, is bounded in LP/Y' ()/(1=p/2))
then the vector-valued inequality (4) in Lemma 1 holds for p .

Proof. Applying the Cauchy-Schwarz inequality we get

IE; fi(x)P < C2m / 1Q((x — ) )PS0 dy

V<|x—yl<vH!

and, if p > 2, there exists # with unit norm in L®/2'(w) such that

1722
H (Z|Ej,fj|2) =/Z|E,~fj(x)|2u(x)w(x) dx.
J J

Lr(w)
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WEIGHTED NORM INEQUALITIES 873

Majorizing |E; fj(x)|*> by the above bound and integrating first in x we have

12|12
(Z |E,f,|2) < C/Zlﬁ(y)legz~q(uw)(y)dy
J J

Lr(w)
12|12

) 1(p/2)
<C Z [fj|2 (/ |Mm~q(uw)|(p/2) wl/(l—p/Z)) ’

! Lo(w)
and it suffices to apply the hypothesis of the lemma to see that the last term is
bounded. O

3. WEIGHTS IN MUCKENHOUPT CLASSES

Theorem 5. (i) Ap e C Wy(My) N W,(T,) if ¢’ <p < o0,
(i) w'=? € W,(My) N W,(T,) if w € Apyy and 1 <p<gq.

Proof. From (2) and the weighted inequalities for the Hardy-Littlewood maxi-
mal function one gets A,/ C W,(M,) if ¢’ <p < oo. Since Mg is bounded
in LP(w) Yw € A, for p > ¢', and in L? for p < q', interpolation with
change of measure (see [BL, p. 119]) gives 4, C W, (M,). Here and in the
sequel we use the basic fact that

(5) weAd,=>w'ted, forsomee>0,

which implies {wf/we 4,, 0<0< 1} =4,.

Let ¢ > 2. Applying Lemma 1 we deduce A,/ C W,(T,) in ¢’ <p <2
and for p > 2 we can use the extrapolation theorem of Rubio de Francia [R,
Theorem 3, p. 539]. In this case, the part of (ii) corresponding to W,(T,)
follows from (i) and Lemma 2. To get (ii) for W,(M,) we apply Lemma 3. In
fact, the weighted inequalities for T are also valid for 7, g, and duality can
be used for these operators as in Lemma 2.

Assume now that 3 < ¢ < 2. Then, if Q € LI(S""), we have Q279 ¢
La/2=a)(§n=1) and 2 < ¢q/(2 — q) so that we can apply the preceding results
to Q279. Due to the fact that (q/(2 — q)) = ¢'/2, when p > ¢’ we have
wl/1=P12) € W, 2 (Mgr-s) if w € Apy , according to (ii). Then Lemma 4
applies together with Lemma 1 and (5) to give A,/ C W,(T,). Reasoning as
above, Lemmas 2 and 3 provide (ii).

Next we consider the values of ¢ in the range % <g< 43 for which % <
q/(2 — q) < 2. The results just proved are then valid for Q29 and the same
reasoning works. A bootstrapping argument is then applied to get the theorem
forany ¢ >1. O

We do not know whether the analogue of (5) is true for W,(Mg), i.e.,
w € W,(Mg) = w'*® € W,(Mg) for some ¢ >0
(analogously for W,(M,)). Also a duality result like Lemma 2,
w € Wy (M) = w'™? € Wy(M,),
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874 JAVIER DUOANDIKOETXEA

would have avoided the use of the bootstrapping argument. Both properties
together would give W,(T,) = W,(M,).
More weights can be obtained by interpolating those in (i) and (ii).
4. RADIAL WEIGHTS

Theorem 6. Mq and Tq are bounded in LP(|x|*) if

max( n, —1-(n—1)5><a<m1n<n(p—l) -1+(n—1)§).

Proof. Assume a < 0. When p > ¢, the range —n < o < 0 is given by
Theorem 5 since those weights are in 4;(R"); but they can also be obtained
with the method of rotations. Take then p < ¢’. Denoting by M, the Hardy-
Littlewood maximal function in the direction u € S”"~! and applying Holder’s
inequality we have

Maf(x)< [ 1QWIM.f(x) dotw

, /p
<19l ([ 1001 dotw))

Then
| Mascopu x

<c [ 1wt [ M P dxdow
s

Sn—1

<c [ 10w [ \fr M) dxdo
Sn—l R”
(see [GR, p. 150] for the last inequality) so that w € W,(Mgq) whenever

/ 1Q(u) |97 M,w(x)do(u) < Cw(x) ae.
Sn—1

Applying Holder’s inequality again with exponents ¢q/(1 — q/p’)p = 1/(1 —
p/q’) and its conjugate ¢’/p, it is enough to prove

p/qd’
(6) (/ | M, w(x)|97? da(u)) < Cw(x) ae.
Sn—1
Take w(x) = |x|* with o < 0. Since w is radial, the left-hand side of (6)
is also radial and we can assume x = (|x|,0,...,0). It is easy to compute

M,w(x) because the restriction of w to the line through x with direction u
is symmetric and decreasing with respect to the projection of the origin on this
line. So, if 6 is the angle of u with the x; axis, we get

M,w(x) ~ Clx|* when |sinf| > |cosf|or -1 <a<O0;
~ C|x|*|sin§|'*® when |sinf| < |cosf| and a < —1;

~ Clx|*log when |sinf| < |cosf| and a = -1,

1
| sin 6|
and (6) holds whenever

n/4 ,
/ (sin )1+’ /7 (5in §)" 2 d@ < +o0,
0
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WEIGHTED NORM INEQUALITIES 875

which is true if -1 — (n— 1)p/q’ < a, as the hypothesis of the theorem states.

For Tq, the values —n < o < 0 for p > ¢’ are still given by Theorem 5,
and Lemma 1 applies when 1 < p < min(2, ¢’). If 2 < ¢’, then one applies
interpolation to fill the gap 2 < p < ¢'. The result for a > 0 is given by
duality (Lemma 2). To apply the duality to Mg we pass through Lemma 3 as
above. 0O

Theorem 6 was proved for Tg by Muckenhoupt and Wheeden [MW] in a
different way and they also showed that the range is optimal. Their method also
works for Mg . Our approach is based on the method of rotations and shows
that any operator given as ”

(7) Qu)R, f(x)do(u),

sn—1
where R, denotes the directional operator defined from some one-dimensional
operator R bounded in L?(v, R) for all v € A;(R), is bounded in L?(w)
for all w satisfying (6) with (M,w*)'/s (any s > 1) instead of M,w . This
modification comes from the fact that one has to use the inequality

/ R f(x)Pw(x)dx < C / FOOP (Myw? () dx

with s > 1 (since (M,w*)!/* is an A;-weight) instead of the one used in the
proof of the theorem with s = 1, which is false in general (for example if R is
the Hilbert transform).

Recalling that |x|* € A4,(R") if and only if —n < a < n(p — 1), one can
verify that there are more power weights in Theorem 6 than in Theorem 5.

Theorem 7. Let w(x) = v1(|x|)v2"”(|x|), where either v; € A;(RY) and is
decreasing or v} € A|(R*), i = 1,2. Then Mg and Tq are bounded in
LP(w). This result is valid for Mg when Q € LY(S""1), and also for Tq if
moreover Q) is odd.

Proof. For a radial function v such that v(x) = vo(|x|) it is shown in [CHS]
that
M,u(x) < C(MvE(|x])/+) v >0

and, if v is decreasing,
M,v(x) < C Mu(|x]),

where M is the Hardy-Littlewood maximal function on R*. With the as-
sumptions of the theorem, v;(|x|), i = 1, 2, satisfies the A4, condition for

M, uniformly in u so that w(x) = vl(lxl)v;,f_” (x]) satisfies the A, condition
uniformly. Then

(8) / M, f(x)Pw(x)dx < C / £ Pw(x) dx

with C independent of u.
The theorem is now immediate for Mg since

1Ma Sl < [ 19000 1Maf s doa0).
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876 JAVIER DUOANDIKOETXEA

Applying (8) with the Hilbert transform instead of M we get the theorem
for To when Q is odd. When Q is even, the usual modification of the method
of rotations (see [CZ]) does the job. O

According to P. Jones’ factorization theorem [GR, p.436] the weights w(x) =
wo(|x|) such that w} € 4,(R*) are included in the above statement. For power
weights |x|* this theorem only gives —1 < a < p — 1 which is the best possible
result for Q € L!(S"!) (not included in Theorem 6).

Again the result can be generalized to all operators represented as in (7)
provided R is bounded in LP(v, R) for all v € 4,(R).

Proceeding as in Theorem 7 one can generalize the results of [DR2]:

Theorem 8. Let {R;}}_, be the n Riesz transforms in R", and w a radial
weight of those appearing in Theorem 7. Then, for 1 < p < oo, there exists a
constant C depending only on wy and p and not on n such that
1/2

n

SR [ < NS o quy-

j=1

Lr(w)
An analogous theorem exists for higher order Riesz transforms. All one needs

is to implement into the proofs of [DR2] the weighted inequality (8) (with the
Hilbert transform) and realize that the constant in it is independent of ».

Let us finally indicate that some radial weights are also obtained for singular
integrals with variable kernel:

Q(x,)y
T =po. [ D px-pay,
where supy ||Q(x, )||ze(sn-1) < +0o. Theorem 7 holds with p > ¢’ and Theo-
rem 6 holds with —n < o < 0 and p > ¢’ (a better range appears in [MW]).

The details are left to the reader.
5. WEIGHTS DEPENDING ON

The spirit of the extrapolation theorem is that the weighted L2-inequalities,
for example, contain all the information about the weighted L?-inequalities. A
weaker (and much easier) statement would be that the weighted L2-inequalities
contain the unweighted LP-inequalities. Assuming p > 2, for instance, for
some u € L?/2'(R") of unit norm we have

ITaf |2 = / \Taf Pu

and one only needs w € W(Tq) such that u < w ae. and |w(|p <
Cllull(pj2y in order to deduce the L” boundedness of T in a standard way.
When Q € L9(S"7!) and q > 2, Theorem 5 assures that 4, C W5(Tg) and
w = (Mu®)'/s forany s between 1 and (p/2)’ does the job. Butif g < 2, none
of the above theorems provides enough weights to deduce the L”-inequalities.
However, we know that T is bounded in L?”, 1 < p < co. The restriction
on the amount of weights comes from the fact that we have been producing
weights valid for all Q € L9, rather than for a particular one, and the purpose
of the following theorem is to show how to construct weights in W,(7g) such
that the LP-inequalities follow.
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Theorem 9. Let Qe LI(S"!), g<2, 1<s<r<oo, ue L' (R"), and A be
the norm of the operator Mg:-.M in L"/S(R"). Then

0o 1/s
1
w= (;) (—W(Mm—aM)"us) € M(Tq),
where (Mq.-,M)" stands for the composition n times of Mq:- M .

Proof. We claim that inequality (4) in Lemma 1 holds when p = 2 for any
function w satisfying Mg.-,w < Cw a.e. In fact, proceeding as in Lemma 4
(with p=2,sothat u=1),

/Z|Ejfj|2w < C/Z|f,~|2MQz_qw.
J j

The series in the statement of the theorem converges in the norm of L/*(R")
and since M and Mq,-, are positive operators with v < min(Mv, Mq:_,v)
we have

max(Mw®, M-, w*) < Mg:- Mw’® < E 2 Mg M)y < 24w
n=0

1

A)"(
so that w® is an A;-weight (hence A;), which satisfies Mg, ;w® < 24w".
By applying Lemma 1 with w*® in the inequality (4) we deduce that w €
W(To). O

The construction of w in the theorem follows from the algorithm of Rubio
de Francia in [R]. It is clear that it satisfies ¥ < w a.e. (just taking n = 0 in
the series) and ||w|, < C|lu|,, the conditions required above to deduce the
LP-inequalities with p > 2.

6. THE MAXIMAL SINGULAR INTEGRAL

We define the following maximal operator associated to the singular integral

TQ:
Q(y')
-y dy| .
/M>£ NE f(x-y)dy

It is well known that the boundedness of T in LP(w) implies the almost
everywhere existence of lim, o 7¢f(x), the principal value integral defining
Tq for f € LP(w). We apply again the method of [DR1] or the method of
rotations in order to get weighted norm inequalities for 7.

Theorem 10. (i) Let Q € LI(S" 1), g>1,let 1 <p < oo, and let w be as in
Theorem 5, 6, or 1. Then T, is bounded in LP(w).

(il) Let Q € LY(S"') be odd. Then T¢, is bounded in LP(w) for w as in
Theorem 7.

Proof. (i) Assume 2* < ¢ < 2%*!_ Then

IT¢f(x)] < C Maf(x)+|T% f(x)],
so that it is enough to take dyadic values of &. On the other hand,

ST

j=k

Tof(x) = sup |7 f(x)| = sup

e—0

@-D) x> T;f

Jj=k

T f(x)| = <CM(Tof)+CMf+
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is the inequality proved in [DR1] with & the Dirac delta and @) = 27%*®(2~*.),

where @ is in the Schwartz class #(R"), ®(0) = 1, and supp® C B(0, 1).
Therefore, it is enough to consider the last term, which in turn is bounded by

oo

sup(a )Y T;f Z (6 — Dp) * Tjpu f1.
j=k

Jj=0

Each term in the sum is bounded by supy |(d + |®|i) * Mo f| so that all the
weights obtained for Mg are valid for it. Moreover, in any unweighted L?o-
norm it has an exponential decay (use the Fourier transform in py = 2 and
interpolate for other values).

(ii) When Q is odd we have

Tf) < x [ 19001 1H S0 dotw),

where H* is the maximal Hilbert transform. The right-hand side of the in-
equality is an operator of the form (7) so that the proof of Theorem 7 applies
to it.

When Q is even and belongs to L(S"~1), g > 1, the method of rotations
can be applied by using several operators of the type (7) because T has to
be written as a combination of Riesz transforms applied to operators with odd
kernels (see [CZ] for the details). The method used in (ii) is then applicable to
these operators and we get the weights in Theorems 6 and 7. O

7. SOME EXTENSIONS AND REMARKS

(a) Theorems 5 and 9 can be extended to the case where the kernel of the
singular integral contains a radial bounded function 4, i.e.,

h Q'
Tfeo =tim [ 20D g gy,
e=0 Jiy|>¢ 1y

These operators were studied by Fefferman in [F] by using interpolation of
an analytic family of operators, but it was shown in [DR1] that the method
sketched in §2 of this paper also works. Again this method gives Theorems 5
and 9 and the corresponding part of Theorem 10. However, since the method
of rotations is not applicable here, we do not have the analogues of Theorems
6 and 7.

(b) Another modification concerns the use of a pseudonorm associated to a
nonisotropic group of dilations in R” instead of the euclidean norm, i.e.,

A(lyIDR(y")
Tf(x)=1lim — o f(x—y)dy,
e~0Jpypse VN2
where ||+ | denotes the pseudonorm, a is the homogeneous dimension of R”

with respect to this group, & € L>(0, co), and Q € LI(S""!), ¢ > 1. The
definition of the A,-class of weights must be modified according to the present
structure of R” in the standard way. Here, even if 4 = 1, the method of
rotations cannot be applied because the directional operators would correspond
to maximal functions and Hilbert transforms along homogeneous curves, for
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which the appropriate weighted inequalities are still unknown. So, we again get
Theorems 5 and 9 and part of Theorem 10, and miss Theorems 6 and 7.

(c) Multiple singular integrals in product spaces and strong maximal operators
can also be treated by the methods in this paper. By using products of two
spaces, R” x R, in order to simplify notations, the operators are

Tof(x1, X)) = lim/ Qi 1)

er,e2—0 Jnl>n |py|"]ya|™
lya1>2y

Sx1 =y, x2=y2)dyidy,

and

1
Mqf(x;, x3) = sup ﬂ/ Q1. YIS (X1 =1, x2—y2)ldyidys.
n,rn>01 " m:ig

Muckenhoupt’s definition of 4, in §1 is now modified by taking averages over
products of cubes (one gets the weights for the strong maximal function, see
[GR]). Looking at [D], where the unweighted inequalities were obtained, the
reader will easily find the way to modify Lemmas ! and 4 and Theorems 5 and
9. As in the unweighted case we are not able to handle the maximal singular
integral.

Theorems 6 and 7 are extended to Mg for any intregrable Q and to Tq for
Q odd in both variables by using the method of rotations and biradial weights,
ie., w(x) = |x|*|x;|** with a; and «a; in the appropriate range in Theorem 6
and w(x) = w(|x;|)wa(]x2]) with w;, w, asin Theorem 7. For these weights
T¢ is also bounded. When Q is not odd in both variables, the method of
rotations seems difficult to apply even in the unweighted case.

(d) If we define W (Mq) as

W (Mq) = {w/Mqw < Cw a.e.},

then any weight w € W,(Mgq) such that w!P ¢ Wy (Mgq) (in particular, all
those appearing in our theorems) can be factorized as w = wowl"” , Wy, W €
W\ (Mg) (see [R]). If we were able to prove the duality property mentioned in
§3, namely

w e Wp(Mg) & w'™" € W, (M),

then any weight in W,(Mg) could be factorized as before.

(e) Weak-type (1, 1) weighted inequalities have been studied for T in
[KW1, KW2] and for T in [CS], in both cases by assuming a Dini-type con-
dition on Q. The situation is much more complicated when we merely assume
a size condition on Q, as is shown by the fact that even the unweighted weak-
type estimate was obtained only thirty years after the L? one was proved (see
[C, CR, H1]). One could conjecture that the inequality

© w(lx: Taf ) > ) < 7 [1ffw

is satisfied when either w(x) = |x]* with -1 — (n - 1)/¢’ < @ < 0 (from
Theorem 6), or when w(x) = wy(|x|) and either wy € A,(R*) and is decreasing
or w} € 4;(R*) (from Theorem 7). Also, a similar conjecture could be made
for Mq. In the case of power weights and n = 2, this result was proved
by Hofmann [H2]). The conjecture from Theorem 5 is that (9) holds when
w9 € 4,(R").
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(f) When Q € Llog" L(S™!), Tq is bounded in L?(w) for w(x) = |x|*,
—1 <a<p-1, and also for w as in Theorem 7 by using the method of
rotations. Also Tq is bounded in L?(w) for w as in Theorem 9 with ¢ = 1.
In this case, one can extrapolate from the result for ¢ > 1 since the constant
has a size of the order ||Q||,(¢ — 1)7!.
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